Regular Algebraic Surfaces, Ramification

Structures and Projective Planes
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Abstract Regular algebraic surfaces isogenous to a higher product of curves can
be obtained from finite groups with ramification structures. We find unmixed rami-
fication structures for finite groups constructed as p-quotients of particular infinite

groups with special presentation related to finite projective planes.
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1 Introduction

An algebraic surface is isogenous to a higher product (of curves) if it admits a finite

unramified covering which is isomorphic to a product of curves C; x Cy of genera
g(C;) = 2. It was shown in [10] that every such surface S has a unique minimal

realisation S = (Cy x C2)/G, where G is a finite group acting freely on C; x C;

and C1 and C; have the smallest possible genera. Moreover, G respects the product

structure by either acting diagonally on each factor (unmixed case) or there are

elements in G interchanging the factors (mixed case). Surfaces isogenous to a higher

product are always minimal and of general type. Particularly interesting examples
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16 N. Barker et al.

are Beauville surfaces, i.e., algebraic surfaces isogeneous to a higher product which
are rigid (i.e., do not admit nontrivial deformations).

The irregularity q(S) of a surface S is the difference between its geometric and
its algebraic genus, and agrees with the Hodge number 2'-0(S). Surfaces with van-
ishing irregularity are called regular. Since q(S) = g(C1/G) + g(C2/G) (see [24,
Proposition 2.2]), we have C; /G = P! for both curves in the minimal realisation of
a regular surface.

Every surface S isogenous to a higher product gives rise to a finite group G via
its minimal realisation. This process can be reversed. Starting with a finite group G,
the existence of a so called ramification structure can be used to construct a regular
surface of the form (C; x C»)/G. We will discuss ramification structures and the
construction of the associated surfaces in Sect. 2. Bauer, Catanese and Grunewald [5]
used this group theoretical description to classify all regular surfaces S isogenous to
a product of curves with vanishing geometric genus py(S) = h*0(S). The process
in [5] was aided by the reduction of the search of ramification structures to groups of
order less than 2000, for which the MAGMA library of small groups could then be
used. They saw this classification as the solution in a very special case to the open
problem posed by Mumford: “Can a computer classify all surfaces of general type
with p, = 077

The infinite group in [15, Example 6.3] given by the presentation

Go :=(x0, ..., X6 | XiXi11Xi43 (i € Z7)) (D

was used in [1, 2] to construct finite 2-groups with special unmixed and mixed
ramification structures, giving rise to unmixed and mixed Beauville surfaces. These
finite 2-groups were the maximal 2-quotients of 2-class k of both the group G and
its index two subgroup Hy generated by xo and x1. We like to mention that very little
is known about mixed Beauville structures and it is generally assumed that they are
very rare. Results in [ 13, 14] show that the symmetric groups S,, and all almost simple
groups with sporadic derived groups cannot have mixed structures. The examples in
[2] are the first known infinite family of 2-groups with mixed Beauville structures.
It is immediate from the definition that a p-group can only admit a mixed structure
if p = 2. The only other known construction of groups admitting mixed Beauville
structures was given in [4]. But this general construction is very different in nature
and does not provide examples of 2-groups admitting mixed Beauville structures. In
this paper we restrict our considerations, however, to the unmixed case.

The above group G belongs to a family called groups with special presentation.
These groups were introduced by Howie [15] and are related to projective planes
over finite fields (see Sect.3 for more details). It was proved in [12] that all groups
with special presentation are just infinite (i.e., they are infinite groups all of whose
non-trivial normal subgroups have finite index). A natural question arose: Do any
other groups with special presentations give rise to finite groups with particular
ramification structures?

In this article we consider finite index subgroups of the groups listed in [11,
Example 3.3], an index 3 subgroup of the following group with special presentation



Regular Algebraic Surfaces, Ramification Structures and Projective Planes 17
from [15, Example 6.4], the group
. 3 .
G :=(x0,....,x12 | X, xiXj11Xi+4 (I € Z13)) (2)

and the group given in [18, Example 2] constructed from a polyhedral presenta-
tion (a generalization of the triangle presentations defined in [8]). We use the com-
puter program MAGMA to search for unmixed ramification structures in maximal
p-quotients of p-class k of the above mentioned groups for various primes p. These
ramification structures give then rise to particular regular surfaces isogenous to a
higher product. Moreover, these results lead to natural conjectures about infinite
families of p-groups admitting unmixed ramification structures.

Let us present an example of our results. The subgroup H of G defined in (2), and
generated by xo, x1, x2 has index 3. Let H3  be the maximal 3-quotient of 3-class k.
For simplicity, let us denote the elements in H3 ; corresponding to xo, x1, X2, again,
by xo, x1, x2. Let yo = xox%xg, v = xgxlxg and y; = xlxz_lxg(’. Then we have the
following result.

Theorem 1.1 Fork =2,...,60, the groups H3 j are of order 3% and admit unmixed
ramification structures (Ty, T») of type ([3,3,3,3dk], [3bk,3bk,3bk,3bk]), where T) =
(x0. X1, X2, (xox1X2) ™D, To = (o, y1. y2. Goy1y2) ™D, b = I+[logy 3], di =
1+[logs k], and
8j if k=3j,
ar =18 +3 ifk=3j+1,
8j+6 ifk=3+2.

Here [x] denotes the largest integer < x.

This result motivates the following conjecture.

Conjecture 1.2 Let H be the index 3 subgroup of the group (2), generated by
X0, X1, X2. Then, for all k > 2, the maximal 3-quotients H3 y of 3-class k are of order
3% and admit unmixed ramification structures (Ty, T>) of type ([3,3,3,3dk ], [3P% 30k,
3b 35 ]) where ay, by, di and Ty and T» are explicitly given in Theorem 1.1.

A promising approach to prove this conjecture is to employ the matrix repre-
sentation of (2) in Appendix 2: “Representation for the Group G”. (Such a matrix
representation was key in [2] to prove that infinitely many 2-quotients of the group
(1) admit mixed Beauville structures.)

The article is organised as follows. Section?2 presents fundamental facts about
ramification structures and algebraic surfaces. Our results on ramification structures
are presented in Sect. 3 below. Appendix 1: “Expanders Associated to the Group Go”
is concerned with the derivation of an explicit matrix representation of the group (2).
Finally, Appendix 1: “Expanders Associated to the Group Go” provides a brief survey
about explicit recent expander constructions related to the group (1).
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2 Ramification Structures and Associated Surfaces

2.1 Group Theoretical Structures

Following [5] closely, we give the definition of an (unmixed) ramification structure
of a finite group G.

An r-tuple T = [gy, ..., g-] of non-trivial elements of G is called a spherical
system of generators, if gy, ..., g, generate G and g;g>---¢g, = 1. The r-tuple
[m1, ..., m,] of non-decreasing orders of the elements g; is called the fype of the
spherical system 7' of generators, i.e., 2 < mj; < mp < --- < m, and there is a
permutation 7 € Sym(r) such that m; = ord(g;(;)). Let

=) = J U UJlogls™

geG j=0i=1

be the union of all conjugates of the cyclic subgroups generated by the elements
gi of the spherical system. Two spherical systems of generators 71 = [g1, ..., gr]
and T = [g],...,g;] are called disjoint if £(T1) N (T>) = {1}. An unmixed
ramification structure is defined as follows.

Definition 2.1 (Unmixed ramification structures, see [5, Definition 1.1]) Let A; =
[my1,...,m,]and Ay = [ny, ..., ns] be tuples of natural numbers with 2 < m| <

-<mpand2 <n; < --- < ng. Anunmixed ramification structure of type (A1, A2)
for a finite group G is a pair (77, T>) of disjoint spherical systems of generators such
that 77 has type A1 and 73 has type Aj.

The disjointness of the pair (77, 72) of an unmixed ramification structure guar-
antees that G acts freely on the product C1 x C3 of associated algebraic curves (see
Sect.2.2 and the references therein). In this article we will only consider unmixed
ramification structures and their associated surfaces. For examples of the mixed case
see, e.g., [1, 4, 5].

Recall that unmixed Beauville structures are unmixed ramification structures with
two spherical systems (77, 7T2) of length 3, i.e., r = s = 3. They are of particular
interest, since they give rise to the Beauville surfaces mentioned in the Introduction.

2.2 From Ramification Structures to Algebraic Surfaces

In this section we explain how to construct an algebraic surface S = (Cr, x Cp,)/G
from a given finite group G with an unmixed ramification structure (77, 7).

Let G be a finite group and T = [g1, . .., gr] be a spherical system of generators
withm; = ord(g,)). For1 <i <r,letPy,..., P € Plbea sequence of points or-
dered counterclockwise around a base point Py and v; € (P! — {Py,..., P}, Py)be
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represented by a simple counterclockwise loop around P;, such that yivy2 ...v = 1.
By Riemann’s existence theorem, we obtain a surjective homomorphism

dD:W(]I”l—{Pl,.--,Pr},PO)_)G

with ®(v;) = ¢; and a Galois covering A : Ct — P! with ramification indices equal
to the orders of the elements g1, ..., g-. These data induce a well defined action of
G on the curve C7, and by the Riemann-Hurwitz formula, we have

g(cT)—1+—( -2- Z ) 3)

Now, we assume that G admits an unmixed ramification structure (77, 7>). This
leads to a diagonal action of G on the product Cr; x Cr,, and the disjointness of
the two spherical systems of generators ensures that G acts freely on the product of
curves. The associated algebraic surface S is the quotient (C7, x Cr,)/G. By the
Theorem of Zeuthen-Segre, we have for the topological Euler number

(9(Cr) = D(g(Cp,) — 1)

e(S) =4 G| )

as well as the relations (see [10, Theorem 3.4]),

where K § is the self intersection number of the canonical divisor and x(S) = 1 +
Pg(S) — ¢q(S) is the holomorphic Euler-Poincaré characteristic of §. Assume that
(T1, 1) is of the type (A1, Ap) with Ay = [my,...,m,] and Ay = [ny, ..., ngl.
Then the above relations imply for the associated surface S that

52 5)

3 Groups with Special Presentations

As mentioned in [11], small cancellation groups are generalizations of surface groups
and satisfy many of the nice properties of those groups. It was proved in [11] (with
a small list of exceptions) that almost all groups with a presentation satisfying the
small cancellation conditions C(3) and 7 (6) contain a free subgroup of rank 2.
Further, [15] proved that most C(3), T (6) groups G (namely, the ones which do
not have special presentations) are SQ-universal. (A group G is called SQ-universal
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if every countable group can be embedded in a quotient group of G.) In that ar-
ticle, a group presentation was called special if every relator has length 3 and the
star graph is isomorphic to the incidence graph of a finite projective plane. (See
[21, p. 61] for a textbook reference on the star graph of a presentation. In short, the
star graph of a presentation (x | r) is defined as follows (see [15]): its vertex set are
the elements in xUx ™! and there is an edge from x to y if there is a cyclically reduced
word beginning in x and ending in y, which is a cyclic permutation of a relator or its
inverse.) Moreover, it was asked (see [15, Question 6.11]) whether any or all of the
groups with special presentations are SQ-universal. It was proved in [12] that groups
with special presentation are just infinite (i.e., all non-trivial normal subgroups have
finite index) and, therefore, cannot be SQ-universal. (Note that special presentations
in the sense of [15] are (3, 3)-special in the sense of [12].)

Howie [15] also set up an example machine (see Theorem 3.1 below) to create
infinitely many groups with special presentations. More precisely, he constructed a
special presentation with star graph isomorphic to the incidence graph of the projec-
tive plane over every finite field IF;, where ¢ is a prime power. Until then, only seven
examples of special presentations were known (see [11, Example 3.3]), and each of
them has a star graph isomorphic to the Heawood graph (i.e., the incidence graph of
the 7-point projective plane over F»).

Given a finite field K = I, (for ¢ a prime power), a positive presentation with
star graph isomorphic to this incidence graph of the Desarguesian projective plane
over K is formed.

The construction takes a cubic extension of K, namely F = Fqs, and identifies
the cyclic group C,, = F* /K> with the points of the projective pane P over K,
where m = g% 4+ g + 1.

The group C,, acts on P via multiplication in F, and this action is regular on both
the points and lines of P i.e. Cy, is a Singer group, see [16]. The lines of P can be
identified with the subset o L of C,,, where o ranges over C,, and L is a fixed line
or perfect difference set i.e. a set of residues aj, ..., a,+1 mod m such that every
non-zero residue modulo m = ¢> + g + 1 can be expressed uniquely in the form
a; —daj.

Theorem 3.1 ([15, Theorem 6.2]) Let g be a prime power and m = q*> + g+ 1.
Then there exists a subset | of g+ 1 elements of Z,, such that

(X0, + - s Xm—1 | XiXigAXigdtgr (( € Zp, A €1))

is a special presentation whose star graph is isomorphic to the incidence graph of
the projective plane over G F(q).

Let us now present results on ramification structures of finite groups obtained from
particular groups G with special presentations. These finite groups are generated via
the lower, exponent p-central series, i.e.,

G=P(G)=>---=>P_1(G) = P(G) > ...,
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where P;(G) = [P;—1(G), G]P;_1(G)? for i > 1. The finite groups G, ; under
considerations are then the maximal p-quotients of p-class k, denoted by G, x and
givenby G = G/Pr(G).

The results discussed below are obtained via the computer program MAGMA
(see [6]). Note that the algorithm pQuotient constructs, for a given group G, a
consistent power-conjugate presentation for G .

3.1 Ramification Structures for the Group in [15, Example 6.3]

The group Gy in (1) with seven generators xo, .. ., X¢ appeared as Example 6.3 in
[15]. (G is constructed using Theorem 3.1 withg = 2, m = 7and [ = {1, 2, 4}.)
The subgroup Hy generated by xg, x1 has index two. In [1, Theorems 4.1 and 4.2], we
presented unmixed ramification structures for the 2-groups (Hp)2 x for 3 < k < 64
(for k not a power of 2), as well as mixed ramification structures for the 2-groups
(Go)2,x for 3 < k < 10 (again, for k not a power of 2). Since the involved spherical
systems of generators consist of three elements, these ramification structures are
actually Beauville structures and lead to new examples of Beauville surfaces.

Moreover, [2] presents a rigorous proof that an infinite family of 2-quotients of
G admits mixed Beauville structures. [2] uses a faithful matrix representation of
G by infinite upper triangular matrices (created in an analogous way as described
in Appendix 1: “Expanders Associated to the Group G¢”), and the quotients are
obtained via truncations at upper diagonals. MAGMA calculations show that the
first 100 of these quotients are isomorphic to the quotients (Go)2 . It is natural to
conjecture that all of these quotients of G constructed in these two different ways
are pairwise isomorphic (see [22, Conjecture 1]).

The group G appears also in [9, Sect. 4] as the group A.1. (The articles [8, 9] are
concerned with simply transitive group actions on the vertices of Xg-buildings.) The
index two subgroup Hy was also used in [17, 22] to construct families of expander
graphs of vertex degrees 4 and 3. These expander graph constructions are briefly
described in Appendix 1: “Expanders Associated to the Group Gg”.

3.2 Ramification Structures for the Groups
in [11, Example 3.3]

There, a list of seven special group presentations G; = (x | r;), 1 <i <7, with

r1 = f{ab~'d,a 'dc,d ea, bzf, ceg,cqf,efqgl,
r = {a_ldf, b_led, c_lfe, azg, bdg, bec, cqf},
r3 = {abc, ade, af g, cge, bef, bdg, df c},
r4 = {a’b, acd, bde, bfc,ceqg,dgf, efg},
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rs = {a2b, acd, bde, bfc, ceg, dgz, efz},
re = {a’b, ach, bef, bge, dzf, ng, egf},
r7 = {abc, adb, acd, bef, cge,df g, eq f},

were given (x = {a, b, ¢, d, e, f, g}). The star graphs of all seven presentations are
isomorphic to the incidence graph of the 7-point projective plane. See Fig. 1 for the
star graph of the group Gj.

Our group Gg in (1) coincides with their group G3, which was discussed in
Sect.3.1. It is stated in [11] that the only isomorphism between abelianised groups
G?h is between Gﬁb and Ggh. However, if one looks at the commutator subgroup Cy4
and Ce¢ of the groups G4 and Ge, then Czb = Z/A7 and Cgb = Z/27. Therefore,
G4 can not be isomorphic to Gg.

We use the computer program MAGMA to search in the maximal p-quotients of
maximal class k for 1 < k < 10 of certain finite index subgroups of the groups G;
for unmixed ramification structures.

Special Presentation G
There is a subgroup Hj of index 4 in G generated by b. Thus, as H; = Z all maximal

p-quotients of p-class k of Hj are cyclic groups of order pX. Therefore, there will
be no unmixed ramification structures coming from the groups (Hy)p k.

Fig.1 Star graph of
Gr=({x]rp)
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Special Presentation G, and G4

There is a subgroup H» of index 16 in G (the commutator subgroup of G7) generated
by hao =bd~'a"'bc™, hy1 = abd 'abd'bc™! hyp = (bc™)?, hy 3 = adc™!
and hp 4 = db~'a vV db—'a='bc—!. The maximal 7-quotients of 7-class k, written
as (Hz)7.k, gives rise to a disjoint pair of spherical generators of length 3 given by
the tuples,

To1 = [h2,0. ha,1. hy hy gl and Top = [ha,0h3 1. hooh3 1. hy 3 by ohs 5k o),

for I < k < 10. To simplify notation, we denoted the images of &2 ¢ and sy in
(H2)7,k, again, by ho o and hy 1. Thus, the groups (H2)7 x have unmixed ramification
structures.

The group G4 of [11, Example 3.3] coincides with the group C.1. in [9, Sect. 5]
(via the identification ag = a,a; = f,ay = c,a3 = d,as = e,a5 = g,a¢ = b).
We find a subgroup Hj of index 48 in G4 generated by hso = da='bc 1,
hay = be b tea ™ bf 1 hyy = cblae ef 7l hys = (ea'bf TN, hyy =
cb~leb~lea 'bf = and hys = ea"'be'ea"'bcea"'bf 7! For 1 < k < 10,
the maximal 7-quotients of 7-class k, (H4)7 ., gives rise to a disjoint pair of spherical
generators of length 3 given by the tuples,

Ty = [hao. hay. hy yhy gl and Ty = [haohg . haohy . hy by Gy 5hy ).

The groups H, and Hj have the same maximal 7-quotients of maximal 7-class k for
1 < k < 10. However, the abelianizations of the infinite groups are Hz”‘b = 77 x Iy
and H jfb = Z7 x Z7. The following theorem summarizes the above observations.

Theorem 3.2 Forr =24, k = 1,...,10, the groups (H,)7x are of order 7* and
admit unmixed ramification structures (1,1, T, 2) of type ([ 7070 701 7 78, 70 ] ) for

. 2 ifl<k<4,
2k ifk=1,4,5,8,9, X
= i andb =13 if5<k <8,
2k —1 ifk=2,3,6,7,10. :
5 if9<k<10.

This result is strong evidence that the following conjecture is true.

Conjecture 3.3 For r = 2,4 and all k € N, the maximal 7-quotients (H,)7x of
7-class k admit unmixed ramification structures with disjoint spherical systems
(T 1, T, 2) introduced above.

The unmixed ramification structures given for the groups (Hz)7 x, (Ha)7 1 above
give rise to unmixed Beauville surfaces S = (Cr, x Cr,)/(H,)7,k forn =2, 4. For
example, the order of the group (H2)7,1 and (Hs)7,1 is 72. Therefore, the genera of
the curves Cr; is (see (3))

9(Cr) = 9(Cp,) =14+2x7=15,
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and the holomorphic Euler-Poincaré characteristic of § is

_ () —D(gCp) — 1) _
Gl

x(S) 4.

Remark 3.4 (see [10, Beauville’s Example 3.22]) The groups (H2)7.1, (Ha)7,1 are
isomorphic to the group (Z/7Z)? and the two curves Cr, = Cr, are given by the
Fermat curve x” 4+ y’ + z7 = 0 of degree 7. The group (Z/77)?* acts on Cr, x Cr,y
by the following rule

(@ B)-(x:y:zlfu:v:wl) = (€% : Py 1 2], [€9F2Pu : ¢T3 w)),

where £ = e¥ and o, B € Z/7Z. We identity h,, o — aand h, 1 — Sforn = 2,4.

Special Presentation G5

The group G5 coincides with the group A.2 in [9, Sect.5]. We find a subgroup Hs
of index 3, generated by hso = ba™!, hs,; = ca™', hsy = da™', hs3 = ea™",
hsa=f a~!and hss = ga‘l which have the same maximal 2-quotients of 2-class
k as the group G in (1) for 1 < k < 10. However, the abelianization of this group
is Hsab = Zo X Zy X Z14 which is not isomorphic G = 75 x Ty x Zs.

In addition, we have a subgroup F5 in Hs of index 2, which appears to have
the same maximal 2-quotients of 2-class k as Hy (the subgroup of G generated by
X0, x1) for 1 < k < 10. The abelianization of this group is FS‘”’ = Zy4 X Zog which
is not isomorphic ng = Z4 X Zy4.

These results lead naturally to the following conjecture.

Conjecture 3.5 Let Hs be the index 3 subgroup of Gs introduced above and let G
be the group given in (1). Let Fs be the above mentioned index 2 subgroup of Hs, and
Hy the index 2 subgroup of Go generated by xq, x1. Even though Hs and G are not
isomorphic, all corresponding maximal 2-quotients of Hs and G agree. Moreover,
the same curious fact holds true for their subgroups Fs5 and H.

Special Presentation Gg and G~

The group G¢ coincides with the group B.2in [9, Sect. 5]. We have the group specified
by relations r¢ = {a’b, ach, bef, bge, d* f, c*g, eg f} on 7 generators but can be
rewritten to a group generated by {x = e, y = f} with relations

! -1 -1.2. -2 -3 -1 .3 -2.2
rg={y x Ty xTTy x,x yxyx "y}

(see [3, Sect. 2.7]). The group G7 coincides with the group B.1 in [9, Sect. 5].



Regular Algebraic Surfaces, Ramification Structures and Projective Planes 25

We see that both groups have a subgroup Hg, H7 of index 24 in G¢, G7, respec-
tively, which gives rise to maximal 3-quotients of 3-class k for | < k& < 10. However,
the 3-groups are too large to successfully search for unmixed ramification structures.
The abelianization of both groups is Hgb = H7“b =73 x 73 X L3 x L.

3.3 Ramification Structures for the Group in [15, Example 6.4]

The group G in (2) with 13 generators xo, . .., x12 appeared as Example 6.4 in [15].
(G is constructed using Theorem 3.1 withg = 3, m = 13 and [ = {0, 1, 3,9}.)
The subgroup H generated by xg, x1, x2 has index 3. Again, the group G can also
be found in [9, Sect. 4] as the group 1.1 (via the identification a; = x;, where the
indices are taken modulo 13).

The existence of ramification structures for k = 2, ..., 60 for the finite groups
Hs; was already formulated in the Introduction (see Theorem 1.1) and was
obtained by using MAGMA. See Conjecture 1.2 in the Introduction for the asso-
ciated conjecture.

The ramification structures of H3 ; in Theorem 1.1 give rise to algebraic surfaces
S = (Cr, x C1,)/Hj3 . For example, the order of the group H3 > is ay = 30,
Therefore, the genera of the curves Cr; is (see (3))

9(Cry) = g(Cp,) = 1+ 3° =244,
and the holomorphic Euler-Poincaré characteristic of § is

_ @€ = D(Cr) =) _
Gl

x($) 81.

3.4 Ramification Structures for the Groups of Theorem 3.1
with q > 4

The construction given by Theorem 3.1 is for any ¢ a prime power. For g = 4 the
group below is given.

Example 3.6 ([15, Example 6.5]) We have that g2 + ¢ + 1 = 21 and so ]F;E/IF; is
identified with Z5;. The group G is given by the presentation,

G = (X0, .- ., X20|X; Xi 47Xi 114, Xi Xi 414X 17, Xi Xi43Xi 115 fori € Zp1).  (4)

~

The abelianization of this group is G =~ Loy X Lo X Ly x Ly X L X Zg. The
group has maximal 2-quotients of 2-class k for 1 < k < 10. However, it is extremely
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difficult to search for ramification structures of the maximal p-quotients of p-class
k for g > 4. The finite groups are too large and have too many conjugacy classes,
which leads to a computational expensive search.

3.5 Ramification Structures for the Group in [18, Example 2]

In [18], a new construction of groups presentations based on finite projective planes
was introduced, generalizing the triangle presentations of [8, 9]. For the reader’s
convenience, we explain this briefly. The construction is based on the following
general definition.

Definition 3.7 (see [18]) Let Py, ..., P, be n disjoint finite projective planes of
order g. Let P; and L; be the sets of points and lines respectively in P;. Let P = UP;,
L=UL;, ,NP; =@ fori # jandlet A be a bijection A : P — L.

A set IC of k-tuples (x1, ..., xx) will be called a polyhedral presentation over P
compatible with A if

(1) given x, xp € P then (xq,...,xx) € K for some x3, ..., x; if and only if x»
and \(x) are incident;

2) (x1,...,xx) € K implies that (x2, ..., xx, x1) € K;

(3) given x1, xp € P, then (xq, ..., x;) € K for at most one x3 € P.

We call X a basic bijection.

A polyhedral presentation C gives rise to a group presentation G i in the following
way: the generators of G are given by UP; and the relations are the k-tuples of C,
each written as a product.

Example 3.8 The triangle presentations listed in [9] can be seen as special cases of
polyhedral presentations forn = 1,k =3 and ¢ = 2, 3.

We now discuss the case n = 1, ¢ = 2. We enumerate the points of the projective
plane by 1,2, ..., 6. The following array illustrates a basic projection \:

142
:325
1436
:045
156
:026
:013.

NN B WN = O

Here, every point k represents a row and is followed by the points contained in the
associated line \(k). For example, the line A\(3) consists of the points 0, 4, 5.
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A triangle presentation 7 for the group A.1 in [9] is given by
0,1,3),(1,2,4),(2,3,5),(3,4,6), (4,5,0), (5,6, 1), (6,0, 2),

and all the cyclic permutations, i.e. for (0, 1, 3) € 7 we also have (1, 3, 0), (3,0, 1)
€ 7. The associated group presentation G 7 agrees with the presentation of G in (1).

Example 3.9 [18, Example 2] The projective plane P of order 4 can be partitioned
by three projective planes of order two (see [7]). We denote points of the subplane
P; fori = 1, 2, 3 by numbers from 7i — 6 to 7i. Note that lines in P consist of five
points, while the lines in P; consist of three points. A basic projection A for P is
given below. Note that each subplane 7; has its own basic projection, denoted by J;,
satisfying A; (k) C A(k). In the array below, the row associated to the point k lists
first the three points in the associated line via the basic bijection in the subplane,
followed up by the two remaining points in A(k).

4:567 1218 9: 121314 115
7:125 8 21 11: 8 9 12 317
2:345 1416 14:101112 216
5:136 1019 12: 8 1013 418
1:246 9 15 10: 9 1113 519
3:147 1117 13: 8 1113 620
6:237 1320 8: 91014 721

18:192021 412
21:151619 7 8
16:17 1819 2 14
19:151720 510
15:161820 1 9
17:15 1821 311
20:16 1721 613

The above basic projections give rise to the following polyhedral presentation /C
for a projective plane of order 4, induced by polyhedral presentations of projective
planes of order 2

(1,9, 15), (1,15,9), (2, 14, 16), (2, 16, 14), (3, 11, 17), (3, 17, 11), (4, 12, 18),
(4,18, 12), (5, 10, 19), (5, 19, 10), (6, 13, 20), (6, 20, 13), (7, 8, 21), (7, 21, 8),
(1,2,3),(1,4,5), (1,6,7), (3,4,6), 3,7,5), (2,5,6), (2,4,7), (8,9, 12), (8, 10, 13),
(8,14, 11), (9, 14, 10), (9, 13, 11), (12, 13, 14), (10, 11, 12), (15, 16, 17), (15, 18, 19),
(17, 18, 20), (17, 21, 19), (16, 19, 20), (16, 18, 21),

and all their cyclic permutations.

All relators in the group presentation G given by /C are of length 3 and the star
graph is isomorphic to the incidence graph of a finite projective plane of order 4. This
means, by [15], that the group given by this presentation G is a special presentation.
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It also can be seen that this group acts on a Euclidean building where the vertex links
are incidence graphs of projective planes of order 4, see [18].

There are remarkable connections between the group G and the group G dis-
cussed in Sect.3.1. Firstly, we can present the group G in an alternative way with
different generators:

Gic = (W0, ..., W6, Y05 -+« s Y65 205 -+ 26 | WiWip 1 Wig3, Vi Vit1Yi+3s ZiZi+1%i+3

w vtz w2 e (i € Z)), &)

where each of the three subsets of generators has very similar relators like those
appearing for the group Gy in (1), with only two more series of relators added
representing connections between the generators of different subsets.

Secondly, the maximal 2-quotients of 2-class k of the group Gy are isomorphic
to the maximal 2-quotients of 2-class k for the group G (given by the presentation
in (1)) for 1 <k < 20. However, the groups Gx and G are not isomorphic, as they
have different abelianized groups Gab =~ L x L X L, while ng = Zp x Ly X L.
This gives rise to the following conjecture.

Conjecture 3.10 Let G be the group introduced above (e.g., by the presentation
(5)), and G be the group given in (1). Even though Gy and G are not isomorphic,
all corresponding maximal 2-quotients of these two groups agree.

Remark 3.11 1f we replace the relators wi_1y6(1+i)zi_1, wi_lzl-_lyﬁ(pr,') in (5) by the
relators x;y;z;, X;Z; y; we obtain a group G’ with the following presentation

’

G = (wo, ..., W6, Y0, ---1Y6,205 - -+ »26 | WiWit1W;it3, ViVit1Vit+3, ZiZit12i43s
w;yizi, wiziyi (i € Z7)).

This group G is isomorphic to the group G given by the presentation (4) under the
identifications

Xo zal, X7 > wgl, X14 — yo_l,
X1 — wl_l, Xg — yl_l, X15 = zl_l,
X2 = y;], X9 > z;l, x16»—>w;1,
X3 > Z;I, x10|—>w3_1, X17 > y3_1,
X4 > w4_1, X1 — y4_1, Xi8 ZZI,
X5 = y;l, X12 — Zgl, X19 > wy -,
X6 > zgl, x13»—>w6_1, X20 H> Vg

Acknowledgments We thank Donald Cartwright for the representations and method given in
Appendix 2 and helpful correspondences. The first author also wishes to thank Uzi Vishne for
useful correspondences.
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Appendix 1: Expanders Associated to the Group Gy

Expander graphs are defined with the help of the edge expansion rate.

Definition A. 1 Let G = (V, E) be a combinatorial graph with vertex set V and
edge set E. Then the edge expansion rate h(G) is defined as

OA
h(G) = inf #
finiteAcv min(|A[, |V\A])

where A C E is the set of all edges connecting a vertex of A with a vertex of V\ A.

Expanders are infinite families of finite graphs which are both sparse and highly
connected. They are not only theoretically important but have also applications in
computer science for, e.g., robust network designs.

Definition A. 2 A sequence G, = (V,, E,) of connected finite graphs with |V,,| —
oo is called a family of expanders if there exists k > 2 and € > 0 such that

(a) all graphs G,, are k-regular,

(b) h(G,) = € for all n.

It was observed in [22] that the subgroup Hy of Go generated by xo, x; has
index 2, and that both groups Hy and G are just infinite and have Kazhdan property
(T). Property (T) implies that, for a fixed choice of generators, the Cayley graphs of
all quotients by finite index normal subgroups have a uniform positive lower bound
for their edge expansion rate (see [19, Proposition 3.3.1]). A presentation of the
subgroup H is given by

Hoy = (xo, x1 | r1,r2,713),

where

3.-3_-3
r = (x1x0)°x "Xy 7,
r = x1x0_1x1_1x0_3x%x0_1x1x0x1,
r3 = x%xo_lxlxoxlxgxlzxoxlxo.

We have the following Cayley graph expanders obtained from finite groups with just
two generators and four relations.

Theorem A. 3 (cf. [22, Theorem 1]) The groups

Hy = (xo,x1 | r1, r2, 73, [x1, X0, - - ., X0])
————
k

are finite with |Hy| — 00, and the associated Cayley graphs with respect to the
generators xo, x1 define an infinite family of expanders of vertex degree 4.
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Using the faithful matrix representation of Hy by infinite upper triangular matrices
and their truncations at the kth upper diagonal as mentioned in Sect. 3.1, we obtain
another family H, of finite nilpotent groups whose associated Cayley graphs G; with
respect to the generators xg, x| are another family of expander graphs which form a
tower of coverings

Gk = Gk — - — G1 = Go,

whose covering indices are powers of 2 (for more details, see [22]). It was conjectured
in [22, Conjecture 2] that the covering indices follow the pattern 4, 8, 4, 8, 8, 4, 8, 8,
4,8,8,.... See Fig.2 for the graph G,. We use the notation z; = [xg, x1], 22 =
xg, 3 = xj and z;; = z;z; and z; jx = z;2;zx. The elements expressed by z; lie in the
centre of H,. The same graph was illustrated in [22, Fig. 4], but the illustration given
here is more symmetric. Solid edges from vertices with label i to vertices with label
i 4+ 1 (mod 4) represent right multiplication by x¢, while dashed edges from vertices
with label i to vertices with label i + 1 (mod 4) represent right multiplication by x;.
Note that the solid 4-cycles as well as the dashed 4-cycles in G3 are consequences of
xé:x‘f:linﬁz.

Another construction of 3-regular expanders was given in [17]. Starting from the
same groups Hi, we now consider the associated Cayley graphs X with respect to

o ToR2 Lozl TOR12 LOR3 TR23T(213 L0R123

T1Tpz123

L1T0213

T1T0%223

T1T0z3

L1T021

T1Tpz2

T1To

T12123 L1213 L1223 T123 L1212 T121 T1R2 X1

Fig. 2 The graph G
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the generators xo, x1, x3 where x3 = x| lx(; ' The graphs Xy, are 6-regular and Gy is
a subgraph of X with the same number of vertices. Property (T) guarantees that the
graphs Xj are also a family of expanders. One can check that X forms a tessellation
of a closed Riemann surface by triangles and by 2/-gons (with / only depending
on k) and that every edge of Xj belongs to precisely one triangle of X;. Now we
apply a A — Y transformation to the graphs Xy to obtain new graphs Ty. The A — Y
transformation removes the edges of every triangle in the original graph X}, adds a
new vertex in its centre, and connects this new central vertex with new edges to the
3 original vertices of the triangle. It turns out that the vertex set of the new graph T
is twice as large as the vertex set of old graph Xy, and that 7} is 3-regular. Moreover,
there is an explicit connection between the eigenfunctions of the adjacency matrix
of X and the eigenfunctions of the adjacency matrix of Ty (see [17, Theorem 2.1]).
The spectral characterisation of expander graphs then implies that the new family 7
of 3-regular graphs is, again, a family of expanders.
For yet another expander graphs construction from the group Gy see [20, 23].

Appendix 2: Representation for the Group G

We include a representation for the group G (given by (2)) in GL(9, F3[1/Y]),
which may be useful in the future (as the matrix representations for the group Gy
with presentation (1) were useful for several works [8, 20, 22]). The representation is
due to Donald Cartwright and the algebra program REDUCE. Recall that the group
G coincides with the group 1.1 in [9], where we relate the generators by a; = x»;

fori =0, ..., 12, with indices taken modulo 13. We set
111022011 022011022
012001002 001002001
001000000 000000000
000111022 1 011022011
x0:1000012001]1+—=1002001002
000001000 Y 000000000
000000111 022011022
000000012 001002001
000000001 000000000

and
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100000000
010000000
001000000
000010000
7:1000011000],
000101000
000000220
000000012
000000201

where the other generators xp, ..., x12 are formed via conjugation of xo by 7, i.e.
xi =71ixorifori=1,...,12.

The idea in creating this representation is to write Fp7; = F3(6), where 6 is a
primitive element on Fy7 satisfying 6> = 6 + 1, and to use the basis {#'c/|i, j =
0, 1, 2} for the divison algebra A over F»7(Y) for an indeterminate Y (in the order
1,6,02% 0,00, ..., 0%?). Here o is assumed to satisfy =Y -1 (which implies
(14+0)""'=(1/Y)(0 — 0o +0?)and oo~ = 63. The generators of Ty, where K
is a triangle presentation from [8, 9], are the a,, = uY(1 4+ o)u, where u € ]F;7/IF3X.
Since F); = F5 - {1 = 013,60, ..., 0"}, we choose a = 6=%(1 + )0* asin [9, p.
178]. The ay’s act on A by conjugation. A straightforward calculation yields

akaio_jalzl _ eia_jl i (93i+2k _ 9i+2<3fk) ol 1
Y Y
+ (9i+8~3fk . 93i+2k+2~3j“k) O.j+2% + Q3i+2k+8-3/ 1k j Y; 1.

Expressing the conjugation by oy with respect to the above basis of A then gives
rise to a representation as a 9 x 9 matrix over the field F3(1/Y). We conclude from
[9] that the matrices associated to the oy satisfy the relations of our generators xi.
Note, finally, that the above matrix for 7 represents the conjugation by 6 in A, i.e.,
7z 07120.
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