
Chapter 2
Fractional Heat Conduction and Related
Theories of Thermoelasticity

Some play at chess, some at cards, some at the Stock Exchange.
I prefer to play Cause and Effect.

Ralph Emerson

Abstract This chapter is devoted to time- and space-nonlocal generalizations of the
standard Fourier law, the corresponding generalizations of the classical heat conduc-
tion equation and formulation of associated theories of fractional thermoelasticity.
Different kinds of boundary conditions for the time-fractional heat conduction equa-
tion are analyzed including the Dirichlet, mathematical and physical Neumann and
Robin conditions, the conditions of perfect thermal contact and the moving inter-
face boundary conditions at the solid-liquid interface. Representations of stresses
in terms of the displacement potential, biharmonic Galerkin vector and biharmonic
Love function are discussed.

2.1 Time and Space Nonlocality

The local dependence of one physical quantity (an effect E) at a point x at time t
(E(x, y, z, t)) on a field of another physical quantity (a cause C) at the same point x
and at the same time t (C(x, y, z, t)) has the following form

E(x, y, z, t) = F
(
C(x, y, z, t)

)
. (2.1)

For materials with time nonlocality the effect E at a point x at time t depends on
the histories of causes at a point x at all past and present times. If t = −∞ is chosen
as a “starting point”, then

E(x, y, z, t) =
∫ t

−∞
K (t − τ )F

(
C(x, y, z, τ )

)
dτ , (2.2)
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where K (t − τ ) is the corresponding weight function (the time-nonlocality kernel).
If t = 0 is chosen as a “starting point”, then

E(x, y, z, t) =
∫ t

0
K (t − τ )F

(
C(x, y, z, τ )

)
dτ . (2.3)

Space nonlocality means that the effect E at a point x at time t depends on causes
at all the points x′ at time t

E(x, y, z, t) =
∫

V
β(|x − x′|)F

(
C(x ′, y′, z′, t)

)
dx ′dy′dz′. (2.4)

Here β(|x−x′|) is the corresponding weight function (the space-nonlocality kernel).
When time nonlocality is accompanied by space nonlocality, we have dependence

of the effect E at a point x at time t on causes at all the points x′ and at all the times
prior to and at time t

E(x, y, z, t) =
∫ t

0

∫

V
γ(|x − x′|, t − τ ) F

(
C(x ′, y′, z′, τ )

)
dx ′dy′dz′ dτ , (2.5)

where γ(|x − x′|, t − τ ) is the weight function (the space-time-nonlocality kernel).
Time nonlocality describes memory (history) effects, space nonlocality deals with

the long-range interaction, represents attempts to extend the continuum approach to
smaller length scales and to link some aspects of lattice mechanics to continuum
theories. General properties of nonlocality kernels are discussed, for example, in [13].

2.2 Nonlocal Generalizations of the Fourier Law

The conventional theory of heat conduction is based on the classical (local) Fourier
law [14], which relates the heat flux vector q to the temperature gradient

q = −k grad T, (2.6)

where k is the thermal conductivity of a solid. In combination with a law of conser-
vation of energy

C
∂T

∂t
= −div q (2.7)

with C being the heat capacity, the Fourier law (2.6) leads to the parabolic heat
conduction equation

∂T

∂t
= a ΔT, (2.8)
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where a = k/C is the thermal diffusivity coefficient.
Nonclassical theories, in which the Fourier law and the standard heat conduction

equations are replaced by more general equations, constantly attract the attention of
the researchers.

The general time-nonlocal constitutive equations for the heat flux were considered
in [9, 19, 33, 35, 38, 40]. In the theory of heat conduction proposed by Gurtin
and Pipkin [19] the law of heat conduction is given by the general time-nonlocal
dependence

q(t) = −k
∫ ∞

0
K (τ ) grad T (t − τ ) dτ . (2.9)

Substitution τ = t − u leads to the following equation

q(t) = −k
∫ t

−∞
K (t − τ ) grad T (τ ) dτ . (2.10)

Choosing 0 instead of −∞ as a “starting point”, we obtain

q(t) = −k
∫ t

0
K (t − τ ) grad T (τ ) dτ (2.11)

and the heat conduction equation with memory [35, 36]

∂T

∂t
= a

∫ t

0
K (t − τ )ΔT (τ ) dτ . (2.12)

Now let us consider several particular cases of general time-nonlocal constitutive
equation for the heat flux. The classical Fourier law (2.6) and the standard heat
conduction equation (2.8) are obtained for “instantaneous memory” with the kernel
being Dirac’s delta.

“Full sclerosis” corresponds to the choice of the kernel as the time derivative of
Dirac’s delta or

q(t) = −k
∂

∂t
grad T (t), (2.13)

thus leading to the Helmholtz equation for temperature

T = aΔT . (2.14)

“Full memory” [18, 35] means that there is no fading of memory, the weight
function is constant and

q(t) = −k
∫ t

0
grad T (τ ) dτ . (2.15)
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As a results we have the wave equation for temperature

∂2T

∂t2 = aΔT . (2.16)

The time-nonlocal dependence between the heat flux vector and the temperature
gradient with the “long-tail” power kernel [46, 48, 50, 51, 65]

q(t) = − k

Γ (α)

∂

∂t

∫ t

0
(t − τ )α−1 grad T (τ ) dτ , 0 < α ≤ 1, (2.17)

q(t) = − k

Γ (α − 1)

∫ t

0
(t − τ )α−2 grad T (τ ) dτ , 1 < α ≤ 2, (2.18)

can be interpreted in terms of fractional integrals and derivatives

q(t) = −k D1−α
RL grad T (t), 0 < α ≤ 1,

q(t) = −k I α−1grad T (t), 1 < α ≤ 2. (2.19)

The constitutive equations (2.19) yield the time-fractional heat conduction equa-
tion with Caputo derivative:

∂αT

∂tα
= aΔT, 0 < α ≤ 2. (2.20)

The details of obtaining Eq. (2.20) from the constitutive equations (2.19) can be
found in [55].

Equation (2.20) describes the whole spectrum from localized heat conduction (the
Helmholtz equation (2.14) when α → 0) through the standard heat conduction (2.8)
(α = 1) to the ballistic heat conduction (the wave equation (2.16) when α = 2).

“Short-tail memory” with the exponential kernel

q(t) = −k

ζ

∫ t

0
exp

(
− t − τ

ζ

)
grad T (τ ) dτ , (2.21)

where ζ is a nonnegative constant, or in the Cattaneo form [4, 5]

q + ζ
∂q
∂t

= −k grad T, (2.22)

leads to the telegraph equation for temperature

∂T

∂t
+ ζ

∂2T

∂t2 = aΔT . (2.23)



2.2 Nonlocal Generalizations of the Fourier Law 17

Compte and Metzler [8] considered four possible generalizations of the Cattaneo
telegraph equation (2.23), three of them supported by a different scheme: continuous
time random walks, nonlocal transport theory, and delayed flux-force relation. The
fourth equation was discarded from their discussion, as the authors of [8] believed
that none of the other approaches leads to this generalization. These four possible
generalizations are the following:

Dα
RL T + ζ D2α

RL T = a
∂2T

∂x2 , GCE I (2.24)

D2−γ
RL T + ζ

∂2T

∂t2 = a
∂2T

∂x2 , GCE II (2.25)

Dα
RL T + ζ D1+α

RL T = a
∂2T

∂x2 , GCE III (2.26)

∂T

∂t
+ ζ D1+α

RL T = a
∂2T

∂x2 . (2.27)

It was shown in [52, 54, 58] that all four fractional generalizations of telegraph
equation can be obtained from time-nonlocal generalizations of the Fourier law
with different kernels being the functions of Mittag-Leffler type. We consider the
Caputo fractional derivative, but if care is taken, the results obtained using the Caputo
formulation can be recast to the Riemann-Liouville version.

Consider the following generalization of Eq. (2.22)

I 1−αq + ζ
∂2α−1q
∂t2α−1 = −k grad T, 1/2 < α ≤ 1. (2.28)

In combination with a law of conservation of energy (2.7) this equation leads to the
generalized Cattaneo equation I

∂αT

∂tα
+ ζ

∂2αT

∂t2α
= aΔT, 1/2 < α ≤ 1. (2.29)

It should be noted that derivation of equations of such a type needs care, as frac-
tional derivatives, in general, do not satisfy neither the semigroup property nor the
commutative property.

The Laplace transform of (2.28) with respect to time t (neglecting the initial value
q(0+)) gives

1

s1−α
q∗ + ζs2α−1q∗ = −k grad T ∗(s), 1/2 < α ≤ 1, (2.30)

or

q∗ = −k

ζ

s1−α

sα + 1/ζ
grad T ∗(s). (2.31)
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To invert the Laplace transform we use the following formula [15, 30, 42]:

L−1

{
sα−β

sα + b

}

= tβ−1 Eα,β(−btα), (2.32)

where Eα,β(z) is the generalized Mittag-Leffler function

Eα,β(z) =
∞∑

n=0

zn

Γ (αn + β)
, α > 0, β > 0, z ∈ C. (2.33)

Hence, the convolution law leads to the time-nonlocal dependence

q(t) = −k

ζ

∫ t

0
(t − τ )2α−2 Eα,2α−1

[
− (t − τ )α

ζ

]
grad T (τ ) dτ , 1/2 < α ≤ 1.

(2.34)
Similarly, the constitutive equation

∂1−γq
∂t1−γ

+ ζ
∂q
∂t

= −k grad T, 0 ≤ γ ≤ 1, (2.35)

results in the generalized Cattaneo equation II

∂2−γT

∂t2−γ
+ ζ

∂2T

∂t2 = aΔT, 0 ≤ γ ≤ 1. (2.36)

The Laplace transform allows us to rewrite (2.35) as a time-nonlocal constitutive
equation

q(t) = −k

ζ

∫ t

0
Eγ

[
− (t − τ )γ

ζ

]
grad T (τ ) dτ , 0 ≤ γ ≤ 1, (2.37)

where Eγ(z) ≡ Eγ,1 is the Mittag-Leffler function being the generalization of the
exponential function. Equation (2.37) was obtained by Compte and Metzler [8].

Next, we consider the generalization of Eq. (2.22) in the form

I 1−αq + ζ
∂αq
∂tα

= −k grad T, 0 < α ≤ 1, (2.38)

giving rise to the generalized Cattaneo equation III

∂αT

∂tα
+ ζ

∂1+αT

∂t1+α
= aΔT, 0 < α ≤ 1. (2.39)
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In this instance the time-nonlocal constitutive equation reads

q(t) = −k

ζ

∫ t

0
(t − τ )α−1 E1,α

(
− t − τ

ζ

)
grad T (τ ) dτ , 0 < α ≤ 1. (2.40)

In the similar scheme, from equation

q + ζ
∂αq
∂tα

= −k grad T, 0 < α ≤ 1, (2.41)

we obtain the generalized Cattaneo equation

∂T

∂t
+ ζ

∂1+αT

∂t1+α
= aΔT, 0 < α ≤ 1, (2.42)

whereas the fractional differential equation (2.41) has the solution

q(t) = −k

ζ

∫ t

0
(t − τ )α−1 Eα,α

[
− (t − τ )α

ζ

]
grad T (τ ) dτ , 0 < α ≤ 1. (2.43)

Atanacković et al. [2] investigated a generalized telegraph equation with two
Caputo fractional derivatives

∂αT

∂tα
+ ζ

∂γT

∂tγ
= a

∂2T

∂x2 , (2.44)

where 0 < α < γ ≤ 2.
In this case, the fractional generalization of the Cattaneo equation (2.22) has the

following form [58]:

I 1−αq + ζ
∂γ−1q
∂tγ−1 = −k grad T, 0 < α ≤ 1, 1 < γ ≤ 2, (2.45)

q(t) = −k

ζ

∫ t

0
(t − τ )γ−2 Eγ−α,γ−1

[
− (t − τ )γ−α

ζ

]
grad T (τ ) dτ (2.46)

and

∂αT

∂tα
+ ζ

∂γT

∂tγ
= aΔT, 0 < α ≤ 1, 1 < γ ≤ 2. (2.47)

Space-nonlocal constitutive equations for the heat flux,

q(x) = −k
∫

V
β(|x − x′|) grad T (x ′, y′, z′) dx ′ dy′ dz′, (2.48)
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were also discussed. Demiray and Eringen [10] and Eringen [12] considered the
exponential kernel β(|x − x′|):

β(|x − x′|) = δ(|x − x′|) + c1 exp(−c2|x − x′|), (2.49)

where c1 and c2 are nonnegative constants.
Another type of space-nonlocality is based on power kernels resulting in fractional

differential operators in space coordinates. For example, the fractional operators
described in Sect. 1.3 lead to the space-fractional heat conduction equation [16]:

∂T

∂t
= a

∂βT

∂|x |β , 0 < β ≤ 2, (2.50)

or in the case of higher dimensions [20]

∂T

∂t
= −a(−Δ)β/2T, 0 < β ≤ 2. (2.51)

The general space-time-fractional heat conduction equation has the form
[17, 32, 67]:

∂αT

∂tα
= a

∂βT

∂|x |β , 0 < α ≤ 2, 0 < β ≤ 2 (2.52)

and [21]

∂αT

∂tα
= −a(−Δ)β/2T, 0 < α ≤ 2, 0 < β ≤ 2. (2.53)

Sometimes, based on additional physical arguments, the range 1 ≤ β ≤ 2 is consid-
ered.

Similarly, the space-time-fractional telegraph equation in the case of one space
variable is written as

∂αT

∂tα
+ ζ

∂γT

∂tγ
= a

∂βT

∂|x |β , 0 < α ≤ 1, 1 < γ ≤ 2, (2.54)

and in the general case as

∂αT

∂tα
+ ζ

∂γT

∂tγ
= −a(−ΔT )β/2, 0 < α ≤ 1, 1 < γ ≤ 2. (2.55)

http://dx.doi.org/10.1007/978-3-319-15335-3_1
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2.3 Theories of Fractional Thermoelasticity

In this section, we formulate equations of fractional thermoelasticity, i.e. thermoelas-
ticity based on the heat conduction described by differential operators of fractional
order. To compare the results presented in this book with results obtained in the
framework of classical thermoelasticity or in its earlier generalizations, the inter-
ested reader is referred to the recent books by Hetnarsi and Eslami [23], Ignaczak
and Ostoja-Starzewski [26], Noda et al. [37] and the comprehensive Encyclopedia of
Thermal Stresses [22], where historical notes and extensive literature on the subject
can be found.

The thermoelastic state of a solid is governed by the equation of motion in terms
of displacements

μΔu + (λ + μ)grad divu − ρ
∂2u
∂t2 = βT KT grad T, (2.56)

the stress-strain-temperature relation (the Duhamel–Neumann equation; see the
pioneering works [11, 34])

σ = 2μe + (λ tr e − βT KT I), (2.57)

the geometrical relations

e = 1

2
(∇u + u∇) , (2.58)

where u is the displacement vector, σ the stress tensor, e the linear strain tensor, T
the temperature, ρ the mass density, λ and μ are Lamé constants, KT = λ + 2μ/3,
βT is the thermal coefficient of volumetric expansion, I denotes the unit tensor; in
(2.58) ∇ stands for the gradient operator.

It should be noted that the balance equation (2.7) is obtained from the balance
equation for entropy S

T0
∂S

∂t
= −div q (2.59)

and the constitutive equation

S = C

T0
T, (2.60)

where T0 is the reference temperature. If the effect of deformation on the thermal
state of a solid is considered, then the constitutive equation for entropy becomes

S = C

T0
T + βT KT tr e . (2.61)
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Taking into account the heat source Q in the balance equation (2.59) and substi-
tuting (2.61) into (2.59), we arrive at

C
∂T

∂t
+ βT KT T0

∂ tr e
∂t

= −div q + Q. (2.62)

Assuming different constitutive equations for the heat flux q, Eqs. (2.56)–(2.58)
are supplemented by one of the following equations:

Classical thermoelasticity

∂T

∂t
+ γT

∂ tr e
∂t

= a ΔT + W. (2.63)

The coefficient γT = βT KT T0/C describes the effect of deformation on the thermal
state of a solid, W = Q/C .

Localized thermoelasticity

T + γT tr e = a ΔT + I 1W. (2.64)

Thermoelasticity without energy dissipation

∂2T

∂t2 + γT

∂2tr e
∂t2 = a ΔT + ∂W

∂t
. (2.65)

Theory of thermal stresses based on the wave equation for temperature was introduced
by Green and Naghdi [18].

Thermoelasticity based on time-fractional heat conduction equation

∂αT

∂tα
+ γT

∂αtr e
∂tα

= a ΔT +
⎧
⎨

⎩

I 1−αW, 0 < α ≤ 1,

∂α−1W

∂tα−1 , 1 < α ≤ 2.
(2.66)

This theory (in the case γT = 0) was proposed by the author in [46].

Generalized thermoelasticity of Lord and Shulman

∂T

∂t
+ γT

∂tr e
∂t

+ ζ
∂2T

∂t2 + ζγT

∂2tr e
∂t2 = a ΔT + W + ζ

∂W

∂t
. (2.67)
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The first generalized theory of thermal stresses was put forward by Lord and Shulman
[31] in 1967. The interested reader is also referred to reviews [6, 7, 24, 25, 29, 70]
and books [26, 43].

Thermoelasticity based on time-fractional telegraph equation

∂αT

∂tα
+ γT

∂αtr e
∂tα

+ ζ
∂γT

∂tγ
+ ζγT

∂γ tr e
∂tγ

= a ΔT + I 1−αW

+ ζ
∂γ−1W

∂tγ−1 , 0 < α ≤ 1, 1 < γ ≤ 2. (2.68)

Several particular cases of thermoelasticity based on the time-fractional telegraph
equation for different values of α and γ were considered in [52, 54, 58, 68, 72].

Thermoelasticity based on space-time-fractional heat conduction equation

∂αT

∂tα
+ γT

∂αtr e
∂tα

= −a (−ΔT )β/2 +
⎧
⎨

⎩

I 1−αW, 0 < α ≤ 1,

∂α−1W

∂tα−1 , 1 < α ≤ 2.
(2.69)

This theory of thermal stresses was studied in [47–51].

Thermoelasticity based on space-time-fractional telegraph equation

∂αT

∂tα
+ γT

∂αtr e
∂tα

+ ζ
∂γT

∂tγ
+ ζγT

∂γ tr e
∂tγ

= −a (−ΔT )β/2 + I 1−αW

+ ζ
∂γ−1W

∂tγ−1 , 0 < α ≤ 1, 1 < γ ≤ 2. (2.70)

This type of fractional thermoelasticity was investigated in [52, 58].
In the present book we will consider various theories of fractional thermoelas-

ticity with the emphasis on thermoelasticity based on the time-fractional heat con-
duction equation (2.66). In what follows we will restrict ourselves to the quasi-static
uncoupled theory neglecting the inertia term in Eq. (2.56) and the coupling term
in Eq. (2.66). From physical point of view neglecting the inertia term in Eq. (2.56)
means that no account has been taken of mechanical oscillations. The quasi-static
statement of the thermoelasticity problem is possible if the relaxation time of mechan-
ical oscillations is considerable less than relaxation time of heat conduction process.
Neglecting in the heat conduction equations the term which describes coupling of
thermal and mechanical effects (γT = 0) is likely for all problems except when
thermoelastic energy dissipation is of special interest.
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In the quasi-static case, applying the operator div to the both sides of Eq. (2.56),
we get

Δ div u = Δ tr e = βT KT

λ + 2μ
ΔT . (2.71)

Integrating (2.71) and setting the integration constants equal to zero (which is
easy to do in the case of unbounded body), we obtain the dependence

tr e = m T, (2.72)

where

m = 1 + ν

1 − ν

βT

3
, (2.73)

and ν is the Poisson ratio.
Hence, for infinite medium taking into account coupling of thermal and mechan-

ical effects only changes the thermal diffusivity coefficient a in the heat conduction
equation:

a′ = a

1 + mγT

. (2.74)

Additional discussion concerning the validity of quasi-static uncoupled statement
of thermoelasticity problems can be found in [3, 28, 45], among others.

2.4 Initial and Boundary Conditions

For dynamic problems with taking into account the inertia term in (2.56), initial
values of displacement and velocity are imposed:

t = 0 : u = ui (x), (2.75)

t = 0 : ∂u
∂t

= vi (x). (2.76)

In a quasi-static statement of the thermoelasticity problem, neglecting the inertia
term in (2.56), initial values of mechanical quantities are not considered.

For bounded domains, the boundary conditions should be imposed. The first fun-
damental boundary problem in terms of stresses is characterized by the conditions
of traction at the boundary Σ

n · σ
∣∣
Σ

= S0(xΣ , t), (2.77)

where n is the outer unit normal to the boundary and xΣ is a point at the surface Σ .
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The second fundamental boundary problem incorporates the condition for
displacements

u
∣∣
∣
Σ

= u0(xΣ , t). (2.78)

In the case of classical thermoelasticity, the Cauchy problem for the heat conduc-
tion equation implies that the initial value of the temperature is given:

t = 0 : T = f (x). (2.79)

For more general equations (2.66) and (2.69) for 1 < α ≤ 2, as well as for (2.65),
(2.67), (2.68), and (2.70), the initial value of the first time derivative of temperature
should also be imposed

t = 0 : ∂T

∂t
= F(x). (2.80)

If Eq. (2.66) is considered in a bounded domain, the corresponding boundary
conditions should be imposed (see [53, 56, 57, 59–65]).
The Dirichlet boundary condition (the boundary condition of the first kind) specifies
the temperature over the surface of the body

T
∣∣∣
Σ

= g(xΣ , t). (2.81)

For fractional heat conduction equation, two types of Neumann boundary condi-
tion (the boundary condition of the second kind) can be considered: the mathematical
condition with the prescribed boundary value of the normal derivative

∂T

∂n

∣∣
∣∣
Σ

= g(xΣ , t) (2.82)

and the physical condition with the prescribed boundary value of the heat flux

D1−α
RL

∂T

∂n

∣∣∣∣
Σ

= g(xΣ , t), 0 < α ≤ 2, (2.83)

where ∂/∂n denotes differentiation along the outward-drawn normal at the boundary
surface Σ .

Similarly, the mathematical Robin boundary condition (the boundary condition of
the third kind) is a specification of a linear combination of the values of temperature
and the values of its normal derivative at the boundary of the domain

(
c1T + c2

∂T

∂n

) ∣
∣∣∣
Σ

= g(xΣ , t) (2.84)
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with some nonzero constants c1 and c2, while the physical Robin boundary condition
specifies a linear combination of the values of temperature and the values of the heat
flux at the boundary. For example, the Newton condition of convective heat exchange
between a body and the environment with the temperature Te

q · n
∣
∣∣
Σ

= H
(

T
∣
∣∣
Σ

− Te

)
, (2.85)

where H is the convective heat transfer coefficient, leads to

(
H T + k D1−α

RL
∂T

∂n

) ∣∣
∣∣
Σ

= g(xΣ , t), 0 < α ≤ 2, (2.86)

where g(xΣ , t) = H Te(xΣ , t) and D−α
RL f (t) for α > 0 is understood as the Riemann-

Liouville fractional integral I α f (t) (see (1.22)).
In the case of the classical heat conduction equation (α = 1) the mathematical and

physical Neumann boundary conditions coincide as well as the mathematical and
physical Robin boundary conditions, but for the fractional heat conduction equation
(α 	= 1) they are essentially different.

If the surfaces of two solids are in perfect thermal contact, the temperatures on
the contact surface and the heat fluxes through the contact surface are the same for
both solids, and we obtain the boundary conditions of the fourth kind [61, 62]:

T1

∣∣
∣
Σ

= T2

∣∣
∣
Σ

, (2.87)

k1 D1−α
RL

∂T1

∂n

∣∣∣
∣
Σ

= k2 D1−β
RL

∂T2

∂n

∣∣∣
∣
Σ

, 0 < α ≤ 2, 0 < β ≤ 2, (2.88)

where subscripts 1 and 2 refer to solids 1 and 2, respectively, and n is the common
normal at the contact surface.

It should be emphasized that for other generalized heat conduction equations
presented above the proper boundary conditions should be formulated in terms of
the corresponding heat flux (not in terms of the normal derivative of temperature
alone).

Next, we investigate moving interface boundary conditions (in the case of classical
heat conduction such conditions were considered, for example, in the books by
Arpaci [1] and Jiji [27]). Consider a two-dimensional surface Σ moving in a three-
dimensional space. The position vector r of such a surface can be written as

r = r(ξ, η, t), (2.89)

where ξ and η are the curvilinear coordinates on a surface.
For a geometrical point “fixed” at a surface, the normal component of the velocity

vector is calculated as [44]

http://dx.doi.org/10.1007/978-3-319-15335-3_1
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v
(n)
Σ = ∂r(ξ, η, t)

∂t
· n. (2.90)

In the case of change of phase (for example, the solidification of a liquid), two
boundary conditions are prescribed at the solid-liquid interface. Continuity of tem-
perature at the interface requires that

T1

∣∣
∣
Σ

= T2

∣∣
∣
Σ

. (2.91)

In what follows the thermal properties of the liquid and solid are marked by the
subscripts 1 and 2, respectively.

The energy balance at the moving interface allows us to calculate the velocity
v

(n)
Σ . The general expression of energy balance is written in terms of the heat fluxes

and does not depend on the considered constitutive equation for the heat flux. For
classical heat conduction, the energy balance equation can be found, for example, in
[1, 27] and reads

− ρ2h12v
(n)
Σ = q2 · n − q1 · n, (2.92)

where ρ2 is the density of a solid, h12 is the latent heat of fusion. Taking into account
the constitutive equations for the heat fluxes, we get

− ρ2h12v
(n)
Σ = −k2 D1−α

RL

(
∂T2

∂n

)

Σ

+ k1 D1−β
RL

(
∂T1

∂n

)

Σ

, (2.93)

assuming that in the general case heat conduction in the solid and liquid is governed
by the time-fractional heat conduction equations with the Caputo derivatives of order
α and β, respectively.

Another type of boundary condition is obtained when the heat flux q1 is described
by the Newton condition of convective heat exchange (2.85):

− ρ2h12v
(n)
Σ = −k2 D1−α

RL

(
∂T2

∂n

)

Σ

± H (TΣ − T∞) , (2.94)

where TΣ is the temperature of solidification, T∞ is the temperature of the liquid far
from the moving boundary. The plus sign in (2.94) corresponds to melting, whereas
the minus sign is appropriate to solidification.

The Stefan boundary condition is obtained when the liquid is at the solidification
temperature:

ρ2h12v
(n)
Σ = k2 D1−α

RL

(
∂T2

∂n

)

Σ

. (2.95)

The foregoing boundary conditions simplify in the case of one space variable:

ρ2h12
ds

dt
= k2 D1−α

RL

(
∂T2

∂x

)

x=s(t)
− k1 D1−β

RL

(
∂T1

∂x

)

x=s(t)
, (2.96)
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ρ2h12
ds

dt
= k2 D1−α

RL

(
∂T2

∂x

)

x=s(t)
∓ H (TΣ − T∞) , (2.97)

ρ2h12
ds

dt
= k2 D1−α

RL

(
∂T2

∂x

)

x=s(t)
, (2.98)

where x = s(t) is the solidification front.
Usually, zero initial conditions for s(t) and the heat flux are imposed. In this case

the difference between the Riemann-Liouville and Caputo derivatives disappears and
(2.98) can be written as [66, 71]

ρ2h12
dαs

dtα
= k2

(
∂T2

∂x

)

x=s(t)
. (2.99)

The sign in the right-hand side of (2.99) depends on whether solidification or melting
is considered.

2.5 Representation of Thermal Stresses

Just as in the classical theory of thermal stresses [39, 41], we can introduce the
displacement potential Φ

u = grad Φ. (2.100)

In the quasi-static case, from the equilibrium equation (2.56) with ρ = 0 we get

ΔΦ = mT, (2.101)

where m is defined by (2.73).
The part of stresses due to the displacement potential Φ describes the influence

of the temperature field and is given as

σ(1) = 2μ (∇∇Φ − I ΔΦ) . (2.102)

The part of the stress field expressed in terms of the biharmonic Galerkin vec-
tor G [39]

σ(2) = 2μ
[
(νIΔ − ∇∇) ∇ · G + (1 + ν)Δ(∇G + G∇)

]
, (2.103)

where

ΔΔG = 0, (2.104)
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allows us to satisfy the prescribed boundary conditions for the components of the
total stress tensor σ = σ(1) + σ(2).

In cylindrical coordinates in the case of axial symmetry

∂2Φ

∂r2 + 1

r

∂Φ

∂r
+ ∂2Φ

∂z2 = mT (2.105)

and

σ(1)
rr = 2μ

[
∂2Φ

∂r2 − ΔΦ

]
, (2.106)

σ
(1)
θθ = 2μ

[
1

r

∂Φ

∂r
− ΔΦ

]
, (2.107)

σ(1)
zz = 2μ

[
∂2Φ

∂z2 − ΔΦ

]
, (2.108)

σ(1)
r z = 2μ

∂2Φ

∂r∂z
. (2.109)

If the displacement potential Φ(r) depends only on the radial coordinate r , then

σ(1)
zz = σ(1)

rr + σ
(1)
θθ = −2μΔΦ = −2μmT, (2.110)

σ(1)
rr − σ

(1)
θθ = 2μ

(
∂2Φ

∂r2 − 1

r

∂Φ

∂r

)
. (2.111)

The Hankel transform of order n with respect to the radial coordinate

H(n) { f (r)} =
∫ ∞

0
f (r) Jn(rξ) r dr (2.112)

with the inverse

f (r) =
∫ ∞

0
H(n) { f (r)} Jn(rξ) ξ dξ, (2.113)

where ξ is the transform variable, is often used for solving problems in cylindrical
coordinates.

The following formulae [69] are helpful in applications

H(n)

{
d2 f (r)

dr2 + 1

r

d f (r)

dr
− n2

r2 f (r)

}
= −ξ2H(n) { f (r)} , (2.114)
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H(1)

{
d f (r)

dr

}
= −ξ H(0) { f (r)} , (2.115)

H(2)

{
d2 f (r)

dr2 − 1

r

d f (r)

dr

}
= ξ2H(0) { f (r)} . (2.116)

In the case n = 0, simultaneously with the notation H(0) { f (r)}, we will use the
notation (see (1.44) and (1.45))

H(0) { f (r)} = f̂ (ξ) =
∫ ∞

0
f (r) J0(rξ) r dr, (2.117)

H(−1)
(0)

{
f̂ (ξ)

} = f (r) =
∫ ∞

0
f̂ (ξ) J0(rξ) ξ dξ. (2.118)

It follows from (2.110) and (2.111) that

H(0)

{
σ(1)

rr + σ(1)
θθ

}
= 2μ ξ2Φ̂, (2.119)

H(2)

{
σ(1)

rr − σ(1)
θθ

}
= 2μ ξ2Φ̂. (2.120)

The biharmonic Love function

(
∂2

∂r2 + 1

r

∂

∂r
+ ∂2

∂z2

)2

L = 0 (2.121)

can be obtained as a particular case of the Galerkin vector having only the
z-component G = (0, 0, L) and results in the following representation [39]:

σ(2)
rr = 2μ

∂

∂z

[
νΔL − ∂2L

∂r2

]
, (2.122)

σ
(2)
θθ = 2μ

∂

∂z

[
νΔL − 1

r

∂L

∂r

]
, (2.123)

σ(2)
zz = 2μ

∂

∂z

[
(2 − ν)ΔL − ∂2L

∂z2

]
, (2.124)

σ(2)
r z = 2μ

∂

∂r

[
(1 − ν)ΔL − ∂2L

∂z2

]
. (2.125)

In spherical coordinates in the case of central symmetry we have

∂2Φ

∂r2 + 2

r

∂Φ

∂r
= mT (2.126)

http://dx.doi.org/10.1007/978-3-319-15335-3_1
http://dx.doi.org/10.1007/978-3-319-15335-3_1
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and

σ(1)
rr = −4μ

r

∂Φ

∂r
, (2.127)

σ
(1)
θθ = σ

(1)
φφ = 2μ

(
1

r

∂Φ

∂r
− ΔΦ

)
. (2.128)

References

1. Arpaci, V.S.: Conduction Heat Transfer. Addison-Wesley, Reading (1966)
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