
Chapter 2
Probability Collectives: A Distributed
Optimization Approach

An emerging Artificial Intelligence tool in the framework of Collective Intelligence
(COIN) for modeling and controlling distributedMulti-agent System (MAS) referred
to as Probability Collectives (PC) was first proposed by Dr. DavidWolpert in 1999 in
a technical report presented to NASA [1]. It is inspired from a sociophysics viewpoint
with deep connections to Game Theory, Statistical Physics, and Optimization [2–4].
From another viewpoint, the method of PC theory is an efficient way of sampling the
joint probability space, converting the problem into the convex space of probability
distribution. PC considers the variables in the system as individual agents/players in a
game being played iteratively [2, 5, 6]. Unlike stochastic approaches such as Genetic
Algorithm (GA), Swarm Optimization or Simulated Annealing (SA), rather than
deciding on the agent’s moves/set of actions, PC allocates the probability values for
selecting each of the agent’s moves. At each iteration, every agent independently
updates its own probability distribution over a strategy set which is the set of moves/
actions affecting its local goal which in turn also affects the global or system objective
[3]. The process continues and reaches equilibrium when no further increase in
reward is possible for the individual agent by changing its actions further. This
equilibrium concept is referred to as Nash equilibrium [5]. The concept is success-
fully formalized and implemented through the PCmethodology. The approach works
on probability distributions, directly incorporating uncertainty and is based on prior
knowledge of the actions/strategies of all the other agents. The available literature on
PC is discussed in the following section.

2.1 Background of PC

The approach of PC has been tested proving its variegated application domains and
comparing its performance with other algorithms. The literature is discussed in the
following few paragraphs.

Huang and Chang [7] demonstrated the search process of PC methodology is
more robust as compared with the GA optimizing the multimodal function such as
the Schaffer’s function. In addition, it was also demonstrated that PC also
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outperformed GA in the rate of descent, trapping in false minima and long term
optimization when tested and compared for the multimodality, nonlinearity and
non-separability in solving several other benchmark problems such as Rosenbrock
function, Ackley Path function and Michalewicz Epistatic function. Furthermore,
Huang et al. [8] also discussed fundamental differences between GA and PC. At the
core of the GA optimization algorithm is the population of solutions. In every
iteration, each individual solution from the population is tested for its fitness to the
problem at hand and the population is updated accordingly. GA plots the best-so-far
curve showing the fitness of the best individual in the last preset generations. In PC,
on the other hand, the probability distribution of the possible solutions is updated
iteratively. After a predefined number of iterations, the probability distribution of
the available strategies across the variable space is plotted in PC when optimizing
an associated Homotopy function. It also directly incorporates uncertainty due to
both imperfect sampling and the stochastic independence of the agents’ actions.
Furthermore, PC outperformed the Heuristic Adaptive GA (HAGA) [9], Heuristic
ACO (HACO) [10] and Heuristic PSO (HPSO) [11] in stability and robustness
solving the air combat decision-making for coordinated multiple target assignment
problem [12]. The above comparison indicated that PC can potentially be applied to
wide application areas.

Vasirani and Ossowski [13] solved the 8-queens problem and underscored the
superiority of the decentralized PC architecture over a centralized one. They also
demonstrated that both the approaches differ from each other because of the dis-
tributed sample generation and updating of the probabilities in the former approach.
In addition, PC was also compared with the backtracking algorithm referred to as
Asynchronous Distributed OPTimization (ADOPT) [14]. Although the ADOPT
algorithm is a distributed approach, the communication and computational load was
not equally distributed among the agents. It was also demonstrated that although
ADOPT was guaranteed to find the solution in each run, communication and
computations required were more than for the same problem solved using PC.

Wolpert et al. [5] successfully applied the PC methodology for solving the
complex combinatorial optimization problem of airplane fleet assignment having
the goal of minimization of the number of flights with 129 variables and 184
constraints. Applying a centralized approach to this problem may increase the
communication and computational load. Furthermore, it may add latency in the
system and result in the growing possibility of conflict in schedules and continuity.
Using PC, the goal was collectively achieved by exploiting the advantages of a
distributed and decentralized approach by the airplanes selecting their own
schedules depending upon the individual payoffs for the possible routes. Moham-
mad and Babak [15] as well as Ryder and Ross [16] successfully applied the
approach of PC solving combinatorial optimization problems such as the joint
optimization of the routing and resource allocation in wireless networks.

Furthermore, Wolpert et al. [6] also tested the potential of PC in mechanical
design domain for optimizing the cross-sections of individual bars and segments of
a 10 bar truss. The problem was formulated as a discrete problem and the solution
was feasible but was worse than those obtained by other methods [17–19]. In
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addition, Autry [20] also tested the PC methodology on the discrete problem of
university course scheduling; however, the implementation failed to generate any
feasible solution. It is important to note that although the problems in [5, 6, 20] are
constrained problems, the constraints were not explicitly treated or incorporated in
the PC algorithms.

Recently, Sislak et al. [21] proposed decentralized and semi-centralized
approaches for solving an autonomous conflict resolution problem for cooperating
airplanes to avoid the mid-air collision. In the first approach, every airplane was
assumed to be an autonomous agent. These agents selected their individual paths
and avoided collision with other airplanes traveling in the neighborhood. In order to
implement this approach, a complex negotiation mechanism was required for the
airplanes to communicate and cooperate with one another. In the second approach
which is a semi-centralized approach, every airplane was given a chance to become
a host airplane which computed and distributed the solution to all other airplanes. It
is important to mention that the host airplane computed the solution based on the
independent solution shared by previous host airplane. This process continued in a
sequence until all the airplanes selected their individual paths. In both the
approaches the airplanes were equidistantly arranged on the periphery of a circle.
The targets of the individual airplanes were set as the opposite points on the
periphery of the circle, setting the center point of the circle as a point of conflict and
collision constraints were molded into special penalty functions which were further
integrated into the objective function using suitable balancing factors. Similar to the
weighted sum multi-objective approach [22, 23], the balancing factors were
assigned based on the importance of the corresponding constraints. Smyrnakis and
Leslie [24] proposed a Sequentially Updated PC (SPC) which was tested by opti-
mizing the unconstrained Hartman’s functions and the vehicle target assignment
type of game. The SPC performed better with higher dimension Hartman’s func-
tions only but failed to converge in the target assignment game.

2.2 Conceptual Framework of PC

PC treats the variables in an optimization problem as individual self interested
learning agents/players of a game being played iteratively. While working in some
definite direction, these agents select actions over a particular interval and receive
some local rewards on the basis of the system objective achieved because of those
actions. In other words, these agents optimize their local rewards or payoffs, which
also optimize the system level performance. The process iterates and reaches
equilibrium also referred to as Nash equilibrium (See Sect. 2.2.2 for proof and
details) when no further increase in the reward is possible for the individual agent
through changing its actions further. Moreover, the method of PC theory is an
efficient way of sampling the joint probability space, converting the problem into
the convex space of probability distribution. PC allocates probability values to each
agent’s moves, and hence directly incorporates uncertainty. This is based on prior
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knowledge of the recent action or behavior selected by all other agents. In short, the
agents in the PC framework need to have knowledge of the environment along with
every other agent’s recent action or behavior.

In every iteration, each agent randomly samples from within its own strategy set
as well as from within other agents’ strategy sets and computes the corresponding
system objectives. The other agents’ strategy sets are modeled by each agent based
on their recent actions or behavior only, i.e. based on partial knowledge. By
minimizing the collection of system objectives, every agent identifies the possible
strategy which contributes the most towards the minimization of the collection of
system objectives. Such a collection of functions is computationally expensive to
minimize and also may lead to local minima. In order to avoid this difficulty, the
collection of system objectives is deformed into another topological space forming
the Homotopy function parameterized by computational temperature T . Due to its
analogy to Helmholtz free energy, the approach of Deterministic Annealing (DA) is
applied in minimizing the Homotopy function (See Appendix A for details). At
every successive temperature drop, the minimization of the Homotopy function is
carried out using a second order optimization scheme such as the Nearest Newton
Descent Scheme (See Appendix B for details) or Broyden–Fletcher–Goldfarb–
Shanno (BFGS) Scheme (See Appendix C for details).

At the end of every iteration, each agent i converges to a probability distribution
clearly distinguishing the contribution of its every corresponding strategy value. For
every agent, the strategy value with the maximum probability value is referred to as
the favorable strategy and is used to compute the system objective. The solution is
accepted only if the associated system objective and corresponding strategy values
are not worse than the previous iterations solution. In this way, the algorithm
continues until convergence by selecting the samples from the neighborhood of the
recent favorable strategies.

In some of the applications, the agents are also needed to provide the knowledge
of the inter-agent-relationship. It is one of the information/strategy sets which every
other entitled agent is supposed to know. There is also global information that every
agent is supposed to know. This allows agents to know the right to model other
agents’ actions or behavior. All of the decisions are taken autonomously by each
agent considering the available information in order to optimize the local goals and
hence to achieve the optimum global goal or system objective.

The following section describes the detailed formulation of the PC procedure as
an unconstrained approach [25–28].

2.2.1 Formulation of Unconstrained PC

Consider a general unconstrained problem (in minimization sense) comprising N
variables and objective function G. In the context of PC, the variables of the
problem are considered as computational agents/players of a social game being
played iteratively.
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Each variable, i.e. each agent i is given a predefined sampling interval referred to
as Wi 2 Wlower

i ;Wupper
i

� �
. As a general case, the interval can also be referred to as

the sampling space. The lower limit Wlower
i and upper limit Wupper

i of the interval Wi

may be updated iteratively as the algorithm progresses.

Each agent i randomly samples X r½ �
i ; r ¼ 1; 2; . . .; mi strategies from within the

corresponding sampling interval Wi forming a strategy set Xi represented as

Xi ¼ fX ½1�
i ;X ½2�

i ;X ½3�
i ; . . .; X ½mi�

i g ; i ¼ 1; 2; . . .; N ð2:1Þ

Every agent is assumed to have an equal number of strategies, i.e.
m1 ¼ m2 ¼ . . . ¼ mi ¼ . . . ¼ mN�1 ¼ mN . The procedure of modified PC theory is
explained below in detail with the algorithm flowchart in Fig. 2.1.

The procedure begins with the initialization of the parameters such as sampling
interval Wi for each agent i, temperature T � 0 or T ¼ Tinitial or T ! 1 (simply
high enough), the temperature step size aT 0\aT � 1ð Þ, convergence parameter
e ¼ 0:0001, interval factor kdown and algorithm iteration counter n ¼ 1. The value
of aT , mi and kdown can be chosen based on preliminary trials of the algorithm.

Step 1 Agent i selects its first strategy X 1½ �
i . Agent i then samples randomly from

other agents’ strategies as well. These are random guesses by agent i about
which strategies have been chosen by the other agents. All these form a

‘combined strategy set’ Y 1½ �
i given by

Y½1�
i ¼ X ½?�

1 ;X ½?�
2 ; . . .;X ½1�

i ; . . .;X ½?�
N�1;X

½?�
N

n o
ð2:2Þ

The superscript [?] indicates that it is a ‘random guess’ and not known in
advance. In addition, agent i forms one combined strategy set for each of
the remaining strategies of its strategy set Xi (i.e. r ¼ 2; 3; . . .;mi), as
shown below.

Y½2�
i ¼ X ½?�

1 ;X ½?�
2 ; . . .; X ½2�

i ; . . .; X ½?�
N�1;X

½?�
N

n o
Y½3�

i ¼ X ½?�
1 ;X ½?�

2 ; . . .; X ½3�
i ; . . .; X ½?�

N�1;X
½?�
N

n o
..
.

Y½r�
i ¼ X ½?�

1 ;X ½?�
2 ; . . .; X ½r�

i ; . . .; X ½?�
N�1;X

½?�
N

n o
..
.

Y½mi�
i ¼ X ½?�

1 ;X ½?�
2 ; . . .; X ½mi�

i ; . . .; X ½?�
N�1;X

½?�
N

n o
ð2:3Þ

Similarly, all the remaining agents form their combined strategy sets.
Furthermore, every agent i computes mi associated objective function
values as follows:

2.2 Conceptual Framework of PC 19



START

Initialize n, T, Tα , downλ and sampling interval iΨ for every agent i. For every 

agent i set up strategy set iX with im strategies

Form combined strategy set 
[ ]r
iY for every strategy r of agent i and compute   

objective function [ ]( )rG Y

Assign uniform probabilities for every agent strategies, i.e. 
[ ]

: ( ) 1/
r

iir q X m∀ = and

compute expected collection of system objectives ( )[ ]( )
im

r

i
E G∑ Y

Form the modified Homotopy function ( )( )J ,i iq TX

Minimize the Homotopy function using second order optimization technique such as 
Nearest Newton method or BFGS method

Obtain the probability distribution ( )iq X for every agent i clearly distinguishing every 

corresponding strategy’s contribution and identifying every agent’s favorable strategy 

[ ]fav
X

For each agent i, apply 

downλ to update the sampling 

interval iΨ and  form

corresponding updated 

strategy set iX

Current obj. fun 
Previous obj.

fun

Accept current objective function 
[ ]( )favG Y and related favorable 

strategies [ ]favY

N

Discard current [ ]( )favG Y and retain 

previous [ ]( )favG Y and related 

favorable strategies [ ]favY

STOP

Accept [ ]( )favG Y as 

[ ]( )fav finalG Y along with 

related [ ]favY

Convergence?

1,n n= +
= − TT T Tα Y

YN

Compute the objective function [ ]( )favG Y

i

Fig. 2.1 Unconstrained PC algorithm flowchart
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G Y½1�
i

� �
;G Y½2�

i

� �
; . . .; G Y½r�

i

� �
; . . .; G Y½mi�

i

� �h i
ð2:4Þ

The ultimate goal of every agent i is to identify its strategy value which
contributes the most towards the minimization of the sum of these system

objective values, i.e.
Pmi

r¼1 GðY r½ �
i Þ, hereafter referred to as the collection of

system objectives. The combined strategy sets, associated objective
functions and the collection of system objectives for all the N agents are as
follows:

Y½1�
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1 ;X ½?�
2 ; . . .; X ½?�

i ; . . .; X ½?�
N�1;X
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n o
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Step 2 For every agent i, the minimum of the function
Pmi

r¼1 GðY½r�
i Þ is very hard to

achieve as the function may have many possible local minima. Moreover,
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directly minimizing this function is quite cumbersome as it may need
excessive computational effort. One of the ways to deal with this difficulty is
to deform the function into another topological space by constructing a
related and ‘easier’ functionE. Such amethod is referred to as the Homotopy
method. The function E can be referred to as ‘easier’ because it is easy to
compute, the (global) minimum of such a function is known and easy to
locate. The deformed function can also be referred to asHomotopy function J
parameterized by computational temperature T represented as follows:

Ji q Xið Þ; Tð Þ ¼
Xmi

r¼1

GðY½r�
i Þ � T E ; T 2 0;1½ Þ ð2:6Þ

(a) Agent i assigns uniform probabilities to its strategies. As an illustra-
tion, the uniform probability distribution for agent i may look like that
shown in Fig. 2.2 for a case where there are 10 strategies, i.e. mi ¼ 10:
This is because, at the beginning, the least information is available
(the largest uncertainty and highest entropy) about which strategy is
favorable for the minimization of the collection of system objectivesPmi

r¼1 GðY½r�
i Þ. Therefore, at the beginning of the ‘game’, each agent’s

every strategy has probability 1=mi of being most favorable. There-
fore, probability of strategy r of agent i is

qðX ½r�
i Þ ¼ 1=mi ; r ¼ 1; 2; . . .; mi ð2:7Þ

Each agent i, from its every combined strategy set Y½r�
i and corre-

sponding system objective GðY½r�
i Þ computed previously, further

computes mi corresponding expected system objective values

E GðY½r�
i Þ

� �
as follows:

E GðY½r�
i Þ

� �
¼ GðY½r�

i Þ qðX ½r�
i Þ
Y
ðiÞ

qðX ½?�
ðiÞÞ ð2:8Þ
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where ið Þ represents every agent other than i. Every agent i then
computes the expected collection of system objectives denoted byPmi

r¼1 E GðY½r�
i Þ

� �
. The expected system objectives and the associated

expected collection of system objective for all the N agents are as
follows:

G Y 1½ �
1

� �
q X 1½ �

1

� �Q
1ð Þ
q X ?½ �

1ð Þ
� �
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� �� �

..

.
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ð2:9Þ
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It also means that the PC approach can convert any discrete variables
into continuous variable values in the form of probabilities corre-
sponding to these discrete variables. As mentioned earlier, the
problem now becomes continuous but still not easier to solve.

(b) Furthermore, a suitable function for E is chosen. The general choice

is to use the entropy function Si ¼ �Pmi
r¼1 q X ½r�

i

� �
log2 q X ½r�

i

� �
.

Thus the Homotopy function to be minimized by each agent i in
Eq. (2.6) is developed as follows:

Ji q Xið Þ;Tð Þ ¼
Xmi

r¼1

E GðY½r�
i Þ

� �
� T Si
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Xmi

r¼1

GðY½r�
i Þ qðX ½r�

i Þ
Y
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Y
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� T �
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i Þ log2 qðX ½r�
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 !

ð2:10Þ

where T 2 0;1½ Þ.
Step 3 The approach of Deterministic Annealing (DA) discussed in Appendix A

is applied to minimize the Homotopy function in Eq. (2.10). The moti-
vation behind this is its analogy to the Helmholtz free energy. Starting
from T � 0 or T ¼ Tinitial or T ! 1 (simply high enough), with every
temperature drop, the minimization of the Homotopy function in Eq. (2.10)
can be carried out using suitable optimization technique such as Nearest
Newton Descent Scheme as well as a suitable second order optimization
approach such as BFGS scheme. The Nearest Newton Descent Scheme
and the BFGS scheme minimizing Eq. (2.10) are discussed in Appendix B
and Appendix C, respectively

Step 4 For each agent i, the optimization process converges to a probability
variable vector qðXiÞ which can be seen as the individual agent’s proba-
bility distribution distinguishing every strategy’s contribution towards the
minimization of the expected collection of system objectivesPmi

r¼1 E GðY½r�
i Þ

� �
. In other words, for each agent i, if a particular strategy r

contributes the most towards the minimization of the objective compared
to other strategies, its corresponding probability certainly increases by
some amount more than those for the other strategies’ probability values,
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and so strategy r is distinguished from the other strategies. Such a strategy

is referred to as a favorable strategy X fav½ �
i . As an illustration, the converged

probability distribution for every agent i may look like that shown in
Fig. 2.3 for a case where there are 10 strategies, i.e. mi ¼ 10:
The above optimization process when converges, the Nash equilibrium is
achieved at the particular temperature T . The concept of Nash equilibrium
is discussed in Sect. 2.2.2.
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Compute the corresponding system objective GðY fav½ �Þ where Y fav½ � is
given by

Y fav½ � ¼ X fav½ �
1 ;X fav½ �

2 ; . . .; X fav½ �
N�1;X

fav½ �
N

n o
ð2:11Þ

Step 5 If the current system objective GðY fav½ �Þ is not worse than that from the
previous iteration solution, accept the current system objective GðY fav½ �Þ
and corresponding Y fav½ � as current solution and continue to step 6, else
discard current system objective GðY fav½ �Þ and corresponding Y fav½ �, and
retain the previous iteration solution and continue to step 6.

Step 6 If either of the two criteria listed below is valid, accept the current system
objective GðY fav½ �Þ and corresponding Y fav½ � as the final solution referred to

as GðY fav½ �;finalÞ and Y fav½ �;final ¼ X fav½ �;final
1 ;X fav½ �;final

2 ; . . .; X fav½ �;final
N�1 ;

n
X fav½ �;final
N g, respectively and stop, else continue to step 7.

(a) If temperature T ¼ Tfinal or T ! 0.
(b) If there is no significant change in the system objectives for succes-

sive considerable number of iterations (i.e.
GðY fav½ �;nÞ � GðY fav½ �;n�1Þ�� ��� e).

Step 7 Every agent shrinks its sampling interval as follows:

Wi 2 X fav½ �
i � kdown Wupper

i �Wlower
i

�� ��� �
; X fav½ �

i þ kdown Wupper
i �Wlower

i

�� ��� �h i
; 0\kdown � 1

ð2:12Þ

where kdown is referred to as the interval factor corresponding to the
shrinking of sample space.

Each agent i then samples mi strategies from within the updated sampling
interval Wi and forms the corresponding updated strategy set Xi represented as
follows.

Xi ¼ X ½1�
i ;X ½2�

i ;X ½3�
i ; . . .; X ½mi�

i

n o
; i ¼ 1; 2; . . .; N ð2:13Þ

Reduce the temperature T ¼ T � aTT , update the iteration counter n ¼ nþ 1
and return to step 1.

On convergence, the above process reaches the global Nash equilibrium. The
concept and detailed formulation of the Nash equilibrium achieved is described in
the following section.
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2.2.2 Nash Equilibrium in PC

To achieve, a Nash equilibrium, every agent in a MAS should have the properties of
Rationality and Convergence [29–32]. Rationality refers to the property by which
every agent selects (or converges to) the best possible strategy given the strategies
of the other agents. The convergence property refers to the stability condition i.e. a
policy using which every agent selects (or converges to) the best possible strategy
when all the other agents use their policies from a predefined class (preferably same
class). The Nash equilibrium is naturally achieved when all the agents in a MAS are
convergent and rational. Moreover, a Nash equilibrium is guaranteed when all the
agents use stationary policies, i.e. those policies that do not change over time. It is
worth to mention here that all the agents in the MAS proposed using PC algorithm
exhibit the above mentioned properties. For example, as detailed in the PC algo-
rithm discussed in Sect. 2.2.1, there is a fixed framework by which the agents select
their own strategies and guess the other agents’ strategies.

In any game, there may be a large but finite number of Nash equilibria present,
depending on the number of strategies per agent as well as the number of agents. It
is essential to choose the best possible combination of the individual strategies
selected by each agent. It is computationally prohibitive to go through every pos-
sible combination of the individual agent strategies and choose the best out of it that
can produce a best possible Nash equilibrium and hence the system objective.

As discussed in the detailed PC algorithm, in each iteration n, every agent i

selects the best possible strategy referred to as the favorable strategy X fav½ �;n
i by

guessing the possible strategies of the other agents. This information about its

favorable strategy X fav½ �;n
i is made known to all the other agents as well. In addition,

the corresponding global knowledge such as system objective value GðY fav½ �;nÞ ¼
G X fav½ �;n

1 ;X fav½ �;n
2 ;X fav½ �;n

3 ; . . .; X fav½ �;n
N�1 ;X fav½ �;n

N

� �
is also available to each agent which

clearly helps all the agents take the best possible informed decision in every further
iteration. This makes the entire system ignore a considerably large number of Nash
equilibria but select the best possible one in each iteration and accept the corre-
sponding system objective GðY fav½ �;nÞ. Mathematically the Nash equilibrium solu-
tion at any iteration of the PC algorithm can be represented as follows:

G X fav½ �;n
1 ;X fav½ �;n

2 ; . . .; X fav½ �;n
N�1 ;X fav½ �;n

N

� �
�G X favð Þ;n

1 ;X fav½ �;n
2 ; . . .; X fav½ �;n

N�1 ;X fav½ �;n
N

� �
G X fav½ �;n

1 ;X fav½ �;n
2 ; . . .; X fav½ �;n

N�1 ;X fav½ �;n
N

� �
�G X fav½ �;n

1 ;X favð Þ;n
2 ; . . .; X fav½ �;n

N�1 ;X fav½ �;n
N

� �
..
.

G X fav½ �;n
1 ;X fav½ �;n

2 ; . . .; X fav½ �;n
N�1 ;X fav½ �;n

N

� �
�G X fav½ �;n

1 ;X fav½ �;n
2 ; . . .; X fav½ �;n

N�1 ;X favð Þ;n
N

� �
ð2:14Þ
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where X favð Þ;n
i represents any strategy other than the favorable strategy X fav½ �;n

i from
the same sample space Wn

i .
Furthermore, from this current Nash equilibrium point with system objective

GðY fav½ �;nÞ, the algorithm progresses to the next Nash equilibrium point with better
system objective GðY fav½ �;nþ1Þ, i.e. GðY fav½ �;nÞ�GðY fav½ �;nþ1Þ. As the algorithm
progresses, those ignored Nash equilibria as well as the best Nash equilibria
selected at previous iterations would be noticed as inferior solutions.

This process continues until there is no change in the current solution GðY fav½ �;nÞ,
i.e. no new Nash equilibrium has been identified that proves the current Nash
equilibrium to be inferior. Hence the system exhibits stage-wise convergence to a
unique Nash equilibrium and the corresponding system objective is accepted as the
final solution GðY fav½ �;finalÞ. As a general case, this progress can be represented as
follows:

GðY fav½ �;1Þ�GðY fav½ �;2Þ� � � � �GðY fav½ �;nÞ�GðY fav½ �;nþ1Þ� � � � �GðY fav½ �;finalÞ:

2.3 Characteristics of PC

The PC approach has the following key characteristics that make it a competitive
choice over other algorithms for optimizing collectives.

1. PC is a distributed solution approach in which each agent independently updates
its probability distribution at any time instance and can be applied to continuous,
discrete or mixed variables, etc. Since the probability distribution of the strategy
set is always a vector of real numbers regardless of the type of variable under
consideration, conventional techniques of optimization for Euclidean vectors,
such as gradient descent, can be exploited. This is explicitly demonstrated in
Chap. 6.

2. It is robust in the sense that the cost function (global/system objective) can be
irregular or noisy, i.e. it can accommodate noisy and poorly modeled problems.

3. The failed agent can just be considered as one that does not update its proba-
bility distribution, without affecting the other agents. On the other hand, it may
severely hamper the performance of other techniques. This is explicitly dem-
onstrated in Chap. 5.

4. It provides the sensitivity information about the problem in the sense that a
variable with a peaky distribution (having highest probability value) is more
important in the solution than a variable with a broad distribution, i.e. peaky
distribution provides the best choice of action that can optimize the global goal.
This is explicitly demonstrated in Sect. 2.2.1.

5. The formation of the Homotopy function for each agent (variable) helps the
algorithm to jump out of the possible local minima and further reach the global
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minima. This is explicitly discussed in Appendix A and also evident when
solved a variety of functions using Penalty Function approach in Chap. 4.

6. It can successfully avoid the tragedy of commons, skipping the local minima
and further reach the true global minima. This is explicitly demonstrated in
Chap. 5.

7. The computational and communication load is significantly less and equally
distributed among all the agents.

8. It can efficiently handle problems with moderately large number of variables.
This is demonstrated in Chaps. 6 and 7.

With PC solving optimization problems as a MAS, it is worth discussing some
of its characteristics to compare the similarities and differences with Multi-Agent
Reinforcement Learning (MARL) methods.

9. Most MARL methods such as fully cooperative, fully competitive and mixed
(neither cooperative nor competitive) are based on Game Theory, Optimization
and Evolutionary Computation. Most of these types of methods possess less
scalability and are sensitive to imperfect observations. Any uncertainty or
incomplete information may lead to unexpected behavior of the agents. How-
ever, the scalability of the fully cooperative methods such as coordination free
methods can be enhanced by explicitly using the communication and/or
uncertainty techniques. On the other hand, being a distributed optimization
technique PC is scalable, and can handle uncertainty in terms of probability.
Moreover, the random strategies selected by any agent can be coordinated or
negotiated with the other agents based on the social conventions, right to
communication, etc. This social aspect makes PC a cooperative approach.

10. Furthermore, indirect coordination based methods work on the concept of
biasing the selection towards the likelihood of the good strategies. This concept
is similar to the one used in the PC algorithm presented here, in which agents
choose the strategy sets only in the neighborhood of the best strategy identified
in the previous iteration.

11. In the case of mixed MARL algorithms, the agents have no constraints imposed
on their rewards. It is similar to the PC algorithm in which the agents respond
or select the strategies and exhibit self-interested behavior. However, the mixed
MARL algorithms may encounter multiple Nash Equilibria while in PC a
unique Nash equilibrium can be achieved.

2.4 Modified PC Approach Versus Original PC Approach

It is worth to mention some of the key differences of the PC methodology presented
here and the original PC approach proposed by Dr. David Wolpert [1–4]

1. In the PC approach presented here, fewer numbers of samples were drawn from
the uniform distribution of the individual agent’s sampling interval. On the
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contrary, the original PC approach used a Monte Carlo sampling method which
was computationally expensive and slow as the number of samples needed was
in the thousands or even millions.

2. Most significantly, the sampling in further stages of the PC algorithm presented
here was narrowed down in every iteration by selecting the sampling interval in
the neighborhood of the most favorable value in the particular iteration. This
ensures faster convergence and an improvement in efficiency over the original
PC approach in which regression was necessary to sample the strategy values in
the close neighborhood of the favorable value.

3. Moreover, the coordination among the agents representing the variables in the
system is achieved based on the partial small bit of information. In other words,
every agent selects its best possible strategy by guessing the model of every
other agent based merely on their recent favorable strategies communicated.
This gives the advantage to the agents and the entire system to quickly search
the better solution and reach the Nash equilibrium.

2.5 Validation of the Unconstrained PC

There are a number of benchmark test functions for contemporary optimization
algorithms like GAs and evolutionary computation. The Rosenbrock function (see
Fig. 2.4) is an example of a nonlinear function having strongly coupled variables
and is a real challenge for any optimization algorithm because of its slow con-
vergence for most optimization methods [33, 34]. The Rosenbrock function with N
number of variables is given by

G ¼
XN�1

i¼1

100 x2i � xiþ1
� �2 þ 1� xið Þ2

h i
ð2:15Þ

Fig. 2.4 Rosenbrock
function
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Wi 2 Wlower
i ;Wupper

i

� �
; i ¼ 1; 2; . . .;N

and the global minimum is at, xi ¼ 1; 8i i ¼ 1; 2; . . .;N, where G� ¼ 0. A diffi-
culty arises from the fact that the optimum is located in a deep and narrow parabolic
valley with a flat bottom. Also, gradient based methods may have to spend a large
number of iterations to reach the global minimum.

In the context of PC, every function variable xi ; i ¼ 1; 2; . . .; N was repre-
sented as an autonomous agent. These agents competed with one another to opti-
mize their individual values and ultimately the entire function value (i.e. global
objective G). The Rosenbrock function with 5 variables/agents (N ¼ 5) was solved
here in which each agent randomly selected the strategies from within a predefined
sampling interval Wi. Although the optimal value of each and every agent xi is 1,
the allowable sampling interval Wi for each agent was intentionally assigned to be
different (as shown in Table 2.1). The procedure explained in Sect. 2.2.1 was
followed to reach convergence. For all the runs, the temperature step size aT , the
interval factor kdown and sample size mi for each agent chosen were 0.9, 0.1 and 42,
respectively. It is worth to mention that the temperature T was reduced on com-
pletion of every 10 iterations.

The PC algorithm discussed in Sect. 2.2.1 was coded in MATLAB 7.4.0
(R2007A) on Windows platform using a Pentium 4, 3 GHz processor speed and
512 MB RAM. The results of 5 runs are shown in Table 2.1. The convergence plot
for run 5 is shown in Fig. 2.5. For run 5, the value of the function G and associated
variable values at iteration 113 was accepted as the final solution as there was no
change in the solution for a considerable number of iterations. The variations in the
function value and the number of function evaluations among the runs are due to the
randomness in selection of the strategies.

A number of researchers have solved the Rosenbrock function using various
algorithms. Table 2.2 summarizes the results obtained by these various algorithms:

Table 2.1 Performance using PC approach

Agents or
(variables)

Strategy values selected with maximum probability

Run 1 Run 2 Run 3 Run 4 Run 5 Range of values
(Wi)

Agent 1 1 0.9999 1.0002 1.0001 0.9997 −1.0 to 1.0

Agent 2 1 0.9998 1.0001 1.0001 0.9994 −5.0 to 5.0

Agent 3 1.0001 0.9998 1 0.9999 0.9986 −3.0 to 3.0

Agent 4 0.9998 0.9998 0.9998 0.9995 0.9967 −3.0 to 8.0

Agent 5 0.9998 0.9999 0.9998 0.9992 0.9937 1.0 to 10.0

Fun. value G 2 × 10−5 1 × 10−5 2 × 10−5 2 × 10−5 5 × 10−5

Fun. evaluations 288,100 223,600 359,050 204,750 249,500
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Chaos Genetic Algorithm (CGA) [33], Punctuated Anytime Learning (PAL) system
[34], Modified Differential Evolution (Modified DE) proposed in [35] and Loosely
Coupled GA (LCGA) implemented in [36] are some of the algorithms demonstrated
on the Rosenbrock function.

Within each of the results shown in Table 2.2, every variable was assigned an
identical interval of allowable values, different from Table 2.1 where each variable
was assigned a different allowable interval. Furthermore, even with the larger
number of variables, the optimal function values in Table 2.1 are better than those
in Table 2.2 except for the modified DE results. This makes it clear that the
approach presented here produced fairly good comparable results to those produced
by previous researchers. In addition, several unconstrained test problems were
solved and the solutions (refer to Table 2.3) achieved were very close to the true
optimum solution with acceptable computation cost.

The following few chapters discuss various constraint handling techniques
incorporated into the PC which made it a more generic and powerful optimization
technique.
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Fig. 2.5 Convergence plot for run 5

Table 2.2 Performance comparison of various algorithms solving Rosenbrock function

Method Number of agents/
variables (N)

Function
value G

Function
evaluations

Range of values
(Wi)

CGA [33] 2 0.000145 250 −2.048 to 2.048

PAL [34] 2 ≈0.01 5,250 −2.048 to 2.048

5 ≈2.5 100,000 −2.048 to 2.048

Modified DE
[35]

2 1 × 10−6 1,089 −5 to 10

5 1 × 10−6 11,413 −5 to 10

LCGA [36] 2 ≈0.00003 – −2.12 to 2.12
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Table 2.3 Other unconstrained test problems

Function True optimum
solution

PC solution Average function
evaluations

Average CPU
time (s)

Ackley 0 0.0000945 23,665 212.40

Beale 0 0 55 0.48

Bohachevsky 0 0 179,747 61.14

Booth 0 0 188,657 100.28

Branin 0.397887 0.397 128,079 109.69

Colville 0 0.00007 612,208 296.65

Rosenbrock 0 0 248,223 179.63

Zakharov 0 1.19E-10 197,550 125.45

Sum squares 0 5.79E-11 176,840 70.75

Shubert −186.7309 −186.7096 234,734 121.85

Rastrigin 0.00000132 28,709 1,152

Power sum 0 0 221 0.05

Powell 0 0.000000196 774,556 310.65

Perm 0 9.4E-09 162,333 167.65

Michalewics −1.8013 −1.8013 4,482 2.65

Matyas 0 0 191,898 127.15

Hump 0 0 96,119 51.07

Dixon and price 0 0.00000692 539,267 186.46

Goldstein and
price

3 3 169,364 384.82

Griewank 0 1.79E-12 227,517 123.09

Hartmann (3
variables)

−3.86278 −3.86 133,038 70.03

Hartmann (6
variables)

−3.32237 −3.3223 31,535 21.45

Levy 0 0.0000041 161,394 85.78

Shifted sphere −450 −450 42,653 13.76

Shifted rastrigin −330 −330 36,032 14.28

Shifted ackley −140 −140 213,296 276.75

Shifted
greiwank

−180 −180 1,041 1.31

Schwefel 0 0 143,732 77.60
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