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Abstract Regular algebraic surfaces isogenous to a higher product of curves can
be obtained from finite groups with ramification structures. We find unmixed rami-
fication structures for finite groups constructed as p-quotients of particular infinite
groups with special presentation related to finite projective planes.
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1 Introduction

An algebraic surface is isogenous to a higher product (of curves) if it admits a finite
unramified covering which is isomorphic to a product of curves C1 × C2 of genera
g(Ci ) ≥ 2. It was shown in [10] that every such surface S has a unique minimal
realisation S ∼= (C1 × C2)/G, where G is a finite group acting freely on C1 × C2
and C1 and C2 have the smallest possible genera. Moreover, G respects the product
structure by either acting diagonally on each factor (unmixed case) or there are
elements in G interchanging the factors (mixed case). Surfaces isogenous to a higher
product are always minimal and of general type. Particularly interesting examples
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are Beauville surfaces, i.e., algebraic surfaces isogeneous to a higher product which
are rigid (i.e., do not admit nontrivial deformations).

The irregularity q(S) of a surface S is the difference between its geometric and
its algebraic genus, and agrees with the Hodge number h1,0(S). Surfaces with van-
ishing irregularity are called regular. Since q(S) = g(C1/G) + g(C2/G) (see [24,
Proposition 2.2]), we have Ci/G ∼= P

1 for both curves in the minimal realisation of
a regular surface.

Every surface S isogenous to a higher product gives rise to a finite group G via
its minimal realisation. This process can be reversed. Starting with a finite group G,
the existence of a so called ramification structure can be used to construct a regular
surface of the form (C1 × C2)/G. We will discuss ramification structures and the
construction of the associated surfaces in Sect. 2. Bauer, Catanese and Grunewald [5]
used this group theoretical description to classify all regular surfaces S isogenous to
a product of curves with vanishing geometric genus pg(S) = h2,0(S). The process
in [5] was aided by the reduction of the search of ramification structures to groups of
order less than 2000, for which the MAGMA library of small groups could then be
used. They saw this classification as the solution in a very special case to the open
problem posed by Mumford: “Can a computer classify all surfaces of general type
with pg = 0?”

The infinite group in [15, Example 6.3] given by the presentation

G0 := 〈x0, . . . , x6 | xi xi+1xi+3 (i ∈ Z7)〉 (1)

was used in [1, 2] to construct finite 2-groups with special unmixed and mixed
ramification structures, giving rise to unmixed and mixed Beauville surfaces. These
finite 2-groups were the maximal 2-quotients of 2-class k of both the group G0 and
its index two subgroup H0 generated by x0 and x1. We like to mention that very little
is known about mixed Beauville structures and it is generally assumed that they are
very rare. Results in [13, 14] show that the symmetric groups Sn and all almost simple
groups with sporadic derived groups cannot have mixed structures. The examples in
[2] are the first known infinite family of 2-groups with mixed Beauville structures.
It is immediate from the definition that a p-group can only admit a mixed structure
if p = 2. The only other known construction of groups admitting mixed Beauville
structures was given in [4]. But this general construction is very different in nature
and does not provide examples of 2-groups admitting mixed Beauville structures. In
this paper we restrict our considerations, however, to the unmixed case.

The above group G0 belongs to a family called groups with special presentation.
These groups were introduced by Howie [15] and are related to projective planes
over finite fields (see Sect. 3 for more details). It was proved in [12] that all groups
with special presentation are just infinite (i.e., they are infinite groups all of whose
non-trivial normal subgroups have finite index). A natural question arose: Do any
other groups with special presentations give rise to finite groups with particular
ramification structures?

In this article we consider finite index subgroups of the groups listed in [11,
Example 3.3], an index 3 subgroup of the following group with special presentation
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from [15, Example 6.4], the group

G := 〈x0, . . . , x12 | x3i , xi xi+1xi+4 (i ∈ Z13)〉 (2)

and the group given in [18, Example 2] constructed from a polyhedral presenta-
tion (a generalization of the triangle presentations defined in [8]). We use the com-
puter program MAGMA to search for unmixed ramification structures in maximal
p-quotients of p-class k of the above mentioned groups for various primes p. These
ramification structures give then rise to particular regular surfaces isogenous to a
higher product. Moreover, these results lead to natural conjectures about infinite
families of p-groups admitting unmixed ramification structures.

Let us present an example of our results. The subgroup H of G defined in (2), and
generated by x0, x1, x2 has index 3. Let H3,k be the maximal 3-quotient of 3-class k.
For simplicity, let us denote the elements in H3,k corresponding to x0, x1, x2, again,
by x0, x1, x2. Let y0 = x0x21 x22 , y1 = x20 x1x22 and y2 = x1x−1

2 xx0
2 . Then we have the

following result.

Theorem 1.1 For k = 2,. . . ,60, the groups H3,k are of order 3ak and admit unmixed
ramification structures (T1, T2) of type ([3,3,3,3dk ], [3bk ,3bk ,3bk ,3bk ]), where T1 =
(x0, x1, x2, (x0x1x2)−1), T2 = (y0, y1, y2, (y0y1y2)−1), bk = 1+[log3 3k

4 ], dk =
1+[log3 k], and

ak =

⎧
⎪⎨

⎪⎩

8 j if k =3j,

8 j + 3 if k =3j+1,

8 j + 6 if k =3j+2.

Here [x] denotes the largest integer ≤ x.

This result motivates the following conjecture.

Conjecture 1.2 Let H be the index 3 subgroup of the group (2), generated by
x0, x1, x2. Then, for all k ≥ 2, the maximal 3-quotients H3,k of 3-class k are of order
3ak and admit unmixed ramification structures (T1, T2) of type ([3,3,3,3dk ], [3bk ,3bk ,
3bk ,3bk ]), where ak, bk, dk and T1 and T2 are explicitly given in Theorem 1.1.

A promising approach to prove this conjecture is to employ the matrix repre-
sentation of (2) in Appendix 2: “Representation for the Group G”. (Such a matrix
representation was key in [2] to prove that infinitely many 2-quotients of the group
(1) admit mixed Beauville structures.)

The article is organised as follows. Section2 presents fundamental facts about
ramification structures and algebraic surfaces. Our results on ramification structures
are presented in Sect. 3 below. Appendix 1: “Expanders Associated to the Group G0”
is concerned with the derivation of an explicit matrix representation of the group (2).
Finally,Appendix 1: “ExpandersAssociated to theGroupG0” provides a brief survey
about explicit recent expander constructions related to the group (1).
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2 Ramification Structures and Associated Surfaces

2.1 Group Theoretical Structures

Following [5] closely, we give the definition of an (unmixed) ramification structure
of a finite group G.

An r -tuple T = [g1, . . . , gr ] of non-trivial elements of G is called a spherical
system of generators, if g1, . . . , gr generate G and g1g2 · · · gr = 1. The r -tuple
[m1, . . . , mr ] of non-decreasing orders of the elements gi is called the type of the
spherical system T of generators, i.e., 2 ≤ m1 ≤ m2 ≤ · · · ≤ mr and there is a
permutation τ ∈ Sym(r) such that mi = ord(gτ (i)). Let

�(T ) :=
⋃

g∈G

∞⋃

j=0

r⋃

i=1

{gg
j
i g−1}

be the union of all conjugates of the cyclic subgroups generated by the elements
gi of the spherical system. Two spherical systems of generators T1 = [g1, . . . , gr ]
and T2 = [g′

1, . . . , g
′
s] are called disjoint if �(T1) ∩ �(T2) = {1}. An unmixed

ramification structure is defined as follows.

Definition 2.1 (Unmixed ramification structures, see [5, Definition 1.1]) Let A1 =
[m1, . . . , mr ] and A2 = [n1, . . . , ns] be tuples of natural numbers with 2 ≤ m1 ≤
· · · ≤ mr and 2 ≤ n1 ≤ · · · ≤ ns . Anunmixed ramification structure of type (A1, A2)

for a finite group G is a pair (T1, T2) of disjoint spherical systems of generators such
that T1 has type A1 and T2 has type A2.

The disjointness of the pair (T1, T2) of an unmixed ramification structure guar-
antees that G acts freely on the product C1 × C2 of associated algebraic curves (see
Sect. 2.2 and the references therein). In this article we will only consider unmixed
ramification structures and their associated surfaces. For examples of the mixed case
see, e.g., [1, 4, 5].

Recall that unmixed Beauville structures are unmixed ramification structures with
two spherical systems (T1, T2) of length 3, i.e., r = s = 3. They are of particular
interest, since they give rise to the Beauville surfaces mentioned in the Introduction.

2.2 From Ramification Structures to Algebraic Surfaces

In this section we explain how to construct an algebraic surface S = (CT1 × CT2)/G
from a given finite group G with an unmixed ramification structure (T1, T2).

Let G be a finite group and T = [g1, . . . , gr ] be a spherical system of generators
with mi = ord(gτ (i)). For 1 ≤ i ≤ r , let P1, . . . , Pl ∈ P

1 be a sequence of points or-
dered counterclockwise around a base point P0 and γi ∈ π(P1−{P1, . . . , Pr }, P0) be
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represented by a simple counterclockwise loop around Pi , such that γ1γ2 . . . γr = 1.
By Riemann’s existence theorem, we obtain a surjective homomorphism

� : π(P1 − {P1, . . . , Pr }, P0) → G

with�(γi ) = gi and a Galois covering λ : CT → P
1 with ramification indices equal

to the orders of the elements g1, . . . , gr . These data induce a well defined action of
G on the curve CT , and by the Riemann-Hurwitz formula, we have

g(CT ) = 1 + |G|
2

(

r − 2 −
r∑

l=1

1

ml

)

. (3)

Now, we assume that G admits an unmixed ramification structure (T1, T2). This
leads to a diagonal action of G on the product CT1 × CT2 , and the disjointness of
the two spherical systems of generators ensures that G acts freely on the product of
curves. The associated algebraic surface S is the quotient (CT1 × CT2)/G. By the
Theorem of Zeuthen-Segre, we have for the topological Euler number

e(S) = 4
(g(CT1) − 1)(g(CT2) − 1)

|G| ,

as well as the relations (see [10, Theorem 3.4]),

χ(S) = e(S)

4
= K 2

S

8
,

where K 2
S is the self intersection number of the canonical divisor and χ(S) = 1 +

pg(S) − q(S) is the holomorphic Euler-Poincaré characteristic of S. Assume that
(T1, T2) is of the type (A1, A2) with A1 = [m1, . . . , mr ] and A2 = [n1, . . . , ns].
Then the above relations imply for the associated surface S that

χ(S) = |G|
4

(

r − 2 −
r∑

l=1

1

ml

)(

s − 2 −
s∑

l=1

1

nl

)

.

3 Groups with Special Presentations

Asmentioned in [11], small cancellation groups are generalizations of surface groups
and satisfy many of the nice properties of those groups. It was proved in [11] (with
a small list of exceptions) that almost all groups with a presentation satisfying the
small cancellation conditions C(3) and T (6) contain a free subgroup of rank 2.

Further, [15] proved that most C(3), T (6) groups G (namely, the ones which do
not have special presentations) are SQ-universal. (A group G is called SQ-universal
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if every countable group can be embedded in a quotient group of G.) In that ar-
ticle, a group presentation was called special if every relator has length 3 and the
star graph is isomorphic to the incidence graph of a finite projective plane. (See
[21, p. 61] for a textbook reference on the star graph of a presentation. In short, the
star graph of a presentation 〈x | r〉 is defined as follows (see [15]): its vertex set are
the elements in x∪x−1 and there is an edge from x to y if there is a cyclically reduced
word beginning in x and ending in y, which is a cyclic permutation of a relator or its
inverse.) Moreover, it was asked (see [15, Question 6.11]) whether any or all of the
groups with special presentations are SQ-universal. It was proved in [12] that groups
with special presentation are just infinite (i.e., all non-trivial normal subgroups have
finite index) and, therefore, cannot be SQ-universal. (Note that special presentations
in the sense of [15] are (3, 3)-special in the sense of [12].)

Howie [15] also set up an example machine (see Theorem 3.1 below) to create
infinitely many groups with special presentations. More precisely, he constructed a
special presentation with star graph isomorphic to the incidence graph of the projec-
tive plane over every finite field Fq , where q is a prime power. Until then, only seven
examples of special presentations were known (see [11, Example 3.3]), and each of
them has a star graph isomorphic to the Heawood graph (i.e., the incidence graph of
the 7-point projective plane over F2).

Given a finite field K = Fq (for q a prime power), a positive presentation with
star graph isomorphic to this incidence graph of the Desarguesian projective plane
over K is formed.

The construction takes a cubic extension of K , namely F = Fq3 , and identifies
the cyclic group Cm = F×/K × with the points of the projective pane P over K ,
where m = q2 + q + 1.

The group Cm acts onP via multiplication in F , and this action is regular on both
the points and lines of P i.e. Cm is a Singer group, see [16]. The lines of P can be
identified with the subset σL of Cm , where σ ranges over Cm and L is a fixed line
or perfect difference set i.e. a set of residues a1, . . . , aq+1 mod m such that every
non-zero residue modulo m = q2 + q + 1 can be expressed uniquely in the form
ai − a j .

Theorem 3.1 ([15, Theorem 6.2]) Let q be a prime power and m = q2 + q+ 1.
Then there exists a subset l of q+ 1 elements of Zm such that

〈x0, . . . , xm−1 | xi xi+λxi+λ+qλ (i ∈ Zm,λ ∈ l)〉

is a special presentation whose star graph is isomorphic to the incidence graph of
the projective plane over G F(q).

Let us nowpresent results on ramification structures of finite groups obtained from
particular groups G with special presentations. These finite groups are generated via
the lower, exponent p-central series, i.e.,

G = P0(G) ≥ · · · ≥ Pi−1(G) ≥ Pi (G) ≥ . . . ,
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where Pi (G) = [Pi−1(G), G]Pi−1(G)p for i ≥ 1. The finite groups G p,k under
considerations are then the maximal p-quotients of p-class k, denoted by G p,k and
given by G p,k = G/Pk(G).

The results discussed below are obtained via the computer program MAGMA
(see [6]). Note that the algorithm pQuotient constructs, for a given group G, a
consistent power-conjugate presentation for G p,k .

3.1 Ramification Structures for the Group in [15, Example 6.3]

The group G0 in (1) with seven generators x0, . . . , x6 appeared as Example 6.3 in
[15]. (G0 is constructed using Theorem 3.1 with q = 2, m = 7 and l = {1, 2, 4}.)
The subgroup H0 generated by x0, x1 has index two. In [1, Theorems 4.1 and 4.2], we
presented unmixed ramification structures for the 2-groups (H0)2,k for 3 ≤ k ≤ 64
(for k not a power of 2), as well as mixed ramification structures for the 2-groups
(G0)2,k for 3 ≤ k ≤ 10 (again, for k not a power of 2). Since the involved spherical
systems of generators consist of three elements, these ramification structures are
actually Beauville structures and lead to new examples of Beauville surfaces.

Moreover, [2] presents a rigorous proof that an infinite family of 2-quotients of
G0 admits mixed Beauville structures. [2] uses a faithful matrix representation of
G0 by infinite upper triangular matrices (created in an analogous way as described
in Appendix 1: “Expanders Associated to the Group G0”), and the quotients are
obtained via truncations at upper diagonals. MAGMA calculations show that the
first 100 of these quotients are isomorphic to the quotients (G0)2,k . It is natural to
conjecture that all of these quotients of G0 constructed in these two different ways
are pairwise isomorphic (see [22, Conjecture 1]).

The group G0 appears also in [9, Sect. 4] as the group A.1. (The articles [8, 9] are
concerned with simply transitive group actions on the vertices of Ã2-buildings.) The
index two subgroup H0 was also used in [17, 22] to construct families of expander
graphs of vertex degrees 4 and 3. These expander graph constructions are briefly
described in Appendix 1: “Expanders Associated to the Group G0”.

3.2 Ramification Structures for the Groups
in [11, Example 3.3]

There, a list of seven special group presentations Gi = 〈x | ri 〉, 1 ≤ i ≤ 7, with

r1 = {ab−1d, a−1dc, d−1ea, b2 f, ceg, cg f, e f g},
r2 = {a−1d f, b−1ed, c−1 f e, a2g, bdg, bec, cg f },
r3 = {abc, ade, a f g, cge, be f, bdg, d f c},
r4 = {a2b, acd, bde, b f c, ceg, dg f, e f g},
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r5 = {a2b, acd, bde, b f c, ceg, dg2, e f 2},
r6 = {a2b, acb, be f, bge, d2 f, c2g, eg f },
r7 = {abc, adb, acd, be f, cge, d f g, eg f },

were given (x = {a, b, c, d, e, f, g}). The star graphs of all seven presentations are
isomorphic to the incidence graph of the 7-point projective plane. See Fig. 1 for the
star graph of the group G1.

Our group G0 in (1) coincides with their group G3, which was discussed in
Sect. 3.1. It is stated in [11] that the only isomorphism between abelianised groups
Gab

i is between Gab
4 and Gab

6 . However, if one looks at the commutator subgroup C4

and C6 of the groups G4 and G6, then Cab
4

∼= Z/4Z and Cab
6

∼= Z/2Z. Therefore,
G4 can not be isomorphic to G6.

We use the computer program MAGMA to search in the maximal p-quotients of
maximal class k for 1 ≤ k ≤ 10 of certain finite index subgroups of the groups Gi

for unmixed ramification structures.

Special Presentation G1

There is a subgroup H1 of index 4 in G1 generated by b. Thus, as H1 ∼= Z all maximal
p-quotients of p-class k of H1 are cyclic groups of order pk . Therefore, there will
be no unmixed ramification structures coming from the groups (H1)p,k .

Fig. 1 Star graph of
G1 = 〈x | r1〉

a

b

c

d

e

f

g

a−1

b−1

c−1

d−1

e−1

f−1

g−1
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Special Presentation G2 and G4

There is a subgroup H2 of index 16 inG2 (the commutator subgroup ofG2) generated
by h2,0 = bd−1a−1bc−1, h2,1 = abd−1abd−1bc−1, h2,2 = (bc−1)2, h2,3 = adc−1

and h2,4 = db−1a−1 db−1a−1bc−1. The maximal 7-quotients of 7-class k, written
as (H2)7,k , gives rise to a disjoint pair of spherical generators of length 3 given by
the tuples,

T2,1 = [h2,0, h2,1, h−1
2,1h−1

2,0] and T2,2 = [h2,0h2
2,1, h2,0h3

2,1, h−3
2,1h−1

2,0h−2
2,2h−1

2,0],

for 1 ≤ k ≤ 10. To simplify notation, we denoted the images of h2,0 and h2,1 in
(H2)7,k , again, by h2,0 and h2,1. Thus, the groups (H2)7,k have unmixed ramification
structures.

The group G4 of [11, Example 3.3] coincides with the group C.1. in [9, Sect. 5]
(via the identification a0 = a, a1 = f, a2 = c, a3 = d, a4 = e, a5 = g, a6 = b).
We find a subgroup H4 of index 48 in G4 generated by h4,0 = da−1bc−1,
h4,1 = bc−1bc−1ea−1b f −1, h4,2 = cb−1ae−1c f −1, h4,3 = (ea−1b f −1)2, h4,4 =
cb−1cb−1ea−1b f −1 and h4,5 = ea−1bc−1ea−1bc−1ea−1b f −1. For 1 ≤ k ≤ 10,
the maximal 7-quotients of 7-class k, (H4)7,k , gives rise to a disjoint pair of spherical
generators of length 3 given by the tuples,

T4,1 = [h4,0, h4,1, h−1
4,1h−1

4,0] and T4,2 = [h4,0h2
4,1, h4,0h3

4,1, h−3
4,1h−1

4,0h−2
4,2h−1

4,0].

The groups H2 and H4 have the same maximal 7-quotients of maximal 7-class k for
1 ≤ k ≤ 10. However, the abelianizations of the infinite groups are Hab

2
∼= Z7 ×Z21

and Hab
4

∼= Z7 × Z7. The following theorem summarizes the above observations.

Theorem 3.2 For r = 2,4, k = 1,. . . ,10, the groups (Hr )7,k are of order 7a and
admit unmixed ramification structures (Tr,1, Tr,2) of type ([7b,7b,7b], [7b,7b,7b]) for

a =
{
2k if k = 1, 4, 5, 8, 9,

2k − 1 if k = 2, 3, 6, 7, 10.
and b =

⎧
⎪⎨

⎪⎩

2 if 1 ≤ k ≤ 4,

3 if 5 ≤ k ≤ 8,

5 if 9 ≤ k ≤ 10.

This result is strong evidence that the following conjecture is true.

Conjecture 3.3 For r = 2,4 and all k ∈ N, the maximal 7-quotients (Hr )7,k of
7-class k admit unmixed ramification structures with disjoint spherical systems
(Tr,1, Tr,2) introduced above.

The unmixed ramification structures given for the groups (H2)7,k, (H4)7,k above
give rise to unmixed Beauville surfaces S = (CT1 × CT2)/(Hn)7,k for n = 2, 4. For
example, the order of the group (H2)7,1 and (H4)7,1 is 72. Therefore, the genera of
the curves CTi is (see (3))

g(CT1) = g(CT2) = 1 + 2 × 7 = 15,
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and the holomorphic Euler-Poincaré characteristic of S is

χ(S) = (g(CT1) − 1)(g(CT2) − 1)

|G| = 4.

Remark 3.4 (see [10, Beauville’s Example 3.22]) The groups (H2)7,1, (H4)7,1 are
isomorphic to the group (Z/7Z)2 and the two curves CT1 = CT2 are given by the
Fermat curve x7 + y7 + z7 = 0 of degree 7. The group (Z/7Z)2 acts on CT1 × CT2
by the following rule

(α,β) · ([x : y : z], [u : v : w]) = ([ξαx : ξβ y : z], [ξα+2βu : ξα+3βv : w]),

where ξ = e
2πi
7 andα,β ∈ Z/7Z. We identify hn,0 
→ α and hn,1 
→ β for n = 2, 4.

Special Presentation G5

The group G5 coincides with the group A.2 in [9, Sect. 5]. We find a subgroup H5
of index 3, generated by h5,0 = ba−1, h5,1 = ca−1, h5,2 = da−1, h5,3 = ea−1,
h5,4 = f a−1 and h5,5 = ga−1 which have the same maximal 2-quotients of 2-class
k as the group G0 in (1) for 1 ≤ k ≤ 10. However, the abelianization of this group
is Hab

5
∼= Z2 × Z2 × Z14 which is not isomorphic Gab

0
∼= Z2 × Z2 × Z6.

In addition, we have a subgroup F5 in H5 of index 2, which appears to have
the same maximal 2-quotients of 2-class k as H0 (the subgroup of G0 generated by
x0, x1) for 1 ≤ k ≤ 10. The abelianization of this group is Fab

5
∼= Z4 × Z28 which

is not isomorphic Gab
0

∼= Z4 × Z14.
These results lead naturally to the following conjecture.

Conjecture 3.5 Let H5 be the index 3 subgroup of G5 introduced above and let G0
be the group given in (1). Let F5 be the above mentioned index 2 subgroup of H5, and
H0 the index 2 subgroup of G0 generated by x0, x1. Even though H5 and G0 are not
isomorphic, all corresponding maximal 2-quotients of H5 and G0 agree. Moreover,
the same curious fact holds true for their subgroups F5 and H0.

Special Presentation G6 and G7

The groupG6 coincideswith the groupB.2 in [9, Sect. 5].Wehave the group specified
by relations r6 = {a2b, acb, be f, bge, d2 f, c2g, eg f } on 7 generators but can be
rewritten to a group generated by {x = e, y = f } with relations

r
′
6 = {y−1x−1y2x−2y−3x−1, x3yxyx−2y2}

(see [3, Sect. 2.7]). The group G7 coincides with the group B.1 in [9, Sect. 5].
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We see that both groups have a subgroup H6, H7 of index 24 in G6, G7, respec-
tively, which gives rise tomaximal 3-quotients of 3-class k for 1 ≤ k ≤ 10. However,
the 3-groups are too large to successfully search for unmixed ramification structures.
The abelianization of both groups is Hab

6
∼= Hab

7
∼= Z3 × Z3 × Z3 × Z3.

3.3 Ramification Structures for the Group in [15, Example 6.4]

The group G in (2) with 13 generators x0, . . . , x12 appeared as Example 6.4 in [15].
(G is constructed using Theorem 3.1 with q = 3, m = 13 and l = {0, 1, 3, 9}.)
The subgroup H generated by x0, x1, x2 has index 3. Again, the group G can also
be found in [9, Sect. 4] as the group 1.1 (via the identification ai = x2i , where the
indices are taken modulo 13).

The existence of ramification structures for k = 2, . . . , 60 for the finite groups
H3,k was already formulated in the Introduction (see Theorem 1.1) and was
obtained by using MAGMA. See Conjecture 1.2 in the Introduction for the asso-
ciated conjecture.

The ramification structures of H3,k in Theorem 1.1 give rise to algebraic surfaces
S = (CT1 × CT2)/H3,k . For example, the order of the group H3,2 is a2 = 36.
Therefore, the genera of the curves CTi is (see (3))

g(CT1) = g(CT2) = 1 + 35 = 244,

and the holomorphic Euler-Poincaré characteristic of S is

χ(S) = (g(CT1) − 1)(g(CT2) − 1)

|G| = 81.

3.4 Ramification Structures for the Groups of Theorem 3.1
with q ≥ 4

The construction given by Theorem 3.1 is for any q a prime power. For q = 4 the
group below is given.

Example 3.6 ([15, Example 6.5]) We have that q2 + q + 1 = 21 and so F
×
q3/F

×
q is

identified with Z21. The group Ĝ is given by the presentation,

Ĝ := 〈x0, . . . , x20|xi xi+7xi+14, xi xi+14xi+7, xi xi+3xi+15 for i ∈ Z21〉. (4)

The abelianization of this group is Ĝab ∼= Z2 × Z2 × Z2 × Z2 × Z6 × Z6. The
group has maximal 2-quotients of 2-class k for 1 ≤ k ≤ 10. However, it is extremely



26 N. Barker et al.

difficult to search for ramification structures of the maximal p-quotients of p-class
k for q ≥ 4. The finite groups are too large and have too many conjugacy classes,
which leads to a computational expensive search.

3.5 Ramification Structures for the Group in [18, Example 2]

In [18], a new construction of groups presentations based on finite projective planes
was introduced, generalizing the triangle presentations of [8, 9]. For the reader’s
convenience, we explain this briefly. The construction is based on the following
general definition.

Definition 3.7 (see [18]) Let P1, . . . ,Pn be n disjoint finite projective planes of
order q. Let Pi and Li be the sets of points and lines respectively inPi . Let P = ∪Pi ,
L = ∪Li , Pi ∩ Pj = ∅ for i �= j and let λ be a bijection λ : P → L .

A set K of k-tuples (x1, . . . , xk) will be called a polyhedral presentation over P
compatible with λ if

(1) given x1, x2 ∈ P then (x1, . . . , xk) ∈ K for some x3, . . . , xk if and only if x2
and λ(x1) are incident;

(2) (x1, . . . , xk) ∈ K implies that (x2, . . . , xk, x1) ∈ K;
(3) given x1, x2 ∈ P , then (x1, . . . , xk) ∈ K for at most one x3 ∈ P .

We call λ a basic bijection.

A polyhedral presentationK gives rise to a group presentationGK in the following
way: the generators of GK are given by ∪Pi and the relations are the k-tuples of K,
each written as a product.

Example 3.8 The triangle presentations listed in [9] can be seen as special cases of
polyhedral presentations for n = 1, k = 3 and q = 2, 3.

We now discuss the case n = 1, q = 2. We enumerate the points of the projective
plane by 1, 2, . . . , 6. The following array illustrates a basic projection λ:

0 : 1 4 2
1 : 3 2 5
2 : 4 3 6
3 : 0 4 5
4 : 1 5 6
5 : 0 2 6
6 : 0 1 3.

Here, every point k represents a row and is followed by the points contained in the
associated line λ(k). For example, the line λ(3) consists of the points 0, 4, 5.
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A triangle presentation T for the group A.1 in [9] is given by

(0, 1, 3), (1, 2, 4), (2, 3, 5), (3, 4, 6), (4, 5, 0), (5, 6, 1), (6, 0, 2),

and all the cyclic permutations, i.e. for (0, 1, 3) ∈ T we also have (1, 3, 0), (3, 0, 1)
∈ T . The associated group presentation GT agreeswith the presentation ofG0 in (1).

Example 3.9 [18, Example 2] The projective plane P of order 4 can be partitioned
by three projective planes of order two (see [7]). We denote points of the subplane
Pi for i = 1, 2, 3 by numbers from 7i − 6 to 7i . Note that lines in P consist of five
points, while the lines in Pi consist of three points. A basic projection λ for P is
given below. Note that each subplane Pi has its own basic projection, denoted by λi ,
satisfying λi (k) ⊂ λ(k). In the array below, the row associated to the point k lists
first the three points in the associated line via the basic bijection in the subplane,
followed up by the two remaining points in λ(k).

4 : 5 6 7 12 18
7 : 1 2 5 8 21
2 : 3 4 5 14 16
5 : 1 3 6 10 19
1 : 2 4 6 9 15
3 : 1 4 7 11 17
6 : 2 3 7 13 20

9 : 12 13 14 1 15
11 : 8 9 12 3 17
14 : 10 11 12 2 16
12 : 8 10 13 4 18
10 : 9 11 13 5 19
13 : 8 11 13 6 20
8 : 9 10 14 7 21

18 : 19 20 21 4 12
21 : 15 16 19 7 8
16 : 17 18 19 2 14
19 : 15 17 20 5 10
15 : 16 18 20 1 9
17 : 15 18 21 3 11
20 : 16 17 21 6 13

The above basic projections give rise to the following polyhedral presentation K
for a projective plane of order 4, induced by polyhedral presentations of projective
planes of order 2

(1, 9, 15), (1, 15, 9), (2, 14, 16), (2, 16, 14), (3, 11, 17), (3, 17, 11), (4, 12, 18),
(4, 18, 12), (5, 10, 19), (5, 19, 10), (6, 13, 20), (6, 20, 13), (7, 8, 21), (7, 21, 8),

(1, 2, 3), (1, 4, 5), (1, 6, 7), (3, 4, 6), (3, 7, 5), (2, 5, 6), (2, 4, 7), (8, 9, 12), (8, 10, 13),
(8, 14, 11), (9, 14, 10), (9, 13, 11), (12, 13, 14), (10, 11, 12), (15, 16, 17), (15, 18, 19),

(17, 18, 20), (17, 21, 19), (16, 19, 20), (16, 18, 21),

and all their cyclic permutations.
All relators in the group presentation GK given by K are of length 3 and the star

graph is isomorphic to the incidence graph of a finite projective plane of order 4. This
means, by [15], that the group given by this presentationGK is a special presentation.
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It also can be seen that this group acts on a Euclidean building where the vertex links
are incidence graphs of projective planes of order 4, see [18].

There are remarkable connections between the group GK and the group G0 dis-
cussed in Sect. 3.1. Firstly, we can present the group GK in an alternative way with
different generators:

GK = 〈w0, . . . ,w6, y0, . . . , y6, z0, . . . , z6 | wiwi+1wi+3, yi yi+1yi+3, zi zi+1zi+3,

w−1
i y6(1+i)z

−1
i , w−1

i z−1
i y6(1+i)(i ∈ Z7)〉, (5)

where each of the three subsets of generators has very similar relators like those
appearing for the group G0 in (1), with only two more series of relators added
representing connections between the generators of different subsets.

Secondly, the maximal 2-quotients of 2-class k of the group GK are isomorphic
to the maximal 2-quotients of 2-class k for the group G0 (given by the presentation
in (1)) for 1 ≤ k ≤ 20. However, the groups GK and G0 are not isomorphic, as they
have different abelianized groups Gab

K
∼= Z2 ×Z6 ×Z6, while Gab

0
∼= Z2 ×Z2 ×Z6.

This gives rise to the following conjecture.

Conjecture 3.10 Let GK be the group introduced above (e.g., by the presentation
(5)), and G0 be the group given in (1). Even though GK and G0 are not isomorphic,
all corresponding maximal 2-quotients of these two groups agree.

Remark 3.11 If we replace the relators w−1
i y6(1+i)z

−1
i , w−1

i z−1
i y6(1+i) in (5) by the

relators xi yi zi , xi zi yi we obtain a group G
′
with the following presentation

G
′ = 〈w0, . . . , w6, y0, . . . ,y6, z0, . . . , z6 | wiwi+1wi+3, yi yi+1yi+3, zi zi+1zi+3,

wi yi zi , wi zi yi (i ∈ Z7)〉.

This group G
′
is isomorphic to the group Ĝ given by the presentation (4) under the

identifications
x0 
→ z−1

0 ,

x1 
→ w−1
1 ,

x2 
→ y−1
2 ,

x3 
→ z−1
3 ,

x4 
→ w−1
4 ,

x5 
→ y−1
5 ,

x6 
→ z−1
6 ,

x7 
→ w−1
0 ,

x8 
→ y−1
1 ,

x9 
→ z−1
2 ,

x10 
→ w−1
3 ,

x11 
→ y−1
4 ,

x12 
→ z−1
5 ,

x13 
→ w−1
6 ,

x14 
→ y−1
0 ,

x15 
→ z−1
1 ,

x16 
→ w−1
2 ,

x17 
→ y−1
3 ,

x18 
→ z−1
4 ,

x19 
→ w−1
5 ,

x20 
→ y−1
6 .
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Appendix 1: Expanders Associated to the Group G0

Expander graphs are defined with the help of the edge expansion rate.

Definition A. 1 Let G = (V, E) be a combinatorial graph with vertex set V and
edge set E . Then the edge expansion rate h(G) is defined as

h(G) = inf
finiteA⊂V

|∂ A|
min(|A|, |V \A|) ,

where ∂ A ⊂ E is the set of all edges connecting a vertex of A with a vertex of V \A.

Expanders are infinite families of finite graphs which are both sparse and highly
connected. They are not only theoretically important but have also applications in
computer science for, e.g., robust network designs.

Definition A. 2 A sequence Gn = (Vn, En) of connected finite graphs with |Vn| →
∞ is called a family of expanders if there exists k ≥ 2 and ε > 0 such that

(a) all graphs Gn are k-regular,
(b) h(Gn) ≥ ε for all n.

It was observed in [22] that the subgroup H0 of G0 generated by x0, x1 has
index 2, and that both groups H0 and G0 are just infinite and have Kazhdan property
(T). Property (T) implies that, for a fixed choice of generators, the Cayley graphs of
all quotients by finite index normal subgroups have a uniform positive lower bound
for their edge expansion rate (see [19, Proposition 3.3.1]). A presentation of the
subgroup H0 is given by

H0 = 〈x0, x1 | r1, r2, r3〉,

where

r1 = (x1x0)
3x−3

1 x−3
0 ,

r2 = x1x−1
0 x−1

1 x−3
0 x21 x−1

0 x1x0x1,

r3 = x31 x−1
0 x1x0x1x20 x21 x0x1x0.

We have the following Cayley graph expanders obtained from finite groups with just
two generators and four relations.

Theorem A. 3 (cf. [22, Theorem 1]) The groups

Hk = 〈x0, x1 | r1, r2, r3, [x1, x0, . . . , x0︸ ︷︷ ︸
k

]〉

are finite with |Hk | → ∞, and the associated Cayley graphs with respect to the
generators x0, x1 define an infinite family of expanders of vertex degree 4.
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Using the faithfulmatrix representation of H0 by infinite upper triangularmatrices
and their truncations at the kth upper diagonal as mentioned in Sect. 3.1, we obtain
another family H̃k of finite nilpotent groups whose associated Cayley graphs Gk with
respect to the generators x0, x1 are another family of expander graphs which form a
tower of coverings

· · ·Gk → Gk−1 → · · · → G1 → G0,

whose covering indices are powers of 2 (formore details, see [22]). It was conjectured
in [22, Conjecture 2] that the covering indices follow the pattern 4, 8, 4, 8, 8, 4, 8, 8,
4, 8, 8, . . . . See Fig. 2 for the graph G2. We use the notation z1 = [x0, x1], z2 =
x20 , z3 = x21 and zi j = zi z j and zi jk = zi z j zk . The elements expressed by zi lie in the
centre of H̃2. The same graph was illustrated in [22, Fig. 4], but the illustration given
here is more symmetric. Solid edges from vertices with label i to vertices with label
i + 1 (mod 4) represent right multiplication by x0, while dashed edges from vertices
with label i to vertices with label i + 1 (mod 4) represent right multiplication by x1.
Note that the solid 4-cycles as well as the dashed 4-cycles in G3 are consequences of
x40 = x41 = 1 in H̃2.

Another construction of 3-regular expanders was given in [17]. Starting from the
same groups H̃k , we now consider the associated Cayley graphs Xk with respect to

x0 x0z2 x0z1 x0z12 x0z3 x0z23x0z13 x0z123

1

z2

z1

z12

z3

z23

z13

z123

x1z123 x1z13 x1z23 x1z3 x1z12 x1z1 x1z2 x1

x1x0z123

x1x0z13

x1x0z23

x1x0z3

x1x0z12

x1x0z1

x1x0z2

x1x0

Fig. 2 The graph G2
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the generators x0, x1, x3 where x3 = x−1
1 x−1

0 . The graphs Xk are 6-regular and Gk is
a subgraph of Xk with the same number of vertices. Property (T) guarantees that the
graphs Xk are also a family of expanders. One can check that Xk forms a tessellation
of a closed Riemann surface by triangles and by 2l -gons (with l only depending
on k) and that every edge of Xk belongs to precisely one triangle of Xk . Now we
apply a � − Y transformation to the graphs Xk to obtain new graphs Tk . The � − Y
transformation removes the edges of every triangle in the original graph Xk , adds a
new vertex in its centre, and connects this new central vertex with new edges to the
3 original vertices of the triangle. It turns out that the vertex set of the new graph Tk

is twice as large as the vertex set of old graph Xk , and that Tk is 3-regular. Moreover,
there is an explicit connection between the eigenfunctions of the adjacency matrix
of Xk and the eigenfunctions of the adjacency matrix of Tk (see [17, Theorem 2.1]).
The spectral characterisation of expander graphs then implies that the new family Tk

of 3-regular graphs is, again, a family of expanders.
For yet another expander graphs construction from the group G0 see [20, 23].

Appendix 2: Representation for the Group G

We include a representation for the group G (given by (2)) in GL(9,F3[1/Y ]),
which may be useful in the future (as the matrix representations for the group G0
with presentation (1) were useful for several works [8, 20, 22]). The representation is
due to Donald Cartwright and the algebra program REDUCE. Recall that the group
G coincides with the group 1.1 in [9], where we relate the generators by ai = x2i

for i = 0, . . . , 12, with indices taken modulo 13. We set

x0 :

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 1 0 2 2 0 1 1
0 1 2 0 0 1 0 0 2
0 0 1 0 0 0 0 0 0
0 0 0 1 1 1 0 2 2
0 0 0 0 1 2 0 0 1
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 0 1 2
0 0 0 0 0 0 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

+ 1

Y

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 2 2 0 1 1 0 2 2
0 0 1 0 0 2 0 0 1
0 0 0 0 0 0 0 0 0
0 1 1 0 2 2 0 1 1
0 0 2 0 0 1 0 0 2
0 0 0 0 0 0 0 0 0
0 2 2 0 1 1 0 2 2
0 0 1 0 0 2 0 0 1
0 0 0 0 0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and
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τ :

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 1 1 0 0 0
0 0 0 1 0 1 0 0 0
0 0 0 0 0 0 2 2 0
0 0 0 0 0 0 0 1 2
0 0 0 0 0 0 2 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

where the other generators x1, . . . , x12 are formed via conjugation of x0 by τ , i.e.
xi = τ i x0τ−i for i = 1, . . . , 12.

The idea in creating this representation is to write F27 = F3(θ), where θ is a
primitive element on F27 satisfying θ3 = θ + 1, and to use the basis {θiσ j |i, j =
0, 1, 2} for the divison algebra A over F27(Y ) for an indeterminate Y (in the order
1, θ, θ2,σ, θσ, . . . , θ2σ2). Here σ is assumed to satisfy σ3 = Y − 1 (which implies
(1+ σ)−1 = (1/Y )(1− σ + σ2)) and σθσ−1 = θ3. The generators of TK, where K
is a triangle presentation from [8, 9], are the au = u−1(1+σ)u, where u ∈ F

×
27/F

×
3 .

Since F×
27 = F

×
3 · {1 = θ13, θ, . . . , θ12}, we choose αk = θ−k(1 + σ)θk as in [9, p.

178]. The αk’s act on A by conjugation. A straightforward calculation yields

αkθ
iσ jα−1

k = θiσ j 1

Y
+

(
θ3i+2k − θi+2·3 j k

)
σ j+1 1

Y

+
(
θi+8·3 j k − θ3i+2k+2·3 j+1k

)
σ j+2 1

Y
+ θ3i+2k+8·3 j+1kσ j Y − 1

Y
.

Expressing the conjugation by αk with respect to the above basis ofA then gives
rise to a representation as a 9 × 9 matrix over the field F3(1/Y ). We conclude from
[9] that the matrices associated to the αk satisfy the relations of our generators xk .
Note, finally, that the above matrix for τ represents the conjugation by θ in A, i.e.,
z 
→ θ−1zθ.
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