
Chapter 2
Solutions of Problems 001–500

This volume’s background includes 1000 solutions of problems of the main text
as well as more than 500 statements proved as auxiliary facts; some of these facts
are quite famous and highly non-trivial theorems. As in the previous volume, the
treatment of topology and Cp-theory is professional. When you read a solution of
a problem of the main text, it has more or less the same level of exposition as a
published paper on a similar topic.

The author hopes, however, that reading our solutions is more helpful than
ploughing through the proofs in published papers; the reason is that we are not
so constrained by the amount of the available space as a journal contributor; so we
take much more care about all details of the proof. It is also easier to work with the
references in our solutions than with those in research papers because in a paper
the author does not need to bother about whether the reference is accessible for the
reader whereas we only refer to what we have proved in this book apart from some
very simple facts of calculus and set theory.

This volume has the same policy about the references as the second one; we
use the textbook facts from general topology without giving a reference to them.
This book is self-contained; so all the necessary results are proved in the previous
volumes but the references to standard things have to stop sometime. This makes
it difficult for a beginner to read this volume’s results without some knowledge of
the previous material. However, a reader who mastered the first four chapters of
R. Engelking’s book [1977] will have no problem with this.

We also omit references to some standard facts of Cp-theory. The reader can
easily find the respective proofs using the index. Our reference omission rule can
be expressed as follows: we omit references to textbook results from topology and
Cp-theory proved in the previous volumes. There are quite a few phrases like “it is
easy to see” or “it is an easy exercise”; the reader should trust the author’s word and
experience that the statements like that are really easy to prove as soon as one has the
necessary background. On the other hand, the highest percentage of errors comes
exactly from omissions of all kinds; so my recommendation is that, even though you
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should trust the author’s claim that the statement is easy to prove or disprove, you
shouldn’t take just his word for the truthfulness of any statement. Verify it yourself
and if you find any errors communicate them to me to correct the respective parts.
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U.001. Prove that, if X is a normal space and dimX D 0 then dimˇX D 0 and
hence ˇX is zero-dimensional.

Solution. Take any distinct a; b 2 ˇX . There is a function ' 2 Cp.ˇX; Œ0; 1
/
such that '.a/ D 0 and '.b/ D 1. Therefore Ua D '�1.Œ0; 1

3
// 2 �.a; ˇX/ and

Ub D '�1.. 2
3
; 1
/ 2 �.b; ˇX/. The spaceX being dense in ˇX , the set Va D Ua\X

is dense in Ua and Vb D Ub \ X is dense in Ub. Observe also that U a � Fa D
'�1.Œ0; 1

3

/ and U b � Fb D '�1.Œ 2

3
; 1
/ (the bar denotes the closure in ˇX ) which

shows that U a \ U b � Fa \ Fb D ;.
As a consequence, clX.Va/ \ clX.Vb/ � U a \ U b D ;, i.e., Pa D clX.Va/ and

Pb D clX.Vb/ are non-empty disjoint closed subsets of X . We have Ind.X/ D 0 by
SFFS-308 so there is a clopen set O in the space X such that Pa � O � XnPb .
Let g.x/ D 0 if x 2 O and g.x/ D 1 for every x 2 XnO . It is immediate
that g W X ! D is continuous; so there is a continuous h W ˇX ! D such that
hjX D g. Since a 2 Ua D V a and Va � Pa, we have a 2 P a; the function h
is continuous and h.Pa/ D g.Pa/ D f0g so h.a/ D 0. Analogously, b 2 P b and
h.Pb/ D g.Pb/ D f1g so h.b/ D 1.

Thus the set A D Cp.ˇX;D/ separates the points of ˇX . For any x 2 ˇX let
ex.f / D f .x/ for any f 2 A; this gives a continuous map e W ˇX ! D

A defined
by e.x/ D ex for each x 2 X (see TFS-166). Furthermore, e is injective because A
separates the points of X (see Fact 2 of S.351) so e is an embedding of ˇX in D

A.
Now apply SFFS-303 to conclude that ˇX is zero-dimensional; since it is compact,
it is also strongly zero-dimensional by SFFS-306.

U.002. Let X be a zero-dimensional compact space. Suppose that Y is second
countable and f W X ! Y is a continuous onto map. Prove that there
exists a compact metrizable zero-dimensional space Z and continuous onto maps
g W X ! Z and h W Z ! Y such that f D h ı g.

Solution. The space X being zero-dimensional, we can assume that X � D
A for

someA (see SFFS-303); let pS W DA ! D
S be the natural projection for any S � A.

By TFS-298 there is a countable B � A and a continuous map h W pB.X/ ! Y

such that hıpB D f . The spaceZ D pB.X/ is second countable becauseZ � D
B

and jBj D !; besides,Z � D
B implies thatZ is zero-dimensional (see SFFS-303).

Consequently, the space Z and the maps h and g D pB jX are as promised.

U.003. Prove that there exists a continuous map k W K ! I such that, for any
compact zero-dimensional space X and any continuous map f W X ! I, there
exists a continuous map gf W X ! K such that f D k ı gf .

Solution. Given a set T and S � T define a function 	TS W T ! D by 	TS .t/ D 1 if
t 2 S and 	TS .t/ D 0 for any t 2 T nS . If Z is a space then C.Z/ is the family of
all clopen subsets of Z.

Fact 1. If dimZt D 0 for any t 2 T and Z DLfZt W t 2 T g then dimZ D 0.

Proof. We consider that everyZt is a clopen subspace of Z; it suffices to show that
IndZ D 0 (see SFFS-308). To do this, take any closed P � Z and U 2 �.P;Z/.
Letting Pt D P \ Zt and Ut D U \ Zt we have Ut 2 �.Pt ; Zt / for every t 2 T .
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It follows from SFFS-308 that IndZt D 0; so there is Wt 2 C.Zt/ such that Pt �
Wt � Ut for each t 2 T . It is immediate that W D SfWt W t 2 T g 2 C.Z/ and
P � W � U . Thus IndZ D 0 and hence dimZ D 0 by SFFS-308; so Fact 1 is
proved.

Fact 2. Given an infinite cardinal � a space Z is zero-dimensional and w.Z/ � �
if and only if Z is homeomorphic to a subspace of D� .

Proof. If Z � D
� then w.Z/ � w.D�/ D � and Z is zero-dimensional by SFFS-

303; so sufficiency is clear.
Now assume that w.Z/ � � andZ is zero-dimensional; fix a base B0 of the space

Z such that every B 2 B0 is a clopen set. There is B � B0 for which jBj � � and B
is still a base in Z (see Fact 1 of T.102).

For every B 2 B the map 	ZB W Z ! D is continuous because fB;ZnBg is an
open cover of Z on the elements of which 	ZB is constant (see Fact 1 of S.472).

Consequently, ' D �f	ZB W B 2 Bg W Z ! D
B is a continuous map; let

Y D '.Z/. We claim that ' W Z ! Y is a homeomorphism. In the first place
observe that for any distinct x; y 2 Z there is B 2 B such that x 2 B and y … B .
Thus 	ZB .x/ D 1 while 	ZB.y/ D 0 which shows that '.x/ ¤ '.y/ and therefore '
is a bijection. For any B 2 B let pB W DB ! D be the natural projection of DB onto
its B-th factor.

To see that '�1 is continuous take any y 2 Y and U 2 �.'�1.y/;Z/; let x D
'�1.y/. Since B is a base in Z, there is B 2 B such that x 2 B � U . The set
W D fz 2 Y W pB.z/ D 1g D p�1

B .1/ \ Y is an open subset of Y because p�1
B .1/

is open in D
B . Now, if t 2 W and s D '�1.t/ then, by definition of the diagonal

product, 1 D pB.t/ D 	ZB.s/ and hence s 2 B which implies that s D '�1.t/ 2 U
for any t 2 W . Thus '�1.W / � U , i.e.,W witnesses continuity at the point y. The
point y has been chosen arbitrarily, so the map '�1 is continuous and hence ' is an
embedding ofZ in D

B. Since jBj � �, the space DB embeds in D
� and hence Fact 2

is proved.

Returning to our solution denote by F the family of all closed non-empty
subsets of K; it is an easy exercise that jF j D c. For every F 2 F we have
jCp.F; I/j D jCp.F /j D c because nw.Cp.F // D !. An immediate consequence
is that P D f.F; u/ W F 2 F ; u 2 Cp.F; I/g also has cardinality c; take an
enumeration f.F˛; u˛/ W ˛ < cg of the family P . Since every zero-dimensional
second countable compact spaceM is homeomorphic to an element of F by Fact 2,
we conclude that

(1) for any second countable zero-dimensional compact M and any q 2 Cp.M; I/
there is ˛ < c and a homeomorphism j WM ! F˛ such that q D u˛ ı j .

Observe next that the space ˚ DLfF˛ W ˛ < cg is metrizable because every F˛
is metrizable (see Fact 1 of S.234). Furthermore, F˛ is zero-dimensional and hence
dimF˛ D 0 for any ˛ < c (see SFFS-306). Consequently, dim˚ D 0 by Fact 1; the
space ˚ is normal being metrizable, so we can apply Problem 001 to conclude that
dim.ˇ˚/ D 0 as well.
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Let u D Sfu˛ W ˛ < cg; then u W ˚ ! I is a continuous map such that ujF˛ D u˛
for any ˛ < c. There is a continuous v W ˇ˚ ! I for which vj˚ D u. Now apply
Problem 002 to find a second countable compact zero-dimensional space C and
continuous functions c W C ! I and d W ˇ˚ ! C for which c ı d D v. By
Fact 2, we can consider that C is a closed subspace of K; this implies that there is a
continuous retraction r W K! C (see SFFS-316). We claim that the map k D c ı r
is as promised.

Indeed, take a zero-dimensional compact X and a continuous f W X ! I.
By Problem 002 there is a zero-dimensional second countable compact M and
continuous functions h W M ! I and g W X ! M for which h ı g D f . By
(1) there is ˛ < c and a homeomorphism j W M ! F˛ such that h D u˛ ı j . Then
gf D d ı j ı g W X ! C ; since C � K, we can consider that gf W X ! K. Now,
if x 2 X then gf .x/ 2 C and hence r.gf .x// D gf .x/; besides, j.g.x// 2 F˛
which implies v.j.g.x/// D u.j.g.x/// D .u˛ ı j /.g.x// D h.g.x// D f .x/ so
we finally obtain

k.gf .x// D c.r.gf .x/// D c.gf .x// D c.d.j.g.x//// D v.j.g.x/// D h.g.x// D f .x/:

Since x 2 X was chosen arbitrarily, this shows that k ı gf D f and makes our
solution complete.

U.004. Prove that, for any zero-dimensional compact X , the space Cp.X; I/ is a
continuous image of Cp.X;D!/.

Solution. Take a map k W D! ! I such that for any function f 2 Cp.X; I/ there
is a continuous map gf W X ! D

! for which k ı gf D f (see Problem 003). For
any function h 2 Cp.X;D!/ let '.h/ D k ı h. Then ' W Cp.X;D!/! Cp.X; I/ is
a continuous map by TFS-091 and '.gf / D f for every f 2 Cp.X; I/. Therefore
'.Cp.X;D

!// D Cp.X; I/ and henceCp.X; I/ is a continuous image ofCp.X;D!/.

U.005. Given a countably infinite space X prove that the following conditions are
equivalent:

(i) Cp.X;D/ is countable;
(ii) Cp.X;D/ ' Q;

(iii) X is compact.

Solution. Observe first that X has to be zero-dimensional by SFFS-305; so the
family C.X/ of all clopen subsets of X forms a base in X .

The implication (ii)H)(i) is evident. If X is a countable compact space then
w.X/ D ! by Fact 4 of S.307. There exists a countable B � C.X/ which is a base
in X (see Fact 1 of T.102).

Let B0 be the family of all finite unions of the elements ofB; then B0 � C.X/ and
B0 is countable. Given anyU 2 C.X/we can chooseOx 2 B such that x 2 Ox � U
for any x 2 U . The family fOx W x 2 U g is an open cover of a compact space U ;
so there is a finite A � U for which U D U0 D SfOx W x 2 Ag. It is evident
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that U0 2 B0; since U D U0, we proved that C.X/ D B0 is countable. Since
Cp.X;D/ D f	XU W U 2 C.X/g, the set Cp.X;D/ is also countable and we proved
that (iii)H)(i).

Now if Cp.X;D/ is countable then w.Cp.X;D// � w.Cp.X// D !. Further-
more, the space Cp.X;D/ is dense in D

X by Fact 1 of S.390; so it has no isolated
points and hence Cp.X;D/ ' Q by SFFS-349. This settles (i)H)(ii) and hence
(i)” (ii).

To see that (i)H)(iii) assume that X is not compact and jCp.X;D/j � !; it
follows from jX j D ! that X is not pseudocompact and hence there is a faithfully
indexed discrete family fUn W n 2 !g � ��.X/. The family C.X/ is a base in
X so we can choose a non-empty Vn 2 C.X/ such that Vn � Un for all n 2 !.
The family fVn W n 2 !g is also discrete; so the set WA D SfVn W n 2 Ag is
clopen in X for any A � !. The family exp! is uncountable, so we have jC.X/j >
!; since f ! f �1.0/ is a surjective map from Cp.X;D/ onto C.X/, we have
jCp.X;D/j � jC.X/j > !; this contradiction shows that (i)H)(iii) and makes our
solution complete.

U.006. For an arbitrary space X prove that

(i) for any P � Cp.X/ there is an algebra A.P / � Cp.X/ such that P � A.P /
and A.P / is minimal in the sense that, for any algebra A � Cp.X/, if P � A
then A.P / � A;

(ii) A.P / is a countable union of continuous images of spaces which belong to
H.P / D fPm �K for some m 2 N and metrizable compactKg.

(iii) if Q is a weakly k-directed property and P ` Q then A.P / ` Q� , i.e., A.P /
is a countable union of spaces with the property Q;

Solution. Consider the sets U.P / D ff1 � : : : � fn W n 2 N; fi 2 P for all i � ng
and W.P / D f�0 C �1 � g1 C : : :C �m � gm W m 2 N; �i 2 R and gi 2 U.P / for
all i � mg. It is straightforward that A.P / D W.P / is an algebra in Cp.X/ and
P � A.P /. To see thatA.P / is minimal, take any algebraA � P . Then U.P / � A
becauseA has to contain all finite products of its elements. Since A also contains all
finite sums of its elements, we have A.P / D W.P / � A so A.P / is minimal and
(i) is proved.

The property (ii) was established in Fact 1 of S.312; it was shown in Fact 2 of
S.312 (in other terms) that if Q is a weakly k-directed property and P has Q then
W.P / is a countable union of spaces with the property Q. Since A.P / D W.P /,
we have A.P / ` Q� ; so (iii) is also proved.

U.007. Given a compact space X suppose that A � Cp.X/ is an algebra. Prove
that both A and clu.A/ are algebras in Cp.X/.

Solution. The set B D clu.A/ contains all constant functions on X because A is
an algebra and A � B . Now if f; g 2 B , fix sequences ffng; fgng � A such
that fn!!f and gn!!g. Then ffn C gng � A because the set A is an algebra and
fn C gn!!f C g by TFS-035. This shows that f C g 2 B . The sequence ffn � gng
also lies in A because A is an algebra. We will prove that fn � gn!!f � g.
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Let us show first that there existsK 2 R such that jf .x/j � K; jfn.x/j � K and
jgn.x/j � K for all n 2 ! and x 2 X . Since f is continuous andX is compact, the
functions f and g are bounded onX , i.e., there existsM 2 R such that jf .x/j �M
and jg.x/j �M for all x 2 X . Applying the relevant uniform convergences we can
findm 2 ! such that jfn.x/� f .x/j < 1 and jgn.x/�g.x/j < 1 for all n � m and
x 2 X . The functions f1; : : : ; fm and g1; : : : ; gm are bounded on X which implies
that there is N 2 R such that jfi.x/j C jgi .x/j � N for all i � m and x 2 X . It is
easy to verify that the numberK D M CN C 1 is as promised.

Given an arbitrary " > 0, we can find l 2 ! such that jfn.x/ � f .x/j < "
2K

and
jgn.x/ � g.x/j < "

2K
for all n � l and x 2 X . Then

jfn.x/gn.x/ � f .x/g.x/j D jgn.x/.fn.x/ � f .x//C f .x/.gn.x/ � g.x//j
� jgn.x/jjfn.x/ � f .x/j C jf .x/jjgn.x/ � g.x/j < K � "

2K
CK � "

2K
D "

for all n � l and x 2 X which proves that fn �gn!!f �g and hence f �g 2 B . Thus
B D clu.A/ is an algebra.

To prove that the set C D A is an algebra, observe that the addition map s W
Cp.X/ � Cp.X/ ! Cp.X/ defined by s.f; g/ D f C g for all f; g 2 Cp.X/,
is continuous by TFS-115. We also have s.A � A/ � A because A is an algebra.
Furthermore, A � A D C � C and hence s.C � C/ � s.A �A/ � A D C which
shows that s.C � C/ � C or, in other words, f C g 2 C for any f; g 2 C .

Analogously, the multiplication map m W Cp.X/ � Cp.X/ ! Cp.X/ defined
by s.f; g/ D f � g for all f; g 2 Cp.X/, is continuous by TFS-116. We also have
m.A � A/ � A because A is an algebra. Furthermore, A � A D C � C and hence
m.C � C/ � m.A � A/ � A D C which shows that m.C � C/ � C or, in other
words, f � g 2 C for any f; g 2 C . Finally, observe that C contains all constant
function on X because so does A � C . Therefore C D A is also an algebra in
Cp.X/.

U.008. Let X be a compact space. Suppose that A � Cp.X/ separates the points of
X , contains the constant functions and has the following property: for each f; g 2 A
and a; b 2 R we have af C bg 2 A; max.f; g/ 2 A; min.f; g/ 2 A. Prove that
every f 2 Cp.X/ is a uniform limit of some sequence from A.

Solution. Given any functions f0; : : : ; fn 2 Cp.X/, let

max.f0; : : : ; fn/.x/ D maxff0.x/; : : : ; fn.x/g
for every x 2 X . This defines a function max.f0; : : : ; fn/ 2 Cp.X/. Analogously,
the expression min.f0; : : : ; fn/.x/ D minff0.x/; : : : ; fn.x/g for any point x 2 X ,
defines the function min.f0; : : : ; fn/ 2 Cp.X/. It is clear that if f0; : : : ; fn 2 A
then max.f0; : : : ; fn/ 2 A and min.f0; : : : ; fn/ 2 A. We will show first that

(1) for any function f 2 Cp.X/ and " > 0, there exists a function f" 2 A such that
jf".x/ � f .x/j < " for any x 2 X .

To prove (1) observe that, for every pair of distinct points a; b 2 X we can find a
function h 2 A such that h.a/ ¤ h.b/. Since all linear combinations of elements of
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A still belong to A, the function g defined by g.x/ D .h.x/�h.a//.h.b/�h.a//�1
for every x 2 X , belongs to A. It is immediate that g.a/ D 0 and g.b/ D 1. Now
let fa;b.x/ D .f .b/� f .a//g.x/C f .a/ for each x 2 X . Of course, fa;b 2 A and
fa;b.a/ D f .a/ and fa;b.b/ D f .b/.

The sets

Ua;b D fx 2 X W fa;b.x/ < f .x/C"g and Va;b D fx 2 X W fa;b.x/ > f .x/�"g

are open neighbourhoods of the points a and b respectively. Fix any b 2 X ; by
compactness of X we can extract a finite subcover fUai ;b W i 2 f0; : : : ; ngg from
the open cover fUa;b W a 2 Xg. By our hypothesis about the set A, the function
fb D min.fa0;b ; : : : ; fan;b/ belongs to A. It is easy to see that fb.x/ < f .x/ C "
for all x 2 X and fb.x/ > f .x/ � " for any x 2 Vb D TfVai ;b W i � ng. Since
X is compact, we can choose a finite subcover fVbi W 0 � i � kg of the open cover
fVb W b 2 Xg of the space X . The function f" D max.fb0 ; : : : ; fbk / belongs to A
and we have jf".x/ � f .x/j < " for all x 2 X so (1) is proved.

Finally, take an arbitrary f 2 Cp.X/ and find, for any n 2 N, a function fn 2 A
such that jfn.x/� f .x/j < 1

n
for all x 2 X . The existence of such fn is guaranteed

by (1). It is obvious that fn!!f ; so our solution is complete.

U.009. LetX be a compact space and suppose that Y � Cp.X/ separates the points
of X . Prove that

(i) for any algebra A � Cp.X/ with Y � A, we have clu.A/ D Cp.X/;
(ii) if Y contains a non-zero constant function then clu.

S
S.Y // D Cp.X/.

Solution. For (i), observe that B D clu.A/ is an algebra in Cp.X/ by Problem 007;
since Y � A � B , the algebra B also separates the points of X and hence B D
Cp.X/ by TFS-191.

As to (ii), let S D S
S.Y /; we have af C bg 2 S for any a; b 2 R and

f; g 2 S . If w 2 Y is a non-zero constant function then w.x/ D c ¤ 0 for all
x 2 X . Therefore, for any a 2 R, the function wa D a

c
w belongs to S and wa.x/ D

a for any x 2 X . Thus S contains all constant functions on X . It is immediate
from the definition of S that max.f; g/ 2 S and min.f; g/ 2 S for any f; g 2 S .
Furthermore, S separates the points ofX because so does Y � S . Therefore we can
apply Problem 008 to conclude that clu.S/ D Cp.X/ finishing the proof of (ii).

U.010. For a space X , suppose that Y � Cp.X/ and clu.Y / D Cp.X/. Prove that
Cp.X/ 2 .E.Y //ı.
Solution. It was proved in Fact 1 of T.459 that, under our assumptions, we have
Cp.X/ D TfCn W n 2 Ng where Cn � R

X is a continuous image of Y � Œ� 1
n
; 1
n

X

for every n 2 N. Therefore Cn 2 E.Y / for all n 2 N and hence Cp.X/ 2 .E.Y //ı .
U.011. Prove that every k-directed non-empty class is weakly k-directed. Give an
example of a weakly k-directed class which is not k-directed.
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Solution. Let Q be a non-empty k-directed class. If Q 2 Q then, for every
compactK , the relevant projection mapsQ�K continuously ontoK . Therefore all
(metrizable) compact spaces belong to Q. Since every k-directed class is preserved
by finite products and continuous images, this proves that every k-directed class is
weakly k-directed.

Now, if Q is the class of all metrizable compact spaces then it is evident that Q
is weakly k-directed. However, the class Q is not k-directed because I 2 Q and
I
!1 ' I � I

!1 2 E.I/ while I
!1 … Q.

U.012. Prove that if K 2 fcompact spaces, �-compact spaces, k-separable spacesg
then the class K is k-directed. How about the class of countably compact spaces?

Solution. Observe first that the class K is finitely productive. This is evident for
compact and �-compact spaces; if we have k-separable spaces X and Y and X 0; Y 0
are their respective dense �-compact subspaces then X 0 � Y 0 is a dense �-compact
subspace of X � Y . Furthermore, K contains the class of compact spaces and every
continuous image of an element from K also belongs to K. Again, this clear for
compact and �-compact spaces; ifX is k-separable and f W X ! Y is a continuous
onto map then take a dense �-compact X 0 � X and note that the set f .X 0/ is a
dense �-compact subspace of Y , i.e., Y is k-separable. This implies that any K 2
fcompact spaces, �-compact spaces, k-separable spacesg is k-directed.

Finally observe that the class of countably compact spaces is not k-directed
because it is not finitely productive (see Fact 2 of S.483).

U.013. Let P be a weakly k-directed class. Prove that, for any Y � Cp.X/ such
that Y 2 P , we have S.Y / � P .

Solution. Given a function f 2 Cp.X/ let jf j.x/ D jf .x/j for any x 2 X . It
follows from TFS-091 that the map '0 W Cp.X/! Cp.X/ defined by '0.f / D jf j
for any f 2 Cp.X/ is continuous. Besides, it was proved in TFS-115 that the
addition map s W Cp.X/ � Cp.X/ ! Cp.X/ defined by s.f; g/ D f C g for all
f; g 2 Cp.X/ is also continuous. The multiplicationm W Cp.X/�Cp.X/! Cp.X/

defined by m.f; g/ D f � g for all f; g 2 Cp.X/ is continuous as well: this was
proved in TFS-116.

An immediate consequence is that the map '1 W Cp.X/ � Cp.X/ ! Cp.X/

defined by '1.f; g/ D max.f; g/ is continuous because max.f; g/ D 1
2
.f C g C

jf � gj/ for all f; g 2 Cp.X/. Analogously, if '2.f; g/ D min.f; g/ for all f; g 2
Cp.X/ then the map '2 W Cp.X/�Cp.X/! Cp.X/ is continuous because we have
the equality '2.f; g/ D 1

2
.f C g � jf � gj/ for any f; g 2 Cp.X/.

Now, observe that S1.Y / D fY g � P and assume that we proved for some
n 2 N that Sn.Y / � P . If A;B 2 Sn.Y / then both MIN.A;B/ and MAX.A;B/
are continuous images of A � B by our above remarks. Analogously, Gk.A/ is a
continuous image of A�A� Œ�k; k
� Œ�k; k
 for any A 2 Sn.Y / and k 2 N. Since
the class P is weakly k-directed, this shows that MIN.A;B/ 2 P ; MAX.A;B/ 2 P
and Gk.A/ 2 P for any A;B 2 Sn.Y / and k 2 N. Therefore SnC1.Y / � P and
hence our inductive procedure proves that S.Y / D SfSn.Y / W n 2 Ng � P .
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U.014. Given a k-directed class Q and a compact spaceX assume that Y � Cp.X/
separates the points ofX and Y 2 Q. Prove thatCp.X/ 2 Q�ı, i.e., there is a space
Z such that Cp.X/ � Z and Cp.X/ D TfCn W n 2 !g where every Cn � Z is a
countable union of spaces with the property Q.

Solution. It is not evident from the definition that weakly k-directed properties and
classes are finitely additive; so let us formulate it for further references.

Fact 1. If R is a weakly k-directed property (or class) and Z D Z1 [ : : : [ Zn
where Zi ` R (or Zi 2 R respectively) for all i � n then Z also has R (or Z 2 R
respectively). In particular, if Znfzg has R for some z 2 Z then Z ` R.

Proof. It suffices to show it for n D 2, so assume thatZ D Z1[Z2 andZi ` R for
i D 1; 2. Since R is a weakly k-directed property, the space T D Z1 �Z2 has R as
well as T 0 D T �D. For any i 2 f1; 2g the relevant projection maps T continuously
ontoZi so T �f0gmaps continuously ontoZ1 and T �f1gmaps continuously onto
Z2. Since T 0 ' .T � f0g/˚ .T � f1g/, the space T 0 can be mapped continuously
ontoZ1[Z2 D Z. The property R is preserved by continuous images; so the space
Z has R. Finally, if Znfzg ` R thenZ D .Znfzg/[fzg and both summands in this
union have R (the first one by hypothesis and the second one because all metrizable
compact spaces have R) so Z ` R and Fact 1 is proved.

Returning to our solution observe that Y [ ff g has Q for any f 2 Cp.X/ (see
Fact 1). This shows that we can assume, without loss of generality, that u 2 Y where
u.x/ D 1 for all x 2 X . It follows from Problems 013 and 011 that S.Y / � Q;
besides,

S
S.Y / is uniformly dense in Cp.X/ by Problem 009. The family S.Y /

being countable, the setZ D S
S.Y / has Q� . Now apply Problem 010 to conclude

that Cp.X/ 2 .E.Z//ı. It is easy to see that E.Z/ also has Q� ; so Cp.X/ has Q�ı.

U.015. For a compact space X suppose that Y � Cp.X/ separates the points of X .
Prove that there exists a compact space K and a closed subspace F � o!.Y / �K
such that Cp.X/ is a continuous image of F .

Solution. Observe that Z D o!.Y / D .Y � !/! ' Y ! � !! . It is easy to see that
!! D ! � !!nf0g ' ! � !! ; as a consequence,

(1) Z � ! ' Y ! � !! � ! ' Y ! � !! ' Z.
Furthermore,

(2) Z! D ..Y � !/!/! ' .Y � !/!�! ' .Y � !/! D Z.
Say that a space T has Q if T is a continuous image of a closed subspace of
Z � P for some compact P . Suppose that we are given a family of spaces
fEi W i 2 !g where every Ei has Q. There is a family fPi W i 2 !g of compact
spaces and a collection fFi W i 2 !g such that Fi is closed in Z � Pi and Ei is
a continuous image of Fi for every i 2 !. If P D QfPi W i 2 !g then the set
F D QfFi W i 2 !g is closed in

QfZ � Pi W i 2 !g ' Z! � P ' Z � P
by (2); it immediate that E D Q

i2! Ei is a continuous image of F so E 2 Q,
which proves that

(3) Q is countably productive.
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It is evident that
(4) Q is preserved by continuous images and closed subspaces; so Q is k-directed.

Now, assume that T D SfTi W i 2 !g and Ti ` Q for every i 2 !; fix a
compact Pi and a closed Fi � Z � Pi which maps continuously onto Ti . Let
P D QfPi W i 2 !g. It is evident that Z � Pi embeds in Z � P as a closed
subset; therefore every Fi can be considered to be a closed subset of Z � P .
ThusF DLfFi W i 2 !g is homeomorphic to a closed subset of .Z�P/�! '
.Z �!/�P ' Z �P (here we used (1)). It is clear that F maps continuously
onto T so T has Q and hence

(5) Q is countably additive.

Finally, observe that Y has Q and apply Problem 014 to see that there exists a
space C and a family fCn W n 2 !g of subspaces of C such that Cp.X/ D TfCn W
n 2 !g and Cn ` Q� for every n 2 !. The property (5) implies that Cn ` Q for
every n 2 !; it follows from (3) and (4) that any countable intersection of spaces
with the property Q also has Q (see Fact 7 of S.271); so Cp.X/ ` Q, i.e., there
is a compact space K such that Cp.X/ is a continuous image of a closed subset of
Z �K D o!.Y / �K .

U.016. Prove that, for any compact space X , there exists a compact space K and a
closed subspace F � .Cp.X//! �K such thatCp.X!/ is a continuous image of F .

Solution. Denote by Xi a homeomorphic copy of the space X for any i 2 !; then
X! D Q

i2! Xi . Let pi W X! ! Xi be the natural projection for every i 2 !. Then
the dual map p�

i W Cp.Xi/ ! Cp.X
!/ embeds Cp.Xi / is Cp.X!/ (see TFS-163).

Since the space Zi D p�
i .Cp.Xi // is homeomorphic to Cp.X/ for all i 2 !, the

space Cp.X/ � ! maps continuously onto Z DS
n2! Zn.

To prove that Z separates the points of X! take any x; y 2 X! such that
x ¤ y. There is n 2 ! for which pn.x/ ¤ pn.y/. Now, take f 2 Cp.Xi / such
that f .pn.x// ¤ f .pn.y//; then h D p�

n .f / 2 Z and h.x/ D f .pn.x// ¤
f .pn.y// D h.y/.

The space Cp.X/ is never countably compact; so there is a countably infinite
closed discrete D � Cp.X/. Since D ' !, the countable discrete space ! embeds
in Cp.X/ as a closed subspace. The space Cp.X/ � ! maps continuously onto Z
which implies that the space .Cp.X/ � !/ � ! ' Cp.X/ � ! maps continuously
onto Z � ! so o!.Cp.X// maps continuously onto o!.Z/. By Problem 015 there
is a compact space K and a closed G � o!.Z/ �K which maps continuously onto
Cp.X

!/. Therefore there is a closed F � o!.Cp.X//�K which maps continuously
onto G and hence onto Cp.X!/.

Since ! embeds in Cp.X/ as a closed subspace, the space !! embeds in
.Cp.X//

! as a closed subspace; so o!.Cp.X// D .Cp.X//
! � !! embeds as a

closed subspace in the space .Cp.X//! � .Cp.X//! ' .Cp.X//
! . Consequently,

F can be considered to be a closed subspace of .Cp.X//! � K which maps
continuously onto Cp.X!/.

U.017. Let X be a compact space such that .Cp.X//! is Lindelöf. Show that
Cp.X

!/ is Lindelöf. As a consequence, Cp.Xn/ is Lindelöf for each n 2 N.
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Solution. It was proved in Problem 016 that there is a compact spaceK and a closed
F � .Cp.X//

! � K which maps continuously onto Cp.X!/. Since .Cp.X//! is
Lindelöf, the space .Cp.X//! �K is also Lindelöf so F is Lindelöf as well. Hence
Cp.X

!/ is Lindelöf being a continuous image of a Lindelöf space F .
Now, if n 2 N then there is a continuous onto map ' W X! ! Xn; the dual

map '� W Cp.Xn/ ! Cp.X
!/ embeds Cp.Xn/ in Cp.X!/ as a closed subspace

because ' is a closed map (see TFS-163). Therefore Cp.Xn/ is Lindelöf being
homeomorphic to a closed subspace of the Lindelöf space Cp.X!/.

U.018. Assume that a space X is compact and P is an !-perfect class. Prove that,
if Cp.X/ 2 P then Cp.X!/ 2 P .

Solution. We have o!.Cp.X// 2 P because P is !-perfect; since .Cp.X//! is a
continuous image of o!.Cp.X//, we also have .Cp.X//! 2 P . By Problem 016,
there is a compact space K and a closed F � .Cp.X//

! � K which maps
continuously onto Cp.X!/; since products with compact spaces, continuous images
and closed subspaces of spaces from P are also in P , we have F 2 P and hence
Cp.X

!/ 2 P .

U.019. Let P be an !-perfect class of spaces. Prove that the following properties
are equivalent for any compactX :

(i) the space Cp.X/ belongs to P;
(ii) there exists Y � Cp.X/ such that Y is dense in Cp.X/ and Y 2 P;

(iii) there exists Y � Cp.X/ which separates the points of X and belongs to P;
(iv) the space X embeds into Cp.Z/ for some Z 2 P .

Solution. The implication (i)H)(ii) is trivial; we have (ii)H)(iii) because
every dense subset of Cp.X/ separates the points of X . Now assume that some
Y � Cp.X/ separates the points of X and Y 2 P . By Problem 015, there is a
compact space K and a closed F � o!.Y / � K such that Cp.X/ is a continuous
image of F . The class P being !-perfect, we have o!.Y / � K 2 P and hence
F 2 P . Every !-perfect class is invariant under continuous images, so Cp.X/ 2 P ;
this settles (iii)H)(i) and shows that we have (i)” (ii)” (iii).

Since the space X embeds in Cp.Cp.X// (see TFS-167), if Cp.X/ 2 P then,
letting Z D Cp.X/, we obtain (i)H)(iv). Finally, assume that X � Cp.Z/ for
some Z 2 P and let ez.f / D f .z/ for any z 2 Z and f 2 X . Then ez 2 Cp.X/
for any z 2 Z and, letting e.z/ D ez for every z 2 Z we obtain a continuous
map e W Z ! Cp.X/ (see TFS-166). The property P being !-perfect, we have
Y D e.Z/ 2 P . Given distinct f; g 2 X there is z 2 Z such that f .z/ ¤ g.z/; this,
evidently, implies ez.f / ¤ ez.g/ and hence Y separates the points ofX . We proved,
therefore, that (iv)H)(iii) and hence all the properties (i)–(iv) are equivalent.

U.020. Prove that the class L.˙/ of Lindelöf ˙-spaces is !-perfect. As a conse-
quence, for any compact X , the following properties are equivalent:

(i) the space Cp.X/ is Lindelöf ˙;
(ii) there exists Y � Cp.X/ such that Y is dense in Cp.X/ and Y 2 L.˙/;
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(iii) there exists Y � Cp.X/ which separates the points ofX and belongs toL.˙/;
(iv) the space X embeds into Cp.Y / for some Lindelöf˙-space Y .

Solution. Any compact space is Lindelöf ˙ ; besides, the class L.˙/ is invariant
under countable unions, continuous images, closed subspaces and countable prod-
ucts (see SFFS-256, SFFS-257, SFFS-243 and SFFS-224). This proves thatL.˙/ is
an !-perfect class; so we can apply Problem 019 to conclude that (i)” (ii)”
(iii)” (iv).

U.021. LetX be a compact space such thatCp.X/ is Lindelöf˙ . Show thatCp.X!/

is a Lindelöf ˙-space and so is Cp.Xn/ for each n 2 N.

Solution. The classL.˙/ of Lindelöf˙-spaces is !-perfect by Problem 020; so we
can apply Problem 018 to conclude that if Cp.X/ 2 L.˙/ then Cp.X!/ 2 L.˙/.

Now, if n 2 N then there is a continuous onto map ' W X! ! Xn; the dual
map '� W Cp.Xn/ ! Cp.X

!/ embeds Cp.Xn/ in Cp.X!/ as a closed subspace
because ' is a closed map (see TFS-163). Therefore Cp.Xn/ is Lindelöf ˙ being
homeomorphic to a closed subspace of the Lindelöf˙-space Cp.X!/.

U.022. Prove that the class K.A/ of K-analytic spaces is !-perfect. Thus, for any
compact X , the following properties are equivalent:

(i) the space Cp.X/ is K-analytic;
(ii) there exists Y � Cp.X/ such that Y is dense in Cp.X/ and Y 2 K.A/;

(iii) there exists Y � Cp.X/ which separates the points of X and belongs to K.A/;
(iv) the space X embeds into Cp.Y / for some K-analytic space Y .

Solution. Any compact space is K-analytic; besides, the class K.A/ is invariant
under countable unions, continuous images, closed subspaces and countable prod-
ucts (see SFFS-343 and SFFS-345). This proves thatK.A/ is an !-perfect class; so
we can apply Problem 019 to conclude that (i)” (ii)” (iii)” (iv).

U.023. LetX be a compact space such thatCp.X/ isK-analytic. Show thatCp.X!/

is a K-analytic space and so is Cp.Xn/ for each n 2 N.

Solution. The classK.A/ ofK-analytic spaces is !-perfect by Problem 022; so we
can apply Problem 018 to conclude that if Cp.X/ 2 K.A/ then Cp.X!/ 2 K.A/.

Now, if n 2 N then there is a continuous onto map ' W X! ! Xn; the dual
map '� W Cp.Xn/ ! Cp.X

!/ embeds Cp.Xn/ in Cp.X!/ as a closed subspace
because ' is a closed map (see TFS-163). Therefore Cp.Xn/ is K-analytic being
homeomorphic to a closed subspace of the K-analytic space Cp.X!/.

U.024. Observe that any K-analytic space is Lindelöf ˙ . Give an example of a
space X such that Cp.X/ is Lindelöf ˙ but not K-analytic.

Solution. Any �-compact space is Lindelöf ˙ by SFFS-226; therefore, it follows
from SFFS-258 that any K�ı-space is Lindelöf ˙ . Since every continuous image
of a Lindelöf ˙-space is Lindelöf ˙ (see SFFS-243), any K-analytic space is
Lindelöf˙ .



60 2 Solutions of Problems 001–500

Now, take any � 2 ˇ!n! and let X D ! [ f�g. Then X is a countable space, so
Cp.X/ is Lindelöf ˙ being second countable (see SFFS-228). However, the space
Cp.X/ cannot beK-analytic because otherwise it would be analytic (see SFFS-346)
which contradicts SFFS-371.

U.025. Give an example of X such that Cp.X/ is K-analytic but notK�ı.

Solution. It was proved in SFFS-372 that there is a countable space X such that
Cp.X/ is a Borel subspace of RX and Cp.X/ … ˙0

3 .R
X/. It is evident that every

K�ı-subspace of RX belongs to˘0
2 .R

X/ � ˙0
3 .R

X/ (see SFFS-320). Furthermore,
Cp.X/ is analytic (and hence K-analytic, see SFFS-346) because all Borel sets are
analytic (see SFFS-334). Consequently, Cp.X/ is a K-analytic space which fails to
be K�ı.

U.026. Let X be a Lindelöf ˙-space. Prove that Cp.X/ is normal if and only if
Cp.X/ is Lindelöf. In particular, if X is compact then Cp.X/ is normal if and only
if it is Lindelöf.

Solution. If Cp.X/ is normal then ext.Cp.X// D ! by Reznichenko’s theorem
(TFS-296) and hence Cp.X/ is Lindelöf by Baturov’s theorem (SFFS-269). Since
every Lindelöf space is normal, this proves that normality of Cp.X/ is equivalent to
l.Cp.X// D ! for any Lindelöf˙-space X (and hence for any compact space X ).

U.027. Suppose that X is a Lindelöf ˙-space such that Cp.X/nff g is normal for
some f 2 Cp.X/. Prove that X is separable. In particular, if X is !-monolithic
and Cp.X/nff g is normal for some f 2 Cp.X/ then X has a countable network.

Solution. Since the space Cp.X/ is homogeneous, the space Cp.X/nfgg is normal
for any g 2 Cp.X/; in particular, if u.x/ D 1 for all x 2 X then Cp.X/nfug is
normal. Observe that for Z D Cp.X; I/ we have Z0 D Znfug D Z \ .Cp.X/nfug/
so Z0 is normal being a closed subspace of the normal space Cp.X/nfug.

Another important observation is that Z0 is a convex subset of IX ; indeed, if we
are given h; g 2 Z0 and t 2 Œ0; 1
 then, for the function v D tg C .1 � t/h, we
have jv.x/j � t jg.x/j C .1 � t/jh.x/j � t C .1 � t/ D 1 so v 2 Z. Assume that
v D u; then t 2 .0; 1/ because fg; hg � Znfug. Besides, there is x 2 X for which
g.x/ < 1 and hence v.x/ D tg.x/ C .1 � t/h.x/ < t C .1 � t/ D 1 which is a
contradiction. Therefore v 2 Z0 and hence Z0 is a dense convex subspace of IX .
This makes it possible to apply Reznichenko’s theorem (TFS-294) to conclude that
ext.Z0/ D ! and hence l.Z0/ D ! by Baturov’s theorem (SFFS-269).

Fact 1. For any space T and a closed F � T we have  .F; T / � l.T nF /. In
particular,  .t; T / � l.T nftg/ for any t 2 T .

Proof. If � D l.T nF / then choose, for any z 2 T nF a set Uz 2 �.z; T / such that
U z � T nF . The family fUz W z 2 T nF g is an open cover of the space T nF ; so
there is a set A � T nF for which jAj � � and

SfUz W z 2 Ag D T nF . We also
have the equality

SfU z W z 2 Ag D T nF and therefore F D TfT nU z W z 2 Ag
which shows that  .F; T / � jAj � � D l.T nF / and finishes the proof of Fact 1.
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Returning to our solution apply Fact 1 to conclude that  .u; Z/ D !.
Consequently,  .Cp.X// D  .u; Z/ D ! (see Fact 3 of S.398 and Fact 1 of
T.448) and hence X is separable by TFS-173.

U.028. Let X and Cp.X/ be Lindelöf ˙-spaces and suppose that Cp.X/nff g is
normal for some f 2 Cp.X/. Prove that X has a countable network.

Solution. Observe that Cp.X/ is stable being a Lindelöf˙-space (see SFFS-266);
so X is !-monolithic by SFFS-152. Now apply Problem 027 to conclude that X is
separable and hence nw.X/ D !.

U.029. Let Mt be a separable metrizable space for all t 2 T . Suppose that Y is
dense in M D QfMt W t 2 T g and Z is a continuous image of Y . Prove that, if
Z �Z is normal then ext.Z/ D ! and hence Z is collectionwise normal.

Solution. For every S � T the map pS W M ! MS D Q
t2S Mt is the natural

projection and YS D pS.Y /; we will also need the map qS WM �M !MS �MS

defined by qS.a; b/ D .pS.a/; pS .b// for any a; b 2M .
Fix a continuous onto map ' W Y ! Z and assume that ext.Z/ > ! and

hence there is a faithfully indexed closed discrete set D D fz˛ W ˛ < !1g � Z.
The set D � D is closed and discrete in Z � Z; so A D f.z˛; z˛/ W ˛ < !1g and
B D f.z˛; zˇ/ W ˛; ˇ < !1 and ˛ ¤ ˇg are disjoint closed subsets of Z � Z. By
normality of Z there is a continuous function u W Z ! R such that u.A/ D f0g and
u.B/ D f1g.

Choose a point y˛ 2 '�1.z˛/ for any ordinal ˛ < !1 and consider the sets A0 D
f.y˛; y˛/ W ˛ < !1g and B 0 D f.y˛; yˇ/ W ˛; ˇ < !1 and ˛ ¤ ˇg. For any element
.a; b/ 2 Y � Y let �.a; b/ D .'.a/; '.b// 2 Z � Z. Then � W Y � Y ! Z � Z
is a continuous onto map for which �.A0/ D A and �.B 0/ D B . Consequently,
v D u ı � W Y � Y ! R is a continuous function such that v.A0/ D f0g and
v.B 0/ D f1g.

The space Y �Y is dense inM �M which is still a product of second countable
spaces; so there is a countable S � T for which there exists a continuous map
h W YS � YS ! R such that h ı .qS j.Y � Y // D v (see TFS-299).

We have h.qS.A0// D f0g and h.qS .B 0// D f1g; so the sets A1 D qS.A
0/ and

B1 D qS.B
0/ are separated in MS � MS , i.e., A1 \ B1 D ; and B1 \ A1 D ;

(the bar denotes the closure in MS �MS ). For any ˛ < !1 let x˛ D pS.y˛/; since
.x˛; x˛/ … B1, there is W˛ 2 �.x˛;MS/ such that .W˛ �W˛/ \ B1 D ;.

The space MS is second countable; so the set P D fx˛ W ˛ < !1g � MS cannot
be discrete. Therefore there is 
 < !1 such that x
 is an accumulation point for P .
In particular, there are distinct ordinals ˛; ˇ 2 !1nf
g such that x˛; xˇ 2 W
 . As a
consequence, b D .y˛; yˇ/ 2 B 0 and qS.b/ D .x˛; xˇ/ 2 B1\ .W
 �W
/ which is
a contradiction with the choice of W
 . This proves that ext.Z/ D ! and hence Z
is collectionwise normal by Fact 3 of S.294.

U.030. Prove that, for any infinite zero-dimensional compact space X , there exists
a closed F � Cp.X;D!/ � Cp.X/ which maps continuously onto .Cp.X//! .
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Solution. Since X is compact, we have Cp.X/ D SfCp.X; Œ�n; n
/ W n 2 Ng.
Every Cp.X; Œ�n; n
/ is homeomorphic to Cp.X; I/; so Cp.X/ is a continuous
image of Cp.X; I/ � !. The space Cp.X; I/ is, in turn, a continuous image of
Cp.X;D

!/ by Problem 004 which shows that Cp.X/ is a continuous image of
Cp.X;D

!/ � !. The space X being infinite it cannot be a P -space (see Fact 2
of T.090) so Cp.X; I/ is not countably compact by TFS-397. As a consequence,
the space Cp.X;D!/ is not countably compact either; so we can find a countably
infinite closed discrete D � Cp.X;D!/.

Observe that Cp.X;D!/ ' Cp.X; .D
!/!/ ' .Cp.X;D

!//! (see TFS-112);
since! is homeomorphic to a closed subspace ofCp.X;D!/, the spaceCp.X;D!/�
! is homeomorphic to a closed subspace of Cp.X;D!/�Cp.X;D!/ ' Cp.X;D!/.
Thus some closed G � Cp.X;D!/ maps continuously onto Cp.X/. Then F D G!

is a closed subspace of .Cp.X;D!//! ' Cp.X;D
!/ � Cp.X/ which maps

continuously onto .Cp.X//! .

U.031. Prove that, for any infinite zero-dimensional compact space X , there exists
a closed F � Cp.X;D!/ � Cp.X/ which maps continuously onto Cp.X!/.

Solution. If A is a family of sets then
W

A is the family of all finite unions of
elements of A; analogously,

V
A is the family of all finite intersections of elements

of A. If Z is a space then C.Z/ is the family of all clopen subsets of Z.
Observe that Cp.X!/ D SfCp.X!; Œ�n; n
/ W n 2 Ng because X! is compact.

For every n 2 N, the space Cp.X!; Œ�n; n
/ is homeomorphic to Cp.X
!; I/;

so Cp.X
!/ is a continuous image of the space Cp.X!; I/ � !. Since X! is

zero-dimensional (see SFFS-302), the space Cp.X!; I/ is a continuous image of
Cp.X

!;D!/ by Problem 004; thus

(0) Cp.X!/ is a continuous image of Cp.X!;D!/ � !.

For any i 2 ! let pi W X! ! X be the natural projection of X! onto its i -th
factor. Then pi is continuous and onto so its dual map p�

i W Cp.X/ ! Cp.X
!/ is

an embedding by TFS-163; let Zi D p�
i .Cp.X;D// for all i 2 !. It turns out that

(1) the set Z D SfZi W i 2 !g � Cp.X!;D/ strongly separates the points in X! ,
i.e., for any distinct x; y 2 X! and i; j 2 D there is g 2 Z with g.x/ D i and
g.y/ D j .

Since constant functions belong to Z, there is nothing to prove if i D j so
assume that i ¤ j and hence i C j D 1. There is n 2 ! such that x.n/ ¤ y.n/

and therefore we can find a clopen set U in the space X such that x.n/ 2 U and
y.n/ … U . If i D 1 then let f D 	U where 	U is the characteristic function of U ; if
i D 0 then let f D 1�	U . Then f 2 Cp.X;D/ and f .x.n// D i while f .y.n// D
1 � i D j . Thus p�

n .f /.x/ D f .x.n// D i and f .y.n// D p�
i .f /.y/ D j which

shows that g D p�
i .f / 2 Z is as promised, i.e., (1) is proved.

Our next step is to show that

(2)
W
.
Vff �1.1/ W f 2 Zg/ D C.X!/.
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To prove (2) let C D ff �1.1/ W f 2 Zg and take any non-empty U 2 C.X!/.
For any x 2 U and y 2 X!nU apply (1) to find a function fx;y 2 Z such that
fx;y.x/ D 1 and fx;y.y/ D 0; then Ox;y D f �1

x;y .1/ 2 C. Furthermore,
TfOx;y W

y 2 X!nU g � U so we can apply Fact 1 of S.326 to see that there is a finite
A � X!nU for which Wx DTfOx;y W y 2 Ag � U . It is clear that x 2 Wx 2V

C
for any x 2 U . The set U being compact there is a finite set B � U such thatSfWx W2 Bg D U which shows that U is a finite union of elements of

V
C, i.e.,

U 2W
.
V

C/ and hence (2) is proved.
Let M.Z/ D ff0 � : : : � fn W n 2 !; fi 2 Z; i � ng. It is easy to see that

ff �1.1/ W f 2 M.Z/g D V
C. If f; g 2 Cp.X

!;D/ then let .f � g/.x/ D
f .x/ C g.x/ � f .x/g.x/ for any x 2 X! . We have f � g D g � f for any
f; g 2 Cp.X!;D/ so, for any n 2 !, we can define the operation f0 � : : : � fn
inductively as .f0 � : : : � fn�1/ � fn. It is straightforward that it is associative and
f0 � : : : � fn 2 Cp.X!;D/; besides, .f0 � : : : � fn/�1.1/ D f �1

0 .1/[ : : :[ f �1
n .1/

for any f0; : : : ; fn 2 Cp.X!;D/. Thus, for the set S.Z/ D ff0 � : : : � fn W n 2
!; fi 2M.Z/ for all i � ng, we have ff �1.1/ W f 2 S.Z/g D W

.
V

C/ D C.X!/

by (2). An immediate consequence is that S.Z/ D Cp.X!;D/.
For any n 2 ! we will need the maps

mn W .Cp.X!;D//nC1! Cp.X
!;D/ and an W .Cp.X!;D//nC1 ! Cp.X

!;D/

defined by mn.f0; : : : ; fn/ D f0 � : : : � fn and an.f0; : : : ; fn/ D f0 � : : : � fn
for any .f0; : : : ; fn/ 2 .Cp.X!;D//nC1. All maps mn ad an are continuous being
arithmetical combinations of sums and products. Recalling the definitions ofM.Z/
and S.Z/ we can see that M.Z/ D Sfmn.Z

nC1/ W n 2 !g and S.Z/ DSfan..M.Z//nC1/ W n 2 !g.
Given spaces P and Q we will use the expression P � Q to abbreviate the

phrase “some closed subset of P maps continuously onto Q”. In particular, if P
maps continuously onto Q, or Q is homeomorphic to a closed subset of P then
P � Q.

Since everyZi is a continuous image of Cp.X;D/, we have Cp.X;D/�! � Z.
Therefore, .Cp.X;D/ � !/! ' Cp.X;D

!/ � !! � Z! � ZnC1 for any
n 2 !. Since X is compact and infinite, the space Cp.X; I/ is not countably
compact by TFS-397; furthermore, Cp.X;D!/ maps continuously onto Cp.X; I/
by Problem 004 so the space Cp.X;D!/ is not countably compact either. As a
consequence, ! can be considered to be a closed subspace of Cp.X;D!/ and
hence !! is a closed subspace of the space .Cp.X;D!//! ' Cp.X;D

!/; so
Cp.X;D

!/�!! is homeomorphic to a closed subset of Cp.X;D!/�Cp.X;D!/ '
Cp.X;D

!/ and hence we obtain

(3) Cp.X:D!/ � .Cp.X:D
!//! and Cp.X:D

!/ � Cp.X;D
!/ � !! �

Cp.X;D
!/ � !.

This shows that Cp.X;D!/� ZnC1 � mn.Z
nC1/ for any n 2 ! and therefore

Cp.X;D
!/ � ! � M.Z/. By (3), we have Cp.X;D!/ � Cp.X;D

!/ � !; so
Cp.X;D

!/� M.Z/.
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Analogously, .Cp.X;D!//nC1 � .M.Z//nC1 � an..M.Z//
nC1/ which,

together with .Cp.X;D!//nC1'Cp.X;D!/ impliesCp.X;D!/� an..M.Z//
nC1/

for any n 2 ! and thereforeCp.X;D!/� Cp.X;D
!/�! � S.Z/ D Cp.X!;D/.

Consequently, Cp.X;D!/ ' .Cp.X;D
!//! � .Cp.X

!;D//! ' Cp.X
!;D!/.

Finally, apply (0) to conclude that Cp.X;D!/� Cp.X;D
!/�! � Cp.X

!;D!/�
! � Cp.X

!/; this is the same as saying that there is a closed subset of Cp.X;D!/
which maps continuously onto Cp.X!/.

U.032. Prove that the following conditions are equivalent for an arbitrary zero-
dimensional compact X :

(i) Cp.X;D!/ is normal;
(ii) Cp.X; I/ is normal;

(iii) Cp.X/ is normal;
(iv) Cp.X/ is Lindelöf;
(v) .Cp.X//! is Lindelöf;

(vi) Cp.X!/ is Lindelöf.

Solution. There is nothing to prove if X is finite; so assume that jX j � !. The
implications (v)H)(iv)H)(iii) are evident. Since Cp.X; I/ is closed in Cp.X/ and
Cp.X;D

!/ is closed inCp.X; I/, the implications (iii)H)(ii) and (ii)H)(i) are also
clear.

Since Cp.X;D!/ ' .Cp.X;D//
! and Cp.X;D/ is dense in D

X (see Fact 1 of
S.390), the space Cp.X;D!/ can be considered to be a dense subspace of .DX/!

so we can apply Problem 029 to conclude that it follows from normality of the
space Cp.X;D!/ ' Cp.X;D!/�Cp.X;D!/ that ext.Cp.X;D!// D ! and hence
Cp.X;D

!/ is Lindelöf by Baturov’s theorem (SFFS-269).
By Problem 030, there is a closed F � Cp.X;D

!/ which maps continuously
onto .Cp.X//! ; the space F is Lindelöf being closed in Cp.X;D!/ so .Cp.X//!

has also to be Lindelöf and hence we settled (i)H)(v). Therefore all properties
(i)–(v) are equivalent.

The space X is a continuous image of X! ; the respective dual map embeds
Cp.X/ in Cp.X!/ as a closed subspace (see TFS-163) so if Cp.X!/ is Lindelöf
then Cp.X/ is Lindelöf as well. This proves that (vi)H)(iv). Finally, if .Cp.X//!

is Lindelöf then Cp.X!/ is also Lindelöf by Problem 017 and hence (v)H)(vi).
Therefore all properties (i)–(vi) are equivalent.

U.033. Observe that Cp.X/ is monolithic for any compact X . Using this fact prove
that, for any compact space X , each compact subspace Y � Cp.X/ is a Fréchet–
Urysohn space.

Solution. The space Cp.X/ is monolithic becauseX is stable (see SFFS-154). That
every compact Y � Cp.X/ is a Fréchet–Urysohn space was proved in Fact 10 of
S.351.

U.034. Prove that, for any metrizable space M , there is a compact space K such
that M embeds in Cp.K/.
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Solution. Fix a base B � ��.M/ in the space M such that B D S
n2! Bn and Bn

is a discrete family for every n 2 ! (this is possible because any metrizable space
has a �-discrete base by TFS-221). For any U 2 Bn there is a continuous function
pnU WM ! Œ0; 1

nC1 
 such that .pnU /
�1.0/ D MnU (see Fact 2 of T.080).

Define a functionp WM ! R by p.x/ D 0 for all x 2M and consider the space
K D fpg[fpnU W n 2 !; U 2 Bng � Cp.M/. Take anyO 2 �.p; Cp.M//; there is
" > 0 and a finite setA �M such thatW D ff 2 Cp.M/ W f .A/ � .�"; "/g � O .
Take m 2 ! for which 1

m
< "; then pnU .x/ � 1

nC1 <
1
m
< " for any n � m; x 2M

and U 2 Bn. In particular,Kn D fpnU W U 2 Bng � W for all n � m.
Now, if n < m then only finitely many elements of Bn meet A because Bn is

discrete. If U 2 Bn and A \ U D ; then pnU .A/ D f0g and hence pnU 2 W .
Therefore KnnW is finite for any n < m which shows that KnW � KnO is finite
and hence

(1) KnO is finite for anyO 2 �.p; Cp.M//.

An immediate consequence of (1) is that the space K is compact. Given x 2 M
let ex.f / D f .x/ for any f 2 K; then ex 2 Cp.K/ and, letting e.x/ D ex for any
x 2 M , we obtain a continuous map e WM ! Cp.K/ (see TFS-166).

Suppose that x 2 M and G � M is a closed set such that x … G. Since B
is a base in M , there is n 2 ! and U 2 Bn such that x 2 U � MnG. For the
function f D pnU 2 K we have f .x/ > 0 and f .G/ D f0g; so f .x/ … f .G/. This
proves that K separates the points and closed subsets of M so e is an embedding
(see TFS-166). ThusK is a compact space such that M embeds in Cp.K/.

U.035. Prove that the following conditions are equivalent for any compactX :

(i) there is a compactK � Cp.X/ which separates the points of X ;
(ii) there is a �-compact Y � Cp.X/ which separates the points of X ;

(iii) there is a �-compactZ � Cp.X/ which is dense in Cp.X/;
(iv) X embeds into Cp.K/ for some compactK;
(v) X embeds into Cp.Y / for some �-compact Y .

Solution. The implication (i)H)(ii) is evident. Now if the statement (ii) is true then
let Z D A.Y / where A.Y / is the minimal algebra in Cp.X/ such that Y � A.Y /
(see Problem 006). It is clear that the class of �-compact spaces is k-directed; so
Z is a countable union of �-compact spaces, i.e., Z is also �-compact. The set Z
is dense in Cp.X/ by TFS-192; so we proved that (ii)H)(iii). It was established
in Fact 3 of S.312 that (iii) ” (i) and, in particular, (iii)H)(i) so the properties
(i)–(iii) are equivalent. Besides, it was proved in Fact 12 of S.351 that (i)” (iv)
so (i)” (ii)” (iii)” (iv).

It is immediate that (iv)H)(v); now if X � Cp.Y / for some �-compact space
Y then let ey.f / D f .y/ for any y 2 Y and f 2 X . Then ey 2 Cp.X/ and,
letting e.y/ D ey for every y 2 Y , we obtain a continuous map e W Y ! Cp.X/

(see TFS-166). The set T D e.Y / is �-compact and it is an easy exercise that T
separates the points of X . Thus some �-compact T � Cp.X/ separates the points
of X and hence we proved that (v)H)(ii).
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U.036. Suppose that X is compact and embeds into Cp.Y / for some compact Y .
Prove that it is possible to embedX into Cp.Z/ for some Fréchet–Urysohn compact
space Z.

Solution. We consider that X � Cp.Y /; for any point y 2 Y and f 2 X let
ey.f / D f .y/. Then ey 2 Cp.X/ and the correspondence y ! ey defines a
continuous map e W Y ! Cp.X/ (see TFS-166). The space Z D e.Y / � Cp.X/

is compact and it is an easy exercise that Z separates the points of X . Besides, Z
is Fréchet–Urysohn by Problem 033; for any f 2 X and z 2 Z let uf .z/ D z.f /.
Then uf 2 Cp.Z/ and letting u.f / D uf for any f 2 X we obtain a continuous
map u W X ! Cp.Z/. Since Z separates the points of X , the map u is injective by
Fact 2 of S.351; the space X being compact, u is an embedding of X into Cp.Z/
and we already saw that Z is a compact Fréchet–Urysohn space.

U.037. Give an example of a compact space X which embeds into Cp.Y / for some
compact Y but cannot be embedded into Cp.Z/ for any compact first countable
space Z.

Solution. If � is a cardinal thenA.�/ is the Alexandroff one-point compactification
of a discrete space of cardinality �. Fix any cardinal � > 2c; the space Y D A.�/

is compact and it follows from 2c < � D c.A.�// D a.Cp.A.�/// (see TFS-181),
that the compact space X D A.2c/ embeds in Cp.Y /.

Now, if the space X embeds in Cp.Z/ for some compact first countable space Z
then jZj � c by TFS-329 and hence 2c D w.X/ � w.Cp.Z// D jZj � c which is
a contradiction.

U.038. Suppose that X embeds into Cp.Y / for some compact Y . Prove that it is
possible to embed X into Cp.Z/ for some zero-dimensional compact space Z.

Solution. We can consider that Y � I
� for some infinite cardinal � (see TFS-127).

There exists a continuous onto map ' W D� ! I
� (see Fact 2 of T.298). The space

Z D '�1.Y / is zero-dimensional and compact (see SFFS-303) and � D 'jZ maps
Z continuously onto Y . The dual map �� W Cp.Y / ! Cp.Z/ embeds Cp.Y / in
Cp.Z/ (see TFS-163) so X can also be embedded in Cp.Z/.

U.039. Suppose that X embeds into Cp.Y / for some countably compact Y . Prove
that it is possible to embed X into Cp.Z/ for some zero-dimensional countably
compact space Z.

Solution. We can consider that Y � I
� for some infinite cardinal � (see TFS-127).

There exists a continuous onto map ' W D� ! I
� (see Fact 2 of T.298). The space

Z D '�1.Y / is zero-dimensional by SFFS-303. Furthermore, � D 'jZ maps Z
continuously onto Y and the map � is perfect by Fact 2 of S.261.

Fact 1. Any perfect preimage of a countably compact space is countably compact.

Proof. Let Q be a countably compact space and assume that u W P ! Q is a
perfect map. IfD is an infinite closed discrete subset of P thenD\ u�1.y/ is finite
because u�1.y/ is compact for any y 2 Q. This implies that the setE D u.D/ � Q
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is infinite. For any E 0 � E we have E 0 D u.D0/ for some D0 � D. The set D is
closed and discrete and the map u is closed soD0 is closed in P and henceE 0 has to
be closed inQ. It turns out thatE � Q is infinite and everyE 0 � E is closed inQ.
As a consequence,E 0 is an infinite closed discrete subspace ofQ which contradicts
countable compactness of Q; so Fact 1 is proved.

Returning to our solution observe that Z is countably compact by Fact 1. The
dual map �� W Cp.Y / ! Cp.Z/ embeds Cp.Y / in Cp.Z/ (see TFS-163); so X
can also be embedded in Cp.Z/; the space Z being countably compact and zero-
dimensional, our solution is complete.

U.040. Give an example of a space Y which embeds in Cp.X/ for a pseudocompact
space X but does not embed in Cp.Z/ for any countably compactZ.

Solution. It was proved in TFS-400 that there exists a pseudocompact non-compact
space X such that every countable A � X is closed and C �-embedded in X . It
follows from TFS-398 that the space Y D Cp.X; I/ � Cp.X/ is pseudocompact.

Assume that Y embeds in Cp.Z/ for some countably compact space Z. We can
consider that Y � Cp.Z/ and hence K D Y is also a pseudocompact subspace of
Cp.Z/ (see Fact 18 of S.351). Since K is closed in Cp.Z/, we can apply Fact 2 of
S.307 to conclude that K is compact.

For any z 2 Z and f 2 K let ez.f / D f .z/; then ez 2 Cp.K/ and the
correspondence z ! ez gives a continuous map e W Z ! Cp.K/ (see TFS-166).
The space Z0 D e.Z/ � Cp.K/ is countably compact; so we can use Fact 18 of
S.351 and Fact 2 of S.307 again to see thatM D Z0 is compact. It is straightforward
that Z0 separates the points of K and hence so does M . Thus we have a compact
space M � Cp.K/ which separates the points of K . Consequently, K embeds in
Cp.M

0/ for some compactM 0 by Problem 035 and thereforeK is Fréchet–Urysohn
by Problem 033.

Now, Y � K implies that the space Y is also Fréchet–Urysohn; since Cp.X/
embeds in Y D Cp.X; I/, it has to be Fréchet–Urysohn as well and therefore
t.Cp.X// D !. Thus X is Lindelöf which, together with pseudocompactness of
X implies that X is compact. This contradiction shows that Y is a pseudocompact
space which embeds inCp.X/ for a pseudocompactX but does not embed inCp.Z/
for any countably compactZ.

U.041. Prove that a countable space Y embeds intoCp.X/ for some pseudocompact
space X if and only if Y embeds into Cp.Z/ for some compact metrizable space Z.

Solution. Sufficiency is evident; so assume that Y � Cp.X/ for some pseudocom-
pact X . For any x 2 X let ex.f / D f .x/ for any f 2 Y ; then ex 2 Cp.Y / and the
correspondence x ! ex represents a continuous map e W X ! Cp.Y / (see TFS-
166); let Z D e.X/. The space Z is pseudocompact because the map e W X ! Z is
continuous; besides, w.Z/ � w.Cp.Y // D jY j � ! so Z is metrizable and hence
compact. The dual map e� W Cp.Z/! Cp.X/ embeds Cp.Z/ in Cp.X/ (see TFS-
163) and it is easy to check that e�.Cp.Z// � Y . Thus Y embeds in Cp.Z/ for a
compact metrizable space Z.
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U.042. Give an example of a space Y which embeds into Cp.X/ for a countably
compact space X but does not embed into Cp.Z/ for a compact space Z.

Solution. LetX be the ordinal!1 with the interval topology. ThenX is a countably
compact non-compact space and Y D Cp.X/ embeds in Cp.X/ (even coincides
with it). However, Y is not embeddable in Cp.Z/ for a compact space Z because
otherwise t.Y / D ! which implies that l.X/ D ! and hence X is compact, a
contradiction.

U.043. Let � 2 ˇ!n!. Prove that the countable space !� D ! [ f�g, considered
with the topology inherited from ˇ!, does not embed into Cp.X/ for a pseudocom-
pact X .

Solution. If !� embeds in Cp.X/ for some pseudocompact X then there is a
metrizable compactK such that !� embeds in Cp.K/ (see Problem 041). There is a
continuous onto map ' W P! K (see e.g., SFFS-328) and hence Cp.K/ embeds in
Cp.P/ (see TFS-163). Therefore !� embeds in Cp.P/ which is a contradiction with
SFFS-371.

U.044. (Grothendieck’s theorem). Suppose thatX is a countably compact space and
B � Cp.X/ is a bounded subset of Cp.X/. Prove that B is compact. In particular,
the closure of any pseudocompact subspace of Cp.X/ is compact.

Solution. The set F D B is also bounded in Cp.X/ by Fact 2 of S.398. For any
x 2 X the set ex.F / D ff .x/ W f 2 F g � R is a continuous image of F (TFS-
167); therefore ex.F / is bounded in R by Fact 1 of S.399 and hence there isKx > 0

such that ex.F / � Œ�Kx;Kx
. It is easy to see that F � Q D QfŒ�Kx;Kx
 W x 2
Xg; since Q is compact, it suffices to show that F is closed in R

X .
Suppose not, and fix any f 2 ŒF 
nF (the brackets denote the closure in R

X ).
SinceF is closed inCp.X/, the function f must be discontinuous; so take any point
a 2 X and A � X such that a 2 clX.A/ while f .a/ … f .A/. Take O;G 2 �.R/
such that f .a/ 2 O; f .A/ � G and O \ G D ;. We will construct sequences
ffn W n 2 !g � F; fUn W n 2 !g � �.a;X/ and fan W n 2 !g � A with the
following properties:

(1) clX.UnC1/ � Un and an 2 Un for all n 2 !;
(2) fn.Un/ � O for all n 2 !;
(3) fnC1.ai / 2 G for all n 2 ! and i � n.

Since f 2 ŒF 
, there is f0 2 F such that f0.a/ 2 O ; the function f0 being
continuous there exists U0 2 �.a;X/ such that f0.U0/ � O . The point a belongs to
the closure of A so there exists a0 2 A \ U0. It is evident that (1)-(2) are fulfilled
for a0; f0 and U0. The property (3) is fulfilled vacuously.

Assume that we have ai ; fi and Ui with the properties (1)–(3) for all i � n.
Since An D fa0; : : : ; ang � A we have f .An/ � G; it follows from f 2 ŒF 
 that
there exists fnC1 2 F such that fnC1.a/ 2 O and fnC1.An/ � G. The function
fnC1 being continuous there exists UnC1 2 �.a;X/ such that clX.UnC1/ � Un and
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fnC1.UnC1/ � O . Take any point anC1 2 UnC1 \ A and observe that (1)-(3) are
fulfilled for the sequence fai ; fi ; Ui W i � .n C 1/g; so our inductive construction
can be carried out for all n 2 !.

Once we have the sequences ffn W n 2 !g � F; fUn W n 2 !g � �.a;X/ and
S D fan W n 2 !g � A with the properties (1)–(3) take an accumulation point b
of the sequence fan W n 2 !g (which exists because X is countably compact). Note
that, for any x 2 Xn.TfUn W n 2 !g/ we have x 2 V D XnclX.Un/ for some
n 2 ! and hence V is a neighbourhood of x which intersects only finitely many
points of the sequence S so x cannot be an accumulation point of S .

This shows that b 2 P DTfUn W n 2 !g DTfclX.Un/ W n 2 !g. If Y D fbg[
S then Y is countable and �Y .F / � Cp.Y / is a bounded subspace of Cp.Y / (here,
as usual, �Y W Cp.X/ ! Cp.Y / is the restriction map). Since w.Cp.Y // D !, we
have �.Cp.Y // D Cp.Y / and hence the closure of �Y .F / if Cp.Y / is compact by
TFS-415. Therefore there exists an accumulation point g 2 Cp.Y / of the sequence
fgn D �Y .fn/ W n 2 !g � �Y .F /. Thus g.b/ has to be in the closure of the set
fgn.b/ W n 2 !g D ffn.b/ W n 2 !g. But fn.b/ 2 fn.P / � fn.Un/ � O for every
n 2 !; so ffn.b/ W n 2 !g � O and hence g.b/ 2 O .

On the other hand, it immediately follows from continuity of the function g that
g.b/ 2 fg.an/ W n 2 !g; since fk.an/ 2 G for all k > n, we have g.an/ 2 G for
each n 2 !. An immediate consequence is that g.b/ 2 G, i.e., g.b/ 2 O \G D ;
which is a contradiction. We proved that F is closed in R

X ; so F is compact.
Finally observe that if E � Cp.X/ is pseudocompact then E is bounded in

Cp.X/ and hence E is compact.

U.045. Prove that there exists a pseudocompact space X for which there is a closed
pseudocompact Y � Cp.X/ which is not countably compact.

Solution. It was proved in TFS-400 that there exists a pseudocompact non-compact
space X such that every countable A � X is closed and C �-embedded in X . The
set Y D Cp.X; I/ � Cp.X/ is closed in Cp.X/ and it follows from TFS-398 that
Y is pseudocompact.

Now, if Y is countably compact then X is a P -space by TFS-397; since X is
not compact, it has to be infinite, so take a countably infinite A � X . It follows
from Fact 1 of S.479 that A is C -embedded in X . If fan W n 2 !g is a faithful
enumeration of A then let f .an/ D n for any n 2 !. The function f W A ! R

is continuous because A is discrete. If g 2 Cp.X/ and gjA D f (such a function
g has to exist because A is C -embedded in X ) then g is a continuous unbounded
function on X which is a contradiction with pseudocompactness of X . Thus Y is a
closed pseudocompact subspace of Cp.X/ which fails to be countably compact.

U.046. Let X be a �-compact space. Prove that any countably compact subspace of
Cp.X/ is compact.

Solution. If Y � Cp.X/ is countably compact then Y embeds in Cp.K/ for some
compact space K (see Problem 035). The space F D Y � Cp.K/ is compact by
Problem 044; so we can apply Fact 19 of S.351 to conclude that Y is compact.
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U.047. Let X be a space and suppose that there is a point x0 2 X such that
 .x0;X/ D ! and x0 … A for any countable A � X . Prove that there is an
infinite closed discrete B � Cp.X/ such that B is bounded in Cp.X/.

Solution. Fix a sequence fUn W n 2 !g � �.x0; X/ such that UnC1 � Un for any
n 2 ! and

TfUn W n 2 !g D fx0g. There exists a function fn 2 Cp.X/ such that
fn.x0/ D 1 and fn.XnUn/ D f0g for all n 2 !. Let f .x0/ D 1 and f .x/ D 0 for all
x 2 Xnfx0g. Then f 2 R

XnCp.X/ and the sequence B D ffn W n 2 !g converges
to f ; an easy consequence is that B is a discrete subspace of Cp.X/. Now take any
countableA � X ; if P D Anfx0g then x0 … P so there exists g 2 Cp.X/ such that
g.x0/ D 1 and gjP 
 0. It is immediate that gjA D f and therefore f is strictly
!-continuous.

Denote by SX the set of all strictly !-continuous real-valued functions on X .
Then SX can be identified with �.Cp.X// by TFS-438. Since K D B [ ff g � SX
is compact being a convergent sequence, the closure of B in SX is compact and
hence B is bounded in Cp.X/ by TFS-415. The equality B D K \ Cp.X/ implies
that B is closed in Cp.X/ so B is an infinite closed discrete subspace of Cp.X/
which is bounded in Cp.X/.

U.048. Prove that there exists a �-compact space X such that Cp.X/ contains an
infinite closed discrete subspace which is bounded in Cp.X/.

Solution. Consider the space Y D fx 2 D
!1 W jx�1.1/j < !g � D

!1 . We have
Y D SfKn W n 2 !g where Kn D fx 2 D

!1 W jx.1/j � ng for every n 2 !.
It is easy to see that every Kn is compact being closed in D

!1 so the space Y is
�-compact. Let x0.˛/ D 1 for any ˛ 2 !1 and consider the space X D Y [ fx0g �
D
!1 . It is clear that X is �-compact and  .x0;X/ � !.
Observe also that Y � ˙ D fx 2 D

!1 W jx�1.1/j � !g so if A is a countable
subset of Y then A � ˙ (the bar denotes the closure in D

!1 , see Fact 3 of S.307).
Thus, for any countable A � Xnfx0g D Y we have x0 … clX.A/ and therefore
we can apply Problem 047 to conclude that there is an infinite closed discrete
D � Cp.X/ which is bounded in Cp.X/.

U.049. Prove that there exists a �-compact space X such that Cp.X/ does not
embed as a closed subspace into Cp.Y / for any countably compact space Y .

Solution. It was proved in Problem 048 that there is a �-compact spaceX such that
some infinite closed discreteD � Cp.X/ is bounded in Cp.X/. Now, if Cp.X/ is a
closed subspace of Cp.Y / for some countably compact space Y then D is a closed
discrete subspace of Cp.Y /. Besides, D is bounded in Cp.Y / (it is evident that a
bounded subset of a space is bounded in any larger space) so the infinite discrete
space D D D must be compact by Problem 044; this contradiction shows that
Cp.X/ does not embed as a closed subspace inCp.Y / for any countably compact Y .

U.050. Given a metric space .M; �/ call a family U � expMnf;g �-vanishing if
diam�.U / <1 for any U 2 U and the diameters of the elements of U converge to
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zero, i.e., the family fU 2 U W diam�.U / � "g is finite for any " > 0. Prove that, for
any separable metrizable X , the following conditions are equivalent:

(i) X is a Hurewicz space;
(ii) for any metric � which generates the topology of X , there is a �-vanishing

family U � �.X/ such that
S

U D X ;
(iii) for any metric � which generates the topology of X , there exists a �-vanishing

base B of the space X ;
(iv) there exists a metric � which generates the topology of X , such that, for

any base B of the space X , there is a �-vanishing family U � B for whichS
U D X ;

(v) for any metric � which generates the topology ofX and any base B of the space
X there is �-vanishing family B0 � B such that B0 is also a base of X ;

(vi) every base of X contains a family which is a locally finite cover of X .

Solution. In this solution all spaces are assumed to be non-empty. For the sake of
brevity we will say that � is a metric on a spaceZ if � generates the topology ofZ.
If .M; �/ is a metric space and A � expM , say that mesh.A/ � r for some r � 0
if diam�.A/ � r for any A 2 A.

Given a set Z a function d W Z � Z ! R is called a pseudometric on Z
if d.x; x/ D 0; d.x; y/ D d.y; x/ � 0 and d.x; y/ � d.x; z/ C d.z; y/ for
any x; y; z 2 Z. In other words, a pseudometric d on a set Z is a function
which has all properties of a metric except that d.x; y/ D 0 need not imply that
x D y. If Z is a space and d is a pseudometric on Z then we say that d is a
pseudometric on the space Z if d W Z � Z ! R is a continuous function. We
can also define the notion of a diameter with respect to a pseudometric in the same
way it is defined for a metric, i.e., if d is a pseudometric on Z and A � Z then
diamd .A/ D supfd.x; y/ W x; y 2 Ag.
Fact 1. Given a metric space .M; �/ a family C � �.M/ is a base in M if and only
if, for any " > 0 there is a collection C 0 � C such that

S
C 0 DM and mesh.C 0/ � ".

Proof. The proof of necessity is straightforward and can be left to the reader. To
prove sufficiency, observe that, for any n 2 N, there is Cn � C such that

S
Cn DM

and mesh.Cn/ � 1
n

. If x 2 U 2 �.M/ then there is r > 0 such that B�.x; r/ � U ;
choose n 2 N for which 1

n
< r . There is V 2 Cn such that x 2 V ; we have

�.x; y/ � diam�.V / � 1
n
< r for any y 2 V and therefore x 2 V � B�.x; r/ � U

which shows that
SfCn W n 2 Ng � C is a base in X ; so Fact 1 is proved.

Fact 2. Suppose that Z is an arbitrary space. Then

(1) for any pseudometrics d1 and d2 on the space Z, the function d D d1 C d2 is a
pseudometric on the space Z;

(2) if d is a pseudometric on the space Z then a � d is a pseudometric on Z for any
a > 0;

(3) for any pseudometrics d1 and d2 on the space Z, the function d D maxfd1; d2g
is a pseudometric on the space Z;
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(4) if d1 is a pseudometric on the spaceZ and a > 0 then the function d W Z�Z !
R defined by d.x; y/ D minfd1.x; y/; ag for all x; y 2 Z is a pseudometric on
Z;

(5) if, for any i 2 !, a function di is a pseudometric on the spaceZ and di.x; y/ �
1 for any x; y 2 Z then d DP

i2! 2�i � di is a pseudometric on Z;
(6) if f W Z ! R is a continuous function then the function d W Z � Z ! R

defined by d.x; y/ D jf .x/� f .y/j for any x; y 2 Z is a pseudometric on the
space Z;

(7) if d1 is a metric and d2 is a pseudometric on the space Z then d D d1C d2 is a
metric on the space Z.

Proof. In all items non-negativity of the respective function is evident; so we omit
its proof.

(1) It is clear that d is continuous on Z � Z. Given any x; y; z 2 Z we have
d.x; x/ D d1.x; x/C d2.x; x/ D 0 and

d.x; y/ D d1.x; y/C d2.x; y/ D d1.y; x/C d2.y; x/ D d.y; x/I
besides,

d.x; y/ D d1.x; y/C d2.x; y/ � d1.x; z/C d1.z; y/C d2.x; z/C d2.z; y/
D d.x; z/C d.z; y/

so (1) is proved.

The proof of the property (2) is even more straightforward than (1), so we omit
it. As to the property (3), the function d is continuous by TFS-028. Furthermore, for
any points x; y 2 Z we have the equalities d.x; x/ D maxfd1.x; x/; d2.x; x/g D 0
and d.x; y/ D maxfd1.x; y/; d2.x; y/g D maxfd1.y; x/; d2.y; x/g D d.y; x/. To
see that the triangle inequality is true take any points x; y; z 2 Z. Note first that
d.x; y/ D di .x; y/ � di .x; z/ C di .z; y/ for some i 2 f1; 2g. Since di .x; z/ �
d.x; z/ and di .z; y/ � d.z; y/ by the definition of d , we have d.x; y/ � d.x; z/C
d.z; y/ so (3) is proved.

(4) Again, continuity of d follows from TFS-028. If x; y 2 Z then we have the
equalities d.x; x/ D minf0; ag D 0 and

d.x; y/ D minfd1.x; y/; ag D minfd1.y; x/; ag D d.y; x/:

To prove the triangle inequality take any x; y; z 2 Z. If d.x; y/ D a and one of
the numbers d1.x; z/; d1.z; y/ is greater than or equal to a then one of the numbers
d.x; z/; d.z; y/ is equal to a; so d.x; y/ D a � d.x; z/Cd.y; z/. If d1.x; z/ < a and
d1.z; y/ < a then d.x; y/ D a � d1.x; y/ � d1.x; z/Cd1.z; y/ D d.x; z/Cd.z; y/.

Now, if d1.x; y/ < a and one of the numbers d1.x; z/; d1.z; y/ is greater than
or equal to a then one of the numbers d.x; z/; d.z; y/ is equal to a and therefore
d.x; y/ D d1.x; y/ < a � d.x; z/C d.y; z/. If d1.x; z/ < a and d1.z; y/ < a then
d.x; y/ D d1.x; y/ � d1.x; z/C d1.z; y/ D d.x; z/C d.z; y/ and (4) is proved.
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(5) Continuity of the function d follows easily from TFS-029 and TFS-030. For
any point x 2 Z we have di.x; x/ D 0 for all i 2 ! so d.x; x/ D 0. If x; y 2 Z
then di .x; y/ D di .y; x/ for all i 2 ! which implies d.x; y/ D d.y; x/. Now, if
x; y; z 2 Z then 2�i di .x; y/ � 2�i di .x; z/ C 2�i di .z; y/ for every i 2 !. Passing
to the sums of the respective series we obtain d.x; y/ � d.x; z/C d.z; y/.

The proof of (6) is also straightforward and trivial; so we leave it to the reader.
Finally, if d1 is a metric and d2 is a pseudometric on the space Z then d1 C d2 is a
pseudometric on Z by (1). If x; y 2 Z and x ¤ y then d1.x; y/ > 0 because d1 is
a metric; so we have d.x; y/ � d1.x; y/ > 0 which shows that d is also a metric;
this settles (7) and finishes the proof of Fact 2.

Returning to our solution assume thatX is a Hurewicz space and take any metric
� on the space X . If B is a base of X then Bi D fB 2 B W diam�.B/ < 2�i g is
also a base in X for any i 2 !. Fix any j 2 !; for any i 2 !, we can choose a
finite Uji � BiCj in such a way that Uj D S

i2! U
j
i is a cover of X . It is clear that

mesh.Uj / � 2�j for every j 2 !; so the family B0 D S
j2! Uj � B is a base of X

by Fact 1.
Now take any " > 0; there is n 2 ! such that 2�j < " for any j � n. Thus

the family E D fB 2 B0 W diam�.B/ � "g is contained in
S
j<n Uj . Furthermore,

E \ Uj �SfUji W i < ng and hence E \ Uj is finite for any j < n. Thus E is finite
and therefore the family B0 is �-vanishing. This proves that (i)H)(v).

Now assume that (v) is true and take any base B in X ; fix a metric � on the
space X . There exists a �-vanishing family B0 � B which is a base of X and henceS

B0 D X . Since X is paracompact, for any U 2 B0 there is a closed FU � U such
that

SfFU W U 2 B0g D X and the family F D fFU W U 2 B0g is locally finite (see
Fact 2 of S.226).

The family B1 D fU 2 B0 W FU ¤ ;g � B is, clearly, a cover of X . Since F is
locally finite, for any x 2 X there is r > 0 and a finite C � B1 such that B�.x; r/\
FU D ; whenever U 2 B1nC. The family E D fU 2 B1 W diam�.U / � r

3
g is also

finite. For any U 2 B1nE we have diam�.U / <
r
3

so U \B�.x; r3 / ¤ ; implies that
U � B�.x; r/ and hence FU � B�.x; r/. As a consequence B�.x; r3 / \ U D ; for
any U 2 B1n.C [ E/. This shows that B1 is locally finite and proves (v)H)(vi).

Now assume that (vi) is true; we can consider that X � I
! . Choose a metric

d on the space I
! such that d.x; y/ � 1 for any x; y 2 I

! . The metric
� D d j.X � X/ is totally bounded on X (see TFS-212 and Fact 1 of S.249);
so we can fix a sequence fFn W n 2 !g of finite subsets of X such that
�.x; Fn/ D minf�.x; y/ W y 2 Fng � 2�n for any x 2 X and n 2 !.

Now take any base B � ��.X/ of the space X and consider, for every i 2 !, the
family Bi D fU 2 B W 2�i�1 � diam�.U / � 2�ig. For all i 2 ! andU 2 Bi choose
x 2 U and y 2 Fi in such a way that �.x; y/ � 2�i and let OU D U [B�.y; 2�i /;
then diam�.OU / � 2�iC2.

Let D be the set of all isolated points of X ; it is straightforward that the family
C D ffxg W x 2 Dg [ fOU W U 2 S

i2! Bi g is a base in the space X . By (vi), there
exists a locally finite subfamily of C which coversX . In particular, for every i 2 !,
there is B0

i � Bi such that the family C 0 D SffOU W U 2 B0
ig W i 2 !g is locally

finite and coversXnD.
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Suppose that B0
i is infinite for some i 2 ! and let C 0

i D fOU W U 2 B0
ig � C.

Since OU \ Fi ¤ ; for any U 2 B0
i and the set Fi is finite, there is x 2 Fi such

that the family fU 2 B0
i W x 2 OU g is infinite which is a contradiction with the fact

that C 0
i is locally finite. Thus B0

i is finite for every i 2 ! and hence the family C 0
is �-vanishing. Then C [ ffxg W x 2 Dg is also �-vanishing and covers X so we
proved that (vi)H)(iv).

Let us assume that (iv) holds; denote by D the set of isolated points of the space
X and let D D ffxg W x 2 Dg. Take a sequence fUn W n 2 !g of open covers of
X ; say that a set A � X is Ui -small if there is U 2 Ui such that A � U . For any
i 2 ! let Ci D f.x; y/ 2 X � X W 2�i � �.x; y/ � 2�iC1g. For every i 2 ! and
z D .x; y/ 2 Ci choose Oz 2 �.x;X/ and Vz 2 �.y;X/ such that diam�.Oz/ �
2�i ; diam�.Vz/ � 2�i and both setsOz; Vz are Ui -small. Let Bi D fOz[Vz W z 2 Ci g;
it is an easy consequence of Fact 1 that the family B DSfBi W i 2 !g[D is a base
of the space X . By (iv), there is a �-vanishing B0 � B such that

S
B0 D X . The

family B0
i D B0 \ Bi has to be finite for every i 2 ! because diam�.W / � 2�i for

anyW 2 B0
i .

Given i 2 ! every element of B0
i is a union of two Ui -small sets; so there is a

finite V 0
i � Ui for which

S
B0
i �

S
Vi . The set D being countable we can choose a

finite V 00
i � Ui for every i 2 ! in such a way that

SfV 00
i W i 2 !g covers D. Now,

Vi D V 0
i [ V 00

i is a finite subfamily of Ui for every i 2 ! and
SfVi W i 2 !g is a

cover of X . This proves that X is a Hurewicz space, i.e., (iv)H)(i).
As a consequence, all properties (i),(iv),(v),(vi) are proved to be equivalent. The

implications (v)H)(iii)H)(ii) are evident; so, to finish our solution, it suffices to
establish that (ii)H)(i).

Suppose that (ii) holds and fUn W n 2 !g is a sequence of open covers of X .
Since X is second countable, we can assume that jUnj � ! and Un is locally finite
for all n 2 !. If some Un is finite then there is nothing to prove; so there is no
loss of generality to assume that, for every n 2 ! we have a faithful enumeration
fUn

i W i 2 !g of the family Un. Apply Fact 2 of S.226 to find a family fF n
i W i 2 !g

of closed subsets of X such that F n
i � Un

i for all n; i 2 ! and Fn D fF n
i W i 2 !g

is a cover of X for every n 2 !. It follows from normality of the space X that we
can construct a family ff n

i W n; i 2 !g � Cp.X/ with the following properties:

(a) f n
i j.XnUn

i / 
 0 for any n; i 2 !;
(b) f 0

i jF 0
i 
 i C 1 for every i 2 !;

(c) f n
i jF n

i 
 1 for any n 2 N and i 2 !.

Since every family Un is locally finite, the function gn DP
i2! f n

i is continuous.
For every n 2 ! define dn W X � X ! R as follows: d0.x; y/ D jg0.x/ � g0.y/j
and dn.x; y/ D minf1; jgn.x/ � gn.y/jg for all n 2 N and x; y 2 X . It follows
from Fact 2 that dn is a continuous pseudometric on X for any n 2 ! and hence
d D d0CPf2�idi W i 2 Ng is also a pseudometric on the spaceX . Take any metric
� on the spaceX and let � D dC� ; then � is a metric which generates the topology
of X (see Fact 2).

By (ii) applied to the metric �, there is a �-vanishing family O � �.X/ such
that

S
O D X . Consequently, O0 D fO 2 O W diam�.O/ � 1

2
g is finite as
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well as the family Oi D fO 2 O W 2�i�1 � diam�.O/ < 2�i g for each i 2 N.
We have the equality

SfOi W i 2 !g D O; let Wi D S
Oi for every i 2 !.

Since diam�.O/ < 1 for every O 2 O and Wi is a finite union of elements of O,
we have diam�.Wi/ <1 for every i 2 !.

Assume first that infinitely many elements of F0 meet W0. Then we can choose
a strictly increasing sequence fnk W n 2 !g � ! and zk 2 F 0

nk
\ W0 for any

k 2 !. The family U0 is locally finite; so z0 belongs to finitely many elements
of U0 which implies that f 0

i .z0/ D 0 for all but finitely many i 2 !. Therefore
�.z0; zk/ � d.z0; zk/ � jf 0

nk
.z0/ � f 0

nk
.zk/j D nk C 1 for all but finitely many k.

Since nk !1, we have diam�.W0/ D 1; this contradiction proves that

(d0) the set Q0 D fn 2 ! W F 0
n \W0 ¤ ;g is finite.

Now assume that i 2 N and Wi meets infinitely many elements of Fi ; since
Wi D S

Oi and Oi is finite, there is O 2 Oi which intersects infinitely many
elements of Fi . We can choose a strictly increasing sequence fnk W n 2 !g � ! and
zk 2 F i

nk
\O for any k 2 !. The family Ui is locally finite; so z0 belongs to finitely

many elements of Ui which implies that f i
k .z0/ D 0 for all but finitely many k 2 !.

Therefore �.z0; zk/ � d.z0; zk/ � 2�i jf i
nk
.z0/ � f i

nk
.zk/j D 2�i for all but finitely

many k. Thus diam�.O/ � 2�i ; this contradiction proves that

(d) the set Qi D fn 2 ! W F i
n \Wi ¤ ;g is finite for any i 2 N.

It follows from (d0) and (d) that the family U 0
i D fU i

k W k 2 Qig � Ui is finite for
any i 2 !. To see that U 0 DSfU 0

i W i 2 !g is a cover ofX take any x 2 X . Since O
is a cover ofX , there is i 2 ! for which x 2 O 2 Oi and hence x 2 Wi . The family
Fi being a cover of X there is F i

k 2 Fi for which x 2 F i
k . Then F i

k \Wi ¤ ; and
hence k 2 Qi . Therefore x 2 F i

k � U i
k 2 U 0

i ; so we proved that U 0 is a cover of X
and hence X is a Hurewicz space. Thus (ii)H)(i) and our solution is complete.

U.051. Prove that X! is a Hurewicz space if and only if X is compact.

Solution. If X is compact then X! is also compact and hence Hurewicz. Now,
assume, towards a contradiction, that X! is Hurewicz and non-compact. Since X
is Lindelöf, it cannot be countably compact; so there is a countably infinite closed
discrete D � X . Therefore D! is a closed subspace of X! homeomorphic to P.
Every closed subspace of a Hurewicz space is a Hurewicz space; so P has to be a
Hurewicz space which it is not (see Fact 1 of T.132). This contradiction shows that
X is countably compact and hence compact.

U.052. Prove that any separable Luzin space is a Hurewicz space.

Solution. Take a separable Luzin spaceX and letD D fdn W n 2 !g be a countable
dense subspace of X . If fUn W n 2 !g is a sequence of open covers of the space X
then choose Un 2 Un such that dn 2 Un for any n 2 !. Then D � U D S

n2! Un
whence F D XnU is nowhere dense and hence countable; let fxn W n 2 !g be
an enumeration (with possible repetitions) of the set F . For every n 2 ! choose
Vn 2 Un such that xn 2 Vn; then U 0

n D fUn; Vng is a finite subfamily of Un andSfSU 0
n W n 2 !g D X so X is Hurewicz.



76 2 Solutions of Problems 001–500

U.053. Prove that any Hurewicz analytic space is �-compact.

Solution. Let X be a Hurewicz analytic space. If X is not �-compact then there
is a closed Y � X such that Y ' P (see SFFS-352). Every closed subspace of a
Hurewicz space is a Hurewicz space; so P has to be a Hurewicz space which is a
contradiction (see Fact 1 of T.132). ThereforeX has to be �-compact.

U.054. Give an example of a Hurewicz space which is not �-compact.

Solution. Let X be the Lindelöfication of the discrete space of cardinality !1, i.e.,
X D !1[fag, where a … !1 is the unique non-isolated point ofX andU 2 �.a;X/
if and only if U D fag [ .!1nB/ where B is a countable subset of !1. Since every
countable subset of X is closed and discrete, every compact subspace of X is finite
and hence X is not �-compact.

Now, assume that fUn W n 2 !g is a sequence of open covers of X . For every
n 2 ! choose Un 2 Un such that a 2 Un; then Bn D XnUn is countable and
therefore so is the set B D SfBn W n 2 !g. Choose an enumeration fbn W n 2 !g
(with repetitions allowed) of the set B . For each n 2 ! there is Vn 2 Un for which
bn 2 Vn. The family U 0

n D fUn; Vng � Un is finite for every n 2 ! and
SfSU 0

n W
n 2 !g D X which shows that X is a Hurewicz non-�-compact space.

U.055. Prove that, under CH, there exists a Hurewicz space whose square is not
normal.

Solution. If Z is a set and A � expZ then AjY D fA \ Y W A 2 Ag for any
Y � Z. Under CH there is a dense Luzin subspace H � R (see Fact 1 of T.046);
let H1 D f�r W r 2 H g and L D H [H1. Observe that, for any dense Y � R, a
setN � Y is nowhere dense in Y if and only if it is nowhere dense in R. Therefore,
if N � L is nowhere dense in L then N is nowhere dense in R and hence both sets
N \H andN \H1 are nowhere dense inH andH1 respectively. Since bothH and
H1 are Luzin spaces, we have jN \H j � ! and jN \H1j � ! whence jN j � !.
This proves that

(1) there is a dense Luzin space L � R such that �r 2 L for any r 2 L.

Let � be the Sorgenfrey line topology on R (see TFS-165). Recall that the family
B D fŒa; b/ W a; b 2 R; a < bg is a base for the space S D .R; �/. We claim that
X D .L; � jL/ is a Hurewicz space.

Indeed, let fUn W n 2 !g be a sequence of open covers of X ; we can assume,
without loss of generality, that Un � BjL for any n 2 !. Since S is hereditarily
separable, we can find a dense countableA � X ; let fan W n 2 !g be an enumeration
of the set A. For every n 2 ! we can choose Un 2 Un such that an 2 Un; we have
Un D Œa; b/ \ L for some Œa; b/ 2 B; let U 0

n D .a; b/ \ L. It is evident that
U 0 D fU 0

n W n 2 !g � �.R/jL; besides, it follows from density of L in R that
an 2 U 0

n for any n 2 ! (the bar denotes the closure in R).
As a consequence,W DS

U 0 is an open dense subspace of L; since L is Luzin,
the set LnW is countable. Let fwn W n 2 !g be an enumeration of W . We can
choose Vn 2 Un such that wn 2 Vn for every n 2 !. Then U 0

n D fUn; Vng is a finite
subfamily of Un for each n 2 ! and

SfSU 0
n W n 2 !g D X which shows that X is

a Hurewicz space.
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To see thatX�X is not normal consider the setD D f.r;�r/ W r 2 Lg � R�R;
it follows from (1) thatD � X�X . Observe that the setD is closed inL�L because
it is a graph of a continuous function f W L ! L defined by f .x/ D �x for any
x 2 L (see Fact 4 of S.390). The topology of X is stronger than that of L so D is
also closed in X �X . For any r 2 L the set Or D Œr; r C 1/� Œ�r;�r C 1/ is open
in S � S and Or \D D f.r;�r/g which shows that D is also discrete in X � X .
We have assumed that CH holds; so jDj D c, i.e., X �X is a separable space with
ext.X �X/ D c. Consequently,X �X is not normal by TFS-164 and our solution
is complete.

U.056. Prove that Xn is a Hurewicz space for every n 2 N, if and only if, for any
sequence f
k W k 2 !g of open !-covers of the space X , we can choose, for each
k 2 !, a finite �k � 
k such that the family

Sf�k W k 2 !g is an !-cover of X .

Solution. This was proved in Fact 1 of T.188.

U.057. Let X be any space. Prove that Xn is a Hurewicz space for all n 2 N if and
only if vet.Cp.X// � !.

Solution. This was proved in Fact 2 of T.188.

U.058. Prove that if Cp.X/ is Fréchet–Urysohn then vet.Cp.X// � !.

Solution. If Cp.X/ is Fréchet–Urysohn then, for any sequence fUn W n 2 !g of
open !-covers of X , we can choose Un 2 Un for every n 2 ! in such a way that
limfUn W n 2 !g D X (see TFS-144). This implies that fUn W n 2 !g is an !-cover
of X ; so, for any n 2 !, the family U 0

n D fUng � Un is finite and
SfU 0

n W n 2 !g is
an !-cover of X . Finally, apply Problem 056 to see that Xn is a Hurewicz space for
all n 2 N and hence vet.Cp.X// � ! by Problem 057.

U.059. Prove that, under MA+:CH, there exists a second countable space X such
that Xn is a Hurewicz space for each natural n, while X is not �-compact.

Solution. Let X � R be any subset with jX j D !1. Then jX j < c; so every
compact K � X is countable by SFFS-353; this proves that X is not �-compact.
We have t.Cp.X// � nw.Cp.X// D nw.X/ D ! and 	.Cp.X// D jX j D !1 < c
so SFFS-054 can be applied to conclude that Cp.X/ is a Fréchet–Urysohn space.
Thus vet.Cp.X// � ! by Problem 058 and hence Xn is a Hurewicz space for all
n 2 N (see Problem 057).

U.060. Say that a space is subsequential if it embeds in a sequential space. Prove
that every sequential space has countable tightness and hence each subsequential
space also has countable tightness.

Solution. It was proved in Fact 3 of T.041 that every sequential space has countable
tightness. It is immediate that countable tightness is a hereditary property; so every
space which embeds in a sequential space has countable tightness.

U.061. For any point � 2 ˇ!n! prove that the countable space ! [ f�g is not
subsequential.
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Solution. Given a space Z and a point z 2 Z call a family A � expZnf;g a
�-network at z if, for any U 2 �.z; Z/ there is A 2 A such that A � U . For any
A � Z denote by Seq.A/ the set of all limits of sequences contained in A. It is
clear that A � Seq.A/ � A. Let S0.A/ D A and, if we have sets fSˇ.A/ W ˇ < ˛g
for some ˛ < !1, let S˛.A/ D Seq.

SfAˇ W ˇ < ˛g/. Observe that the family
fS˛.A/ W ˛ < !1g has the following properties:

(1) A � S˛.A/ � A for all ˛ < !1;
(2) S˛.A/ � Sˇ.A/ if ˛ < ˇ < !1

and therefore the set S.A/ D SfS˛.A/ W ˛ < !1g also lies between A and the
closure of A.

Fact 1. If Z is a sequential space, A � Z and z 2 AnA then z has a countable
�-network in Z which consists of infinite subsets of A.

Proof. It follows from sequentiality of Z that S.A/ D A (see Fact 1 of T.041); so
we can use the induction on 
.z/ D minf˛ W z 2 S˛.A/g. If 
.z/ D 1 then there
is a sequence T D fan W n 2 !g � A such that z is the limit of T . Since z … A,
the sequence T is infinite so we can consider that its enumeration is faithful, i.e.,
an ¤ am if n ¤ m. It is evident that E D ffak W k � ng W n 2 !g � expA is a
countable �-network at z and all elements of E are infinite.

Now assume that 1 < ˛ < !1 and we proved our Fact for all points z 2 AnA
with 
.z/ < ˛. If 
.z/ D ˛ then z 2 S˛.A/n.SfSˇ.A/ W ˇ < ˛g/ and there is a
convergent sequence T D fzn W n 2 !g � A0 D SfSˇ.A/ W ˇ < ˛g such that z is
a limit of T . The set T \ A has to be finite for otherwise there is a sequence in A
which converges to z, a contradiction with 
.z/ > 1.

Therefore we can apply the induction hypothesis to find a countable family En �
expA such that En is a �-network at zn and all elements of En are infinite for every
n 2 !. Then E D SfEn W n 2 !g � expA, all elements of E are infinite and it is
straightforward that E is a countable �-network at z. Thus our inductive procedure
can be carried out for all ˛ < !1 which shows that every z 2 AnA has a countable
�-network with infinite elements; so Fact 1 is proved.

Returning to our solution assume that X D ! [ f�g can be embedded in some
sequential space Y . Then there is a family E D fAn W n 2 !g of infinite subsets of !
which is a �-network at � in Y (see Fact 1). It is clear that the notion of �-network
is hereditary; so E is a �-network at � in X .

Take any distinct points a0; b0 2 A0; assume that 1 � n < ! and we have chosen
points fai ; bi W i < ng with the following properties:

(3) ai ; bi 2 Ai for all i < n;
(4) ai ¤ bj for all i; j < n;
(5) i ¤ j implies ai ¤ aj for all i; j < n.

Since the set B D fai ; bi W i < ng is finite, we can choose distinct
an; bn 2 AnnB . It is immediate that the properties (3)–(5) still hold for the set
fai ; bi W i � ng; so our inductive construction can be carried out for all n 2 ! giving
us sets P D fai W i 2 !g and Q D fbi W i 2 !g with the properties (3)–(5) fulfilled
for all i 2 !.
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If � 2 P then P [ f�g is an open neighbourhood of � in X (see Fact 1 of S.370)
so there is n 2 ! such that An � P which is a contradiction with bn 2 An \ Q.
Therefore � … P and hence .!nP/ [ f�g is an open neighbourhood of � in X ; so
again there is n 2 ! for whichAn � .!nP/. However, this contradicts an 2 An\P
and hence we proved that X D ! [ f�g cannot be embedded in a sequential space.

U.062. Prove that Cp.I/ is not subsequential.

Solution. Recall that, for any spacesX and Y , a map ' W Cp.X/! Cp.Y / is called
linear if '.�f C �g/ D �'.f /C �'.g/ for any f; g 2 Cp.X/ and �;� 2 R.

Fact 1. LetA be a non-empty closed subspace of a metrizable spaceM . Then there
exists a continuous linear map e W Cp.A/! Cp.M/ such that e.f /jA D f for any
f 2 Cp.A/.
Proof. We can choose a metric d onM with �.d/ D �.M/ and a Dugundji system
fUs; as W s 2 Sg for MnA (see SFFS-103). Apply Fact 4 of T.104 to find a locally
finite (in MnA) family fFs W s 2 Sg such that Fs is closed in MnA and Fs � Us
for each s 2 S . By normality of the space MnA there exists a continuous function
cs W MnA ! Œ0; 1
 such that cs.Fs/ � f1g and cs..MnA/nUs/ � f0g for every
s 2 S .

Since the family fUs W s 2 Sg is locally finite in the space MnA, the set S.x/ D
fs 2 S W cs.x/ ¤ 0g is finite for every x 2 MnA and hence the function c DP

s2S cs is well defined. Given any x 2 MnA there is W 2 �.x;MnA/ such that
S 0 D fs 2 S W W \ Us ¤ ;g is finite; it is evident that S.y/ � S 0 for any y 2 W
and hence cjW D .Ps2S 0

cs/jW is continuous. Thus we can apply Fact 1 of S.472
to conclude that c WMnA! R is continuous.

Note that, for any x 2 MnA there is s 2 S such that x 2 Fs and hence cs.x/ D 1;
this shows that c.x/ � 1 > 0 for any x 2 MnA so the function bs D cs

c is well
defined. It is immediate that

(1) .
P

s2S bs/.x/ D 1 for any x 2MnA.

For any function f 2 Cp.A/ let e.f /.x/ D f .x/ for every point x 2 A and
e.f /.x/ D P

s2S bs.x/f .as/ for each x 2 MnA. Observe that e.f /.x/ makes
sense for any x 2MnA because bs.x/ D 0 for any s 2 SnS.x/. We have e.f /jA D
f by our definition of e.f /; let us prove that e.f / is continuous. Given any point
x 2 MnA there isW 2 �.x;MnA/ such that the set T .x/ D fs 2 S W W \Us ¤ ;g
is finite. As a consequence, S.y/ � T .x/ for every y 2 W which shows that
the function e.f /jW D .

P
s2T .x/ f .as/ � bs/jW is continuous. Therefore e.f / is

continuous at the point x.
Now take any point a 2 A and any " > 0. Since f is continuous on A, we

can find ı > 0 such that a0 2 A and d.a; a0/ < ı imply jf .a0/ � f .a/j < ".
Let U D B.a; ı

3
/ D fa0 2 M W d.a; a0/ < ı

3
g. If x 2 U \ A then je.f /.x/ �

e.f /.a/j D jf .x/ � f .a/j < ". Now, if x 2 U nA then d.x;A/ � d.x; a/ < ı
3
.

Besides, if x 2 Us then d.as; a/ � d.as; x/ C d.x; a/ � 2d.x;A/ C d.x; a/ <
2ı
3
C ı

3
D ı (we used the fact that fUs; as W s 2 Sg is a Dugundji system and therefore
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d.x; as/ � 2d.x;A/ because x 2 Us). As a consequence, jf .as/ � f .a/j < " for
any s 2 S such that x 2 Us . Let S 0 D fs 2 S W x 2 Usg; then S.x/ � S 0 and we
have

je.f /.x/ � e.f /.a/j D jPs2S 0

bs.x/f .as/� f .a/j D
D jPs2S 0

bs.x/.f .as/� f .a//j < " � .Ps2S 0

bs.x// D "

(we used the equality
P

s2S 0

bs.x/ D 1). Thus we found U 2 �.a;M/ such that
je.f /.x/ � e.f /.a/j < " for any x 2 U so e.f / is continuous at the point a. This
proves that e.f / 2 Cp.M/ for any f 2 Cp.A/.

Now take any f; g 2 Cp.A/ and �;� 2 R; let h D �f C �g. Then

e.h/.a/ D h.a/ D .�f C �g/.a/ D �f .a/C �g.a/ D �e.f /.a/C �e.g/.a/

for any a 2 A. If x 2 MnA then

e.h/.x/ DP
s2S bs.x/h.as/ D

P
s2S bs.x/.�f C �g/.as/ D

D �.Ps2S bs.x/f .as//C �.
P

s2S bs.x/g.as// D �e.f /.x/C �e.g/.x/;

which shows that e.�f C �g/ D �e.f /C �e.g/, i.e., the map e is linear.
If a 2 A and f 2 Cp.A/ then let pa.f / D f .a/. Then pa W Cp.A/ ! R is

continuous for any a 2 A (see TFS-166). For any x 2 M let �x.f / D f .x/ for
any f 2 Cp.M/. To show that e is continuous it suffices to check that �x ı e is
continuous for any x 2 M (see TFS-102). If x 2 A then �x.e.f // D e.f /.x/ D
f .x/ D px.f / for any f 2 Cp.A/; so �x ı e D px is a continuous map.

If we are given a point x 2 MnA then let S 0 D fs 2 S W bs.x/ ¤ 0g; then S 0 is
a finite set and �x.e.f // D e.f /.x/ DP

s2S 0

bs.x/f .as/ for any f 2 Cp.A/ and
therefore �x ı e DP

s2S 0

bs.x/pas is a continuous map being a linear combination
of continuous maps fpas W s 2 S 0g. We established that �x ı e is continuous for any
x 2 M ; so the map e is continuous and Fact 1 is proved.

Fact 2. Suppose that M is a metrizable space and A � M is a non-empty closed
subset of M ; let IA D ff 2 Cp.M/ W f jA 
 0g. Then there exists a linear
homeomorphism between Cp.M/ andCp.A/�IA and, in particular,Cp.A/ embeds
in Cp.M/ as a closed linear subspace.

Proof. There is a linear continuous map e W Cp.A/! Cp.M/ such that e.f /jA D
f for any f 2 Cp.A/ (see Fact 1). For an arbitrary function f 2 Cp.M/ we can
define '.f / D .f jA; f � e.f jA// 2 Cp.A/ � Cp.M/. Now, e.f jA/ coincides
with f on the set A so .f � e.f jA//.x/ D 0 for any x 2 A which shows that
'.f / 2 Cp.A/ � IA for any f 2 Cp.M/. Therefore we have defined a map ' W
Cp.M/! Cp.A/ � IA.

Take any f 2 Cp.A/ and g 2 IA; it is immediate that h D e.f /C g 2 Cp.M/

and '.h/ D .f; g/ so the map ' is surjective. If f1; f2 2 Cp.M/ and '.f1/ D '.f2/
then f D f1jA D f2jA and g D f1 � e.f / D f2 � e.f / which shows that
f1 D e.f /C g D f2 and hence ' is a bijection.
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The restriction map � W Cp.M/ ! Cp.A/ defined by �.f / D f jA for any
function f 2 Cp.M/ is linear and continuous; this, together with linearity and
continuity of e, implies that the map ı W Cp.M/ ! Cp.M/ defined by ı.f / D
f � e.�.f // for all f 2 Cp.M/ is also linear and continuous. Therefore ' is a
linear continuous map being a diagonal product of linear continuous maps � and ı.

For any .f; g/ 2 Cp.A/ � IA let �.f; g/ D e.f / C g; then � W Cp.A/ � IA !
Cp.M/ is also a linear continuous map. Indeed, let i W IA ! IA be the identity
map; then ˛ D e � i W Cp.A/ � IA ! Cp.M/ � Cp.M/ is linear and continuous
because any product of linear continuous maps is linear and continuous (see Fact 1
of S.271). Therefore � is linear and continuous because it is a composition of ˛
and the addition map in Cp.M/ which is linear and continuous (see TFS-115). It
is straightforward that � is the inverse of ' so ' is a linear homeomorphism. It
is evident that any factor in a product of topological vector spaces embeds in that
product as a closed linear subspace; so Fact 2 is proved.

Returning to our solution let a D .0; 0/ 2 R � R; we will also need the set
Ek D f0; : : : ; k � 1g � fkg � R � R for any k 2 N. Let E D SfEk W k 2 Ng; to
introduce a topology � on the set A D fag [ E we declare that all points of E are
isolated and a 2 U 2 � if and only if there is m 2 ! such that jEknU j � m for
any k 2 N. It is easy to see that this defines local bases of a topology � at all points
of A; let X D .A;�/. The T1-property of X is clear; since X is also normal (see
Claim 2 of S.018), it is a T4-space.

Recall that a family N � expXnf;g is a �-net at a if, for any U 2 �.a;X/ there
is N 2 N such that N � U . We claim that

(1) no countable family A of infinite subsets of E can be a �-net at a.
Indeed, A D fAn W n 2 !g � expE where An is infinite for any n 2 !.
Consequently, the set fk 2 ! W An\Ek ¤ ;g is infinite for any n 2 ! and hence
we can choose an increasing sequence fkn W n 2 !g � ! and an 2 An \ Ekn
for any n 2 !. Then U D Xnfan W n 2 !g is an open neighbourhood of a in X
and an 2 AnnU for any n 2 !, i.e., A is not a �-net at a. Now we can apply
Fact 1 of U.061 to conclude that

(2) the space X is not embeddable in a sequential space.

LetC D f	U W U 2 �.a;X/g � D
X ; it is evident that every f 2 C is continuous

on X , i.e., C � Cp.X;D/. For any x 2 X and f 2 C let ex.f / D f .x/; then we
have a map e W X ! Cp.C / defined by e.x/ D ex for every x 2 X (see TFS-166).

Suppose that F is a closed subset of X and x … F . If x D a then for the set
U D XnF the function f D 	U 2 C and f .x/ D 1 while f .F / � f0g. If x ¤ a

then let U D Xnfag; again, f D 	U 2 C and f .x/ D 0 while f .F / � f1g.
Thus C separates the points and closed subsets of X and hence the map e is an
embedding: this was also proved in TFS-166.

Given n 2 !, let Cn D ff 2 D
X W f .a/ D 1 and jf �1.0/ \ Ekj � n

for all k 2 !g; it is immediate that C D SfCn W n 2 !g. Besides, every Cn
is compact being closed in D

X . As a consequence, C is �-compact; the space X
embeds in Cp.C / and hence it can be embedded in Cp.K/ for some metrizable
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compactK (see Problems 035 and 041). Since the Cantor set K can be continuously
mapped onto K (see TFS-128), the space Cp.K/ embeds in Cp.K/. Now, K is
homeomorphic to a closed subset of I which, together with Fact 2, implies that
Cp.K/ embeds in Cp.I/. Therefore X embeds in Cp.I/; so we can apply (2) to
conclude that Cp.I/ cannot be embedded in a sequential space.

U.063. Prove that the following are equivalent for any pseudocompactX :

(i) Cp.X/ is a Fréchet–Urysohn space;
(ii) Cp.X/ embeds in a sequential space;

(iii) X is compact and scattered.

Solution. It is evident that (i)H)(ii); the implication (iii)H)(i) was established in
SFFS-134 so we only have to prove that (ii)H)(iii). Assume that Cp.X/ embeds in
a sequential space S . Then t.Cp.X// � t.S/ D ! (see Problem 060) and hence X
is Lindelöf (even in all finite powers) which, together with pseudocompactness ofX
shows that X is compact. If X is not scattered then it can be continuously mapped
onto I by SFFS-133. This implies that Cp.I/ embeds in Cp.X/ and hence Cp.I/ can
be embedded in our sequential space S . This contradiction with Problem 062 proves
that X is scattered and hence (ii)H)(iii).

U.064. Prove that radiality is a hereditary property; show that pseudoradiality is
closed-hereditary. Give an example showing that pseudoradiality is not hereditary.

Solution. Suppose that X is a radial space and Y � X . If A � Y and x 2
clY .A/nA then x 2 clX.A/nA and hence there exists a regular cardinal � and a
�-sequence S D fa˛ W ˛ < �g � A with S ! x. It is evident that the sequence S
witnesses radiality of Y ; so we proved that any subspace of a radial space is radial.

Now assume that X is pseudoradial and Y is a closed subspace of X . If A � Y
is not closed in Y then it is not closed in X and hence there a regular cardinal � and
a �-sequence S D fa˛ W ˛ < �g � A with S ! x for some x 2 clX.A/nA. The set
Y being closed in X we have clX.A/ � Y and hence x 2 clY .A/nA which proves
that pseudoradiality is closed-hereditary.

Fact 1. Let fSm W m 2 !g be a disjoint family of copies of a convergent sequence,
i.e., Sm D famn W n 2 !g [ famg where the enumeration of Sm is faithful and the
sequence famn W n 2 !g converges to am for each m 2 !. Given k;m 2 ! denote
by Sm.k/ the set famg [ famn W n � kg � Sm and let S D S

m2! Sm. Choose a
point a … S and let Bmn D ffamn gg for all m; n 2 !; to construct a topology on the
set fag [ S we will also need the family Bm D fSm.k/ W k 2 !g which will be the
future local base at am for everym 2 !. For any k 2 ! and f 2 !!nk letO.f; k/ D
fag [ .SfSm.f .m// W m � kg/; the family Ba D fO.f; k/ W k 2 !; f 2 !!nkg is
the future local base at a. Then B DSfBmn W m; n 2 !g [ .SfBm W m 2 !g/[Ba
generates a topology � (as a collection of local bases at the relevant points) on the
set fag [ S ; let T D .fag [ S; �/. The space T is Tychonoff and sequential while
no sequence from the set A D famn W m; n 2 !g converges to a and, in particular, T
is a sequential space which is not Fréchet–Urysohn.
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Proof. We omit the straightforward proof that the collection B satisfies the condi-
tions (LB1)–(LB3) from TFS-007; so we can, indeed, generate a topology � on the
set fag[S . It is evident that T is a T0-space; since every point of A is isolated in T ,
all elements of B are clopen in T so T is zero-dimensional and hence Tychonoff.

To see that T is sequential suppose that P � T and P ¤ P . If am 2 P nP
for some m 2 ! then P 0 D P \ Sm is infinite and P 0 � P is a sequence that
converges to am. This shows that we can assume, without loss of generality, that
am 2 P implies am 2 P for any m 2 !. Now, if a 2 P nP then the set the
N D fm 2 ! W P \ Sm is infiniteg is infinite. We have am 2 P and hence am 2 P
for any m 2 N so P 0 D fam W m 2 N g � P is a sequence that converges to a.

Finally observe that it follows from the definition of � that a 2 A; however, if
some sequence P � A converges to a then S \ Sm is finite for anym 2 ! (because
otherwise am 2 P nP ) and hence there is a function f 2 !! such that P \ Sm �
f0; : : : ; f .m/� 1g for all m 2 !; thus U D O.f; 0/ is an open neighbourhood of a
with U \P D ;. This contradiction shows that no sequence from A converges to a
and hence Fact 1 is proved.

Returning to our solution consider the space T from Fact 1. It is sequential and
hence pseudoradial. However, the subspace Y D fag [ A of the space T is not
pseudoradial. Indeed, assume, towards a contradiction, that Y is pseudoradial. The
set A is not closed in Y and a 2 AnA is the unique point of Y which is in the
closure of A and not in A. Therefore there is a regular cardinal � and a �-sequence
P D fy˛ W ˛ < �g such that P ! a. The cardinal � must be uncountable
because otherwise P is a convergent sequence which contradicts Fact 1. Since A is
countable, there is y 2 A such that the setQ D f˛ < � W y˛ D yg has cardinality �.

However, Y nfyg is an open neighbourhood of a in Y ; so there is ˇ < � such
that y˛ ¤ y for all ˛ � ˇ and hence Q � f˛ W ˛ < ˇg; this contradiction shows
that P does not converge to a and hence Y is not pseudoradial. Consequently, T
is a pseudoradial space such that Y � T is not pseudoradial which shows that our
solution is complete.

U.065. Prove that any quotient (pseudo-open) image of a pseudoradial (radial)
space is a pseudoradial (radial) space.

Solution. Suppose that X is a pseudoradial space and f W X ! Y is a quotient
map. If A � Y is not closed in Y then B D f �1.A/ is not closed in X ; so we
can find a regular cardinal � and a �-sequence S D fb˛ W ˛ < �g � B such
that S ! x for some x 2 XnB . Then y D f .x/ 2 Y nA and the �-sequence
T D ff .b˛/ W ˛ < �g � A converges to y. This shows that Y is also pseudoradial.

Now, assume that X is radial and the mapping f is pseudo-open. Given a set
A � Y and a point y 2 AnA let B D f �1.A/ and P D f �1.y/. If P \ B D ;
then U D XnB 2 �.P;X/ and hence y 2 V D Int.f .U // so V is an open
neighbourhood of y which does not meet A; this contradiction shows that we can
choose x 2 B \ P . By radiality of the space X there exists a regular cardinal �
and a �-sequence S D fb˛ W ˛ < �g � B such that S ! x. It is evident that the
�-sequence T D ff .b˛/ W ˛ < �g � A converges to y so Y is radial as well.
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U.066. Prove that any radial space of countable tightness is Fréchet–Urysohn.

Solution. Suppose that X is a radial space of countable tightness; take any A � X
and x 2 A. If x 2 A then S D ffxgg � A is a (trivial) sequence which converges
to x. If x 2 AnA then there is a countable B � A such that x 2 B; of course, x 2
BnB so we can apply radiality of X to find a regular cardinal � and a �-sequence
S D fx˛ W ˛ < �g � B such that S ! x.

If � D ! then our proof is over; if not, then it follows from jBj D ! and
regularity of � that there is b 2 B such that the cardinality of the set E D f˛ <
� W x˛ D bg is equal to �. However, W D Xnfbg is an open neighbourhood of
the point x; so there is ˇ < � such that fx˛ W ˛ � ˇg � W which implies that
E � f˛ W ˛ < ˇg and hence jEj < �. This contradiction shows that � is countable
and hence S � A is a sequence which converges to x. Therefore X is a Fréchet–
Urysohn space.

U.067. Prove that a space is radial (pseudoradial) if and only if it is a pseudo-open
(quotient) image of a linearly ordered space.

Solution. If .L;
/ is a linearly ordered set then, as usual, �.
/ is the topology
generated by the order 
; for any points a; b 2 L we let a 	 b if and only if a 
 b
and a ¤ b. Observe that, to define the order 
 it suffices to indicate for which
a; b 2 L we have a 	 b. We will need almost all types of intervals in .L;
/ so we
define

. ; a/� D fy 2 L W y 	 ag; . ; a
� D fy 2 L W y 
 ag

and

.a; b/� D fy 2 L W a 	 y 	 bg:

Analogously,

.a;!/� D fy 2 L W a 	 yg; Œa;!/� D fy 2 L W a 
 yg; Œa; b/�
D fy 2 L W a 
 y 	 bg

and .a; b
� D fy 2 L W a 	 y 
 bg:
Fact 1. For an infinite cardinal � let 
 be the lexicographic order on D� D � � Z,
i.e., for any a; b 2 D� such that a D .˛; n/; b D .ˇ;m/ let a 	 b if ˛ < ˇ; if
ˇ < ˛ then we let b 	 a. Now if ˛ D ˇ then a 
 b if n � m and b 
 a if m � n.
Then 
 is a linear order on D� and the space .D�; �.
// is discrete. Besides, if
� > ! then jfa 2 D� W a 
 bgj < � for any b 2 D� . In particular, any discrete
space X is linearly orderable.

Proof. It is easy to check that 
 is a linear order on D� ; the space .D�; �.
//
is discrete because for any t D .˛; n/ 2 D� the points a D .˛; n � 1/ and
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b D .˛; nC 1/ belong to D� and .a; b/� D ftg, i.e., every t 2 D� is isolated
and hence the space .D�; �.
// is discrete. Now if b D .˛; n/ 2 D� then

Lb D fa 2 D� W a 
 bg � .˛ C 1/ � Z

so jLbj � j.˛ C 1/ � Zj D maxfj˛j; !g < �.
Finally, assume that X is a discrete space. If X is finite then any well order on X

generates its topology. If X is infinite then, for the cardinal � D jX j take a bijection
f W X ! D� .

Using f , we transfer the order
 toX , i.e., for any x; y 2 X we let x v y if and
only if f .x/ 
 f .y/. The map f is an isomorphism between .X;v/ and .D�;
/;
so it is a homeomorphism between .X; �.v// and .D�; �.
//. Therefore .X; �.v//
is also discrete and Fact 1 is proved.

Fact 2. Suppose that, for every t 2 T , the topology of a space Xt is can be
generated by a linear order 
t which has a maximal and a minimal element. Then
the space X DLfXt W t 2 T g is linearly orderable.

Proof. We identify every Xt with the relevant clopen subspace of X . Apply Fact 1
to choose a linear order � on T such that .T; �.�// is discrete. For every t 2 T fix
the minimal element at of .Xt ;
t / and its maximal element bt (note that we do not
discard the possibility of at D bt ).

Given distinct x; y 2 X there are t; s 2 T such that x 2 Xt and y 2 Xs . If s ¤ t
then let x 	 y if s < t and y 	 x if t < s. Now, if s D t then x 	 y if and only if
x 	t y. It is straightforward to verify that
 is a linear order on X . For every t 2 T
fix tl ; tr 2 T for which .tl ; tr /� D ftg.

Take any x; y 2 X with x 	 y and fix t; s 2 T for which x 2 Xt and y 2 Xs . If
t D s then .x; y/� D .x; y/�t ; if t ¤ s then t < s and

.x; y/� D .x;!/�t [ . ; y/�s [
�[
fXu W t < u < sg

�
;

which shows that .x; y/� is open in X for any x; y 2 X and hence �.
/ � �.X/.
To prove the converse inclusion observe that the family B D Sf�.Xt/ W t 2 T g

is a base in X . Take any t 2 T; x 2 Xt and U 2 �.x;Xt /. If jXt j D 1 then
.btl ; atr /� D fxg � U , i.e., we foundW 2 �.
/ such that x 2 W � U . If jXt j > 1
then we have three cases:

(a) at < x < bt ; then there are a; b 2 Xt such that x 2 .a; b/�t � U . However,
W D .a; b/�t D .a; b/� and hence we found W 2 �.
/ such that x 2 W �
U .

(b) x D at ; then there is a point b 2 Xt such that Œat ; b/�t � U . Observe that we
haveW D Œat ; b/�t D .btl ; b/� 2 �.
/; so we found a setW 2 �.
/ such that
x 2 W � U .

(c) x D bt ; then there is a 2 Xt such that .a; bt 
�t � U . Observe that we have
W D .a; bt 
�t D .a; atr /� 2 �.
/; so we found again a set W 2 �.
/ such
that x 2 W � U .
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Thus we proved that for any x 2 X and U 2 �.x;X/ there is W 2 �.
/ such
that x 2 W � U . This shows that �.
/ is a base for �.X/ and hence �.X/ � �.
/.
Therefore �.X/ D �.
/ and Fact 2 is proved.

Fact 3. Suppose thatX D fxg[fx˛ W ˛ < �gwhere � is an infinite regular cardinal,
the enumeration of X is faithful and x is the unique non-isolated point of X . For
every ˛ < � let O˛ D fxg [ fxˇ W ˇ � ˛g. If the family fO˛ W ˛ < �g is a local
base at x in X then there is a linear order
 on X such that �.
/ D �.X/, the point
x is the maximal element of .X;
/ and x0 is its minimal element.

Proof. If � D ! then let xn 
 x for any n 2 ! and xn 
 xm if and only if n � m.
Then 
 is a well order on X and .X;
/ is order-isomorphic to ! C 1. It is evident
that X is also homeomorphic to ! C 1 and hence �.
/ D �.X/. It is evident that x
the maximal element of .X;
/ while x0 is its minimal element.

Now, if � D jX j > ! then let Y D Xn.fxg [ fxn W n < !g/ and take any
bijection f W Y ! D� D � � Z.

Let � be the lexicographic order on D� (see Fact 1) and transfer the order � to
Y using the bijection f , i.e., let x 
 y if and only if f .x/ � f .y/. It follows from
Fact 1 that all points of Y are isolated in the topology generated by 
 on Y . Let
x˛ 
 x for any ˛ < �. For any m; n 2 ! we let xm 
 xn if and only if m � n.
Furthermore, xm 	 x˛ for anym < ! and ˛ � !.

We omit a simple verification that .X;
/ is a linearly ordered set in which all
points ofXnfxg are isolated in �.
/ while x the maximal element of .X;
/ and x0
is its minimal element.

To see that �.x;X/ D fW 2 �.
/ W x 2 U g take any set U 2 �.x;X/. By our
hypothesis there is an ordinal ˛ < � such that O˛ � U . It follows from Fact 1 that
the set Qˇ D fy 2 X W y 
 xˇg is countable for any ˇ � ˛ so we can choose a
point z 2 .Xnfxg/n.SfQˇ W ˇ � ˛g/. It is immediate that x 2 W D fy 2 X W z 	
yg � U which shows that �.
/ is a base for �.X/ and therefore �.X/ � �.
/.

Now observe that the family f.a;!/� W a 2 Xnfxgg is a local base at the point x
in .X; �.
// so if W 2 �.
/ and x 2 W then there is a point a 2 Xnfxg such that
.a;!/� � W . The setB D . ; a
� is countable by Fact 1 so we can choose ˛ < �
such that xˇ 2 B implies ˇ < ˛. It is immediate that O˛ � W so �.X/ is also a
base for �.
/ and hence �.
/ � �.X/ whence �.
/ D �.X/. Thus X is linearly
ordered by 
 and x; x0 are the maximal and the minimal elements respectively of
the set .X;
/ which shows that Fact 3 is proved.

Returning to our solution let .L;
/ be a linearly ordered set with the topology
�.
/. Given a set A � L and a point x 2 AnA consider the sets A1 D A\ . ; x/�
and A2 D A \ .x;!/�. Since A D A1 [ A2, we have either x 2 A1nA1 or
x 2 A2nA2. The further reasonings for both cases are identical; so we consider that
y 	 x for any y 2 A.

Choose a0 2 A arbitrarily and assume that ˇ is an ordinal for which we have a
set Aˇ D fa˛ W ˛ < ˇg � A such that

(1) ˛ < 
 < ˇ implies a˛ 	 a
 .
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If x 2 Aˇ then our inductive construction stops; if not, then there is a 2 L such
that a < x and .a; x
� \ Aˇ D ;. It follows from x 2 A and A � . ; x/� that
there is aˇ 2 .a; x/�\A; it is clear that (1) still holds for the set fa˛ W ˛ � ˇg so our
inductive construction can be continued. Of course, it has to end before we arrive to
ˇ D jLjC so assume that x 2 A� for some ordinal �. Then � D cf.�/ D minf˛ W
there is a cofinal M � � which is isomorphic (with the well order induced from �)
to the ordinal ˛g is an infinite regular cardinal. Choose a setM D f�˛ W ˛ < �g � �
such that ˛ < 
 < � implies �˛ < �
 and the set M is cofinal in �; let y˛ D a�˛
for any ˛ < �. Then fy˛ W ˛ < �g � A is a �-sequence which converges to x.

Indeed, take any set U 2 �.x; L/; there is a 2 L such that .a; x
� � U . Since
x 2 A� , we have A� \ .a; x
� ¤ ; and therefore a
 2 .a; x/� for some 
 < �.
The set M being cofinal in � there is ˇ < � such that �ˇ > 
 and hence a 	 a
 	
a�ˇ D yˇ (here we applied (1)). For any ˛ � ˇ we have �ˇ � �˛ and therefore
a 	 yˇ 
 y˛ 	 x which shows that fy˛ W ˛ � ˇg � .a; x/ � U . Thus we proved
that S ! x and hence

(2) any linearly ordered space is radial.

An immediate consequence of (2) and Problem 065 is that any pseudo-open
(quotient) image of a linearly ordered space is radial (or pseudoradial respectively)
so we established sufficiency for both cases.

The proofs of necessity for both radial and pseudoradial spaces are also parallel;
so we will give them simultaneously. Assume thatX is a radial (pseudoradial) space;
if X is finite then it is linearly orderable by Fact 1 so there is nothing to prove. Thus
we can assume that jX j D � � !. Let S.X/ be the family of all faithfully indexed
�-sequences S D fx˛ W ˛ < �g � X such that ! � � D cf.�/ � � and the
sequence S converges to some point uS 2 XnS . Given S D fx˛ W ˛ < �g 2 S.X/
we will also need a topology �S on the set S [ fuSg (which might be distinct from
the topology induced on S from X ) namely, �S D fA W A � Sg [ fB W uS 2 B
and jSnBj < �g. In other words, all points of S are isolated in �S and the sets
O˛ D fuSg [ fxˇ W ˛ � ˇg form a local base at the point uS in the space P ŒS
 D
.fuSg [ S; �S/ when ˛ runs over all elements of �.

Denote by I the (discrete) subspace of all isolated points of the space X and let
L D I ˚ .LfP ŒS
 W S 2 S.X/g/. An immediate consequence of Facts 2 and 3 is
that L is linearly orderable; so it suffices to show that there exists a pseudo-open (or
a quotient respectively) map f W L! X . As usual, we identify every summand of
L with its respective clopen subspace.

Take a point x 2 L; if x 2 I then let f .x/ D x recall that I � X so f .x/ 2 X . If
x 2LfP ŒS
 W S 2 S.X/g then x 2 P ŒS
 for some S 2 S.X/; again, let f .x/ D x
and observe that f .x/makes sense and belongs toX becauseP ŒS
 � X . This gives
us a map f W L! X ; let us check that f is pseudo-open (or quotient, respectively).

Suppose first that X is pseudoradial and take any A � X such that B D f �1.A/
is closed. If A is not closed in X then there is a regular cardinal � � � and a
faithfully indexed �-sequence S D fx˛ W ˛ < �g � A such that S ! x for some
x 2 AnA. Then S 2 S.X/ and uS D x. By definition of f we have f .uS / D x

and hence uS … B (here we consider that uS 2 L). It follows from S ! x that
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uS 2 clL.B/nB which is a contradiction. ThereforeA is closed in X and hence the
map f is quotient. This proves necessity for a pseudoradial space X .

Finally, if the spaceX is radial and f is not pseudo-open then there is a point x 2
X andO 2 �.f �1.x/; L/ such that x … Int.f .O//. This implies that x 2 Xnf .O/
and hence there is a regular cardinal � � � and a faithfully indexed �-sequence
S D fx˛ W ˛ < �g � B D Xnf .O/ such that S ! x and hence uS 2 f �1.x/.
Observe that S � B implies that S \ O D ; (here we consider S � P ŒS
 to be a
subset of L) while uS 2 clL.S/\O which is again a contradiction. Therefore f is
a pseudo-open map ifX is radial; this settles necessity for a radialX and makes our
solution complete.

U.068. Prove that any radial space of countable spread is Fréchet–Urysohn.

Solution. Let X be a radial space with s.X/ D !. If X is not Fréchet–Urysohn
then there is A � X and x 2 AnA such that no sequence from A converges to x.
Since the spaceX is radial, there is a regular cardinal � and a �-sequence S D fx˛ W
˛ < �g � A such that S ! x. The cardinal � has to be uncountable for otherwise
S � A is a sequence which converges to x.

Let U � ��.A/ be a maximal disjoint family such that x … U for any U 2 U .
It is easy to see that W D S

U is dense in A and hence x 2 W . It follows from
s.X/ � ! that U is countable; so S 0 D S \ U has cardinality � for some U 2 U .
However, x … U implies that there is ˇ < � such that x˛ … U for all ˛ � ˇ.
Therefore S 0 � fx˛ W ˛ < ˇg and hence jS 0j � jˇj < �; this contradiction shows
that X is a Fréchet–Urysohn space.

U.069. Prove that any radial dyadic space is metrizable.

Solution. Suppose that X is a radial dyadic space and fix a continuous onto map
f W D� ! X for some cardinal �. If � � ! then D

� is metrizable and hence
so is X (see Fact 5 of S.307). Thus we can assume, without loss of generality,
that � > !. We will need the subspaces � D fs 2 D

� W js�1.1/j < !g and
˙ D fs 2 D

� W js�1.1/j � !g of the space D� .
Observe that � D S

n2! �n where �n D fs 2 D
� W js�1.1/j � ng is a compact

subspace of D� for each n 2 !. Besides, � is dense in D
� and hence Y D f .�/ is

dense inX . Fix an arbitrary x 2 XnY ; there is a regular cardinal � and a �-sequence
S D fy˛ W ˛ < �g � Y with S ! x.

If � > ! then it follows from Y D S
n2! f .�n/ that there is m 2 ! for which

T D S\f .�m/ has cardinality �. The spaceK D f .�m/ is compact; soW D XnK
is an open neighbourhood of x. Therefore there is ˇ < � such that y˛ 2 W and
hence y˛ … K for all ˛ � ˇ. Consequently, T � fy˛ W ˛ < ˇg which shows that
jT j � jˇj < �; this contradiction proves that � D !. Thus we can take a countable
set A � � such that f .A/ � S and hence x 2 f .A/ D f .A/ (the last equality is
true because the map f is closed).

However, A � ˙ by Fact 3 of S.307 and therefore x 2 f .˙/. Since the point
x 2 XnY was chosen arbitrarily, we proved that f .˙/ � XnY ; moreover Y D
f .�/ � f .˙/ as well so f .˙/ D X . Finally apply Fact 6 of S.307 to conclude that
X is metrizable.
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U.070. Prove that ˇ!n! is not pseudoradial.

Solution. The space ˇ!n! is infinite and compact (see Fact 1 of S.370 and Fact 1
of S.376) so we can find a countable non-closed setA � ˇ!n! by Fact 2 of T.090. If
the space ˇ!n! is pseudoradial then there is a regular cardinal � and a �-sequence
S D fx˛ W ˛ < �g � A such that S ! x for some x 2 .ˇ!n!/nA. It can be
left to the reader as an easy exercise to prove that � cannot be uncountable; so S
is a non-trivial convergent sequence in ˇ!. However, ˇ! does not have non-trivial
convergent sequences by Fact 2 of T.131; this contradiction proves that ˇ!n! is not
pseudoradial.

U.071. Prove that D
!1 is not pseudoradial under CH and pseudoradial under

MAC:CH.

Solution. If CH holds then w.ˇ!n!/ D c D !1 (see TFS-368 and TFS-371) so
ˇ!n! embeds in I

!1 and hence I
!1 is not pseudoradial by Problems 070 and 064.

The space D!1 can be continuously mapped onto I!1 by Fact 2 of T.298. The relevant
map has to be closed and hence quotient; so if D!1 is pseudoradial then so is I!1 (see
Problem 065); this contradiction shows that D!1 is not pseudoradial. To finish our
solution it suffices to prove that

Fact 1. If MAC:CH holds then any compact space X of weight at most !1 is
pseudoradial. In particular, D!1 is pseudoradial under MAC:CH.

Proof. Suppose that A � X is not closed in X . If there is a countable B � A such
that BnA ¤ ; then take a point x 2 BnA and consider the space Y D fxg [ B .
We have 	.x; Y / � w.X/ � !1 < c and jBj � ! so SFFS-054 is applicable to
conclude that there is a sequence S D fxn W n 2 !g � B with S ! x. It is evident
that the sequence S witnesses pseudoradiality of X .

Thus we can assume that B � A for any countable B � A and hence A is
countably compact (see Fact 1 of S.314); fix any point x 2 AnA. It is impossible
that 	.x;X/ D ! because then there is a sequence in A which converges to x; thus
	.x;X/ D !1. Take a local base B D fU˛ W ˛ < !1g at the point x and choose
V˛ 2 �.x;X/ such that V ˛ � U˛ for any ˛ < !1.

If P � !1 is countable then take any enumeration f˛n W n 2 !g of the set P
and observe that Wn D T

i�n V˛i is a neighbourhood of x; so Fn D W n \ A ¤ ;
for any n 2 !. By countable compactness of A we have F D T

n2! Fn ¤ ; and
therefore .

T
˛2P U˛/\ A � .

T
˛2P V ˛/\ A D F ¤ ; which proves that

(1) .
T
˛2P U˛/ \A ¤ ; for any countable P � !1.

Finally apply (1) to choose a point x˛ 2 .TfUˇ W ˇ � ˛g/\A for every ˛ < !1.
It is immediate that the !1-sequence S D fx˛ W ˛ < !1g � A converges to x so X
is pseudoradial and Fact 1 is proved.

U.072. Prove that it is independent of ZFC whether every dyadic pseudoradial space
is metrizable.
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Solution. Given a set T and A � T , the map �TA W DT ! D
A is the natural

projection; if the set T is clear we write �A instead of �TA . We say that a setZ � D
T

does not depend on A � T if ��1
A �A.Z/ D Z. A set U 2 �.DT / is called standard

if U D QfUt W t 2 T g and the set supp.U / D ft 2 T W Ut ¤ Dg is finite.

Fact 1. Let � be an infinite cardinal. If X is a dyadic space such that the set C D
fx 2 X W �	.x;X/ � �g is dense in X then w.X/ � �. In particular, if X has a
dense set of points of countable �-character then X is metrizable.

Proof. Fix a continuous onto map f W D� ! X for some infinite cardinal �; if
� � � then there is nothing to prove, so we assume that � > �. We will show first
that

(1) for any x 2 C there is a non-empty Ax � � such that jAxj � � and there is a
point sx 2 D

Ax for which ��1
Ax
.sx/ � f �1.x/.

If x 2 C is an isolated point of X then K D f �1.x/ is a clopen subset of D�

so, being the closure of itself, it depends on countably many coordinates, i.e., there
is a non-empty countable Ax � � such that ��1

Ax
�Ax .K/ D K (see Fact 6 of T.298).

Thus we can take any sx 2 �Ax .K/ to satisfy (1).
Now, if x 2 C is not isolated in X fix a �-base B at x in X such that jBj � �;

it is easy to see that we can choose B so that x … U for any U 2 B. It is an easy
consequence of Fact 1 of S.226 that the family V D ff �1.U / W U 2 Bg is a �-base
of the set K D f �1.x/ in D

� , i.e., for any O 2 �.K;D�/ there is V 2 V such that
V � O . Since D

� is a normal space, the family Vcl D fV W V 2 Vg is a �-net for
the set K , i.e., for any O 2 �.K;D�/ there is V 2 V such that V � O .

For every V 2 V the set V depends on countably many coordinates, i.e., there is
a non-empty countable SV � � such that V D ��1

SV
�SV .V / (see Fact 6 of T.298). If

Ax DSfSV W V 2 Vg then jAxj � �; let us prove that Ax is as promised.
Observe first that, for every V 2 V , we have ��1

Ax
�Ax .V / D V because SV � Ax .

The set F D �Ax .K/ is compact; assume that, for any point s 2 F , there is a point
us 2 ��1

Ax
.s/nK . Take Hs 2 �.us;D�/ for whichHs \K D ;; then Gs D �Ax .Hs/

is an open neighbourhood of the point s for any s 2 F . There is a finiteQ � F such
thatG DSfGs W s 2 Qg � F . The set P D SfHs W s 2 Qg is closed and disjoint
fromK; since Vcl is a �-net forK , there is V 2 V such that V � .D�nP/\��1

Ax
.G/.

Consequently, �Ax .V / � G and hence �Ax .V / \Gs ¤ ; for some s 2 Q. The set
V does not depend on Ax ; so V \Hs ¤ ;; this contradiction with the choice of V
shows that (1) is proved.

For any x 2 C take a point wx 2 ��1
Ax
.sx/ and let C 0 D fwx W x 2 C g; observe

that wx 2 f �1.x/ and hence f .wx/ D x for any x 2 C .
Take a point d 2 C arbitrarily and let D0 D fd g; B0 D Ad . Proceeding by

induction assume that m 2 N and we have constructed sets D0; : : : ;Dm�1 and
B0; : : : ; Bm�1 with the following properties:

(2) D0 � D1 � : : : � Dm�1 � C and jDi j � � for any i < m;
(3) B0 � B1 � : : : � Bm�1 � � and jBi j � � for any i < m;
(4) if 0 � i � m � 1 then Ax � Bi for any x 2 Di ;
(5) if 0 � i < m � 1 then �Bi .fwx W x 2 DiC1g/ is dense in �Bi .C

0/.
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Observe that (2)–(5) are satisfied for m D 1 with (5) fulfilled vacuously. Since
�Bm�1 .C

0/ � D
Bm�1 , we have w.�Bm�1 .C

0// � � so there is a set QC � C such that
j QC j � � and, for C0 D fwx W x 2 QC g, the set �Bm�1 .C0/ is dense in �Bm�1 .C

0/;
letting Dm D Dm�1 [ QC and Bm D SfAx W x 2 Dmg [ Bm�1 we obtain sets
Dm and Bm such that (2)–(5) are still fulfilled for the families fBi W i � mg and
fDi W i � mg. Therefore our inductive construction can be continued to obtain
families fBi W i 2 !g and fDi W i 2 !g with the properties (2)–(5) satisfied for all
m 2 !.

Let B D S
n2! Bn and D D S

n2! Dn. Consider also the set F D C 0 and
E D fwx W x 2 Dg; it is evident that f .F / D X . We claim that the map g D f jF
factorizes through the face D

B , i.e., there exists a continuous map h W �B.F /! X

such that g D h ı .�B jF /. To prove this we will first establish that

(6) if U; V 2 �.D�/ and �B.U / \ �B.V /\ �B.E/ ¤ ; then f .U /\ f .V / ¤ ;.

To do it take a point u 2 E with �B.u/ 2 �B.U / \ �B.V /. By definition of E
there is x 2 D such that u D wx and hence ��1

B .sx/ � ��1
Ax
.sx/ � f �1.x/. Thus it

follows from ��1
B .sx/ \ U ¤ ; and ��1

B .sx/ \ V ¤ ; that f �1.x/ \ U ¤ ; and
f �1.x/ \ V ¤ ; whence x 2 f .U /\ f .V /, i.e., (6) is proved.

Now assume that s; t 2 F and �B.s/ D �B.t/. If f .s/ ¤ f .t/ then there
are disjoint sets U 0; V 0 2 �.X/ such that f .s/ 2 U 0 and f .t/ 2 V 0. Therefore
U1 D f �1.U 0/ and V1 D f �1.V 0/ are disjoint open neighbourhoods in D

� of s and
t respectively. It follows from u D �B.t/ D �B.s/ that there are sets U; V 2 �.D�/
such that s 2 U � U1; t 2 V � V1 and W D �B.U / D �B.V /. There is a finite
B 0 � B and a standard open set G in the space D

B such that u 2 G � W . The set
K D supp.G/ � B being finite, there is n 2 ! such that K � Bn. It follows from
(5) that �Bn.E/ is dense in �Bn.C

0/; furthermore, u 2 �B.F / D �B.C 0/ which
implies that �BBn.u/ 2 �Bn.C 0/ � �Bn.E/ and therefore �Bn.G/\�Bn.E/ ¤ ;. We
have .�BBn/

�1.G/ D G so �B.E/\G ¤ ; and hence �B.E/\W ¤ ;. This makes
it possible to apply (6) to conclude that f .U /\ f .V / ¤ ; which is a contradiction
with f .U / \ f .V / � f .U1/\ f .V1/ D U 0 \ V 0 D ;. We finally proved that

(7) for any s; t 2 F if �B.s/ D �B.t/ then f .s/ D f .t/.
Thus, for any u 2 �B.F / there is x 2 X for which f .��1

B .u/ \ F / D fxg; we
let h.u/ D x. Let p D �jF W F ! �B.F /; it is immediate that h ı p D g. The
space F being compact the map p is closed and hence R-quotient (see TFS-153 and
TFS-154) so we can apply Fact 1 of T.268 to conclude that h is continuous. It turns
out that X D h.�B.F // is a continuous image of the compact space �B.F / with
w.�B.F // � � so w.X/ � � (see Fact 1 of T.489) and Fact 1 is proved.

Returning to our solution observe that under MAC:CH the space D
!1 is non-

metrizable, pseudoradial and dyadic (see Problem 071); so it suffices to prove that

Fact 2. Under CH every pseudoradial dyadic space is metrizable.

Proof. Assume CH and let f W D� ! X be a continuous onto map for some infinite
cardinal � and a non-metrizable pseudoradial space X . Since CH holds, the space
D
!1 is not pseudoradial (see Problem 071); this, together with Problem 064 implies

that
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(8) no closed subspace of X can be continuously mapped onto D
!1 .

Suppose that U 2 ��.X/ and �	.x;X/ > ! for any x 2 U . Take V 2 ��.X/
such that V � U . If x 2 V and U is a countable �-base at the point x in V then
the family fW \ V W W 2 Ug is a countable �-base at x in X which contradicts
the choice of U . Therefore �	.x; V / > ! for any x 2 V so we can apply Fact 5
of T.298 to see that some closed subspace of V maps continuously onto D

!1 ; this
contradiction with (8) shows that the set C D fx 2 X W �	.x;X/ � !g is dense
in X and hence we can apply Fact 1 to conclude that X is metrizable obtaining the
final contradiction to finish the proof of Fact 2 and our solution.

U.073. Prove that, for any space X , the space Cp.X/ is radial if and only if it is
Fréchet–Urysohn.

Solution. It is evident that every Fréchet–Urysohn space is radial; so sufficiency is
clear. To settle necessity assume that Cp.X/ is radial and fix an !-cover U of the
space X . Consider the set A D ff 2 Cp.X/ W f �1.Rnf0g/ � U for some U 2 Ug.
Observe first that

(1) the set A is dense in Cp.X/.

Indeed, take any function f 2 Cp.X/ and O 2 �.f; Cp.X//. There is a finite
set K � X and " > 0 such that W D fg 2 Cp.X/ W jg.x/ � f .x/j < " for any
x 2 Kg � O . Since U is an !-cover of X , there is U 2 U such that K � U . It is
easy to construct a function g 2 Cp.X/ such that gjK D f jK and g.XnU / � f0g.
It is immediate that g 2 A \W � A \O which proves that any neighbourhood of
f meets A, i.e., f 2 A and (1) is proved.

Let p.x/ D 1 for all x 2 X and consider a maximal disjoint family V � ��.A/
such that p … V for any V 2 V . It is an easy exercise that B D S

V is dense in
A and hence p 2 B . Furthermore, V is countable because c.A/ D c.Cp.X// D !.
By radiality of the space Cp.X/ there is a regular cardinal � and a �-sequence
S D ff˛ W ˛ < �g � B such that S ! p.

If � > ! then jS \ V j D � for some V 2 V . However, p … V and hence there is
ˇ < � for which f˛ … V for any ˛ � ˇ. Thus S \ V � ff˛ W ˛ < ˇg and therefore
jS \ V j � jˇj < �; this contradiction shows that � D !, i.e., we have a sequence
S D ffn W n 2 !g � A which converges to p. By the choice of A, there is Un 2 U
such that f �1

n .Rnf0g/ � Un for every n 2 !.
We have p 2 A so, for any finite set K � X there is n 2 ! such that fn.x/ > 0

for every x 2 K . This implies K � f �1
n .Rnf0g/ � Un and therefore the family

fUn W n 2 !g � U is an !-cover of X . We established that every !-cover of X has
a countable !-subcover; so t.Cp.X// D ! by TFS-148 and TFS-149. Thus Cp.X/
is a radial space of countable tightness which shows that we can apply Problem 066
to conclude that Cp.X/ is Fréchet–Urysohn.

U.074. An uncountable cardinal � is called !-inaccessible if �! < � for any
cardinal � < �. Recall that, if � is an ordinal then cf.�/ D minfjAj W A is a cofinal
subset of �g. Prove that, for an infinite ordinal �, the space Cp.�/ is pseudoradial
if and only if either cf.�/ � ! or � is an !-inaccessible regular cardinal (here,
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as usual, � is considered with its interval topology). Observe that !-inaccessible
regular cardinals exist in ZFC and hence there exist spaces X such that Cp.X/ is
pseudoradial but not radial.

Solution. If Z is a set then Fin.Z/ is the family of all non-empty finite subsets of
Z. We will develop some methods of working with stationary sets in cardinals larger
than !1; however, all proofs and concepts here are analogous to the ones given in
SFFS-064 and SFFS-067. All cardinals and ordinals carry the interval topology of
their natural well ordering. Any ordinal ˛ is identified with the set fˇ W ˇ < ˛g. It
will be always clear from the context what we mean except one situation in dealing
with maps when confusion is possible.

To remedy this, we introduce the following notation: if f W ˛ ! Z is a map and
ˇ < ˛ then f .ˇ/ 2 Z is the respective image of ˇ as an element of ˛ and f Œˇ
 D
ff .
/ W 
 < ˇg � Z. If ˛ and ˇ are ordinals then Œ˛; ˇ
 D f
 W ˛ � 
 � ˇg and
.˛; ˇ/ D f
 W ˛ < 
 < ˇg; we will also need the intervals .˛; ˇ
 D f
 W ˛ < 
 �
ˇg and Œ˛; ˇ/ D f
 W ˛ � 
 < ˇg. As usual ˛ is a limit ordinal if there exists no
ordinal ˇ such that ˛ D ˇC 1; observe that this definition says that ˛ D 0 is a limit
ordinal.

Given a regular uncountable cardinal � say that C � � is (a) club if C is closed
and unbounded (
cofinal) in �. A set A � � is called stationary if A \ C ¤ ; for
any club C . If Z is a space say that a set A � Z is radially closed in Z if, for any
regular cardinal � and �-sequence S D fz˛ W ˛ < �g � A if S ! z then z 2 A.
If � is an ordinal, call a �-sequence S D fˇ˛ W ˛ < �g � � strictly increasing if
˛ < ˛0 < � implies ˇ˛ < ˇ˛0 .

Fact 1. Given a regular uncountable cardinal � suppose that � < � and C˛ � � is a
club for any ˛ < �. Then C D TfC˛ W ˛ < �g is also a club.

Proof. The intersection of any number of closed sets is closed; so C is closed in �.
Thus we only have to prove that C is cofinal in �. Observe first that,

(1) for any ˇ < � there exists a strictly increasing �-sequence f�˛ W ˛ < �g � �
such that ˇ < �0 and �˛ 2 C˛ for every ˛ < �.

The proof of (1) can be done by making use of cofinality of each C˛ by a trivial
transfinite induction; so it can be left to the reader as an exercise. Fix an arbitrary
ordinal 
 < � and apply (1) to construct inductively a collection fSn W n 2 !g of
�-sequences with the following properties:

(2) Sn D f�n˛ W ˛ < �g and �n˛ 2 C˛ for every n 2 ! and ˛ < �;
(3) 
 < �00 and �n˛ < �

n
ˇ whenever ˛ < ˇ and n 2 !;

(4) �n˛ < �
m
ˇ for any n < m < ! and ˛; ˇ < �.

In other words, all our �-sequences are strictly increasing and lie in �n
 ; besides,
each one has elements larger the all elements of the preceding one. If �n D supSn
for all n 2 ! and � D supn2! �n then � D limn!1�n˛; since C˛ is closed, we
have � 2 C˛ for every ˛ < �, i.e., � 2 C . Thus, for any 
 < � there is � 2 C with
� > 
 . Therefore C is unbounded and Fact 1 is proved.
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Fact 2. Let � be an uncountable regular cardinal. Then

(i) if A � � is stationary then jAj D �;
(ii) if A � B � � and A is stationary then B is also stationary;

(iii) if A � � is stationary and C � � is a club then A \ C is stationary;
(iv) given a cardinal � < � suppose that A˛ � � for all ˛ < � and

SfA˛ W ˛ < �g
is stationary. Then A˛ is stationary for some ˛ < �.

Proof. If jAj < � then, by regularity of �, the set A is not cofinal in � and hence
there is ˇ < � such that ˛ < ˇ for all ˛ 2 A. Thus C D �nˇ is a club with
A \ C D ;; this contradiction proves (i). The property (ii) is evident; as to (iii), let
A0 D A \ C . If D � � is a club then C \D is also a club by Fact 1 so A0 \D D
A \ .C \D/ ¤ ; and hence A0 is also stationary. Finally, if A D SfA˛ W ˛ < �g
and every A˛ is non-stationary then there is a club C˛ � � such that A \ C˛ D ;.
Then C D TfC˛ W ˛ < �g is a club by Fact 1 while A \ C D ; which shows that
A is not stationary and proves (iv). Fact 2 is proved.

Fact 3. Suppose that � is a regular uncountable cardinal andA is a stationary subset
of �. Assume that f W A ! � and f .˛/ < ˛ for any ˛ 2 A. Then there is ˇ < �

such that the set f˛ 2 A W f .˛/ D ˇg is stationary.

Proof. If the statement of this Fact is false then, for any ˇ < � there is a club Cˇ
such that Cˇ \ f �1.ˇ/ D ;. We claim that the set

(5) C D f˛ < � W ˛ 2 Cˇ for any ˇ < ˛g
is a club. To see that C is closed take any ˛ 2 �nC ; then there is ˇ < ˛ such that
˛ … Cˇ. Since Cˇ is closed, there is ˛0 < ˛ such that ˇ � ˛0 and .˛0; ˛
\Cˇ D ;. It
is clear that, for every 
 2 .˛0; ˛
 we have ˇ < 
 and 
 … Cˇ , i.e., .˛0; ˛
 \ C D ;
which proves that C is closed in �.

To see that C is cofinal fix any 
 < � and let ˇ�1 D 
 . By Fact 1 the set
D0 D TfCˇ W ˇ < 
g is a club; so we can pick ˇ0 2 D0 with 
 < ˇ0. Assume
that m 2 N and we have club sets D0; : : : ;Dm�1 and ordinals ˇ0; : : : ; ˇm�1 with
the following properties:

(6) 
 < ˇ0 < : : : < ˇm�1 and ˇi 2 Di for any i < m;
(7) DiC1 DTfCˇ W ˇ < ˇi g for all i < m � 1.

The set Dm D TfCˇ W ˇ < ˇm�1g is a club by Fact 1; so we can choose
ˇm 2 Dm such that ˇm�1 < ˇm. It is clear that the conditions (6) and (7) are
still satisfied; so our inductive construction can be continued to obtain sequences
fDn W n 2 !g and fˇn W n 2 !g for which (6) and (7) hold for all m 2 !. It is
straightforward that ˇ D supn2! ˇn 2 C and ˇ > 
 so C is, indeed, a club.

Finally observe that C \A D ; because, given any ˛ 2 A, we have ˇ D f .˛/ <
˛ and it follows from Cˇ \ f �1.ˇ/ D ; that ˛ … Cˇ and hence ˛ … C . This shows
that A is not stationary and gives a contradiction which finishes the proof of Fact 3.

Fact 4. For any ordinal � the space � C 1 is compact and scattered; so Cp.� C 1/ is
a Fréchet–Urysohn space.
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Proof. The space � C 1 is well ordered and has a largest element; so it is compact
by TFS-306. If ; ¤ A � � C 1 then the point a D min.A/ is isolated in A which
proves that every non-empty A � � C 1 has an isolated point and hence � C 1 is
scattered. Thus Cp.�/ is Fréchet–Urysohn by SFFS-134 and Fact 4 is proved.

Fact 5. If � is any ordinal then any closed non-empty F � � is a retract of �, i.e.,
there exists a continuous map r W � ! F such that r.˛/ D ˛ for any ˛ 2 F .

Proof. Let 
0 D sup.F / (it is possible that 
0 D � and hence 
0 … �). If ˛ < � and
˛ > 
0 then let r.˛/ D 
0. If ˛ � 
0 then the ordinal r.˛/ D minfˇ 2 F W ˛ � ˇg
is well defined; thus we have a map r W � ! F and it is evident that r.˛/ D ˛ for
any ˛ 2 F .

To see that r is continuous observe first that r j.
0; �/ is constant on the open set
.
0; �/ so r is continuous at every ˛ > 
0. Note next that r.˛/ � ˛ for any ˛ � 
0.
Given an arbitrary ˛ � 
0 let ˇ D r.˛/. If ˛ … F then .˛; ˇ/ \ F D ;; since
F is closed, there is ˛0 < ˛ such that .˛0; ˛
 \ F D ;. The set U D .˛0; ˛
 is a
neighbourhood of ˛ and r.U / D fˇg which shows that r is continuous at the point
˛. Now, if ˛ 2 F then r.˛/ D ˛; take any U 2 �.˛; �/. There is ˛0 < ˛ such that
.˛0; ˛
 � U ; given any ˇ 2 V D .˛0; ˛
 we have ˛ � r.ˇ/ � ˇ > ˛0 which shows
that r.V / � V � U , i.e., the neighbourhood V of the point ˛ witnesses continuity
of r at ˛. We showed that r is continuous at all point of � so r W � ! F is, indeed,
a retraction and hence Fact 5 is proved.

Fact 6. If � is an ordinal such that cf.�/ > ! then, for any second countable space
M and a continuous map f W � !M there is z 2M and � < � such that f .˛/ D z
for any ˛ 2 Œ�; �/.
Proof. If A � � is countable then there is ˇ < � such that A � ˇ C 1 and hence
f .A/ � f Œˇ C 1
. However, ˇ C 1 is a scattered compact space (see Fact 4); so
f Œˇ C 1
 is countable by SFFS-129. Thus f .A/ � f Œˇ C 1
 is countable for any
countable A � �. Since f Œ�
 is separable, we conclude that jf Œ�
j � !. It follows
from cf.�/ > ! that, for some z 2 M the set Kz D f �1.z/ is cofinal in �. Suppose
that t ¤ z and Kt D f �1.t/ is also cofinal in �.

By an easy induction we can construct sequences f˛n W n 2 !g � Kz and
fˇn W n 2 !g � Kt such that ˛n < ˇn < ˛nC1 for all n 2 !. Since � is not!-cofinal,
the ordinal ˛ D supn2! ˛n D supn2! ˇn belongs to � and hence toKz \Kt because
Kz andKt are closed in �. However,Kz\Kt D ;; this contradiction shows that, for
every t 2 R D f Œ�
nfzg there is ˛t < � such that f �1.t/ � ˛t . Recalling once more
that cf.�/ > ! we conclude that there is � < � for which

Sff �1.t/ W t 2 Rg � �
and therefore f .˛/ D z for all ˛ � � as promised. Fact 6 is proved.

Fact 7. For any space Z we have jCp.Z/j � w.Z/l.Z/.

Proof. Fix a base B of the space Z such that jBj D � D w.Z/. Let � D l.Z/ and
consider the family A D fB0 � B W jB0j � �g. It is clear that jAj D �� and hence
jA!j D .��/! D ���! D ��. Choose an enumeration fIn W n 2 !g of all non-trivial
rational intervals in R. If f 2 Cp.Z/ then Un D f �1.In/ is an F� -subset of Z; so
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l.Un/ � � and hence we can choose a family Cn.f / � B such that
S

Cn.f / D Un
and jCn.f /j � � for every n 2 !. Letting '.f /.n/ D Cn.f / for all f 2 Cp.Z/
and n 2 ! we obtain a map ' W Cp.Z/! A! .

Now, given distinct f; g 2 Cp.Z/ there is n 2 ! and z 2 Z such that f .z/ 2 In
and g.z/ … In. There is B 2 Cn.f / such that z 2 B; since g.B/ 3 g.z/ … In,
we have g.B/ 6� In and hence Cn.g/ ¤ Cn.f / which implies '.f / ¤ '.g/. Thus
' W Cp.Z/ ! A! is an injection and therefore jCp.Z/j � jA! j D �� so Fact 7 is
proved.

Fact 8. Given an ordinal � assume that � D cf.�/ � ! and � 2 �. Then there exists
a map f W � ! Œ�; �/ such that ˛ < ˇ < � implies f .˛/ < f .ˇ/, the set F D f Œ�

is closed in � and f W � ! F is a homeomorphism. In particular, � embeds in Œ�; �/
as a closed subspace.

Proof. Fix a strictly increasing �-sequence f�˛ W ˛ < �g � � such that A is cofinal
in � and let f .0/ D maxf�;�0g. Proceeding inductively assume that 
 < � and we
defined f .˛/ 2 Œ�; �/ for any ˛ < 
 in such a way that

(8) the map f W 
 ! � is continuous;
(9) ˛ < ˇ < 
 implies f .˛/ < f .ˇ/;

(10) f .˛/ � �˛ for any successor ordinal ˛ < 
 .

If 
 is a successor, i.e., 
 D 
 0 C 1 then let f .
/ D maxf�
; f .
 0/g C 1. It
is immediate that (9) and (10) still hold for all ˛; ˇ � 
 . Besides, the point 
 is
isolated in 
 C 1; so f W .
 C 1/! Œ�; �/ is continuous at the point 
 and hence f
is continuous on 
 C 1. Thus the properties (8)–(10) are fulfilled for all ˛; ˇ � 
 .

Now, if 
 is a limit ordinal then let f .
/ D supff .˛/ W ˛ < 
g. Since the set
f Œ

 has cardinality less than �, the ordinal f .
/ belongs to �. The property (10)
does not require anything for limit ordinals, so it is still fulfilled for all ˛ � 
 ; it
is obvious that (9) also holds for all ˛; ˇ � 
 . As to (8), we only have to check
continuity at the point 
 ; so take any ˇ < f .
/. There is � < 
 such that f .�/ � ˇ;
so it follows from (9) that f ..�; 

/ � .ˇ; f .
/
, i.e., the neighbourhood .�; 


witnesses continuity of f at the point 
 .

Therefore our inductive construction can be continued to provide a mapping f W
� ! Œ�; �/ with the properties (8)–(10) satisfied for all 
 < �. In particular, f is
continuous; let F D f Œ�
. It follows from (9) that f is a bijection; the space 
 C 1
is compact, so f j.
 C 1/ is a homeomorphism for any 
 < �. It follows from (10)
that f .�/ is cofinal in �. If ˛ 2 �nF then there is 
 < � such that f .
/ > ˛ and
hence f .�/ > ˛ for any � � 
 . Since f Œ
 C 1
 is compact, there is ˇ < ˛ such
that .ˇ; ˛
 \ f Œ
 C 1
 D ;; it is immediate that also .ˇ; ˛
 \ F D ; and hence F
is closed in �.

Observe that a set H � � is closed in � if and only if H \ .� C 1/ is compact
for any � < �. Given a closed G � � and � < � there is 
 < � such that f .
/ > �
and hence the set f .G/\ .�C 1/ D f .G \ .
 C 1//\ .�C 1/ is compact because
f W .
 C 1/! f Œ
 C 1
 is a closed map. Thus f .G/ is a closed subset of � for any
closed G � � and hence f W � ! F is a homeomorphism; so Fact 8 is proved.
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Fact 9. For any ordinal ˛ there exists a unique n.˛/ 2 ! and a unique limit ordinal
�.˛/ such that ˛ D �.˛/C n.˛/.
Proof. Let P D fˇ 2 ˛ C 1 W for some n 2 ! we have ˇ C n D ˛g. The set P is
non-empty because 0 2 P . Let �.˛/ be the minimal element of P ; by definition of
�.˛/ we have ˛ D �.˛/C n.˛/ for some n.˛/ 2 !. The ordinal �.˛/ is limit for
otherwise �.˛/ D ˇC 1 and hence ˇC .n.˛/C 1/ D ˛, i.e., ˇ 2 P and ˇ < �.˛/
which is a contradiction. If ˛ D ˇ C n for some limit ordinal ˇ and n 2 ! we
have ˇ 2 P and hence �.˛/ � ˇ by the choice of �.˛/. Now, if �.˛/ ¤ ˇ then
�.˛/ < ˇ � �.˛/ C n.˛/ which is a contradiction with the fact that ˇ is a limit
ordinal. Thus ˇ D �.˛/ and n D n.˛/; so Fact 9 is proved.

Fact 10. For any spaceZ, if Cp.Z/ is Fréchet–Urysohn and Y ¤ ; is an F� -subset
of Z then Cp.Y / is also Fréchet–Urysohn.

Proof. We have Y D S
n2! Yn where Yn � YnC1 and Yn is closed in Z for every

n 2 !. Let Un be an open !-cover of Y for every n 2 !. Given n 2 !, for any
U 2 Un take U 0 2 �.Z/ with U 0 \ Y D U and let U 0

n D fU 0 W U 2 Ung. It is easy
to see that Vn D fV [ .ZnYn/ W V 2 U 0

ng is an open !-cover of Z for every n 2 !.
Since Cp.Z/ is Fréchet–Urysohn, we can choose, for any n 2 !, a set Wn 2 Vn

in such a way that W D fWn W n 2 !g converges to Z, i.e., any z 2 Z belongs to
all except finitely many elements of W (see TFS-144). By definition of Vn, there is
Vn 2 U 0

n for which Wn D Vn [ .ZnYn/. Then Un D Vn \ Y 2 Un for every n 2 !
and it is straightforward that the sequence fUn W n 2 !g converges to Y . Applying
TFS-144 again we conclude that Cp.Y / is Fréchet–Urysohn and hence Fact 10 is
proved.

Fact 11. Given spaces Y and Z assume that f W Y ! Z is a continuous map such
that there is P � Y for which f .P / D Z and f jP W P ! Z is a quotient map.
Then f is quotient. In particular, any retraction is a quotient map.

Proof. Consider the function g D f jP ; if U � Z and the set f �1.U / is open in
Y then W D f �1.U / \ P D g�1.U / is an open subset of P . The map g being
quotient, U is open in Z and hence f is also quotient. Finally, if Z is a space,
F � Z and r W Z ! F is a retraction then the map r jF W F ! F is quotient
(even a homeomorphism); so r is quotient by what we established above. Fact 11 is
proved.

Returning to our solution let us prove first that Cp.�/ is pseudoradial for any
regular !-inaccessible cardinal �. Let u.˛/ D 0 for any ˛ < �; given d 2 R and
˛ < � let C.˛; d/ D ff 2 Cp.�/ W f .ˇ/ D d for any ˇ � ˛g. If K 2 Fin.�/ and
" > 0 let ŒK; "
 D ff 2 Cp.�/ W f .K/ � .�"; "/g.

Take a radially closed set A � Cp.�/; we must prove that A is closed in Cp.�/,
i.e., f 2 A implies f 2 A. By homogeneity of Cp.�/ it suffices to show that u 2 A
implies u 2 A; so assume that u 2 A.

Claim. For any finite F � � and " > 0 there is a function f D fF;" 2 A and
� D �F;" < � such that jf .˛/j � " for every ˛ 2 F and f 2 C.�; d/ for some
d D dF;" 2 Œ�"; "
.
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Proof of the Claim. It follows from !! � !1 that � > !1; denote by L the set
f˛ < � W cf.˛/ D !1g.

Given a club C � � we can choose, by an evident transfinite induction, a strictly
increasing !1-sequence f�˛ W ˛ < !1g � C . Since � D cf.�/ > !1, the ordinal
� D supf�˛ W ˛ < !1g belongs to � and hence to C because C is closed in �. Thus
� 2 C \L which proves that L is a stationary subset of �.

It is easy to see that the set B 0 D ff 2 Cp.�/ W jf .˛/j � " for any ˛ 2 F g is
closed in Cp.�/, so B D B 0\A is radially closed; since B 0 is a neighbourhood of u,
we still have u 2 B . For each ˛ 2 L there is f˛ 2 A such that d˛ D f˛.˛/ 2 .�"; "/.
By Fact 6 there exists �˛ < ˛ such that f˛.ˇ/ D d˛ for any ˇ 2 Œ�˛; ˛
. Letting
'.˛/ D �˛ for all ˛ 2 L we obtain a function ' W L ! � such that '.˛/ < ˛ for
any ˛ 2 L. By Fact 3 there is a cofinal S � L and � D �F;" < � such that �˛ D �

for any ˛ 2 S . We also have jRj D 2! < � which shows that there is d 2 .�"; "/
such that d˛ D d for �-many ˛ 2 S .

Furthermore, jCp.� C 1/j � j�j! < � (see Fact 7) which proves that there is
S 0 � S and g 2 Cp.�C 1/ such that jS 0j D �; d˛ D d D dF;" and f˛j.�C 1/ D g
for all ˛ 2 S 0. Let fF;".˛/ D g.˛/ for any ˛ � � and fF;".˛/ D d for all ˛ > �.

Choose by an evident transfinite induction a set fˇ˛ W ˛ < �g � S 0 such that
˛ < ˛0 < � implies ˇ˛ < ˇ˛0 . Letting g˛ D fˇ˛ for all ˛ < � we obtain a
�-sequence S D fg˛ W ˛ < �g � A. It id clear that g˛ j.�C 1/ D g for all ˛ < �.
Besides, the set fˇ˛ W ˛ < �g is cofinal in �; so for any � 2 �n.� C 1/ there is

 < � such that ˇ˛ > � for any ˛ � 
 . This implies g˛.�/ D d for all ˛ � 
 ; so
we proved that

(11) for any � < � there is 
 < � for which g˛.�/ D fF;".�/ for all ˛ � 
 ,

which shows that the �-sequence S converges to fF;" whence fF;" 2 A and our
Claim is proved.

Let "n D 2�n for any n 2 !; for arbitrary n 2 ! and F 2 Fin.�/ choose a
function gF;n D fF;"n 2 A and an ordinal �F;n D �F;"n < � whose existence is
granted by the Claim.

Let �0 D !; proceeding inductively assume that m 2 ! and we have ordinals
�0 < : : : < �m < � such that,

(12) for every i < m, we have �F;n < �iC1 for any F 2 Fin.�i / and n 2 !.

The set M D f�F;n W F 2 Fin.�m/ and n 2 !g has cardinality < �; so there is
�mC1 < � such that ˛ < �mC1 for all ˛ 2 M . It is clear that (12) still holds for the
ordinals f�i W i � m C 1g; so our inductive construction can be continued giving
us a strictly increasing sequence f�i W i 2 !g � � such that (12) holds for every
m 2 !. It is immediate that for the ordinal � D supi2! �i we have

(13) �F;n < � for any F 2 Fin.�/ and n 2 !.

Consider the set T D fgF;n W F 2 Fin.�/ and n 2 !g � A. By definition of �,
for any h 2 T we have h 2 C.�; d/ for some d 2 R, i.e., the function h is constant
on Œ�; �/. Now, take any finite K � � and " > 0. Making K larger if necessary
we can consider that F D K \ .� C 1/ ¤ ;. Take n 2 ! for which "n < "; then
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g D gF;n 2 T and g.˛/ 2 Œ"n; "n
 � .�"; "/ for all ˛ 2 F . By definition of g we
have g 2 C.�; d/ where d 2 Œ"n; "n
 � .�"; "/ and hence g.˛/ 2 .�"; "/ for all
˛ 2 K . The family E D fŒK; "
 W K 2 Fin.�/; " > 0g is a base at u in Cp.�/; since
O \ T ¤ ; for anyO 2 E , we have u 2 T .

The space Cp.� C 1/ is Fréchet–Urysohn by Fact 4; so there is a sequence E D
fhn W n 2 !g � T such that hnj.� C 1/ converges to uj.� C 1/. In particular,
hn.�/! 0; since hn.˛/ D hn.�/ for any ˛ � � we have hn.˛/! 0 for any ˛ � �.
Therefore hn.˛/ ! 0 for any ˛ < � which shows that hn ! u and hence u 2 A.
We finally proved that

(14) the space Cp.�/ is pseudoradial for any !-inaccessible regular cardinal �.

Let us show next that

(15) for any uncountable regular cardinal � the space Cp.�C�/ is not pseudoradial;
here � C � is the ordinal addition.

For any ˛ 2 .0; �/ let n D n.˛/ (see Fact 9) and define a function f˛ 2 Cp.�C�/
as follows: f˛.ˇ/ D 0 for any ˇ 2 Œ0; ˛
 [ Œ� C 1; � C ˛
; if ˇ 2 .˛; �
 then
f˛.ˇ/ D 2�n and f˛.ˇ/ D 1 for all ˇ 2 .� C ˛; � C �/. Let us show that the set
A D ff˛ W ˛ < �g is radially closed.

Assume, towards a contradiction, that � is a regular cardinal and we are given
a �-sequence S D fh˛ W ˛ < �g � A such that S ! f 2 Cp.� C �/nA. We
have h˛ D f
.˛/ for any ˛ < �. If h 2 A and h˛ D h for �-many ˛’s then
S ! h 2 A; this contradiction shows that, passing to an appropriate subsequence
of S if necessary, we can assume, without loss of generality, that the enumeration
of S is faithful and ˛ < ˛0 < � implies 
.˛/ < 
.˛0/.

Consider first the case when � < �; then � D supf
.˛/ W ˛ < �g < �. Therefore
h˛.�C�/ D 1 for all ˛ < � and hence f .�C�/ D 1. However, for any ˇ 2 Œ1; �/
there is ˛0 < � such that 
.˛/ > ˇ for any ˛ � ˛0 and hence we have the equality
h˛.� C ˇ/ D f
.˛/.� C ˇ/ D 0 which shows that f .� C ˇ/ D 0. It turns out that
f .� C ˇ C 1/ D 0 for any ˇ < � while f .� C �/ D 1, i.e., f is not continuous at
the point � C � which is a contradiction.

The case of � < � being settled, assume that � D �. Since � > !, we can choose
a �-subsequence S 0 of our �-sequence S again to assure that, for some n 2 !

we have n.
.˛// D n whenever h˛ 2 S 0 (see Fact 9); so we can assume that
n.
.˛// D n for any ˛ < �. But then, for any ˛ < � we have h˛.ˇ/ D r D 2�n
for any ˇ 2 .
.˛/; �
 and hence h˛.�/ D r whence f .�/ D r . Besides, for any
ˇ < � there is � < � such that 
.˛/ > ˇ for all ˛ � � and therefore h˛.ˇ/ D 0

for all ˇ � �. This implies f .ˇ/ D 0 for all ˇ < � and hence f Œ�
 D f0g while
f .�/ D r ¤ 0, i.e., f is discontinuous at the point �. This contradiction concludes
our proof that A is radially closed.

Finally, observe that the function u which is identically zero on � C � is in the
closure of A (this is an easy exercise which we leave to the reader). Thus u 2 AnA
and hence A is a radially closed non-closed subset of Cp.� C �/ which shows that
Cp.� C �/ is not pseudoradial and completes the proof of (15).
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Our next step is to establish that

(16) if � > ! is a regular not !-inaccessible cardinal then Cp.�/ is not
pseudoradial.

Fix an infinite cardinal � < � such that �! � �. Observe first that,

(17) if F 2 Fin.� C 1/ and IF D ff 2 Cp.� C 1/ W f jF 
 0g then jIF j D �! .

Indeed, IF � Cp.� C 1/ and hence jIF j � jCp.� C 1/j � �! (see Fact 7).
Furthermore Cp.� C 1/ is homeomorphic to IF � R

F (see Fact 1 of S.494) which
implies that jCp.� C 1/j D maxfjIF j; cg D jIF j because, obviously, jIF j � c.

Now observe that the family fŒ0; ˛
 W ˛ < �g consists of distinct clopen subsets
of � C 1 and has cardinality �; taking the respective characteristic functions we can
see that jCp.� C 1;D/j � �. Thus

�! � j.Cp.� C 1;D//!j D jCp.� C 1;D!/j � jCp.� C 1/j;

i.e., jCp.� C 1/j D jIF j D �! as promised; so we proved (17).
Choose an enumeration fF˛ W � < ˛ < �g of the family Fin.� C 1/ such that

jf˛ W F˛ D F gj D � for any F 2 Fin.� C 1/. Applying (17) and a trivial transfinite
induction construct a family ff˛ W � < ˛ < �g � Cp.� C 1/ such that f˛ ¤ fˇ if
˛ ¤ ˇ and f˛ 2 IF˛ for any ˛ 2 .�; �/.

For any ˛ 2 .�; �/ define a function g˛ 2 Cp.�/ as follows: g˛j.� C 1/ D f˛;
if � < ˇ � ˛ then g˛.ˇ/ D 0 and g˛.ˇ/ D 1 for any ˇ 2 .˛; �/. We claim that
the set A D fg˛ W � < ˛ < �g is radially closed. Indeed, assume that � is a regular
cardinal such that some �-sequence S D fh˛ W ˛ < �g converges to a function
f 2 Cp.�/nA. We have h˛ D g
.˛/ for every ˛ < �. It is impossible that, for some
h 2 A we have h˛ D h for �-many ˛’s for otherwise S ! h 2 A. Therefore we can
substitute S by a relevant subsequence of S to guarantee that ˛ < ˛0 < � implies

.˛/ < 
.˛0/.

If � D � then it follows from convergence of S that S 0 D fh˛j.� C 1/ W ˛ < �g
also converges to h D f j.� C 1/. Since nw.� C 1/ D nw.Cp.� C 1// D �, we
have  .h; Cp.� C 1// � �. Take a family U � �.Cp.� C 1// with

T
U D fhg.

For any U 2 U there is ˛U < � such that h˛j.� C 1/ 2 U for all ˛ � ˛U . Since
� > � is a regular cardinal, there is ˇ < � such that ˛U < ˇ for all U 2 U and
hence h˛j.� C 1/ 2 T

U D fhg, i.e., h˛j.� C 1/ D h for all ˛ � ˇ which is a
contradiction with the fact that ˛ ¤ ˛0 implies 
.˛/ ¤ 
.˛0/ and hence

h˛j.� C 1/ D f
.˛/ ¤ f
.˛0/ D h˛0 j.� C 1/:

Thus it is impossible that � D �.
Now, if � < � then � D supf
.˛/ W ˛ < �g < � and hence h˛.�/ D 1 for all

˛ < �; this implies f .�/ D 1. If ˇ < � then there is ˛0 < � such that 
.˛/ > ˇ

for all ˛ � ˛0 and therefore h˛.ˇ/ D 0 for all ˇ � ˛0. Thus f .ˇ/ D 0 for any
ˇ 2 .�; �/ which shows that f is discontinuous at the point �. This contradiction
proves that the case � < � is also impossible and hence A is radially closed.
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Finally, let u.˛/ D 0 for all ˛ < �. If F is a finite subset of � then consider
the set F 0 D F \ .� C 1/; making F larger if necessary, we can consider that
F 0 ¤ ;. Since there are �-many ˛’s for which F˛ D F 0, there is ˛ 2 .�; �/ such
that F 0 D F˛ and F nF 0 � ˛. An immediate consequence is that g˛jF D ujF ; the
finite set F � � was chosen arbitrarily so u 2 AnA and hence A is a radially closed
non-closed subset of Cp.�/ which proves that Cp.�/ is not pseudoradial, i.e., (16)
is settled.

Now take an arbitrary ordinal �. If � is a successor then the space Cp.�/ is
Fréchet–Urysohn by Fact 4; so from now on we consider that � is a limit ordinal. If
cf.�/ D ! then � D Sf.�n C 1/ W n 2 !g where �n < � for every n 2 !. Since
every �n C 1 is compact, the set � is an F� -subset of � C 1. Since Cp.� C 1/ is
Fréchet–Urysohn by Fact 4, the space Cp.�/ is also Fréchet–Urysohn by Fact 10.

The case of !-cofinal ordinals being settled, assume that � D cf.�/ > !. If
� D � then � is a regular cardinal; so the space Cp.�/ is pseudoradial if and only
if � is !-inaccessible by (14) and (16). Now, if � < � then we can apply Fact 8 to
embed � in Œ�C 1; �/ as a closed subspace F ; it is immediate that � [F is a closed
subspace of � which is homeomorphic to � C �. By Fact 5 there is a retraction
r W � ! .� [ F /; so there is quotient map of � onto � C � (see Fact 11). Therefore
Cp.�C�/ embeds in Cp.�/ as a closed subspace (see TFS-163). Since Cp.�C�/ is
not pseudoradial by (15), the spaceCp.�/ is not pseudoradial either by Problem 064.
This settles all possible cases for �.

Finally observe that cC is a regular !-inaccessible cardinal; so if X D cC then
X is a countably compact space such that Cp.X/ is pseudoradial by (14). To see
that Cp.X/ is not radial note that otherwise it is Fréchet–Urysohn by Problem 073;
this implies t.Cp.X// D ! whenceX is Lindelöf and hence compact. However, cC
does not have a largest element; so it is not compact by TFS-306. Thus we obtained
a contradiction which shows that Cp.X/ is a pseudoradial non-radial space, i.e., our
solution is complete.

U.075. Let X be a compact space. Prove that, if Cp.X/ is pseudoradial then it is
Fréchet–Urysohn (and hence X is scattered).

Solution. Let us show first that Cp.I/ is not pseudoradial. It was proved in
Problem 062 that Cp.I/ is not embeddable in a sequential space and, in particular,
Cp.I/ is not sequential. Thus we can find a sequentially closed non-closed A �
Cp.I/, i.e., for any sequence S D ffn W n 2 !g � A if S ! f 2 Cp.I/ then
f 2 A. We claim that A is also radially closed, i.e., for any regular cardinal � and a
�-sequence S D ff˛ W ˛ < �g � A if S ! f 2 Cp.I/ then f 2 A.

This is, of course, clear for !-sequences; so assume towards a contradiction that
� > ! and some �-sequence S D ff˛ W ˛ < �g � A converges to some f 2
Cp.I/nA. We have  .Cp.I// � nw.Cp.I// D !; so there is a countable family
U � �.Cp.I// such that

T
U D ff g. For every U 2 U there is ˛U < � such that

f˛ 2 U for all ˛ � ˛U . Since � is an uncountable regular cardinal, there is ˇ < �

such that ˛U < ˇ for all U 2 U . As a consequence, fˇ 2 U for any U 2 U ,
i.e., fˇ D f which contradicts f … A. Therefore A is a radially closed non-closed
subset of Cp.I/ which proves that Cp.I/ is not pseudoradial.
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Finally, assume that X is a compact space such that Cp.X/ is pseudoradial. If X
is not scattered then there exists a continuous onto map ' W X ! I (see SFFS-133).
The dual map '� embeds Cp.I/ in Cp.X/ as a closed subspace (see TFS-163) and
hence Cp.I/ has to be pseudoradial by Problem 064. This contradiction shows that
X is scattered and hence Cp.X/ is Fréchet–Urysohn by SFFS-134.

U.076. Let X be any space such that Cp.X;D/ � !! is not Lindelöf. Prove that the
space Cp.X;D!/ is not Lindelöf.

Solution. Assume, towards a contradiction, that Cp.X;D!/ is Lindelöf. We have
Cp.X;D

!/ ' .Cp.X;D//
! ; so Cp.X;D/ embeds in Cp.X;D

!/ as a closed
subspace. If Cp.X;D!/ is countably compact then, being Lindelöf, it is compact; so
Cp.X;D/ is compact as well. But then Cp.X;D/ � !! is Lindelöf being a perfect
preimage of the Lindelöf space !! (see Fact 5 of S.271). This contradiction proves
that Cp.X;D!/ is not countably compact and hence we can choose a countably
infinite closed discrete D � Cp.X;D

!/. Then D! ' !! is homeomorphic
to a closed subspace of the space .Cp.X;D!//! ' Cp.X;D

!/. Consequently,
!! � Cp.X;D/ is homeomorphic to a closed subspace of

Cp.X;D
!/�Cp.X;D/ ' .Cp.X;D//! �Cp.X;D/ ' .Cp.X;D//! ' Cp.X;D!/

and therefore !! � Cp.X;D/ is Lindelöf which is again a contradiction. Thus
Cp.X;D

!/ is not Lindelöf.

U.077. Suppose that X is a compact space such that a countable set M � X is
open and dense in X . Assume also that the set of isolated points of Y D XnM is
uncountable and dense in Y . Prove that ext.Cp.X;D/� !!/ > !.

Solution. Given a space Z denote by C.Z/ the family of all clopen subsets of
Z. The expression Z v T is an abbreviation of the phrase “the space Z can be
embedded in the space T as a closed subspace”.

Fact 1. If K is an infinite compact space then jC.K/j � w.K/. In particular, for
any metrizable compactK the family of all clopen subsets of K is countable.

Proof. Let B be a base of K such that jBj D � D w.K/. If U is the family of all
finite unions of elements of B then jU j D �. Given any W 2 C.K/ there is B0 � B
such that W D S

B0; since W is compact, there is a finite B00 � B0 such that
W D S

B00 and hence W 2 U . We showed that everyW 2 C.K/ belongs to U and
hence jC.K/j � jU j D �. Fact 1 is proved.

Fact 2. Given spaces Z; T and a continuous map f W Z ! T , for any B � T , the
set G.f;B/ D f.z; f .z// W z 2 f �1.B/g � Z �B is closed in Z �B .

Proof. The graphG.f / D f.z; f .z// W z 2 Zg of the function f is closed in Z � T
(see Fact 4 of S.390) and G.f / \ .Z � B/ D G.f;B/; so G.f;B/ is closed in
Z � B and Fact 2 is proved.
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Returning to our solution denote by I the set of isolated points of Y and let
F D Y nI . For every a 2 I there is U 2 �.a;X/ such that U \ Y D fag; take
V 2 �.a;X/ for which V � U . Since the setU is countable and compact, it is zero-
dimensional; so there is a clopen subset Oa of the space U such that a 2 Oa � V .
The set Oa is open in U ; so it must be open in V and hence in X ; besides, Oa is
compact being closed in U . As a consequence, we proved that

(1) for every a 2 I there is Oa 2 C.X/ such that Oa \ Y D fag.
If fa D 	Oa is the characteristic function of the set Oa for every a 2 I then

the set D D ffa W a 2 I g is discrete and all of its accumulation points belong to
the set P D ff 2 Cp.X;D/ W f .Y / D f0gg. Indeed, all accumulation points of
D belong to Cp.X;D/ because D � Cp.X;D/; if g is an accumulation point of D
then, for any a 2 I if g.a/ ¤ 0 then the set U D ff 2 Cp.X/ W f .a/ ¤ 0g is an
open neighbourhood of g with U \D � ffag while every neighbourhood of g must
contain infinitely many elements of D. This contradiction shows that g.a/ D 0 for
all a 2 I and hence g.Y / D f0g because I is dense in Y .

Since the set P is closed in Cp.X/, we proved thatQ D P [D is a closed subset
of Cp.X/ and all points of D are isolated in Q. Since M is countable, the set Y is
Gı in X and hence 	.Y;X/ D ! (see TFS-327). Choosing a countable decreasing
outer base of Y in X and passing to the complements of its elements we obtain a
sequence fKn W n 2 !g of compact subsets of M such that Kn � KnC1 for any
n 2 ! and, for any compactK �M there is n 2 ! for whichK � Kn. EveryKn is
metrizable; so C.Kn/ is countable by Fact 1. Observe that every f 2 P is uniquely
determined by the clopen compact set Kf D f �1.1/ � M ; there is n 2 ! such
that Kf � Kn and hence Kf 2 C.Kn/. It turns out that f ! Kf is an injection of
P in the countable family

S
n2! C.Kn/ which shows that P is countable.

Let � W Q ! D
M be the restriction map. Since M is dense in X , the map �

is injective. Letting B D D
Mn�.P / and noting that D D ��1.B/ we can apply

Fact 2 to conclude that the set D0 D f.h; �.h// W h 2 Dg � Q � B is a closed
subspace ofQ �B . Since the projection of Q �B ontoQ mapsD0 bijectively and
continuously ontoD, the set D0 is discrete.

We proved that D v Q � B . Since �.P / is countable, B is a Gı-subspace of
D
M ; let B D T

n2! On where On 2 �.DM/ for every n 2 !. It is evident that
D
! v !! and hence D

M v !! . The space D
M being compact, metrizable and

zero-dimensional, everyOn is an F� -subset of DM ; so we can apply Fact 5 of S.390
to see that On v D

M � ! v !! � ! v !! for each n 2 !.
Consequently, B v Q

n2! On v .!!/! ' !! (see Fact 7 of S.271); since Q is
a closed subset of Cp.X;D/, we have D v Q � B v Q � !! v Cp.X;D/ � !!
whence ext.Cp.X;D/ � !!/ � jDj > !, so our solution is complete.

U.078. Suppose that X is a compact space such that a countable set M � X is
open and dense in X . Assume also that the set I of isolated points of Y D XnM
is uncountable and dense in Y ; let F D Y nI . Prove that, under MAC:CH, any
uncountable subset of the set E D ff 2 Cp.X;D/ W f .F / D f0gg contains an
uncountable set D which is closed and discrete in Cp.X;D/.
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Solution. If Z is a space then C.Z/ is the family of all clopen subsets of Z.

Fact 1. Given a space Z and f; g 2 Cp.Z;D/ define a function h D f � g 2 D
Z

as follows: for any z 2 Z let h.z/ D 1 if f .z/ ¤ g.z/ and let h.z/ D 0 whenever
f .z/ D g.z/. Then

(i) f � g 2 Cp.Z;D/ for any f; g 2 Cp.Z;D/;
(ii) if q 2 Cp.Z;D/ and sq W Cp.Z;D/! Cp.Z;D/ is defined by sq.f / D f � q

for any f 2 Cp.Z;D/, then sq is a homeomorphism.

Proof. The set O D .f �1.0/\ g�1.1// [ .f �1.1/ \ g�1.0// is, evidently, clopen
in Z; since f � g is precisely the characteristic function of O , we have f � g 2
Cp.Z;D/, i.e., (i) is proved.

As to (ii), to see that sq is a continuous map observe that sq.f / D f Cq�2 �f �q
for any f 2 Cp.Z;D/; so continuity of sq follows from TFS-115 and TFS-116.
Another easy observation is that the map sq is inverse to itself, i.e., sq.sq.f // D f

for any f 2 Cp.Z;D/; so sq is a homeomorphism and Fact 1 is proved.

Returning to our solution let S.f / D f �1.1/ \ I for any f 2 Cp.X;D/ and
take an arbitrary uncountable set P � E; if f 2 P and S.f / is infinite then, by
compactness of Y , there is a point z 2 S.f / \ F and therefore f .z/ D 1 which
contradicts f jF 
 0. Thus S.f / is finite for any f 2 P . Apply the �-lemma
(SFFS-038) to find an uncountable set P1 � P for which there exists a finite A � I
such that S.f /\ S.g/ D A for any distinct f; g 2 P1.

Since M is countable, the set Y is Gı in X and hence 	.Y;X/ D ! (see
TFS-327). Choosing a countable decreasing outer base of Y in X and taking the
complements of its elements we obtain a sequence fKn W n 2 !g of compact subsets
of M such that Kn � KnC1 for any n 2 ! and, for any compact K � M there is
n 2 ! for whichK � Kn. EveryKn is metrizable; so C.Kn/ is countable by Fact 1
of U.077. Let E 0 D ff 2 Cp.X;D/ W f .Y / D f0gg; for any f 2 E 0 the set
Kf D f �1.1/ is compact, clopen and contained in M . There is n 2 ! such that
Kf � Kn and henceKf 2 C.Kn/. Since f is uniquely determined by the setKf , it
turns out that f ! Kf is an injection of E 0 into the countable family

S
n2! C.Kn/

which shows that E 0 is countable; thus P2 D P1nE 0 is uncountable.
Fix any q 2 P2 and consider the set Q D ff � q W f 2 P2g. It is clear that

Q � E and S.f /\ S.g/ D ; for any distinct f; g 2 Q. We haveQ D sq.P2/ (see
Fact 1); since sq is a homeomorphism of Cp.X;D/ onto itself, it suffices to show
that Q has an uncountable subset which is closed and discrete in Cp.X;D/.

Now, take an accumulation point g of the set Q. If a 2 I and g.a/ ¤ 0 then the
set W D ff 2 Cp.X;D/ W f .a/ D 1g is an open neighbourhood of g in Cp.X;D/
andW \Q has at most one element because fS.f / W f 2 Qg is disjoint and hence
f .a/ D 1 for at most one function f 2 Q. Since every neighbourhood of g must
contain infinitely many elements of Q, we obtained a contradiction which shows
that g.a/ D 0 for any a 2 I and hence g.Y / D f0g because I is dense in Y . Thus
g 2 E 0.

An accumulation point g of the set Q was chosen arbitrarily so we proved that
all accumulation points of Q belong to E 0. Since E 0 is closed in Cp.X;D/, the
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set H D Q [ E 0 is also closed in Cp.X;D/ while all points of Q are isolated
in H . Let � W Cp.X;D/ ! D

M be the restriction map. Then � is continuous and
injective because M is dense in X . Therefore � D �jH W H ! G D �.H/ is a
condensation. The space G is second countable and B D �.Q/ is an uncountable
subset ofG. Applying MAC:CH we can find a disjoint family F D fF˛ W ˛ < !1g
of closed subsets of G such that F˛ \ B is uncountable for any ˛ < !1 (see Fact 1
of T.063).

The set �.E 0/ is countable; so it is impossible that every element of the disjoint
uncountable family F intersect �.E 0/. Take ˛ < !1 for which F˛ \ �.E 0/ D ;.
Then F˛ D F˛ \ B � B is uncountable and closed in G. ThereforeD0 D ��1.F˛/
is uncountable and closed in H . Since D0 � Q and Q is discrete, the set D0 is
closed and discrete in H ; the set H is closed in Cp.X;D/; so D0 is closed and
discrete in Cp.X;D/ as well. Consequently, D D sq.D

0/ is an uncountable subset
of P which is closed and discrete in Cp.X;D/; so our solution is complete.

U.079. Let X be a compact space of weight !1 in which we have a countable dense
set L and a nowhere dense closed non-empty set F . Assuming MA+:CH prove that
there exists M � L such that MnM D F and all points of M are isolated in the
space M [ F .

Solution. Since F is nowhere dense in X , the set L0 D LnF is still dense in the
space X . Now, 	.X/ � w.X/ D !1 < c; so, for any point x 2 F , we have x 2 L0
and 	.x; fxg [ L0/ � 	.X/ < c. Thus we can apply SFFS-054 to see that there is
a sequence Sx � L0 that converges to x.

Observe also that 	.F;X/ D  .F;X/ � w.X/ D !1 < c (see TFS-327);
so we can find an outer base U of the set F in the space X such that jU j < c.
Since d.F / � w.F / � w.X/ � !1, there exists P � F for which P D F and
jP j D !1. Let A D fSx W x 2 P g and B D f.XnU / \ L0 W U 2 Ug. This gives us
families A and B on the countable set L0 (which we can identify with !) such that
jAj < c; jBj < c and AnS

B0 is infinite for any A 2 A and finite B0 � B. Indeed,
B \ F D ; for any B 2 B, so the complement of

S
B0 is a neighbourhood of F ;

since A is a sequence which converges to a point of F , the set A \ .SB0/ is finite
and hence AnS

B0 is infinite.
An immediate consequence of SFFS-051 is that there is a set M � L0 such that

M \ A is infinite for any A 2 A and M \ B is finite for any B 2 B. If x 2 P then
Ax 2 A and hence M \ Ax is infinite which implies x 2 M . As a consequence,
F D P �M and hence F �MnM .

Now take an arbitrary accumulation point x of the setM ; if x 2 XnF then there
is a set U 2 U such that x … U . Then W D XnU is a neighbourhood of the point
x for which W \M � K D M \ ..XnU / \ L0/ while the set K is finite because
B D .XnU / \ L0 2 B. Since every neighbourhood of x must contain infinitely
many points of M , we obtained a contradiction which shows that MnM D F . We
also proved that no point of M is an accumulation point of M ; so all points of M
are isolated in the space M [ F .
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U.080. Prove that, under MAC:CH, if X is a compact space such that Cp.X/ is
normal, then X is Fréchet–Urysohn, !-monolithic and has a dense set of points of
countable character.

Solution. If Z is a set and A � Z then the characteristic function 	A of the set A
in Z is defined by 	A.z/ D 1 if z 2 A and 	A.z/ D 0 otherwise.

Fact 1. If K is a compact !-monolithic space of countable tightness then K is
Fréchet–Urysohn and has a dense set of points of countable character. This is true
in ZFC, i.e., no additional axioms are needed for the proof of this Fact.

Proof. If A � K and x 2 A then w.A/ D nw.A/ D ! because K is !-monolithic
(see Fact 4 of S.307). In particular, fxg [ A is second countable and hence
metrizable. Thus there is a sequence fan W n 2 !g � A which converges to x.
This proves that K is a Fréchet–Urysohn space.

Observe that a point x 2 K is of countable character in K if and only if fxg
is a Gı-subset of K (see TFS-327); so we will call such x a Gı-point of K . Thus
E D fx 2 K W 	.x;K/ � !g coincides with the set of all Gı-points of K . To
see that E is dense in K , take any U 2 ��.K/ and apply Fact 2 of S.328 to find a
non-empty closed Gı-set F � U .

Next, apply Fact 4 of T.041 to the compact space F to find a countable setA � F
such that there is a non-emptyGı-setH in the space F such thatH � clF .A/; pick
any x 2 H . It follows from Fact 2 of S.358 that H is also a Gı-subset of K;
besides, clF .A/ D A because F is closed in K . By !-monolithity of K the set A
is second countable and hence so is H ; thus x is a Gı-point of H and hence it is
also a Gı-point of K (here we used Fact 2 of S.358 again). As a result, we found a
Gı-point x 2 U , i.e., E \ U ¤ ; for any U 2 ��.K/. Thus E is dense in K and
Fact 1 is proved.

Fact 2. Under MAC:CH, if K is a separable compact space of weight � !1 such
that Cp.K/ is Lindelöf then K is perfectly normal.

Proof. If K is not perfectly normal then s.K/ > ! by SFFS-061; so take a discrete
D0 � K with jD0j D !1. Let L be a countable dense subset of K . The set I of all
isolated points of K is contained in L; so the set D D D0nL has cardinality !1 and
no point of D is isolated in K .

As a consequence, Y D D is a nowhere dense closed non-empty subset ofK; so
we can apply Problem 079 to find a setM � L such thatMnM D Y and all points
ofM are isolated inM [ Y . The set M [Y is compact; so Cp.M [Y / is Lindelöf
being a continuous image of Cp.K/. Furthermore, the space Y 0 D M [ Y satisfies
all assumptions of Problem 078; thus, for the set F D DnD and any uncountable
A � P D ff 2 Cp.Y 0;D/ W f .F / D f0gg we have an uncountable B � A which
is closed and discrete in Cp.Y 0;D/.

For every point d 2 D there is a set Ud 2 �.d; Y 0/ such that Ud \ Y D fd g;
an immediate consequence is that Ud is clopen in the space Y 0, so the characteristic
function fd of the set Ud belongs to P . It is evident that d ¤ d 0 implies fd ¤ fd 0 ;
so A D ffd W d 2 Dg is an uncountable subset of P . Therefore we can apply



2 Solutions of Problems 001–500 107

Problem 078 to find an uncountable set B � A which is closed and discrete in the
space Cp.Y 0;D/. As a consequence, ext.Cp.Y 0// � ext.Cp.Y 0;D// � jBj � !1
while Cp.Y 0/ is Lindelöf being a continuous image of Cp.K/. This contradiction
shows that Fact 2 is proved.

Fact 3. Under MAC:CH, if K is a separable compact space such that Cp.K/ is
Lindelöf thenK is metrizable.

Proof. If K is not metrizable then it can be mapped continuously onto a compact
spaceK 0 of weight!1 (see SFFS-094). It is immediate thatCp.K 0/ is also Lindelöf;
besides, K 0 is separable so, to obtain a contradiction, we can assume that K D K 0,
i.e., K is a separable compact space of weight !1 such that Cp.K/ is Lindelöf.

If K �K is perfectly normal then the diagonal � D f.z; z/ W z 2 Kg � K �K
of the space K is a Gı-subset of K � K; so K is metrizable by SFFS-091. This
contradiction shows that K � K is not perfectly normal and hence we can apply
SFFS-061 to find a discrete D0 � K � K with jD0j D !1. The space K is
perfectly normal by Fact 2; so D0 \ � is countable because � ' K . It follows
from separability ofK that the set I of isolated points ofK �K is countable; so the
set D D D0n.� [ I / is uncountable.

Fix a countable dense set L in the spaceK �K; since Y D D is nowhere dense,
we can apply Problem 079 again to obtain a set M � L such that Y D MnM and
all points of M are isolated in Z DM [ Y ; let F D DnD.

Denote by u the function which is equal to zero at all points of K and let
'C.f / D max.f; u/; '�.f / D max.�f; u/ for every f 2 Cp.K/. The mappings
'C; '� W Cp.K/ ! Cp.K/ are continuous by TFS-082. Let qi W K � K ! K

be the natural projection of K � K onto its i -th factor for i D 1; 2. The dual
maps q�

i W Cp.K/ ! Cp.K � K/ are embeddings by TFS-163. Furthermore, the
multiplication map m W Cp.K � K/ � Cp.K � K/ ! Cp.K � K/ is continuous
by TFS-116. Now define '.f / D m.q�

1 .'C.f //; q�
2 .'�.f /// for any function

f 2 Cp.K/; then the map ' W Cp.K/ ! Cp.K � K/ is continuous being a
composition of continuous maps. Note that, given a point .x; y/ 2 K �K we have
'.f /.x; y/ D 'C.x/ � '�.y/ for any f 2 Cp.K/. If � W Cp.K �K/! Cp.Z/ is
the restriction map then the map � D � ı ' W Cp.K/! Cp.Z/ is also continuous.

The set D is discrete; so for every d D .x; y/ 2 D there is Wd 2 �.d;K �K/
such that W d \ Y D fd g. Therefore W d \ Z is a compact space with the unique
non-isolated point d . An immediate consequence is that

(1) if W 0;W 00 2 �.d;Wd / then .W 0 \Z/n.W 00 \Z/ is finite.

Since D \ � D ;, we can take disjoint sets Ud 2 �.x;K/ and Vd 2 �.y;K/
such thatUd �Vd � W . There existG 2 �.x;K/; H 2 �.y;K/ for whichG � Ud
and H � Vd . By (1), the set T D ..Ud � Vd / \ Z/n..G � H/ \ Z/ is finite; so
q1.T / � Ud is also finite as well as q2.T / � Vd . It is easy to find G0;H 0 2 �.K/
such that q1.T / � G0 � G0 � Ud and q2.T / � H 0 � H 0 � Vd . It is immediate
that for the sets Gd D G [G0 andHd D H [H 0 we have

(2) Gd � Ud ; Hd � Vd while .Ud � Vd /\ Y D fd g and
.Ud � Vd /\Z D .Gd �Hd/ \Z.
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The space K is compact and hence normal; so there are fd ; gd 2 Cp.K/ such
that fd jGd 
 1; fd j.KnUd/ 
 0 and gd jHd 
 1; gd j.KnVd/ 
 0. Let hd D
fd � gd for every d 2 D and consider the set Q D fhd W d 2 Dg � Cp.K/.

For any d 2 H and z D .x; y/ 2 Gd �Hd we have fd .x/ D 1 and gd .y/ D
1 which implies hd .x/ D 1 and hd .y/ D �1; so 'C.x/ D 1 and '�.y/ D 1

which shows that �.hd /.z/ D '.hd /.z/ D 1. If, on the other hand, z D .x; y/ 2
Zn.Ud � Vd / then either x … Ud and hence 'C.hd /.x/ D 0 or y … Vd which
implies '�.hd /.y/ D 0. In both cases we have �.hd /.z/ D '.hd /.z/ D 'C.hd /.x/ �
'�.hd /.y/ D 0. Thus it follows from (2) that �.hd / is the characteristic function
of the set Bd D .Ud � Vd / \ Z which is clopen in Z. Besides, for the function
�d D �.hd /, we have ��1

d .1/\Y D fd gwhich proves that d ¤ d 0 implies �d ¤ �d 0

and �d 2 IF D ff 2 Cp.Z;D/ W f .F / D f0gg for every d 2 D.
Consequently, E D f�d W d 2 Dg � �.Q/ � �.Cp.K//; since E is an

uncountable subset of IF we can apply Problem 078 to conclude that there is an
uncountableE 0 � E which is closed and discrete in Cp.Z;D/ and hence in Cp.Z/.
ThusE 0 is an uncountable closed and discrete subset of a Lindelöf space �.Cp.K//.
This contradiction shows that K is metrizable; so Fact 3 is proved.

Returning to our solution observe that Cp.X/ is actually Lindelöf (see TFS-295
and SFFS-269) and therefore t.X/ D ! (see TFS-189). Given a countable A � X
the compact space A is separable and Cp.A/ is Lindelöf being a continuous image
of Cp.X/. Thus Fact 3 is applicable to conclude that A is metrizable, i.e., X is
!-monolithic. We proved that X is a compact !-monolithic space of countable
tightness; so X is Fréchet–Urysohn and has a dense set of points of countable
character (see Fact 1), which means that our solution is complete.

U.081. Assume MAC:CH. Show that, if a compact space X has the Souslin
property and Cp.X/ is normal then X is metrizable.

Solution. Observe first that Cp.X/ is Lindelöf (see TFS-295 and SFFS-269) and
therefore t.X/ D ! (see TFS-189). Now apply SFFS-288 to see that !1 is a
precaliber of X and hence !1 is a caliber of X by SFFS-279. It follows from TFS-
332 that the spaceX has a point-countable�-base B. Since !1 is a caliber ofX , any
point-countable family of non-empty open subsets of X is countable; so jBj � !

and hence d.X/ � �w.X/ � !. The space X is !-monolithic by Problem 080; so
w.X/ D nw.X/ D ! (see Fact 4 of S.307) and hence X is metrizable.

U.082. Prove that w.X/ D l.Cp.X// for any linearly orderable compact space X .
In particular, if Cp.X/ is Lindelöf then X is metrizable.

Solution. If Z is a set and A � expZ then ord.z;A/ D jfA 2 A W z 2 Agj and
ord.A/ D supford.z;A/ W z 2 Zg. The cardinal ord.A/ is called the order of the
family A.

Fact 1. If Z is a space and l.Z/ � � for some infinite cardinal � then any indexed
set Y D fy˛ W ˛ < �Cg � Z has a complete accumulation point, i.e., there is z 2 Z
such that jf˛ < �C W y˛ 2 U gj D �C for any U 2 �.z; Z/.
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Proof. If this is false then every z 2 Z has an open neighbourhood Oz such that
the set Az D f˛ < �C W y˛ 2 Ozg has cardinality at most �. Since l.Z/ � �

and fOz W z 2 Zg is an open cover of Z, we can choose a set P � Z for which
jP j � � and

SfOz W z 2 P g D Z. As a consequence,
SfAz W z 2 P g D �C which

is impossible because the cardinal �C is regular, i.e., it cannot be represented as a
union of < �C-many sets of cardinality < �C each. Fact 1 is proved.

Now, let � D l.Cp.X// and take an order� on the set X which generates �.X/.
The case of a finiteX is evident; so we assume that jX j � !. We will have the usual
notation for the intervals in .X;�/, i.e., for any a; b 2 X we let

.a; b/ D fx 2 X W a < x < bg; Œa; b/ D fx 2 X W a � x < bg;

.a; b
 D fx 2 X W a < x � bg and Œa; b
 D fx 2 X W a � x � bg:

Furthermore,

Œa;!/ D fx 2 X W a � xg and .a;!/ D fx 2 X W a < xg while
. ; b
 D fx 2 X W x � bg and . ; b/ D fx 2 X W x < bg for any a; b 2 X:

The space X being compact, it has a minimal element a� and a maximal element
b� (see TFS-305). It is clear that � � nw.Cp.X// D nw.X/ � w.X/; so it suffices
to prove that w.X/ � �. We will show first that

(1) the cardinal �C is a caliber of X , i.e., jU j � � for any family U � ��.X/ such
that ord.U/ � �.

Assume, towards a contradiction, that (1) is false and hence there exists a family
U D fU˛ W ˛ < �Cg � ��.X/ such that the set Kz D f˛ < �C W z 2 U˛g has
cardinality� � for any z 2 X . Making every U˛ smaller we obtain a family with the
same properties; so we can assume that each U˛ is an element of the standard base
of X , i.e., U˛ D .a; b/ for some a; b 2 L or there is a 2 L such that U˛ D .a;!/
or U˛ D . ; a/.

There are at most �-many elements of U that intersect the set fa�; b�g; so we can
throw them away and still have a family which witnesses that �C is not a caliber
of X . Thus we can assume, without loss of generality, that U˛ � .a�; b�/ for every
˛ < �C and hence U˛ D .a˛; b˛/ for some a˛; b˛ 2 X .

For any ˛ < �C the setsP˛ D . ; a˛
 andQ˛ D Œb˛;!/ are closed and disjoint
in X ; so there is f˛ 2 Cp.X/ such that f˛.P˛/ � f0g and f˛.Q˛/ � f1g. For the
indexed set E D ff˛ W ˛ < �Cg � Cp.X/ we must have a complete accumulation
point h (see Fact 1).

If there is x 2 X such that h.x/ … D then O D ff 2 Cp.X/ W f .x/ … Dg
is an open neighbourhood of h; if f˛ 2 O then x 2 U˛, so ˛ 2 Kx and hence
jf˛ W f˛ 2 Ogj � jKxj � �, i.e., h is not a complete accumulation point which
is a contradiction. Thus h 2 Cp.X;D/; since f˛.a�/ D 0 and f˛.b�/ D 1 for all
˛ < �C, we have h.a�/ D 0 and h.b�/ D 1.
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The sets H0 D h�1.0/ and H1 D h�1.1/ are clopen, disjoint, non-empty and
X D H0 [H1. Let b D minH1 (this minimal element exists by TFS-305). The set
G D Œa�; b/ is non-empty because a� 2 H0 and hence a� < b; since G � H0, we
have G � H0 and hence a … G. ThereforeG � Œa�; b
\H0 D Œa�; b/\H0 � G,
i.e., the set G is closed in X . Apply TFS-305 once more conclude that G has a
maximal element a. It is clear that a < b and .a; b/ D ;. The set W D ff 2
Cp.X/ W f .a/ < 1 and f .b/ > 0g is an open neighbourhood of h in Cp.X/. If
f˛ 2 W then a˛ < b and a < b˛ .

If b˛ � b and a � a˛ then .a˛; b˛/ � .a; b/ which is a contradiction because
.a; b/ D ; and U˛ D .a˛; b˛/ ¤ ;. Thus either a˛ < b < b˛ or a˛ < a < b˛ and
therefore U˛ \ fa; bg ¤ ;. Consequently, f˛ < �C W f˛ 2 W g � Ka [ Kb and
hence jW \Ej � jKa[Kbj � �. This proves that h is not a complete accumulation
point forE and provides a contradiction which shows that �C is a caliber ofX , i.e.,
(1) is proved.

Call x 2 X a jump point if there exists sx > x such that .x; sx/ D ;. It turns out
that

(2) the set J of all jump points of X has cardinality at most �.

To obtain a contradiction assume that P D fx˛ W ˛ < �Cg � J and the
enumeration of P is faithful; it is evident that we can assume that P � .a�; b�/.
Let g˛.x/ D 1 for all x � sx˛ and g˛.x/ D 0 whenever x � x˛ . It is clear that g˛ W
X ! D is continuous on X for any ˛ < �C. Let G D fg˛ W ˛ < �Cg � Cp.X;D/;
since Cp.X;D/ is closed in Cp.X/, we have l.Cp.X;D// � �; so the set G has a
complete accumulation point g 2 Cp.X;D/ (see Fact 1). We have g˛.a�/ D 0 and
g˛.b�/ D 1 for all ˛ < �C so g.a�/ D 0 and g.b�/ D 1.

Let b D ming�1.1/; this point is well defined because g�1.1/ is non-empty and
closed in X (see TFS-305). The set R D Œa�; b/ is non-empty because a� < b;
besides, R � g�1.0/ and hence R � g�1.0/ which implies that R � g�1.0/ \
Œa�; b
 D g�1.0/ \ Œa�; b/ � R and hence R is closed in X . Apply TFS-305 once
more to take a point a D maxŒa�; b/; it is clear that a 2 g�1.0/; b 2 g�1.1/ and
.a; b/ D ;.

The set W D ff 2 Cp.X;D/ W f .a/ D 0 and f .b/ D 1g is an open
neighbourhood of g in Cp.X;D/. Assume that g˛ 2 W for some ˛ < �C. Then
g˛.a/ D 0 and hence a � x˛; furthermore, g˛.b/ D 1 implies that sx˛ � b which
shows that .x˛; sx˛ / � .a; b/. Since the interval .a; b/ is empty, we have x˛ D a

and therefore at most one element of G belongs to W . Thus g is not a complete
accumulation point ofG; so we obtained a contradiction which completes the proof
of (2).

Now observe that t.X/ � � by TFS-189; this implies thatX has a �-base B with
ord.B/ � � (see TFS-332). The cardinal �C being a caliber of X we have jBj � �
by (1); so d.X/ � �w.X/ � jBj � �. Fix a dense D � X such that jDj � � and
let J 0 D fsx W x 2 J g; then the set E D D [ J [ J 0 [ fa�; b�g also has cardinality
at most �. If N D fŒa; b/ W a; b 2 Eg [ f.a; b
 W a; b 2 Eg then jN j � �. We claim
that N is a network in X .
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Indeed, take any point x 2 X and U 2 �.x;X/. We have several cases to
consider.

(a) x 2 J ; then N D Œx; sx/ D fxg 2 N and x 2 N � U .
(b) x 2 J 0; then there is y 2 J such that x D sy ; so N D .y; x
 D fxg 2 N and

x 2 N � U .
(c) x 2 .EnJ /\. ; b�/; then there is b 2 X such that Œx; b/ � U and .x; b/ ¤ ;.

SinceD is dense in X , we can find a point d 2 D \ .x; b/. It is immediate that
N D Œx; d / 2 N and x 2 N � U .

(d) x 2 .EnJ 0/\.a�;!/; then there is a 2 X such that .a; x
 � U and .a; x/ ¤ ;.
SinceD is dense in X , we can find a point d 2 D \ .a; x/. It is immediate that
N D .d; x
 2 N and x 2 N � U .

(e) x 2 XnE; then there are a; b 2 X such that x 2 .a; b/ � U while .a; x/ ¤ ;
and .x; b/ ¤ ;. Since the set D is dense in X , we can choose d 2 .a; x/ \D
and d 0 2 .x; b/ \D. Then N D Œd; d 0/ 2 N and x 2 N � U .

We proved that, in all possible cases, if x 2 X and x 2 U 2 �.X/ then there is
N 2 N such that x 2 N � U and hence N is a network in X . As a consequence,
w.X/ D nw.X/ � jN j � � (see Fact 4 of S.307); so w.X/ D l.Cp.X// and our
solution is complete.

U.083. Given an infinite compact space X prove that jY j � 2l.Y /�c.X/ for any
Y � Cp.X/.
Solution. Let expZ D fA W A � Zg and exp�.Z/ D fA � Z W jAj � �g for any
set Z and any infinite cardinal �.

Fact 1. Given a space Z and an infinite cardinal � suppose that  .Z/ � 2� and
l.Z/ � t.Z/ � �. Assume additionally that jAj � 2� for any A � Z with jAj � �.
Then jZj � 2� .
Proof. For every z 2 Z fix a family Bz � �.Z/ such that jBzj � 2� and

T
Bz D fzg.

Choose any point z0 2 Z and let Z0 D fz0g. To proceed inductively, assume that
ˇ < �C and we have a family fZ˛ W ˛ < ˇg � expZ with the following properties:

(1) Z˛ is closed in Z and jZ˛j � 2� for any ˛ < ˇ;
(2) ˛ < ˛0 < ˇ implies Z˛ � Z˛0 .
(3) Let U˛ D SfBz W z 2 Z˛g for any ˛ < ˇ. Then ˛ < 
 < ˇ implies that, for

any U � exp�.U˛/ with U DS
U ¤ Z, we have Z
 \ .ZnU / ¤ ;.

It follows from (1) and (3) that the set T D SfZ˛ W ˛ < ˇg and the family
BT D SfBt W t 2 T g have cardinalities that do not exceed 2� . Therefore the
collection A D fV � exp�.BT / W

S
V ¤ Zg also has cardinality at most 2� . For

every V 2 A choose a point a.V/ 2 Zn.SV/ and let Zˇ D T [ fa.V/ W V 2 Ag.
We have to verify that (1)–(3) still hold for all ˛ � ˇ and the only non-trivial

thing to check is that jZˇj � 2� . Let T 0 D T [ fa.V/ W V 2 Ag. Since t.Z/ � �,
we have T 0 D SfC W C 2 exp�.T

0/g. By our hypothesis, jC j � 2� for any
C 2 exp�.T

0/; so jZˇj � PfjC j W C 2 exp�.T
0/g � 2� � 2� D 2� whence

jZˇj � 2� and therefore (1)–(3) are fulfilled for all ˛ � ˇ.
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Thus our inductive procedure can be accomplished for all ˇ < �C giving us a
family fZ˛ W ˛ < �Cg with the properties (1)–(3). It follows from (1) that Z0 DSfZ˛ W ˛ < �Cg has cardinality at most 2� ; so it suffices to prove that Z0 D Z.

To obtain a contradiction, assume that there is x 2 ZnZ0. An easy consequence
of (1) and t.Z/ � � is that Z0 is closed in Z and hence l.Z0/ � �. For any z 2 Z0
there is Wz 2 Bz for which x … Wz. Since fWz W z 2 Z0g is an open cover of Z0,
we can find P � Z0 such that jP j � � and Z0 � SfWz W z 2 P g. The condition
(2) implies that there is ˛ < �C such that P � Z˛ and hence V D fWz W z 2
P g 2 exp�.U˛/; besides, x … V D S

V ; so we can apply (3) to conclude that
Z˛C1 \ .ZnV / ¤ ; which is a contradiction because Z˛C1 � Z0 � V . Therefore
jZj D jZ0j � 2� and Fact 1 is proved.

Fact 2. Given a space Z let R.Z/ be the family of all regular open subsets of Z,
i.e., R.Z/ D fU 2 �.Z/ W U D Int.U /g. Then jR.Z/j � �w.Z/c.Z/.

Proof. Fix a �-base B in Z with jBj � � D �w.Z/. For any U 2 R.Z/ take a
maximal disjoint BU � B such that B � U for any B 2 BU . Then jBU j � � D
c.Z/ and hence we have a map ' W R.Z/ ! exp�.B/ defined by '.U / D BU for
every U 2 R.Z/. Since B is a �-base in Z, the set

S
BU is dense in U for any

U 2 R.Z/ (this is an easy exercise); so we have U D Int.
S

BU / and therefore the
map ' is an injection. As a consequence, jR.Z/j � jexp�.B/j � �� and Fact 2 is
proved.

Fact 3. For any space Z we have �w.Z/ � �	.Z/ � d.Z/.
Proof. Let � D �	.Z/ and � D d.Z/. Fix a �-base Bz with jBzj � � for any z 2 Z
and take a dense D � Z such that jDj � �. The family B D SfBz W z 2 Dg is a
�-base inZ because, for any U 2 ��.Z/ there is d 2 U \D and hence we can find
B 2 Bd � B for which B � U . Thus �w.Z/ � jBj � � � � and Fact 3 is proved.

Fact 4. For any space Z we have w.Z/ � �	.Z/c.Z/.
Proof. Let �	.Z/ D � and c.Z/ D �; we will us establish first that d.Z/ � ��.
For any z 2 Z fix a �-base Bz at the point z such that jBzj � �. Choose any point
z0 2 Z and letZ0 D fz0g. To proceed inductively, assume that ˇ < �C and we have
a family fZ˛ W ˛ < ˇg � expZ with the following properties:

(4) jZ˛j � �� for any ˛ < ˇ;
(5) ˛ < ˛0 < ˇ implies Z˛ � Z˛0 .
(6) Let U˛ D SfBz W z 2 Z˛g for any ˛ < ˇ. Then ˛ < 
 < ˇ implies that, for

any U � exp�.U˛/ with P DS
U ¤ Z, we have Z
 \ .ZnP/ ¤ ;.

It follows from (4) and (6) that the set T D SfZ˛ W ˛ < ˇg and the family
BT D SfBt W t 2 T g have cardinalities that do not exceed ��. Therefore the
collection A D fV � exp�.BT / W

S
V ¤ Zg also has cardinality at most ��. For

every V 2 A choose a point a.V/ 2 Zn.SV/ and let Zˇ D T [ fa.V/ W V 2 Ag.
It is immediate that (4)–(6) still hold for all ˛ � ˇ; so our inductive procedure

can be accomplished for all ˇ < �C giving us a family fZ˛ W ˛ < �Cg with the
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properties (4)–(6). It follows from (4) that Z0 D SfZ˛ W ˛ < �Cg has cardinality
at most ��; so it suffices to prove that Z0 D Z; let B D SfBz W z 2 Z0g.

Assume towards a contradiction that ZnZ0 ¤ ; and choose O 2 ��.Z/ such
that O � ZnZ0. It is evident that the family B0 D fB 2 B W B \ O D ;g is still a
�-base at any point z 2 Z0. If V is a maximal disjoint family of the elements of B0
and V D S

V then jV j � � and Z0 � V . Indeed, if z 2 Z0nV then there is B 2 Bz

for which B \ V D ;; so V [ fBg is a disjoint family of elements of V which is
strictly larger than V , a contradiction.

The condition (5) implies that there is an ordinal ˛ < �C such that V � U˛ and
hence V 2 exp�.U˛/; besides, V \ O D ;, so we can apply (6) to conclude that
Z˛C1 \ .ZnV / ¤ ; which is a contradiction because Z˛C1 � Z0 � V . Therefore
Z0 is dense in Z and hence d.Z/ � jZ0j � ��.

By Fact 3, we have �w.Z/ � d.Z/ � �	.Z/ � �� � � � ��; so we can apply
Fact 2 to conclude that jR.Z/j � �w.Z/c.Z/ � .��/� D ��. By regularity of Z the
family R.Z/ is a base of Z; so w.Z/ � jR.Z/j � �� and Fact 4 is proved.

Fact 5. Suppose that � is an uncountable regular cardinal, a … � and let L D
� [ fag. For any infinite cardinal � < � let �.�; �/ D exp � [ fA W a 2 A � L

and j�nAj � �g. Then � D �.�; �/ is a Tychonoff topology on L and for the space
L.�; �/ D .L; �/ we have l�.L.�; �// D �.

Proof. It is immediate that � is a topology on L such that a is the unique non-
isolated point of � . Therefore L.�; �/ is a Tychonoff (and even normal) space by
Claim 2 of S.018. Every subset of cardinality � � is closed and discrete in L.�; �/;
so l.L.�; �// � �.

We will prove, by induction on n 2 N, that l..L.�; �//n/ � � for any n 2 N.
If n D 1 and U is an open cover of L.�; �/ then take a set U 2 U such that
a 2 U . Then jL.�; �/nU j � �; so there is U 0 2 exp�.U/ for which L.�; �/nU is
covered by U 0. It is clear that U 0 [ fU g is a subcover of U of cardinality � �; so
l.L.�; �// � �.

Now assume that l..L.�; �//k/ � � for some number k 2 N and take an open
cover U of the space .L.�; �//kC1. Represent .L.�; �//kC1 as .L.�; �//k �L.�; �/
and let F D f.x; a/ W x 2 .L.�; �//kg � .L.�; �//kC1. It is immediate that F
is homeomorphic to .L.�; �//k so l.F / � � by the induction hypothesis. For any
point z D .x; a/ 2 F choose Uz 2 �.x; .L.�; �//k/ and Vz 2 �.a; L.�; �// such
that Uz � Vz � Wz for some Wz 2 U . Since l.F / � �, we can choose a set P �
.L.�; �//k such that jP j � � and F �SfUz � Vz W z 2 P g.

Observe that Qz D L.�; �/nVz has cardinality at most � for any z 2 P and
hence Q D SfQz W z 2 P g also has cardinality � �. Let U 0 D fWz W z 2 P g; if
y D .x; s/ … S

U 0 then take a point z 2 P for which x 2 Uz. Then s … Vz which
implies z 2 Qz � Q. We proved that .L.�; �//kC1n.SU 0/ is contained in the set
G D .L.�; �//k �Q which is a union of � �-many subspaces homeomorphic to
.L.�; �//k . This, together with the induction hypothesis, implies that l.G/ � � and
hence we can find U 00 � U such that jU 00j � � and G � S

U 00. Thus U 0 [ U 00 is a
subcover of U of cardinality� � which proves that l..L.�; �//kC1/ � �.
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The inductive step of our proof has been successfully accomplished; so we
established that l..L.�; �//n/ � � for all n 2 N and hence Fact 5 is proved.

Returning to our solution let � D l.Y / � c.X/. We will establish first that

(7) jAj � jAj! for any A � Cp.X/.
Indeed, for any countable B � Cp.X/ we have nw.B/ D ! (see Problem 033)

and hence jBj � c. Besides, t.Cp.X// � !; so

jAj D j
[
fB W B 2 exp!.A/gj � c � jexp!.A/j D c � jAj! D jAj!

and hence (7) is proved. Let us show next that

(8)  .Y / � 2�.

Assume, for a contradiction, that we have  .v; Y / � .2�/C for some v 2 Y .
Then l.Y nfvg/ � .2�/C (see Fact 1 of U.027) and hence we can apply Baturov’s
theorem (SFFS-269) to conclude that there is a closed discrete subsetD in the space
Y nfvg such that jDj D � D .2�/C. The set E D D [ fvg is closed in Y ; so
l.E/ � �. As a consequence jEnU j � � for any U 2 �.v;E/ and therefore the
space E is a continuous image of the space L.�; �/ which implies l�.E/ � � (see
Fact 5).

For any x 2 X let '.x/.f / D f .x/ for any f 2 E . Then '.x/ 2 Cp.E/ for
every x 2 X and the map ' W X ! Cp.E/ is continuous by TFS-166. The space
X 0 D '.X/ is compact; besides, c.X 0/ � c.X/ � � and t.X 0/ � t.Cp.E// D
l�.E/ � �. Furthermore, �	.X 0/ � t.X 0/ � � by TFS-331; so we can apply
Fact 4 to see that w.X 0/ � �	.X/c.X 0/ � �� D 2�.

The dual map '� W Cp.X 0/ ! Cp.X/ defined by '�.h/ D h ı ' for any h 2
Cp.X

0/ embedsCp.X 0/ isCp.X/ (see TFS-163) and it is easy to verify the inclusion
E � '�.Cp.X 0//. Thus s.E/ � nw.E/ � nw.Cp.X 0// D nw.X 0/ � w.X 0/ � 2�
which is a contradiction because D is a discrete subspace of E and jDj > 2�. This
shows that  .Y / � 2�; so (8) is proved.

Apply (7) to see that if A � Y and jAj � � then jAj � jAj! � �! � 2�.
The property (8) shows that we can apply Fact 1 to the space Y to conclude that
jY j � 2�. Finally apply (7) to see that jY j � jY j! � .2�/! D 2� and hence our
solution is complete.

U.084. Suppose thatX is a compact space with the Souslin property and Cp.X/ has
a dense Lindelöf subspace. Prove that w.X/ � jCp.X/j � 2! .

Solution. We have w.X/ D nw.X/ D nw.Cp.X// � jCp.X/j (see Fact 4 of
S.307); so w.X/ � jCp.X/j. Now, ifZ is a dense Lindelöf subspace of Cp.X/ then
apply Problem 083 to see that jCp.X/j D jZj � 2l.Z/�c.X/ � 2!�! D 2! .

U.085. Prove that, for any uncountable regular cardinal �, if Z � Cp.� C 1/

separates the points of � C 1 then l.Z/ � �.
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Solution. To obtain a contradiction, let us assume that � D l.Z/ < �. Since the
map f 7�! .�f / is a homeomorphism of the space Cp.�C1/ onto itself, both sets
�Z D f�f W f 2 Lg and Z [ .�Z/ have the Lindelöf number � �. This shows
that we can assume that .�f / 2 Z for any f 2 Z.

For each ˛ < � fix rational numbers s˛; t˛ and a function f˛ 2 Z such that
f˛.˛/ < s˛ < t˛ < f˛.�/ or f˛.˛/ > s˛ > t˛ > f˛.�/. However, if we have the
second inequality then, for the function .�f˛/ 2 Z, we have the first one. Therefore
we can assume that f˛.˛/ < s˛ < t˛ < f˛.�/ for all ˛ < �. Since each f˛ is
continuous, there exists ˇ˛ < ˛ such that f˛.
/ < s˛ for each 
 2 .ˇ˛; ˛
.

The map r W � ! � defined by r.˛/ D ˇ˛ for all ˛ < � satisfies the hypothesis
of Fact 3 of U.074; so there is ˇ < � and a stationary set R � � such that ˇ˛ D ˇ

for all ˛ 2 R. There is a set R0 � R with jR0j D � for which there are s; t 2 Q such
that s˛ D s and t˛ D t for all ˛ 2 R0; let E D ff˛ W ˛ 2 R0g.

For every f 2 Z let Of D ZnE if f … E. Then Of is an open neighbourhood
of f in Z such that Of \ E D ; and hence Bf D f˛ 2 R0 W f˛ 2 Of g D ;.
If f 2 E then we have f .�/ � t because g.�/ > t for all g 2 E . Choose any
s0 2 .s; t/ and observe that, by continuity of f , there is 
 > ˇ such that f .
/ >
s0 > s. The set Of D fg 2 Z W g.
/ > s0g is an open neighbourhood of f in Z.
If ˛ > 
 and ˛ 2 R0 then 
 2 .ˇ; ˛
 D .ˇ˛; ˛
 which implies, by the choice of ˇ˛ ,
that f˛.
/ < s < s0 whence f˛ … Of . As a consequence,Of \E � ff˛ W ˛ � 
g
and therefore, for the set Bf D f˛ 2 R0 W f˛ 2 Of g , we have jBf j � j
 j < �.

Since U D fOf W f 2 Zg is an open cover of the space Z, there is a family
U 0 � U such that Z � S

U 0 and jU 0j � �. This implies R0 D SfBf W f 2 U 0g,
i.e., the set R0 of cardinality � is represented as a union of � �-many subsets of
cardinality < �. This contradicts regularity of � and proves that l.Z/ � �.

U.086. Prove that, if X is a dyadic space and Y � Cp.X/ then nw.Y / D l.Y /. In
particular, any Lindelöf subspace of Cp.X/ has a countable network.

Solution. For any n 2 N let Mn D f1; : : : ; ng; if A is a set then Fin.A/ is the
family of all finite subsets of A and Fn.A/ D SfDB W B 2 Fin.A/g; observe that
the unique element of D; is the empty function. If f is a function then dom.f / is
its domain. If f and g are functions then f � g says that dom.f / � dom.g/ and
gjdom.f / D f . We consider that if g is a function and f D ; then f � g. Given
two functions f and g such that f .x/ D g.x/ for any point x 2 dom.f /\ dom.g/
the function h D f [ g is defined by letting h.x/ D f .x/ for all x 2 dom.f / and
h.x/ D g.x/ for any x 2 dom.g/ndom.f /.

For any h 2 Fn.A/ let Œh
 D fs 2 D
A W h � sg. It is easy to see that the family

fŒh
 W h 2 Fn.A/g is a base in the space DA. Given a regular uncountable cardinal �
say that C � � is a club if C is closed and unbounded (
cofinal) in �. A set A � �
is called stationary if A\ C ¤ ; for any club C .

Suppose that we have a family F D fF 0
t ; F

1
t W t 2 T g of closed subsets of a

space Z. Let C; D Z and Ch D TfF h.t/
t W t 2 dom.h/g for any h 2 Fn.T /nf;g.

We say that the family F is dyadic if F 0
t \ F 1

t D ; for every t 2 T while Ch ¤ ;
for any h 2 Fn.T /. In particular, F i

t ¤ ; for any t 2 T and i 2 D. A dyadic family
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F D fF 0
t ; F

1
t W t 2 T g will also be called �-dyadic if jT j D �. If A is a family

of sets then
V

A is the family of all non-empty finite intersections of the elements
of A.

Fact 1. Given an infinite cardinal � ifK is a compact space such that �	.x;K/ � �
for any x 2 K then there is a closed P � K which maps continuously onto D

� and
henceK maps continuously onto I

� .

Proof. If � D ! then K has no isolated points and hence there exists a continuous
onto map ' W K ! I (see SFFS-133). Take a closed F � I homeomorphic to D

!

(see TFS-128); then P D '�1.F / is a closed subset ofK which maps continuously
onto D

! ; so K can be continuously mapped onto I
! (see Fact 4 of T.298).

From this moment on we consider that � is an uncountable cardinal. Denote by
C the family of all closed non-emptyGı-subsets of K . Each G 2 C has a countable
outer base BG in K by TFS-327. This shows that G � U 2 �.K/ implies that there
is V 2 BG with V � U .

Suppose that C 0 � C and jC 0j < �. Given a point x 2 K , if every U 2 �.x;K/
contains some G 2 C 0 then it also contains some V 2 BG by the previous remark.
This shows that B D SfBG W G 2 C 0g is a local �-base at x with jBj < � which is
a contradiction. This proves that

(1) for any x 2 K and any C 0 � C such that jC 0j < � there is W 2 �.x;K/ such
that GnW ¤ ; for all G 2 C 0.

Our plan is to construct a �-dyadic family inK; the second step on this way is to
show that

(2) for any C 0 � C with jC 0j < � there are F;G 2 C such that F \ C ¤ ; and
G \ C ¤ ; for any C 2 C 0 but there exists B 2 C 0 such that F \G \ B D ;.

To prove (2), apply (1) for every x 2 K to obtain a set Wx 2 �.x;K/ such that
CnWx ¤ ; for every C 2 C 0. Taking a smaller Wx if necessary we can assume that
Wx is an F� -set and therefore Px D KnWx is a Gı-set for all x 2 K . Take a finite
subcover fWx1; : : : ;Wxng of the cover fWx W x 2 Kg; then Pxi \ C ¤ ; for any
C 2 C 0 and i 2Mn while Px1 \ : : :\Pxn D ;. Let k 2Mn be the minimal number
for which there existQ1; : : : ;Qk 2 fPx1; : : : ; Pxng such thatQ1\: : :\Qk\B D ;
for some B 2 C 0. Then k � 2 and the sets F D Q1 and G D Q2 \ : : : \Qk are as
promised; so (2) is proved.

Our next step is to establish the following property.

(3) Let � and � be infinite cardinals with � D cf.�/ and � < � � �. If F � C is a
�-dyadic system then there is a �-dyadic system G � C such that jFnGj < !.

Choose an arbitrary enumeration fF 0
˛ ; F

1
˛ W ˛ < �g of the family F which

witnesses that F is �-dyadic. Let Ih D TfFh.˛/
˛ W ˛ 2 dom.h/g for any h 2 Fn.�/;

if dom.h/ D ; then Ih D K . We are going to construct by transfinite induction
a family K D fC0

˛ ; C
1
˛ ;K

0
˛;K

1
˛ W ˛ < �g � C. If ˇ < � and g 2 Fn.ˇ/ then

Jg DTfCg.˛/
˛ W ˛ 2 dom.g/g; if dom.g/ D ; then Jg D K .
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The family A0 D F has cardinality strictly less than � and hence jVA0j < �.
Thus the property (2) is applicable to find K0

0 ;K
1
0 2 C such that Ki

0 \H ¤ ; for
anyH 2V

A0 and i 2 D while there is F 2V
A0 such that K0

0 \K1
0 \F D ;. It

is easy to see that there exists a function h0 2 Fn.�/ such that F D Ih0 ; let g0 D ;
and C i

0 D F \Ki
0 for every i 2 D.

Proceeding inductively assume that ˛ is an ordinal with 0 < ˛ < � and we have
a family K˛ D fC0

ˇ; C
1
ˇ ;K

0
ˇ;K

1
ˇ W ˇ < ˛g with the following properties:

(4) if ˇ < ˛ and Aˇ D F[fC0

 ; C

1

 W 
 < ˇg thenKi

ˇ\H ¤ ; for anyH 2V
Aˇ

and i 2 D;
(5) for every ˇ < ˛ we have functions hˇ 2 Fn.�/ and gˇ 2 Fn.ˇ/ such that

Ihˇ \ Jgˇ \K0
ˇ \K1

ˇ D ;;

(6) if ˇ < ˛ then C0
ˇ \ C1

ˇ D ; and C i
ˇ D Ihˇ \ Jgˇ \Ki

ˇ for each i 2 D.

The family A˛ D fC0
ˇ; C

1
ˇ W ˇ < ˛g [ F has cardinality strictly less than � and

hence jVA˛j < �. Thus the property (2) is applicable to findK0
˛;K

1
˛ 2 C such that

Ki
˛ \ H ¤ ; for any H 2 V

A˛ and i 2 D while there is F 2 V
A˛ such that

K0
˛\K1

˛\F D ;. It is easy to see that there exist h˛ 2 Fn.�/ and g˛ 2 Fn.˛/ such
that F D Ih˛ \ Jg˛ ; let C i

˛ D F \Ki
˛ for every i 2 D.

Evidently, the conditions (4)–(6) are now satisfied for all ˇ � ˛; so our inductive
procedure can be continued to construct the family K D fC0

ˇ; C
1
ˇ ;K

0
ˇ;K

1
ˇ W ˇ < �g

for which the properties (4)–(6) hold for all ˛ < �.
Our promised family G will be contained in the family G0 D fC0

˛ ; C
1
˛ W ˛ < �g.

To extract G from G0 we will need the following property.

(7) If h 2 Fn.�/; g 2 Fn.�/ and Ih \ Jg ¤ ; then there exists a finite set A � �
such that Ih \ Ih0 \ Jg ¤ ; for any h0 2 Fn.�nA/.

We will prove (7) by induction on the maximal element ıg of dom.g/; if g D ;
then let ıg D �1. Observe first that if ıg D �1 then we can take A D dom.h/. If
h0 2 Fn.�nA/ then Ih \ Ih0 \ Jg D Ih \ Ih0 D Ih[h0 ¤ ; because F is �-dyadic.

Now assume that ˛ < � and (7) holds for any g0 2 Fn.�/ with ıg0 < ˛. Suppose
that Ih \ Jg ¤ ; for some h 2 Fn.�/ and g 2 Fn.�/ such that ıg D ˛. Define a
function g0 2 Fn.�/ be letting dom.g0/ D dom.g/nf˛g and g0.ˇ/ D g.ˇ/ for any
ˇ 2 dom.g0/. We have the equality Ih\Jg D Ih\Jg0\Cg.˛/

˛ which, together with

(6) implies that Ih \ Jg D Ih \ Jg0 \ Ih˛ \ Jg˛ \Kg.˛/
˛ . Thus Ih \ Ih˛ ¤ ; which

shows that h.ˇ/ D h˛.ˇ/ for any ˇ 2 dom.h/ \ dom.h˛/; so the function h [ h˛
makes sense.

Analogously, the function g0[g˛ is also consistently defined; the equalities Ih\
Ih˛ D Ih[h˛ and Jg0\Jg˛ D Jg0[g˛ show that Ih[h˛\Jg0[g˛ D Ih\Ih˛\Jg0\Jg˛
is a non-empty set. Besides, ıg0[g˛ < ˛ and hence our induction hypothesis is
applicable to conclude that there exists a finite set A � � such that, for any function
h0 2 Fn.�nA/ the set Ih[h˛ \ Ih0 \ Jg0[g˛ is non-empty.

Let us show that the same set A is applicable to make our induction step. Indeed,
if h0 2 Fn.�nA/ then the set P D Ih[h˛ \ Ih0 \ Jg0[g˛ is non-empty; since P 2
V

A˛ , we can apply (4) to see that Ih\Ih0\Jg D P \Kg.˛/
˛ ¤ ;, so (7) is proved.
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Let p.˛/ D max dom.g˛/; it is clear that p.˛/ < ˛ for any ˛ < �. It follows
from Fact 3 of U.074 that there exists ˇ < � such that the set f˛ < � W p.˛/ D ˇg
has cardinality �. It follows from jFn.�/j < � and jFn.ˇ/j < � that we can choose
a set E � �n.ˇC 1/ and functions h 2 Fn.�/; g 2 Fn.ˇ/ such that jEj D � while
h˛ D h and g˛ D g for all ˛ 2 E . In particular, we have Ih \ Jg \K0

˛ D C0
˛ ¤ ;

for any ˛ 2 E; as an immediate consequence, Ih \ Jg ¤ ;, so we can apply (7) to
find a finite set A � � such that Ih \ Ih0 \ Jg ¤ ; for each h0 2 Fn.�nA/.

We claim that the set G D fF 0
˛ ; F

1
˛ W ˛ 2 �nAg [ fC0

˛ ; C
1
˛ W ˛ 2 Eg is as

promised in (3). It is trivial that jGj D � and FnG is finite; so we must only check
that G is dyadic.

It is sufficient to show that, for any h0 2 Fn.�nA/ and g0 2 Fn.E/ we have
Ih0 \ Jg0 ¤ ;; so fix relevant h0 and g0. If g0 D ; then Ih0 \ Jg0 D Ih0 ¤ ; because
the family F is �-dyadic. Thus we can consider that g0 ¤ ; and hence we can
choose an enumeration f˛1; : : : ; ˛kg of the set dom.g0/ such that ˛1 < : : : < ˛k ; let
ij D g0.˛j / for all j � k.

Observe that Ih0 \Jg0 D Ih0 \C i0
˛0
\ : : :\C ik

˛k
D Ih0 \Ih\Jg\Ki0

˛0
\ : : :\Kik

˛k
;

since the condition (7) is fulfilled for the set A, the set H D Ih0 \ Ih \ Jg is non-
empty. Furthermore,H 2V

A˛0 ; so H0 D H \Ki0
˛0
¤ ; by the property (4).

Proceeding inductively assume that j < k andHj D H\Ki0
˛0
\: : :\Kij

˛j ¤ ;. It

is evident thatHj 2 V
A˛jC1

; so it follows from (4) thatHjC1 D Hj\KijC1
˛ijC1

¤ ;.
Thus our inductive procedure can be continued to establish that Ih0\Jg0 D Hk ¤ ;;
so (3) is proved.

Assume that � > ! and � is a regular cardinal; we saw at the beginning of our
proof that there exists a continuous onto map ' W K ! I. Take a closed F � I

homeomorphic to D
! ; then P D '�1.F / is a non-empty Gı-subset of K which

maps continuously onto D
! . Let ' 0 D 'jP .

By Fact 4 of T.298 there is an !-dyadic system S D fG0
n;G

1
n W n 2 !g in

the space F . It is clear that all elements of S are Gı-subsets of F ; so if we let
F i
n D .' 0/�1.Gi

n/ for all i 2 D and n 2 ! then F D fF 0
n ; F

1
n W n 2 !g is an

!-dyadic system of Gı-subsets of P . It follows from P 2 C that F � C and hence
we can apply (3) to construct a �-dyadic family G in the space K .

Finally assume that � is an uncountable cardinal and � D cf.�/ < �. Choose a
�-sequence f�� W � < �g of regular cardinals such that �� > � for all � < � and
� D supf�� W � < �g while �� < ��0 whenever � < �0 < �. It is an easy exercise
that

(8) if � is an infinite cardinal and fH˛ W ˛ < �g is a �-sequence of dyadic families
such that ˛ < ˇ < � implies H˛ � Hˇ then H DS

˛<�H˛ is a dyadic family.

From what was proved for regular cardinals, it follows that we can choose a �0-
dyadic family F0 � C. Suppose that � < � and we have a collection fF� W � < �g
of dyadic families such that

(9) F� � C and jF�j D �� for any � < � and �0 < � < � implies that
jF�0nF� j < �.
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Let G� D TfF�0 W � � �0 < �g for any � < �. It follows from G� � F� that
G� is a dyadic family for all � < �. Besides, it follows from (9) and regularity of �
that jF�nG� j < � and hence jG� j D �� < �� for each � < �. It is immediate that
� < �0 < � implies G� � G�0 ; so the family H DSfG� W � < �g is dyadic by (8).

Observe also that �� D cf.��/ > � > � so jHj < �� and hence we can apply
(3) to the family H � C and the cardinals jHj and �� to find a ��-dyadic family
F� such that jHnF�j < !. For any � < � we have jF�nHj � jF�nG� j < �; as a
consequence, jF�nF�j < �; so the property (9) holds for all � � � and hence our
inductive procedure can be continued to construct a collection fF� W � < �g such
that the condition (9) is satisfied for all � < �.

Let F 0
� D

TfF� W � � � < �g for each � < �. It follows easily from (9) that
jF�nF 0

� j � � and hence jF 0
� j D �� for all � < �. Furthermore, F 0

� � F 0
�0

whenever
� < �0 < �. For the family F D S

�<�F 0
� we have jF j D � and F is dyadic by (8).

Therefore we found a �-dyadic family in K in all possible cases. Applying Fact 4
of T.298 we conclude that there is a closed P � K which maps continuously onto
D
� and hence K maps continuously onto I

� , i.e., Fact 1 is proved.

Fact 2. If � is a regular uncountable cardinal and ' W D� ! I
� is a continuous onto

map then there is a closed F � D
� such that F ' D

� and 'jF is injective.

Proof. Let O D fŒh
 W h 2 Fn.�/g be the standard base of D� . For any A � �

the map �A W I� ! I
A is the natural projection of I� onto its face I

A. Analogously,
pA W D� ! D

A is the natural projection of D� onto its face D
A. If A D f˛g for

some ˛ < � we write �˛ and p˛ instead of �f˛g and pf˛g respectively. Say that a
set G � D

� depends on A � � if G D p�1
A .pA.G//. Denote by C the family of

all non-empty clopen subsets of D� . Every element of C is compact; so it is a finite
union of elements of O; since every O 2 O depends on finitely many coordinates,
we proved that

(10) every U 2 C depends on finitely many coordinates, i.e., there is a finite set
S D SU � � such that U D p�1

S .pS.U //.

For any element i 2 D and ˛ < � let P i
˛ D ��1

˛ .i/; Qi
˛ D '�1.P i

˛/ and fix a
set Oi

˛ 2 �.P i
˛ ; I

�/ so thatO0
˛ \O1

˛ D ;. It follows from SFFS-303, SFFS-306 and
SFFS-308 that we can find U i

˛ 2 C such that Qi
˛ � U i

˛ � '�1.Oi
˛/ for every ˛ < �

and i 2 D. Apply (10) to find a finite set S˛ � � such that p�1
S˛
.pS˛ .U

i
˛// D U i

˛ for
any i 2 D and ˛ < �.

By the �-lemma (SFFS-038) we can find a set T 0 � � and finite S � � such
that jT 0j D � and S˛ \ Sˇ D S for any distinct ˛; ˇ 2 T 0. If S D ; let T D T 0 and
choose hi˛ 2 pS˛.Qi

˛/ for any i 2 D and ˛ 2 T . If S ¤ ; then the set DS is finite
and D

� D SfŒs
 W s 2 D
S g so I

� D Sff .Œs
/ W s 2 D
S g which implies that there is

W 2 ��.I�/ with W � f .Œs0
/ for some s0 2 D
S .

MakingW smaller if necessary, we can consider thatW is a standard open subset
of I� and hence there is a finite B � � such that ��1

B .�B.W // D W . An immediate
consequence is that W \ P i

˛ ¤ ; and hence Œs0
 \Qi
˛ ¤ ; for any ˛ 2 �nB and

i 2 D. Let T D T 0nB and choose hi˛ 2 pS˛ .Œs0
 \Qi
˛/ for any i 2 D and ˛ 2 T .
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Observe that, in both cases, jT j D � and h0˛ ¤ h1˛ for any element ˛ 2 T . Let
F D fs 2 D

� W s.�nT / � f0g and pS˛ .s/ 2 H˛ D fh0˛; h1˛g for any ˛ 2 T g. To see
that F is homeomorphic to D

� , it suffices to prove that there is a homeomorphism
g W F ! H D QfH˛ W ˛ 2 T g because H ' D

� .
For any s 2 F and ˛ 2 T we have sjS˛ D hi˛ for some i 2 D; let g.s/.˛/ D hi˛ .

This gives us a map g W F ! H . If h 2 H then for every ˛ 2 T we have
h.˛/ D h

i.˛/
˛ for some i.˛/ 2 D. Let s.˛/ D 0 for any ˛ 2 �nT ; if ˛ 2 S˛nS

then s.˛/ D hi.˛/˛ .˛/ and s.˛/ D s0.˛/ for any ˛ 2 S . This definition makes sense
because s0 � hi˛ for any ˛ 2 T and i 2 D. It is evident that s 2 F and g.s/ D h; so
the map g is onto.

Now, if s; t 2 F and s ¤ t then sjT ¤ t jT which shows that for some ˛ 2 T
we have sjS˛ ¤ t jS˛ , i.e., g.s/.˛/ ¤ g.t/.˛/ and hence g.s/ ¤ g.t/ so g is a
bijection. To see that g is continuous, it suffices to prove that so is g˛ D q˛ ı g W
F ! H˛ where q˛ W H ! H˛ is the natural projection for all ˛ 2 T . Since
g�1
˛ .h

i
˛/ D Œhi˛
 \ F , the set g�1

˛ .h
i
˛/ is open in F for any i 2 D which, evidently,

implies continuity of g˛ for every ˛ 2 T . Therefore g is a condensation of F onto
H . It is an easy exercise that F is closed in D

� ; so g is a condensation between
compact spaces F and H which implies that g is a homeomorphism and hence
F ' D

� .
Finally, assume that s; t 2 F and s ¤ t . There is ˛ 2 T such that sjS˛ D hi˛

and t jS˛ D h1�i˛ . Therefore s 2 Œhi˛
 � U i
˛ and t 2 Œh1�i˛ 
 � U 1�i

˛ . Consequently,
'.s/ 2 '.U i

˛/ and '.t/ 2 '.U 1�i
˛ /. Since f .U i

˛/ \ f .U 1�i
˛ / � Oi

˛ \ O1�i
˛ D ;,

we have '.s/ ¤ '.t/ and hence 'jF is injective; so Fact 2 is proved.

Fact 3. IfK is a dyadic space and w.K/ > � for some infinite cardinal � then D
�C

embeds in K .

Proof. If the set C D fx 2 K W �	.x;K/ � �g is dense in K then w.K/ � � by
Fact 1 of U.072. Thus there exists U 2 ��.X/ such that �	.x;K/ � �C for any
x 2 U . Take V 2 ��.X/ such that V � U . If x 2 V and U is a �-base at the point
x in V with jU j � � then the family U 0 D fW \ V W W 2 Ug is a �-base at x
in K with jU 0j � � which contradicts the choice of U . Therefore �	.x; V / � �C
for any x 2 V ; so we can apply Fact 1 to see that some closed subspace of V maps
continuously onto D

�C

and hence there is a continuous onto map f W K ! I
�C

.
Since K is dyadic, there is an infinite cardinal � and a continuous onto map

g W D� ! K . For anyA � � let pA W D� ! D
A be the natural projection of D� onto

its face D
A. Since w.I�

C

/ D �C, we can apply Fact 1 of T.109 to find A � � such
that jAj � �C and there is a continuous map h W DA ! I

�C

for which hıpA D f ıg.
Since I

�C

is a perfect image of DA, we have �C D w.I�
C

/ � w.DA/ D jAj (see
Fact 1 of T.489) and therefore jAj D �C.

Let u.˛/ D 0 for all ˛ < �; then the set P D D
A � fp�nA.u/g � D

� is closed

in D
� and homeomorphic to D

A ' D
�C

. Given y 2 I
�C

there is x 2 D
� such that

.f ı g/.x/ D y and therefore h.pA.x// D f .g.x// D y. If x0 D pA.x/[ p�nA.u/
then x0 2 P and pA.x0/ D pA.x/ which shows that f .g.x0// D h.pA.x

0// D
h.pA.x// D y. Therefore
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(11) there exists P � D
� such that P ' D

�C

and ' D .f ı g/jP W P ! I
�C

is an
onto map.

By (11) and Fact 2 we can find a closed F � P such that F ' D
�C

and
'0 D 'jF is injective. The space F being compact, the map '0 W F ! G D
'0.F / is a homeomorphism. Let K 0 D g.F /; if g0 D gjF and f0 D f jK 0 then
f0 ı g0 D '0 and hence g0 is a homeomorphism by Fact 2 of S.337. Thus K 0 � K
is homeomorphic to F ' D

�C

and Fact 3 is proved.

Fact 4. For any space Z if K � Cp.Z/ is a dyadic space then w.K/ � l.Z/.
Proof. Assume for a contradiction that w.K/ > � D l.Z/. By Fact 3 there is
K 0 � K withK 0 ' D

�C

. It is easy to see that w.�CC 1/ D �C; besides, �CC 1 is
a scattered compact space by Fact 4 of U.074; so it is zero-dimensional (see SFFS-
129 and SFFS-305). Therefore �CC 1 embeds in D

�C

; so there is a closed F � K 0
such that F ' �C C 1 (see SFFS-303).

For any z 2 Z let '.z/.f / D f .z/ for every f 2 F . Then ' W Z ! Cp.F / is
a continuous map; let Z0 D '.Z/. It is easy to see that Z0 separates the points of
F and we have l.Z0/ � l.Z/ D �. However, every subspace of Cp.�C C 1/ that
separates the points of �CC1must have the Lindelöf number� �C by Problem 085.
This contradiction shows that w.K/ � �, i.e., Fact 4 is proved.

Fact 5. Given a space Z and P � Cp.Z/ let '.z/.f / D f .z/ for any z 2 Z and
f 2 P . Then '.z/ 2 Cp.P / for any z 2 Z and ' W Z ! Cp.P / is a continuous
map; letZ0 D '.Z/. If '� W Cp.Z0/! Cp.Z/ is the dual map, i.e., '�.f / D f ı'
for any f 2 Cp.Z0/ then P � '�.Cp.Z0//.

Proof. It was proved in TFS-166 that '.z/ 2 Cp.P / for any z 2 Z and ' is a
continuous map; so we only have to establish that P � ˚ D '�.Cp.Z0//. To do
so, take any g 2 P ; if z0 2 Z0 then z0 D '.z/ for some z 2 Z; let f .z0/ D g.z/. We
have to show that this definition is consistent, i.e., for any y 2 Z if '.y/ D z0 then
g.y/ D g.z/.

Indeed, if '.y/ D z0 D '.z/ then '.y/.h/ D '.z/.h/ for any h 2 P which
implies that h.y/ D h.z/ for any h 2 P and, in particular, g.y/ D g.z/; so our
function f W Z0 ! R is well defined. Next observe that f 2 Cp.Z0/ because
f .z0/ D z0.g/ for any z0 2 Z0 (recall that Z0 � Cp.P /); so f is continuous on Z0
by TFS-166.

Finally, note that '�.f /.z/ D .f ı '/.z/ D f .'.z// D g.z/ for any z 2 Z by
the definition of f ; so g D '�.f / 2 ˚ . We proved that g 2 ˚ for an arbitrary
g 2 P , i.e., P � ˚ and hence Fact 5 is proved.

Returning to our solution observe that l.Z/ � nw.Z/ for any space Z; so we
have l.Y / � nw.Y /. To convince ourselves that nw.Y / � � D l.Y / let '.x/.f / D
f .x/ for any x 2 X and f 2 Y ; then ' W X ! Cp.Y / is a continuous map (see
TFS-166). The space X 0 D '.X/ � Cp.Y / is dyadic; so w.X 0/ � l.Y / D � by
Fact 4.
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The dual map '� W Cp.X 0/! Cp.X/ defined by '�.f / D f ı' for any function
f 2 Cp.X 0/ embeds Cp.X 0/ in Cp.X/ (see TFS-163) and Y � '�.Cp.X 0// by
Fact 5. Therefore

nw.Y / � nw.'�.Cp.X 0/// D nw.Cp.X
0// D nw.X 0/ � w.X 0/ � �

so our solution is complete.

U.087. Prove that, if X is a dyadic space and Cp.X/ has a dense Lindelöf subspace
then X is metrizable.

Solution. If Y � Cp.X/ is dense and l.Y / � ! then d.Y / � nw.Y / D l.Y / � !
by Problem 086. If D is a countable dense subset of Y then D is also dense in
Cp.X/; so d.Cp.X// D ! and hence X can be condensed onto a second countable
space by TFS-174. Every condensation of a compact space is a homeomorphism; so
w.X/ � ! and hence X is metrizable.

U.088. Given a space X suppose that K � Cp.X/ is a compact space of
uncountable tightness. Show that there exists a closed X1 � X such that Cp.X1/
contains a compact subspace of weight and tightness !1.

Solution. Given a function f 2 Cp.X/, a finite set F � X and a number " > 0 let
O.f; F; "/ D fg 2 Cp.X/ W jf .x/ � g.x/j < " for all x 2 F g. It is clear that the
family fO.f; F; "/ W F is a finite subset of X and " > 0g is a local base at the point
f in Cp.X/.

Since t.K/ > !, there is a free sequence S D ff˛ W ˛ < !1g � K (see TFS-
328). The space K being compact, we can find a complete accumulation point f
for the set S (this means that jU \ S j D !1 for any U 2 �.f;K/, see TFS-118). If
S˛ D ffˇ W ˇ < ˛g then S˛ \ SnS˛ D ;; so f … S˛ for any ˛ < !1. Thus, for any
˛ < !1 there is a finite set F˛ � X and "˛ > 0 such that O.f;K˛; "˛/\ S˛ D ;.

The set Y D SfK˛ W ˛ < !1g has cardinality at most !1; soX1 D Y has density
� !1 and therefore Cp.X1/ condenses onto a space of weight � !1 (see TFS-173).
If � W Cp.X/ ! Cp.X1/ is the restriction map then K1 D �.K/ is a compact
subspace of Cp.X1/ which implies that w.K1/ D iw.K1/ � iw.Cp.X1// � !1.

Let g˛ D �.f˛/ for every ˛ < !1; if T D fg˛ W ˛ < !1g D �.S/ then, by
continuity of � , the function g D �.f / belongs to the closure of T . If G � T

is countable then there is ˛ < !1 such that G � T˛ D fgˇ W ˇ < ˛g D �.S˛/.
The map � is open by TFS-152; so U˛ D �.O.f;K˛; "˛// is open in Cp.X1/.
Since K˛ � X1, we have ��1.U˛/ D O˛ D O.f;K˛; "˛/ and it follows from
O˛ \ S˛ D ; that U˛ \ �.S˛/ D ;. Therefore U˛ is an open neighbourhood of g
which does not meet T˛ , i.e., g … T ˛ and hence g … G.

Thus g 2 T � K1 is a function which is not in the closure of any countable
G � T , i.e., t.K1/ � !1 and therefore K1 � Cp.X1/ is a compact space such that
t.K1/ D w.K1/ D !1.
U.089. Prove that PFA implies that, for any Lindelöf space X and any compact
K � Cp.X/, we have t.K/ � !.
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Solution. Recall that our use of PFA is restricted to applying its topological
consequences. This time the relevant consequence says: “for any compact space
K with t.K/ D w.K/ D !1 the space !1 C 1 embeds in K”.

Fact 1. If � is an uncountable regular cardinal and Z is a space such that l.Z/ < �
then �C1 cannot be embedded in Cp.Z/. In particular,!1C1 cannot be embedded
in Cp.Z/ for a Lindelöf space Z.

Proof. Assume that F � Cp.Z/, where l.Z/ < � and F ' � C 1. For any z 2 Z
and f 2 F let '.z/.f / D f .z/. Then '.z/ 2 Cp.F / for any point z 2 Z and the
map ' W Z ! Cp.F / is continuous (see TFS-166); let Z0 D '.Z/. We have the
inequalities l.Z0/ � l.Z/ < �; since Z0 separates the points of F , we can apply
Problem 085 to conclude that l.Z0/ � � thus obtaining a contradiction which proves
Fact 1.

Returning to our solution assume that t.K/ > ! for some compactK � Cp.X/.
By Problem 088, there exists a closed X1 � X such that t.K1/ D w.K1/ D !1 for
some compact K1 � Cp.X1/. By PFA, the space !1 C 1 embeds in K1 and hence
!1 C 1 embeds in Cp.X1/ for a Lindelöf space X1. This contradiction with Fact 1
shows that t.K/ � ! and finishes our solution.

U.090. Given a spaceX and a setA � X denote by �A the topology onX generated
by the family �.X/[ exp.XnA/ as a subbase; let XŒA
 D .X; �A/. In other words,
the space XŒA
 is constructed by declaring isolated all points of XnA and keeping
the same topology at the points of A. Prove that, for any uncountable Polish space
M and A �M the following conditions are equivalent:

(i) the space .M ŒA
/! is Lindelöf;
(ii) if F is a countable family of finite-to-one continuous maps from the Cantor set

K to M then
Tff �1.A/ W f 2 Fg ¤ ;;

(iii) if F is a countable family of injective continuous maps from the Cantor set K
to M then

Tff �1.A/ W f 2 Fg ¤ ;.

Deduce from this fact that, for any uncountable Polish space M there is a disjoint
family fA˛ W ˛ < cg of subsets of M such that .M ŒA˛
/

! is Lindelöf for any ˛ < c.

Solution. As usual, we let D0 D f;g and D
�n D SfDi W i � ng for any n < !;

furthermore,D<! DSfDi W i < !g. For any element s 2 D
<! we denote by Œs
 the

set ft 2 D
! W s � tg. Note first that ZŒA
 is a Tychonoff space for any TychonoffZ

by Fact 1 of S.293. If we have two topologies � and � on a set Z then � is stronger
than � if � � �. If � � � then � is said to be weaker than �.

Fact 1. If Z is second countable and A � Z then ZŒA
 embeds in Cp.S/ for some
�-compact space S .

Proof. If ZnA is countable then it is easy to see that w.ZŒA
/ D ! so ZŒA

is an Eberlein–Grothendieck space by Problem 034. Now assume that ZnA is
uncountable; for any z 2 ZnA let 	z.y/ D 0 if y 2 Znfzg and 	z.z/ D 1. It is
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evident that 	z 2 Cp.ZŒA
/ for any z 2 ZnA. Let u.z/ D 0 for every z 2 ZŒA
;
then the set K D f	z W z 2 ZnAg [ fug is compact and u is the unique non-isolated
point of K .

Fix a countable base B in the space Z and let C D f.U; V / 2 B � B W U � V g.
By normality of Z, for every q D .U; V / 2 C there is fq 2 Cp.Z/ for which
fq.U / � f1g and fq.ZnV / � f0g. It is straightforward that the set S D ffq W q 2
Cg [ K separates the points and the closed subsets of ZŒA
; so ZŒA
 embeds in
Cp.S/ (see TFS-166). It is evident that S is �-compact; so Fact 1 is proved.

Returning to our solution assume, towards a contradiction, that MA D .M ŒA
/!

is Lindelöf and there is a set F D ffn W n 2 !g � C.K;M / such that every fn
is a finite-to-one map and

Tff �1
n .A/ W n 2 !g D ;. Let Bn D f �1

n .A/ for every
n 2 !.

It is straightforward that the diagonal � D fs 2 K
! W s.i/ D s.j / for any

i; j 2 !g is closed in the space K
! . Observe that � D fds W s 2 Kg where, for

every s 2 K, the point ds 2 K
! is defined by ds.n/ D s for any n 2 !. Therefore

j�j D c. Let f D Q
F W K! ! M! be the product of the maps of F (recall that

f is defined by f .s/.n/ D fn.s.n// for any s 2 K
! and n 2 !). The map f is

continuous (see Fact 1 of S.271); so the setD D f .�/ is compact and hence closed
inM! . The topology ofM! is weaker than the topology ofMA; soD is also closed
in MA. Let �n W M! ! M be the natural projection of M onto its n-th factor.
For any n 2 ! we have �n.D/ D fn.K/; since fn is finite-to-one, this implies
j�n.D/j D jfn.K/j D c, so jDj � c and, in particular,D is uncountable. From now
on we consider that D carries the topology of the subspace of MA.

Take an arbitrary point d 2 D; there is s 2 K such that d D f .ds/;
since

T
n2! Bn D ;, there is n 2 ! such that s … Bn and therefore

x D fn.s/ D �n.d/ … A. This shows that x is an isolated point of MŒA
; so
W D ��1

n .x/ \ D is an open subset of D. The set E D f �1
n .x/ is finite and it

is obvious that W � ff .dt / W t 2 Eg. This proves that every d 2 D has a finite
open neighbourhood in D, i.e., every d 2 D is isolated in D. Therefore D is
an uncountable closed discrete subset of MA; this contradiction with the Lindelöf
property of MA shows that (i)H)(ii).

The implication (ii)H)(iii) being evident let us establish that (iii)H)(i).
Assume that (iii) holds andMA is not Lindelöf. There is a �-compact space S such
that MŒA
 embeds in Cp.S/ by Fact 1. Consequently, MA embeds in .Cp.S//!

which is homeomorphic to Cp.S � !/ (see TFS-114). The space S � ! is also
�-compact and hence Lindelöf ˙ so we can apply Baturov’s theorem (SFFS-269)
to conclude that l.MA/ D ext.MA/; this makes it possible to find an uncountable
closed discrete set D �MA.

Observe that every countable subspace of MŒA
 is second countable; we have
D � P D Q

n2! �n.D/, so if �n.D/ is countable for any n 2 ! then D is
an uncountable closed discrete subspace of the second countable space P which
is a contradiction. Thus we can assume, without loss of generality, that �0.D/ is
uncountable. Choose a complete metric � on the space M such that �.x; y/ � 1

for any x; y 2 M . Call a set Z � M uniformly uncountable if U 2 �.M/ and
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U \ Z ¤ ; implies jU \ Zj > !. Every uncountable subset of M contains a
uniformly uncountable subset by Fact 1 of S.343. Using this fact it is easy to prove
by an evident induction that

(*) if m 2 !; " > 0 and P0; : : : ; Pm are uncountable subsets of M then there are
uniformly uncountable sets P 0

0; : : : ; P
0
m such that P 0

i � Pi ; diam�.P
0
i / < " for

each i � m and clM .P 0
i /\ clM .P 0

j / D ; whenever i ¤ j .

It is easy to find an uncountable set E0 � D such that �0jE0 is an injection.
Apply .�/ to find an uncountable E1 � E0 for which the set G D �0.E1/ is
uniformly uncountable. Applying .�/ again take uniformly uncountable P 0;Q0 �
G such that clM.P 0/\clM .Q0/ D ;. The space clM.Q0/ is Polish and uncountable;
so there is a set K0 � clM.Q0/ with K0 ' K (see SFFS-353). Take an uncountable
set D; � E1 \ ��1

0 .P 0/ and let �0.;/ D 1. It follows from the choice of P 0 and
Q0 that clM .�0.D;// \K0 D ;. Assume that n < ! and we have defined, for any
i � n, a map �i W Di ! D, a set Ki � M and a family fDs W s 2 D

i g with the
following properties:

(1) Ds is an uncountable subset of D for any s 2 D
�n;

(2) if s; t 2 D
�n and s � t then Dt � Ds;

(3) Ki ' K and Ki \ clM .�i .Ds// D ; for any i � n and s 2 D
i ;

(4) if i � n; s 2 D
i and �i .s/ D 0 then j�i .Ds/j D 1;

(5) if i � n; s 2 D
i and �i .s/ D 1 then �i jDs is injective;

(6) if j � n and s 2 D
j then diam�.�i .Ds// � 2�j for any i � j ;

(7) if j � n and s 2 D
j then clM.�i .Ds_0//\ clM.�i .Ds_1// D ; for any i � j

such that �i .sji/ D 1;
(8) if i � n and ��1

i .1/ ¤ ; then the family fclM.�i .Ds// W s 2 ��1
i .1/g is disjoint.

Call a collection fDs W s 2 D
nC1g suitable if there is a map �nC1 W DnC1 ! D

such that (1)–(2) and (4)–(7) are fulfilled for the family fDs W s 2 D
�nC1g and the

maps f�i W i � nC 1g. It is evident that if a collection fDs W s 2 D
nC1g is suitable

and we choose an uncountableD0
s � Ds for any s 2 D

nC1 then we obtain a suitable
collection fD0

s W s 2 D
nC1g.

Let us construct first a suitable collection fDs W s 2 D
nC1g. Fix any s 2 D

n; if
�nC1.Ds/ is countable then choose an uncountableE0 � Ds such that �nC1.E0/ is
a singleton and let �nC1.s_j / D 0 for every j 2 D.

If �i .sji/ D 0 for all i � n then apply the property .�/ successively to choose
an uncountable E 0

0 � E0 such that diam�.�i .E
0
0// � 2�n�1 for all i � n and let

Ds_0 D Ds_1 D E 0
0.

If the set I D fi � n W �i .sji/ D 1g is non-empty then apply .�/ again to
successively go over all i � n and over all elements of I to obtain uncountable sets
E 0
0; E

0
1 � E0 such that diam�.�i .E

0
j // � 2�n�1 for all i � n and j 2 D while

clM.�i .E 0
0// \ clM.�i .E 0

1// D ; for all i 2 I . Let Ds_j D E 0
j for each j 2 D.

Now, if the set �nC1.Ds/ is uncountable then it is easy to choose uncountable
E0;E1 � Ds such that clM.�nC1.E0// \ clM.�nC1.E1// D ; and the mapping
�nC1jEi is an injection for every i 2 D. Let �nC1.s_j / D 1 for every j 2 D.



126 2 Solutions of Problems 001–500

If �i .sji/ D 0 for all i � n then apply .�/ successively to choose, for any j 2 D, an
uncountable E 0

j � Ej such that diam�.�i .E
0
j // � 2�n�1 for all i � nC 1 and let

Ds_j D E 0
j .

If the set I D fi � n W �i .sji/ D 1g is non-empty then apply .�/ again to
successively go over all i � nC1 and over all elements of I to obtain, for any j 2 D,
an uncountable set E 0

j � Ej such that diam�.�i .E
0
j // � 2�n�1 for all i � n C 1

while clM .�i .E 0
0// \ clM.�i .E 0

1// D ; for all i 2 I . Again, let Ds_j D E 0
j for

every j 2 D.
It is straightforward that, after we construct the sets Ds_0 and Ds_1 for all s 2

D
n we obtain a suitable family fDs W s 2 D

nC1g and the relevant map �nC1; let
Q D �nC1.

SfDs W s 2 D
nC1g/.

If �nC1.s/ D 0 for every s 2 D
nC1 then it follows from (4) that the setQ is finite;

so MnQ is an uncountable Polish space and therefore there is KnC1 � MnQ with
KnC1 ' K. It is clear that KnC1 witnesses the property (3).

Now, if the mapping �nC1 is not identically zero onDnC1 then let fs1; : : : ; skg be a
faithful enumeration of the set ��1

nC1.1/. Apply .�/ to find an uncountableD0
s1
� Ds1

and C1 � �nC1.Ds1 / such that clM.�nC1.D0
s1
// \ clM.C1/ D ;. Proceeding

by an evident induction we can construct uncountable sets C1 � : : : � Ck and
uncountable D0

si
� Dsi for all i � k in such a way that clM .�nC1.D0

si
// \

clM.Ci/ D ; for all i � k. As a consequence, clM .�nC1.D0
si
// \ clM.Ck/ D ;

for all i � k. Since �nC1.Ds/ is a singleton for any s 2 ��1
nC1.0/, the set Z D

�nC1.
SfDs W s 2 ��1

nC1.0/g/ is finite which shows that clM.Ck/nQ D clM.Ck/nZ
is an uncountable Polish space.

Apply SFFS-353 once more to find a set KnC1 � clM .Ck/nQ such thatKnC1 '
K. It is immediate that, for the function �nC1, the set KnC1 and the family D0 D
fD0

si
W i � kg [ fDs W s 2 ��1

nC1.0/g all properties (1)–(7) are fulfilled. An evident
application of .�/ allows to shrink the elements of D0 to get the property (8) fulfilled
as well.

Therefore our inductive procedure can be continued to construct sequences f�n W
n 2 !g; fKn W n 2 !g and a family fDs W s 2 D

<!g such that (1)–(8) are satisfied
for all n < !.

For any s 2 D
! let Ys.n/ D TfclM.�n.Dsji // W i 2 !g for any n 2 !; the

properties (2) and (6), together with completeness of M imply that Ys.n/ ¤ ; and
jYs.n/j D 1, i.e., Ys.n/ is a singleton. For any s 2 D

! and n 2 ! take ys.n/ 2 M
such that Ys.n/ D fys.n/g. This defines a point ys 2M! for every s 2 D

! .
Let J D fi 2 ! W ��1

i .1/ ¤ ;g and observe that J ¤ ; because 0 2 J . Given
i 2 J and s 2 Wi D ��1

i .1/ let fis.t/ D yt .i/ for any t 2 D
! with t � s. It

follows from the property (7) that fis W Œs
!M is an injective continuous map; let
Ci D SfŒs
 W s 2 Wi g. To define a map Qfi W Ci ! M take any t 2 Ci . There is a
unique s 2 Wi such that t 2 Œs
; let Qfi .t/ D fis.t/. The property (8) guarantees that
Qfi is still injective; continuity of Qfi follows from continuity of fis for any s 2 Wi

and the fact that the family fŒs
 W s 2 Wi g is clopen and disjoint.
Since the setCi is clopen in K, the set KnCi is also clopen in K (possibly empty);

let gi W KnCi ! Ki be an embedding (which exists by (3)). The property (3) also
shows that Qfi .Ci/ \ Ki D ; and therefore the map fi D Qfi [ gi W K ! M is
injective.
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Apply (iii) to find a point s 2 Tff �1
i .A/ W i 2 J g; let si D sji for any i 2 !.

We claim that ys is an accumulation point of D in the space MA. To prove it take
any U 2 �.ys;MA/; we can find n 2 ! and O0; : : : ; On 2 �.M ŒA
/ such that
ys.i/ 2 Oi for any i � n and O D Tf��1

i .Oi / W i � ng � U . We can consider
that Oi 2 �.M/ whenever ys.i/ 2 A; so there is k 2 ! such that, for every
i � n, if Oi 2 �.ys.i/;M/ then Bi D fx 2 M W �.x; ys.i// < 2�kg � Oi . Let
m D maxfk; ng and take any i � n. There are two possible cases:

a) �i .si / D 1. Then si 2 Wi which shows that s 2 f �1
i .A/ \ Œsi 
 D f �1

isi
.A/ and

therefore fisi .s/ D ys.i/ 2 A. As a consequence,Oi 2 �.ys.i/;M/ and hence
Bi � Oi . Furthermore, ys.i/ 2 clM.�i .Dsm// and diam.�i .Dsm// < 2�m �
2�k by (6). This implies �i .Dsm/ � Bi � Oi .

b) �i .si / D 0. Then j�i .Dsm/j D 1 and hence �i .Dsm/ D fys.i/g � Oi .
We proved that �i .Dsm/ � Oi for all i � n and hence Dsm � O � U . This

shows that jU \Dj � jDsm j > !, i.e., every neighbourhood U of the point ys in
MA contains uncountably many points of D which is a contradiction with the set
D being closed and discrete inMA. ThusMA is Lindelöf and we finally established
that (i)” (ii)” (iii).

To construct the promised disjoint sets A˛ observe that the collection C of all
countable families of continuous injective maps from K to M has cardinality c; so
we can choose an enumeration f�ˇ W ˇ < cg of the family C such that every � 2 C
occurs c-many times in this enumeration, i.e., jfˇ < c W � D �ˇgj D c for any
� 2 C.

Take an arbitrary point x00 2 K and let A00 D f .x00/ W  2 �0
0 g. Assume that

ˇ < c and we have a set K
 D fx
˛ W ˛ � 
g � K for any 
 < ˇ with the following
property

(9) if A
˛ D f .x
˛ / W  2 �
g whenever ˛ � 
 < ˇ and A
 D fA
˛ W ˛ � 
g for
every 
 < ˇ then the family A DSfA
 W 
 < ˇg is disjoint.

Since A
˛ is a countable set for every 
 < ˇ and ˛ � 
 , we have jAj � jˇj � ! < c;
so the set P D Sf �1.A/ W  2 �ˇ; A 2 Ag has cardinality < c because �ˇ is
countable and every  2 �ˇ is an injection. This makes it possible to pick a point

x
ˇ
0 2 KnP . Now, suppose that 
 � ˇ and we have a set fxˇ˛ W ˛ < 
g such that

the family B D A [ ff .xˇ˛ / W  2 �ˇg W ˛ < 
g is disjoint. All elements of
B are countable and jBj < c; so the set E D Sf �1.B/ W B 2 B;  2 �ˇg
has cardinality < c because every  2 �ˇ is an injection; take any xˇ
 2 KnE . It
is evident that we can continue this inductive procedure to construct the set Kˇ D
fxˇ˛ W ˛ � ˇg such that (9) still holds for all 
 � ˇ.

Therefore we can construct the set Kˇ D fxˇ˛ W ˛ � ˇg for any ˇ < c so that (9)

is fulfilled for all 
 < c; let Aˇ˛ D f .xˇ˛ / W  2 �ˇg for any ˇ < c and ˛ � ˇ. An

immediate consequence of (9) is that the family fAˇ˛ W ˇ < c; ˛ � ˇg is disjoint;
so if A˛ D SfAˇ˛ W ˛ � ˇ < cg for all ˛ < c then the family fA˛ W ˛ < cg is also
disjoint.
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To see that the collection fA˛ W ˛ < cg is as promised fix any ˛ < c and take a
countable family � of continuous injective maps from K to M . There is an ordinal
ˇ � ˛ such that � D �ˇ . Therefore  .xˇ˛ / 2 Aˇ˛ � A˛ for any  2 � and

hence
Tf �1.A˛/ W  2 �g � Tf �1.Aˇ˛/ W  2 �ˇg 3 x

ˇ
˛ which shows

that
Tf �1.A˛/ W  2 �g ¤ ; for any � 2 C and hence .M ŒA˛
/

! is Lindelöf
by (i) ” (iii). Since ˛ < c was chosen arbitrarily, we proved that .M ŒA˛
/

! is
Lindelöf for any ˛ < c and hence our solution is complete.

U.091. Given a spaceX and a setA � X denote by �A the topology onX generated
by the family �.X/[ exp.XnA/ as a subbase; let XŒA
 D .X; �A/. Prove that, ifM
is a Polish space, A �M and n 2 N then the following conditions are equivalent:

(i) the space .M ŒA
/n is Lindelöf;
(ii) if F is a family of finite-to-one continuous maps from the Cantor set K to M

and jF j � n then
Tff �1.A/ W f 2 Fg ¤ ;;

(iii) if F is a family of injective continuous maps from the Cantor set K to M and
jF j � n then

Tff �1.A/ W f 2 Fg ¤ ;.

Deduce from this fact that, for any uncountable Polish space M there is a disjoint
family fA˛ W ˛ < cg of subsets of M such that for every ˛ < c the space .M ŒA˛
/

k

is Lindelöf for any k 2 N while .M ŒA˛
/
! is not Lindelöf.

Solution. As usual, we let D0 D f;g and D
�k D SfDi W i � kg for any k < !;

furthermore, D<! D SfDi W i < !g. Observe also that ZŒA
 is a Tychonoff space
for any TychonoffZ by Fact 1 of S.293.

Assume, towards a contradiction, that MA D .M ŒA
/n is Lindelöf and there is a
set F D ff0; : : : ; fn�1g � C.K;M / such that every fi is a finite-to-one map andTff �1

i .A/ W i < ng D ;. Let Bi D f �1
i .A/ for every i < n. It is straightforward

that the diagonal � D fs 2 K
n W s.i/ D s.j / for any i; j < ng is closed in K

n.
Observe that� D fds W s 2 Kg where, for every s 2 K, the point ds 2 K

n is defined
by ds.i/ D s for any i < n. Therefore j�j D c. Let f D Q

F W Kn ! Mn be
the product of the maps of F (recall that f is defined by f .s/.i/ D fi .s.i// for
any s 2 K

n and i < n). The map f is continuous (see Fact 1 of S.271); so the set
D D f .�/ is compact and hence closed inMn. The topology ofMn is weaker than
the topology of MA; so D is also closed in MA. For any i < n let �i W Mn ! M

be the natural projection of M onto its i -th factor; then �i .D/ D fi .K/; since fi
is finite-to-one, this implies j�i .D/j D jfi .K/j D c; so jDj � c and, in particular,
D is uncountable. From now on we consider that D carries the topology of the
subspace of MA.

Take an arbitrary point d 2 D; there is s 2 K such that d D f .ds/;
since

T
i<n Bi D ;, there is i < n such that s … Bi and therefore

x D fi .s/ D �i .d/ … A. This shows that x is an isolated point of MŒA
; so
W D ��1

i .x/ \ D is an open subset of D. The set E D f �1
i .x/ is finite and

it is obvious that W � ff .dt / W t 2 Eg. This proves that every d 2 D has a
finite open neighbourhood in D, i.e., every d 2 D is isolated in D. ThereforeD is
an uncountable closed discrete subset of MA; this contradiction with the Lindelöf
property of MA shows that (i)H)(ii).
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The implication (ii)H)(iii) being evident let us establish that (iii)H)(i).
Assume that (iii) holds and MA is not Lindelöf. There is a �-compact space S
such thatMŒA
 embeds in Cp.S/ by Fact 1 of U.090. Consequently,MA embeds in
.Cp.S//

n which is homeomorphic to Cp.S � n/ (see TFS-114). The space S � n
is also �-compact and hence Lindelöf ˙ so we can apply Baturov’s theorem
(SFFS-269) to conclude that l.MA/ D ext.MA/; this makes it possible to find an
uncountable closed discrete setD �MA. Therefore it suffices to prove by induction
on n that, if (iii) holds then ext.MA/ � !.

If n D 1 and D is an uncountable closed discrete subset of MA D MŒA
 then
D \ A is countable because w.A/ D !; so we can consider that D � MnA.
ThereforeU DMnD 2 �.M ŒA
/ andA � U . This implies that there is V 2 �.M/

such that A � V � U and therefore clM.D/ \ A D ;. The space H D clM .D/
is Polish and uncountable; so there is an injective map f W K ! M such that
f .K/ � H (see SFFS-353). Since f �1.A/ D ;, we obtained a contradiction which
proves (iii)H)(i) for n D 1.

Now assume that (iii)H)(i) is proved for any n < m, the property (iii) holds
while MA D .M ŒA
/m is not Lindelöf and hence there is an uncountable closed
discrete D � MA. Note first that the property (iii) also holds for all n < m and
hence .M ŒA
/n is Lindelöf for any n < m. This implies that

(1) for any uncountableD0 � D the set �i .D0/ is uncountable for any i < m,

for otherwise there is x 2 M and i < m such that ��1
i .x/ \ D is uncountable;

since ��1
i .x/ ' .M ŒA
/m�1, the extent of .M ŒA
/m�1 is uncountable which is a

contradiction.
Now it is easy to choose, using (1), a sequenceD0 � : : : � Dm�1 of uncountable

subsets of D such that �i jDi is injective for any i < m. It is clear that �i jDm�1
is injective for all i < m; so we can assume, without loss of generality, that D D
Dm�1, i.e., �i jD is injective for any i < m.

Choose a complete metric � on the space M such that �.x; y/ � 1 for any
points x; y 2 M . Call a set Z � M uniformly uncountable if U 2 �.M/ and
U \ Z ¤ ; implies jU \ Zj > !. Every uncountable subset of M contains a
uniformly uncountable subset by Fact 1 of S.343. Using this fact it is easy to prove
by an evident induction that

(*) if l 2 !; " > 0 and P0; : : : ; Pl are uncountable subsets of M then there are
uniformly uncountable sets P 0

0; : : : ; P
0
l such that P 0

i � Pi ; diam�.P
0
i / < " for

each i � l and clM.P 0
i / \ clM.P 0

j / D ; whenever i ¤ j .

Let D; D D and assume that k < ! and we have defined, for any i � k, a
family fDs W s 2 D

i g with the following properties:

(2) Ds is an uncountable subset of D for any s 2 D
�k;

(3) if s; t 2 D
�k and s � t then Dt � Ds ;

(4) if j � k and s 2 D
j then diam�.�i .Ds// � 2�j for any i < m;

(5) the family fclM .�i .Ds// W s 2 D
j g is disjoint for any i < m and j � k.
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Fix any s 2 D
k and apply the property .�/ to successively go over all i < m to

obtain uncountable sets E0;E1 � Ds such that clM .�i .E0// \ clM .�i .E1// D ;
while diam�.�i .Ej // � 2�k�1 for all i < m and j 2 D. Let Ds_j D Ej for each
j 2 D.

After we construct the sets Ds_0 and Ds_1 for all s 2 D
k , we obtain a family

fDs W s 2 D
kC1g with the properties (2)–(5) and hence our inductive procedure can

be continued to construct a family fDs W s 2 D
<!g such that (2)–(5) are satisfied for

all k < !.
For any s 2 D

! let Ys.j / D TfclM.�j .Dsji // W i 2 !g for any j < m; the
properties (3) and (4), together with completeness of M imply that Ys.j / ¤ ; and
jYs.j /j D 1, i.e., Ys.j / is a singleton. For any s 2 D

! and j < m take ys.j / 2 M
such that Ys.j / D fys.j /g. This defines a point ys 2 Mm for every s 2 D

! . Let
fi .s/ D ys.i/ for any s 2 K and i < m. It follows from (4) and (5) that fi W K!M

is an injective continuous map for any i < m.
Apply (iii) to find a point s 2 Tff �1

j .A/ W j < mg; let si D sji for any
i 2 !. We claim that ys is an accumulation point of the set D in the space MA.
To prove it take any U 2 �.ys;MA/; we can find O0; : : : ; Om�1 2 �.M ŒA
/ such
that ys.j / 2 Oj for any j < m and O D QfOi W i < mg � U . Besides,
ys.j / D fj .s/ 2 A for any j < m and therefore the set Oj is a neighbourhood of
the point ys.j / in the spaceM . Consequently, we can choose a number k 2 ! such
that, for every i < m we have Bi D fx 2M W �.x; ys.i// < 2�kg � Oi .

Fix any i < m; it follows from ys.i/ 2 clM.�i .Dsk // and diam.�i .Dsk // � 2�k
(see (4)) that �i .Dsk / � Bi � Oi and therefore �i .Dsk / � Oi for all i < m
which shows that Dsk � O � U . Thus jU \ Dj � jDsk j > !, i.e., every
neighbourhood U of the point ys in MA contains uncountably many points of D
which is a contradiction with the set D being closed and discrete in MA. Thus MA

is Lindelöf and we finally established that (i)” (ii)” (iii).
To construct the promised disjoint sets A˛ observe that the collection C of all

finite families of continuous injective maps from K to M has cardinality c; so we
can choose an enumeration f�ˇ W ˇ < cg of the family C such that every � 2 C
occurs c-many times in this enumeration, i.e., jfˇ < c W � D �ˇgj D c for any
� 2 C.

Fix a sequence F D ffn W n 2 !g of injective continuous maps of K to M such
that the family ffn.K/ W n 2 !g is disjoint (such a family exists becauseM contains
a Cantor set K by SFFS-353 and K ' K � K). For any sets ˚ � C; P � K and
Q � M let ˚.P / D Sf'.P / W ' 2 ˚g and ˚�1.Q/ D Sf'�1.Q/ W ' 2 ˚g.
Let 	 be the lexicographic order on c � c, i.e., .˛; ˇ/ 	 .˛0; ˇ0/ if either ˛ < ˛0 or
˛ D ˛0 and ˇ < ˇ0.

Take an arbitrary point x00 2 K and let A00 D f .x00/ W  2 �0
0 g. Assume that

ˇ < c and we have a set K
 D fx
˛ W ˛ � 
g � K for any 
 < ˇ with the following
properties

(6) if A
˛ D f .x
˛ / W  2 �
g whenever ˛ � 
 < ˇ and A
 D fA
˛ W ˛ � 
g for
every 
 < ˇ then the family A DSfA
 W 
 < ˇg is disjoint.

(7) if ˛ � 
 < ˇ then x
˛ … ��1

 .F.F�1.A


0

˛0

/// for any .
 0; ˛0/ 	 .
; ˛/.
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Since A


˛ is finite for every 
 < ˇ and ˛ � 
 , we have jAj � jˇj �

! < c; so both sets P D Sf �1.A/ W  2 �ˇ; A 2 Ag and
P 0 DSf��1

ˇ .F.F �1.A
˛/// W ˛ � 
 < ˇg have cardinality < c because the set
F is countable and �ˇ is finite while every  2 �ˇ is an injection. This makes it

possible to pick a point xˇ0 2 Kn.P [ P 0/. Now, suppose that 
 � ˇ and we have

a set fxˇ˛ W ˛ < 
g such that the family B D A [ ff .xˇ˛ / W  2 �ˇg W ˛ < 
g is

disjoint and xˇ˛ … ��1
ˇ .F.F�1.Aˇ

˛0

///[ .P [ P 0/ for any ˛0 < ˛.

All elements of the family B are finite and jBj < c so the set E D Sf �1.B/ W
B 2 B;  2 �ˇg has cardinality < c because every  2 �ˇ is an injection. The

same is true for the set E 0 D Sf��1
ˇ .F.F�1.Aˇ˛0

/// W ˛0 < ˛g; so we can take a

point xˇ
 2 Kn.E [E 0/. It is evident that we can continue this inductive procedure

to construct the setKˇ D fxˇ˛ W ˛ � ˇg such that (6) and (7) still hold for all 
 � ˇ.

Therefore we can construct the set Kˇ D fxˇ˛ W ˛ � ˇg for any ˇ < c; so that

(6)–(7) are fulfilled for all 
 < c; let Aˇ˛ D f .xˇ˛ / W  2 �ˇg for any ˇ < c and

˛ � ˇ. An immediate consequence of (6) is that the family fAˇ˛ W ˇ < c; ˛ � ˇg is
disjoint; so if A˛ D SfAˇ˛ W ˛ � ˇ < cg for all ˛ < c then the family fA˛ W ˛ < cg
is also disjoint.

To see that the collection fA˛ W ˛ < cg is as promised fix ˛ < c and take any
k 2 N. Let � be family of continuous injective maps from K to M with j� j � k.
There is an ordinal ˇ � ˛ such that � D �ˇ . Therefore  .xˇ˛ / 2 Aˇ˛ � A˛ for

any  2 � and hence
Tf �1.A˛/ W  2 �g � Tf �1.Aˇ˛/ W  2 �ˇg 3 xˇ˛

which shows that
Tf �1.A˛/ W  2 �g ¤ ; and hence .M ŒA˛
/

k is Lindelöf
by (i) ” (iii). Since ˛ < c and k 2 ! were chosen arbitrarily, we proved that
.M ŒA˛
/

k is Lindelöf for any ˛ < c and k 2 !.
Finally take any ˛ < c; we claim that H D Tff �1

n .A˛/ W n 2 !g D ;.
Indeed, if s 2 H then fn.s/ ¤ fm.s/ for distinct m and n because the family
ffn.K/ W n 2 !g is disjoint. For any n 2 ! there is ˇn � ˛ such that fn.s/ 2 Aˇn˛ .
The set ffn.s/ W n 2 !g is infinite and Aˇn˛ is finite for any n 2 !; so there are
m; n 2 ! such that ˇn < ˇm.

We have fn.s/ 2 Aˇn˛ and hence s 2 F �1.Aˇn˛ /; so fm.s/ 2 F.F�1.Aˇn˛ //.
On the other hand, fm.s/ 2 Aˇm˛ which implies that there is  2 �ˇm such that

 .x
ˇm
˛ / D fm.s/ 2 F.F�1.Aˇn˛ //. Therefore xˇm˛ 2 ��1

ˇm
.F.F�1.Aˇn˛ /// which

contradicts (7) and shows thatH D ;; so .M ŒA˛
/
! is not Lindelöf by Problem 090.

The ordinal ˛ < c was chosen arbitrarily; so we proved that, for any ˛ < c we have
l�.M ŒA˛
/ D ! while .M ŒA˛
/

! is not Lindelöf, i.e., our solution is complete.

U.092. Suppose that P is an sk-directed class of spaces and Y 2 P . Prove that
if X � Cp.Y / and the set of non-isolated points of X is �-compact then C �

p .X/

belongs to the class P�ı.

Solution. Given " > 0; n 2 N, a point y 2 Y n and f; g 2 Cp.Y / we say that
�y.f; g/ < " if jf .y.i// � g.y.i//j < " for any i < n. Let X 0 be the set of non-
isolated points of the space X . We have X 0 D SfKi W i 2 Ng where the set Ki
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is compact for every i 2 N. For any l; m; n 2 N consider the set A.l;m; n/ D
f' 2 Œ�n; n
X W there exists y 2 Y n such that j'.f / � '.g/j � 1

m
whenever

f 2 Kl; g 2 X and �y.f; g/ < 1
n
g. Let B.l;m/ D SfA.l;m; n/ W n 2 Ng for any

l; m 2 N; we claim that

(1) C �
p .X/ D

TfB.l;m/ W l; m 2 Ng.
By definition, every element of the set A.l;m; n/ is a bounded function for any

l; m; n 2 N. Take an arbitrary ' 2 TfB.l;m/ W l; m 2 Ng; fix any f 2 X 0 and
" > 0. There are l; m; n 2 N such that f 2 Kl;

1
m
< " and ' 2 A.l;m; n/, i.e.,

there is a point y 2 Y n such that �y.f; g/ < 1
n

implies j'.f / � '.g/j � 1
m
< " for

any g 2 X . The set U D fg 2 X W �y.f; g/ < 1
n
g is an open neighbourhood of f in

X such that '.U / � .'.f / � "; '.f /C "/, i.e., U witnesses continuity of ' at f .
Thus ' is continuous at any point of X 0; continuity of ' at the isolated points of X
is clear; so ' 2 C �

p .X/ and we proved that B D TfB.l;m/ W l; m 2 Ng � C �
p .X/.

To prove the converse inclusion take any ' 2 C �
p .X/ and fix l; m 2 N. The

function ' being continuous, for every h 2 Kl there is n.h/ 2 N and y.h/ 2 Y n.h/
such that �y.h/.g; h/ < 1

n.h/
implies j'.h/�'.g/j < 1

2m
for any g 2 X . It is evident

that the set Oh D fg 2 X W �y.h/.h; g/ < 1
3n.h/
g is an open neighbourhood of h in

X ; so there is a finite E � X for whichKl �SfOh W h 2 Eg. It is easy see that

(2) there exists a number n 2 N and y 2 Y n such that '.X/ � Œ�n; n
; n > 3n.h/
and y.h/.i/ 2 fy.1/; : : : ; y.n � 1/g for any h 2 E and i < n.

We claim that ' 2 A.l;m; n/. Indeed, take any f 2 Kl and g 2 X for which
�y.f; g/ <

1
n

. There is a function h 2 E such that f 2 Oh and therefore we have
�y.h/.f; h/ <

1
3n.h/

. It follows from the property (2) that �y.h/.f; g/ < 1
n
< 1

3n.h/

and hence �y.h/.g; h/ � �y.h/.g; f /C �y.h/.f; h/ < 2
3
� 1
n.h/

< 1
n.h/

which implies,

by our choice of n.h/ and y.h/, that j'.g/ � '.h/j < 1
2m

and j'.f / � '.h/j < 1
2m

whence j'.f /� '.g/j < 1
m

.
The functions f 2 Kl and g 2 X with �y.f; g/ < 1

n
were chosen arbitrarily;

so y 2 Y n witnesses that j'.f / � '.g/j < 1
m

for any f 2 Kl and g 2 X with
�y.f; g/ <

1
n

, i.e., ' 2 A.l;m; n/. Since the choice of l; m 2 N was also arbitrary,
we showed that ' 2 B and hence C �

p .X/ � B; so the equality (1) is proved.
For any numbers l; m; n 2 N consider the setQ.l;m; n/ D f.'; y/ 2 Œ�n; n
X �

Y n W j'.f / � '.g/j � 1
m

whenever f 2 Kl; g 2 X and �y.f; g/ < 1
n
g. We will

establish that the set Q.l;m; n/ is closed in the space Œ�n; n
X � Y n. To do it, take
an arbitrary point w D .'; y/ 2 .Œ�n; n
X � Y n/nQ.l;m; n/. There are f 2 Kl

and g 2 X such that �y.f; g/ < 1
n

while j'.f / � '.g/j > 1
m

. Observe that the set
O' D f 2 Œ�n; n
X W j .f / �  .g/j > 1

m
g is an open neighbourhood of ' in

Œ�n; n
X whileUy D fz 2 Y n W �z.f; g/ <
1
n
g is an open neighbourhood of y in Y n.

It is immediate thatW D O' �Uy is an open neighbourhood of w in Œ�n; n
X �Y n
such that W \Q.l;m; n/ D ;. Thus we proved that

(3) the set Q.l;m; n/ is closed in Œ�n; n
X � Y n for any l; m; n 2 N.
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Let � W Œ�n; n
X �Y n ! Œ�n; n
X be the natural projection. It is straightforward
that �.Q.l;m; n// D A.l;m; n/ for any l; m; n 2 N. The class P being sk-directed,
the set Q.l;m; n/ belongs to P and hence A.l;m; n/ also belongs to P for any
l; m; n 2 N. ThusB.l;m/ belongs to P� ; so it follows from (1) that C �

p .X/ belongs
to P�ı and hence our solution is complete.

U.093. Prove that there exist separable, scattered �-compact spaces X and Y such
that both .Cp.X//! and .Cp.Y //! are Lindelöf while Cp.X/�Cp.Y / is not normal
and contains a closed discrete set of cardinality c.

Solution. Denote by J the set .�1; 1/ with the topology induced from the real
line R. If Z and T are arbitrary spaces, a multi-valued map ' W Z ! expT is often
denoted as ' W Z ! T ; given sets A � Z and B � T let '.A/ D Sf'.z/ W z 2 Ag
and '�1.B/ D fz 2 Z W '.z/ � Bg.

If Z is a space and A � Z then ZŒA
 is the set Z with the topology generated
by the family �.Z/[ exp.ZnA/ as a subbase. In other words, the topology of ZŒA

is the same as in Z at all points of A while the points of ZnA are isolated in ZŒA
.

Fact 1. If Z is a �-compact space then there exists a K�ı-space C such that
Cp.Z; J / � C � JZ .

Proof. We have Z D SfKn W n 2 Ng where the set Kn is compact for any n 2 N.
For technical purposes let am D 1 � 1

mC1 for any m 2 N; given m; n 2 N the set
K.m; n/ D ff 2 I

Z W f .Kn/ � Œ�am; am
g is compact being closed in I
Z . The set

C.n/ D SfK.m; n/ W m 2 Ng is �-compact for any n 2 N; so C D TfC.n/ W n 2
Ng is K�ı.

Given any f 2 Cp.Z; J / and n 2 N the set f .Kn/ � J is compact; so there is
m 2 N for which f .Kn/ � Œ�am; am
, i.e., f 2 K.m; n/. Therefore f 2 C.n/ for
any n 2 N, and hence f 2 TfC.n/ W n 2 Ng D C ; the function f 2 Cp.Z; J /
was chosen arbitrarily, so we proved that Cp.Z; J / � C .

Now if f 2 C then take any z 2 Z; there is n 2 N such that z 2 Kn. It follows
from f 2 C.n/ that f .Kn/ � Œ�am; am
 � J for somem 2 N and hence f .z/ 2 J .
This shows that f .z/ 2 J for any z 2 Z and hence f 2 JZ . Since f 2 C was
chosen arbitrarily, we have Cp.Z; J / � C � JZ ; so Fact 1 is proved.

Fact 2. Suppose that 't W Et ! Mt is a compact-valued upper semicontinuous
onto map for any t 2 T . Let E D Q

t2T Et ; M D Q
t2T Mt and define a multi-

valued map ' D Q
t2T 't W E ! M by '.x/ D Q

t2T 't .x.t// for any x 2 E .
Then ' W E !M is a compact-valued upper semicontinuous onto map.

Proof. Let �t W E ! Et be the natural projection for any t 2 T . It is evident that
'.x/ is compact for any x 2 E . If y 2 M then, for any t 2 T there is xt 2 Et such
that y.t/ 2 't.xt /. Letting x.t/ D xt for any t 2 T we obtain a point x 2 E such
that y 2 '.x/; this shows that the map ' is onto.

To see that the map ' is upper semicontinuous fix x 2 E and U 2 �.'.x/;M/.
By Fact 3 of S.271 there exists a set V D Q

t2T Vt 2 �.M/ such that the set
S D supp.V / D ft 2 T W Vt ¤ Mtg is finite and '.x/ � V � U . We have
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't.x.t// � Vt for any t 2 S ; so there is Ot 2 �.x.t/; Et / such that 't.Ot / � Vt .
The set O D Tf��1

t .Ot / W t 2 Sg is open in E and it is straightforward that
'.O/ � V � U which proves that the map ' is upper semicontinuous at the
point x. Consequently, ' is upper semicontinuous by Fact 1 of T.346 and hence
Fact 2 is proved.

Fact 3. IfZ! is Lindelöf thenZ! �T is also Lindelöf for anyK-analytic space T .

Proof. Let us establish first thatZ! �P is Lindelöf. If Z is countably compact then
it is compact; so Z! �P Lindelöf by Fact 2 of T.490. If Z is not countably compact
then ! embeds in Z as a closed subspace. ThereforeZ! �!! ' .Z �!/! embeds
as a closed subspace in .Z � Z/! ' Z! which shows that Z! � P embeds as a
closed subspace in Z! ; so Z! � P is Lindelöf.

There exists a compact-valued upper semicontinuous onto map ' W P ! T (see
SFFS-388). Define a multi-valued map  W Z! � P! Z! � T by  .z; t/ D fzg �
'.t/ for any .z; t/ 2 Z! � T . Since any continuous map is upper semicontinuous,
the mapping is a product of compact-valued upper semicontinuous onto maps; so
 is also a compact-valued upper semicontinuous onto map by Fact 2. Therefore
l.Z! � T / � l.Z! � P/ � ! (see SFFS-240). Fact 3 is proved.

Fact 4. If Z! is Lindelöf and T � Cp.Z/ is �-compact then .Cp.T //! is also
Lindelöf.

Proof. Given spaces G and H the expression G � H abbreviates the phrase “G
maps continuously onto H”. Denote by P the class of spaces E such that there is
a compact space KE and a closed subset FE of the space Z! � KE � P such that
FE � E . If E 2 P and E � E 0 then FE � E 0 and hence E 0 2 P . It is evident
that the irrationals and all compact spaces are in P and E 2 P implies F 2 P for
any closed F � E .

Now, if En 2 P for any number n 2 ! then F D Q
n2! FEn is a closed subspace

of
QfZ! �KEn � P W n 2 !g so, for the compact spaceK D QfKEn W n 2 !g, the

space F embeds inZ! �K�P! ' Z!�K�P as a closed subspace. It is clear that
F � Q

n2! En and therefore E D Q
n2! En 2 P . Since E � En for every n 2 !,

we have E � ! � L
n2! En. Since E � P 2 P and E � P � E � !, we have

E � ! 2 P and therefore
L

n2! En 2 P . An evident consequence is that P� D P .
The class P being invariant under countable products and closed subspaces, we have
Pı D P (see Fact 7 of S.271).

Furthermore, Z! � K � P is Lindelöf for any compact space K by Fact 3. An
immediate consequence is that every E 2 P is Lindelöf; since E! 2 P as well, the
space E! is Lindelöf for any E 2 P .

We showed, in particular, the class P is sk-directed; so we can apply Prob-
lem 092 to conclude that C �

p .T / belongs to P�ı D P . The set Cp.T; I/ is closed in
C �
p .T /; so Cp.T; I/ also belongs to P . It follows from Fact 1 that there is a K�ı-

space C such that Cp.T; J / � C � J T . It is evident thatC \Cp.T; I/ D Cp.T; J /;
so Cp.T; J / is homeomorphic to a closed subspace of C � Cp.T; I/ (we used
again Fact 7 of S.271). Thus .Cp.T; J //! is homeomorphic to a closed subspace of
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C!�.Cp.T; I//! ; sinceC! isK-analytic, we can apply Fact 3 again to conclude that
C! � .Cp.T; I//! is Lindelöf and hence .Cp.T //! ' .Cp.T; J //! is also Lindelöf.
Fact 4 is proved.

Fact 5. LetM be an uncountable Polish space. Suppose thatA;B �M are disjoint
sets such that .M ŒA
/! and .M ŒB
/! are Lindelöf. ThenMŒA
�MŒB
 is not normal
and ext.M ŒA
 �MŒB
/ D c.

Proof. It follows from Problem 091 that MŒA
 is Lindelöf if and only if, for every
K � M such that K ' K, we have K \ A ¤ ;. Since M is uncountable, we can
find a set K � M with K ' K and hence K ' K � K which shows that we can
consider thatK �K �M and hence K D fK �fxg W x 2 Kg is a family of c-many
disjoint copies of K in M . If jAj < c or jBj < c then A (or B respectively) cannot
intersect all elements of K. Thus jAj D jBj D c.

Let �A W QM D MŒA
 �MŒB
!MŒA
 and �B W QM !MŒB
 be the respective
natural projections. The set D D f.x; x/ W x 2 Bg has cardinality c; besides, for
any z D .x; x/ 2 D the point x D �A.z/ belongs to MnA, i.e., x is isolated in
MŒA
. The map �AjD W D ! MŒA
 being continuous and injective, every z 2 D
is isolated in D, i.e., D is a discrete subspace of QM .

Observe next that the diagonal � D f.x; x/ W x 2 M g is closed in M �M and
hence in QM because the topology of QM is stronger than �.M �M/. The set B is
closed inMŒB
 andD D ��1

B .B/\�; so the setD is also closed in QM . This proves
that ext.M ŒA
 �MŒB
/ D c.

IfMŒA
�MŒB
 is normal then there isO 2 �.D; QM/ such thatO\��1
A .A/ D ;

(the bar denotes the closure in QM ). Fix a countable base B in the spaceM . Since the
family B contains local bases at all points of B in the space MŒB
, for every x 2 B
there is Ux 2 B such that x 2 Ux and fxg � Ux � O .

There is an uncountable set B 0 � B and U 2 B such that Ux D U for any
x 2 B 0. Fix a point z 2 U and observe that P D B 0 � fzg � O . The set B 0 �MnA
is discrete as a subspace of MŒA
; so it cannot be closed in MŒA
. Therefore there
is a point y 2 A for which y 2 clMŒA
.B

0/. It is immediate that t D .y; z/ 2 cl QM.P /
which shows that t 2 O \ ��1

A .A/ D ;. The obtained contradiction shows that
MŒA
 �MŒB
 is not normal; so Fact 5 is proved.

Returning to our solution take disjoint sets A;B � I D Œ0; 1
 such that both
spaces .I ŒA
/! and .I ŒB
/! are Lindelöf (see Problem 090). Fix some countable
base B in I such that U ¤ ; for any U 2 B and let C D f.U; V / 2 B � B W
U � V g. By normality of I , for any q D .U; V / 2 C, we can choose a function
fq 2 Cp.I / such that fq.U / � f1g and fq.InV / � f0g. It is evident that the set
QS D ffq W q 2 Cg separates the points and closed subsets of I .

For any point x 2 I let ux.y/ D 0 for any y 2 Infxg and ux.x/ D 1; denote
by u the function which is identically zero on the set I . It is easy to see that the set
KA D fux W x 2 InAg [ fug is compact and KA � Cp.I ŒA
/; besides, KA [ QS
separates the points and closed subsets of I ŒA
 andKA\ QS D ;. Choose a countable
S 00 � Cp.I /nfug which is dense in Cp.I / and let S D QS [ S 00; it is evident that
KA \ S D ;.
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Analogously, KB D fux W x 2 InBg [ fug is compact, KB � Cp.I ŒB
/ and
KB[S separates the points and closed subsets of I ŒB
 whileKB\S D ;. Observe
also that u is the unique non-isolated point of bothKA andKB . Our promised spaces
are X D .KA [ S/ŒKA
 and Y D .KB [ S/ŒKB
. In other words, we declare the
points of S isolated; if this is done inKA[S then we obtainX . Doing this inKB[S
we obtain Y .

It is an easy exercise that the spaces X and Y are �-compact and scattered.
Furthermore, S is a countable dense set of isolated points of both X and Y while
KA D XnS and KB D Y nS are uncountable compact spaces with a unique non-
isolated point. Let us show next that

(1) I ŒA
 embeds in Cp.X/ as a closed subspace and I ŒB
 embeds as a closed
subspace in Cp.Y /.

Of course, the proofs for I ŒA
 and I ŒB
 are analogous; so let us establish (1) for
I ŒA
. For any x 2 I let 'x.f / D f .x/ for any f 2 S . Then 'x 2 Cp.S/ and
the map ' W I ! Cp.S/ defined by '.x/ D 'x for any x 2 I is continuous (see
TFS-166). Since S separates the points and closed subsets of I , the map ' is an
embedding; let I 0 D '.I / � Cp.S/.

Analogously, let  x.f / D f .x/ for any f 2 KA [ S and x 2 I . Define a map
 W I ŒA
 ! Cp.KA [ S/ by  .x/ D  x for any x 2 I ; then  is an embedding
because KA [ S � Cp.I ŒA
/ separates the points and closed subsets of I ŒA
. Let
I0 D  .I ŒA
/; observe thatX has the underlying setKA[S but the topology ofX is
stronger; so I0 � Cp.KA[S/ � Cp.X/. If S 0 is the set S with the discrete topology
then S 0 is a subspace of X ; since �.S/ � �.S 0/, we have I 0 � Cp.S/ � Cp.S 0/.

Let �.f / D f jS 0 for any function f 2 Cp.X/. This gives us the restriction
map � W Cp.X/ ! Z D �.Cp.X// � Cp.S

0/ which is continuous and injective
because S 0 is dense in X . It is easy to check that �. x/ D 'x for any x 2 I and
therefore �.I0/ D I 0; the set I 0 is closed in Z being compact, so I0 D ��1.I 0/ is
closed in Cp.X/. Since I0 is homeomorphic to I ŒA
, the property (1) is proved.

For any s 2 S let rs.s/ D 1 and rs.x/ D 0 for all x 2 .KA[S/nfsg. It is evident
that rs 2 Cp.X/ for any s 2 S ; let w.x/ D 0 for any x 2 KA [ S . It is evident that
the set L D fwg [ frs W s 2 Sg is compact. Besides, I0 [ L generates the topology
of X (see TFS-166); so X embeds in Cp.I0 [ L/. Since I0 ' I ŒA
 and jLj � !,
the space I0 [ L is a continuous image of the space I ŒA
 � !; so .I0 [ L/! is a
continuous image of .I ŒA
 � !/! ' .I ŒA
/! � !! which is Lindelöf by Fact 3.
Therefore .Cp.X//! is also Lindelöf by Fact 4. Repeating the same reasoning for
KB [ S we conclude that .Cp.Y //! is Lindelöf as well. It follows from (1) that
I ŒA
 � I ŒB
 embeds in Cp.X/ � Cp.Y / as a closed subspace which implies that
ext.Cp.X/ � Cp.Y // D c and Cp.X/ � Cp.Y / is not normal (see Fact 5); so our
solution is complete.

U.094. Show that there is a separable scattered �-compact spaceX and a countable
space M such that .Cp.X//! is Lindelöf while ext.Cp.X/ � Cp.M// D c and the
space Cp.X/ � Cp.M/ is not normal.
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Solution. If Z is a space and A � Z then ZŒA
 is the set Z with the topology
generated by the family �.Z/[exp.ZnA/ as a subbase. In other words, the topology
of ZŒA
 is the same as in Z at all points of A while the points of ZnA are isolated
in ZŒA
.

Fact 1. For any second countable spaceZ there is a countable space T such thatZ
embeds in Cp.T / as a closed subspace.

Proof. For anyB � Cp.Z/ let P.B/ D ff1 � : : : �fn W n 2 N; fi 2 B for all i � ng
and A.B/ D ff1 C : : : C fn W n 2 N; fi 2 P.B/ for all i � ng. Fix a countable
base B in the space Z and let C D f.U; V / 2 B � B W clZ.U / � V g. By normality
of the space Z, for any � D .U; V / 2 C there is a function f� 2 Cp.Z/ such that
f�.U / � f1g and f�.ZnV / � f0g. For any point q 2 Q let uq.z/ D q for every
z 2 Z. The set S D fuq W q 2 Qg [ ff� W � 2 Cg � Cp.Z/ is countable and hence
so is the set M D A.S/.

For any z 2 Z let 'z.f / D f .z/ for any f 2 M . The map ' W Z ! Cp.M/

defined by '.z/ D 'z for all z 2 Z is an embedding becauseM separates the points
and closed subsets of Z (see TFS-166). Thus it suffices to show that Z0 D '.Z/ is
closed in Cp.M/. We have �.u0/ D 0 for any � 2 Z0; so Z0 � F D f� 2 Cp.M/ W
�.u0/ D 0g (the bar denotes the closure in Cp.M/). Since F is closed in Cp.M/, it
suffices to show that � … Z0 for any � 2 F nZ0

To do it, take an arbitrary � 2 F nZ0; since � is continuous at the point u0 2 M
there are z1; : : : ; zn 2 Z and " > 0 such that �.f / 2 .� 1

2
; 1
2
/ for any f 2 M such

that jf .zi /j < " for all i � n. In particular,

(1) if f 2M and f .zi / D 0 for all i � n then �.f / 2 .� 1
2
; 1
2
/.

Since � … fz1; : : : ; zng, it is easy to find U1; : : : ; Un; V1; : : : ; Vn 2 B such that � …Sf'.Vi/ W i � ng, the family fVi W i � ng is disjoint and zi 2 Ui � clZ.Ui/ � Vi
for all i � n. Therefore �i D .Ui ; Vi / 2 C and hence gi D f�i 2 S for all i � n.

Let V D SfVi W i � ng; for the function h D Qn
iD1.u1 � gi / 2 M we have

h.zi / D 0 for all i � n and h.z/ D 1 for any z 2 ZnV . This shows that, for any
z 2 ZnV we have '.z/.h/ D h.z/ D 1 whereas (1) implies that �.h/ 2 .� 1

2
; 1
2
/

because h.zi / D 0 for all i � n. Consequently, � … '.ZnV / which shows that
� … Z0. ThusZ0 is closed in Cp.M/ and Fact 1 is proved.

Fact 2. Let Z be an uncountable Polish space. If A � Z, the set ZnA has
cardinality c andZŒA
 is Lindelöf thenZŒA
�.ZnA/ is not normal and ext.ZŒA
�
.ZnA// D c (in this product the set ZnA is considered with the second countable
topology induced from Z).

Proof. Let �A W QZ D ZŒA
 � .ZnA/ ! ZŒA
 be natural projection. Since
jZnAj D c, the set D D f.x; x/ W x 2 ZnAg � ZŒA
 � .ZnA/ has cardinality
c; besides, for any z D .x; x/ 2 D the point x D �A.z/ belongs to ZnA, i.e., x
is isolated in ZŒA
. The map �AjD W D ! ZŒA
 being continuous and injective,
every z 2 D is isolated in D, i.e., D is a discrete subspace of QZ.
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Observe next that the diagonal � D f.x; x/ W x 2 Zg is closed in Z � Z and
hence in ZŒA
 � Z because the topology of ZŒA
 � Z is stronger than �.Z � Z/.
ThereforeD D � \ QZ is closed in QZ. This proves that ext.ZŒA
 � .ZnA// D c.

IfZŒA
�.ZnA/ is normal then there isO 2 �.D; QZ/ such thatO\��1
A .A/ D ;

(the bar denotes the closure in QZ). Fix a countable base B in the space ZnA. For
every x 2 ZnA there is Ux 2 B such that x 2 Ux and fxg � Ux � O .

Since ZnA is uncountable, there is an uncountable B � ZnA and U 2 B such
that Ux D U for any x 2 B . Fix a point z 2 U and observe that P D B � fzg � O .
The set B � ZnA is discrete as a subspace of ZŒA
; so it cannot be closed in ZŒA

because ZŒA
 is Lindelöf. Therefore there is y 2 A for which y 2 clZŒA
.B/. It is
clear that t D .y; z/ 2 cl QZ.P / which shows that t 2 O\��1

A .A/ D ;. The obtained
contradiction shows that ZŒA
 � .ZnA/ is not normal; so Fact 2 is proved.

Returning to our solution take disjoint sets A;B � I D Œ0; 1
 such that
both spaces .I ŒA
/! and .I ŒB
/! are Lindelöf (see Problem 090). It follows from
Problem 091 that I ŒB
 is Lindelöf if and only if, for everyK � I such thatK ' K,
we haveK \B ¤ ;. Since I is uncountable, we can find a set K � I withK ' K

and henceK ' K�K which shows that we can consider thatK�K � I and hence
K D fK � fxg W x 2 Kg is a family of c-many disjoint copies of K in I . If jBj < c
then B cannot intersect all elements of K. Thus jBj D c and hence jInAj D c.

Fix some countable base B in I such that U ¤ ; for any U 2 B and let C D
f.U; V / 2 B � B W U � V g. By normality of I , for any � D .U; V / 2 C, we can
choose a function f� 2 Cp.I / such that f�.U / � f1g and f�.InV / � f0g. It is
evident that the set QS D ff� W � 2 Cg separates the points and closed subsets of I .

For any point x 2 I let ux.y/ D 0 for any y 2 Infxg and ux.x/ D 1; denote
by u the function which is identically zero on the set I . It is easy to see that the set
KA D fux W x 2 InAg [ fug is compact and KA � Cp.I ŒA
/; besides, KA [ QS
separates the points and closed subsets of I ŒA
 andKA\ QS D ;. Choose a countable
S 00 � Cp.I /nfug which is dense in Cp.I / and let S D QS [ S 00; it is evident that
KA \ S D ;.

Let X D .KA [ S/ŒKA
; this means that we declare the points of S isolated and
leave the same topology at all points ofKA. It is an easy exercise that the space X is
�-compact and scattered. Furthermore, S is a countable dense set of isolated points
ofX whileKA D XnS is an uncountable compact space with a unique non-isolated
point. Let us show next that

(2) I ŒA
 embeds in Cp.X/ as a closed subspace.

For any x 2 I let 'x.f / D f .x/ for any f 2 S . Then 'x 2 Cp.S/ and the map
' W I ! Cp.S/ defined by '.x/ D 'x for any x 2 I is continuous (see TFS-166).
Since S separates the points and closed subsets of I , the map ' is an embedding;
let I 0 D '.I / � Cp.S/.

Analogously, let  x.f / D f .x/ for any f 2 KA [ S and x 2 I . Define a map
 W I ŒA
 ! Cp.KA [ S/ by  .x/ D  x for any x 2 I ; then  is an embedding
because KA [ S � Cp.I ŒA
/ separates the points and closed subsets of I ŒA
. Let
I0 D  .I ŒA
/; observe thatX has the underlying setKA[S but the topology ofX is
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stronger; so I0 � Cp.KA[S/ � Cp.X/. If S 0 is the set S with the discrete topology
then S 0 is a subspace of X ; since �.S/ � �.S 0/, we have I 0 � Cp.S/ � Cp.S 0/.

Let �.f / D f jS 0 for any function f 2 Cp.X/. This gives us the restriction
map � W Cp.X/ ! Z D �.Cp.X// � Cp.S

0/ which is continuous and injective
because S 0 is dense in X . It is easy to check that �. x/ D 'x for any x 2 I and
therefore �.I0/ D I 0; the set I 0 is closed in Z being compact; so I0 D ��1.I 0/ is
closed in Cp.X/. Since I0 is homeomorphic to I ŒA
, the property (2) is proved.

For any s 2 S let rs.s/ D 1 and rs.x/ D 0 for all x 2 .KA[S/nfsg. It is evident
that rs 2 Cp.X/ for any s 2 S ; let w.x/ D 0 for any x 2 KA [ S . It is evident that
the set L D fwg [ frs W s 2 Sg is compact. Besides, I0 [ L generates the topology
of X ; so X embeds in Cp.I0 [ L/ (see TFS-166). Since I0 ' I ŒA
 and jLj � !,
the space I0 [ L is a continuous image of the space I ŒA
 � !; so .I0 [ L/! is a
continuous image of .I ŒA
 � !/! ' .I ŒA
/! � !! which is Lindelöf by Fact 3 of
U.093. Therefore .Cp.X//! is also Lindelöf by Fact 4 of U.093.

Apply Fact 1 to find a countable space M such that InA embeds in Cp.M/ as a
closed subspace. It follows from (2) that I ŒA
�.InA/ embeds inCp.X/�Cp.M/ as
a closed subspace; this implies that ext.Cp.X/�Cp.M// D c andCp.X/�Cp.M/

is not normal (see Fact 2), so our solution is complete.

U.095. Prove that, under CH, there exists a separable scattered compact space
X such that .Cp.X;D//n is Lindelöf for any natural n, while .Cp.X;D//! is not
Lindelöf.

Solution. Given a set Z and a family A of infinite subsets of Z we say that A is
almost disjoint if A\ B is finite for any distinct A;B 2 A.

Fact 1. Assume that we have an uncountable spaceZ such that w.Z/ � c and there
is a countable Q � Z such that Z is concentrated around Q, i.e., jZnU j � ! for
any U 2 �.Q;Z/. Then the Continuum Hypothesis (CH) implies that there is an
uncountable T � Z such that Q � T and T n is Lindelöf for any n 2 N.

Proof. Since CH holds, for any n 2 N there is a base Bn in the space Zn such that
jBnj � !1 and

S
U 2 Bn for any countable U � Bn. It is clear that Z is Lindelöf;

so Z 2 B1 and hence we can choose an enumeration fU˛ W ˛ < !1g of the familySfBn W n 2 Ng in such a way that U0 D Z. For every ˇ < !1 there is a unique
mˇ 2 N such that Uˇ 2 Bmˇ .

Our first step is to choose a point z0 2 ZnQ arbitrarily. Next, assume that � < !1
and we have a set fz˛ W ˛ < �g � ZnQ with the following properties:

(1) ˇ < ˛ < � implies zˇ ¤ z˛;
(2) if Z˛ D fz
 W 
 < ˛g and T˛ D Q [ Z˛ for any ˛ � �, then the conditions

ˇ � ˛ < �, m D mˇ and Uˇ � .T˛/
mn.Z˛/m imply .z˛1 ; : : : ; z˛m/ 2 Uˇ

whenever maxf˛1; : : : ; ˛mg D ˛.

For any m 2 N the family �m D fˇ � � W Uˇ 2 Bm and Uˇ � .T�/
mn.Z�/mg

is countable. For each m 2 N let Nm D f1; : : : ; mg and denote by ˚m the set of
functions ' W Nm ! f˛ W ˛ � �g such that '.i/ D � for at least one i 2 Nm.
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For every ' 2 ˚m define a map g' W X ! Xm as follows: for any x 2 X
we let g'.x/ D .y1; : : : ; ym/ where yi D z'.i/ if '.i/ < � and yi D x whenever
'.i/ D �. It is straightforward that g' is continuous for every ' 2 ˚m. Furthermore,
if ˛ 2 �m then U˛ contains all points of .T�/m which have at least one coordinate
fromQ; consequently, g'.Q/ � U˛ for any ˛ 2 �m.

Therefore Wm D Tfg�1
' .U˛/ W ' 2 ˚m; ˛ 2 �mg is a Gı-subset of Z such that

Q � Wm for every m 2 N. ThusW D TfWm W m 2 Ng is a Gı-subset of Z which
contains Q; so we can choose a point z� 2 W nZ� . It is evident that (1) is still true
for all ˛ � �; to see that (2) is also fulfilled assume that m 2 N; Uˇ 2 Bm and
Uˇ � .T�/mn.Z�/m for some ˇ � �. If maxf˛1; : : : ; ˛mg D � then define ' 2 ˚m
by '.i/ D ˛i for all i 2 Nm. Then g'.z�/ D .z˛1 ; : : : ; z˛m/ and it follows from
z� 2 W � Wm � g�1

' .Uˇ/ that g'.z�/ 2 Uˇ, i.e., .z˛1 ; : : : ; z˛m/ 2 Uˇ as required.
This proves that our inductive procedure can be continued to construct a set Y D

fz˛ W ˛ < !1g such that (1) and (2) are satisfied for all � < !1; let T D Q [ Y .
Letting Cn D BnjT n for any n 2 N we obtain a sequence fCn W n 2 Ng of bases in
the respective finite powers of T such that

(3) for every m 2 N the family Cm is closed under countable unions and Y mnU is
countable for any U 2 Cm with T mnY m � U .

The first part of (3) being evident let us verify the second one. If T mnY m � U for
some U 2 Cm then there is U 0 2 Bm such that U D U 0\T m. We have U 0 D Uˇ for
some ˇ < !1. Now, if z D .z˛1 ; : : : ; z˛m/ 2 Y mnU then let ˛ D maxf˛1; : : : ; ˛mg.
If ˛ � ˇ then observe that Uˇ � T mnY m � .T˛/

mn.Z˛/m and hence we can
apply (2) to conclude that z 2 Uˇ \ T m D U ; this contradiction shows that ˛ < ˇ

and hence Y mnU � H D f.z˛1 ; : : : ; z˛m/ W maxf˛1; : : : ; ˛mg < ˇg. Since H is
countable, so is Y mnU and hence (3) is proved.

To finally see that T n is Lindelöf for any n 2 N observe that T is Lindelöf
because it is concentrated around the set Q. Next, assume that n � 2 and T m is
Lindelöf for any m < n. To see that T n is also Lindelöf take an open cover U of
the space T n. Since Cn is a base in T n, we can assume, without loss of generality,
that U � Cn. For every i 2 f1; : : : ; ng let �i W T n ! T be the natural projection of
T n onto its i -th factor. It is immediate that T nnY n D Sf��1

i .q/ W q 2 Q; i � ng;
since ��1

i .q/ is homeomorphic to T n�1 for any q 2 Q and i � n, the space T nnY n
is a countable union of Lindelöf subspaces of T n; so l.T nnY n/ D !.

Thus we can choose a countable U 0 such that U D S
U 0 � T nnY n. Since

U 2 Cn, the set Y nnU is countable by (3) and hence there is a countable U 00 � U
for which Y nnU � S

U 00. It is immediate that U 0 [ U 00 is a countable subcover of
U ; so T n is Lindelöf. Thus our inductive procedure shows that T n is Lindelöf for
every n 2 N and hence Fact 1 is proved.

Returning to our solution, let �.A/ D fs 2 D
! W s�1.1/ � A and js�1.1/j < !g

for any infinite A � !; it is easy to see that �.A/ is a countable dense-in-itself set.
An easy consequence of CH is that we can choose a family W D fW˛ W ˛ < !1g �
�.D!/ such that � D �.!/ �T

W and W is an outer base of � in D
! , i.e., for any

U 2 �.�;D!/ there is ˛ < !1 such that W˛ � U . Letting H˛ D TfWˇ W ˇ � ˛g



2 Solutions of Problems 001–500 141

for any ˛ < !1 we obtain a decreasing !1-sequence fH˛ W ˛ < !1g of Gı-subsets
of D! such that, for any U 2 �.�;D!/, there is ˇ < !1 for which H˛ � U for all
˛ � ˇ.

Take an almost disjoint family fA˛ W ˛ < !1g of infinite subsets of ! (such a
family exists in ZFC, see TFS-141). The set G˛ D fs 2 H˛ W s�1.1/ � A˛g is Gı
in D

! and it follows from � � H˛ that �.A˛/ � G˛ and �.A˛/ is dense in G˛ .
ThereforeG˛ is a completely metrizable space without isolated points. This implies
that G˛ is uncountable; so we can choose a point s˛ 2 G˛n� . It is evident that the
set S D fs˛ W ˛ < !1g is concentrated around � and A D fs�1

˛ .1/ W ˛ < !1g is an
almost disjoint family because s�1

˛ .1/ � A˛ for any ˛ < !1. Let S˛ D s�1
˛ .1/ for

every ˛ < !1.
To associate a point to every S˛ take an injective map r W A ! P and let �˛ D

r.S˛/; the family B˛ D ff�˛g [ .S˛nF / W F is a finite subset of !g will be the
respective local base at �˛ for any ˛ < !1. On the set M.A/ D f�˛ W ˛ < !1g [ !
we generate a topology � by the family

SfB˛ W ˛ < !1g [ exp! as a base. It is
easy to see that in the space M D .M.A/; �/ all points of ! are isolated while S˛
is a sequence which converges to �˛ for any ˛ < !1. The space M is Tychonoff,
locally countable and locally compact; let ˝ D f�˛ W ˛ < !1g.

For every ˛ < !1 let f˛.x/ D 1 for all x 2 S˛ [ f�˛g and f˛.x/ D 0 for all
x 2 Mn.S˛ [ f�˛g/. It is immediate that f˛ 2 Cp.M;D/ for every ˛ < !1.

For each s 2 � define a function gs W M ! D by requiring that gs.x/ D 0 for
any x 2 Mn! and gsj! D s. We will prove that the set F D ff˛ W ˛ < !1g is
concentrated around the set Q D fgs W s 2 �g (here both F and Q are considered
as subspaces of Cp.M;D/).

Let U be an open subset of Cp.M;D/ such that Q � U . For every s 2 �

choose a finite Ps � M such that Us D ff 2 Cp.M;D/ W f jPs D gsjPsg � U ;
furthermore, let Vs D ff 2 D

! W f j.Ps \ !/ D sj.Ps \ !/g. It is evident that
V D S

s2� Vs 2 �.�;D!/ so there is ˇ < !1 such that s˛ 2 V for any ˛ � ˇ.
The set P D .

SfPs W s 2 �g/ [ ! is countable; so there is 
 < !1 such that

 > ˇ and f˛j.Ps \˝/ 
 0 for any s 2 � and ˛ � 
 . Now, if ˛ � 
 then there is
s 2 � for which s˛ 2 Vs; consequently, f˛j.Ps \ !/ D s˛j.Ps \ !/ D gs j.Ps \ !/
while f˛j.Ps \ ˝/ 
 0 and gs j.Ps \ ˝/ 
 0. Therefore f˛jPs D gs jPs , i.e.,
f˛ 2 Us � U . It turns out that f˛ 2 U for all ˛ � 
 ; so the set F is, indeed,
concentrated aroundQ.

It is clear that w.Q [ F / � !1; so we can apply Fact 1 to conclude that there is
an uncountableE � F such that the space .Q[E/n is Lindelöf for any n 2 N. The
spaceM 0 D ![f�˛ W f˛ 2 Eg is locally compact; so we can consider its one-point
compactification X ; let a be the unique point of the set XnM 0. To see that X is
scattered, take any A � X . If A \ ! ¤ ; then any point of A \ ! is isolated in
X and hence in A. If A � Xn! then either A is a singleton (in which case there is
nothing to prove) or A \ .M 0n!/ ¤ ;. It is evident that any point of .M 0n!/ \ A
is isolated in .M 0n!/ [ fag and hence in A. Thus X is a scattered compact space.

We will define next an addition operation which is natural for Cp.X;D/ but
different from the usual addition operation in Cp.X/. Namely, if f; g 2 Cp.X;D/
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define h D f PCg 2 Cp.X;D/ by requiring, for every point x 2 X , that h.x/ D 0 if
f .x/ D g.x/ and h.x/ D 1 otherwise. It is easy to see that f PCg D f C g � 2fg;
so this operation is continuous by TFS-115 and TFS-166.

If � W Cp.M;D/ ! Cp.M
0;D/ is the restriction map then �j.Q [ E/ is a

homeomorphism because MnM 0 is closed in M and f j.MnM 0/ 
 0 for any f 2
Q [ E . For every f 2 Q [ E define a function hf 2 Cp.X;D/ by requiring that
hf jM 0 D f jM 0 and hf .a/ D 0. It is easy to see that the set H D fhf W f 2
Q[Eg � Cp.X;D/ is still homeomorphic toQ[E and henceHn is Lindelöf for
any n 2 N.

The set Rn D ff1 PC : : : PCfn W fi 2 H for any i � ng is a continuous image of
Hn under an evident map for any n 2 N (see TFS-115). This implies that .Rn/k is
Lindelöf for any k 2 N. Let us prove that

(4) R DSfRn W n 2 Ng D I D ff 2 Cp.X;D/ W f .a/ D 0g.
It is evident that R � I ; to establish the opposite inclusion take any f 2 I .

Since f .a/ D 0, the set f �1.1/ is compact and contained in M 0; as a consequence,
there is a finite K � !1 such that f �1.1/ � ff�˛g [ S˛ W ˛ 2 Kg. Since A is
almost disjoint, there is a finite set L � ! such that the family fS˛nL W ˛ 2 Kg is
disjoint. Choose s 2 � for which s�1.1/ � L and sjL D f jL. For every ˛ 2 K let
t˛.x/ D 1 for every x 2 L \ S˛ and t.x/ D 0 if x 2 Xn.L \ S˛/.

It is immediate that f DPfhf˛ PCt˛ W ˛ 2 Kg PChs; so f 2 R and (4) is proved.
It is easy to see that Rn � RnC1 for any n 2 N which implies that I k D Sf.Rn/k W
n 2 Ng and therefore I k is a Lindelöf space for any k 2 N. Now, Cp.X;D/ is
homeomorphic to I � D and hence Cp.X;D/k ' I k � D

k is Lindelöf for any
k 2 N.

Finally, assume that .Cp.X;D//! is Lindelöf. Then .Cp.X;D//! � !! is also
Lindelöf by Fact 3 of U.093. However, X is a space which satisfies the hypothesis
of Problem 077, so Cp.X;D/ � !! is not Lindelöf; this contradiction shows that
.Cp.X;D//

! is not Lindelöf and makes our solution complete.

U.096. Prove that there is a scattered, separable, zero-dimensional �-compact space
X with .Cp.X;D//n Lindelöf for each natural n, while .Cp.X;D//! is not Lindelöf.

Solution. There is a set A � I D Œ0; 1
 such that .I ŒA
/! is not Lindelöf but
l�.I ŒA
/ D ! and (see Problem 091). Fix some countable base B in I such that
U ¤ ; for any U 2 B and let C D f.U; V / 2 B � B W U � V g. By normality
of I , for any � D .U; V / 2 C, we can choose a function f� 2 Cp.I / such that
f�.U / � f1g and f�.InV / � f0g. It is evident that the set QS D ff� W � 2 Cg
separates the points and closed subsets of I .

For any point x 2 I let ux.y/ D 0 for any y 2 Infxg and ux.x/ D 1; denote
by u the function which is identically zero on the set I . It is easy to see that the set
KA D fux W x 2 InAg [ fug is compact and KA � Cp.I ŒA
/; besides, KA [ QS
separates the points and closed subsets of I ŒA
 andKA\ QS D ;. Choose a countable
S 00 � Cp.I /nfug which is dense in Cp.I / and let S D QS [ S 00; it is evident that
KA \ S D ;.
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Let X D .KA [ S/ŒKA
; this means that we declare the points of S isolated and
leave the same topology at all points ofKA. It is an easy exercise that the space X is
�-compact and scattered. Furthermore, S is a countable dense set of isolated points
ofX whileKA D XnS is an uncountable compact space with a unique non-isolated
point. Let us show next that

(1) I ŒA
 embeds in Cp.X/ as a closed subspace.

For any x 2 I let 'x.f / D f .x/ for any f 2 S . Then 'x 2 Cp.S/ and the map
' W I ! Cp.S/ defined by '.x/ D 'x for any x 2 I is continuous (see TFS-166).
Since S separates the points and closed subsets of I , the map ' is an embedding;
let I 0 D '.I / � Cp.S/.

Analogously, let  x.f / D f .x/ for any f 2 KA [ S and x 2 I . Define a map
 W I ŒA
 ! Cp.KA [ S/ by  .x/ D  x for any x 2 I ; then  is an embedding
because KA [ S � Cp.I ŒA
/ separates the points and closed subsets of I ŒA
. Let
I0 D  .I ŒA
/; observe thatX has the underlying setKA[S but the topology ofX is
stronger; so I0 � Cp.KA[S/ � Cp.X/. If S 0 is the set S with the discrete topology
then S 0 is a subspace of X ; since �.S/ � �.S 0/, we have I 0 � Cp.S/ � Cp.S 0/.

Let �.f / D f jS 0 for any function f 2 Cp.X/. This gives us the restriction
map � W Cp.X/ ! Z D �.Cp.X// � Cp.S

0/ which is continuous and injective
because S 0 is dense in X . It is easy to check that �. x/ D 'x for any x 2 I and
therefore �.I0/ D I 0; the set I 0 is closed in Z being compact; so I0 D ��1.I 0/ is
closed in Cp.X/. Since I0 is homeomorphic to I ŒA
, the property (1) is proved.

An immediate consequence of (1) is that .Cp.X//! is not Lindelöf.

Fact 1. Suppose that T is a space and Z � Cp.T /. If the set Z0 of non-isolated
points of Z is compact then Cp.Z;D/ is a countable union of continuous images of
closed subsets of products of finite powers of T with a compact space.

Proof. For anym; n 2 N consider the setM.m; n/ D f' 2 D
Z W there exists a point

.t1; : : : ; tn/ 2 T n such that, for any f 2 Z0 and g 2 Z, if jf .ti / � g.ti /j < 1
m

for
all i � n then '.f / D '.g/g. We claim that

(2) Cp.Z;D/ DM D SfM.m; n/ W m; n 2 Ng.
Assume first that ' 2M ; to see that ' is continuous onZ it suffices to show that

it is continuous at every point of Z0; so take any f 2 Z0. There are m; n 2 N and
a point .t1; : : : ; tn/ 2 T n such that jg.ti / � f .ti /j < 1

m
for all i � n implies that

'.f / D '.g/. The set O D O.f; t1; : : : ; tn;m/ D fg 2 Z W jg.ti / � f .ti /j < 1
m

for all i � ng is an open neighbourhood of f in Z and it is immediate that '.O/ D
f'.f /g which proves that ' is continuous at the point f . Since f 2 Z0 was chosen
arbitrarily, we proved that ' is continuous on Z and thereforeM � Cp.Z;D/.

To establish the opposite inclusion take any ' 2 Cp.Z;D/. For any f 2 Z0 there

exist kf ; nf 2 N and .tf1 ; : : : ; t
f
nf / 2 T nf such that g 2 Z and jg.tfi / � f .tfi /j <

1
kf

for all i � nf implies '.g/ D '.f /.
Since fO.f; tf1 ; : : : ; tfnf ; 3kf / W f 2 Z0g is an open cover of the compact space

Z0, there is a finite A � Z0 such that the family fO.f; tf1 ; : : : ; tfnf ; 3kf / W f 2 Ag
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covers Z0. Let n D Pfnf W f 2 Ag; m D maxf3kf W f 2 Ag and take any

t D .t1; : : : ; tn/ 2 T n such that tfi 2 ft1; : : : ; tng for any f 2 A and i � nf .
Now, if f 2 Z0; g 2 Z and jf .ti / � g.ti /j < 1

m
for all i � n then there

is h 2 A for which f 2 O.h; th1 ; : : : ; thnh ; 3kh/ and hence '.f / D '.h/. Since
fth1 ; : : : ; thnhg � ft1; : : : ; tng, we have

jg.thi /� h.thi /j � jg.thi /� f .thi /j C jf .thi / � h.thi /j <
1

m
C 1

3kh
<
1

kh

for every i � nh which implies that '.g/ D '.h/ and hence '.f / D '.g/. This
shows that ' 2M.m; n/; so the equality (2) is proved.

Finally, consider the set S.m; n/ D f.'; t/ 2 D
Z � T n W t D .t1; : : : ; tn/

and, for any f 2 Z0 and g 2 Z, if g 2 O.f; t1; : : : ; tn;m/ then '.f / D '.g/g
for any numbers m; n 2 N. To prove that S.n;m/ is closed in D

Z � T n for any
m; n 2 N, take a point .'; t/ 2 D

ZnS.m; n/. Then t D .t1; : : : ; tn/ and there exist
f 2 Z0; g 2 Z for which g 2 O.f; t1; : : : ; tn;m/ while '.g/ ¤ '.f /. Since
the functions f and g are continuous on T , the set V D f.s1; : : : ; sn/ 2 T n W g 2
O.f; s1; : : : ; sn;m/g is open in T n; besides, the setW D f 2 D

Z W  .g/ ¤  .f /g
is open in D

Z . It is immediate that ' 2 W; t 2 V and .W � V / \ S.m; n/ D ;; so
any point .'; t/ 2 D

ZnS.m; n/ has a neighbourhoodW � V disjoint from S.m; n/.
Thus DZnS.m; n/ is open in D

ZnS.m; n/, i.e., S.m; n/ is closed in D
Z � T n.

It is immediate that the setM.m; n/ is the image of S.m; n/ under the projection
of DZ �T n onto its first factor; so (2) implies that Cp.Z;D/ is a countable union of
continuous images of the sets S.m; n/. Fact 1 is proved.

Returning to our solution, for any s 2 S , let rs.s/ D 1 and rs.x/ D 0 for all
points x 2 .KA [ S/nfsg. It is evident that rs 2 Cp.X/ for any s 2 S ; let w.x/ D 0
for any x 2 KA [ S . It is evident that the set L D fwg [ frs W s 2 Sg is compact.
Besides, I0[L generates the topology ofX ; so X embeds in Cp.I0[L/ (see TFS-
166). If T D I0 [L then l�.T / D !. By Fact 1, the space Cp.X;D/ is a countable
union of continuous images of closed subsets of products of finite powers of T with
a compact space. Observe that l�.T n�K/ D ! whenever n 2 N andK is compact.
As a consequence, if F D SfFn W n 2 Ng and, for any n 2 N, the space Fn is a
continuous image of a closed subset of T mn �Kn for some compactKn andmn 2 N

then l�.F / D !. This proves that the space .Cp.X;D//n is Lindelöf for any n 2 N;
so our solution is complete.

U.097. Assume MAC:CH. Let X be a space with l�.X/ D !. Prove that any
separable compact subspace of Cp.X/ is metrizable.

Solution. If P is a set then Fin.P / is the family of all finite subsets of P . Given
a space Z and Y � Cp.Z/ let 'x.f / D f .x/ for any x 2 Z and f 2 Y . Then
'x 2 Cp.Y / for any x 2 Z and we have a continuous map ' W Z ! Cp.Y / defined
by '.x/ D 'x for any x 2 Z (see TFS-166). We will call ' the Y -reflection map,
or the reflection map of Z with respect to Y .
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Say that a compact space K is a Reznichenko space if w.K/ D !1, the set I of
isolated points of K is countable and dense in K and there is a discrete D � KnI
such that jDj D !1 andD D KnI .

Fact 1. Under MAC:CH, if Z is a separable compact space with w.Z/ D !1 then
there is a Reznichenko space K � Z �Z.

Proof. SinceZ is not metrizable, the diagonal ofZ�Z is not aGı-subset ofZ�Z
(see SFFS-091) and hence Z � Z is not perfectly normal. By SFFS-061 there is a
discrete D0 � Z �Z such that jD0j D !1.

The spaceZ�Z is separable; so the set S of isolated points ofZ�Z is countable
and henceD D D0nS has cardinality !1. Consequently,M D D is nowhere dense
in Z � Z. Now apply Problem 079 to find a countable I � Z � Z such that
InI D M and all points of I are isolated in the compact space K D I [M . It is
evident that K � Z �Z is a Reznichenko space; so Fact 1 is proved.

Fact 2. Under MAC:CH, if K is a Reznichenko space and A is uniformly dense
in Cp.K/ then A is not Lindelöf.

Proof. By definition, the set I of isolated points of K is countable and dense in K
and there is a discrete D � KnI such that jDj D !1 and D D KnI .

Let ˚ D ff 2 Cp.K/ W f .KnI / � Œ�1; 1
g; it is evident that ˚ is a closed
subset of Cp.K/. We claim that

(1) ˚ D ff 2 Cp.K/ W the set fx 2 I W jf .x/j � 1C 1
m
g is finite for anym 2 Ng.

To prove (1) assume that f 2 Cp.K/; m 2 N and there is an infinite set S � I
such that jf .x/j � 1 C 1

m
for any x 2 S . Then there is an accumulation point

y 2 KnI for the set S and therefore jf .y/j � 1C 1
m
> 1 which shows that f … ˚ .

Now, suppose that f 2 Cp.K/ and, the set fx 2 I W jf .x/j � 1C 1
m
g is finite

for any m 2 N. If f … ˚ then there is y 2 KnI and m 2 N with jf .y/j > 1C 1
m

which implies that the set fx 2 I W jf .x/j > 1C 1
m
g is infinite because it contains

y in its closure. This contradiction shows that f 2 ˚ and finishes the proof of (1).
Denote by � W Cp.K/ ! C D �.Cp.K// � R

I the restriction map given by
�.f / D f jI for any f 2 Cp.K/. Then � is a condensation because I is dense inK
(see TFS-152). The set P.m;A/ D ff 2 C W fx 2 I W jf .x/j � 1C 1

m
g � Ag isGı

in C for any finite A � I and m 2 N. To see it observe that, for any x 2 I , the set
Om
x D ff 2 C W jf .x/j < 1C 1

m
g is open in C andP.m;A/ DTfOm

x W x 2 InAg.
It is an immediate consequence of (1) that

(2) �.˚/ DTfSfP.m;A/ W A 2 Fin.I /g W m 2 Ng,
and hence �.˚/ is a Borel subset of C . Since all points of D are isolated in KnI ,
for any d 2 D, there is a function fd 2 Cp.K; Œ0; 2
/ such that fd .d/ D 2 and
fd .x/ D 0 for any x 2 .KnI /nfd g. Since A is uniformly dense in Cp.K/, we
can find gd 2 A such that jgd .x/ � fd .x/j < 1

4
for any x 2 K and d 2 D.

The subspace G D fgd W d 2 Dg of the space Cp.K/ is discrete because the set
Wd D ff 2 Cp.K/ W jf .d/ � gd .d/j < 1

4
g is open in Cp.K/ and Wd \G D fgd g

for any d 2 D.
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Next observe that G � Cp.K/n˚ but all accumulation points of G are in ˚
and hence G [ ˚ is closed in Cp.K/. Indeed, if d 2 D then jge.d/j < 1

4
for any

e 2 Dnfd g and hence f 2 DnD implies jf .d/j � 1
4

for any d 2 D. Since D is
dense in KnI , we have jf .x/j � 1

4
for every x 2 KnI , and hence f 2 ˚ .

It follows from (2) that E D Cn�.˚/ is a Borel subset of C and �.G/ is an
uncountable subset of E . Let E 0 be a Borel subset of RI such that E 0 \ C D E

(see Fact 1 of T.319). Since R
I is completely metrizable, the set E 0 is analytic (see

SFFS-334) and hence there is a family C D fPs W s 2 !!g of compact subsets of
R
I such that E 0 D S

C and s � t implies Ps � Pt (see SFFS-391). In particular,
E � S

C and hence, for any d 2 D there is s.d/ 2 !! such that �.gd / � Ps.d/.
The set T D fs.d/ W d 2 Dg � !! has cardinality< c; so we can apply MAC:CH
to conclude that there is u 2 !! for which s.d/ �� u for any d 2 D (see Fact 1
of T.395; recall that if s; t 2 !! then s �� t means that there is m 2 ! such that
s.n/ � t.n/ for any n � m).

As a consequence, the set Q D fs 2 !! W s.n/ ¤ u.n/ for at most finitely many
n 2 !g is countable and

(3) for any d 2 D there is s 2 Q such that s.d/ � s.
This implies that P D SfPs W s 2 Qg is a �-compact set with �.G/ � P .

Thus there is an uncountable set G0 � G for which �.G0/ � Ps for some s 2 Q;
since Ps \ �.˚/ D ;, we have clC .�.G0// \ �.˚/ D ; which shows that the set
G0 D ��1.clC .�.G0/// \ .˚ [G0/ is closed in Cp.K/. Since G � G0 is discrete,
we found an uncountable closed discrete subsetG0 in the space A which shows A is
not Lindelöf and hence Fact 2 is proved.

Fact 3. Suppose that Z is a compact space such that some Y � Cp.Z/ separates
the points of Z and l�.Y / D !. Then there is a uniformly dense A � Cp.Z/ such
that l�.A/ D ! and, in particular, A is Lindelöf. No additional axioms are needed
to prove this Fact.

Proof. Let H D fT W T is a continuous image of Y m �M for some m 2 N and
a metrizable compact space M g. It is immediate that l�.H/ D ! for any H 2 H.
If A � Cp.K/ is the minimal algebra that contains Y then A D S

n2! An where
An 2 H for any n 2 ! (see Problem 006) and hence l�.A/ D !. Since A separates
the points of K , it is uniformly dense in Cp.K/ by TFS-191; so Fact 3 is proved.

Fact 4. Under MAC:CH, ifK is a separable compact space and some Y � Cp.K/
with l�.Y / D ! separates the points of K then K is metrizable.

Proof. The space K embeds in Cp.Y / by TFS-166; so if Y is separable then we
have w.K/ D iw.K/ � iw.Cp.Y // D d.Y / D ! and hence K is metrizable.
If Y is not separable then there is a left-separated S � Y such that jS j D !1
(see SFFS-004). The space Cp.K/ is monolithic (see SFFS-118 and SFFS-154); so
nw.S/ D !1.

For the set T D S let e W K ! Cp.T / be the reflection map ofK with respect to
T ; the space K 0 D e.K/ is separable, compact and non-metrizable because, for the
dual map e� W Cp.K 0/ ! Cp.K/ defined by e�.f / D f ı e for any f 2 Cp.K 0/,
we have T � e�.Cp.K 0// (see Fact 5 of U.086) and hence T embeds in Cp.K 0/
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(see TFS-163). Since e� is an embedding, its inverse j W e�.Cp.K 0//! Cp.K
0/ is

also a homeomorphism and it is easy to see that T 0 D j.T / separates the points of
K 0. Thus K 0 is a compact space of weight !1 such that T 0 � Cp.K 0/; l�.T 0/ D !
and T 0 separates the points of K 0.

Let �i W K 0 �K 0 ! K 0 be the natural projection of K 0 �K 0 onto its i -th factor;
as before, we denote by ��

i W Cp.K 0/! Cp.K
0 �K 0/ the dual map of �i for each

i 2 f1; 2g. The space Y 0 D ��
1 .T

0/ [ ��
2 .T

0/ � Cp.K 0 �K 0/ separates the points
ofK 0 �K 0 and it is immediate that l�.Y 0/ D !. Since K 0 is not metrizable, we can
apply Fact 1 to find a Reznichenko space M � K 0 � K 0. If q W Cp.K 0 � K 0/ !
Cp.M/ is the restriction map then Y 00 D q.Y 0/ separates the points of M and
l�.Y 00/ D !. By Fact 3 there is a uniformly dense Lindelöf A � Cp.M/ which
contradicts Fact 2 and shows that Fact 4 is proved.

Returning to our solution assume that K is a separable compact subspace of the
space Cp.X/ and let ' W X ! Cp.K/ be the K-reflection map. The set X 0 D
'.X/ � Cp.K/ separates the points of K (see TFS-166) and l�.X 0/ D !; so K is
metrizable by Fact 4 and hence our solution is complete.

U.098. Assume MAC:CH. LetX be a separable compact space. Prove that, for any
Y � Cp.X/ with l�.Y / D !, we have nw.Y / D !.

Solution. For any x 2 X let 'x.f / D f .x/ for each f 2 Y . Then 'x 2 Cp.Y /
and the map ' W X ! Cp.Y / defined by '.x/ D 'x for any x 2 X is continuous
(see TFS-166); let X 0 D '.X/. Since l�.Y / D ! and the compact space X 0 �
Cp.Y / is separable, we can apply Problem 097 to conclude that X 0 is metrizable.
Another consequence of TFS-166 is that Y embeds in the space Cp.X 0/ and hence
nw.Y / � nw.Cp.X 0// D nw.X 0/ � w.X 0/ D !.

U.099. Prove that there exists a separable �-compact space X such that .Cp.X//!

is Lindelöf and s.X/ > !.

Solution. If Z is a space and A � Z then ZŒA
 is the set Z with the topology
generated by the family �.Z/[exp.ZnA/ as a subbase. In other words, the topology
of ZŒA
 is the same as in Z at all points of A while the points of ZnA are isolated
in ZŒA
.

Take disjoint sets A;B � I D Œ0; 1
 such that both spaces .I ŒA
/! and .I ŒB
/!

are Lindelöf (see Problem 090). It follows from Problem 091 that I ŒB
 is Lindelöf
if and only if, for every K � I such that K ' K, we have K \ B ¤ ;. Since I is
uncountable, we can find a set K � I with K ' K and hence K ' K �K which
shows that we can consider that K �K � I and hence K D fK � fxg W x 2 Kg is
a family of c-many disjoint copies of K in I . If jBj < c then B cannot intersect all
elements of K. Thus jBj D c and hence jInAj D c.

For any point x 2 I let ux.y/ D 0 for any y 2 Infxg and ux.x/ D 1; denote
by u the function which is identically zero on I . It is easy to see that the set KA D
fux W x 2 InAg [ fug is compact and KA � Cp.I ŒA
/. Choose a countable S �
Cp.I /nfug which is dense in Cp.I /; it is evident that KA \ S D ;.
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The space X D KA [ S is separable because the countable set S is dense in X .
Since KAnfug is a discrete subspace of X , we have s.X/ � jInAj D c > !. The
space X � Cp.I ŒA
/ is �-compact and .I ŒA
/! is Lindelöf; so .Cp.X//! is also
Lindelöf by Fact 4 of U.093.

U.100. Assume MAC:CH. Prove that there is a separable �-compact spaceX such
that Cp.X/ does not embed into Cp.Y / for a separable compact space Y .

Solution. By Problem 099, there exists a separable �-compact space X such that
.Cp.X//

! is Lindelöf and s.X/ > !. IfCp.X/ can be embedded inCp.Y / for some
separable compact space Y then it follows from Problem 098 that nw.Cp.X// D !
and hence we have s.X/ � nw.X/ D nw.Cp.X// D ! which is a contradiction.

U.101. Let Mt be a metrizable space for each t 2 T . For an arbitrary point
a 2 M D QfMt W t 2 T g, prove that ˙.M; a/ is a Fréchet–Urysohn space. In
particular,˙.A/ is a Fréchet–Urysohn space for any A.

Solution. Given a point x 2 ˙ D ˙.M; a/ let supp.x/ D ft 2 T W x.t/ ¤ a.t/g;
if we have a set A � ˙ then supp.A/ D Sfsupp.x/ W x 2 Ag. For any S � T

define a map rS W ˙ ! ˙S D fx 2 ˙ W supp.x/ � Sg as follows: rS .x/.t/ D x.t/
if t 2 S and rS.x/.t/ D a.t/ for all t 2 T nS . It is an easy exercise that rS is
a continuous retraction of ˙ onto ˙S . Furthermore, if S is countable then ˙S is
metrizable being homeomorphic to

QfMt W t 2 Sg (see TFS-207).
Suppose that A � ˙ and x 2 A. The set S0 D supp.x/ is countable; so ˙S0 is

metrizable and hence there is a countable set B0 � A such that rS0.x/ 2 rS0.B0/.
Assume that m 2 ! and we have constructed countable sets B0; : : : ; Bm � A and
S0; : : : ; Sm � T such that

(1) S0 D supp.x/; Bi � BiC1; Si � SiC1 and supp.Bi / � SiC1 for all i < m;
(2) rSi .x/ 2 rSi .Bi / for any i � m.

Let SmC1 D supp.Bm/; since ˙SmC1
is metrizable, there is a countable B 0 � A

such that rSmC1
.x/ 2 rSmC1

.B 0/; it is straightforward that if we let BmC1 D Bm[B 0
then (1) holds for all i � m and (2) is satisfied for every i � m C 1. Therefore
our inductive procedure can be continued to construct families fSi W i 2 !g and
fBi W i 2 !g for which (1)–(2) are fulfilled for all m 2 !. Let S D S

i2! Si and
B DS

i2! Bi .
To see that x 2 B take any V 2 �.x;˙/; we can choose Ut 2 �.x.t/;Mt / such

that U D .
Q
t2T Ut/ \ ˙ � V and Q D ft 2 T W Ut ¤ Mtg is finite. There is a

numberm 2 ! such that S \Q D Sm\Q; it follows from (2) that there is y 2 Bm
such that y.t/ 2 Ut for any t 2 Q\ Sm. Besides, y.t/ D a.t/ for any t 2 T nS and
QnSm � T nS ; so y.t/ D a.t/ D x.t/ for any t 2 QnSm. Therefore y.t/ 2 Ut for
any t 2 Q and hence y 2 U \ B � V \ B , which proves that x 2 B .

Finally observe that B � ˙S ; the set ˙S is closed in ˙ ; so the set B � ˙S is
metrizable. This, together with x 2 B , implies that there is a sequence C � B � A
which converges to x. Therefore˙ is a Fréchet–Urysohn space.
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U.102. Suppose thatMt is a metrizable space for each t 2 T . For an arbitrary point
a 2M DQfMt W t 2 T g, prove that˙.M; a/ is a collectionwise normal space. In
particular,˙.A/ is a collectionwise normal space for any A.

Solution. In this solution all spaces are assumed to be non-empty. We will say that
� is a metric on a space Z if � generates the topology of Z.

Given a set Z a function d W Z � Z ! R is called a pseudometric on Z if
d.x; x/ D 0; d.x; y/ D d.y; x/ � 0 and d.x; y/ � d.x; z/ C d.z; y/ for any
x; y; z 2 Z. In other words, a pseudometric d on a set Z is a function which has all
properties of a metric except that d.x; y/ D 0 need not imply that x D y. If Z is
a space and d is a pseudometric on Z then we say that d is a pseudometric on the
spaceZ if d W Z�Z ! R is a continuous function. We can also define the notion of
a diameter with respect to a pseudometric in the same way it is defined for a metric,
i.e., if d is a pseudometric on Z and A � Z then diamd .A/ D supfd.x; y/ W x; y 2
Ag. If Z is a space and A;B � expZ we say that A is inscribed in B if, for any
A 2 A there is B 2 B such that A � B .

Fact 1. Given a space Z, any �-locally finite open cover of Z has a locally finite
refinement.

Proof. Take an open cover U of the space Z such that U D SfUn W n 2 !g and Un
is locally finite for any n 2 !. Let Un DS

Un and Pn D fU n.Sk<n Uk/ W U 2 Ung
for any n 2 !. If z 2 Z then let m D minfn 2 ! W z 2 Ung and take U 2 Um with
z 2 U . Then P D U n.Sk<m Uk/ 2 Pm and z 2 P . Thus P D S

n2! Pn is a cover
of Z; since it is evident that P is inscribed in U , it is a refinement of U .

To see that P is locally finite take a point z 2 Z; then z 2 Un for some n 2 ! and
hence P \ Un D ; for any P 2 SfPi W i > ng. It is obvious that

SfPi W i � ng is
a locally finite family; so there isW 2 �.z; Z/ which intersects only a finite number
of elements of

SfPi W i < ng. It is clear that W \ Un is an open neighbourhood of
z which intersects only finitely many elements of P ; so P is, indeed, locally finite
and hence Fact 1 is proved.

Fact 2. Suppose thatZ is a space and F is a discrete family of closed subsets ofZ.
If there exists a locally finite closed cover C of the space Z such that every C 2 C
meets at most one element of F then the family F is open-separated, i.e., for any
F 2 F we can chooseOF 2 �.F;Z/ such that the family fOF W F 2 Fg is disjoint.

Proof. For any F 2 F let OF D Zn.SfC 2 C W C \ F D ;g/. The family C
is closure-preserving (see Fact 2 of S.221); so OF 2 �.F;Z/ for any F 2 F . If
z 2 OF \OG for some distinct F;G 2 F then pick C 2 C with z 2 C . Since C can
meet at most one of the sets F;G, we have either C \F D ; or C \G D ;. In the
first case C \OF D ; and hence z … OF while in the second case C \OG D ; and
hence z … OG ; so we get a contradiction in both cases. This shows that the family
fOF W F 2 Fg is disjoint and hence Fact 2 is proved.

Returning to our solution let supp.x/ D ft 2 T W x.t/ ¤ a.t/g for any point
x 2 ˙ D ˙.M; a/; if A � ˙ then supp.A/ D Sfsupp.x/ W x 2 Ag. For any
S � T define a map rS W ˙ ! ˙S D fx 2 ˙ W supp.x/ � Sg as follows:
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rS.x/.t/ D x.t/ if t 2 S and rS.x/.t/ D a.t/ for all t 2 T nS . It is an easy exercise
that rS is a continuous retraction of ˙ onto ˙S . Furthermore, if S is countable
then ˙S is metrizable being homeomorphic to

QfMt W t 2 Sg (see TFS-207); fix a
metric �S on the space˙S and let dS.x; y/ D �S.rS.x/; rS .y// for any x; y 2 ˙ . It
is easy to see that dS is a pseudometric on the space˙ for any non-empty countable
S � T . Given a non-empty set S � T , a set U � ˙ is called S -saturated if
U D r�1

S .U /.
Suppose that F is a discrete family of closed subsets of ˙ . We start with

the family U0 D f˙g; besides, choose a non-empty countable S0 � T and let
A.˙/ D S0; �˙ D dS . Assume that n 2 N and we have locally finite open covers
U0; : : : ;Un�1 of the space ˙ with the following properties:

(1) for every i < n and U 2 Ui there is a non-empty countable set A.U / � T such
that U \ U 0 is A.U /-saturated for any U 0 2 Ui ;

(2) for every i < n and U 2 Ui a pseudometric �U is chosen on the space ˙
in such a way that �U j.˙A.U/ � ˙A.U// is a metric on the space ˙A.U/ and
�U .x; y/ D �U .rA.U /.x/; rA.U /.y// for any x; y 2 ˙ ;

(3) for any i 2 f1; : : : ; n � 1g we have Ui D SfVU W U 2 Ui�1g where, for every
U 2 Ui�1, the family VU has the following properties:

(3.1) VU � �.˙/ is locally finite in ˙ and
S

VU D U ;
(3.2) every V 2 VU is A.U /-saturated;
(3.3) the set V meets at most finitely many elements of Ui�1;
(3.4) diam�A.U / .V / � 2�i for any V 2 VU ;
(3.5) for any V 2 VU , ifW \V ¤ ; for someW 2 Ui�1 thenA.W / � A.V /;
(3.6) for any V 2 VU , if there are distinct F0; F1 2 F such that V \ F0 ¤ ;

and V \ F1 ¤ ; then a point xiV 2 V \ Fi is chosen for each i D 0; 1;
(3.7) supp.xiV / � A.V / for i 2 f0; 1g if x0V ; x

1
V are defined for V .

(3.8) �V D dA.V / CPf�W W W 2 Ui�1 andW \ V ¤ ;g for any V 2 VU .

Take any U 2 Un�1 and consider the family WU D fW \ U W W 2 Un�1g.
It follows from (1) that rA.U /.V / D V \ ˙A.U/ for any V 2 WU ; so the family
W 0 D fV \ ˙A.U/ W V 2 WU g is locally finite in ˙ . By metrizability of ˙A.U/

we can choose a locally finite cover V � �.˙A.U// of the space ˙A.U/ such that,
for every G 2 V we have diam�A.U /.G/ � 2�n and G intersects only finitely many
elements of W 0. It is straightforward that the family VU D fr�1

A.U /.G\U / W G 2 Vg
is locally finite in ˙ and the properties (3.1)–(3.4) are fulfilled for VU and i D n.

For any V 2 VU , if there are distinct F0; F1 2 F such that V \ F0 ¤ ; and
V \ F1 ¤ ; then choose a point xiV 2 V \ Fi for each i D 0; 1; it follows
from (3.3) that, for any V 2 VU , we can choose a countable A.V / � T such that
A.W / � A.V / for any W 2 Un�1 with W \ V ¤ ; and supp.xiV / � A.V / for
every i 2 f0; 1g if the points x0V ; x

1
V are defined for V .

Letting �V D dA.V /CPf�W W W 2 Un�1 andW \ V ¤ ;g for any V 2 VU we
complete the construction of VU ; so the family Un D SfVU W U 2 Un�1g satisfies
all conditions and subconditions in (3). It is also easy to check, using Fact 2 of
U.050, that the condition (2) holds for Un as well.
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To see that (1) is fulfilled for fU0; : : : ;Ung take any V; V 0 2 Un. If V \ V 0 D ;
then there is nothing to prove so assume that V \ V 0 ¤ ;. There are U;U 0 2 Un�1
such that V 2 VU and V 0 2 VU 0 . The family SV D fW 2 Un�1 W W \ V ¤ ;g
is finite; since V \ V 0 � V \ U 0, we have V \ U 0 ¤ ;, i.e., U 0 2 SV , so it
follows from (3.5) that A.U 0/ � A.V /. The set V 0 is A.U 0/-saturated by (3.2); so it
is A.V /-saturated (it is an easy exercise that if a set is S -saturated for some S � T
then it is S 0-saturated for any S 0 � S ). The set V is A.U /-saturated by (3.2); so it
is A.V /-saturated as well. It is straightforward that the intersection of two A.V /-
saturated sets is an A.V /-saturated set so V \ V 0 is A.V /-saturated and hence (1)
also holds for fU0; : : : ;Ung.

Therefore our inductive procedure can be continued to construct a sequence fUn W
n 2 !g of locally finite open covers of ˙ for which the properties (1)–(3) hold for
all n 2 !. Let UC

n D fU 2 Un W U meets at most one element of Fg for each n 2 !.
It turns out that the family UC D SfUC

n W n 2 !g is a cover of ˙ .
To see this, assume that x 2 ˙n.SUC/ and choose Un 2 Un such that x 2 Un

for all n 2 !. Since every Un intersects at least two distinct elements of F , the
points x0Un ; x

1
Un

are defined for every n 2 !. Let S D SfA.Un/ W n 2 !g; it follows
from (3.5) that A.Un/ � A.UnC1/ for any n 2 !. An immediate consequence of
(3.8) and (3.5) is that �Un � �UnC1

for any n 2 !. This, together with the property
(3.4) implies that �Un.x

i
Um
; x/ � �Um.x

i
Um
; x/ � 2�m for any m � n. Now apply

(3.7) to see that rS.xiUn / D xiUn for any n 2 ! and i 2 D. Therefore

�Un.rA.Un/.x
i
Um
/; rA.Un/.x// � �Um.rA.Un/.xiUm/; rA.Un/.x// � 2�m

for any m � n and i 2 D. Since �Un is a metric on the space ˙A.Un/ by (2), the
sequence frA.Un/.xiUm/ W m 2 !g converges to rA.Un/.x/ for any n 2 ! and hence
the sequence Ei D fxiUn W n 2 !g converges to rS.x/ for any i 2 D. The family
F being discrete, there is a set O 2 �.rS.x/;˙/ which meets at most one element
of F . It follows from E0;E1 ! rS.x/ that there is n 2 ! such that x0Un ; x

1
Un
2 O

which is a contradiction because x0Un ; x
1
Un

belong to distinct elements of F .
Thus the family UC is a �-locally finite cover of ˙ ; there is a locally finite

refinement A of UC (see Fact 1). Then A0 D fA W A 2 Ag is a locally finite closed
cover of ˙ such that every B 2 A0 intersects at most one element of F . By Fact 2
the family F is open-separated. Therefore every discrete family of closed sets in ˙
is open-separated; so ˙ is collectionwise normal (see Fact 1 of S.302) and hence
our solution is complete.

U.103. Let Mt be a second countable space for each t 2 T . For an arbitrary
point a 2 M D QfMt W t 2 T g, prove that ext.˙.M; a// � !. In particular,
ext.˙.A// D ! for any set A.

Solution. For the space M we have c.M/ D ! by TFS-109. Since ˙ D ˙.M; a/
is dense in M , we have c.˙/ D c.M/ D !. Now, if D is a closed uncountable
subset of ˙ then, by collectionwise normality of the space ˙ (see Problem 102),
there is a disjoint family O D fOd W d 2 Dg � �.˙/ such that d 2 Od for any d 2
D. Thus O � ��.˙/ is uncountable and disjoint; this contradiction with c.˙/ D !
shows that every closed discrete subset of ˙ is countable, i.e., ext.˙/ D !.
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U.104. Assume that Mt is a second countable space for any t 2 T and take any
point a 2 M D QfMt W t 2 T g. Prove that, if a compact space X is a continuous
image of a dense subspace of ˙.M; a/ then X is metrizable. In particular, if a
compact X is a continuous image of �.M; a/ or ˙.M; a/ then X is metrizable.

Solution. Recall that a space is cosmic if has a countable network. For any A � T
let pA W M ! MA D QfMt W t 2 Ag be the natural projection of M onto its
face MA.

Fact 1. Suppose that K is a non-empty compact space with no points of countable
character. Then K cannot be represented as a union of � !1-many cosmic
subspaces.

Proof. To get a contradiction assume that K D SfN˛ W ˛ < !1g where N˛ is
cosmic for each ˛ < !1. Let F0 D K; suppose that 0 < ˛ < !1 and we have
a family fFˇ W ˇ < ˛g of non-empty closed Gı-subsets of K with the following
properties:

(1) F
 � Fˇ whenever ˇ < 
 < ˛;
(2) if ˇ < ˛ then Fˇ \N
 D ; for any 
 < ˇ.

It is evident that F 0̨ D TfFˇ W ˇ < ˛g is a non-empty closed Gı-subset of K
and hence 	.x; F 0̨/ > ! for any x 2 F 0̨ for otherwise fxg is a Gı-subset of K (see
Fact 2 of S.358) and hence 	.x;K/ � ! (see TFS-327), which is a contradiction.
In particular, F 0̨ is not cosmic and therefore we can pick a point x 2 F 0̨nN˛. Since
N˛ is Lindelöf, we can apply Fact 3 of S.358 to see that there is a closed Gı-set
G � K such that x 2 G � XnN˛. It is clear that F˛ D F 0̨ \ G is a non-empty
closedGı-subset ofK such that (1) and (2) are fulfilled for the family fFˇ W ˇ � ˛g.
Consequently, we can continue our inductive construction to obtain a family fF˛ W
˛ < !1g of closed non-empty Gı-subsets of K with the properties (1)–(2) fulfilled
for each ˛ < !1. Since K is compact, the property (1) implies that F D TfF˛ W
˛ < !1g ¤ ;. It follows from (2) that x … SfN˛ W ˛ < !1g for any x 2 F , which
is a contradiction. Fact 1 is proved.

Fact 2. Suppose that Nt is a cosmic space for each t 2 T and take any point u 2
N D QfNt W t 2 T g. If jT j � !1 then ˙.N; u/ is a union of � !1-many cosmic
spaces.

Proof. Given any point x 2 ˙.N; u/ let supp.x/ D ft 2 T W x.t/ ¤ u.t/g. Choose
an enumeration ft˛ W ˛ < !1g of the set T and let T˛ D ftˇ W ˇ < ˛g for every
˛ < !1. IfE˛ D fx 2 ˙.N; u/ W supp.x/ � T˛g then nw.E˛/ � ! for each ˛ < !1
because E˛ D QfNt W t 2 T˛g � fuj.T nT˛/g is homeomorphic to the cosmic spaceQfNt W t 2 T˛g. It is evident that ˙.N; u/ D SfE˛ W ˛ < !1g; so Fact 3 is proved.

Returning to our solution take a dense S � M and fix a continuous onto map
' W S ! X . If X is not metrizable then there is a continuous onto map ı W X ! Y

such that w.Y / D !1 (see SFFS-094). Denote by C the set of points of countable
character of Y ; since Y is also a continuous image of S , we have nw.C / D ! by
TFS-299. If C D Y then w.Y / D nw.Y / D ! (see Fact 4 of S.307) which is a
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contradiction. Thus there is x 2 Y nC . Since C is Lindelöf, there is a closed Gı-set
F in the space Y such that x 2 F � Y nC (see Fact 3 of S.358). No point y 2 F
can be a Gı-set in F because otherwise  .y; Y / D ! by Fact 2 of S.358 and hence
	.y; Y / D  .y; Y / D ! (see TFS-327) which shows that y 2 C , a contradiction.

Since � D ı ı ' maps S continuously onto Y , we can apply Fact 1 of T.109 to
find a set A � T such that jAj � !1 and there is a continuous map h W pA.S/! Y

for which � D h ı .pAjS/. It is easy to see that SA D pA.S/ is contained in
˙.MA; pA.a//; so we can apply Fact 2 to conclude that ˙.MA; pA.a// and hence
SA is a union of � !1-many cosmic subspaces. The class of cosmic spaces is
invariant under continuous maps; so the space Y is a union of � !1-many cosmic
subspaces.

Every subspace of a cosmic space is cosmic, so F � Y is a union of � !1-many
cosmic subspaces which contradicts Fact 1 and proves thatX is metrizable. To finish
our solution observe that �.M; a/ is dense in ˙.M; a/; so if S is one of the spaces
�.M; a/; ˙.M; a/ then any compact continuous image of S is metrizable.

U.105. Prove that, if jAj D � � ! then the space ˙�.A/ is homeomorphic to
Cp.A.�//.

Solution. Suppose that we are given infinite sets D and E and a bijection ' W
D ! E . If we consider D and E to be discrete topological spaces then ' is a
homeomorphism and hence the dual map '� W RE ! R

D defined by '.f / D f ı'
for any f 2 R

E , is a homeomorphism as well (see TFS-163). It is straightforward
that '�.˙�.E// D ˙�.D/ which shows that

(1) if D and E are infinite sets of the same cardinality then ˙�.D/ is homeomor-
phic to ˙�.E/.

Now assume that D is an infinite set, take a point x … D and let E D D [ fxg.
The restriction map � W RE ! R

D defined by �.f / D f jD for any f 2 R
E

is continuous and �.˙�.E// D ˙�.D/. For any f 2 ˙�.D/ let e.f /.x/ D 0

and e.f /.d/ D f .d/ for any d 2 D. It is evident that e W ˙�.D/ ! ˙�.E/ is
continuous (in fact, it is an embedding but we won’t need that).

Given r 2 R let ur .x/ D r and ur .d / D 0 for all d 2 D; then ur 2 ˙�.E/.
For any f 2 ˙�.E/ let �.f / D .�.f /; f .x// 2 ˙�.D/ � R. Then � W ˙�.E/!
˙�.D/ � R is a continuous map being the diagonal product of two restrictions.
Furthermore, if .h; r/ 2 ˙�.D/�R then let �.h; r/ D e.h/C ur . We omit a trivial
verification that � W ˙�.D/ � R ! ˙�.E/ is continuous. The maps � and � are
mutually inverse; so they are both homeomorphisms. SinceD and E have the same
cardinality, the property (1) implies that˙�.D/ ' ˙�.E/ ' ˙�.D/�R and hence

(2) ˙�.D/ is homeomorphic to ˙�.D/ � R for any infinite set D.

We are now ready to deal with our set A. Choose a point y … A and let A0 D
A [ fyg. It is easy to see that the family � D expA [ fU � A0 W y 2 U and
jAnU j < !g is a topology on A0 and K D .A0; �/ is homeomorphic to A.�/.

Let I D ff 2 Cp.K/ W f .y/ D 0g; if we have a function f 2 I and the
set P.f; "/ D fa 2 A W jf .a/j � "g is infinite for some " > 0 then y 2 P and
hence jf .y/j � " by continuity of f . This contradiction with f .y/ D 0 shows
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that P.f; "/ is finite for any f 2 I and " > 0. As a consequence, f jA 2 ˙�.A/
for any f 2 I . On the other hand assume that f 2 Cp.K/ and f jA 2 ˙�.A/. If
jf .y/j > " > 0 then there is U 2 �.y;K/ for which jf .a/j > " for any a 2 U .
The set U has to be infinite; so P.f; "/ � U is also infinite which is a contradiction.
Therefore f .y/ D 0 and we proved that f 2 I if and only if f jA 2 ˙�.A/.
Let �A W Cp.K/ ! Cp.A/ D R

A be the restriction map. It is immediate that
�AjI W I ! �A.I / D ˙�.A/ is a homeomorphism; so I ' ˙�.A/. We have
Cp.K/ ' I � R by Fact 1 of S.409 and therefore the property (2) implies that
Cp.K/ ' ˙�.A/�R ' ˙�.A/. SinceK is homeomorphic to A.�/, we proved that
Cp.A.�// ' Cp.K/ ' ˙�.A/.

U.106. Prove that, if jAj D � > ! then the space ˙.A/ is homeomorphic to
Cp.L.�//.

Solution. Suppose that we are given uncountable sets D and E and a bijection
' W D ! E . If we consider D and E to be discrete topological spaces then ' is a
homeomorphism and hence the dual map '� W RE ! R

D defined by '.f / D f ı'
for any f 2 R

E , is a homeomorphism as well (see TFS-163). It is straightforward
that '�.˙.E// D ˙.D/ which shows that

(1) if D and E are uncountable sets of the same cardinality then ˙.D/ is
homeomorphic to ˙.E/.

Now assume thatD is an uncountable set, take a point x … D and consider the set
E D D [fxg. The restriction map � W RE ! R

D defined by �.f / D f jD for any
f 2 R

E is continuous and �.˙.E// D ˙.D/. For any f 2 ˙.D/ let e.f /.x/ D 0
and e.f /.d/ D f .d/ for any d 2 D. It is evident that e W ˙.D/ ! ˙.E/ is
continuous (in fact, it is an embedding but we won’t need that).

Given r 2 R let ur .x/ D r and ur .d / D 0 for all d 2 D; then ur 2 ˙.E/. For
any f 2 ˙.E/ let �.f / D .�.f /; f .x// 2 ˙.D/�R. Then � W ˙.E/! ˙.D/�
R is a continuous map being the diagonal product of two restrictions. Furthermore,
if .h; r/ 2 ˙.D/ � R then let �.h; r/ D e.h/ C ur . We omit a trivial verification
that � W ˙.D/�R! ˙.E/ is continuous. The maps � and � are mutually inverse;
so they are both homeomorphisms. Since D and E have the same cardinality, the
property (1) implies that ˙.D/ ' ˙.E/ ' ˙.D/ � R and hence

(2) ˙.D/ is homeomorphic to ˙.D/ � R for any uncountable set D.

We are now ready to deal with our set A. Choose a point y … A and let A0 D
A [ fyg. It is easy to see that the family � D expA [ fU � A0 W y 2 U and
jAnU j � !g is a topology on A0 and L D .A0; �/ is homeomorphic to L.�/.

Let I D ff 2 Cp.L/ W f .y/ D 0g; if f 2 I and the set P.f / D
fa 2 A W f .a/ ¤ 0g is uncountable then there is n 2 N such that Q.f; n/ D
fa 2 A W jf .a/j � 1

n
g is uncountable. It is clear that y 2 Q.f; n/ and hence

jf .y/j � 1
n

by continuity of f . This contradiction with f .y/ D 0 shows that
P.f / is countable for any f 2 I . As a consequence, f jA 2 ˙.A/ for any
f 2 I . On the other hand assume that f 2 Cp.L/ and f jA 2 ˙.A/. Then
the set W D fyg [ fa 2 A W f .a/ D 0g is an open neighbourhood of y
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such that f .W nfyg/ D f0g. Therefore f .y/ D 0 and we proved that f 2 I if
and only if f jA 2 ˙.A/. Let �A W Cp.L/ ! Cp.A/ D R

A be the restriction
map. It is immediate that �AjI W I ! �A.I / D ˙.A/ is a homeomorphism; so
I ' ˙.A/. We have Cp.L/ ' I � R by Fact 1 of S.409; so the property (2)
implies that Cp.L/ ' ˙.A/ � R ' ˙.A/. Since L ' L.�/, we proved that
Cp.L.�// ' Cp.L/ ' ˙.A/.
U.107. Prove that, for any �, there is a compact subspace of Cp.A.�// which sep-
arates the points of A.�/. As a consequence, Cp.A.�// and ˙�.�/ are K�ı-spaces
and hence Lindelöf ˙-spaces.

Solution. As usual, we consider that A.�/ D � [ fag where a is the unique non-
isolated point of the space A.�/. For any ˛ 2 � let f˛.˛/ D 1 and f˛.x/ D 0 for
every x 2 A.�/nf˛g. Denote by u the function which is identically zero on A.�/. It
is an easy exercise that K D ff˛ W ˛ < �g [ fug is compact (in fact, K ' A.�/)
and separates the points of A.�/. The class K of compact spaces is k-directed; so
we an apply Problem 014 to conclude that Cp.A.�// is a K�ı-space. The space
˙�.�/ is homeomorphic to Cp.A.�// by Problem 105; so ˙�.�/ is a K�ı-space as
well. Since any K�ı-space is Lindelöf ˙ (see SFFS-261), both spaces Cp.A.�//
and˙�.�/ are Lindelöf˙-spaces.

U.108. Prove that �.A/ is a �-compact space (and hence a Lindelöf ˙-space) for
any A.

Solution. For any x 2 R
A let supp.x/ D fa 2 A W x.a/ ¤ 0g; then supp.x/ is

finite for any x 2 �.A/. For each n 2 N let Kn D fx 2 �.A/ W jsupp.x/j � n and
x.a/ 2 Œ�n; n
 for any a 2 Ag; it is clear thatKn � Œ�n; n
A. It turns out that every
Kn is compact.

To see it take any point z 2 Œ�n; n
AnKn; then jsupp.z/j > n and hence we can
choose distinct indices a1; : : : ; anC1 2 A such that z.ai / ¤ 0 for all i � nC 1. The
set W D fx 2 Œ�n; n
A W x.ai / ¤ 0 for all i � nC 1g is open in the space Œ�n; n
A
and z 2 W � Œ�n; n
AnKn. Thus Œ�n; n
AnKn is open in Œ�n; n
A and hence Kn

is compact being closed in Œ�n; n
A. Consequently, �.A/ D SfKn W n 2 Ng is a
�-compact space.

U.109. Prove that, for any uncountable set A, there is a closed countably compact
non-compact subspace in ˙.A/ and hence ˙.A/ is not realcompact.

Solution. Denote by u the function which is identically zero on the set A and let
C D ˙.A/ \ I

A; it is evident that C is closed in ˙.A/. If Ma D I for any a 2 A
and M D QfMa W a 2 Ag then it is immediate that C D ˙.M; u/ � I

A. Since
A is uncountable, the set C is dense in I

A and does not coincide with I
A. However,

P � C (the bar denotes the closure in I
A) for any countable P � C (see Fact 3 of

S.307); this implies that C is countably compact (see Fact 1 of S.310). Thus C is a
countably compact non-compact closed subspace of ˙.A/ and hence ˙.A/ is not
realcompact.

U.110. Prove that, for any infinite A, every pseudocompact subspace of ˙�.A/ is
compact.
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Solution. Let P be a pseudocompact subset of ˙�.A/. Since ˙�.A/ ' Cp.A.�//

where � D jAj (see Problem 105), we can apply Problem 044 to see that K D P is
compact (the bar denotes the closure in˙�.A/). The spaceK embeds in Cp.A.�//;
so we can apply Fact 19 of S.351 to conclude that every pseudocompact subspace
of K is compact and hence closed in K . Consequently, P D P D K and hence P
is compact.

U.111. Prove that any metrizable space M embeds in ˙�.A/ for some A.

Solution. Fix a base B � ��.M/ in the space M such that B D S
n2! Bn and Bn

is a discrete family for every n 2 ! (this is possible because any metrizable space
has a �-discrete base by TFS-221). For any U 2 Bn there is a continuous function
pnU WM ! Œ0; 1

nC1 
 such that .pnU /
�1.0/ D MnU (see Fact 2 of T.080).

Define a functionp WM ! R by p.x/ D 0 for all x 2M and consider the space
K D fpg[fpnU W n 2 !; U 2 Bng � Cp.M/. Take anyO 2 �.p; Cp.M//; there is
" > 0 and a finite setA �M such thatW D ff 2 Cp.M/ W f .A/ � .�"; "/g � O .
Take m 2 ! for which 1

m
< "; then pnU .x/ � 1

nC1 <
1
m
< " for any n � m; x 2M

and U 2 Bn. In particular,Kn D fpnU W U 2 Bng � W for all n � m.
Now, if n < m then only finitely many elements of Bn meet A because Bn is

discrete. If U 2 Bn and A \ U D ; then pnU .A/ D f0g and hence pnU 2 W .
Therefore KnnW is finite for any n < m which shows that KnW � KnO is finite
and hence

(1) KnO is finite for anyO 2 �.p; Cp.M//.

An immediate consequence of (1) is that the space K is compact. We claim that
every f 2 Knfpg is isolated in K . Indeed, there is k 2 ! and U 2 Bk such
that f D pkU . Pick an point x 2 U ; then ı D f .x/ > 0 and therefore there is
m 2 ! such that 1

m
< ı

2
. Let H D fh 2 Cp.K/ W h.x/ > ı

2
g; then H is an open

neighbourhood of f in Cp.K/.
If n � m and g 2 Kn then g.x/ � 1

nC1 � 1
m
< ı

2
; so g … H . Now, if n < m then

at most one element of Bn contains x because Bn is discrete; besides, if V 2 Bn and
x … V then pnV .x/ D 0; so pnV … H . As a consequence, the set H \K has at most
m elements; so f is an isolated point of K . It is an easy exercise to see that any
compact space with a unique non-isolated point is homeomorphic to the one-point
compactification of a discrete space; so there is a cardinal � such that K ' A.�/.

Given x 2 M let ex.f / D f .x/ for any f 2 K; then ex 2 Cp.K/ and, letting
e.x/ D ex for any x 2 M , we obtain a continuous map e W M ! Cp.K/ (see
TFS-166).

Suppose that x 2 M and G � M is a closed set such that x … G. Since B
is a base in M , there is n 2 ! and U 2 Bn such that x 2 U � MnG. For the
function f D pnU 2 K we have f .x/ > 0 and f .G/ D f0g; so f .x/ … f .G/. This
proves that K separates the points and closed subsets of M ; so e is an embedding
(see TFS-166). ThusK is a compact space such thatM embeds in Cp.K/. We have
Cp.K/ ' Cp.A.�// ' ˙�.�/ (see Problem 105); so M embeds in ˙�.�/.
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U.112. Observe that any pseudocompact continuous image of˙�.A/ is compact and
metrizable for any infiniteA. Give an example of a countably compact non-compact
space which is a continuous image of ˙.!1/.

Solution. The space ˙�.A/ is Lindelöf by Problem 107; so any pseudocompact
continuous image of ˙�.A/ is compact and hence metrizable by Problem 104.

Now, let L D L.!1/; then ˙.!1/ is homeomorphic to Cp.L/ by Problem 106.
Since L is a P -space, K D Cp.L; I/ is a countably compact non-compact space
(see TFS-397). By TFS-092 Cp.L/ maps continuously onto K; so ˙.!1/ maps
continuously ontoK as well.

U.113. Prove that, for any uncountable A, the space ˙.A/ is not embeddable into
˙�.B/ for any set B .

Solution. By Problem 109, there is a countably compact non-compact subspaceK
in the space˙.A/. Thus, if˙.A/ embeds in some˙�.B/ thenK embeds in˙�.B/
which contradicts Problem 110.

U.114. Prove that, for any uncountable A, the space ˙�.A/ is not embeddable into
�.B/ for any set B .

Solution. Assume that A is uncountable and there is a set B such that ˙�.A/
embeds in �.B/; fix a set S � �.B/ with S ' ˙�.A/. Since �.B/ � ˙.B/, the
space �.B/ is Fréchet–Urysohn (see Problem 101). It was proved in Problem 108
that we can find a sequence fKn W n 2 !g of compact subsets of �.B/ such that
�.B/ D S

n2! Kn. If Fn D Kn \ S then Fn is a closed subset of S for every n 2 !
and S D S

n2! Fn. Now apply SFFS-432 to see that S and hence˙�.A/ embeds in
Fn � Kn for some n 2 !.

Fix a set T � Fn such that T ' ˙�.A/; the space K D T is compact,
Fréchet–Urysohn, and T is dense in K . Since ˙�.A/ ' Cp.X/ for an appropriate
compact uncountable space X (see Problem 105), the cardinal !1 is a precaliber
of T and hence of K (see SFFS-283 and SFFS-278). Since K is compact, !1 is
a caliber of K by SFFS-279. Besides, K has a point-countable �-base by TFS-
332; this �-base has to be countable because !1 is a caliber of K . Therefore K is
separable; it follows from Problem 105 that there is a compact space Y for which
K � �.B/ � ˙�.B/ ' Cp.Y / and hence K is !-monolithic (see SFFS-118 and
SFFS-154). This shows thatK is metrizable and hence so is˙�.A/ ' Cp.X/which
is a contradiction with TFS-169.

U.115. Prove that, for any uncountable A, neither of the spaces ˙.A/ and ˙�.A/
maps continuously onto the other.

Solution. Let � D jAj; then ˙�.A/ ' Cp.A.�// by Problem 105. The space
˙�.A/ cannot be mapped continuously onto ˙.A/ because the space ˙�.A/ is
Lindelöf (see Problem 107) and ˙.A/ is not (see Problem 109). Now assume that
there exists a continuous onto map ' W ˙.A/ ! ˙�.A/. For any B � A let
�B W RA ! R

B be the restriction map. Since we have the equality �B.˙.A// D R
B

for any countable B � A, the set ˙.A/ is C -embedded in R
A (see Fact 1 of T.455)
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and hence R
A can be identified with �.˙.A// (see Fact 1 of S.438). The space

˙�.A/ being realcompact there exists a continuous map ˚ W RA ! ˙�.A/ with
˚ j˙.A/ D ' and hence ˚.RA/ D ˙�.A/.

Let Kn D Œ�n; n
A for any n 2 N; then every Kn is a dyadic compact space
and P D SfKn W n 2 Ng is dense in R

A. The space ˙�.A/ � ˙.A/ is Fréchet–
Urysohn by Problem 101; so the dyadic compact space Ln D ˚.Kn/ has countable
tightness and hence w.Ln/ D ! for each n 2 N (see TFS-359). As a consequence,
the space L D SfLn W n 2 Ng is separable and hence so is ˙�.A/ because
L D ˚.P / is dense in˙�.A/. The space˙�.A/ is !-monolithic (see Problem 105,
SFFS-118 and SFFS-154); so ! D nw.˙�.A// D nw.Cp.A.�/// D nw.A.�// D
� > ! which is a contradiction. Therefore ˙.A/ cannot be continuously mapped
onto˙�.A/.

U.116. Prove that, for any A, the space ˙.A/ embeds in a countably compact
Fréchet–Urysohn space.

Solution. If A is countable then the space ˙.A/ D R
A is second countable; so

it can be embedded in the metrizable compact space I
! . Now, if jAj D � > !

then ˙.A/ ' Cp.L/ where L D L.�/ (see Problem 106). Furthermore, it follows
from Fact 1 of S.295 that Cp.L/ ' Cp.L; .�1; 1// � Cp.L; I/ and hence ˙.A/
embeds in Cp.L; I/. Since L is a P -space, Cp.L; I/ is countably compact by
TFS-397. Besides, Cp.L; I/ � Cp.L/ ' ˙.A/ is a Fréchet–Urysohn space (see
Problem 101). Thus˙.A/ embeds in the countably compact Fréchet–Urysohn space
Cp.L; I/.

U.117. Show that, if a set A is uncountable then ˙�.A/ cannot be embedded in a
�-compact space of countable tightness. In particular, neither˙.A/ nor˙�.A/ are
embeddable in a compact space of countable tightness if jAj > !.

Solution. Let jAj D �; then ˙�.A/ ' Cp.Z/ for the space Z D A.�/ by
Problem 105. Suppose that Y is a space such that t.Y / D ! and Y D fKn W n 2 !g
where Kn is compact for any n 2 !. If ˙�.A/ embeds in Y then fix S � Y with
S ' ˙�.A/. If Fn D Kn \ S then Fn is a closed subset of S for every n 2 ! and
S D S

n2! Fn. Since ˙�.A/ ' Cp.Z/, we can apply SFFS-432 to see that S and
hence˙�.A/ embeds in Fn � Kn for some n 2 !.

Fix a set T � Fn such that T ' ˙�.A/; the space K D T is compact, Fréchet–
Urysohn, and T is dense in K . Since T ' ˙�.A/ ' Cp.Z/, the cardinal !1 is a
precaliber of T and hence ofK (see SFFS-283 and SFFS-278). SinceK is compact,
!1 is a caliber of K by SFFS-279. Besides, K has a point-countable �-base by
TFS-332; this �-base has to be countable because !1 is a caliber of K . Therefore
�w.K/ D ! and hence �w.T / D ! because T is dense in K (see Fact 1 of T.187).
As a consequence, jZj D w.Cp.Z// D �w.Cp.Z// D �w.T / D ! (see Fact 2 of
T.187) which is a contradiction with TFS-169 because jZj D � > !.

U.118. Let X be a compact space. Prove that X is Corson compact if and only if X
has a point-countable T0-separating family of open F� -sets. Deduce from this fact
that any metrizable compact space is Corson compact.
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Solution. Let X be Corson compact; so we can assume that X � ˙.A/ for some
A. For any a 2 A let pa W ˙.A/ ! R be the natural projection of ˙.A/ onto the
factor of RA determined by a. Let B D f.p; q/ W p; q 2 Q; p < q and p � q > 0g.
Observe that no element of B contains zero and B is a countable base in Rnf0g. Let
U D fp�1

a .B/\X W a 2 A; B 2 Bg. It is evident that every element of U is an open
F� -subset of X . If x 2 X then the set S D fa 2 A W x.a/ ¤ 0g is countable and
hence the family Ux D fp�1

a .B/ W B 2 B; a 2 Sg is countable as well. For anyU 2
UnUx we have U D p�1

a .B/ for some B 2 B and a 2 AnS . But pa.x/ D 0 … B
and hence x … U . This shows that the family fU 2 U W x 2 U g � Ux is countable;
the point x 2 X was chosen arbitrarily; so we proved that U is point-countable.

Now take distinct x; y 2 X . There is a 2 A such that x.a/ ¤ y.a/. One of the
numbers x.a/; y.a/, say x.a/, is not equal to zero and hence there is B 2 B such
that x.a/ 2 B and y.a/ … B . Then U D p�1

a .B/ \X 2 U and U \ fx; yg D fxg.
This proves that U is a T0-separating family in X ; so we settled necessity.

To prove sufficiency suppose that there exists a T0-separating family U of open
F� -subsets of the space X . For every U 2 U there exists a continuous function
fU W X ! R such that f �1.0/ D XnU (see Fact 1 of S.358). The diagonal product
f D �ffU W U 2 Ug W X ! R

U of the family ffU W U 2 Ug is a continuous
map; since U is T0-separating, the map f is injective; so f W X ! X 0 D f .X/

is a homeomorphism. Given any x 2 X the family P.x/ D fU 2 U W x 2 U g
is countable; so f .x/.U / D fU .x/ D 0 for any U 2 UnP.x/. This shows that
at most countably many coordinates of f .x/ are distinct from zero and therefore
X 0 � ˙.U/. Thus X 0 is Corson compact and hence so is X being homeomorphic
to X 0.

Finally observe that if compact space X is metrizable then any countable base
of X is T0-separating, point-countable and consists of F� -subsets of X . Therefore
every metrizable compact space is Corson compact.

U.119. Let Mt be a second countable space for any t 2 T . Prove that, for any point
a 2M DQfMt W t 2 T g, any compact subset of ˙.M; a/ is Corson compact.

Solution. Suppose that X is a compact subspace of ˙.M; a/. For any t 2 T let
pt W M ! Mt be the natural projection. Choose a countable base Bt in the space
Mtnfa.t/g for any t 2 T . Let U D fp�1

t .B/ \ X W t 2 T; B 2 Bt g. It is evident
that every element of the family U is an open F� -subset of X . If x 2 X then the set
S D ft 2 A W x.t/ ¤ a.t/g is countable and hence Ux D fp�1

t .B/ W B 2 Bt ; t 2
Sg is countable as well. For any U 2 UnUx we have U D p�1

t .B/ for some B 2 Bt
and t 2 T nS . But pt .x/ D a.t/ … B and hence x … U . This shows that the family
fU 2 U W x 2 U g � Ux is countable; the point x 2 X was chosen arbitrarily; so we
proved that U is point-countable.

Now take distinct x; y 2 X . There is t 2 T such that x.t/ ¤ y.t/. One of the
points x.t/; y.t/, say x.t/, is not equal to a.t/ and hence there is B 2 Bt such that
x.t/ 2 B and y.t/ … B . Then U D p�1

t .B/ \ X 2 U and U \ fx; yg D fxg. This
proves that U is a T0-separating point-countable family of open F� -subsets of X ; so
we can apply Problem 118 to conclude that X is Corson compact.
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U.120. Prove that any Corson compact space is monolithic, Fréchet–Urysohn and
has a dense set of points of countable character. As a consequence, !1 C 1 is not
Corson compact.

Solution. Let X be a Corson compact space; we can assume that X � ˙.A/ for
someA. The space˙.A/ is Fréchet–Urysohn by Problem 101; soX is also Fréchet–
Urysohn. Let u 2 R

A be the function which is identically zero on A. For anyB � A
let pB W RA ! R

B be the natural projection.
To see that X is monolithic take any infinite cardinal � and Y � X with jY j D

�. The set supp.y/ D fa 2 A W y.a/ ¤ 0g is countable for any y 2 Y ; so
S D Sfsupp.y/ W y 2 Y g has cardinality at most �. It is immediate that Y �
F D R

S � fpAnS.u/g ' R
S . As a consequence, w.F / � jS j � �. Furthermore,

Y � F 0 D F \˙.A/; since F 0 is closed in˙.A/, we have Y � F 0 (the bar denotes
the closure in ˙.A/) and therefore w.Y / � w.F 0/ � w.F / � �. This shows that X
is monolithic. Finally, X has a dense set of points of countable character by Fact 1
of U.080. Finally, !1 C 1 is not Corson compact because t.!1 C 1/ D !1.
U.121. Prove that d.X/ D w.X/ for any Corson compact space. Thus, the two
arrows space is not Corson compact.

Solution. Let � D d.X/ and fix a dense set A � X with jAj D �. The space X is
monolithic by Problem 120; so w.X/ D nw.X/ D nw.A/ � jAj D � (see Fact 4 of
S.307). Thus w.X/ � d.X/; since always d.X/ � w.X/, we have w.X/ D d.X/.
Finally observe that two arrows space K is separable and non-metrizable (see TFS-
384) which implies that ! D d.K/ < w.K/ and hence K is not Corson compact.

U.122. Let X be a Corson compact space such that Cp.X/nff g is normal for some
f 2 Cp.X/. Prove that X is metrizable. In particular, if Cp.X/ is hereditarily
normal, then X is metrizable.

Solution. By Problem 027 the space X is separable and hence w.X/ D d.X/ D !
by Problem 121. ThusX is metrizable. In particular, if Cp.X/ is hereditarily normal
then Cp.X/nff g is normal for any f 2 Cp.X/; so X is metrizable.

U.123. Prove that any linearly ordered and any dyadic Corson compact space is
metrizable.

Solution. If X is a Corson dyadic compact space then X is Fréchet–Urysohn by
Problem 120. Since every dyadic compact space of countable tightness is metrizable
(see TFS-359), the space X is metrizable.

Now suppose that X is a linearly ordered Corson compact space. We can assume
that X � Cp.L.�// for some cardinal � (see Problem 106). Since .L.�//! is
Lindelöf (see TFS-354), we can apply Fact 4 of U.093 to see that Cp.X/ is Lindelöf.
Finally, apply Problem 082 to conclude that X is metrizable.

U.124. LetX be a Corson compact space. Prove that the Alexandroff doubleAD.X/
is also Corson compact. In particular,AD.X/ is Corson compact for any metrizable
compact X .
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Solution. The space AD.X/ is compact by TFS-364. By Problem 118 the space X
has a point-countable T0-separating family U which consists of open F� -subsets of
X . Recall thatX �f0; 1g is the underlying set of the spaceAD.X/. Given x 2 X let
u0.x/ D .x; 0/ and u1.x/ D .x; 1/. Then AD.X/ D u0.X/[ u1.X/. The points of
u1.X/ are isolated in AD.X/; if z D .x; 0/ 2 AD.X/ then the base at z is formed
by the sets u0.V /[ .u1.V /nfu1.x/g/ where V runs over �.x;X/.

For any P � X let �.P / D u0.P / [ u1.P /. It is immediate that �.U / is open
in AD.X/ if U 2 �.X/; besides �.F / is closed in AD.X/ if F is closed in X .
Therefore �.U / is an open F� -subset of AD.X/ for any U 2 U and hence the
family V D f�.U / W U 2 Ug [ ffu1.x/g W x 2 Xg consists of open F� -subsets of
AD.X/. The family V1 D f�.U / W U 2 Ug is point-countable because so is U . The
family V2 D ffu1.x/g W x 2 Xg is disjoint so V D V1 [ V2 is point-countable as
well.

To prove that V is T0-separating take any distinct points z D .x; i/ and t D .y; j /
of the space AD.X/. If x D y then i ¤ j ; letting W D fu1.x/g it is easy to see
that W 2 V and W \ fz; tg is a singleton. If x ¤ y then there is U 2 U such that
U \ fx; yg is a singleton. Then W D �.U / 2 V and W \ fz; tg is a singleton as
well. Thus AD.X/ has a point-countable T0-separating family of open F� -sets and
hence we can apply Problem 118 to conclude that AD.X/ is Corson compact.

U.125. Let Xt be a Corson compact space for any t 2 T . Prove that the one-point
compactification of the space

LfXt W t 2 T g is also Corson compact.

Solution. We consider that Xt is a clopen subspace of X D LfXt W t 2 T g for
every t 2 T . Let K D fag [ X be the one-point compactification of X ; the space
K is compact by Fact 1 of S.387. For every t 2 T there is a point-countable family
Ut � �.Xt / such that every U 2 Ut is �-compact and Ut is T0-separating in Xt .
Since V D fXt W t 2 T g is disjoint, the family U D SfUt W t 2 T g [ V is also
point-countable. It is evident that U consists of open F� -subsets of K .

Let x and y be distinct points ofK . If some of them, say x, coincides with a then
y 2 Xt for some t 2 T . Consequently, W D Xt 2 U and W \ fx; yg D fyg is a
singleton. If a … fx; yg then there are two possibilities:

1) there is t 2 T such that fx; yg � Xt . Since Ut is T0-separating in Xt , there is
W 2 Ut for whichW \fx; yg is a singleton. We also haveW 2 U ; so we found
W 2 U which T0-separates x and y.

2) There are distinct s; t 2 T such that x 2 Xt and y 2 Xs . Then W D Xt 2 U
and W \ fx; yg D fxg is a singleton.

This proves that U is a point-countable family of open F� -subsets of K which
T0-separates the points of K . Therefore Problem 118 can be applied to conclude
that K is Corson compact.

U.126. Prove that, under CH, there exists a compact space of countable spread
which is not perfectly normal.
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Solution. It was proved in SFFS-099 that, under CH, there exists a compact space
X such that 	.X/ > ! and hl.Cp.X// D !. Then s.X/ � hd.X/ � hl.Cp.X// D
! (see SFFS-017) and X is not perfectly normal because 	.X/ D ! for any
perfectly normal compact X (see TFS-327).

U.127. Let X be a Corson compact space such that s.X/ D !. Prove that X is
perfectly normal.

Solution. We will need the following general statement.

Fact 1. If a spaceZ is �-monolithic and s.Z/ � � for some infinite cardinal � then
hl.Z/ � �.

Proof. Fix Y � Z and take an open cover U of the space Y . Since s.Y / � s.Z/ �
�, we can apply Fact 1 of T.007 to find a discrete D � Y and U 0 � U such that
jU 0j � � and Y D clY .D/ [ .SU 0/. By �-monolithity of the space Z, we have
nw.clY .D// � nw.clX.D// � �. Therefore l.clY .D// � nw.clY .D// � � and
therefore there exists a family U 00 � U such that clY .D/ � S

U 00. It is immediate
that U 0 [ U 00 is a subcover of U of cardinality � �. This shows that l.Y / � � for
any Y � Z, i.e., hl.Z/ � � and hence Fact 1 is proved.

Returning to our solution observe that X is !-monolithic by Problem 120; since
also s.X/ D !, we can apply Fact 1 to conclude that hl.X/ D ! and hence X is
perfectly normal by SFFS-001.

U.128. Let X be an !-monolithic compact space such that s.Cp.X// D !. Prove
that X is metrizable. In particular, a Corson compact space X is metrizable
whenever s.Cp.X// D !.

Solution. We have s.X � X/ � s.Cp.X// � ! by SFFS-016; besides, X � X is
!-monolithic by SFFS-114. Therefore we can apply Fact 1 of U.127 to conclude that
hl.X �X/ � ! and hence X �X is perfectly normal by SFFS-001. Consequently,
the diagonal ofX is aGı-subset ofX�X ; soX is metrizable by SFFS-091. Finally,
if X is Corson compact and s.Cp.X// D ! then X is metrizable because it is
!-monolithic (see Problem 120).

U.129. Let X be a compact space of countable tightness. Prove that X maps
irreducibly onto a Corson compact space.

Solution. By TFS-367 any compact space X of countable tightness admits a
continuous irreducible map onto a space Y � ˙.�/ for some cardinal �. The space
Y is compact being a continuous image of X ; so Y is Corson compact.

U.130. Given spaces X and Y assume that there exists a closed continuous
irreducible onto map f W X ! Y . Prove that d.X/ D d.Y / and c.X/ D c.Y /.
Solution. The equality c.X/ D c.Y / was proved in Fact 1 of S.228. Next observe
that d.Y / � d.X/ (see TFS-157) and assume that d.Y / � �. Pick a dense D � Y
with jDj � � and choose a point q.y/ 2 f �1.y/ for every y 2 D. If E D fq.y/ W
y 2 Dg then jEj � �. If E is not dense in X then F D E ¤ X ; the map f being
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closed we have f .F / D f .E/ D D D Y which is a contradiction because the
map f is irreducible. ThereforeE is dense in X and hence d.X/ � jEj � � which
shows that d.X/ D d.Y /.
U.131. Prove that, under the Jensen’s axiom (}), there is a perfectly normal non-
metrizable Corson compact space X . Therefore, under }, a Corson compact space
X need not be metrizable if c.X/ D !.

Solution. It was proved in SFFS-073 that, under }, there exists a hereditarily
Lindelöf non-separable compact space K . Since t.K/ D !, there exists a Corson
compact space X and a continuous irreducible onto map f W K ! X (see
Problem 129). We have hl.X/ � hl.K/ � !; so X is perfectly normal. However,
X is not metrizable because d.X/ D d.K/ > ! (see Problem 130). It is evident
that c.X/ � s.X/ � hl.X/ � ! so X is a non-metrizable Corson compact space
such that c.X/ D !.

U.132. Prove that any Corson compact space X , with !1 precaliber of X , is
metrizable.

Solution. We have t.X/ D ! and hence there exists a point-countable �-base B in
the space X (see TFS-332). Since !1 is a caliber of X (see SFFS-279), the family B
has to be countable; so d.X/ � �w.X/ � jBj � !. Therefore w.X/ D d.X/ � !
(see Problem 121) and hence X is metrizable.

U.133. Assuming MAC:CH, prove that any Corson compact space X , for which
c.X/ D !, is metrizable.

Solution. Since c.X/ D ! and we have MAC:CH, the cardinal !1 is a precaliber
of X (see SFFS-288); so X is metrizable by Problem 132.

U.134. Prove that a compact space X can fail to be Corson compact being a
countable union of Corson compact spaces.

Solution. Let X be the one-point compactification of the Mrowka space M (see
TFS-142). Then X has a countable dense set D of isolated points while the space
K D XnD is homeomorphic to A.�/ for an uncountable cardinal �; let a be the
unique non-isolated point ofK . The spaceK is Corson compact because the family
ffxg W x 2 Knfagg is disjoint, T0-separating in K and consists of open compact
subsets of K (see Problem 118). Since fxg is also Corson compact for any x 2 D,
the space X D ffxg W x 2 Dg [ K is a countable union of its Corson compact
subspaces. However, X is not Corson compact because it is separable and non-
metrizable (see Problem 121).

U.135. Prove that there exists a compact space X which is not Corson compact
being a union of three metrizable subspaces.

Solution. Let X be the one-point compactification of the Mrowka space M (see
TFS-142). Then X has a countable dense set D of isolated points while the space
K D XnD is homeomorphic to A.�/ for an uncountable cardinal �; let a be the
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unique non-isolated point of K . Since every discrete space is metrizable, the space
X D D[ .Knfag/[fag is the union of its three metrizable subspaces. However,X
is not Corson compact because it is separable and non-metrizable (see Problem 121).

U.136. Suppose that X is compact and X! is a countable union of Corson compact
subspaces. Prove that X is Corson compact.

Solution. Suppose that X! D SfKi W i 2 !g where the space Ki is Corson
compact for any i 2 !. Since the space X! has the Baire property, there is i 2 !
such thatU D Int.Ki/ ¤ ; (the interior is taken inX!). By definition of the product
topology there is n 2 ! and U0; : : : ; Un�1 2 �.X/ such that V D Q

k<n Uk �Q
X!nn � U . Since V is a product in which X is one of the factors, the space X

embeds in V � U and hence in Ki . It is evident that any subspace of a Corson
compact space is Corson compact; so X is Corson compact.

U.137. Prove that any countable product of Corson compact spaces is Corson
compact. In particular, X! is Corson compact whenever X is Corson compact.

Solution. Suppose that Kn is Corson compact and fix a point-countable family Un
of open F� -subsets of Kn which T0-separates the points of Kn for any n 2 ! (see
Problem 118). For the space K D Q

n2! Kn let �n W K ! Kn be the natural
projection for each n 2 !. The family Vn D f��1

n .U / W U 2 Ung is point-countable
for any n 2 !; so V D S

n2! Vn is also point-countable; it is clear that V consists
of open F� -subsets of K . If x; y 2 K and x ¤ y then pn.x/ ¤ pn.y/ for some
n 2 ! and therefore there is U 2 Un such that U \ fpn.x/; pn.y/g is a singleton.
Then V D ��1

n .U / 2 V and the set V \ fx; yg is a singleton. This proves that V
is a point-countable family of open F� -subsets of K which is T0-separating in K;
henceK is Corson compact by Problem 118.

U.138. Let X be a Corson compact space. Prove that X has a dense metrizable
subspace if and only if it has a �-disjoint �-base.

Solution. If Z is a space and A is a family of subsets of Z say that a family B �
expZ is inscribed in A if, for every B 2 B there is A 2 A such that B � A. If
A;B � expZ and Y � Z then AjY D fA \ Y W A 2 Ag and A ^ B D fA \ B W
A 2 A; B 2 Bg.
Fact 1. If a space Z has a dense metrizable subspace then it has a �-disjoint �-
base. For first countable spaces the converse is also true, i.e., a first countable space
Z has a dense metrizable subspace if and only if it has a �-disjoint �-base.

Proof. There is no loss of generality to assume that all spaces we consider are not
empty. To prove the first part, suppose thatM is a dense metrizable subspace of Z.
By TFS-221, we can choose a base B D S

n2! Bn � ��.M/ of the space M such
that Bn is discrete in M for any n 2 !. For every U 2 B fix OU 2 �.Z/ such that
OU \M D U . Since M is dense in Z, the family Vn D fOU W U 2 Bng is disjoint
for any n 2 !. We claim that the family V D S

n2! Vn is a �-base in Z. Indeed,
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take any W 2 ��.Z/; there is W1 2 ��.Z/ such that W 1 � W . Choose any U 2 B
with U � W1 \M . Then OU 2 V and OU � OU D U � W 1 � W and hence V
is a �-disjoint �-base in the space Z.

Now assume that Z is first countable and there is a �-base B in Z such that
B D S

n2! Bn where Bn is a disjoint family for any n 2 !. If we add a non-empty
open set to a �-base, we will still have a �-base; if we take a non-empty open subset
in every element of a �-base we will obtain a �-base. These observations make it
possible to assume that

S
Bn is dense in Z and BnC1 is inscribed in Bn for any

n 2 !. For any z 2 Z let fO z
n W n 2 !g be a local base at z withO z

nC1 � O z
n for each

n 2 !. For every n 2 ! we will inductively construct a set Dn � Z and a number
k.n; z/ 2 ! for any z 2 Dn in such a way that

(1) Dn � DnC1 for any n 2 !;
(2) k.n; z/ � n and k.nC 1; z/ > k.n; z/ for any n 2 ! and z 2 Dn;
(3) the family Un D fO z

k.n;z/ W z 2 Dng is disjoint and
S

Un is dense in Z for any
n 2 !;

(4) the family UnC1 is inscribed in Un for any n 2 !;
(5) the family fO z

k.nC1;z/ W z 2 DnC1nDng is inscribed in BnC1 for any n 2 !.

To construct D0, take any z0 2 Z and let n.0; z0/ D 0; D0Œ1
 D fO z0
n.0;z0/

g.
Suppose that ˇ is an ordinal and we have fz˛ W ˛ < ˇg and fk.0; z˛/ W ˛ < ˇg such
that the familyD0Œˇ
 D fO z˛

k.0;z˛/
W ˛ < ˇg is disjoint. If

S
D0Œˇ
 is dense inZ, then

our construction stops. If not, then we can choose zˇ 2 ZnSD0Œˇ
 and k.0; zˇ/ so
that O

zˇ
k.0;zˇ/

� ZnSD0Œˇ
. It is clear that the family D0Œˇ C 1
 D fO z˛
k.0;z˛/

W
˛ � ˇg is still disjoint; so our construction can be continued until

S
D0Œˇ
 is dense

in Z for some ordinal ˇ (evidently, this will happen for some ˇ < jZjC). It is
obvious that the property (3) is fulfilled for the sets D0 D fz˛ W ˛ < ˇg and
fk.0; z˛/ W ˛ < ˇg.

Now assume that m 2 ! and we have sets fD0; : : : ;Dmg such that for each
i � m a number k.i; z/ 2 ! is chosen for every z 2 Di in such a way that (3) is true
for all n � m and (1),(2),(4),(5) are satisfied for any n < m.

For any z 2 Dm let k.m C 1; z/ D k.m; z/ C 1; it follows from (3) that the
family DmC1Œ0
 D fO z

k.mC1;z/ W z 2 Dmg is disjoint. If
S
DmC1Œ0
 is dense in Z

then we let DmC1 D Dm; it is clear that (3) still fulfilled for all n � m C 1 while
(1),(2),(4),(5) are satisfied for any n � m. If

S
DmC1Œ0
 is not dense in Z then it

follows from (3) that we can findB 2 BmC1 andO 2 Um such thatW D B\O ¤ ;
and W \ .SDmC1Œ0
/ D ;. Pick z0 2 W and k.m C 1; z0/ � m C 1 such that
O

z0
k.mC1;z0/ � W and let DmC1Œ1
 D fO z

k.mC1;z/ W z 2 Dmg [ fO z0
k.mC1;z0/g.

Suppose that ˇ is an ordinal and we have constructed fz˛ W ˛ < ˇg and fk.mC
1; z˛/ W ˛ < ˇg such that the family

DmC1Œˇ
 D fO z
k.mC1;z/ W z 2 Dmg [ fO z˛

k.mC1;z˛/ W ˛ < ˇg
is disjoint and fO z˛

k.mC1;z˛/ W ˛ < ˇg is inscribed in Um^BmC1. If the set
S
DmC1Œˇ


is dense in Z then our construction stops. If not, then we can find B 2 BmC1 and
O 2 Um such that W D B \O ¤ ; and W \ .SDmC1Œˇ
/ D ;.
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Now choose a point zˇ 2 W and a number k.m C 1; zˇ/ � m C 1 in such a
way thatO

zˇ
k.mC1;zˇ/ � W . It is clear that the familyDmC1ŒˇC 1
 is still disjoint; so

our construction can be continued until
S
DmC1Œˇ
 is dense in Z for some ordinal

ˇ (evidently, this will happen for some ˇ < jZjC). It is clear that, for the sets
D0; : : : ;Dm;DmC1 D Dm[fz˛ W ˛ < ˇg, the property (3) is true for all n � mC1
and (1),(2),(4),(5) are satisfied for any n � m. Thus our inductive procedure can be
continued to construct the sets fDn W n 2 !g with the properties (1)–(5).

We claim that the set D D S
n2! Dn is dense in Z and metrizable. Indeed, it

follows from (3) and (4) that Dn D UnjD is an open disjoint cover of D; so Dn

is a discrete family in D for any n 2 !. Besides, the property (2) implies that
D D S

n2! Dn contains a local base at every z 2 D; so D is a �-discrete base of D
and thereforeD is metrizable.

To show that the setD is dense in the spaceZ it suffices to prove thatD\B ¤ ;
for any B 2 B. There is n 2 ! such that B 2 Bn; it follows from (3) that there is
z 2 Dn such that V D O z

k.n;z/ \ B ¤ ;. If z 2 B then there is nothing to prove so
we assume that z … B .

Since k.i; z/!1 when i !1 and
TfclZ.O

z
k.i;z// W i � ng D fzg, the number

m D minfi � 1 W i > n and V is not contained in clZ.O
z
k.i;z//g is well defined. It is

easy to see that the set P D .O z
k.m;z/nclZ.O

z
k.mC1;z/// \ V is non-empty and hence

there is d 2 DmC1 withOd
k.mC1;d/\P ¤ ;. But d 2 DmC1nDm; soOd

k.mC1;d/ � B 0
for some B 0 2 BmC1. It follows from B 0 \ B ¤ ; that B 0 � B and hence d 2 B .
This proves thatD\B ¤ ; for anyB 2 B; soD is dense inZ and Fact 1 is proved.

Returning to our solution observe that Fact 1 implies that if X has a dense
metrizable subspace then it has a �-disjoint �-base; so necessity is clear. Now if
B is a �-disjoint �-base in X then the set P of the points of countable character is
dense in X by Problem 120. It is immediate that BjP is a �-disjoint �-base in P ;
so P has a dense metrizable subspace D by Fact 1. It is clear that D is also dense
in X ; this settles sufficiency and makes our solution complete.

U.139. Prove that M.�/ is an !-perfect class for any �.

Solution. Given spaces Y and Z say that Y v Z if Y embeds in Z as a closed
subspace; the fact that Y is a continuous image of Z will be denoted by Z � Y .

Suppose that X 2M.�/; there is a compact space K and F v L.�/! �K such
that F � X . Then F �! � X�! and .F �!/! � .X�!/! D o!.X/. Since any
countable subset of � is clopen in the space L.�/, we have L.�/� ! and therefore
L.�/�L.�/� L.�/�! which shows thatL.�/! � .L.�/�!/! ' L.�/! �!! .

Furthermore, .F � !/! v .L.�/! � ! � K/! ' L.�/! � !! � K! . Besides,
L.�/! � L.�/! �!! , we have L.�/! �K! � L.�/! �!! �K! and hence there
exists G v L.�/! �K! such that G � .F � !/! � o!.X/ whence G � o!.X/.
This proves that o!.X/ 2M.�/.

Now assume that Y 2 E.X/ and fix a compact space L such that X � L � Y .
We haveF �L� X�L and F �L v L.�/!�.K�L/. Since also F �L� Y , we
have Y 2M.�/ and hence E.X/ �M.�/. Finally, if H is closed in X then there
is a closed F 0 � F such that F 0 � H ; we have F 0 v L.�/! �K so H 2M.�/

and therefore M.�/ is a perfect class.
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U.140. Prove that, for any Corson compact space X the space Cp.X/ belongs to
M.�/ for some uncountable �.

Solution. The space X embeds in Cp.L.�// for some uncountable � by Problem
106. It is clear thatL.�/ 2M.�/. The class M.�/ being!-perfect by Problem 139,
the space Cp.X/ belongs to M.�/ by Problem 019.

U.141. Prove that if � is an uncountable cardinal and Y 2 M.�/ then Y ! is
Lindelöf. In particular, .Cp.X//! is Lindelöf for any Corson compact space X .

Solution. It was proved in TFS-354 that the space L.�/! is Lindelöf. As a
consequence, L.�/! � K is also Lindelöf for any compact space K (see Fact 2
of T.490 and Fact 3 of S.288). Since any closed subspace and any continuous image
of a Lindelöf space is Lindelöf, any element of M.�/ is Lindelöf. Now, it follows
from Y 2M.�/ that Y ! 2M.�/ (see Problem 139) so Y ! is also Lindelöf.

Finally, if X is a Corson compact space then Cp.X/ 2 M.�/ for some
uncountable cardinal � (see Problem 140) so, by what we proved above, the space
.Cp.X//

! is Lindelöf.

U.142. Prove that any countable union of primarily Lindelöf spaces is a primarily
Lindelöf space.

Solution. Given spaces Y and Z say that Y v Z if Y embeds in Z as a closed
subspace; the fact that Y is a continuous image of Z will be denoted by Z � Y .

Suppose that X D S
n2! Xn and Xn is a primarily Lindelöf space for all n 2 !.

Fix an uncountable cardinal �n and Fn v L.�n/
! for which Fn � Xn for every

n 2 !. If � D supf�n W n 2 !g then Fn v L.�/! for any n 2 !. Any countable
subset of � is clopen in L.�/ so L.�/� !. Thus L.�/ �L.�/� L.�/ � ! which
shows that L.�/! � .L.�/ � !/! � L.�/! � !. It is clear that F DL

n2! Fn v
L.�/! � !; so there is G v L.�/! with G � F � X and therefore G � X , i.e.,
X is primarily Lindelöf.

U.143. Prove that any countable product of primarily Lindelöf spaces is a primarily
Lindelöf space.

Solution. Given spaces Y and Z say that Y v Z if Y embeds in Z as a closed
subspace; the fact that Y is a continuous image of Z will be denoted by Z � Y .

Suppose that X D Q
n2! Xn and Xn is a primarily Lindelöf space for all n 2 !.

Fix an uncountable cardinal �n and Fn v L.�n/
! for which Fn � Xn for every

n 2 !. If � D supf�n W n 2 !g then Fn v L.�/! for any n 2 !. It is clear that
F D Q

n2! Fn v .L.�/!/! ' L.�/! and F � X which shows that X is primarily
Lindelöf.

U.144. Prove that any continuous image as well as any closed subspace of a
primarily Lindelöf space is a primarily Lindelöf space.

Solution. Given spaces Y and Z say that Y v Z if Y embeds in Z as a closed
subspace; the fact that Y is a continuous image of Z will be denoted by Z � Y .
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Suppose that X is a primarily Lindelöf space and X � Y . Fix an uncountable
cardinal � and F v L.�/! for which F � X ; then F � Y and hence Y
is primarily Lindelöf. Therefore every continuous image of a primarily Lindelöf
spaces is primarily Lindelöf. Now, ifH is closed inX then there is a closed F 0 � F
such that F 0 � H . Since also F 0 v L.�/! , the space H is primarily Lindelöf.

U.145. Prove that any countable intersection of primarily Lindelöf spaces is a
primarily Lindelöf space.

Solution. Suppose that Z is a space and Xn � Z is primarily Lindelöf for any
n 2 !. Then X D T

n2! Xn embeds in
Q
n2! Xn as a closed subspace (see Fact 7

of S.271). Applying Problems 143 and 144 we can conclude that X is primarily
Lindelöf.

U.146. Prove that primarily Lindelöf spaces form a weakly k-directed class.

Solution. Being primarily Lindelöf is preserved by finite products and continuous
images by Problems 143 and 144. Any countable subset of !1 is a clopen subset
of L.!1/ so L.!1/ maps continuously onto !. As a consequence, L.!1/! maps
continuously onto !! , i.e., !! is primarily Lindelöf. Any metrizable compact space
is a continuous image of !! (see SFFS-328); so all metrizable compact spaces are
primarily Lindelöf by Problem 144. This proves that primarily Lindelöf spaces form
a weakly k-directed class.

U.147. Given a spaceX assume that r W X ! X is a retraction. For any f 2 Cp.X/
let r1.f / D f ı r . Prove that r1 W Cp.X/! Cp.X/ is also a retraction.

Solution. Let F D r.X/; then F is closed in X and r.x/ D x for any x 2 F
(see Fact 1 of S.351). If �F W Cp.X/ ! Cp.F / is the restriction map then �F is
continuous and �F .Cp.X// D Cp.F / because F is C -embedded in X (see Fact 1
of S.398). Furthermore, we can also consider that r W X ! F and therefore the dual
map r� W Cp.F / ! Cp.X/ defined by r�.f / D f ı r for any f 2 Cp.F / is an
embedding by TFS-163. It is evident that r1 D r� ı �F ; so r1 is a continuous map.

For any x 2 F and f 2 Cp.X/ we have r1.f /.x/ D .f jF /.r.x// D f .x/

which shows that r1.f /jF D f jF , i.e., �F .r1.f // D �F .f /. As a consequence,
for any function f 2 Cp.X/ we obtain r1.r1.f // D r�.�F .r1.f /// D
r�.�F .f // D r1.f / which proves that r1 ı r1 D r1 and therefore r1 is a retraction.

U.148. Given an uncountable cardinal � and a set A � L.�/ define a map pA W
L.�/! L.�/ by the rule pA.x/ D a if x … A and pA.x/ D x for all x 2 A (recall
that L.�/ D � [ fag and a is the unique non-isolated point of L.�/). Prove that

(i) pA is a retraction on L.�/ onto A[ fag for any A � L.�/;
(ii) if B � L.�/ and F is a closed subset of .L.�//! then there exists A � L.�/

such that B � A; jAj � jBj � ! and .pA/!.F / � F . Here, as usual, the
map qA D .pA/

! W .L.�//! ! .L.�//! is the countable power of the map pA
defined by qA.x/.n/ D pA.x.n// for any x 2 .L.�//! and n 2 !.
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Solution. To see that pA W L.�/ ! A [ fag is continuous, it suffices to prove
continuity at the point a. So, take any U 2 �.a; A [ fag/; there exists a countable
A0 � A such that .AnA0/ [ fag � U . It is evident that V D .�nA0/ [ fag is an
open neighbourhood of a in L.�/. Since pA.V / D .AnA0/ [ fag � U , the set V
witnesses continuity of pA at the point a. Thus the map pA is continuous.

Furthermore, A [ fag is closed in L.�/ and pA.x/ D x for any x 2 A [ fag.
Therefore pA is a retraction by Fact 1 of S.351, i.e., (i) is proved.

The proof of (ii) will require more effort. Let �n W .L.�//! ! .L.�//n be the
natural projection for any n 2 N. Given n 2 N and z D .z0; : : : ; zn�1/ 2 .L.�//n
call a set U � .L.�//n a canonic neighbourhood of z if there is V 2 �.a; L.�//
such that U D U0 � : : : � Un�1 where Ui D fzig if zi ¤ a and Ui D V whenever
zi D a; such a set U will be denoted by Œz; V 
. It is easy to see that the family of
canonic neighbourhoods of z is a local base at z in .L.�//n. Therefore the family
f��1

n .Œz; V 
/ W n 2 N; z 2 .L.�//n and V 2 �.a; L.�//g is a base in .L.�//! .
Given a number n 2 N, a point z 2 .L.�//n will be called marked if there exists

a set O 2 �.z; .L.�//n/ such that ��1
n .O/ \ F D ;; it is evident that z is marked

if and only if z … �n.F /. For every n 2 N and a marked z 2 .L.�//n fix a set
Oz 2 �.a; L.�// such that ��1

n .Œz; Oz
/ \ F D ;. Let A0 D B [ fag; assume that
m 2 N and we have constructed sets A0 � : : : � Am�1 such that

(1) jAnj � jBj � ! for any n < m;
(2) for any n < m if k < n and, for some points z0; : : : ; zj�1 2 Ak , the element

z D .z0; : : : ; zj�1/ 2 .L.�//j is marked, then L.�/nOz � An.
Let Pj D fz D .z0; : : : ; zj�1/ 2 .L.�//j W fz0; : : : ; zj�1g � Am�1 and z is

markedg for any j 2 N. If P D SfPj W j 2 Ng then jP j � jAm�1j � ! � jBj � !
by the property (1). An immediate consequence is that the properties (1) and (2) are
still satisfied for the set Am D Am�1 [ .SfL.�/nOz W z 2 P g/.

Therefore our inductive procedure can be continued to construct an increasing
sequence fAn W n 2 !g of subsets ofL.�/ such thatB[fag � A0 and the properties
(1) and (2) hold for every n 2 !; let A D S

n2! An. It is evident that B � A and
jAj � jBj � !.

To see that we have qA.F / � F assume that there exists a point x 2 F such
that y D qA.x/ … F . The set F being closed in .L.�//! there is j 2 N such that
z D �j .y/ … �j .F / and hence the point z is marked; furthermore, we have Œz; Oz
\
�j .F / D ;. By the definition of the map qA D p!A all coordinates of the point z D
.z0; : : : ; zj�1/ belong to A and hence there is n 2 ! for which z0; : : : ; zj�1 2 An.

If we show that �j .x/ 2 Œz; Oz
 then the contradiction with Œz; Oz
\ �j .F / D ;
will finish the proof. Recall that Œz; Oz
 D U0 � : : : � Uj�1 where Uk D fzkg if
zk ¤ a and Uk D Oz whenever zk D a.

So, take any k < j ; if y.k/ ¤ a then y.k/ 2 A and hence we have the
equalities pA.x.k// D y.k/ D x.k/. As a consequence, zk D y.k/ D x.k/

whence x.k/ 2 Uk. Now, if y.k/ D a then we have two possibilities: x.k/ 2 A
or x.k/ … A.

If x.k/ 2 A then pA.x.k// D x.k/ D y.k/ D zk and hence x.k/ 2 Uk . Finally,
if x.k/ … A then x.k/ … AnC1. But L.�/nOz � AnC1 by the property (2); so we
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have x.k/ 2 Oz D Uk . We proved that, in all cases, x.k/ 2 Uk for all k < j

and therefore �j .x/ 2 U0 � : : : � Uj�1 D Œz; Oz
 which is a contradiction. Thus
qA.F / � F and hence we proved (ii) which shows that our solution is complete.

U.149. Prove that, for any primarily Lindelöf space X , the space Cp.X/ condenses
linearly into ˙.A/ for some A.

Solution. Recall that, for any cardinal �, in the space L.�/ D � [ fag all points of
� are isolated, a … � and a set U 3 a is open if and only if L.�/nU is countable.
This definition also makes sense for � D !, in which case the resulting space is
countable and discrete.

Suppose that a space Y is a continuous image of a closed F � .L.�//! for
some uncountable cardinal �. The respective dual map embeds Cp.Y / in Cp.F /
as a linear subspace; so if we want to prove that Cp.Y / condenses linearly into
some ˙.A/ it suffices to show the existence of the promised linear condensation
for Cp.F /. Therefore we can assume, without loss of generality, that X is a closed
subset of .L.�//! for some uncountable cardinal �.

Our proof will proceed by induction on �. For the first step assume that F �
.L.!//! ; then F is separable. If Q is a countable dense subset of F then the
restriction map �Q condensesCp.F / linearly in R

Q. It is an easy exercise to see that
R
Q condenses linearly into ˙.!1/; so Cp.F / also condenses linearly into ˙.!1/.

Now suppose that � is an uncountable cardinal and we proved the existence of the
relevant condensations for all cardinals smaller than �. In other words,

(*) for any cardinal � < �, if F is a closed subset of .L.�//! then there exists a
linear condensation of Cp.F / into ˙.A/ for some uncountable set A.

Take an arbitrary closed X � .L.�//! ; for any B � L.�/ we will need the
retraction pB W L.�/ ! B [ fag defined as follows: pB.x/ D x for any x 2 B
and pB.x/ D a for every x 2 L.�/nB (it was proved in Problem 148 that every pB
is, indeed, a retraction). The map qB D .pB/

! W .L.�//! ! .L.�//! is defined by
qB.x/.n/ D pB.x.n// for any x 2 .L.�//! and n 2 !. It is immediate that qB is a
retraction as well.

Let us prove that for the cardinal � D cf.�/ there is a �-sequence fB˛ W ˛ < �g
of subsets of L.�/ such that

(1) a 2 B0; B˛ � B˛C1; B˛C1nB˛ ¤ ; and jB˛j < � for all ˛ < �;
(2) L.�/ D SfB˛ W ˛ < �g;
(3) Bˇ DSfB˛ W ˛ < ˇg whenever ˇ < � is a limit ordinal;
(4) qB˛ .X/ � X for any ˛ < �.

First represent L.�/ as
SfM˛ W ˛ < �g where jM˛j < � for any ˛ < �. By

Problem 148, there exists a set B0 � L.�/ such that B0 �M0 [ fag; jB0j < � and
qB0.X/ � X . If B˛ � L.�/ is chosen then apply Problem 148 to find B˛C1 � L.�/
such that M˛C1 [ B˛ � B˛C1; B˛C1nB˛ ¤ ;; jB˛C1j < � and qB˛C1

.X/ � X . If
ˇ < � is a limit ordinal let Bˇ D SfB˛ W ˛ < ˇg.

Observe that (1)–(3) hold trivially for the �-sequence fB˛ W ˛ < �g and the
property (4) is clear for successor ordinals. Now, if ˇ < � is a limit ordinal assume
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that qBˇ .X/ is not contained in X . Then there is x 2 X such that y D qBˇ .x/ … X .

Since X is closed in .L.�//! , there is n 2 N such that �n.y/ … �n.X/ where
�n W .L.�//! ! .L.�//n is the natural projection.

We have y.i/ 2 Bˇ for all i < n; the property (3) implies that there is a successor
ordinal ˛ < ˇ such that y.i/ 2 B˛ for all i < n. Since the property (4) is satisfied
for ˛, the point t D qB˛ .x/ belongs to X . We claim that �n.t/ D �n.y/. Indeed,
if i < n and x.i/ 2 Bˇ then x.i/ D y.i/ 2 B˛ and therefore t.i/ D x.i/ which
implies t.i/ D y.i/. If, on the other hand, x.i/ … Bˇ then x.i/ … B˛ and hence
t.i/ D a; since also y.i/ D a, we have t.i/ D y.i/ again. This proves that t.i/ D
y.i/ for all i < n and hence �n.y/ D �n.t/ 2 �n.X/; this contradiction with
�n.y/ … �n.X/ shows that the property (4) holds for all ˛ < �.

Let X˛ D qB˛ .X/ for any ˛ < �; the map r˛ D qB˛ jX W X ! X˛ is a retraction
andX˛ D X \ .B˛/! . It is clear that B˛ is homeomorphic to some L.�/ so, for any
˛ < �, the space X˛ is a closed subset of .L.�//! for some � < �. The property
.�/ shows that every Cp.X˛/ can be linearly condensed onto a subspace of ˙.A˛/
for some set A˛ .

The dual map r �̨ W Cp.X˛/ ! Cp.X/ is a linear embedding (see TFS-163); so
the space T˛ D r �̨.Cp.X˛// is linearly homeomorphic to Cp.X˛/. Therefore we can
consider that there is a linear condensation '˛ W T˛ ! Z˛ where Z˛ is a subspace
of ˙.A˛/ for any ˛ < �.

Given any ordinal ˛ < �, it is easy to see that X˛ � X˛C1; so we have a
retraction Qr˛ D r˛jX˛C1 W X˛C1 ! X˛ . The map .Qr˛/� W Cp.X˛/ ! Cp.X˛C1/ is
an embedding; let T 0̨ D .Qr˛/�.Cp.X˛//. It is straightforward that r �̨C1.T 0̨/ D T˛
and hence T˛ � T˛C1; let �˛ W Cp.X/ ! Cp.X˛/ be the restriction map for
any ordinal ˛ < �. It is clear that the mappings r �̨ ı �˛ W Cp.X/ ! T˛ and
r �̨C1 ı �˛C1 W Cp.X/ ! T˛C1 are continuous; this, together with the fact that
T˛C1 � T˛ is a linear subspace of Cp.X/ implies that r �̨C1 ı �˛C1 � r �̨ ı �˛ maps
Cp.X/ continuously into T˛C1; so the mapping u˛ D '˛C1 ı .r �̨C1 ı�˛C1�r �̨ ı�˛/
is well defined, linear and continuous for all ˛ < �.

Consequently, the diagonal product u D �fu˛ W ˛ < �g is a linear continuous
map from Cp.X/ to ˙ D Qf˙.A˛/ W ˛ < �g. It is evident that, for the set
A D SfA˛ W ˛ < �g, we can consider that ˙ is a linear subspace of RA. We will
prove that u is injective and u.Cp.X// � ˙.A/; this will carry out our inductive
step.

To see that u is injective take distinct f; g 2 Cp.X/. Observe first that, for any
limit ordinal ˇ � � the space Yˇ D SfX˛ W ˛ < ˇg is dense in Xˇ (here Xˇ D X

and Bˇ D L.�/ for ˇ D �). Indeed, fix any point y 2 Xˇ; we have y D rˇ.x/

for some x 2 X and hence y.i/ 2 Bˇ for any i 2 !. Given n 2 !, it follows
from (3) that there exists ˛n < ˇ for which fy.0/; : : : ; y.n � 1/g � B˛n . Now, if
yn D r˛n.y/ 2 X˛n for every n 2 ! then yn.i/ D y.i/ for every i < n and hence
the sequence S D fyn W n 2 !g converges to y. Since S � SfX˛ W ˛ < ˇg, we
proved that y 2 Y ˇ and therefore Y ˇ D Xˇ .

As a consequence, we have f jY� ¤ gjY� (see Fact 0 of S.351); so the ordinal

 D minf˛ < � W f jX˛ ¤ gjX˛g is well defined. The ordinal 
 has to be a
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successor for otherwise we will have f jY
 ¤ gjY
 and hence there exists ˛ < 


such that f jX˛ ¤ gjX˛ which is a contradiction. Therefore 
 D ˛C1 and f jX˛ D
gjX˛ while f jX˛C1 ¤ gjX˛C1. This implies r �̨.�˛.f // D .f jX˛/ır˛ D .gjX˛/ı
r˛ D r �̨ ı �˛.g/ while r �̨C1.�˛C1.f // D .f jX˛C1/ ı r˛C1 ¤ .gjX˛C1/ ı r˛C1 D
r �̨C1 ı �˛C1.g/. Thus .r �̨C1 ı �˛C1 � r �̨ ı �˛/.f / ¤ .r �̨C1 ı �˛C1 � r �̨ ı �˛/.g/;
since the map '˛C1 is injective, we have u˛.f / ¤ u˛.g/ whence u.f / ¤ u.g/; so
u is an injective map.

For every ˛ < � let 0˛ 2 ˙.A˛/ be the function which is identically zero on
A˛; we will denote by 0 2 Cp.X/ the function which is identically zero on X . To
prove that u mapsCp.X/ into˙.A/ it suffices to show that, for any f 2 Cp.X/, we
have u˛.f / D 0˛ for all but countably many ˛. Since the map '˛C1 is linear, it is
sufficient to show that .r �̨C1 ı�˛C1� r �̨ ı�˛/.f / D 0 or, equivalently, f ı r˛C1 D
f ı r˛ for all ˛ < � except countably many of them.

If this is not true then there is an uncountable set M 0 � � and a point x˛ 2 X
such that f .r˛C1.x˛// ¤ f .r˛.x˛// for any ˛ 2 M 0. There exist an uncountable
M � M 0 and " > 0 such that jf .r˛C1.x˛// � f .r˛.x˛//j > " for every ˛ 2 M .
The spaceX is Lindelöf being a closed subspace of the Lindelöf space .L.�//! (see
TFS-354) so, for the set Y D fr˛.x˛/ W ˛ 2 M g, there exists a point z 2 X such
that U \ Y is uncountable for any U 2 �.z; X/.

The function f being continuous on X there exists a set W 2 �.z; X/ such that
diam.f .W // < ". Making the setW smaller if necessary, we can consider that there
exist V 2 �.a; L.�// and a number n 2 ! such that W D ��1

n .ŒV; n
/ \ X ; here
ŒV; n
 D U0 � : : :�Un�1 where Ui D fz.i/g if z.i/ ¤ a and Ui D V if z.i/ D a for
all i < n. By the choice of z, the set N D f˛ 2 M W r˛.x˛/ 2 W g is uncountable.

The set L.�/nV is countable; since the family fB˛C1nB˛ W ˛ 2 N g is
uncountable and consists of non-empty sets, we can choose ˛ 2 N such that
B˛C1nB˛ � V . Let t D r˛.x˛/; we claim that y D r˛C1.x˛/ 2 W .

Indeed, take any i < n. If x˛.i/ … B˛C1 then y.i/ D t.i/ D a. Since t.i/ 2 Ui ,
we have y.i/ 2 Ui in this case. Now, if x˛.i/ 2 B˛C1 then, by the definition of
r˛C1, we have y.i/ D x˛.i/; if x˛.i/ 2 B˛ then y.i/ D x˛.i/ D t.i/ 2 Ui . If, on
the other hand, x˛.i/ 2 B˛C1nB˛ then t.i/ D a and it follows from t 2 W that
z.i/ D a. As a consequence, y.i/ 2 B˛C1nB˛ � V D Ui . This proves that y.i/ 2
Ui for all i < n and hence y 2 W . Therefore jf .y/ � f .t/j � diam.f .W // < "

which contradicts jf .y/ � f .t/j � ". Therefore the map u is a linear condensation
of X into ˙.A/ which finishes our inductive proof and shows that our solution is
complete.

U.150. Prove that the following conditions are equivalent for any compact spaceX :

(i) X is Corson compact;
(ii) Cp.X/ is primarily Lindelöf;

(iii) there is a primarily Lindelöf P � Cp.X/ which separates the points of X ;
(iv) X embeds in Cp.Y / for some primarily Lindelöf space Y .
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Solution. If A is a family of sets then
W

A is the family of all finite unions of
elements of A; analogously,

V
A is the family of all finite intersections of elements

of A. If Z is a space then C.Z/ is the family of all clopen subsets of Z.

Fact 1. Given a spaceZ and f; g 2 Cp.Z/ let .f �g/.z/ D f .z/Cg.z/�f .z/g.z/
for any point z 2 Z. Then f � g 2 Cp.Z;D/ whenever f; g 2 Cp.Z;D/, the
operation � is commutative and associative and the map an W .Cp.Z;D//nC1 !
Cp.Z;D/ defined by an.f0; : : : ; fn/ D f0 � : : : � fn for any .f0; : : : ; fn/ 2
.Cp.Z;D//

nC1 is continuous for any n 2 !.

Proof. Given f; g 2 Cp.Z;D/ the sets A D f �1.1/ and B D g�1.1/ are clopen in
Z. It is straightforward that .f � g/.z/ D 1 if z 2 C D A [ B and .f � g/.z/ D 0
for all z 2 ZnC . Therefore f � g is the characteristic function of the clopen set C ,
i.e., f � g 2 Cp.Z;D/.

It is immediate from the definition that f � g D g � f for any f; g 2 Cp.Z/.
Now, if f; g; h 2 Cp.Z/ then

.f � g/ � h D .f C g � fg/ � h D f C g � fg C h� .f C g � fg/h
D f C g C h� fg � f h � ghC fghI

analogously,

f � .g � h/ D f C g � h � f .g � h/ D f C g C h � gh � f .g C h � gh/
D f C g C h � fg � f h� ghC fgh D .f � g/ � h;

which proves that � is associative. Continuity of the map an for any n 2 ! follows
easily from TFS-115 and TFS-116; so Fact 1 is proved.

Fact 2. Suppose that K is a zero-dimensional compact space and A � Cp.K;D/

separates the points of the space K . Consider the sets A0 D A [ f1 � f W f 2 Ag
and B0 D ff0 � : : : � fn W n 2 !; fi 2 A0 for any i � ng; it turns out that the set
D.A/ D ff0 � : : : � fn W n 2 !; fi 2 B0 for all i � ng coincides with Cp.K;D/. In
particular, Cp.K;D/ D S

n2! Cn where every Cn is a continuous image of a finite
power of A.

Proof. Observe that

(1) for any distinct x; y 2 K there is f 2 A0 such that f .x/ D 1 and f .y/ D 0.

because there is g 2 A with g.x/ ¤ g.y/; if g.x/ D 1 then f D g works; if
g.x/ D 0 then f D 1 � g is as promised.

Our next step is to show that

(2)
W
.
Vff �1.1/ W f 2 A0g/ D C.K/.

To prove (2) let C D ff �1.1/ W f 2 A0g and take any non-empty U 2 C.K/.
For any x 2 U and y 2 KnU apply (1) to find a function fx;y 2 A0 such that
fx;y.x/ D 1 and fx;y.y/ D 0; then Ox;y D f �1

x;y .1/ 2 C. Furthermore,
TfOx;y W

y 2 KnU g � U ; so we can apply Fact 1 of S.326 to see that there is a finite
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P � KnU for which Wx D TfOx;y W y 2 P g � U . It is clear that x 2 Wx 2 V
C

for any x 2 U . The set U being compact there is a finite set Q � U such thatSfWx W x 2 Qg D U which shows that U is a finite union of elements of
V

C, i.e.,
U 2W

.
V

C/ and hence (2) is proved.
Given any set U 2V

C there are n 2 ! and functions f0; : : : ; fn 2 A0 such that
U D f �1

0 .1/\ : : :\ f �1
n .1/; it is easy to see that U D f �1.1/ for f D f0 � : : : � fn

which shows that

(3)
Vff �1.1/ W f 2 A0g � ff �1.1/ W f 2 B0g.

Now fix any f 2 Cp.K;D/ and let U D f �1.1/; by (2) there are n 2 ! and
U0; : : : ; Un 2 V

C such that U D U0 [ : : : [ Un. It follows from (3) that there are
g0; : : : ; gn 2 B0 for which Ui D g�1.1/ for any i � n. It is easy to check that, for
g D g0� : : :�gn we have g�1.1/ D U0[ : : :[Un D U ; thus g 2 D.A/ and g D f
which shows that D.A/ D Cp.K;D/.

Consider the class A of spaces representable as a countable union of continuous
images of finite powers of A. It is evident that A0 is a continuous image of A˚ A;
so A0 2 A. The class A is invariant under finite products and countable unions; so
AnC1
0 2 A for any n 2 !.
Letmn.f0; : : : ; fn/ D f0 � : : : �fn for any .f0; : : : ; fn/ 2 Cp.K;D/; then the map

mn W .Cp.K;D//nC1 ! Cp.K;D/ is continuous for any n 2 ! by TFS-116. We
have B0 DSfmn.A

nC1
0 / W n 2 !g so B0 2 A and hence BnC1

0 2 A for any n 2 !.
It follows from Cp.K;D/ D D.A/ D Sfan.BnC1

0 / W n 2 !g (see Fact 1) that
Cp.K;D/ 2 A, i.e., Cp.K;D/ is representable as a countable union of continuous
images of finite powers of A; so Fact 2 is proved.

Returning to our solution let X be a Corson compact space. By Problem 118,
the space X has a point-countable T0-separating family U of open F� -subsets of X .
For any U 2 U choose a continuous function fU W X ! I D Œ0; 1
 � R such
that XnU D f �1

U .0/ (see Fact 1 of S.358 and Fact 1 of S.499). Then the mapping
f D �ffU W U 2 Ug W X ! IU is an embedding. To see it take distinct x; y 2 X .
There is U 2 U such that U \ fx; yg is a singleton. Then fU .x/ ¤ fU .y/ and
therefore f .x/ ¤ f .y/ which proves that f is, indeed, an embedding being an
injection; let X 0 D f .X/.

Observe thatX 0 � fx 2 IU W the set fU 2 U W x.U / ¤ 0g is countableg because
if x 2 X 0 then x D f .y/ for some y 2 X and x.U / D fU .y/ for any U 2 U which
implies that the family fU 2 U W x.U / ¤ 0g � fU 2 U W y 2 U g is countable.

To simplify the notation we will reformulate the obtained result as follows:

(1) there exists a set T such that X embeds in ˙ D fx 2 I T W jx�1.Inf0g/j � !g,
so we can assume that X � ˙ .

Denote by K the Cantor set D! ; fix a point a 2 K and let In D Œ 1
nC2 ;

1
nC1 
 � I

for any n 2 !. SinceK is zero-dimensional, there is a local base O D fOn W n 2 !g
at the point a in K such that the set On is clopen in K and OnC1 � On for any
n 2 !. Making the relevant changes in O if necessary, we can assume that O0 D K
andKn D OnnOnC1 ¤ ; for any n 2 !.
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Since no point of K is isolated, the same is true for any non-empty clopen
subset of K and hence every non-empty clopen subset of K is homeomorphic to
K (see SFFS-348). This shows that Kn is homeomorphic to K and hence there is a
continuous onto map 'n W Kn ! In for any n 2 ! (see TFS-128). Let '.a/ D 0; if
x 2 Knfag then there is a unique n 2 ! such that x 2 Kn; let '.x/ D 'n.x/. It is
an easy exercise that ' W K ! I is a continuous onto map such that '�1.0/ D fag.

Let ˚ W KT ! I T be the product of T -many copies of ', i.e., ˚.x/.t/ D
'.x.t// for any x 2 KT and t 2 T . The map ˚ is continuous by Fact 1 of S.271
and it is easy to see that ˚.KT / D I T . The space Y D ˚�1.X/ is compact being
closed in the compact space KT . Take any point y 2 Y and let x D ˚.y/. If
y.t/ ¤ a then x.t/ D '.y.t// ¤ 0 and hence

Sy D ft 2 T W y.t/ ¤ ag � supp.x/ D ft 2 T W x.t/ ¤ 0g:

It follows from X � ˙ that supp.x/ is countable; so Sy is countable for any
y 2 Y which shows that Y is a subset of a ˙-product of T -many copies of
K . Therefore Y is a Corson compact space by Problem 119. It is clear that ˚ jY
maps Y continuously onto X . Besides, Y is zero-dimensional because so is KT

(see SFFS-301 and SFFS-302). Therefore Y is a zero-dimensional Corson compact
space which maps continuously onto X .

There exists a T0-separating point-countable family V of open F� -subsets of Y
(see Problem 118). For any U 2 V we have U D S

n2! F U
n where FU

n is compact
for any n 2 !. The space Y being zero-dimensional and compact, we can apply
SFFS-306 to find a clopen set CU

n such that F U
n � CU

n � U for any U 2 V and
n 2 !. The family fCU

n W U 2 Vg is point-countable for any n 2 ! because so is V .
Consequently, the family C D fCU

n W n 2 !; U 2 Vg is point-countable as well and
it is straightforward that C is T0-separating.

Denote by u the function which is identically zero on Y and consider the
subspace L D f	C W C 2 Cg [ fug of the space Cp.Y;D/. The family C being
point-countable, the set LnU is countable for any U 2 �.u; Cp.Y;D//. Thus, for
� D jLj, there is an evident continuous map of L.�/ onto L. Therefore the space
L is primarily Lindelöf; since C is T0-separating, the set L separates the points
of Y . It follows from Fact 2 that Cp.Y;D/ D SfCn W n 2 !g where every
Cn is a continuous image of a finite power of L. Therefore Cp.Y;D/ is primarily
Lindelöf by Problems 142, 143 and 144. Apply Problem 143 once more to see that
Cp.Y;D

!/ ' .Cp.Y;D//! is primarily Lindelöf as well.
The space Cp.Y; I/ is a continuous image of Cp.Y;D!/ by Problem 004; so

the set Cp.Y; I/ is also primarily Lindelöf. The space Y being compact, we have
the equality Cp.Y / D SfCp.Y; Œ�n; n
/ W n 2 Ng. Since every Cp.Y; Œ�n; n
/ is
homeomorphic to Cp.Y; I/, the space Cp.Y / is primarily Lindelöf.

Letting q D ˚ jY we obtain a continuous onto map q W Y ! X ; the dual map q�
embedsCp.X/ inCp.Y / as a closed subspace (see TFS-163); so Cp.X/ is primarily
Lindelöf. This proves that (i)H)(ii).

The implication (ii)H)(iii) is obvious; so assume that X is compact and there is
a primarily Lindelöf P � Cp.X/ which separates the points of X . For any x 2 X



176 2 Solutions of Problems 001–500

and f 2 P let 'x.f / D f .x/. Then 'x 2 Cp.P / for any x 2 X and the map
' W X ! Cp.P / defined by '.x/ D 'x for any x 2 X , is continuous and injective
(see TFS-166). Since X is compact, the map ' embeds X in Cp.P / so the space
Y D P is primarily Lindelöf andX embeds in Cp.Y /. This shows that (iii)H)(iv).

Finally, if X � Cp.Y / for some primarily Lindelöf space Y then Cp.Y /

condenses onto a subspace of˙.A/ for some uncountable set A (see Problem 149).
Consequently, the space X also condenses onto a subset of ˙.A/. Since every
condensation of a compact space is a homeomorphism, the space X embeds in
˙.A/, i.e., X is Corson compact. This settles (iv)H)(i) and finishes our solution.

U.151. Prove that a continuous image of a Corson compact space is Corson
compact.

Solution. Suppose that X is a Corson compact space and ' W X ! Y is a
continuous onto map. The dual map '� W Cp.Y / ! Cp.X/ defined by '�.f / D
f ı ' for any f 2 Cp.Y /, is an embedding and T D '�.Cp.Y // is closed in
Cp.X/ (see TFS-163). The space Cp.X/ is primarily Lindelöf by TFS-150; so T is
also primarily Lindelöf by Problem 144. Since Cp.Y / is homeomorphic to T , it is
also primarily Lindelöf which shows that Y is Corson compact by Problem 150.

U.152. Observe that˙�.A/ and �.A/ are invariant subsets of˙.A/; prove that, for
any infinite cardinal � and any closed F � ˙.A/ we have

(i) if B˛ � A; rB˛ .F / � F for any ˛ < � and ˛ < ˇ < � implies B˛ � Bˇ then
rB.F / � F where B DS

˛<� B˛;
(ii) for any non-empty set D � A with jDj � � there exists a set E � A such that
jEj � �; D � E and rE.F / � F .

In particular, F is invariant in ˙.A/.

Solution. Given a point x 2 ˙.A/ let supp.x/ D fa 2 A W x.a/ ¤ 0g. It is evident
that if x 2 ˙�.A/ (or x 2 �.A/) then rB.x/ 2 ˙�.A/ (rB.x/ 2 �.A/ respectively)
for any B � A. This proves that ˙�.A/ and �.A/ are invariant subsets of ˙.A/.
Now assume that F is a closed subset of˙.A/ and let F D fB � A W rB.F / � F g.

Given points a1; : : : ; an 2 A and sets O1; : : : ; On 2 �.R/ consider the set

Œa1; : : : ; anIO1; : : : ; On
 D fx 2 ˙.A/ W x.ai / 2 Oi for all i D 1; : : : ; ngI

it is evident that the sets Œa1; : : : ; anIO1; : : : ; On
 form a base in ˙.A/. By our
definition of F we have B˛ 2 F for any ˛ < �. If B … F then take x 2 F such that
y D rB.x/ … F ; since F is closed, there are a1; : : : ; an 2 A andO1; : : : ; On 2 �.R/
such that y 2 Œa1; : : : ; anIO1; : : : ; On
 � ˙.A/nF .

The set C D fa1; : : : ; ang being finite, there is ˛ < � such that B˛\C D B\C .
The point z D rB˛ .x/ belongs to F ; we claim that z.ai / D y.ai / for all i � n.
Indeed, if ai 2 B˛ then y.ai / D x.ai / D z.ai /; if ai … B˛ then ai … B and
therefore y.ai / D 0 D z.ai /. Aa a consequence, z 2 Œa1; : : : ; anIO1; : : : ; On
 \ F
which is a contradiction with the choice of the set Œa1; : : : ; anIO1; : : : ; On
. This
proves (i).
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To prove (ii) let E0 D D; we have w.rE0.F // � �; so we can find a set P0 � F
such that jP0j � � and rE0.P0/ is dense in rE0.F /. Assume that, for some n 2 !,
we have sets E0 � : : : � En � A and P0 � : : : � Pn � F with the following
properties:

(1) D � E0 and rEi .Pi / is dense in rEi .F / for any i � n;
(2)

Sfsupp.x/ W x 2 Pi g � EiC1 for any i < n.

Let EnC1 D En [ fsupp.x/ W x 2 Png; then the set EnC1 has cardinality at
most �, so there exists a set PnC1 � F such that jPnC1j � � and Pn � PnC1 while
rEnC1

.PnC1/ is dense in rEnC1
.F /. It is immediate that the properties (1) and (2) still

hold for the sets fEi W i � nC 1g and fPi W i � nC 1g; so our inductive procedure
can be continued to construct sequences fEn W n 2 !g and fPn W n 2 !g for which
the properties (1) and (2) are fulfilled for all n 2 !. The set E D S

n2! En has
cardinality at most � and D � E . To see that rE.F / � F suppose not. Then there
is x 2 F such that y D rE.x/ … F . Since F is closed, there exist a1; : : : ; an 2 A
andO1; : : : ; On 2 �.R/ such that y 2 U D Œa1; : : : ; anIO1; : : : ; On
 � ˙.A/nF .

The set C D fa1; : : : ; ang being finite, there is k 2 ! such that Ek \ C D
B \ C . The point z D rEk .x/ is in the closure of the set rEk .Pk/ by (1) and we
have z.ai / D x.ai / if ai 2 Ek . Thus there is t 2 Pk such that t.ai / 2 Oi whenever
ai 2 Ek. However, ai … Ek implies ai … E so y.ai / D 0; besides, ai … EkC1 while
supp.t/ � EkC1 by (2) so t.ai / D 0 and hence 0 D t.ai / D y.ai / 2 Oi . We proved
that t.ai / 2 Oi for all i � n and therefore t 2 U \F . This contradiction shows that
rE.F / � F and hence (ii) is proved. The properties (i) and (ii), evidently, imply
that the set F is invariant in ˙.A/.

U.153. Prove that the following properties are equivalent for any X :

(i) X is a Sokolov space;
(ii) if, for any n 2 N, a set Bn � Xn is chosen then there exists a continuous map

f W X ! X such that nw.f .X// � ! and f n.Bn/ � Bn for each n 2 N;
(iii) if Fnm is a closed subset of Xn for all n;m 2 N, then there exists a continuous

map f W X ! X such that nw.f .X// � ! and f n.Fnm/ � Fnm for all
n;m 2 N.

Solution. To deal with finite powers of the space X we will use the following
convention: if we have points x D .x1; : : : ; xn/ 2 Xn and y D .y1; : : : ; yk/ 2 Xk

then hx; yi D .x1; : : : ; xn; y1; : : : ; yk/ 2 XnCk; if x 2 X and k 2 N then the point
xk D .x; : : : ; x/ 2 Xk is the k-tuple with all its coordinates equal to x.

It is evident that (iii)H)(i). If X is a Sokolov space and Bn � Xn then let
Fn D Bn for any n 2 N. There exists a continuous map f W X ! X for which
nw.f .X// � ! and f n.Fn/ � Fn for any n 2 N; an immediate consequence is
that f n.Bn/ � f n.Fn/ � Fn D Bn for any n 2 N and hence (ii) holds. Therefore
(i)H)(ii); it is also clear that (ii)H)(i).

Finally, assume that X is a Sokolov space and fix a closed subset Fnm of the
space Xn for any n;m 2 N. It is easy to construct an injection ' W N�N! N such
that '.n;m/ > nCm for any n;m 2 N. Choose a point a 2 X and let Pk D ; if
k … '.N � N/; if k 2 '.N � N/ then there is a unique pair .n;m/ 2 N � N with
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'.n;m/ D k; let Pk D fhx; ak�ni W x 2 Fnmg. This gives a closed set Pk � Xk for
any k 2 N; so there exists a continuous map f W X ! X for which nw.f .X// � !
and f k.Pk/ � Pk for every k 2 N.

Take an arbitrary pair .n;m/ 2 N and let k D '.n;m/; since f k.Pk/ � Pk , for
any point x D .x1; : : : ; xn/ 2 Fnm the point f k.hx; ak�ni/ D hf n.x/; f k�n.a/i
belongs to Pk and therefore we have the equality hf n.x/; f k�n.a/i D hy; ak�ni
for some point y D .y1; : : : ; yn/ 2 Fnm. This implies yi D f .xi / for every number
i � n and hence y D f n.x/ 2 Fnm. Thus f n.Fnm/ � Fnm for any n;m 2 N; so
(iii) is fulfilled for X and hence all properties (i)–(iii) are equivalent.

U.154. Prove that if X is a Sokolov space then X � ! is a Sokolov space and every
closed F � X is also a Sokolov space.

Solution. Suppose that we have a closed set Fn in the space .X � !/n for each
n 2 N. For every n 2 N and .k1; : : : ; kn/ 2 !n consider the set

Y.k1; : : : ; kn/ D f..x1; k1/; : : : ; .xn; kn// W xi 2 X for all i � ngI

it is straightforward that the family Yn D fY.k1; : : : ; kn/ W .k1; : : : ; kn/ 2 !ng
is disjoint and .X � !/n D S

Yn. For every n 2 N and .k1; : : : ; kn/ 2 !n

the map ..x1; k1/; : : : ; .xn; kn// ! .x1; : : : ; xn/ is a homeomorphism between
Y.k1; : : : ; kn/ and Xn; so there exists a closed set G.k1; : : : ; kn/ � Xn such that

Fn \ Y.k1; : : : ; kn/ D f..x1; k1/; : : : ; .xn; kn// W .x1; : : : ; xn/ 2 G.k1; : : : ; kn/g:

Since X is a Sokolov space, we can apply Problem 153 to conclude that there
exists a continuous map g W X ! X such that nw.g.X// � ! and we have the
inclusion gn.G.k1; : : : ; kn// � G.k1; : : : ; kn/ for any n 2 N and .k1; : : : ; kn/ 2 !n.
For every t D .x; k/ 2 X � ! let f .t/ D .g.x/; k/; then f W X � ! ! X � ! and
it is evident that f .X � !/ � g.X/ � ! which implies that nw.f .X � !// � !.

Now fix any n 2 N and y 2 Fn; there exists an n-tuple .k1; : : : ; kn/ 2 !n and a
point x D .x1; : : : ; xn/ 2 G.k1; : : : ; kn/ for which y D ..x1; k1/; : : : ; .xn; kn//.
Consequently, the point f n.y/ D ..g.x1/; k1/; : : : ; .g.xn/; kn// belongs to Fn
because .g.x1/; : : : ; g.xn// D gn.x/ 2 G.k1; : : : ; kn/. Thus f n.Fn/ � Fn for
any n 2 N which proves that X � ! is a Sokolov space.

Finally, suppose that F is a closed subset of X . Assume that Fn is a closed
subset of F n for any n 2 N; then Fn is also a closed subset of Xn for any n 2 N.
It follows from Problem 153 that there exists a continuous map g W X ! X such
that nw.g.X// � ! while g.F / � F and gn.Fn/ � Fn for all n 2 N. If f D gjF
then f W F ! F is a continuous map such that nw.f .F // � nw.g.X// � ! and
gn.Fn/ D f n.Fn/ � Fn for any n 2 N. Therefore F is a Sokolov space.

U.155. Given a Sokolov space X and a second countable space E , prove that
Cp.X;E/ is also a Sokolov space.
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Solution. Let E be a countable base in the space E . For any x1; : : : ; xn 2 X and
B1; : : : ; Bn 2 E the set

Œx1; : : : ; xnIB1; : : : ; Bn
 D ff 2 Cp.X;E/ W f .xi / 2 Bi for all i � ng

is open in Cp.X;E/ and the family B D fŒx1; : : : ; xnIB1; : : : ; Bn
 W n 2 N; xi 2 X
and Bi 2 E for all i � ng is a base in Cp.X;E/.

For anym 2 N assume thatFm is a closed subset of .Cp.X;E//m; givenm-tuples
l D .l1; : : : ; lm/ 2 N

m and D D .D1; : : : ;Dm/ such that Di D .Bi
1; : : : ; B

i
li
/ 2 E li

for every i 2 f1; : : : ; mg (suchm-tupleD will be called .l; E/-admissible), take the
numbers l0 D 0; n D l1 C : : :C lm and consider the set

P.l;D; n/ D fx D .x1; : : : ; xn/ 2 Xn W .U x
1 � : : : � Ux

m/ \ Fm D ;g;

where, for every i D 1; : : : ; m, the set Ux
i is defined by calculating the number

pi D l0 C : : :C li�1 and letting Ux
i D ŒxpiC1; : : : ; xpiCli IBi

1; : : : ; B
i
li

.

We will prove first that P.l;D; n/ is closed in Xn for any l D .l1; : : : ; lm/ 2 N
m

and any .l; E/-admissiblem-tupleD D .D1; : : : ;Dm/ whereDi D .Bi
1; : : : ; B

i
li
/ 2

E li for every number i � m. Indeed, if x D .x1; : : : ; xn/ 2 XnnP.l;D; n/ and then
there is f 2 Fm \ .U x

1 � : : : � Ux
m/. We have n D l1 C : : : C lm so if l0 D 0 and

pi D l0 C : : :C li�1 for all i D 1; : : : ; m then, for every j 2 f1; : : : ; ng there are
unique i.j / 2 f1; : : : ; mg and k.j / 2 f1; : : : ; li.j /g such that j D pi.j / C k.j /
and therefore f .xj / 2 Bi.j /

k.j /. If Oj D f �1.Bi.j /

k.j // for every j 2 f1; : : : ; ng then
x 2 O D O1 � : : : � On and O \ P.l;D; n/ D ; because y D .y1; : : : ; yn/ 2 O
implies f 2 Fm \ .U y

1 � : : : � Uy
n /.

For each n 2 N the family fP.l;D; n/ W there exists a number m 2 N for
which l D .l1; : : : ; lm/ 2 N

m; n D l1 C : : : C lm and D is .l; E/-admissibleg is
easily seen to be countable; so we can apply Problem 153 to find a continuous map
' W X ! X such that nw.'.X// � ! and 'n.P.l;D; n// � P.l;D; n/ for any
l D .l1; : : : ; lm/ 2 N

m with l1C : : :C lm D n and any .l; E/-admissiblem-tupleD;
let Y D '.X/.

Let '�.f / D f ı ' for any function f 2 Cp.X;E/. To see that the map '� W
Cp.X;E/ ! Cp.X;E/ is continuous take any function f 2 Cp.X;E/ and a set
U D Œx1; : : : ; xnIB1; : : : ; Bn
 2 B such that '�.f / D f ı' 2 U . Then the set V D
Œ'.x1/; : : : ; '.xn/IB1; : : : ; Bn
 is an open neighbourhood of f in Cp.X;E/ such
that '�.V / � U which shows that '� is continuous at the point f . Furthermore,
we can consider that E � R

! and hence Cp.Y;E/ � Cp.Y;R
!/ ' .Cp.Y //

!

which shows that nw.'�.Cp.X;E/// � nw.Cp.Y;E// � nw..Cp.Y //!/ D ! so,
to finish our proof it suffices to establish that .'�/m.Fm/ � Fm for anym 2 N.

Assume, towards a contradiction, that m 2 N; f D .f1; : : : ; fm/ 2 Fm and
g D .'�.f1/; : : : ; '�.fm// does not belong to Fm. Since the set Fm is closed in
the space .Cp.X;E//m, for every i 2 f1; : : : ; mg, there exist yi1; : : : ; y

i
li
2 X

and Bi
1; : : : ; B

i
li
2 E such that '�.fi / 2 Di D Œyi1; : : : ; y

i
li
IBi

1; : : : ; B
i
li

 for

every number i � m while we have the equality .D1 � : : : � Dm/ \ Fm D ;.
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Let l0 D 0; l D .l1; : : : ; lm/ and pi D l0 C : : : C li�1 for every i D 1; : : : ; m.
For n D l1 C : : : C lm let us construct a point .x1; : : : ; xn/ 2 Xn by putting
together all yij in a row, i.e., for each j 2 f1; : : : ; ng we find the unique numbers
i.j / 2 f1; : : : ; mg and k.j / 2 f1; : : : ; li.j /g such that j D pi.j / C k.j / and let

xj D y
i.j /

k.j /. If x D .x1; : : : ; xn/ and D D .D1; : : : ;Dm/ then Di D Ux
i for any

i D 1; : : : ; m and x 2 P.l;D; n/.
By our choice of the function ', the point z D 'n.x/ D .'.x1/; : : : ; '.xn//

still belongs to P.l;D; n/. It follows from '�.fi / 2 Di that fi .'.yik// 2
Bi
k for all k � li and i � m. An immediate consequence is that fi 2

Œ'.yi1/; : : : ; '.y
i
li
/IBi

1; : : : ; B
i
li

 for any i � m; so f 2 .U z

1 � : : :�U z
m/\Fm which

is a contradiction with the fact that z 2 P.l;D; n/. Thus .'�/m.Fm/ � Fm for every
m 2 N; so Cp.X;E/ is a Sokolov space and hence our solution is complete.

U.156. Prove that X is a Sokolov space if and only if Cp.X/ is a Sokolov space.

Solution. If X is a Sokolov space then Cp.X/ is also a Sokolov space by
Problem 155. If, on the other hand, the space Cp.X/ is Sokolov then Cp.Cp.X// is
also Sokolov by Problem 155 and henceX is Sokolov as well being homeomorphic
to a closed subset of Cp.Cp.X// (see TFS-167 and Problem 154).

U.157. Let X be a Sokolov space with t�.X/ � !. Prove that Cp.X;E/ is Lindelöf
for any second countable space E .

Solution. Fix a countable base E in the space E . If x D .x1; : : : ; xn/ 2 Xn and
B D .B1; : : : ; Bn/ 2 En then let Œx; B
 D ff 2 Cp.X;E/ W f .xi / 2 Bi for
each i � ng. It is evident that the family B D fŒx; B
 W there is n 2 N for which
x 2 Xn; B 2 Eng is a base in Cp.X;E/.

Observe that, for any n 2 N and B D .B1; : : : ; Bn/ 2 En,

(1) if A � Xn and x D .x1; : : : ; xn/ 2 A then Œx; B
 �SfŒa; B
 W a 2 Ag.
Indeed, if f 2 Œx; B
 then let Oi D f �1.Bi / for all i � n. Since f .xi / 2 Bi for

every i � n, we have x 2 O D O1 � : : : �On. It follows from x 2 A that there is
a D .a1; : : : ; an/ 2 A \ O . Then f .ai / 2 Bi for all i � n and hence f 2 Œa; B

which proves (1).

To prove that Cp.X;E/ is Lindelöf take an open cover U of the space Cp.X;E/;
we can assume, without loss of generality, that U � B. For any n 2 N and B 2 En
let F.n;B/ D fx 2 Xn W Œx; B
 2 Ug. We can also assume that F.n;B/ is closed
in Xn for any n 2 N and B 2 En because x 2 F.n;B/ and t�.X/ D ! imply
that there is a countable P � F.n;B/ with x 2 P and hence Œx; B
 � SfŒy; B
 W
y 2 P g by (1). Now, if we are able to extract a countable subcover from the cover
U 0 D fŒx; B
 W there is n 2 N and B 2 En such that x 2 F.n;B
g, then every
U 2 U 0nU can be covered with countably many elements of U ; so U also has a
countable subcover.

The family fF.n;B/ W B 2 Eng is countable; so we can apply Problem 153 to
find a continuous map ' W X ! X for which nw.'.X// � ! and 'n.F.n;B// �
F.n;B/ for any n 2 N and B 2 En. The set 'n.F.n;B// has a countable network;
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so we can take a countable C.n;B/ � 'n.F.n;B// which is dense in 'n.F.n;B//
for every n 2 N and B 2 En. The family

V D fŒx; B
 W x 2 C.n;B/ for some n 2 N and B 2 Eng � U

is countable.
Take an arbitrary f 2 Cp.X;E/; then f ı ' 2 Œx; B
 2 U for some point x D

.x1; : : : ; xn/ 2 Xn and B D .B1; : : : ; Bn/ 2 En. Now, if Oi D f �1.Bi / for any
i � n then 'n.x/ 2 O1 � : : : �On. Since x 2 F.n;B/, we have 'n.x/ 2 C.n;B/;
so there is y D .y1; : : : ; yn/ 2 C.n;B/ \ O . As a consequence, f .yi / 2 Bi for
all i � n, i.e., f 2 Œy; B
 2 V . The point f 2 Cp.X;E/ was taken arbitrarily;
so we proved that the cover U has a countable subcover V . Therefore Cp.X;E/ is
Lindelöf.

U.158. Prove that

(i) any R-quotient image of a Sokolov space is a Sokolov space;
(ii) if X is a Sokolov space then X! is also a Sokolov space;

(iii) a space with a unique non-isolated point is Sokolov if and only if it is Lindelöf.

Solution. Suppose that X is a Sokolov space and ' W X ! Y is an R-quotient
map. For any f 2 Cp.Y / let '�.f / D f ı '. Then '� W Cp.Y / ! Cp.X/ is an
embedding and the set T D '�.Cp.Y // is closed in Cp.X/ (see TFS-163). Since
X is Sokolov, the space Cp.X/ is also Sokolov by Problem 156. Therefore T is
Sokolov by Problem 154. The space Cp.Y / is also Sokolov being homeomorphic to
T ; so we can apply Problem 156 again to conclude that Y is a Sokolov space. This
proves (i).

Next, assume that X is Sokolov and observe that there is T � Cp.X/ such
that Cp.X/ ' T � R (see Fact 1 of S.409); so we can apply TFS-177 to see
that Cp.Cp.X// ' .Cp.Cp.X///

! ; since X embeds in Cp.Cp.X// as a closed
subspace, this implies that X! also embeds in Cp.Cp.X// as a closed subspace.
Applying Problem 156 twice, we can conclude that Cp.Cp.X// is a Sokolov space;
so X! is Sokolov as well by Problem 154. This settles (ii).

To prove (iii) let X be a space such that a 2 X is the unique non-isolated point
ofX . Assume first thatX is a Sokolov space. IfX is not Lindelöf thenD D XnU is
uncountable for some U 2 �.a;X/ and hence D is an uncountable closed discrete
subspace of X ; besides, D is Sokolov by Problem 154. Since t�.D/ D !, the
space Cp.D/ D R

D is Lindelöf by Problem 157. The space R
!1 embeds in R

D

as a closed subspace; so R
!1 is also Lindelöf which contradicts Fact 2 of S.215.

Therefore, Sokolov property of X implies that X is Lindelöf.
To establish the converse, suppose that the space X is Lindelöf and fix a closed

set Fn � Xn for any n 2 N. Observe that the set XnU is countable for any U 2
�.a;X/ for otherwise the space X would contain an uncountable closed discrete
subspace. Given n 2 N; x D .x1; : : : ; xn/ 2 Xn and U 2 �.a;X/ consider the set
O.x;U / D O1�: : :�On where, for every i 2 f1; : : : ; ng, we letOi D fxi g if xi ¤ a
and Oi D U if xi D a. It is immediate that the family fO.x;U / W U 2 �.a;X/g is
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a local base at the point x in the space Xn. Therefore we can fix, for any n 2 N and
any x 2 XnnFn, a set Ux 2 �.a;X/ such that O.x;Ux/ \ Fn D ;.

For any A � X let rA.x/ D x if x 2 A and rA.x/ D a if x 2 XnA. We omit
a simple verification of the fact that rA W X ! A [ fag is a continuous map for
any A � X . Let A0 D fag and assume that we have, for some k 2 !, a collection
A0; : : : ; Ak of countable subsets of X with the following properties:

(1) fag D A0 � : : : � Ak ;
(2) if i < k and x 2 Ani nFn for some n 2 N then XnUx � AiC1.

It follows from jAkj � ! that the set P D SfAnknFn W n 2 Ng is countable; so
the set AkC1 D Ak [ .SfXnUx W x 2 P g/ is countable as well. It is evident that
(1) and (2) still hold for the sets A0; : : : ; AkC1; so our inductive procedure can be
continued to construct a sequence fAi W i 2 !g of countable subsets of X such that
(1) and (2) are satisfied for all k 2 !.

Let A D S
k2! Ak ; since rA.X/ is countable, we have nw.rA.X// � !. Our

purpose is to prove that .rA/n.Fn/ � Fn for any n 2 N. To this end assume, towards
a contradiction, that there exists n 2 N such that y D .y1; : : : ; yn/ D .rA/n.x/ … Fn
for some x D .x1; : : : ; xn/ 2 Fn. We haveO.y;Uy/\Fn D ; by our choice of Uy ;
we claim, however, that x 2 O.y;Uy/.

To see it observe first that yi 2 A for all i � n and therefore there is m 2 !
such that fy1; : : : ; yng � Am. By definition, O.y;Uy/ D O1 � : : : �On where, for
every i � n, we have Oi D fyig if yi ¤ a and Oi D Uy if yi D a. Consider first
the case when yi ¤ a. Then xi 2 A and hence xi D yi 2 Oi . Now, if yi D a and
xi 2 A then again xi D yi 2 Oi . If xi … A then xi … AmC1; besides, y 2 AnmnFn;
so XnUy � AmC1 by (2). This implies that xi 2 Uy D Oi .

We proved that xi 2 Oi for all i � n and therefore x 2 O1�: : :�On D O.y;Uy/
whence x 2 O.y;Uy/ \ Fn which is a contradiction with the choice of Uy . Thus
.rA/

n.Fn/ � Fn for every n 2 N; so the Lindelöf property of X implies that X is a
Sokolov space. This completes the proof of (iii) and finishes our solution.

U.159. Let X be a space with a unique non-isolated point. Prove that the following
properties are equivalent:

(i) l.X/ � ! and t�.X/ � !;
(ii) X is a Sokolov space and t�.X/ � !;

(iii) Cp;n.X/ is Lindelöf for all n 2 N;
(iv) Cp.X/ is Lindelöf.

Solution. IfX is countable then all properties (i)–(iv) hold forX so there is nothing
to prove; we assume, therefore, that X is uncountable. It follows from Problem 158
that (i)H)(ii).

If (ii) holds then X is Lindelöf (this was also proved in Problem 158). If b is
the unique non-isolated point of X then XnU is countable for any U 2 �.b;X/
for otherwise X has an uncountable closed discrete subspace. Let � D jX j and fix
a surjective map ' W L.�/ ! X such that '.a/ D b and '.�/ D Xnfbg. It is
immediate that ' is continuous; so Xn is Lindelöf for any n 2 N being a continuous
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image of .L.�//n (see TFS-354). The space Cp.X/ is Sokolov by Problem 156;
it follows from Problem 157 that l�.Cp.X// D !. Furthermore, t�.Cp.X// D !

because l�.X/ D ! (see TFS-149 and TFS-150).
Suppose that n 2 N and we proved that the space Cp;n.X/ is Sokolov and

l�.Cp;n.X// D t�.Cp;n.X// D !. Then Cp;nC1.X/ is Sokolov by Problem 156,
it follows from l�.Cp;n.X// D ! that t�.Cp;nC1.X// D !. Applying Problem 157
again we conclude that l�.Cp;nC1.X// D !. Continuing this inductive procedure
we convince ourselves that l�.Cp;n.X// D t�.Cp;n.X// D ! for any n 2 N and
hence (ii)H)(iii).

The implication (iii)H)(iv) being evident assume that Cp.X/ is Lindelöf. Then
t�.X/ D ! by TFS-189. The space X is normal by Claim 2 of S.018; so if D is
an uncountable closed discrete subset of X then the restriction �D maps Cp.X/
onto Cp.D/ D R

D whence R
D is Lindelöf, which is a contradiction (see Fact 2 of

S.215). Therefore XnU is countable for any U 2 �.b;X/; an easy consequence is
that X is Lindelöf and hence we proved that (iv)H)(i).

U.160. Let X be an invariant subspace of ˙.A/. Prove that X is a Sokolov space.
Deduce from this fact that every Corson compact space is Sokolov.

Solution. For any x 2 ˙ D ˙.A/ let supp.x/ D fa 2 A W x.a/ ¤ 0g. Call a
set U � ˙ standard if there are a1; : : : ; an 2 A and O1; : : : ; On 2 �.R/ such that
U D Œa1; : : : ; anIO1; : : : ; On
 D fx 2 ˙ W x.ai / 2 Oi for all i D 1; : : : ; ng. It
is evident that standard sets form a base in ˙ . If U D Œa1; : : : ; anIO1; : : : ; On
 is a
standard set then E.U / D fa1; : : : ; ang.

Given a set B � A define a map rB W ˙ ! ˙ as follows: for any x 2 ˙ and
a 2 A we let rB.x/.a/ D 0 if a … B and rA.x/.a/ D x.a/ for any a 2 B . The map
rB W ˙ ! ˙ is continuous; to see it let �a W RA ! R be the natural projection onto
the factor determined by a. If a 2 B then �a ı rB.x/ D rB.x/.a/ D x.a/ D �a.x/
for any x 2 ˙ ; thus �a ı rB is continuous being equal to �aj˙ . If a … B then
�a ı rB.x/ D 0 for any x 2 ˙ ; so the map �a ı rB is constant and hence continuous.
Therefore�a ırB is continuous for any a 2 Awhence rB is continuous by TFS-102.
If B � A is countable then rB.˙/ ' R

B ; so w.rB.˙// � !.
The set X being invariant, the family UX D fB � A W B is countable and

rB.X/ � Xg is !-continuous and !-cofinal in A. Take a closed set Fn � Xn for
any n 2 N. Choose a non-empty set B0 2 UX ; since .rB0/

n.Fn/ is second countable,
we can find a countableHn.0/ � Fn such that .rB0/

n.Hn.0// is dense in .rB0/
n.Fn/

for all n 2 N. Suppose that k 2 ! and we have sets B0; : : : ; Bk 2 UX and sequences
ffHn.i/ W n 2 Ng W i � kg with the following properties:

(1) B0 � : : : � Bk and Hn.0/ � : : : � Hn.k/ for any n 2 N;
(2) for any i � k the set Hn.i/ � Fn is countable and .rBi /

n.Hn.i// is dense in
.rBi /

n.Fn/ for all n 2 N;
(3) given an arbitrary j < k, for each n 2 N, if x D .x1; : : : ; xn/ 2 Hn.j / then

SŒx
 D Sfsupp.xi / W i 2 f1; : : : ; ngg � BjC1.

Let CkC1 D SfSŒx
 W there is n 2 N such that x 2 Hn.k/g; it is evident that
CkC1 � A is countable, so there is BkC1 2 UX such that CkC1 [ Bk � BkC1. The
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set .rBkC1
/n.Fn/ is second countable; so there is a countable Hn.k C 1/ � Fn for

which Hn.k/ � Hn.k C 1/ and .rBkC1
/n.Hn.k C 1// is dense in .rBkC1

/n.Fn/ for
any n 2 N.

Now, the properties (1)–(3) are satisfied for the collection fB0; : : : ; Bk; BkC1g
and the sequences ffHn.i/ W n 2 Ng W i � k C 1g; so our inductive procedure can
be continued to construct a sequence fBi W i 2 !g � UX as well as a collection
ffHn.i/ W n 2 Ng W i 2 !g such that (1)–(3) hold for all k 2 !. Let B D S

i2! Bi ;
then B 2 UX and hence rB.X/ � X . Therefore ' D rB jX is a continuous map
from X in X and we have w.'.X// � w.rB.˙// � !. Our purpose is to prove that
'n.Fn/ D .rB/n.Fn/ � Fn for any n 2 N.

So, fix n 2 N; the set Hn D S
i2! Hn.i/ � Fn is countable; the property (3)

implies that SŒx
 � B and therefore .rB/n.x/ D x for any x 2 Hn. Now take an
arbitrary y D .y1; : : : ; yn/ 2 Fn; we claim that z D .z1; : : : ; zn/ D .rB/n.y/ 2 Hn

(the bar denotes the closure in Xn). To prove it take any V 2 �.z; Xn/; there exist
standard sets U1; : : : ; Un such that z 2 U D .U1 � : : : � Un/ \ Xn � V . The set
D DSfE.Ui/ W i � ng is finite; so there is m 2 ! such that Bm \D D B \D.

We have Ui D Œai1; : : : ; a
i
ki
IOi

1; : : : ; O
i
ki

 and there is no loss of generality to

assume that there exists a number pi � ki for which fai1; : : : ; aipi g � Bm and
faipiC1; : : : ; aiki g � DnBm � AnB for all i � n. For any i � n we have
rBm.yi /.a/ D yi .a/ D zi .a/ whenever a 2 Bm; so rBm.yi /.a

i
j / D zi .aij / 2 Oi

j

for any j � pi . Furthermore, zi .a/ D 0 for any a 2 AnB; so rBm.yi /.a
i
j / D 0 D

zi .aij / 2 Oi
j for any i � n and j > pi .

As a consequence, Ui is an open neighbourhood of rBm.yi / for any i � n and
henceU is an open neighbourhood of .rBm/

n.y/ inXn. The set .rBm/
n.Hn/ is dense

in .rBm/
n.Fn/ by (2), so there is h D .h1; : : : ; hn/ 2 Hn such that rBm.hi / 2 Ui for

all i � n. Since SŒh
 � B , we have rB.h/ D h. Furthermore rB.hi /.a/ D 0 for any
a 2 AnB and therefore rB.hi /.aij / D 0 for any j > pi (recall that aij 2 AnB for
any j > pi ) and i � n. As a consequence, rB.hi /.aij / D 0 D zi .aij / 2 Oi

j for any
j > pi .

We also have rB.hi /.aij / D hi .a
i
j / D rBm.hi /.a

i
j / 2 Oi

j for any j � pi which
implies, together with the observations of the previous paragraph, that if i � n then
rB.hi /.a

i
j / 2 Oi

j for every j 2 f1; : : : ; ki g and hence h D .rB/
n.h/ 2 U \ Fn �

V \ Fn. Therefore .rB/n.y/ 2 Hn � Fn (the last inclusion is true because Fn is
closed in Xn). This proves that .rB/n.y/ 2 Fn for any y 2 Fn, i.e., .rB/n.Fn/ � Fn
for any n 2 N. Thus we have a map ' W X ! X such that nw.'.X// � w.'.X// �
! and 'n.Fn/ � Fn for any n 2 N which shows that X is a Sokolov space.

Finally observe that if X is a Corson compact space then we can consider that
X is a closed subspace of ˙ . By Problem 152, X is invariant in ˙ ; so it is Sokolov
space.

U.161. Prove that every Sokolov space is collectionwise normal and has countable
extent. Deduce from this fact that, ext.Cp;n.X// � ! for any Sokolov space X and
n 2 N.
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Solution. Suppose that Y is a Sokolov space. If D is a closed discrete subspace of
Y thenD is Sokolov by Problem 154; since t�.D/ D !, we can apply Problem 157
to see that Cp.D/ D R

D is Lindelöf. If D is uncountable then R
!1 embeds in R

D

as a closed subset; so R
!1 has to be Lindelöf which is a contradiction with Fact 2 of

S.215. This proves that ext.Y / D ! for any Sokolov space Y .
Now, if X is a Sokolov space then Cp;n.X/ is Sokolov by Problem 156 and

therefore ext.Cp;n.X// D ! for any n 2 N.
Furthermore, if Y is a Sokolov space and F;G � Y are disjoint closed subsets

of Y then we can let Fn D ; for any n � 2 and apply Problem 153 to find a
continuous map ' W Y ! Y such that nw.'.Y // � ! while F 0 D '.F / � F

and G0 D '.G/ � G; let Z D '.Y /. We have P D clZ.F 0/ � F 0 � F and
Q D clZ.G0/ � G0 � G which shows that P \Q � F \G D ;. Thus P and Q
are disjoint closed subsets ofZ; the spaceZ is normal because nw.Z/ � !; so there
is a continuous function f W Z ! Œ0; 1
 such that f .P / � f0g and f .Q/ � f1g.
It is clear that g D f ı ' W Y ! Œ0; 1
 is continuous while g.F / � f0g and
g.G/ � f1g. Therefore Y is normal.

Finally observe that any normal space of countable extent is collectionwise
normal by Fact 3 of S.294; so every Sokolov space is collectionwise normal and
has countable extent.

U.162. Let X be a Sokolov space. Prove that

(i) if t�.X/ � ! then Cp;2nC1.X/ is Lindelöf for any n 2 !.
(ii) if l�.X/ � ! then Cp;2n.X/ is Lindelöf for any n 2 N;

(iii) if l�.X/ � t�.X/ � ! then Cp;n.X/ is Lindelöf for any n 2 N.

Solution. Suppose that X is a Sokolov space. It takes a trivial induction using
Problem 156 to see that Cp;n.X/ is Sokolov for any n 2 N. If t�.X/ D !

then the space .Cp.X//! ' Cp.X;R
!/ is Lindelöf by Problem 157. Assume that

k 2 ! and we proved that .Cp;2kC1.X//! is Lindelöf. Then the space Cp;2kC2.X/ is
Sokolov and t�.Cp;2kC2.X// D !; so we can apply Problem 157 to conclude that
..Cp;2kC3.X//! is Lindelöf. This inductive procedure shows that ..Cp;2nC1.X//! is
Lindelöf for any n 2 ! and hence we proved (i).

Now, if l�.X/ D ! then the space Y D Cp.X/ is Sokolov and t�.Y / D !.
Therefore (i) can be applied to see that Cp;2nC2.X/ D Cp;2nC1.Y / is Lindelöf for
any n 2 !; this settles (ii). Finally, (iii) is a trivial consequence of (i) and (ii); so our
solution is complete.

U.163. Prove that every Sokolov space is !-stable and !-monolithic. Deduce from
this fact that every Sokolov compact space is Fréchet–Urysohn and has a dense set
of points of countable character.

Solution. Let X be a Sokolov space. If A � X is countable then the family
ffag W a 2 Ag is countable and consists of closed subsets of the space X ; thus
we can apply Problem 153 to conclude that there is a continuous map ' W X ! X

such that nw.'.X// � ! and '.fag/ � fag, i.e., '.a/ D a for any a 2 A. An
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immediate consequence is that '.x/ D x for any x 2 A and hence A � '.X/

which implies that nw.A/ � nw.'.X// � !. This proves that every Sokolov space
is !-monolithic.

As a consequence, if X is a Sokolov space then Cp.X/ is also Sokolov by SFFS-
156; so Cp.X/ is !-monolithic and hence X is !-stable by SFFS-154.

Finally assume that X is a compact Sokolov space. Then ext.Cp.X// D ! by
Problem 161 and hence Cp.X/ is Lindelöf by Baturov’s theorem (SFFS-269). This
implies t.X/ � ! by TFS-189. ThereforeX is Fréchet–Urysohn and a dense set of
points of countable character by Fact 1 of U.080.

U.164. Prove that a metrizable space is Sokolov if and only if it is second countable.

Solution. IfX is a metrizable Sokolov space then ext.X/ D ! by Problem 161; so
X is second countable by TFS-214. If, on the other hand,X is second countable (or
has a countable network) and a closed set Fn � Xn is taken for any n 2 N then, for
the identity map ' W X ! X , we have nw.'.X// D nw.X/ � ! and 'n.Fn/ D Fn
for any n 2 N; thus X is Sokolov (evidently, metrizability is not needed to prove
this implication).

U.165. Let X be a Sokolov space with l�.X/ � t�.X/ D !. Prove that

(i) if X has a small diagonal then nw.X/ D !;
(ii) if !1 is a caliber of X then nw.X/ D !.

Solution. Suppose that X has a small diagonal. By Problem 163 it suffices to show
that X is separable; so assume, towards a contradiction, that d.X/ > !. Then there
is a left-separated subspace Y D fx˛ W ˛ < !1g � X (see SFFS-004). Let Y˛ D
fxˇ W ˇ < ˛g and F˛ D Y ˛ for any ˛ < !1. Applying Problem 163 once more we
convince ourselves that nw.F˛/ � ! for any ˛ < !1. It follows from t.X/ � ! that
F D SfF˛ W ˛ < !1g is closed in X and nw.F / D !1.

The small diagonal is a hereditary property; so the space F has a small diagonal.
It follows from l�.F / D ! that !1 is a caliber of Cp.F / (see SFFS-294).
Furthermore, d.Cp.F // � nw.Cp.F // D nw.F / D !1; so fix a setD D ff˛ W ˛ <
!1g � Cp.F / which is dense in Cp.F /. If D˛ D ffˇ W ˇ < ˛g and H˛ D D˛ then
H˛ is closed in Cp.F / for any ˛ < !1. Every Sokolov space is !-monolithic (see
Problem 163) so nw.H˛/ D !; since nw.Cp.F // D !1, the set U˛ D Cp.F /nH˛

is non-empty for any ˛ < !1.
It follows from l�.F / � l�.X/ � ! that t.Cp.F // D ! and therefore the set

H D SfH˛ W ˛ < !1g is closed in Cp.F /; since the dense set D is contained in
H , we have H D Cp.F /. Consequently, the family U D fU˛ W ˛ < !1g consists of
non-empty open subsets of Cp.F /; since U is decreasing and

T
U D ;, it is point-

countable which is impossible because !1 is a caliber of Cp.F /. This contradiction
shows that d.X/ D ! and hence nw.X/ D !; so (i) is proved.

As to (ii), if !1 is a caliber of X then Cp.X/ has a small diagonal (see SFFS-
290). Since Cp.X/ is a Sokolov space by Problem 156, we can apply (i) to conclude
that nw.Cp.X// D ! and hence nw.X/ D nw.Cp.X// D !; so our solution is
complete.
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U.166. Prove that if X is a Sokolov space with a Gı-diagonal then nw.X/ D !.

Solution. Let � D f.x; x/ W x 2 Xg � X � X be the diagonal of the space X .
Since� is a Gı-subset ofX �X , there is a sequence fFn W n 2 !g of closed subsets
of X � X such that Fn � FnC1 for every n 2 ! and .X � X/n� D S

n2! Fn. It
follows from Problem 153 that there is a continuous map ' W X ! X such that
nw.'.X// � ! and '2.Fn/ � Fn for any n 2 !; let Y D '.X/.

Given any distinct x; y 2 X the point z D .x; y/ does not belong to �; so there
is n 2 ! such that z 2 Fn. Therefore '2.z/ D .'.x/; '.y// 2 Fn which implies that
.'.x/; '.y// … � and hence '.x/ ¤ '.y/. Thus the map ' is injective.

Let '�.f / D f ı ' for any f 2 Cp.Y /; then the map '� W Cp.Y /! Cp.X/ is
an embedding and the set T D '�.Cp.Y // is dense in the space Cp.X/ (see TFS-
163). Consequently,d.Cp.X// � d.T / D d.Cp.Y // � nw.Cp.Y // D nw.Y / � !.
It turns out that Cp.X/ is a separable Sokolov space; so nw.Cp.X// D ! by
Problem 163. Therefore nw.X/ D nw.Cp.X// D !.

U.167. Let X be a Lindelöf ˙-space. Prove that if X is Sokolov then t.X/ � !

and Cp;n.X/ is Lindelöf for any n 2 N. In particular, if K is Sokolov compact (or
Corson compact) then Cp;n.K/ is Lindelöf for any n 2 N.

Solution. Recall that Cp.X/ has countable extent by Problem 161; by Baturov’s
theorem (SFFS-269) the spaceCp.X/ is Lindelöf and therefore t�.X/ D ! by TFS-
189. Since we also have l�.X/ D ! (see SFFS-256), we can apply Problem 162 to
conclude that Cp;n.X/ is Lindelöf for any n 2 N.

U.168. Let T be an infinite set. Prove that, if A is an adequate family on T thenKA
is a compact space.

Solution. It suffices to show that the set KA is closed in D
T . If x 2 D

T nKA then
B D x�1.1/ … A and hence there is a finite C � B such that C … A. The
set Ox D fy 2 D

T W y.t/ D 1 for any t 2 C g is open in D
T and x 2 Ox .

Furthermore, Ox \ KA D ; because y 2 Ox \ KA implies D D y�1.1/ 2 A
and hence C � D also belongs to A which is a contradiction. This contradiction
shows thatOx \KA D ; and hence every x 2 D

T nKA has an open neighbourhood
Ox � D

T nKA. Thus DT nKA is open in D
T ; soKA is compact being closed in D

T .

U.169. Let T be an infinite set. Suppose that A is an adequate family on T . Prove
that KA is a Corson compact space if and only if all elements of A are countable.

Solution. The spaceKA is compact by Problem 168; ifKA is Corson compact and
someA 2 A is uncountable then the set X D f	B W B � Ag is contained inKA and
X ' D

A. However, t.X/ > ! becauseX is a non-metrizable dyadic compact space
(see TFS-359); on the other hand, t.X/ � t.KA/ D ! (see Problem 120) which is
a contradiction. This proves necessity.

Now, if jAj � ! for any A 2 A then KA � ˙ D fx 2 D
T W x�1.1/ is

countableg. The space ˙ is a ˙-product of second countable spaces so KA � ˙ is
Corson compact by Problem 119 and hence we have established sufficiency.
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U.170. Let T be an infinite set; suppose that A is an adequate family on T and u is
the function on KA which is identically zero. For any t 2 T let et .f / D f .t/ for
any f 2 KA. Observe that Z D fet W t 2 T g [ fug � Cp.KA;D/; let '.�/ D u
and '.t/ D et for any t 2 T . Prove that ' W T �

A ! Z is a homeomorphism and
Z is closed in Cp.KA;D/. In particular, the space T �

A is homeomorphic to a closed
subspace of Cp.KA;D/.

Solution. To see that Z � Cp.KA;D/ it suffices to prove that et is continuous on
KA for each t 2 T . But this is an immediate consequence of the fact that the sets
e�1
t .0/ D ff 2 KA W f .t/ D 0g and e�1

t .1/ D ff 2 KA W f .t/ D 1g are open in
KA by definition of the product topology on D

T .
Every et is an isolated point of Z; indeed, it follows from

S
A D T that f D

	ftg 2 KA; so W D fp 2 Cp.KA;D/ W p.f / D 1g is an open neighbourhood of
et in Cp.KA;D/ and W \ Z D fetg. Thus it suffices to show that ' and '�1 are
continuous at the points � and u respectively.

Take any set U 2 �.�; T �
A/; by definition of the topology of T �

A, there are sets
A1; : : : ; An 2 A such that f�g [ .T n.Si�n Ai // � U ; then fi D 	Ai 2 KA for any
i � n. If W D fp 2 Cp.KA;D/ W p.fi / D 0 for all i � ng then W is an open
neighbourhood of u in Cp.KA;D/ and '�1.W \Z/ � f�g[ .T n.Si�n Ai // which
shows that '�1 is continuous at the point u.

To see that ' is continuous at � take any set W 2 �.u; Z/; there exist functions
f1; : : : ; fn 2 KA such that V D fp 2 Z W p.fi / D 0 for all i � ng � W . If Ai D
f �1
i .1/ for all i � n then U D f�g [ .T n.Si�n Ai// is an open neighbourhood

of � in T �
A and '.U / � V � W which shows that ' is continuous at � and hence

' W T �
A ! Z is a homeomorphism.

To finally prove that Z is closed in Cp.KA;D/ take any point p 2
Cp.KA;D/nZ; the set H D p�1.1/ is non-empty and open in KA. Fix A 2 A
such that f D 	A 2 H and let P D fg 2 KA W g�1.1/ � A and
g�1.1/ is finiteg. If W 2 �.f;KA/ then there is a finite C � T such that
W1 D fg 2 KA W gjC D f jC g � W . If B D C \ A then g D 	B 2 P

and g 2 W1 \ P � W \ P . This shows that f 2 P and therefore there exists a
finite D � A such that g D 	D 2 H .

The set O D fq 2 Cp.KA;D/ W q.g/ D 1g is open in Cp.KA;D/; besides,
p 2 O and O \ Z is finite because et 2 O if and only if t 2 D. Thus every point
p 2 Cp.KA;D/nZ has a neighbourhoodO such that O \ Z is finite. An evident
consequence is that Z is closed in Cp.KA;D/ and hence our solution is complete.

U.171. Suppose that T is an infinite set and A is an adequate family on T . Prove
that the spaces Cp.KA;D/ and Cp.KA/ are both continuous images of the space
.T �

A � !/! .

Solution. If Y and Z are spaces then the expression Y � Z says that Y maps
continuously onto Z.

Denote by u the function on KA which is identically zero. For any t 2 T let
et .f / D f .t/ for any f 2 KA. Then Z D fet W t 2 T g [ fug � Cp.KA;D/ is
closed in Cp.KA;D/ and T �

A ' Z (see Problem 170). Therefore we can identify
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Z and T �
A. It is easy to see that T �

A separates the points of KA; so we can apply
Fact 2 of U.150 to conclude that Cp.KA;D/ D SfCn W n 2 !g where every Cn
is a continuous image of a finite power of T �

A. In particular, we have .T �
A/

! � Cn
for any n 2 ! and therefore .T �

A/
! � ! � Cp.KA;D/. Since .T �

A � !/! '
.T �

A/
!�!! � .T �

A/
!�! we conclude that the space .T �

A�!/! maps continuously
onto Cp.KA;D/.

Thus .T �
A � !/! ' ..T �

A � !/!/! � .Cp.KA;D//! ' Cp.KA;D!/. Now,
the space KA is compact and zero-dimensional; so Cp.KA;D!/ � Cp.KA; I/
(see Problem 004) and hence .T �

A � !/! � Cp.KA; I/. Another consequence of
compactness of KA is that Cp.KA/ D SfCp.KA; Œ�n; n
/ W n 2 Ng; every space
Cp.KA; Œ�n; n
/ is homeomorphic to Cp.KA; I/, so we have Cp.KA; I/ � ! �
Cp.KA/. Therefore .T �

A � !/! � ! � Cp.KA;D!/ � ! � Cp.KA; I/ � ! �
Cp.KA/.

Finally, .T �
A �!/! �! ' .T �

A/
! �!! �! ' .T �

A/
! �!! ' .T �

A �!/! ; so the
space .T �

A � !/! maps continuously onto Cp.KA/ as well.

U.172. Let T be an infinite set. Suppose that A is an adequate family on T . Prove
the space Cp.KA/ is K-analytic if and only if T �

A is K-analytic.

Solution. If Cp.KA/ is K-analytic then T �
A is K-analytic because T �

A embeds in
Cp.KA/ as a closed subspace (see Problem 170). If, on the other hand, the set T �

A is
K-analytic then Z D .T �

A � !/! is also K-analytic; since Cp.KA/ is a continuous
image of Z (see Problem 171), it is K-analytic as well (see SFFS-343).

U.173. Let T be an infinite set. Suppose that A is an adequate family on T . Prove
the space Cp.KA/ is Lindelöf ˙ if and only if T �

A is Lindelöf˙ .

Solution. If Cp.KA/ is a Lindelöf ˙-space then T �
A is Lindelöf ˙ because T �

A
embeds in Cp.KA/ as a closed subspace (see Problem 170). If, on the other hand,
T �
A is a Lindelöf ˙-space then Z D .T �

A � !/! is also Lindelöf ˙ ; since Cp.KA/
is a continuous image of Z (see Problem 171), it is a Lindelöf˙-space as well (see
SFFS-254, SFFS-256 and SFFS-243).

U.174. Observe that every adequate compact space is zero-dimensional. Give an
example of a zero-dimensional Corson compact space which is not homeomorphic
to any adequate compact space.

Solution. If T is an infinite set and A is an adequate family on T then the adequate
compact space KA is contained in D

T ; so it is zero-dimensional (see SFFS-303).

Fact 1. Suppose that X is a countably compact �-discrete space, i.e., X DS
n2! Xn where each Xn is a discrete subspace of X . Then X is scattered.

Proof. If X is not scattered then there is Y � X such that Y has no isolated points.
It is clear that K D Y is also dense-in-itself. If Kn D Xn \K then Kn is a discrete
subspace of K for any n 2 !. It is an easy exercise that, in a dense-in-itself space,
the closure of any discrete subspace is nowhere dense; so Fn D Kn is a closed
nowhere dense subspace of K for any n 2 !. The space K is countably compact
and K D S

n2! Fn; this contradiction with the Baire property of K shows that
Fact 1 is proved.
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Fact 2. Given an infinite set A and n 2 ! let �n.A/ D fx 2 D
A W jx�1.1/j � ng.

Then �n.A/ is a scattered compact space.

Proof. Take an arbitrary x 2 D
An�n.A/; there are distinct a1; : : : ; anC1 2 A such

that x.ai / D 1 for any i D 1; : : : ; nC 1. The set O D fy 2 D
A W y.ai / D 1 for all

i � nC 1g is open in D
A and x 2 O � D

An�n.A/. This proves that the set �n.A/
is compact being closed in D

A.
If Si D fx 2 D

A W jx�1.1/j D ig then Si � �n.A/ for any i � n. It is clear
that S0 consists of the unique point which is identically zero on A. If 1 � i � n and
x 2 Si then there are distinct b1; : : : ; bi 2 A such that fb1; : : : ; bi g D x�1.1/. The
set W D fy 2 D

A W y.bj / D 1 for all j � ig is open in D
A andW \Si D fxg; this

proves that Si is discrete for any i � n. Since �n.A/ D S0 [ : : : [ Sn, the compact
space �n.A/ is a finite union of discrete subspaces; so it is scattered by Fact 1 and
therefore Fact 2 is proved.

Returning to our solution let K be the Alexandroff double AD.Y / of the space
Y D D

! . Recall that K D K0 [ K1 where K0 \ K1 D ;, the set K0 is closed in
K and all points of K1 are isolated in K . Besides, the space K0 is a homeomorphic
copy of Y and a bijection ' W K0 ! K1 is chosen in such a way that the family
Bx D fU [ .'.U /nf'.x/g/ W U 2 �.x;K0/g is a local base at any x 2 K0.

The space K is Corson compact by Problem 124; since Y is zero-dimensional,
the family C of all clopen subsets of Y is a base in Y . It is immediate that the family
Cx D fU [ .'.U /nf'.x/g/ W x 2 U 2 Cg is also a local base at x in K and every
element of Cx is clopen in K . Thus

SfCx W x 2 K0g [ ffxg W x 2 K1g is a clopen
base in K , i.e., K is zero-dimensional. The family C is countable (see Fact 1 of
U.077); so every Cx is a countable local base at any x 2 K0. Therefore K is first
countable.

Now assume that there is an infinite set T and an adequate family A of subsets
of T such that KA is homeomorphic to K . If �.T / D fx 2 D

T W x�1.1/ is finiteg
then N D �.T /\KA is dense in the spaceKA. Indeed, if x D 	A 2 KA for some
A 2 A then take any W 2 �.x;KA/. There exists a finite set C � T such that
W1 D fy 2 KA W yjC D xjC g � W . If B D C \ A then y D 	B 2 W1 \ N �
W \ N . Thus W \ N ¤ ; for any W 2 �.x;KA/ and hence N D KA. Since
KA ' K , the set D of isolated points of KA is uncountable; the set N being dense
in KA, we have D � N .

Furthermore, N D S
m2! Nm where Nm D fz 2 N W jz�1.1/j � mg for every

m 2 !. If �m.T / D fx 2 D
T W jx�1.1/j � mg then Nm D N \ �m.T / for

any m 2 !. Thus Nm is uncountable for some m 2 ! and hence F D Nm �
�m.T / because �m.T / is compact by Fact 2. ThereforeF is an uncountable scattered
compact subspace of KA; the space KA ' K being first countable, F is also first
countable.

Finally, let F 0 be the set F with the topology generated by the family of all
Gı-subsets of F . It follows from 	.F / D ! that F 0 is an uncountable discrete
space. However, F 0 has to be Lindelöf by SFFS-128. Since no uncountable discrete
space is Lindelöf, we obtained a contradiction which shows that K is not adequate
and completes our solution.
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U.175. Let T be a subspace of R of cardinality !1. Consider some well-ordering 	
on T and let < be the order on T induced from the usual order on R. Denote by A1

the family of all subsets of T on which the orders < and 	 coincide (i.e., A 2 A1

if and only if, for any distinct x; y 2 A, we have x < y if and only if x 	 y).
Let A2 be the family of all subsets of T on which the orders < and 	 are opposite
(i.e., A 2 A2 if and only if, for any distinct x; y 2 A, we have x < y if and only
if y 	 x). Check that A D A1 [ A2 is an adequate family and that X D KA is a
Corson compact space for which Cp.X/ is not a continuous image of any Lindelöf
k-space. In particular, Cp.X/ is not a Lindelöf ˙-space.

Solution. Observe that, by definition, if A � T and jAj � 1 then A 2 A1\A2 and
hence

S
A D T . If A 2 A1 then the orders < and 	 coincide on A and hence on

any subset of A; thus expA � A1. Analogously, if A 2 A2 then the orders< and 	
are opposite on A and on any subset of A; so expA � A2. Now assume that A � T
is an infinite set such that any finite B � A belongs to A. If A … A then the orders
< and 	 do not coincide on A and therefore there exist distinct x; y 2 A such that
x < y but y 	 x. The orders < and 	 cannot be opposite on A either; so there are
distinct z; t 2 A for which z < t and z 	 t . The set B D fx; y; z; tg � A is finite; so
B 2 A. If B 2 A1 then the orders< and	 have to coincide on B for which the pair
fx; yg gives a contradiction. If B 2 A2 then the pair fz; tg provides a contradiction
again. Thus A 2 A and hence A is, indeed, an adequate family.

Next, we prove that all elements of A are countable. Assume towards a
contradiction, thatA 2 A1 and jAj > !. It follows from Fact 1 of S.151 that there is
an uncountableB � A such that B has no isolated points (considered as a subspace
of R). Since the orders < and 	 coincide on B , the set B is well ordered by the
natural order of R. In particular, there is a 2 B which is the <-minimal element
of B . The set Bnfag has no isolated points; since it is well ordered, it has a unique
minimal element b. We have a < b and .a; b/ \ B D ; because the existence of
a number c 2 .a; b/ \ B contradicts minimality of b in Bnfag. As a consequence,
for c D aCb

2
we have fag D .�1; c/\B , i.e., a is isolated in B; this contradiction

shows that A1 has no uncountable elements.
Now assume that A 2 A2 and jAj > !. Apply Fact 1 of S.151 again to see that

there is an uncountable B � A such that B has no isolated points (considered as
a subspace of R). The set B is well ordered by 	; so B has a 	-minimal element
a. Since the orders < and 	 are opposite on B , the point a 2 B is the <-maximal
element of B . The set Bnfag has no isolated points; since it is well ordered, by 	
it has a unique <-maximal element b. We have b < a and .b; a/ \ B D ; because
the existence of a number c 2 .b; a/\ B contradicts maximality of b in Bnfag. As
a consequence, for c D aCb

2
we have fag D .c;C1/ \ B , i.e., a is isolated in B;

this contradiction shows that A2 cannot have uncountable elements either.
Therefore all elements of A are countable; so KA is a Corson compact space by

Problem 169. It turns out that

(1) if A � T is an infinite set then there is an infinite B � A such that B 2 A.
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Call a sequence S D frn W n 2 !g � T monotone if either rn < rnC1 or
rn > rnC1 for all n 2 !; in the first case S is called increasing and in the second
case S is decreasing. Observe first that it is possible to extract a monotone sequence
fan W n 2 !g � A. Indeed, if A has the property

(2) there is an infinite A0 � A such that for any a 2 A0 the set fb 2 A0 W a < bg is
infinite,

then an increasing sequence fan W n 2 !g � A0 � A can be constructed by an
evident induction. If, the property (2) does not hold for A then

(3) any infinite A0 � A has a maximal element,

so we can let a0 D max.A/ and anC1 D max.Anfa0; : : : ; ang/ for any n 2 ! which
gives us a decreasing sequence fan W n 2 !g � A.

Thus we can assume, without loss of generality, that A D fan W n 2 !g is a
monotone sequence. There is n0 2 ! such that an0 is the 	-minimal element of A;
it is evident that an0 	 ai for any i > n0. Suppose that we have n0; : : : ; nk 2 ! such
that n0 < : : : < nk and an0 	 : : : 	 ank while ank 	 ai for any i > nk . Then there
is nkC1 > nk such that ankC1

is the 	-minimal element of the set fai W i > nkg and
our induction properties are fulfilled for the numbers n0; : : : ; nk; nkC1.

Therefore there exists an increasing sequence B D fni W i 2 !g � ! such that
ani 	 aniC1

for any i 2 !. Since our sequence A is <-monotone, the orders < and
	 either coincide or are opposite on B , i.e., B 2 A and hence (1) is proved.

Observe that any A 2 A is closed and discrete in T �
A; so it follows from (1)

that every infinite subset of T �
A has an infinite closed and discrete subset and, in

particular, any compact subset of T �
A is finite.

Fact 1. If Z is an uncountable space which is a continuous image of a Lindelöf
k-space then there is an infinite compactK � Z.

Proof. Fix a Lindelöf k-space L such that there is a continuous onto map
f W L! Z. If f �1.z/ is open in L for any z 2 Z then ff �1.z/ W z 2 Zg is a
disjoint uncountable open cover of L which contradicts the Lindelöf property of L.

Thus there exists a point z 2 Z such that f �1.z/ is not open in L and therefore
there is a compact P � L such that P \ .Lnf �1.z// D Pnf �1.z/ is not closed in
the space L. If the compact set K D f .P / is finite then Q D Knfzg is closed in Z
and hence Pnf �1.z/ D P \ f �1.Q/ is closed in L which is a contradiction. Thus
K is an infinite compact subset of Z and Fact 1 is proved.

Returning to our solution assume that a Lindelöf k-space maps continuously onto
Cp.KA/. Now, T �

A is a closed subspace ofCp.KA/, so some Lindelöf k-space maps
continuously onto T �

A as well; since jT �
Aj > ! and all compact subsets of T �

A are
finite, this gives a contradiction with Fact 1.

Finally, observe that Cp.KA/ cannot be a Lindelöf ˙-space because any
Lindelöf ˙-space is a continuous image of a Lindelöf p-space (SFFS-253) and
every p-space is a k-space (SFFS-230).
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U.176. Give a ZFC example of a Corson compact space without a dense metrizable
subspace.

Solution. Given a tree .T;�/ and p 2 T let Op D fq 2 T W q � pg; say that a set
P � T a �-antichain if P D S

n2! Pn and every Pn is an antichain. A set Q � T
is dense in T if, for any p 2 T there is q 2 Q such that p � q. Let Lim.!1/ be the
set of all limit ordinals of !1; if F � !1 is compact then it has a unique maximal
element which we will denote by max.F /.

Fact 1. Suppose that A � !1 is a stationary set such that !1nA is also stationary
and let T .A/ D fF � A W F is closed in !1g. Then all elements of T .A/ are
countable and hence compact; given F;G 2 T .A/ say that F � G if F is an initial
segment of G, i.e., for the ordinal ˛ D max.F /, we have G \ .˛ C 1/ D F . Then
.T .A/;�/ is a tree which has no uncountable chains and no dense �-antichains.

Proof. It is straightforward that � is a partial order on T D T .A/. If p 2 T then Op
is well ordered because the correspondence q ! max.q/ is an order-isomorphism
of Op onto a subset of !1 (with the well order inherited from !1). Thus T is, indeed,
a tree; all elements of T are countable because an uncountable closed subset of A
would miss a stationary set !1nA which is impossible.

Now, assume that C � T is an uncountable chain. Since Op is countable for any
p 2 C , it is easy to construct by transfinite induction a set fp˛ W ˛ < !1g � C such
that p˛ < pˇ whenever ˛ < ˇ < !1. Then p D Sfp˛ W ˛ < !1g 2 T because
the union of an increasing !1-sequence of closed sets is a closed set in a space
of countable tightness (in our case the relevant space !1 is even first countable).
Therefore p is an uncountable element of T which is a contradiction. Thus T has
no uncountable chains.

Next, assume towards a contradiction, that Un is an antichain in T for every
n 2 ! and U D S

n2! Un is dense in T . Since every antichain of T is contained in
a maximal antichain, we can assume, without loss of generality, that every Un is a
maximal antichain of T . As a consequence,

(1) for any t 2 T and n 2 ! there exist u 2 Un and s 2 T such that fu; tg � Os.
We are going to construct by transfinite induction a family fE˛ W ˛ < !1g and
an !1-sequence fı˛ W ˛ < !1g � !1 with the following properties:

(2) ı0 D 0 and E0 D ;;
(3) E˛ � T is countable and max.p/ � ı˛ for any p 2 E˛ and ˛ < !1;
(4) if ˛ 2 Lim.!1/ then ı˛ D supfıˇ W ˇ < ˛g and E˛ DSfEˇ W ˇ < ˛g;
(5) if ˛ < ˇ < !1 then ˛ � ı˛ < ıˇ; E˛ � Eˇ and, for any p 2 E˛ and n 2 !

there is u 2 Un and q 2 Eˇ such that fp; ug � Oq and max.q/ > ı˛.

To satisfy the condition (2) we must start with ı0 D 0; E0 D ;; if ˛ < !1 is a
limit ordinal and we have the set fıˇ W ˇ < ˛g and the family fEˇ W ˇ < ˛g then let
ı˛ D supfıˇ W ˇ < ˛g and E˛ DSfEˇ W ˇ < ˛g. This guarantees (4).

Now, suppose that, for some ordinal � < !1, we have the set fı˛ W ˛ � �g
and the family fE˛ W ˛ � �g with the properties (2)–(5) fulfilled for all ˛; ˇ � �.
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For every element t 2 E� and n 2 ! fix u.t; n/ 2 Un and s.t; n/ 2 T such
that t � s.t; n/; u.t; n/ � s.t; n/ and max.s.t; n// > maxf�; ı�g (this is possible
by (1)).

Let E 0
�C1 D E� [ fs.t; n/ W t 2 E�; n 2 !g; E�C1 D Sf Op W p 2 E 0

�C1g and
ı�C1 D supfmax.p/ W p 2 E�C1g. It is straightforward that the properties (2)–(5)
hold for the set fı˛ W ˛ � � C 1g and the family fE˛ W ˛ � � C 1g; so our inductive
procedure can be continued to construct the promised !1-sequence fı˛ W ˛ < !1g
and the family fE˛ W ˛ < !1g with the properties (2)–(5).

Observe that

(6) the set H D f˛ < !1 W ˛ D ı˛g is closed and unbounded in !1.

Indeed, if f˛ngn2! � H is an increasing sequence and ˛n ! ˛ then it follows
from (4) that ı˛ D supfı˛n W n 2 !g D supf˛n W n 2 !g D ˛ because ı˛n D ˛n
for any n 2 !. This proves that the set H is closed. Given any ˇ < !1, let ˛0 D ˇ

and ˛nC1 D ı˛n C 1 for any n 2 !. A consequence of (5) is that ˛n < ˛nC1 for any
n 2 !; if ˛ D supn2! ˛n then ˛ 2 H and ˛ > ˇ which shows that H is cofinal in
!1 and (6) is proved.

Our set A being stationary, it follows from (6) that there is ˛ 2 H \ A; fix an
increasing sequence f˛n W n 2 !g such that supn2! ˛n D ˛. Applying the property
(5) once more we conclude that supfı˛n W n 2 !g D ˛.

Take an element p0 2 E˛0 arbitrarily. Suppose that n 2 ! and we have sets
fpi W i � ng � T and fui W i < ng � T with the following properties:

(7) pi 2 E˛i for all i � n;
(8) pi � piC1 and max.piC1/ > ˛i for any i < n;
(9) ui 2 Ui and ui � piC1 for every i < n.

The property (5) implies that we can choose pnC1 2 E˛nC1
and un 2 Un such that

un � pnC1; pn � pnC1 and max.pnC1/ > ı˛n � ˛n. It is immediate that (7)–(9)
are fulfilled for the sets fpi W i � n C 1g and fui W i < n C 1g; so our inductive
procedure gives us sequences fpn W n 2 !g and fun W n 2 !g with the properties
(7)–(9).

It follows from (5) and (7) that ˛ … pn for any n 2 !. It is easy to see that the set
p D .Sn2! pn/ [ f˛g belongs to T and pn < p for every n 2 !. Since U is dense
in T , there is n 2 ! and u 2 Un for which p < u and hence un � pnC1 < p < u
(see (8) and (9)). This is a contradiction with the fact that Un is an antichain; so
Fact 1 is proved.

Fact 2. Given an infinite set T let ŒP;Q
 D fx 2 D
T W x.P / � f1g and x.Q/ �

f0gg for any disjoint finite sets P;Q � T . Suppose additionally that we have a
family U D fŒPa;Qa
 W a 2 Ag such that A is infinite and supfjPa [ Qaj W a 2
Ag < !. Then U is not disjoint.

Proof. Observe first that the family U is not disjoint if and only if there are distinct
a; b 2 A such that .Pa [ Pb/\ .Qa [Qb/ D ;. Our proof will be by induction on
n D supfjPa [Qaj W a 2 Ag. If n D 0 then ŒPa;Qa
 D Œ;;;
 D D

T for any a 2 A;
so U is not disjoint.
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Now suppose that supfjPa [Qaj W a 2 Ag D k 2 N and we have proved that,
for any infinite set B , a family V D fŒUb; Vb
 W b 2 Bg is not disjoint whenever
supfjUb [ Vbj W b 2 Bg < k.

Let us first consider the case when the family P D fPa W a 2 Ag [ fQa W a 2 Ag
is point-finite. Fix a0 2 A; then only finitely many elements of P can intersect either
of the sets Pa0;Qa0 ; so there is a1 2 A for which .Pa0 [ Pa1/ \ .Qa0 [Qa1/ D ;
and hence ŒPa0 ;Qa0
 \ ŒPa1 ;Qa1
 ¤ ;.

If the family P is not point-finite then one of the collections P0 D fPa W a 2 Ag
orP1 D fQa W a 2 Ag is not point-finite. Since both cases are analogous, we assume
that P0 is not point-finite. Passing to a smaller infinite family if necessary, we can
consider that

T
P0 ¤ ;; fix a point a0 2 T

P0. For any a 2 A let P 0
a D Panfa0g;

then jP 0
aj < jPaj. Besides, a0 … Qa for any a 2 A because everyQa is disjoint from

Pa � T
P0. As a consequence, supfjP 0

a [Qaj W a 2 Ag < k; so we can apply the
induction hypothesis to conclude that the family fŒP 0

a;Qa
 W a 2 Ag is not disjoint
and therefore we can find distinct elements a; b 2 A such that .P 0

a [ P 0
b/ \ .Qa [

Qb/ D ;. But then .Pa [Pb/\ .Qa [Qb/ D .P 0
a [P 0

b [ fa0g/\ .Qa [Qb/ D ;
and hence the family U is not disjoint.

Thus our inductive procedure can be continued to show that the family U is not
disjoint for any n D supfjPa [Qaj W a 2 Ag; so Fact 2 is proved.

Returning to our solution take a stationary set A � !1 such that !1nA is also
stationary (such a set exists by SFFS-066) and construct the tree T D T .A/ as in
Fact 1. The family A D fC � T W C is a chaing is adequate if we consider that
the empty set is also a chain. Indeed, it is clear that any subset of a chain is a chain;
since the singletons are also chains, we have

S
A D T . Now, if every finite subset

of a set C � T is a chain then C is a chain for otherwise there are incomparable
p; q 2 C and the finite set fp; qg � C gives a contradiction. Furthermore, all chains
of T are countable by Fact 1; so the adequate compact space K D KA is Corson
compact.

If K has a dense metrizable subspace then it has a �-disjoint �-base by
Problem 138; so we can choose, for any i 2 !, a family Ui D fŒPb;Qb
 W
b 2 Bi g � �.DT / (for the definition of the sets ŒPb;Qb
 see Fact 2) such that
Vi D fU \ K W U 2 Ui g is disjoint and V D SfVi W i 2 !g is a �-base in K .
Splitting every Vi into countably many subfamilies if necessary, we can assume
without loss of generality, that for any i 2 ! there are k.i/;m.i/ 2 ! such that
jPbj D k.i/ and jQbj D m.i/ for any b 2 Bi .

For every b 2 Bi there is x 2 ŒPb;Qb
 \K , so the set Pb � x�1.1/ has to be a
chain; let zb be the maximal element of Pb with respect to the tree order on T . The
set Zi D fzb W b 2 Bi g has only finite chains for any i 2 !. To see it take any i 2 !
and suppose that C � Bi is an infinite set such that fzb W b 2 C g is a chain.

Fix any distinct elements b1; b2 2 C ; the fact that zb1 and zb2 are comparable
implies that P D Pb1 [Pb2 is a chain and hence x D 	P 2 K . If the sets ŒPb1 ;Qb1


and ŒPb2 ;Qb2
 are not disjoint then .Pb1 [ Pb2/ \ .Qb1 [ Qb2/ D ; and hence
x belongs to the set ŒPb1 ;Qb1
 \ ŒPb2 ;Qb2
 \ K which is a contradiction because
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the family Vi is disjoint. Therefore the family fŒPb;Qb
 W b 2 C g is disjoint in
contradiction with Fact 2. Thus the set Zi has no infinite chains for any i 2 !.

Now let Zij D fz 2 Zi W jOz \ Zi j D j g for any i; j 2 !. Since all chains in Zi
are finite, we have Zi D SfZij W j 2 !g for every i 2 !. Each Zij is an antichain
for if x; y 2 Zij and x < y then Oy \Zi has more elements than Ox \Zi . Therefore
every Zi is a �-antichain and hence so is Z DS

i2! Zi .
Given any t 2 T the set H D Œftg;;
 \K is non-empty and open; so there are

i 2 ! and b 2 Bi such that ŒPb;Qb
 \ K � H ; fix a point x 2 ŒPb;Qb
 \ K .
Then Pb � x�1.1/ is a chain and therefore y D 	Pb 2 K \ ŒPb;Qb
. Since also
y 2 H , we must have y.t/ D 1 and hence t 2 Pb which implies t � zb 2 Zi . As a
consequence, our �-antichainZ is dense in T ; this contradicts Fact 1 and shows that
K is a Corson compact space without a dense metrizable subspace, i.e., our solution
is complete.

U.177. Give an example of a compact spaceX for which .Cp.X//! is Lindelöf while
X is not Corson compact.

Solution. Given ordinals ˛; ˇ < !1 let .˛; ˇ
 D f
 < !1 W ˛ < 
 � ˇg. Denote
by L the set of all limit ordinals of !1 and let I D !1nL. For any ordinal ˛ 2 L
choose an increasing sequence S 0̨ D f�˛.n/ W n 2 !g � I such that S 0̨ ! ˛ and
consider the set S˛ D S 0̨ [f˛g. Say that a spaceZ has strong condensation property
if, for any uncountable A � Z there is point z0 2 Z such that some uncountable
B � A is concentrated around z0, i.e., jBnU j � ! for anyU 2 �.z0; Z/. A function
f W Z ! R separates points x; y 2 Z if f .x/ ¤ f .y/.
Fact 1. In a Lindelöf space Z every uncountable A � Z has a condensation point,
i.e., there is z0 2 Z for which jA \ U j > ! for any U 2 �.z0; Z/. In addition, if
Z is a space with l.Z/ � !1 then Z is Lindelöf if and only if every uncountable
A � Z has a condensation point,

Proof. Suppose that Z is Lindelöf; if A � Z is uncountable and there is no
condensation point for A then choose, for any z 2 Z a set Uz 2 �.z; Z/ such
that jUz \ Aj � !. There is a countable P � Z such that

SfUz W z 2 P g D Z; so
A DSfA\ Uz W z 2 P g is countable which is a contradiction.

Now assume that l.Z/ � !1 and every uncountable subset of Z has a
condensation point. IfZ is not Lindelöf then there is an open coverU of the spaceZ
such that no countable subfamily of U covers Z. Since l.Z/ � !1, we can assume
that jU j D !1; choose an enumeration fU˛ W ˛ < !1g of the family U .

The set F˛ D Zn.SfUˇ W ˇ < ˛g/ is non-empty for any ordinal ˛ < !1 andTfF˛ W ˛ < !1g D ;. Take a point z˛ 2 F˛ for any ˛ < !1; then A D fz˛ W ˛ <
!1g is uncountable for otherwise there is ˛ < !1 such that A � SfUˇ W ˇ < ˛g
which is a contradiction with A \ F˛ ¤ ;.

For any z 2 Z there is ˛ < !1 such that z 2 U˛ and therefore W D XnF˛C1 is
an open neighbourhood of the point z such thatW \A � fzˇ W ˇ � ˛g is countable.
Thus A has no condensation point in Z; this contradiction shows that the space Z
is Lindelöf and hence Fact 1 is proved.
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Fact 2. IfZ is a space with strong condensation property and l.Z!/ � !1 thenZ!

is Lindelöf.

Proof. Let pn W Z! ! Z be the natural projection ofZ! onto its n-th factor for any
n 2 !. Take an arbitrary uncountable set A � Z! . If p0.A/ is countable then there
is z0 2 p0.A/ such that A0 D p�1

0 .z0/ \ A is uncountable. If p0.A/ is uncountable
then there is z0 2 Z and an uncountable A0 � A such that p0jA0 is injective and
p0.A0/ is concentrated around z0.

Assume that k 2 ! and we have uncountable sets A0 � : : : � Ak and
z0; : : : ; zk 2 Z such that A � A0 and, for any i � k, either pi .Ai / D fzi g or
the map pi jAi is injective and pi .Ai / is concentrated around zi .

If pkC1.Ak/ is countable then there is a point zkC1 2 Z such that the set
AkC1 D p�1

kC1.zkC1/ \ Ak is uncountable; if pkC1.Ak/ is uncountable then there
is an uncountable AkC1 � Ak and zkC1 2 Z for which pkC1jAkC1 is injective
and pkC1.AkC1/ is concentrated around zkC1. Thus our inductive procedure can be
continued to obtain a decreasing family fAi W i 2 !g of uncountable subsets of A
and a sequence fzi W i 2 !g � Z such that, for any i 2 !, either pi .Ai / D fzig or
pi jAi is injective and pi .Ai / is concentrated around zi .

Then z D .zi W i 2 !/ 2 Z! is a condensation point for the set A. Indeed, if we
are given any set U 2 �.z; Z!/ then there exist a number n 2 ! and U0; : : : ; Un 2
�.Z/ such that z 2 W D U0 � : : : � Un � Z!n.nC1/ � U . It is easy to see that, for
every i � n, the set Bi D fu 2 AnC1 W pi .u/ … Ui g is countable (possibly empty);
so the set A0 D AnC1n.B0 [ : : : [ Bn/ is uncountable and A0 � W \ A � U \ A.
Thus every uncountable A � Z! has a condensation point; so Z! is Lindelöf by
Fact 1 and hence Fact 2 is proved.

Returning to our solution define a topology � on !1 as follows: For every ˛ 2 I
let B˛ D ff˛gg; if ˛ 2 L then B˛ D ff�˛.n/ W n � kg W k 2 !g. Let � be the
topology generated by the family fB˛ W ˛ < !1g as local bases. It is evident that the
space Y D .!1; �/ is locally compact and all points of I are isolated in Y . Since L
is an uncountable closed discrete subspace of Y , the space Y is not compact. Let X
be the one-point compactification of Y and denote by w the unique point of the set
XnY .

If K � Y is compact then K \L is finite becauseK is closed and discrete in Y .
The set K 0 D Kn.SfS˛ W ˛ 2 K \ Lg/ is also finite being closed and discrete in
K; so K � K 0 [ .SfS˛ W ˛ 2 K \ Lg/ is countable. This proves that

(1) every compact subspace of Y is countable.

Assume that X is Corson compact and hence there exists a point-countable
family U of open F� -subsets of X which T0-separates the points of X (see
Problem 118). Given x; y 2 X say that a set U 2 U separates x and y if U \fx; yg
is a singleton. Since every F� -subspace of X is �-compact, the property (1) implies
that

(2) if U 2 U and w … U then U is countable,
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and hence sup.U / < !1 for any U 2 U0 D Un�.w; X/. There are at most countably
many elements of U which contain w. Since XnU � Y is compact and hence
countable for any U 2 �.w; X/, there exists an ordinal 
 < !1 such that

(3) for any countable ordinal ˛ � 
 , if U 2 U separates ˛ and w then U 2 U0 and
hence ˛ 2 U .

Take any 
0 2 L with 
0 � 
 and choose U0 2 U which separates 
0 and w. The
property (3) shows that U0 2 U0 and 
0 2 U0. Suppose that ˇ < !1 and we have
chosen a set f
˛ W ˛ < ˇg � L and a family fU˛ W ˛ < ˇg � U0 with the following
properties:

(4) 
˛ 2 U˛ for any ˛ < ˇ;
(5) ˛0 < ˛ < ˇ implies ˛0 � 
˛0 < 
˛;
(6) if ˛0 < ˛ < ˇ then supfsup.Uı/ W ı < ˛0g < 
˛;
(7) if ˛ < ˇ is a limit ordinal then 
˛ D supf
ı W ı < ˛g.

If ˇ is a limit ordinal then we have to let 
ˇ D supf
˛ W ˛ < ˇg; since U is a
T0-separating family in X , there is Uˇ 2 U which separates 
ˇ and w. It follows
from (3) that 
ˇ 2 Uˇ 2 U0. It is easy to see that the properties (4)–(7) hold for all
˛ � ˇ.

Now, if ˇ D ˇ0 C 1 then 
 0 D supfsup.U˛/ W ˛ � ˇ0g < !1 by (2); so if we take
an ordinal 
ˇ 2 L with 
ˇ > maxf
ˇ0 ; 
 0g C 1 then some Uˇ 2 U separates 
ˇ and
w which implies, by (3), that 
ˇ 2 Uˇ 2 U0. It is clear that (4)–(7) still hold for any
˛ � ˇ; so our inductive procedure can be continued to construct an !1-sequence
G D f
˛ W ˛ < !1g � L and a family fU˛ W ˛ < !1g � U0 with the properties
(4)–(7) fulfilled for any ˇ < !1.

An immediate consequence of (4) and (6) is that U˛ ¤ Uˇ if ˛ ¤ ˇ; besides, it
follows from (5) and (7) thatG is a closed unbounded subset of !1. For any ˛ < !1,
the setU˛ is an open neighbourhood of 
˛; so there is k˛ 2 ! such that�
˛ .n/ 2 U˛
for any n � k˛; let f .
˛/ D �
˛ .k˛/.

This gives us a function f W G ! !1 such that f .ˇ/ < ˇ for any ˇ 2 G;
so we can apply SFFS-067 to find an uncountable H � G and ˇ < !1 such that
f .�/ D ˇ for any � 2 H . In other words, there is an uncountableE � !1 such that
f .
˛/ D ˇ for any ˛ 2 E . By our choice of the function f we have ˇ 2 U˛ for any
˛ 2 E . Since U˛ ¤ U˛0 for distinct ˛; ˛0 2 E , the point ˇ belongs to uncountably
many elements of U ; this contradiction shows that X is not Corson compact.

Let D D ff 2 Cp.X;D/ W jf �1.1/ \ Lj � 1g. The set D separates the points
of X . Indeed, if ˛ 2 I then 	f˛g 2 D separates the points w and ˛. If ˛ 2 L then
	S˛ also separates ˛ and w.

If we are given distinct ordinals ˛; ˇ < !1 such that f˛; ˇg \ I ¤ ; then one
of the functions 	f˛g; 	fˇg belongs to D and separates ˛ and ˇ. Finally, if ˛; ˇ 2 L
and ˛ ¤ ˇ then 	S˛ 2 D separates ˛ and ˇ.

Let D0 D ff 2 Cp.X;D/ W f �1.1/ \ L D ;g and suppose that E is an
uncountable subset of D0. It is easy to see that f �1.1/ is finite for any f 2 E; so
there is an uncountableE 0 � E and a finite P � I such that f �1.1/\g�1.1/ D P
for any distinct f; g 2 E 0. If h D 	P then it is an easy exercise that the set E 0 is
concentrated around h. This shows that
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(8) the set D0 � D has strong condensation property.

Our purpose is to prove that D has strong condensation property so suppose that
E is an uncountable subset of D. It follows from (8) that we do not lose generality
assuming that E \D0 is countable.

Consider first the case when there is an uncountableG � E and ˛ 2 L such that
f .˛/ D 1 for all f 2 G. ThenH D ff �	S˛ W f 2 Gg is an uncountable subset of
D0; so we can apply (8) to find a function g 2 D0 and an uncountable set H 0 � H
which is concentrated around g. It is straightforward that the set G0 D ff C 	S˛ W
f 2 H 0g � G is uncountable and concentrated around g C 	S˛ 2 D.

Assume that E˛ D ff 2 E W f .˛/ D 1g is countable for any ˛ 2 L and hence
the set f˛ 2 L W there exists f 2 E with f .˛/ D 1g is uncountable. It takes an
evident transfinite induction to construct sets ff˛ W ˛ < !1g � E and fı˛ W ˛ <
!1g � L such that

(9) f˛.ı˛/ D 1 and ı˛ > �˛ D supfıˇ W ˇ < ˛g for any ˛ < !1.

The family f.�˛; ı˛
 W ˛ < !1g is disjoint; let J˛ D f �1
˛ .1/\ .�˛; ı˛
; g˛ D 	J˛

and h˛ D f˛ � g˛ for any ˛ < !1. If u 2 D0 is identically zero on X then the
set fg˛ W ˛ < !1g is concentrated around u because the family fg�1

˛ .1/ W ˛ < !1g
is disjoint. Furthermore, h˛ 2 D0 for any ˛ < !1; so we can apply (8) again to
find a function h 2 D0 and an uncountable ˝ � !1 such that fh˛ W ˛ 2 ˝g is
concentrated around h.

It turns out that the set P D ff˛ W ˛ 2 ˝g is also concentrated around h.
Indeed, take any open neighbourhoodO of the function h D hC u. Since the sum
is continuous in Cp.X/�Cp.X/ (see TFS-115), it is also continuous in Cp.X;D/�
Cp.X;D/; so there exist W1 2 �.h; Cp.X;D//; W2 2 �.u; Cp.X;D// such that
p C q 2 O for any p 2 W1 and q 2 W2. There exists 
 < !1 such that h˛ 2 W1

and g˛ 2 W2 for any ˛ 2 ˝ with ˛ � 
 . Then f˛ D h˛ C g˛ 2 O for any ˛ 2 ˝
with ˛ � 
 and hence P is, indeed, concentrated around h. Finally, observe that P
is uncountable because f˛ ¤ fˇ whenever ˛ ¤ ˇ. Therefore we proved that D has
strong condensation property; this, together with l.D/ � w.D/ � w.Cp.X// � !1,
implies that D! is Lindelöf (see Fact 2).

Since D separates the points of X , the space X condenses and hence embeds in
Cp.D/ (see TFS-166). Finally, apply Fact 4 of U.093 to conclude that .Cp.X//! is
Lindelöf and complete our solution.

U.178. Prove that any Corson compact space is a continuous image of a zero-
dimensional Corson compact space.

Solution. Let X be a Corson compact space. By Problem 118, the space X has a
point-countable T0-separating family U of open F� -subsets of X . For any U 2 U
choose a continuous function fU W X ! I D Œ0; 1
 � R such that XnU D f �1

U .0/

(see Fact 1 of S.358 and Fact 1 of S.499). The map f D �ffU W U 2 Ug W X ! IU

is an embedding. To see it take distinct x; y 2 X . There is U 2 U such that
U \ fx; yg is a singleton. Then fU .x/ ¤ fU .y/ and therefore f .x/ ¤ f .y/ which
proves that f is, indeed, an embedding being an injection; let X 0 D f .X/.
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Observe thatX 0 � fx 2 IU W the set fU 2 U W x.U / ¤ 0g is countableg because
if x 2 X 0 then x D f .y/ for some y 2 X and x.U / D fU .y/ for any U 2 U which
implies that the family fU 2 U W x.U / ¤ 0g � fU 2 U W y 2 U g is countable.

To simplify the notation we will reformulate the obtained result as follows:

(1) there exists a set T such that X embeds in ˙ D fx 2 I T W jx�1.Inf0g/j � !g,
so we can assume that X � ˙ .

Let K D D
! be the Cantor set; fix a point a 2 K and let In D Œ 1

nC2 ;
1

nC1 
 � I
for any n 2 !. The space K being zero-dimensional, there exists a local base O D
fOn W n 2 !g at the point a inK such that the setOn is clopen inK andOnC1 � On
for any n 2 !. Making the relevant changes in O if necessary, we can assume that
O0 D K andKn D OnnOnC1 ¤ ; for any n 2 !.

Since no point of K is isolated, the same is true for any non-empty clopen
subset of K and hence every non-empty clopen subset of K is homeomorphic to
K (see SFFS-348). This shows that Kn is homeomorphic to K and hence there is a
continuous onto map 'n W Kn ! In for any n 2 ! (see TFS-128). Let '.a/ D 0; if
x 2 Knfag then there is a unique n 2 ! such that x 2 Kn; let '.x/ D 'n.x/. It is
an easy exercise that ' W K ! I is a continuous onto map such that '�1.0/ D fag.

Let ˚ W KT ! I T be the product of T -many copies of ', i.e., ˚.x/.t/ D
'.x.t// for any x 2 KT and t 2 T . The map ˚ is continuous by Fact 1 of S.271
and it is easy to see that ˚.KT / D I T . The space Y D ˚�1.X/ is compact being
closed in the compact space KT . Take any point y 2 Y and let x D ˚.y/. If
y.t/ ¤ a then x.t/ D '.y.t// ¤ 0 and hence

Sy D ft 2 T W y.t/ ¤ ag � supp.x/ D ft 2 T W x.t/ ¤ 0g:

It follows from X � ˙ that supp.x/ is countable; so Sy is countable for any
y 2 Y which shows that Y is a subset of a ˙-product of T -many copies of K .
Therefore Y is a Corson compact space by Problem 119. It is clear that ˚ jY
maps Y continuously onto X . Besides, Y is zero-dimensional because so is KT

(see SFFS-301 and SFFS-302). Therefore Y is a zero-dimensional Corson compact
space which maps continuously onto X .

U.179. Prove that every first countable space is a W -space and every W -space is
Fréchet–Urysohn.

Solution. Suppose that X is a first countable space and fix a point x 2 X . There is
a countable local base B D fOn W n 2 Ng of X at x such that OnC1 � On for any
n 2 N. Now, let �.;/ D O1 and, if moves U1; x1; : : : ; Un; xn have been made, let
�.U1; x1; : : : ; Un; xn/ D OnC1. It is clear that � is a strategy for the player OP.

If we have a play f.Ui ; xi / W i 2 Ng in which OP applied the strategy � then
xi 2 Ui D Oi for any i 2 N so it is evident that the sequence fxi g converges to x.
Thus � is a winning strategy for OP and therefore fxg is a W -set; the point x 2 X
was chosen arbitrarily; so X is a W -space, i.e., we proved that any first countable
space is a W -space.
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Now, assume that X is a W -space. Given a set A � X and a point x 2 A fix
the respective winning strategy � for the player OP at the point x and consider a
play f.Ui ; xi / W i 2 Ng where U1 D �.;/; OiC1 D �.U1; x1; : : : ; Ui ; xi / and
xi 2 Ui \ A for any i 2 N. To see that such a play is possible, observe that every
move of OP is an open neighbourhood of x; so Ui \A ¤ ; for any i 2 N and hence
PT can choose a point xi 2 Ui \ A at his i -th move. It is evident that in the play
f.Ui ; xi / W i 2 Ng the player OP applied the strategy � ; so fxi W i 2 Ng � A is a
sequence which converges to x. Thus X is a Fréchet–Urysohn space.

U.180. Suppose that f W X ! Y is an open continuous onto map. Prove that if X
is a W -space then so is Y .

Solution. Take any point y 2 Y and fix x 2 X such that f .x/ D y. The player
OP has a winning strategy � in X at the point x. We will define a strategy s for the
Gruenhage game on Y at y in such a way that, for any play P D f.Ui ; yi / W i 2 Ng
of this game where OP applies the strategy s, there is a play P 0 D f.Vi ; xi / W i 2 Ng
of the same game on X at x such that the player OP applies � in P 0 and we have
f .Vi / D Ui ; f .xi / D yi for all i 2 N.

Let s.;/ D f .�.;//; if PT chooses y1 2 U1 D s.;/ there is x1 2
V1 D �.;/ such that f .x1/ D y1. Let V2 D �.V1; x1/; U2 D f .V2/ and
s.U1; y1/ D U2. Suppose that n 2 N and moves U1; y1; : : : ; Un; yn; UnC1 and
V1; x1; : : : ; Vn; xn; VnC1 have been made in the respective games on Y and X in
such a way that the player OP applies the strategies s and � in Y andX respectively
while f .Vi / D Ui for all i � nC 1 and f .xi / D yi for all i � n.

If PT plays a point ynC1 2 UnC1 then there exists a point xnC1 2 VnC1 such that
f .xnC1/ D ynC1; let VnC2 D �.V1; x1; : : : ; VnC1; xnC1/; UnC2 D f .VnC2/ and
s.U1; y1; : : : ; UnC1; ynC1/ D UnC2. It is evident that all mentioned properties of s
now hold if we substitute n by n C 1. The induction step in defining the strategy
s being carried out, our inductive procedure can be continued and hence we have
the promised play P 0 D f.Vi ; xi / W i 2 Ng on X where OP applies � for any play
P D f.Ui ; yi / W i 2 Ng on Y where OP applies the strategy s. Since the strategy
� is winning, the sequence S 0 D fxn W n 2 Ng converges to x and therefore the
sequence S D fyn W n 2 Ng D ff .xn/ W n 2 Ng converges to f .x/ D y.

Observe that we only defined the strategy s for the plays where s has to be
applied. For the rest of the respective initial segments of our game the function s can
be defined arbitrarily, e.g., we can let s.U1; y1; : : : ; Un; yn/ D Y for any sequence
fU1; y1; : : : ; Un; yng where s was not defined yet. We already proved that if OP
applies the strategy s in a play f.Ui ; yi / W i 2 Ng then yi ! y; so s is a winning
strategy and therefore Y is, indeed, a W -space.

U.181. Suppose that X is a separable space and a closed set F � X has an outer
base of closed neighbourhoods (i.e., for any U 2 �.F;X/ there is V 2 �.F;X/
such that V � U ). Prove that if F is aW -set inX then 	.F;X/ � !. In particular,
if X is a separableW -space then 	.X/ D !.
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Solution. Let A be a countable dense subset of the space X and fix a winning
strategy � for the player OP in the W -game at the set F in X . Consider the
family W D fW 2 �.F;X/ W there is n 2 N and an initial segment
W1; a1; : : : ;Wn�1; an�1;Wn of a play in a W -game at F where OP applies the
strategy � , the point ai belongs to A for any i < n and Wn D W g. Any W 2 W is
uniquely determined by a finite (maybe empty, in which case W D �.;/) sequence
of points from A; so jWj � ! and hence it suffices to show that W is an outer base
at F .

To obtain a contradiction assume that there exits a set U 0 2 �.F;X/ such that
W nU 0 ¤ ; for any W 2 W . Fix a set U 2 �.F;X/ for which U � U 0; then
W nU ¤ ; for any W 2W . The set A being dense in X there is a1 2 A\ .W1nU /
where W1 D �.;/ 2 W . Suppose that n 2 N and fW1; a1; : : : ;Wn; an;WnC1g is an
initial segment of the W -game at F with the following properties:

(1) WiC1 D �.W1; a1; : : : ;Wi ; ai / for any i � n, i.e., the player OP applies the
strategy � ;

(2) ai 2 A\ .WinU / for any i � n.

As a consequence, WnC1 2 W ; so it follows from our choice of U that we can
take a point anC1 2 A \ .WnC1nU /; let WnC2 D �.W1; a1; : : : ;WnC1; anC1/. It is
evident that the conditions (1)–(2) are still satisfied for all i � nC1; so our inductive
procedure gives a play fWi; ai W i 2 Ng for which (1) and (2) hold. In particular, the
player OP applies the strategy � and hence the sequence S D fan W n 2 Ng has to
converge to F . On the other hand, S � XnU by (2) which is a contradiction.

Thus W is, indeed, an outer base of F in X and therefore 	.F;X/ � jWj � !.
Finally observe that if F is a singleton then it has a base of closed neighbourhoods
by regularity of X . Consequently, 	.x;X/ � ! for any x 2 X whenever X is a
separableW -space.

U.182. Show that there exist W -spaces which are not first countable and Fréchet–
Urysohn spaces which are not W -spaces.

Solution. Let X D A.!1/ D !1 [ fag be the one-point compactification of the
discrete space of cardinality !1. Recall that a 2 X is the unique non-isolated point
of X and �.a;X/ D fXnK W K � Xnfag is finiteg.

If x 2 Xnfag then it is evident that the n-th move Un D fxg for any n 2 N

gives a winning strategy for OP in the Gruenhage game on X at x. Now, for the
case x D a let U1 D X and �.;/ D U1; if n 2 N and moves U1; x1; : : : ; Un; xn
are made then let �.U1; x1; : : : ; Un; xn/ D Xnfx1; : : : ; xng. This defines a strategy
� on the space X at the point a.

If we have a play f.Un; xn/ W n 2 Ng where � is applied then xn ¤ xm for
distinctm; n 2 N; so the sequence fxn W n 2 Ng converges to a. Thus � is a winning
strategy, so X is a W -space; since  .a;X/ D 	.a;X/ > ! we have 	.X/ > !.

Now let M be a countable second countable space for which there is a closed
map f WM ! Y such that Y is not metrizable (see TFS-227). A countable space is
metrizable if and only if it is first countable; so 	.Y / > !. It follows from TFS-225
that Y is a Fréchet–Urysohn space. If Y is a W -space then it is first countable by
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Problem 181; this contradiction shows that Y is an example of a Fréchet–Urysohn
space which does not have the W -property.

U.183. Prove that any subspace of a W -space is a W -space and any countable
product ofW -spaces is a W -space.

Solution. Suppose that X is a W -space and Y � X . Given a point y 2 Y there
is a winning strategy s in the W -game on X at y. Let �.;/ D s.;/ \ Y ; then
W1 D �.;/ 2 �.y; Y /. Now suppose that n 2 N and fW1; y1; : : : ;Wn�1; yn�1;Wng
is an initial segment of the play in the W -game on Y at y where our future strategy
� is defined and applied, i.e., �.W1; y1; : : : ;Wi ; yi / D WiC1 for any i < n and,
besides, we have an initial segment fU1; y1; : : : ; Un�1; yn�1; Ung of a play in the
W -game on X at y where OP applies the strategy s and Wi D Ui \ Y for any
i � n. If PT plays with a point yn 2 Wn then yn 2 Un, so the strategy s
is applicable; let �.W1; y1; : : : ;Wn; yn/ D s.U1; y1; : : : ; Un; yn/ \ Y ; it is clear
that WnC1 D �.W1; y1; : : : ;Wn; yn/ is an open neighbourhood of y in Y , so our
inductive procedure defines a strategy � in the W -game on Y at the point y.

To see that � is winning observe that, for every play P D f.Wn; yn/ W n 2 Ng in
the W -game on Y at y where � is applied we have a play P 0 D f.Un; yn/ W n 2 Ng
in the W -game on X at the point y where the player OP applies the strategy s.
Since s is a winning strategy, the sequence fyng converges to y and hence � is also
a winning strategy, i.e., Y is aW -space. This proves that any subspace of aW -space
is a W -space.

Now assume that Xn is a W -space for any n 2 N; we must prove that the space
X D QfXn W n 2 Ng is a W -space. If x 2 X then there is a winning strategy �n in
the W -game on Xn at the point x.n/ for any n 2 N. Denote by pn W X ! Xn the
respective natural projection for any n 2 N and let �.;/ D p�1

1 .�1.;//. It is clear
that the set U1 D �.;/ is an open neighbourhood of x in X ; let O1

1 D �1.;/.
Suppose that n 2 N and fU1; x1; : : : ; Un�1; xn�1; Ung is an initial segment of

a play in the W -game on X at x where our future strategy � of the player OP is
defined and applied, i.e., �.U1; x1; : : : ; Ui ; xi / D UiC1 for any i < n and, besides,
for any j � n an initial segment Sj D fOj

1 ; xj .j /; : : : ; O
j
n�j ; xn�1.j /;Oj

n�jC1g
of a play in the W -game on Xj at the point x.j / is chosen in such a way that the
strategy �j is applied in every Sj and

(1) Oi
1 D �i .;/ and Ui DTfp�1

j .O
j
i�jC1/ W j � ig for any i � n.

If the player PT makes a move xn 2 Un then it follows from the property
(1) that xn.j / 2 O

j
n�jC1 and therefore �j is applicable; let OnC1

1 D �nC1.;/
and Oj

n�jC2 D �j .O
j
1 ; xj .j /; : : : ; O

j
n�j ; xn�1.j /;Oj

n�jC1; xn.j // for any j � n;

since Oj
n�jC2 is an open neighbourhood of the point x.j / for any j 2 f1; : : : ; nC

1g, the set UnC1 D Tfp�1
j .O

j
n�jC2/ W j � nC 1g is an open neighbourhood of the

point x ao we can let �.U1; x1; : : : ; Un�1xn�1; Un; xn/ D UnC1. The property (1)
is still fulfilled when we substitute n by nC 1 so our inductive procedure defines a
strategy � on X for which the property (1) holds for all n 2 N.
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To see that � is winning suppose that f.Un; xn/ W n 2 Ng is a play where OP
applies the strategy � . By our choice of � there is a play f.Oi

j ; xiCj�1.i// W j 2 Ng
in the W -game on the space Xi at the point x.i/ where OP applies the strategy �i
for any i 2 N.

As a consequence, the sequence fxiCj�1.i/ W j 2 Ng converges to x.i/ for any
i 2 N; so it is an easy exercise to see that xn ! x and hence � is a winning strategy.
This shows that X is a W -space and therefore any countable product of W -spaces
is a W -space.

U.184. Prove that any ˙-product of W -spaces is a W -space. Deduce from these
facts that if X is a Corson compact space then every non-empty closed F � X is a
W -set; in particular, X is a W -space.

Solution. Suppose that Xt is a W -space and a point at 2 Xt is fixed for any t 2 T .
Let a.t/ D at for any t 2 T ; then a 2 X D Q

t2T Xt . We must prove that
˙.X; a/ D fx 2 X W the set supp.x/ D ft 2 T W x.t/ ¤ at g is countableg is
a W -space.

For any t 2 T denote by pt W ˙.X; a/ ! Xt the restriction to ˙.X; a/ of the
natural projection of X onto the factor Xt . Fix a point y 2 ˙ D ˙.X; a/ and a
winning strategy �t of the player OP in the W -game on the space Xt at the point
yt D y.t/ for any t 2 T . For any x 2 ˙ choose a countable set T x D ftxn W n 2
Ng � T such that supp.x/ � T x and let T xn D ftxi W i � ng for any n 2 N.

Let �.;/ D p�1
t
y
1

.�ty1
.;//; it is clear that the set U1 D �.;/ is an open

neighbourhood of the point y; let S1 D fty1 g. To construct a strategy � by induction
assume that n 2 N and fU1; x1; : : : ; Un�1; xn�1; Ung is an initial segment of a play
in the W -game on ˙ at y where our future strategy � of the player OP is defined
and applied, i.e., �.U1; x1; : : : ; Ui ; xi / D UiC1 for any i < n and, besides, we have
finite sets S1 � : : : � Sn � T with the following properties:

(1) T yi [ T x1i [ : : : [ T xi�1i � Si for any i � n;
(2) for any t 2 Sn if kt D minfi W t 2 Sig then a play Pt in the W -game on Xt at

the point yt starts at the step kt and OP applies the strategy �t in Pt ;
(3) for any i < n and t 2 Sn if kt � i then at the step i the player OP makes his/her

strategy move number .i � kt C 1/ (starting with �t .;/ if i D kt ) following the
move number .i � kt / of the player PT (in case when kt < i ) who plays with
xi�1.t/;

(4) for any i � n we have Ui D Tfp�1
t .Ot / W t 2 Si ; kt � i and Ot is the move

number .i � kt C 1/ of the player OPg.
Now, suppose that the player PT makes a move xn 2 Un and consider the

respective initial segment St D fOt
1; z

t
1; : : : ; O

t
mt�1; z

t
mt�1; O

t
mt
g of the play Pt for

any t 2 Sn. It follows from the property (4) that xn.t/ 2 Ot
mt

for any t 2 Sn so the
strategy �t is applicable; let Ot D �t .O

t
1; z

t
1; : : : ; O

t
mt�1; z

t
mt�1; O

t
mt
; xn.t// for any

t 2 Sn. Take a finite set SnC1 � T such that Sn[T ynC1[T x1nC1[ : : :[T xnnC1 � SnC1
and let Ot D �t .;/ for any t 2 SnC1nSn.
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It is immediate that UnC1 D Tfp�1
t .Ot / W t 2 SnC1g is an open neighbourhood

of y in˙ ; let �.U1; x1; : : : ; Un; xn/ D UnC1. It is evident that the conditions (1)–(4)
are still satisfied if we substitute n C 1 in place of n. Thus our strategy � can be
inductively constructed so that the properties (1)-(4) hold for any n 2 N.

To see that � is winning, assume that f.Un; xn/ W n 2 Ng is a play where OP
applies the strategy � . We also have a sequence fSn W n 2 Ng with the properties
(1)–(4); let S D SfSn W n 2 Ng. It follows from (1) that supp.y/ [ supp.xi / � S
for any i 2 N.

For any t 2 S we have a play f.Ot
n; z

t
n/ W n 2 Ng in the W -game on Xt at y.t/

in which OP applies the strategy �t and fztn W n 2 Ng D fxktCn�1.t/ W n 2 Ng. The
strategy �t is winning so the sequence fztng converges to y.t/ for any t 2 S ; thus
xn.t/ ! y.t/ for any t 2 S . Furthermore, it follows from (1) that xn.t/ D at D
y.t/ for any t 2 T nS so xn.t/ ! y.t/ for any t 2 T and hence the sequence fxng
converges to y. Thus the strategy � is winning; so we proved that ˙ is a W -space.

Therefore every˙-product of the real lines is a W -space; applying Problem 183
we can conclude that

(5) every Corson compactum is a W -space.

The following useful fact will help us to show that every closed subset of a
Corson compact space is a W -set.

Fact 1. If f W Y ! Z is a perfect map and z 2 Z then fzg is a W -set in Z if and
only if f �1.z/ is a W -set in Y .

Proof. Suppose that fzg is a W -set in Z and fix a winning strategy s for the player
OP in the W -game in Z at the point z. Let V1 D s.;/ and U1 D f �1.V0/; then
U1 is an open neighbourhood of the set F D f �1.z/. Suppose that n 2 N and
fU1; y1; : : : ; Un�1; yn�1; Ung is an initial segment of a play in the W -game on Y
at F where our future strategy � of the player OP is defined and applied, i.e.,
�.U1; y1; : : : ; Ui ; yi / D UiC1 for any i < n and, besides, we have an initial segment
fV1; z1; : : : ; Vn�1; zn�1; Vng of a play of the W -game on Y at y in which OP applies
the strategy s while Ui D f �1.Vi / and zi D f .yi / for any i < n.

If the player PT makes a move yn 2 Un then zn D f .yn/ 2 Vn and hence the
strategy s can be applied; let VnC1 D s.V1; z1; : : : ; Vn; zn/ and UnC1 D f �1.VnC1/.
Then the formula �.U1; y1; : : : ; Un; yn/ D UnC1 completes the inductive definition
of the strategy � .

To see that � is winning suppose that f.Ui ; yi / W i 2 Ng is a play where OP
applies the strategy � . Then there is a play f.Vi ; zi / W i 2 Ng in theW -game onZ at
the point z in which OP applies the strategy s while f .yi / D zi and Ui D f �1.Vi /
for any i 2 N. Since the strategy s is winning, the sequence fzig converges to z. Now,
if O 2 �.F; Y / then W D Znf .Y nO/ is an open neighbourhood of z such that
f �1.W / � O . There exists m 2 N such that zi 2 W for all i � m; it is immediate
that yi 2 f �1.W / � O for all i � m and hence the sequence fyi g converges to F .
This proves that F is a W -set and therefore we established sufficiency.
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To prove necessity, assume that F is a W -set. Given an open set U � Y the set
V D Znf .Y nU / is an open subset of Z (maybe empty) such that f �1.V / � U ;
let f #.U / D V .

Fix a winning strategy � for the player OP in the W -game on the space Y at the
set F and let U1 D �.;/; then V1 D f #.U1/ 2 �.z; Z/ so we can let s.;/ D V1.
Suppose that n 2 N and fV1; z1; : : : ; Vn�1; zn�1; Vng is an initial segment of a play
in theW -game onZ at z where our future strategy s of the player OP is defined and
applied, i.e., s.V1; z1; : : : ; Vi ; zi / D ViC1 for any i < n and, besides, we have an
initial segment fU1; y1; : : : ; Un�1; yn�1; Ung in a play of the W -game on Y at F in
which OP applies the strategy � while Vi D f #.Ui / and zi D f .yi / for any i < n.

If the player PT makes a move zn 2 Vn then take any point yn 2 f �1.zn/;
since f �1.zn/ � f �1.Vn/ � Un, we have yn 2 Un and therefore the strategy � is
applicable; let UnC1 D �.U1; y1; : : : ; Un; yn/ and VnC1 D f #.UnC1/. Then VnC1
is an open neighbourhood of z in Z; so the formula �.V1; z1; : : : ; Vn; zn/ D VnC1
completes our inductive definition of the strategy s.

To see that s is winning suppose that f.Vi ; zi / W i 2 Ng is a play where OP applies
the strategy s. Then there is a play f.Ui ; yi / W i 2 Ng in the W -game on Y at the
set F in which OP applies the strategy � while f .yi / D zi for any i 2 N. Since the
strategy � is winning, the sequence fyi g converges to F . An immediate consequence
of continuity of f is that the sequence fzi g D ff .yi /g converges to z. This proves
that fzg is a W -set and therefore we established necessity. Fact 1 is proved.

Finally, take any Corson compact space K and fix a non-empty closed set
F � K. Let us consider the map f W K ! N which is obtained by collapsing
F to a point. Recall that N D fxF g [ .KnF /, the base of the topology of N at a
point x 2 KnF is given by the family �.x;KnF / and the local base at xF is the
family ffxF g [ .U nF / W U 2 �.F;K/g. The map f is defined by f .x/ D xF for
any x 2 F and f .x/ D x whenever x 2 KnF .

ThenN is a compact Hausforff space and the map f is surjective and continuous
(see Fact 2 of T.245). The spaceN is Corson compact by Problem 151 and therefore
fxF g is a W -set in N by (5). Since F D f �1.xF / and f is perfect, we can apply
Fact 1 to conclude that F is a W -set in K and hence our solution is complete.

U.185. Prove that, if X is a compact space of countable tightness, then a non-empty
closed H � X is a W -set if and only if XnH is metalindelöf.

Solution. We will deduce sufficiency from a more general statement.

Fact 1. Suppose that Z is a compact space, F is non-empty and closed in Z and,
additionally, there is a point-countable open cover U of the set ZnF such that U �
ZnF for any U 2 U . Then F is a W -set in Z.

Proof. Given any x 2 ZnF let Ux D fUx
n W n 2 Ng be a subfamily of U such that

x 2 U 2 U implies U 2 Ux ; we will also need the family Unx D fUx
k W k � ng for

any n 2 N.
To define inductively a winning strategy � for the player OP let �.;/ D Z and

assume that n 2 N and we have an initial segment fU1; x1; : : : ; Un�1xn�1; Ung of
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theW -game onZ at the set F in which our future strategy � is defined and applied,
i.e., U1 D �.;/ and UiC1 D �.U1; x1; : : : ; Ui ; xi / for any i < n and, besides

(1) for any i < n we have UiC1 \S
U ixj D ; for any j � i .

If the player PT makes a move xn 2 Un then the closed setPi DS
Unxi does meet

F for any i � n so the set UnC1 D Unn.P1 [ : : : [ Pn/ is an open neighbourhood
of the set F ; let �.U1; x1; : : : ; Un; xn/ D UnC1. It is evident that (1) still holds if we
substitute n C 1 in place of n; so our inductive procedure defines a strategy of the
player OP in the W -game on Z at F with the property (1).

To see that � is winning suppose that f.Ui ; xi / W i 2 Ng is a play in which OP
applies the strategy � . Given any point y 2 ZnF fix V 2 U such that y 2 V .
If there is k 2 N such that xk 2 V then V D Uxk

m and hence V 2 Umxk for some
m 2 N. We have xn 2 Un for every n 2 N; it follows from the property (1) that
Un\V D ; for any n � mCkC1 and thereforeV \fxi W i 2 Ng � fx1; : : : ; xmCkg.
Thus, for any y 2 ZnF there is V 2 �.y;X/ such that V \ fxi W i 2 Ng is finite,
and hence D D fxi W i 2 Ng is closed and discrete in ZnF . Now, if O 2 �.F;Z/
then K D ZnO is a compact subspace of ZnF ; so D \K D DnO is finite which
shows thatD converges to F and hence the strategy � is winning, i.e., F is a W -set
in Z. Fact 1 is proved.

Fact 2. Suppose thatZ is a set and A is a family of subsets of Z. Assume also that
we have a map ' W expA! expA such that j'.B/j � maxf!; jBjg for any B � A.
A family B � A will be called '-closed if '.B/ � B. Suppose, additionally, that
we have a property P such that

(a) any countable '-closed family B � A has P ;
(b) for any ordinal �, if a family B˛ � A is '-closed and has P for any ˛ < � and,

besides, ˛ < ˇ < � implies B˛ � Bˇ, then the family B D SfB˛ W ˛ < �g
has P .

Then the family A has the property P .

Proof. We will prove this by induction on � D jAj. If � D ! then A has P by
(a). Now assume that jAj D � and our Fact is proved for all families of cardinality
less than �. Write A as fAˇ W ˇ < �g; we will construct an increasing �-sequence
fBˇ W ˇ < �g of subfamilies of A with the following properties:

(2) the family Bˇ is '-closed and jBˇj < � for any ˇ < �;
(3) fA
 W 
 < ˇg � Bˇ for every ˇ < �.

We can start with B0 D ;. If ˛ is a limit ordinal and we have Bˇ for any ˇ < ˛

then let B˛ D SfBˇ W ˇ < ˛g. It is clear that the properties (2) and (3) are fulfilled
for every ˇ � ˛.

Now, if ˛ D ˛0 C 1 then let C0 D B˛0 [ fA˛0g and CnC1 D Cn [ '.Cn/ for
any n 2 !. It is immediate that B˛ D S

n2! Cn is '-closed, has cardinality < �

and fAˇ W ˇ < ˛g � B˛. Therefore our inductive procedure gives us an increasing
�-sequence S D fB˛ W ˛ < �g with the properties (2) and (3). Since A˛ 2 B˛C1 for
any ˛ < � by (3), we have

S
S D A.



208 2 Solutions of Problems 001–500

Furthermore, the induction hypothesis is applicable to every B˛ and the map
'j exp.B˛/ because B˛ is '-closed and jB˛j < � by (2). Thus every B˛ has P ;
the collection S being increasing, the family A D S

S has P by (b); so Fact 2 is
proved.

Returning to our solution suppose that XnH is metalindelöf. Every x 2 XnH
has an open neighbourhood Ox such that Ox � XnH ; there is a point-countable
open refinement U of the open cover fOx W x 2 XnH g of the spaceXnH . It is clear
that U � XnH for any U 2 U ; so H is a W -set by Fact 1. This proves sufficiency.

Now assume that H is a W -set and fix a winning strategy � for the player OP
in the W -game on X at the set H . The following observations will be useful to
simplify our notation.

First note that the values of the strategy � only matter in the plays where it is
applied. Thus, when we calculate � for an initial segment fU1; x1; : : : ; Un; xng, the
set �.U1; x1; : : : ; Un; xn/ actually depends only on the points fx1; : : : ; xng because
U1 D �.;/; U2 D �.�.;/; x1/; U3 D �.�.;/; x1; �.�.;/; x1/; x2/ and so on by
trivial induction.

So our first simplification will consist in writing �.x1; : : : ; xn/ instead of
the expression �.U1; x1; : : : ; Un; xn/. Formally, however, the set �.x1; : : : ; xn/ is
defined only for those n-tuples .x1; : : : ; xn/ for which x1 2 �.;/ and xiC1 2
�.x1; : : : ; xi / for every i < n. But it is easy to see that we can define �.x1; : : : ; xn/
arbitrarily, say �.x1; : : : ; xn/ D X for all other n-tuples .x1; : : : ; xn/; the resulting
strategy will still be winning.

The next step is to define a map � 0 for any finite subset F of the space X . Let
� 0.;/ D �.;/; if jF j D n > 0 then define the value of � 0 at F by the formula
� 0.F / D Tf�.x1; : : : ; xn/ W xi 2 F for any i � ng. It is an easy exercise to see that
the function � 0 is still a winning strategy in the sense that for any sequence S D fxi W
i 2 Ng such that x1 2 �.;/ and xnC1 2 �.x1; : : : ; xn/ for any n 2 N the sequence
S converges to H . Our next simplification is to consider that � D � 0, i.e., �.F / is
defined for all finite sets F � X and �.F / does not depend on enumeration of F .
Call S D fxi W i 2 Ng a �-sequence if x1 2 �.;/ and xnC1 2 �.x1; : : : ; xn/ for any
n 2 N. We have observed already that any �-sequence converges to H .

To prove that XnH is metalindelöf take an open cover U of the space XnH .
We can assume, without loss of generality, that U \H D ; for any U 2 U . For any
finite family U 0 � U fix a finite O.U 0/ � U such that

SfU W U 2 U 0g � S
O.U 0/;

if V � U then let B.V/ D SfO.U 0/ W U 0 is a finite subfamily of Ug.
For an arbitrary V � U let V� be the minimal family of subsets of X such that

V � V� and A;B 2 V� implies A[ B 2 V�; A\ B 2 V� and AnB 2 V�. It is an
easy exercise that jV�j � maxf!; jV jg for anyV � U ; observe also that the elements
of V� are not necessarily open and V0 � V1 � U implies V�

0 � V�
1 . For any non-

empty A 2 U� choose a point y.A/ 2 A and let Y.V/ D fy.A/ W A 2 V�nf;gg for
any V � U .

Given V � U and a finite set F � Y.V/ the set Xn�.F / is compact; since
it is contained in XnH , we can choose a finite family Q.F / � U which covers
Xn�.F /. Let A.V/ DSfQ.F / W F is a finite subset of Y.V/g.
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For an arbitrary family V � U let '.V/ D A.V/ [ B.V/; this gives us a map
' W expU ! expU . It is straightforward that j'.V/j � maxf!; jV jg for any V � U .
Say that a family V � U has the property P if the cover V of the space

S
V has a

point-countable open refinement (from now on we will abbreviate this phrase saying
simply thatV has a point-countable open refinement). It is evident that any countable
V � U hasP so it suffices, by Fact 2, to prove that if � is an ordinal and fV˛ W ˛ < �g
is an increasing �-sequence of subfamilies of U with the property P then the family
V D SfV˛ W ˛ < �g also has P . Let W˛ be a point-countable refinement of the
family V˛ for any ˛ < �.

If the ordinal � is countably cofinal then V is a countable union of families with
the property P ; so it is an easy exercise that V also has P . Thus we can assume,
without loss of generality, that the cofinality of � is uncountable. The following
property is crucial for our proof:

(4) if E � U is a '-closed family then Y.E/ � S
E [H and

S
E 0 � S

E for any
finite E 0 � E .

Assume first that E 0 � E is finite. Since E is '-closed, we have O.E 0/ � E and
therefore

S
E 0 �S

O.E 0/ �S
E .

To prove the first part of (4) assume towards a contradiction that, for the set P D
Y.E/, there is a point z 2 Pn.S E [H/; fix W 2 �.z; X/ such that W \H D ;.
If U1 D �.;/ then XnU1 � S

Q.;/ which, together with Q.;/ � E implies that
XnU1 � S

E and therefore z 2 U1. It follows from z 2 P that we can choose
x1 2 P \ U1 \W . Suppose that we have an initial segment fU1; x1; : : : ; Un; xng of
a play in theW -game onX atH in which OP applies the strategy � and xi 2 P\W
for any i � n.

Since the family E is '-closed, for the set F D fx1; : : : ; xng � P we have
Xn�.F / � S

Q.F / and Q.F / � E which implies that for the set UnC1 D �.F /

we haveXnUnC1 �S
E and therefore z 2 UnC1; so we can find xnC1 2 P\UnC1\

W . Thus our inductive procedure gives us a �-sequence S D fxn W n 2 Ng � W ;
however, XnW is an open neighbourhood of H which contains no elements of S .
This contradiction with the fact that � is winning strategy, shows that the property
(4) is true.

For any ˛ < � let N˛ D SfVˇ W ˇ < ˛g; V 0̨ D V˛nN˛ and Z˛ D Y.N˛/. Fix
˛ < �, an element V 2 V 0̨ and observe that N˛ is a '-closed family (it is an easy
exercise that any union of '-closed families is '-closed). The property (4) implies
that Z˛ � S

N˛ [H ; so K D V \ Z˛ is a compact subset of O˛ D S
N˛ . The

family N˛ being '-closed, we can find a finite N 0 � N˛ such that K � S
N 0; let

OV D V n.SN 0/. It is clear that OV 2 .V 0̨ /� and OV \ Z˛ D ; for any V 2 V 0̨ .
Let M˛ D fOV W V 2 V 0̨ g; if ˇ < ˛ then Zˇ � Z˛; so we have

(5) A\Zˇ D ; for any A 2M˛ and ˇ < ˛.

Furthermore, OV � V nO˛ for any V 2 V 0̨ and hence
SfM˛ W ˛ < �g is a

cover of XnH . It turns out that

(6) the family fSM˛ W ˛ < �g is point-countable.
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If (6) is not true then there exists an increasing !1-sequence fˇ.˛/ W ˛ < !1g of
ordinals such that, for any ˛ < !1, we can choose A˛ 2Mˇ.˛/ in such a way that
A DTfA˛ W ˛ < !1g ¤ ;; take a point z 2 A and let 
 D supfˇ.˛/ W ˛ < !1g.

The family C D fA˛ \Z
 W ˛ < !1g is centered. Indeed, if ˛1 < : : : < ˛n < !1
then Q D A˛1 \ : : : \ A˛n is a non-empty element of .Vˇ.˛n//� which shows that
y.Q/ 2 Zˇ.˛n/ � Z
 and hence y.Q/ 2 Q \Z
 .

Thus C is centered and hence R D TfA˛ \Z
 W ˛ < !1g ¤ ;; fix a point
y 2 R. Since t.X/ � ! and Z
 D SfZˇ.˛/ W ˛ < !1g, we have Z
 D SfZˇ.˛/ W
˛ < !1g which implies that there is ˛0 < !1 for which y 2 Zˇ.˛0/. However, for
˛ D ˛0 C 1 we have y 2 A˛ and hence A˛ \Zˇ.˛0/ ¤ ; which is a contradiction
with (5); so the property (6) is proved.

Finally, recall that every V˛ has a point-countable open refinement W˛. Let
W 0̨ D fW \ Int.

S
M˛/ W W 2 W˛g for any ˛ < �. It is clear that W 0̨ is a family

of open subsets of X . We claim that W D SfW 0̨ W ˛ < �g is a point-countable
refinement of V .

Since every W˛ is a refinement of V˛ , the family W is inscribed in V , i.e., for
anyW 2W 0̨ there is V 2 V such that W � V . To see that W covers

S
V take any

x 2 S
V and let ˛ D minfˇ < � W x 2 S

Vˇg. Then there is V 2 V 0̨ with x 2 V .
Observe that OV D V n.SF/ for some finite F � SfVˇ W ˇ < ˛g and therefore
x … S

F by (4). Consequently, x 2 V nSF � Int.OV / � Int.
S

M˛/. Now if
W 2W˛ and x 2 W then x 2 W \ Int.

S
M˛/ 2W 0̨ and hence W covers the setS

V , i.e., W is a refinement of V .
To finally see that W is point-countable take any point x 2 S

W . The set G D
f˛ < � W x 2 S

M˛g is countable by (6) and it is immediate that x … W whenever
W 2 W 0̨ and ˛ … G. Therefore x can only belong to the elements of the family
W 0 D SfW 0̨ W ˛ 2 Gg which is point-countable being a countable union of point-
countable families. Thus x can belong to at most countably many elements of W
i.e., W is point-countable.

We proved that our propertyP satisfies all premises of Fact 2; so the family U has
the property P , i.e., there exists a point-countable open refinement of U . Therefore
XnH is metalindelöf; this settles necessity and makes our solution complete.

U.186. Let X be a compact scattered space. Prove that a non-empty closed H � X
is a W -set if and only if XnH is metacompact.

Solution. If K is a scattered compact space then we denote by I.K/ the set of
isolated points of K . Given a scattered compact space Z let F0.Z/ D Z; if ˛ is a
limit ordinal and we have constructed a decreasing ˛-sequence fFˇ.Z/ W ˇ < ˛g
then let F˛.Z/ DTfFˇ.Z/ W ˇ < ˛g. If ˛ D ˇC1 and we have the set Fˇ.Z/ then
let F˛.Z/ D Fˇ.Z/nI.Fˇ.Z//. Observe that F˛.Z/ ¤ ; implies that F˛C1.Z/ is
strictly smaller than F˛.Z/; so if � D jZjC then F�.Z/ D ;.

If ˛ is a limit ordinal and Fˇ.Z/ ¤ ; for any ˇ < ˛ then F˛.Z/ ¤ ; because
Z is compact and every Fˇ.Z/ is closed in Z. Therefore the dispersion index
di.Z/ D minf˛ < � W F˛C1.Z/ D ;g is well defined. If ˛ D di.Z/ then F˛.Z/ is
finite being a compact discrete space; we will call the set F˛.Z/ the top level of Z.
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Suppose first that XnH is metacompact. Every x 2 XnH has an open
neighbourhood Ox such that Ox � XnH ; there is a point-finite open refinement
U of the open cover fOx W x 2 XnH g of the spaceXnH . It is clear that U � XnH
for any U 2 U ; so H is a W -set by Fact 1 of U.185. This proves sufficiency.

Now assume that H is a W -set and fix a winning strategy � for the player OP
in the W -game on X at the set H . The following observations will be useful to
simplify our notation.

First note that the values of the strategy � only matter in the plays where it is
applied. Thus, when we calculate � for an initial segment fU1; x1; : : : ; Un; xng, the
set �.U1; x1; : : : ; Un; xn/ actually depends only on the points fx1; : : : ; xng because
U1 D �.;/; U2 D �.�.;/; x1/; U3 D �.�.;/; x1; �.�.;/; x1/; x2/ and so on by
trivial induction.

So our first simplification will consist in writing �.x1; : : : ; xn/ instead of
the expression �.U1; x1; : : : ; Un; xn/. Formally, however, the set �.x1; : : : ; xn/ is
defined only for those n-tuples .x1; : : : ; xn/ for which x1 2 �.;/ and xiC1 2
�.x1; : : : ; xi / for every i < n. But it is easy to see that we can define �.x1; : : : ; xn/
arbitrarily, say �.x1; : : : ; xn/ D X for all other n-tuples .x1; : : : ; xn/; the resulting
strategy will still be winning.

The next step is to define a map � 0 for any finite subset F of the space X . Let
� 0.;/ D �.;/; if jF j D n > 0 then define the value of � 0 at F by the formula
� 0.F / D Tf�.x1; : : : ; xn/ W xi 2 F for any i � ng. It is an easy exercise to see that
the function � 0 is still a winning strategy in the sense that for any sequence S D fxi W
i 2 Ng such that x1 2 �.;/ and xnC1 2 �.x1; : : : ; xn/ for any n 2 N the sequence
S converges to H . Our next simplification is to consider that � D � 0, i.e., �.F / is
defined for all finite sets F � X and �.F / does not depend on enumeration of F .
Call S D fxi W i 2 Ng a �-sequence if x1 2 �.;/ and xnC1 2 �.x1; : : : ; xn/ for any
n 2 N. We have observed already that any �-sequence converges to H .

To prove that XnH is metacompact take an open cover U of the space XnH .
The space X is zero-dimensional; so we can assume, without loss of generality, that
every U 2 U is a clopen subset of X .

For an arbitrary V � U let V� be the minimal family of subsets of X such that
V � V� and A;B 2 V� implies A[ B 2 V�; A\ B 2 V� and AnB 2 V�. It is an
easy exercise that jV�j � maxf!; jV jg for anyV � U ; observe also that the elements
of V� are clopen in X and V0 � V1 � U implies V�

0 � V�
1 . For any non-empty

A 2 U� the set L.A/ is the top level of A; let Y.V/ D SfL.A/ W A 2 V�nf;gg for
any V � U .

Given V � U and a finite set F � Y.V/ the set Xn�.F / is compact; since it is
contained in the set XnH , we can choose a finite family Q.F / � U which covers
Xn�.F /. Let '.V/ D SfQ.F / W F is a finite subset of Y.V/g; this gives us a map
' W expU ! expU . It is clear that j'.V/j � maxf!; jV jg for any V � U . Say that a
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family V � U has the property P if the cover V of the space
S

V has a point-finite
open refinement (from now on we will abbreviate this phrase saying simply that V
has a point-finite open refinement).

If a family V D fVn W n 2 !g � U is countable then letting V 0
0 D V0 and V 0

n D
Vnn.V0 [ : : : [ Vn�1/ for any n 2 N we obtain a disjoint refinement fV 0

n W n 2 !g
of the family V . Thus any countable V � U has P so it suffices, by Fact 2 of U.185,
to prove that if � is an ordinal and fV˛ W ˛ < �g is an increasing �-sequence of
subfamilies of U with the property P then the family V D SfV˛ W ˛ < �g also has
P . Let W˛ be a point-finite refinement of the family V˛ for any ˛ < �.

If the ordinal � is a successor then there is an ordinal ˇ with � D ˇ C 1 and
hence V D Vˇ has a point-finite refinement. Thus we can assume, without loss of
generality, that � is a limit ordinal. The following property is crucial for our proof:

(1) if E � U is a '-closed family then Y.E/ �S
E [H .

To prove (1) assume towards a contradiction that, for the set P D Y.E/, there is
a point z 2 Pn.S E [H/; fix W 2 �.z; X/ such that W \H D ;. If U1 D �.;/
then XnU1 � S

Q.;/ which, together with Q.;/ � E implies that XnU1 � S
E

and therefore z 2 U1. It follows from z 2 P that we can choose x1 2 P \ U1 \
W . Suppose that we have an initial segment fU1; x1; : : : ; Un; xng of a play in the
W -game on X at H in which OP applies the strategy � and xi 2 P \ W for any
i � n.

Since the family E is '-closed, for the set F D fx1; : : : ; xng � P we have
Xn�.F / � S

Q.F / and Q.F / � E which implies that for the set UnC1 D �.F /

we haveXnUnC1 �S
E and therefore z 2 UnC1 so we can find xnC1 2 P \UnC1\

W . Thus our inductive procedure gives us a �-sequence S D fxn W n 2 Ng � W ;
however, XnW is an open neighbourhood of H which contains no elements of S .
This contradiction with the fact that � is winning strategy, shows that the property
(1) is true.

For any ˛ < � let N˛ D SfVˇ W ˇ < ˛g; V 0̨ D V˛nN˛ and Z˛ D Y.N˛/. Fix
˛ < �, an element V 2 V 0̨ and observe that N˛ is a '-closed family (it is an easy
exercise that any union of '-closed families is '-closed). The property (1) implies
that Z˛ � S

N˛ [H ; so K D V \ Z˛ is a compact subset of O˛ D S
N˛ . The

family N˛ being '-closed, we can find a finite N 0 � N˛ such that K � S
N 0; let

OV D V n.SN 0/. It is clear that OV 2 .V 0̨ /� and OV \ Z˛ D ; for any V 2 V 0̨ .
Let M˛ D fOV W V 2 V 0̨ g; if ˇ < ˛ then Zˇ � Z˛; so we have

(2) A\Zˇ D ; for any A 2M˛ and ˇ < ˛.

Furthermore, OV � V nO˛ for any V 2 V 0̨ and hence
SfM˛ W ˛ < �g is a

cover of XnH . It turns out that

(3) the family fSM˛ W ˛ < �g is point-finite.

If (3) is not true then there exists an increasing sequence fˇ.n/ W n 2 !g � � of
ordinals such that, for any n < !, we can choose An 2 Mˇ.n/ in such a way that
A DTfAn W n < !g ¤ ;; let 
 D supfˇ.n/ W n < !g.
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If Bn D TfAi W i � ng for any n 2 ! then every Bn is a scattered compact
space; so the ordinal �n D di.Bn/ is well defined. LetDn be the top level of Bn for
each n 2 !. Since the sequence fBn W n 2 !g is decreasing, we have �0 � �1 � : : :
which shows that there is k 2 ! such that �i D �k for any i � k.

Observe thatDk � Bk � Bn for any n � k. If n > k thenBn � Bk and therefore
F˛.Bk/ � F˛.Bn/ for any ordinal ˛. In particular, Dk D F�k � F�k .Bn/ D Dn.
This proves that

(4) Dk \ Bn ¤ ; for any n 2 !.

However, Bk 2 V �̌
.k/ and hence Dk D L.Bk/ � Zˇ.k/C1 � Zˇ.kC1/ which

shows that Bn \Dk � An \Dk � An \ Zˇ.kC1/ D ; for any n > k C 1 by (2).
This contradiction with the property (4) completes the proof of (3).

Recall that every family V˛ has a point-finite open refinement W˛ and let W 0̨ D
fW \ .SM˛/ W W 2 W˛g for any ˛ < �. It is clear that W 0̨ is a family of open
subsets of X . We claim that W D SfW 0̨ W ˛ < �g is a point-finite refinement of V .

Since every W˛ is a refinement of V˛ , the family W is inscribed in V , i.e., for
anyW 2W 0̨ there is V 2 V such that W � V . To see that W covers

S
V take any

x 2 S
V and let ˛ D minfˇ < � W x 2 S

Vˇg. Then there is V 2 V 0̨ with x 2 V .
Observe that OV D V n.SF/ for some finite F � SfVˇ W ˇ < ˛g and therefore
x 2 OV �S

M˛ . Now if W 2W˛ and x 2 W then x 2 W \ .SM˛/ 2W 0̨ and
hence W covers the set

S
V , i.e., W is a refinement of V .

To finally see that the family W is point-finite take any point x 2 S
W . The

set G D f˛ < � W x 2 S
M˛g is finite by (3) and it is immediate that x … W

wheneverW 2W 0̨ and ˛ … G. Therefore x can only belong to the elements of the
family W 0 D SfW 0̨ W ˛ 2 Gg which is point-finite being a finite union of point-
finite families. Thus x can belong to at most finitely many elements of W , i.e., W
is point-finite.

We proved that our property P satisfies all premises of Fact 2 of U.185; so
the family U has the property P , i.e., there exists a point-finite open refinement
of U . ThereforeXnH is metacompact; this settles necessity and makes our solution
complete.

U.187. (Yakovlev’s theorem) Prove that any Corson compact space is hereditarily
metalindelöf.

Solution. Given a Corson compact space K take any X � K; to prove that X is
metalindelöf take an arbitrary open cover U of the space X . For any U 2 U fix a set
OU 2 �.K/ such that OU \ X D U . The family V D fOU W U 2 Ug is an open
cover of the set G D S

V ; let F D KnG. If F D ; then G is compact; if F ¤ ;
then it follows from Problem 184 that F is a W -set in K and hence G D KnF is
metalindelöf by Problem 185 (recall that every Corson compact space has countable
tightness by Problem 120). Therefore G is metalindelöf in all possible cases; let V 0
be a point-countable open refinement of V . It is straightforward that, in the spaceX ,
the family fV \ X W V 2 V 0g is a point-countable open refinement of U and hence
X is metalindelöf.
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U.188. Prove that the following are equivalent for any compact space X :

(i) X is Corson compact;
(ii) every closed subset of X �X is a W -set in X �X ;

(iii) the diagonal� D f.x; x/ W x 2 Xg of the space X is a W -set in X �X ;
(iv) the space .X �X/n� is metalindelöf;
(v) the space X �X is hereditarily metalindelöf.

Solution. If X is Corson compact then so is X � X (see Problem 137) and hence
every closed F � X �X is aW -set by Problem 184. Besides, X �X is hereditarily
metalindelöf by Problem 187. Therefore (i)H)(ii) and (i)H)(v). The implications
(ii)H)(iii) and (v)H)(iv) are trivial; so let us prove that (iii)H)(iv). Assuming
that (iii) holds fix a point x 2 X and a winning strategy � for the player OP in the
W -game on X �X at the set �. If U1 D �.;/ then there is V1 2 �.x;X/ such that
V1 � V1 � U1; let s.;/ D V1.

Suppose that n 2 N and we have an initial segment fV1; x1; : : : ; Vn�1; xn�1; Vng
of a play in theW -game onX at the point x in which our future strategy s is defined
and applied, i.e., ViC1 D s.V1; x1; : : : ; Vi ; xi / for any i < n and there is an initial
segment fU1; z1; : : : ; Un�1; zn�1; Ung of a play in the W -game on X � X at the set
� where OP applies the strategy � while

(1) zi D .xi ; x/ for any i < n and Vi � Vi � Ui for any i � n.

If the player PT makes a move xn 2 Vn then zn D .xn; x/ 2 Vn � Vn � Un, so
the strategy � is applicable; let UnC1 D �.U1; z1; : : : ; Un; zn/. Then we can choose
VnC1 2 �.x;X/ such that VnC1 � VnC1 � UnC1; let s.V1; x1; : : : ; Vn; xn/ D VnC1.
It is immediate that (1) is fulfilled if n is replaced by n C 1; so our inductive
procedure defines a strategy s on the space X at the point x.

To see that s is winning take a play f.Vn; xn/ W n 2 Ng in which s is applied.
We have a play f.Un; zn/ W n 2 Ng in which OP applies � and (1) is satisfied for
all n 2 N. Since � is a winning strategy, zn ! �. Let S D fxn W n 2 Ng; given
any W 2 �.x;X/ assume that SnW is infinite. Then D D f.xn; x/ W xn … W g is
an infinite subset of S 0 D fzn W n 2 Ng. It is clear that D � P D .XnW / � fxg.
However, P is closed in X � X and P \ � D ;. Thus .X � X/nP is an open
neighbourhood of � outside of which we have an infinite subset D of the set S 0.
This contradiction with S 0 ! � shows that SnW is finite and hence S ! x.
Therefore s is a winning strategy; the point x 2 X was chosen arbitrarily so we
established that X is aW -space. ThereforeX �X is aW -space by Problem 183; in
particular, t.X �X/ D ! (see Problem 179) and hence Problem 185 can be applied
to conclude that .X � X/n� is metalindelöf. This settles (iii)H)(iv); so to finish
our proof it suffices to show that (iv)H)(i).

Fact 1. Given a space Z suppose that U is an open cover of Z such that U is
Lindelöf for any U 2 U . Then U can be shrunk, i.e., for any U 2 U there is a closed
set FU � U such that fFU W U 2 Ug is a cover of Z.

Proof. Call a subcollection U 0 � U enveloping if U � S
U 0 for any U 2 U 0.

Observe first that there is a set T such that
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(2) U D SfUt W t 2 T g where Ut � U is countable and enveloping for any t 2 T .

To prove (2), it suffices to show that every U 2 U can be included in a countable
enveloping subcollection of U . So, let U0 D fU g; if a we have a countable Un � U
then L D SfV W V 2 Ung is Lindelöf so there is a countable UnC1 � Un such that
Un � UnC1 and L �S

UnC1. This gives us a sequence fUn W n 2 !g of subfamilies
of U ; it is evident that U 2 U 0 D SfUn W n 2 !g and U 0 is enveloping; so (2) is
proved.

Now, if a we are given the decomposition (2) of the family U then the set Lt DS
Ut D SfU W U 2 Ut g is Lindelöf and hence paracompact for any t 2 T .

Therefore the cover Ut can be shrunk in Lt by Fact 2 of S.226. For any U 2 Ut
there is F t

U � U such that the set F t
U is closed in Lt and

SfF t
U W U 2 Ut g D Lt .

Consequently, F t
U � U is closed in U because U � Lt ; this proves that every F t

U

is closed in Z.
Choose a well order < on the set T and let s.U / D minft 2 T W U 2 Ut g for

any U 2 U ; then FU D F
s.U /
U is closed in Z and contained in U . We claim that

F D fFU W U 2 Ug is a shrinking of the cover U . To see this take any z 2 Z and let
t0 D minft 2 T W z 2 Lt g. Since fF t0

U W U 2 Ut0g is a cover of Lt0 , there is U 2 Ut0
such that z 2 F t0

U ; observe that s.U / D t0 and hence z 2 F s.U /
U D FU which shows

that F is a cover of Z and hence Fact 1 is proved.

Returning to our solution assume that Y D .X � X/n� is metalindelöf. Then
there is a point-countable open cover Q of the set Y such that U � Y for any
U 2 Q. This implies that U D clY .U / is a compact set; so Fact 1 is applicable
to find a shrinking fFU W U 2 Qg of the family Q. It is easy to see that every
FU is compact; so there is a finite family OU of open subsets of X � X such that
FU � S

OU �S
OU � U and every O 2 OU is standard, i.e., O D O1 �O2 for

some �-compact sets O1;O2 2 �.X/ such that O1 \O2 D ;. It is an easy exercise
that the family O D fO W O 2 OU ; U 2 Qg is point-countable.

The map ' W X �X ! X �X defined by the formula '.x; y/ D .y; x/ for any
x; y 2 X is a homeomorphism such that '.Y / D Y ; so the family O [ f'.O/ W
O 2 Og is also point-countable. Choosing an indexation fUt � Vt W t 2 T g of the
family O0 D fO W O 2 OU ; U 2 Qg [ f'.O/ W O 2 OU ; U 2 Qg we will have
the following properties:

(3) Ut ; Vt are open �-compact subsets of X for any t 2 T ;
(4) U t \ V t D ; for any t 2 T ;
(5) the family fU t � V t W t 2 T g is point-countable;
(6)

S
O0 D Y and U � V 2 O0 implies V � U 2 O0.

Let � D d.X/ and choose a dense set D D fp˛ W ˛ < �g in the space X ; let
X˛ D fpˇ W ˇ < ˛g for any ˛ < �; call a family F � expX a minimal cover ofX˛
if X˛ � S

F and X˛ 6� S
.FnfF g/ for any F 2 F . Given a finite F � T we will

often use the set UF D TfUt W t 2 F g; for any ˛ < � let U˛ D fUF W F � T is
finite and fV t W t 2 F g is a minimal cover of X˛g. It is easy to see that U˛ consists
of �-compact open subsets of X for any ˛ < �. It turns out that
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(7) the family U D SfU˛ W ˛ < �g is point-countable.

If we assume the contrary then there exists a family fF˛ W ˛ < !1g of finite
subsets of T such that

(8) there is n 2 N for which jF˛j D n for any ˛ < !1;
(9) for every ˛ < !1 there is ˇ.˛/ < � such that UF˛ 2 Uˇ.˛/ and the !1-sequence
fˇ.˛/ W ˛ < !1g is non-decreasing;

(10) there a set F � T such that F˛ \ Fˇ D F for any distinct ˛; ˇ < !1;
(11) there is a point x 2 X with x 2 TfUF˛ W ˛ < !1g.

The properties (8) and (10) can be guaranteed taking an uncountable family with
the property (11) and passing to an appropriate uncountable subfamily applying the
�-lemma (SFFS-038). Once we have (8) and (10) choose a function ' W !1 ! �

such that UF˛ 2 U'.˛/ for any ˛ < !1. Suppose first that there is an ordinal ˛0 < �

for which the set S D '�1.˛0/ is uncountable. Passing to fF˛ W ˛ 2 Sg gives a set
for which ˇ.˛/ is the same ordinal for all ˛ < !1; so the condition (9) is satisfied.

Now if '�1.˛/ is countable for any ˛ < � then use a trivial transfinite induction
to get the relevant subfamily with the property (9).

Since we have UF˛ ¤ UFˇ for distinct ordinals ˛; ˇ < !1 we have F˛ ¤ F for
all ˛ < !1. The family V0 D fVt W t 2 F0g is a minimal cover of Xˇ.0/; so there is a
point y 2 Xˇ.0/n.SfV t W t 2 F g/.

We have ˇ.0/ � ˇ.˛/ for any ˛ < !1; so y 2 SfV t W t 2 F˛g and hence there
is t˛ 2 F˛nF for which y 2 V t˛ . It follows from (10) that t˛ ¤ tˇ if ˛ < ˇ; since
.x; y/ 2 TfUt˛ � V t˛ W 0 < ˛ < !1g we obtain a contradiction with the property
(5). Thus the family U is point-countable and (7) is proved.

Our final step is to show that

(12) the family U is T0-separating in X .

Take distinct points x1; x2 2 X and assume first that there is ˛ < � such that
xi 2 X˛ while z D x2�i … X˛ . For any y 2 X˛ there is ty 2 T such that .z; y/ 2
Uty � Vty . There exists a finite P � X˛ for which X˛ � SfVty W y 2 P g; so
the set F 0 D fty W y 2 P g is finite and X˛ � SfVt W t 2 F 0g. Take F � F 0
such that fV t W t 2 F g is a minimal cover of X˛; then UF 2 U while z 2 UF and
UF \X˛ D ; which shows that UF separates the points x1 and x2.

Therefore we can assume, without loss of generality, that there is ˛ < � such
that x1; x2 2 X˛ and fx1; x2g \ Xˇ D ; for any ˇ < ˛. Let V1 D fVt W x1 2 Ut
and x2 … Utg and V2 D fVt W x2 2 Ut and x1 … Utg. Observe that x2 2 S

V1 and
x1 2S

V2.
The spaceK D XnS

.V1[V2/ is compact; for any point z 2 K there is t.z/ 2 T
such that x1 2 Ut.z/ and z 2 Vt.z/. Since Vt.z/ … V1 [ V2, we must have x2 2 Ut.z/.
As a consequence, there is a finite F � T such that K � SfVt W t 2 F g and
fx1; x2g � UF . It follows from fx1; x2g � X˛ that UF \ fpˇ W ˇ < ˛g ¤ ;
and therefore the set H D SfV t W t 2 F g does not contain fpˇ W ˇ < ˛g; let
ı D minfˇ W pˇ … H g.
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The point pı has to belong to XnK D S
.V1 [ V2/; so there is s 2 T for which

Vs 2 V1 [ V2 and pı 2 Vs . Then the set Us separates the points x1 and x2. Since
fV sg[fV t W t 2 F g coversXıC1, there is F 0 � F such that the family fV sg[fV t W
t 2 F 0g is a minimal cover of XıC1. As a consequence, U D Us \ UF 0 2 U and
U separates the points x1 and x2 because so does Us while fx1; x2g � Ut for any
t 2 F 0. Thus the property (12) is proved.

It follows from (7) and (12) that U is a point-countable T0-separating family of
open F� -subsets of X ; so X is Corson compact by Problem 118. This proves the
implication (iv)H)(i) and makes our solution complete.

U.189. Give an example of a compactW -spaceX such that some continuous image
of X is not a W -space.

Solution. Take a separable first countable non-metrizable compact space K , e.g.,
the two arrows space (see TFS-384). Then X D K �K is first countable; so it is a
W -space (see Problem 179). Let � D f.x; x/ W x 2 Kg � K �K be the diagonal
of the space K . Define a map p W X ! Y by collapsing the set � to a point, i.e.,
Y D fa�g [ .Xn�/ and �.Y / D �.Xn�/ [ ffa�g [ .U n�/ W U 2 �.�;X/g
while the map p is defined by p.x/ D a� for any x 2 � and p.x/ D x whenever
x 2 Xn�.

It was proved in Fact 2 of T.245 that the space Y is Tychonoff and the map p is
continuous. By compactness of X , the space Y is also compact and the map p is
perfect; besides,� D p�1.a�/. If fa�g is aW -set in the space Y then� is a W -set
in X by Fact 1 of U.184. Apply Problem 188 to conclude that the space K must be
Corson compact and hence metrizable because any separable Corson compact space
is metrizable by Problem 121. This contradiction shows that Y is not aW -space; so
X is a compactW -space whose continuous image Y fails to be a W -space.

U.190. Suppose thatX is a compact space which embeds into a �-product of second
countable spaces. Prove that the space X2n� is metacompact; here, as usual,� D
f.x; x/ W x 2 Xg is the diagonal of the space X .

Solution. If Z is a space and A � expZ then a family B � expZ is inscribed in
A if for any B 2 B there is A 2 A such that B � A. The family B is a shrinking of
A if B D fBA W A 2 Ag and BA � A for any A 2 A. Suppose that Mt is a second
countable space for any t 2 T and we are given a point a 2 M D Q

t2T Mt . If the
space Z embeds in �.M; a/ D fx 2 M W jft 2 T W x.t/ ¤ a.t/gj < !g then Z2

embeds in �.M; a/ � �.M; a/ � M �M . Let Ti D T � fig for any i 2 f0; 1g;
we want Ti be a copy of T ; so let t 0 D .t; 0/ and t 00 D .t; 1/ for any t 2 T . Let
Mt 0 D Mt 00 DMt for any t 2 T and define a map

' WM �M ! N D
Y
fMs W s 2 T0 [ T1g

by requiring that '.x; y/.s/ D x.t/ if s D t 0 2 T0 and '.x; y/.s/ D y.t/ in the
case when s D t 00 2 T1. It is straightforward that the map ' is a homeomorphism
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such that '.�.M; a/ � �.M; a// D �.N; b/ where b D '.a; a/. It is evident that
�.N; b/ is also a �-product of second countable spaces; so we proved that

(1) if a space Z embeds in a �-product of second countable spaces then Z2 also
embeds in a �-product of second countable spaces.

We will deduce metacompactness of X2n� from a more general statement.

Fact 1. Any subspace of a �-product of second countable spaces is metacompact.

Proof. Suppose thatMt is a second countable space for any t 2 T and we are given
a point a 2 M D QfMt W t 2 T g; let � D �.M; a/. For any S � T the map
pS W � ! MS D Q

t2S Mt defined by the formula pS.x/ D xjS for any x 2 � , is
the restriction of the natural projection ofM onto the faceMS . Denote by Fin.T / the
family of all finite subsets of T . If F 2 Fin.T / then let OF D fx 2 � W x.t/ ¤ a.t/
for any t 2 F g. It is convenient to agree that O; D � ; we will also need the set
QF D fx 2 OF W x.t/ D a.t/ for any t 2 T nF g for any finite F � T . Observe
that Q; D fag. It is straightforward that

(2)
SfQF W F 2 Fin.T /g D � ,

so our next step is to show that

(3) the family O D fOF W F 2 Fin.T /g is point-finite.

Indeed, if A is an infinite subfamily of Fin.T / then S D S
A has to be infinite;

if x 2 TfOF W F 2 Ag then x.t/ ¤ a.t/ for any t 2 S which is a contradiction
with x 2 � . Thus the intersection of any infinite subfamily of O is empty, i.e., O is
point-finite.

Given a family U of open subsets of a space Z say that a collection V � �.Z/ is
a refinement of U (in the space Z) if V is inscribed in U and

S
V D S

U . It turns
out that

(4) any family U � �.�/ has a point-finite refinement in � .

To prove the property (4) let UF D fU \QF W U 2 Ug for any F 2 Fin.T /. The
space QF is homeomorphic to NF D QfMtnfa.t/g W t 2 F g; so it is paracompact
being second countable. Therefore there exists a point-finite refinement VF of the
family UF in the space QF . The map pF jQF W QF ! NF is a homeomorphism;
so the family fpF .V / W V 2 VF g is point-finite and consists of open subsets of NF .
For any V 2 VF choose a set G.V / 2 �.�/ which is contained in an element of U
and G.V / \QF D V . Let QV D p�1

F .pF .V // \ G.V / for any V 2 VF . The set QV
is open in � , contained in an element of U and QV \QF D V for any V 2 VF .

Observe that every family WF D f QV W V 2 VF g is point-finite because it is a
shrinking of the point-finite family fp�1

F .pF .V // W V 2 VF g. Furthermore, WF is
inscribed in U ; so W DSfWF W F 2 Fin.T /g is also inscribed in U .

To see that W is point-finite take any point x 2 � . It follows from (3) that the
family E D fF 2 Fin.T / W x 2 OF g is finite. Since

S
WF � p�1

F .QF / D OF for
any finite F � T , the point x does not belong to any W 2 Wn.SfWF W F 2 Eg/.
Therefore x can only belong to the elements of the family

SfWF W F 2 Eg which
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is point-finite being a finite union of point-finite families. This proves that W is a
point-finite family inscribed in U . Finally, it follows easily from (2) that

S
W DS

U ; so W is a point-finite refinement of U and (4) is proved.
Now, take any Y � � ; if U 0 is an open cover of Y then choose WU 2 �.�/ such

that WU \ Y D U for any U 2 U 0. The family U D fWU W U 2 U 0g is a collection
of open subsets of � ; so we can apply (4) to find a point-finite open refinement V
of the family U . It is evident that V 0 D fV \ Y W V 2 Vg is a point-finite open
refinement of the cover U 0; so Y is metacompact and Fact 1 is proved.

Returning to our solution observe that the property (1) implies that X2 embeds
in a �-product of second countable spaces; so X2n� also embeds in a �-product
of second countable spaces. Finally, apply Fact 1 to conclude that X2n� is
metacompact and finish our solution.

U.191. Observe that any countably compact subspace of a Corson compact space
is closed and hence compact. Deduce from this fact that there exists a countably
compact space X which embeds into ˙.A/ for some A but is not embeddable into
any Corson compact space.

Solution. Suppose that K is a Corson compact space and P � K is countably
compact. If P is not closed in K then there is a sequence S D fan W n 2 !g � P
which converges to some a 2 KnP (see Problem 120). It is an easy exercise to
see that S is an infinite closed discrete subspace of P which is a contradiction with
countable compactness of P . Thus any countably compact subspace of a Corson
compact space is compact.

Now let X D Cp.L.!1/; I/ (here, as usual, the space L.!1/ is the one-point
Lindelöfication of the discrete space of cardinality !1). Since L.!1/ is a P -space,
our space X is countably compact by TFS-397. Furthermore, X is not compact
because L.!1/ is not discrete (see TFS-396). Observe also that the space X

embeds in Cp.L.!1// which is a ˙-product of real lines (see Problem 106); by
the conclusion of the previous paragraph,X is not embeddable in a Corson compact
space because it is countably compact and non-compact.

U.192. Let M˛ be a separable metrizable space for any ˛ < !1. Prove that a
dense subspace Y of the space

QfM˛ W ˛ < !1g is normal if and only if Y is
collectionwise normal.

Solution. Given a space Z and A;B � Z say that A and B are separated in Z if
A\B D ; D B\A. The sets A and B are open-separated inZ if there are disjoint
open sets U; V � Z for which A � U and B � V .

Fact 1. Suppose that Z is a set and � is an infinite regular cardinal. Given a non-
empty family A � expZ such that jAj � � and jAj � � for any A 2 A there is a
disjoint family fZ˛ W ˛ < �g such that Z D SfZ˛ W ˛ < �g and Z˛ \ A ¤ ; for
any A 2 A and ˛ < �.
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Proof. We have A D fA˛ W ˛ < �g (repetitions are allowed in this enumeration);
choose a point z00 2 A0. Assume that ˛ < � and we have a set P D fz
ˇ W 
; ˇ < ˛g
with the following properties:

(1) if 
; ˇ; 
 0; ˇ0 < ˛ and .ˇ; 
/ ¤ .ˇ0; 
 0/ then z
ˇ ¤ z

0

ˇ0

;

(2) z
ˇ 2 A
 for any ˇ; 
 < ˛.

Since jP j � j˛ � ˛j D j˛j < �, we have the equality jAˇnP j D � for any
ˇ � ˛ which shows that we can choose points z˛ˇ 2 A˛nP for any ˇ � ˛ and

zˇ˛ 2 AˇnP for every ˇ < ˛ in such a way that z
ˇ ¤ z

0

ˇ0

whenever .ˇ; 
/ ¤ .ˇ0; 
 0/
and maxfˇ; 
g D maxfˇ0; 
 0g D ˛.

It is immediate that the set fz
ˇ W 
; ˇ � ˛g still has the properties (1) and (2);

so our inductive procedure gives us a set fz
ˇ W 
; ˇ < �g for which (1) and (2) are
satisfied for any ˛ < �.

If 1 � ˛ < � then let Z˛ D fzˇ˛ W ˇ < �g; if Z0 D Zn.SfZ˛ W 1 � ˛ < �g/
then the family D D fZ˛ W ˛ < �g is as promised. Indeed, it is clear that D is
disjoint and

S
D D Z. If A 2 A and ˛ < � then A D Aˇ for some ˇ < � and

hence zˇ˛ 2 Z˛ \Aˇ , i.e., Z˛ \ A ¤ ; for any A 2 A; so Fact 1 is proved.

Returning to our solution observe first that collectionwise normality implies
normality for any space; so we only have to prove that if a subspace Y of the space
M D QfM˛ W ˛ < !1g is normal then it is collectionwise normal. We will do it
by showing that ext.Y / D ! so assume, towards a contradiction, that D � Y is
closed, discrete and jDj D !1.

Choose a countable base H˛ in the space M˛ such that M˛ 2 H˛ for every
˛ < !1. Given ˛1; : : : ; ˛n < !1 andOi 2 H˛i for any i � n, consider the set

Œ˛1; : : : ; ˛nIO1; : : : ; On
 D fx 2M W x.˛i / 2 Oi for any i � ng:

It is clear that the family B D fŒ˛1; : : : ; ˛nIO1; : : : ; On
 W n 2 N; ˛1 < : : : < ˛n <

!1 and Oi 2 H˛i for any i � ng is a base of the space M . For any S � !1 let
pS WM !MS D QfM˛ W ˛ 2 Sg be the projection of M onto its face MS .

Consider the family A D fB 2 B W B \ D is uncountableg; then jAj � !1.
Besides, A ¤ ; because M D Œ˛IM˛
 2 A for any ˛ < !1. Applying Fact 1 we
can find disjoint sets E;G0 � D such that E \ B ¤ ; ¤ G0 \ B for any B 2 A;
let G D DnE . One of the sets E;G is uncountable; so we can assume without loss
of generality that jEj > !.

The space Y being normal, the sets E andG are open-separated inM and hence
there is a countableS � !1 such that the sets pS.E/ andpS.G/ are separated inMS

(see Fact 3 of S.291). Let B0 D fŒ˛1; : : : ; ˛n W O1; : : : ; On
 2 B W ˛1; : : : ; ˛n 2 Sg.
We have two cases to consider.

Case 1. The set pS.E/ is countable. Then there exists a point z 2 E such that
p�1
S .pS.z// \ E is uncountable. If z 2 B D Œ˛1; : : : ; ˛nIO1; : : : ; On
 2 B0 then
p�1
S .pS.z// \E � B and hence B 2 A.
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Case 2. If the second countable space pS.E/ is uncountable then it must have a
complete accumulation point t ; fix a point z 2 E with pS.z/ D t . If we assume that
z 2 B D Œ˛1; : : : ; ˛nIO1; : : : ; On
 2 B0 then pS.B/ 2 �.t;MS/ and therefore the
set E 0 D fx 2 E W pS.x/ 2 pS.B/g is uncountable. Since p�1

S .pS.B// D B , we
have E 0 � B and therefore B 2 A. This shows that
(*) there is z 2 E such that z 2 B D Œ˛1; : : : ; ˛nIO1; : : : ; On
 2 B0 implies B 2 A.

It follows from .�/ thatG\B ¤ ; for anyB 2 B0 with z 2 B . It is easy to check
that the family fpS.B/ W B 2 B0g is a local base in MS at the point t D pS.z/. It
follows from G \ B ¤ ; that pS.B/ \ pS.G/ ¤ ; for any B 2 B0 and therefore
t 2 clMS .pS.G// \ pS.E/ which is a contradiction with the fact that pS.E/ and
pS.G/ are separated in MS . This contradiction shows that ext.Y / D ! and hence
Y is collectionwise normal by Fact 3 of S.294. We proved that any normal Y � M
is collectionwise normal; so our solution is complete.

U.193. Prove that if 2!1 D c then there exists a dense hereditarily normal subspace
Y in the space D

c such that ext.Y / D !1. Deduce from this fact that it is
independent of ZFC whether normality implies collectionwise normality in the class
of dense subspaces of Dc.

Solution. If we are given a space Z say that sets A;B � Z are separated in Z if
A\B D ; D B\A. The sets A andB are open-separated inZ if there are disjoint
U; V 2 �.Z/ such that A � U and B � V .

We denote byK the Cantor set D! . As usual, any n 2 N is identified with the set
f0; : : : ; n�1g. The set of all non-empty finite subsets of a setA is denoted by Fin.A/.
For every S 2 Fin.!/ and x 2 KS let bS.x/ D fx.i/ W i 2 Sg � K . If jS j � 2 then
�S D fx 2 KS W there are distinct m; n 2 S for which x.m/ D x.n/g; if jS j D 1

then�S D ;. Given a set S 2 Fin.!/ say that F � KSn�S is proper inKS if there
is H � F with jH j D c such that the family FH D fbS.x/ W x 2 H g is disjoint.
Given distinct points x1; : : : ; xn 2 K and (not necessarily distinct) i1; : : : ; in 2 D

let Œx1; : : : ; xnI i1; : : : ; in
 D ff 2 D
K W f .xj / D ij for all j � ng. It is evident

that the family B D fŒx1; : : : ; xnI i1; : : : ; in
 W n 2 N; xj 2 K and ij 2 D for any
j � ng is a base of DK ; the elements of B are called the standard open subsets of
D
K . If U D Œx1; : : : ; xnI i1; : : : ; in
 is a standard open subset of the space D

K then
supp.U / D fx1; : : : ; xng.

If T; T 0 2 Fin.!/ and T 0 � T then pTT 0

W KT ! KT 0

is the projection of KT

onto its face KT 0

. A set F � KT is almost proper in KT if F is either a singleton
or proper in KT or else there is a non-empty S � T; S ¤ T such that pTS .F / is a
proper subset ofKS and pT

T nS .F / is a singleton.

Fact 1. Suppose that S 2 Fin.!/ and a set F � KSn�S is compact and non-
empty. Then F DSfFi W i 2 !g where Fi is compact and almost proper in KS for
any i 2 !.

Proof. We will carry out induction along n D jS j. If jS j D 1 and F � KS is
countable then we can take as Fi the respective singletons whose union is F . If F is
uncountable then jF j D c (see e.g., SFFS-353); so it is immediate that F is proper
in KS .
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Assume that n 2 N and our Fact has been proved for all S 2 Fin.!/ with
jS j � n. Take any S D fl0; : : : ; lng � ! such that li ¤ lj whenever i ¤ j and
assume that F is a compact subset of KSn�S . For the sake of brevity denote the
map pSfli g by qi for any i � n. Suppose first that

(1) there is a countable set A � K such that F �Sfq�1
i .A/ W i � ng (we identify

K and Kflig for every i � n).

If A D fxm W m 2 !g then let G.m; i/ D q�1
i .xm/ \ F for any numbersm 2 !

and i � n. If G.m; i/ ¤ ; then H.m; i/ D pS
Snfli g.G.m; i// � KSnfli gn�Snfli g; so

the induction hypothesis is applicable to H.m; i/, i.e., H.m; i/ D SfGk W k 2 !g
where every Gk is almost proper in KSnfli g.

Given k 2 !, for every x 2 Gk let '.x/j.Snflig/ D x and '.x/.li / D xm.
Then ' W Gk ! KS and it is immediate that G0

k D '.Gk/ is almost proper in KS .
It is evident that G.m; i/ D SfG0

k W k 2 !g; so we represented every set G.m; i/
as a countable union of almost proper subsets of KS . It follows from the equality
F D SfG.m; i/ W m 2 !; i � n and G.m; i/ ¤ ;g that F is also representable as
a countable union of almost proper subsets of KS ; so our proof is complete in this
case.

If the property (1) does not hold then

(2) F 6�Sfq�1
i .A/ W i � ng for any A � K with jAj < c.

To see that (2) is true, for any x 2 KS let �.x/.i/ D x.li / for any i � n. Then
�.x/ 2 KnC1 and hence we have a map � W KS ! KnC1. It is easy to see that � is a
homeomorphism which preserves the properties (1) and (2), i.e., a set G � KS has
either (1) or (2) if and only if �.G/ has the respective property in KnC1. However,
the properties (1) and (2) for S D f0; : : : ; ng have already been introduced in S.151
where (1) stood for jF jnC1 � ! and (2) was denoted by jF jnC1 � c. Now we can
apply Fact 4 of S.151 to see that j�.F /jnC1 > ! implies j�.F /jnC1 D c, i.e., (2)
holds for �.F / in KnC1 and therefore (2) is fulfilled for F .

Now we can prove that F is itself proper. Take a point x0 2 F arbitrarily.
Suppose that ˛ < c and we have constructed a set fxˇ W ˇ < ˛g such that the
family A D fbS.xˇ/ W ˇ < ˛g is disjoint. Then A D S

A has cardinality strictly
less than c; so (2) implies that there is a point x˛ 2 F n.Sfq�1

i .A/ W i � ng/.
It is immediate that the family fbS.xˇ/ W ˇ � ˛g is still disjoint; so our inductive
procedure gives us a set B D fxˇ W ˇ < cg � F such that FB is disjoint. This shows
that the set F is proper; so we can take Fi D F for all i 2 !; this finishes the proof
of Fact 1.

Fact 2. There exist disjoint sets P0; P1 � K such that Q D Kn.P0 [ P1/ has
cardinality c and, for any S 2 Fin.!/; u 2 D

S and a proper set F � KS there is
x 2 F such that x.m/ 2 Pu.m/ for anym 2 S .

Proof. Let fF˛ W ˛ < cg be an enumeration of all compact proper subsets ofKS for
all S 2 Fin.!/. For every ˛ < c fix the set S˛ 2 Fin.!/ such that F˛ is proper in
KS˛ and a set H˛ � F˛ such that jH˛j D c and FH˛ is disjoint.
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Since H0 is infinite, for any u 2 D
S0 we can pick a point xu 2 H0 so that

u ¤ v implies xu ¤ xv and consider the set P u
i .0/ D fxu.m/ W m 2 S0 and

u.m/ D ig; let Pi .0/ D SfP u
i .0/ W u 2 D

S0g for each i 2 D and choose a point
z0 2 Kn.P0.0/[ P1.0//.

Suppose that ˛ < c and we have a set Z˛ D fzˇ W ˇ < ˛g � K and a collection
fPi.ˇ/ W ˇ < ˛g of finite subsets ofK for every i 2 D with the following properties:

(3) the sets Z˛; T 0˛ D
SfP0.ˇ/ W ˇ < ˛g and T 1˛ D

SfP1.ˇ/ W ˇ < ˛g are
disjoint;

(4) for any ˇ < ˛ and u 2 D
Sˇ there is a point x 2 Fˇ such that x.m/ 2 Pu.m/.ˇ/

for anym 2 Sˇ.

Since the set Z D Z˛ [ T 0˛ [ T 1˛ has cardinality strictly less than c, the set
H D fx 2 H˛ W bS˛ .x/ \ Z D ;g has cardinality c. For any u 2 D

S˛ pick an
element xu 2 H such that u ¤ v implies xu ¤ xv and consider the set P u

i .˛/ D
fxu.m/ W m 2 S˛ and u.m/ D ig; let Pi.˛/ D SfP u

i .˛/ W u 2 D
S˛g for every

i 2 D. Since the set T D Z [P0.˛/[P1.˛/ has cardinality strictly less than c, we
can take a point z˛ 2 KnT .

It is evident that fzˇ W ˇ � ˛g � K and the families fPi.ˇ/ W ˇ � ˛g; i 2 D

still satisfy (3) and (4); so our inductive procedure can be continued to construct a
set fzˇ W ˇ < cg and the collection fPi.ˇ/ W ˇ < cg for every i 2 D in such a way
that the conditions (3) and (4) are fulfilled for all ˛ < c.

Let Pi D SfPi.ˇ/ W ˇ < cg for every element i 2 D. It follows from the
inclusion fz˛ W ˛ < cg � Q D Kn.P0 [ P1/ that jQj D c. The condition (3)
shows that we have P0 \ P1 D ;. Now, if S 2 Fin.!/ and F � KS is a compact
proper subset of KS then there is ˇ < c such that F D Fˇ and S D Sˇ. The
condition (4) implies that, for any u 2 D

S D D
Sˇ there is x 2 Fˇ D F such

that x.m/ 2 Pu.m/.ˇ/ � Pu.m/ for all m 2 S . Thus P0 and P1 have all promised
properties; so Fact 2 is proved.

Fact 3. A spaceZ is hereditarily normal if and only if any pair of separated subsets
of Z are open-separated.

Proof. If Z is hereditarily normal and A;B � Z are separated in Z then they are
open-separated in Z: this was proved in Fact 1 of S.291, so we have necessity.

Now assume that if A;B � Z are separated then they are open-separated and fix
any subspace Y � Z. If F and G are disjoint closed subsets of the space Y then
clZ.F /\G D clY .F /\G D F \G D ; and, analogously, clZ.G/\F D ; which
shows that F and G are separated in Z. Thus there are disjoint U 0; V 0 2 �.Z/ such
that F � U 0 and G � V 0. The sets U D U 0 \ Y and V D V 0 \ Y are open
in Y , disjoint and F � U; G � V . Thus any disjoint closed subsets of Y are
open-separated, i.e., Y is normal. Fact 3 is proved.

Returning to our solution observe that C D Cp.K;D/ is a countable dense
subspace of DK (see Fact 1 of U.077 and Fact 1 of S.390) and let P0; P1;Q � K

be the sets provided by Fact 2. Since 2!1 D c and jQj D c, we can choose a
surjective map ' W Q ! exp.!1/. For any ˛ < !1 and i 2 D let h˛.x/ D i for
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every x 2 Pi ; if x 2 Q then h˛.x/ D 0 if ˛ … '.x/ and h˛.x/ D 1 whenever
˛ 2 '.x/. This gives us a set D D fh˛ W ˛ < !1g � D

K ; we will prove that the
space Y D C [D is hereditarily normal and ext.Y / D !1.

Observe that any open subset of K D K1 is proper in K; so Pi \ U ¤ ; for
any U 2 ��.K/ and i 2 D. Therefore every Pi is dense in K which shows that
every h 2 D is discontinuous on K , i.e., D \ C D ;. Given a function f 2 C
either f �1.0/ or f �1.1/ is infinite; if U D f �1.i/ is infinite then we can take
x0 2 P0 \ U and x1 2 P1 \ U . It is immediate that V D Œx0; x1I i; i 
 2 �.f;DK/
and V \D D ;. This proves that D is closed in Y .

If E � D then there is A � !1 such that E D fh˛ W ˛ 2 Ag and x 2 Q for
which '.x/ D A. It is straightforward that h˛.x/ D 1 for all ˛ 2 A and h˛.x/ D 0
whenever ˛ 2 !1nA. Therefore ŒxI 1
 and ŒxI 0
 are disjoint open neighbourhoods
of E and DnE respectively. Thus any E � D is open in D, i.e., D is a closed
discrete subspace of Y . Besides, if we take E D ff˛g then we proved that E and
DnE are contained in disjoint open subsets of DK ; therefore f˛ ¤ fˇ whenever
˛ ¤ ˇ; so ext.Y / D jDj D !1.

As a consequence, the space Y cannot be collectionwise normal for otherwise
we would have !1-many disjoint non-empty open subsets which separate the points
of D; however, this is impossible by c.Y / D ! (recall that Y is dense in D

K ).
Let us finally prove that Y is hereditarily normal; by Fact 3 it suffices to show

that if F and G are separated in Y then they are open-separated in Y .
For any A � K let �A W DK ! D

A be the natural projection of DK onto its
face DA. It is sufficient to establish that there is a countableE � K such that �E.F /
and �E.G/ are separated in D

E (see Fact 3 of S.291). To simplify the terminology
we will say that sets R; T � D

K are A-separated if �A.R/ and �A.T / are separated
in D

A.
We will use several times the following trivial observations.

(5) If A � K and R; T � D
K are A-separated then R and T are B-separated for

any B � K with A � B .
(6) Suppose that R; T � D

K; R D R1 [ R2; T D T1 [ T2 and there
exist sets A11; A12; A21; A22 � K such that the sets Ri and Tj are Aij -
separated for any i; j 2 f1; 2g. Then R and T are A-separated for the set
A D A11 [ A12 [A21 [A22.

(7) If R; T � D
K and there exist families U ;V of standard open subsets of DK

such that U D S
U � R; T \ U D ; and V D S

V � T while V \ R D ;
then R and T are A-separated where A D Sfsupp.W / W W 2 U [ Vg.

For any n 2 N let Mn D f1; : : : ; ng. Let F1 D F \ C and F2 D F \ D;
analogously, defineG1 D G\C andG2 D G\D. The sets F1 andG1 are countable
and separated in C ; so there exits countable families U1 and V1 of standard open
subsets of DK such that F1 �S

U1 � D
KnG1 and G1 �S

V1 � D
KnF1. Thus the

property (7) guarantees existence of a countable A11 � K such that F1 and G1 are
A11-separated.

The set F1 being countable and separated from G2 there is a countable U2 � B
such that F1 � S

U2 � D
KnG2. Let ˝ D f˛ < !1 W h˛ 2 G2g; for any ˛ 2 ˝
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there is a standard O˛ D Œx˛1 ; : : : ; x
˛
k˛
I i˛1 ; : : : ; i˛k˛ 
 such that h˛ 2 O˛ � D

KnF1.
It is easy to see that we can choose a countable family f˝n W n 2 !g of subsets of
!1 such that

Sf˝n W n 2 !g D ˝ while k˛ D k.n/ for any ˛ 2 ˝n and there is
un 2 D

Mk.n/ such that i˛j D un.j / for any j 2Mk.n/.
Let x˛ D .x˛1 ; : : : ; x˛k˛ / 2 KMk˛ and e˛ D .i˛1 ; : : : ; i˛k˛ / 2 D

Mk˛ for any ˛ < !1;
for any n 2 ! there is e.n/ 2 D

Mk.n/ such that e˛ D e.n/ for any ˛ 2 ˝n. If
y D .y1; : : : ; ym/ 2 KMm and e D .i1; : : : ; im/ 2 D

Mm then we will also denote the
set Œy1; : : : ; ymI i1; : : : ; im
 by O.y; e/; thenO˛ D O.x˛; e˛/ for any ˛ < !1.

Let Pn D fx˛ W ˛ 2 ˝ng � KMk.n/n�Mk.n/
for any number n 2 !. The set�Mk.n/

is closed in the space KMk.n/ ; so Pn D SfP i
n W i 2 !g where cl.P i

n/ \ �Mk.n/
D ;

for any i 2 !. Observe that O.x; e.n// \ F1 D ; for any x 2 cl.P i
n / and i 2 !.

Indeed, if f 2 F1 \ O.x; e.n// for some x D .x1; : : : ; xn/ 2 Qi
n D cl.P i

n / then
f .xj / D un.j / for all j � k.n/. Since the function f is continuous, there exists
x˛ D .x˛1 ; : : : ; x

˛
k.n// 2 P i

n such that f .x˛j / D un.j / D i˛j for any j � k.n/.
Therefore f 2 O.x˛; e˛/ D O˛ which is a contradiction with the choice of O˛.

Fix i; n 2 !; by Fact 1 we have a representation Qi
n D

SfFj W j 2 !g where
the set Fj is compact and almost proper in KMk.n/ for every j 2 !. We claim that,

(8) for every j 2 !, the set G0 D G2 \ .SfO.x; e.n// W x 2 Fj g/ can be covered
by just one element of the family fO.x; e.x// W x 2 Fj g.

This is evident if Fj is a singleton. If not then either Fj is proper or there is L �
Mk.n/; L ¤ Mk.n/ and a proper compact set P in KL such that �

Mk.n/

L .Fj / D P

and �
Mk.n/

Mk.n/nL.Fj / is a singleton. Recalling the main property of the sets P0 and P1
from Fact 2 we see that there is a point z 2 P such that z.m/ 2 Pun.m/ for any
m 2 L. By the definition of the set D we have h.z.m// D un.m/ for any h 2 D
which shows that all elements of D take the same value un.m/ at z.m/ for any
m 2 L. But outside of L the coordinates of all points of Fj are constant; so if a we
take a point x D .x1; : : : ; xk.n// 2 Fj such that m 2 L implies xm D z.m/ then
G0 � O.x; e.n//. Indeed, if m … L then h.xm/ D un.m/ for all h 2 G0 because G0
is covered by the sets fO.y; e.n// W y 2 Fj g while ym D xm for any y 2 Fj and
m 2 Mk.n/nL.

On the other hand, if m 2 L then all points of G2 (and even ofD) have the same
values at xm; so again h.xm/ D un.m/ for anym 2 L and h 2 G0; so (8) is proved.

An immediate consequence of (8) is that G2 \ .SfO.x; e.n// W x 2 Qi
ng/ can

be covered by countably many elements of the family fO.x; e.n// W x 2 Qi
ng and

hence G2 \ .SfO.x; e.n// W x 2 Png/ can also be covered by countably many
elements of the family fO.x; e.n// W x 2 Qi

n; i 2 !g for any n 2 !. This implies
that there is a countable family V2 � B such that G2 � S

V2 � D
KnF1. The

set A12 D Sfsupp.U / W U 2 U2 [ V2g is countable; applying (7) we conclude
that the sets F1 and G2 are A12-separated. An analogous proof shows that there is a
countable A21 � K such that F2 and G1 are A21-separated.

Finally, choose x 2 Q such that '.x/ D ˝ (recall that G2 D fh˛ W ˛ 2 ˝g).
Then h.x/ D 1 for any h 2 G2 while h.x/ D 0 if h 2 DnG2. In particular, h.x/ D 0
for any h 2 F2. Thus F2 and G2 are A22-separated if A22 D fxg. Finally, apply (6)
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to conclude that the set A D A11 [ A12 [ A21 [ A22 is countable while F and
G are A-separated. This proves that Y is a hereditarily normal dense subspace of
D
K ' D

c with ext.Y / D !1.
We have already noted that Y cannot be collectionwise normal; so under 2!1 D c

there is a dense normal subspace of D
c which is not collectionwise normal.

However, under CH, we have c D !1; so every dense normal subspace of Dc D D
!1

is collectionwise normal by Problem 192. Therefore it is independent of ZFC
whether normality of a dense subspace of Dc implies its collectionwise normality
and hence our solution is complete.

U.194. Let X be a monolithic compact space of countable tightness. Prove that any
dense normal subspace ofCp.X/ is Lindelöf. In particular, ifX is a Corson compact
space and Y is a dense normal subspace of Cp.X/ then Y is Lindelöf.

Solution. IfZ is a space thenA;B � Z are separated inZ if A\B D B\A D ;.
The sets A and B are open-separated in Z if there are disjoint U; V 2 �.Z/

such that A � U and B � V . Let O be the family of all non-empty intervals in
R with rational endpoints; it is clear that the family O is countable. If we have
points z1; : : : ; zn 2 Z and O1; : : : ; On 2 O then W.z1; : : : ; znIO1; : : : ; On/ D
ff 2 Cp.Z/ W f .zi / 2 Oi for all i � ng. It is clear that the family
fW.z1; : : : ; znIO1; : : : ; On/ W n 2 N; zi 2 Z and Oi 2 O for all i � ng is a
base in the space Cp.Z/.

Fact 1. Suppose that Z is a space and N � expZ is a network in Z. Given
M1; : : : ;Mn 2 N and O1; : : : ; On 2 O let ŒM1; : : : ;MnIO1; : : : ; On
 D ff 2
Cp.K/ W f .Mi/ � Oi for any i � ng. Then the family

M D fŒM1; : : : ;MnIO1; : : : ; On
 W n 2 N; Mi 2 N ; Oi 2 O for every i � ng

is a network in Cp.Z/.

Proof. If f 2 Cp.Z/ and U 2 �.f; Cp.Z// then there exist points z1; : : : ; zn 2 Z
and O1; : : : ; On 2 O for which f 2 G D W.z1; : : : ; znIO1; : : : ; On/ � U .
By continuity of f there are Vi 2 �.zi ; Z/ such that f .Vi / � Oi for any
i � n. The family N being a network of Z there are M1; : : : ;Mn 2 N for which
zi 2 Mi � Vi for every i � n. Then H D ŒM1; : : : ;MnIO1; : : : ; On
 2 M and
f 2 H � G � U . Thus M is a network in Cp.Z/ and Fact 1 is proved.

Returning to our solution suppose that N is normal and dense in Cp.X/. If N is
not Lindelöf then ext.N / > ! by Baturov’s theorem (SFFS-269); so we can fix a
closed discrete subspaceD of the spaceN such thatD D !1. IfA andB are disjoint
subsets of D then they are open-separated in N by normality of N ; take disjoint
U 0; V 0 2 �.N / such that A � U 0 and B � V 0. There exist U; V 2 �.Cp.X// such
that U \N D U 0 and V \N D V 0. An immediate consequence of density of N in
Cp.X/ is that U \ V D ;. This shows that

(1) any disjoint A;B � D are open-separated in Cp.X/.
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For any x 2 X let '.x/.f / D f .x/ for any f 2 D; then '.x/ 2 Cp.D/ for
any x 2 X and the map ' W X ! Cp.D/ must be continuous (see TFS-166). Then
K D '.X/ is an !-monolithic compact space with w.K/ � !1. The dual map
'� W Cp.K/ ! Cp.X/ is defined by '�.f / D f ı ' for any f 2 Cp.K/; it is an
embedding such that D � '�.Cp.K// (see Fact 5 of U.086).

It is evident thatD is a discrete subspace of C D '�.Cp.K// and it follows from
(1) that any disjoint A;B � D are open-separated in C . Since C is homeomorphic
to Cp.K/,

(2) there exists a discrete subspaceE � Cp.K/ such that jEj D !1 and any disjoint
A;B � E are open-separated in Cp.K/.

If S D fs˛ W ˛ < !1g is a dense subspace of K then let K˛ D fsˇ W ˇ < ˛g for
any ˛ < !1. Every K˛ is second countable by !-monolithity of K and it follows
from t.K/ D ! that K D SfK˛ W ˛ < !1g. If L˛ D K˛n.SfKˇ W ˇ < ˛g/ for
any ˛ < !1 then the family fL˛ W ˛ < !1g of second countable spaces is disjoint
and

SfL˛ W ˛ < !1g D K . If we fix a countable network N˛ in the space L˛ for
all ˛ < !1 then the family N D SfN˛ W ˛ < !1g is a point-countable network in
K such that jN j � !1.

The family M D fŒM1; : : : ;MnIO1; : : : ; On
 W n 2 N; Mi 2 N ; Oi 2 O for
every i � ng is a network in Cp.K/ by Fact 1. Let M0 D fM 2M W M \ E is
uncountableg. Applying Fact 1 of U.192 to the family fM \ E WM 2M0g we can
find disjoint sets A;B 0 � E such that A \M ¤ ; ¤ B 0 \M for any M 2M0.
If B D EnA then A \ B D ;; A [ B D E and A \M ¤ ; ¤ B \M for any
M 2 M0. One of the sets A;B is uncountable; so we can assume without loss of
generality that jAj > !.

The sets A and B are open-separated in Cp.K/ by (2); so we can apply Fact 3
of S.291 to see that there exists a countable T � K such that �T .A/ and �T .B/ are
separated in R

T (here �T W Cp.K/! Cp.T / � R
T is the restriction map). The set

A is uncountable while w.RT / � !; so there is f0 2 A such that, for the function
g0 D �T .f0/, the set ff 2 A W �T .f / 2 U g is uncountable for any U 2 �.g0;RT /.

Since �T .A/ and �T .B/ are separated in R
T , there exists a set U 2 �.g0;RT /

such that U \ �T .B/ D ;. There are t1; : : : ; tn 2 T and O1; : : : ; On 2 O such that
g0 2 V D fg 2 Cp.T / W g.ti / 2 Oi for all i � ng � U ; we already observed that
the set H D ff 2 A W �T .f / 2 V g has to be uncountable. It is immediate that any
f 2 H belongs to the setW.t1; : : : ; tnIO1; : : : ; On/; so continuity of f implies that
there are Mf

1 ; : : : ;M
f
n 2 N such that ti 2Mf

i and f .Mf
i / � Oi for any i � n.

Since the set T is countable and N is point-countable, only countably many
elements of the family N meet the set T . As a consequence, there is an uncountable
set H 0 � H andM1; : : : ;Mn 2 N such thatMf

i DMi for any f 2 H 0 and i � n.
In particular, f 2 M D ŒM1; : : : ;MnIO1; : : : ; On
 for any f 2 H 0 and therefore
M 2M0. Thus B \M ¤ ; by our choice of B; if f 2 B \M then f .Mi/ � Oi
and therefore f .ti / 2 Oi for any i � n. This shows that �T .f / 2 V \ �T .B/ D ;
which is a contradiction.
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Recall that our contradiction was obtained assuming that some dense normal
N � Cp.X/ is not Lindelöf; so we proved that any normal dense subspace of
Cp.X/ is Lindelöf. Finally, if X is a Corson compact space then it is !-monolithic
and has countable tightness (see Problem 120); so any normal dense Y � Cp.X/ is
Lindelöf and hence our solution is complete.

U.195. Let X be a Corson compact space. Prove that there exists a �-discrete set
Y � Cp.X/ which separates the points of X .

Solution. Fix a point-countable T0-separating family U of open F� -subsets of the
space X (such a family exists by Problem 118); there is no loss of generality to
assume that U ¤ X for any U 2 U . For any U 2 U there is a function fU 2 Cp.X/
such that XnU D f �1.0/ (see Fact 1 of S.358). The family U being T0-separating,
the set F D ffU W U 2 Ug separates the points of X .

It turns out that

(1) the space F is locally countable, i.e., for any function f0 2 F there is a
countableH 2 �.f0; F /.

To see that the property (1) holds, let u be the function which is identically zero
onX . It follows from f0 ¤ u that there are x1; : : : ; xn 2 X andO1; : : : ; On 2 ��.R/
such that f0 2 W D ff 2 Cp.X/ W f .xi / 2 Oi for any i � ng and u … W .
Thus there is k � n such that 0 … Ok . The family U 0 D fU 2 U W xk 2 U g is
countable; since fU .xk/ D 0, we have fU … W for any U 2 UnU 0. Therefore the
set H D W \ F 2 �.f0; F / is countable and (1) is proved.

Now let V be a maximal disjoint family of non-empty countable open subsets
of F . It is an easy exercise to prove, using (1), that Y D S

V is dense in F . The
set Y also separates the points of X (see Fact 2 of S.351). Choose an enumeration
ff iV W i 2 !g of every set V 2 V . It is evident that the set Yi D ff iV W V 2 Vg is
discrete for any i 2 !. Therefore Y D SfYi W i 2 !g is a �-discrete subspace of
Cp.X/ which separates the points of X .

U.196. Prove that, under Continuum Hypothesis, there exists a compact space X
such that no �-discrete Y � Cp.X/ separates the points of X .

Solution. If CH holds then there exists a compact non-metrizable space X such
that hd�.X/ D ! (see SFFS-099 and SFFS-027). Now we can apply SFFS-025 to
see that s�.Cp.X// D s�.X/ � hd�.X/ D !. Thus any �-discrete Y � Cp.X/

is countable; so if Y separates the points of X then X has to be metrizable (see
TFS-166) which is a contradiction. Therefore no �-discrete subspace Y � Cp.X/
separates the points of X .

U.197. Let X be a metrizable space. Prove that there is a discrete Y � Cp.X/

which separates the points of X .

Solution. If X is finite then there is a finite subspace of Cp.X/ which separates
the points of X ; so assume that X is infinite. Fix a base B � ��.X/ in the space
X such that B ¤ X for any B 2 B and B D S

n2! Bn while every family Bn is
discrete (see TFS-221). Pick a point xB 2 B for any B 2 B. Every open subset of
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X is a cozero-set (see Fact 1 of S.358) so, for any n 2 ! and B 2 Bn there exists a
function fB W X ! Œ0; 2�n
 such that f .xB/ D 2�n and XnB D f �1

B .0/.
It is easy to see that the set Y D ffB W B 2 Bg � Cp.X/ separates the points of

X . To prove that Y is discrete take any h 2 Y ; there are m 2 ! and B 2 Bm such
that h D fB . Let " D 2�m�1; the set O D ff 2 Cp.X/ W jf .xB/� fB.xB/j < "g is
an open neighbourhood of fB in Cp.X/. If n � mC 1 and U 2 Bn then fU .xB/ �
2�n and hence jfU .xB/�fB.xB/j � 2�m�2�n � 2�m�2�m�1 D 2�m�1 D "which
shows that fU … O . Since every family Bn is discrete, only finitely many elements
of B0 D SfBn W n � mg contain xB . If U 2 B0 and xB … U then fU .xB/ D 0

and hence jfU .xB/ � fB.xB/j D 2�m > ", i.e., fU … O . This proves that the set
O 2 �.h; Cp.X// contains only finitely many elements of Y . The function h 2 Y
was chosen arbitrarily; so every h 2 Y has an open neighbourhoodO inCp.X/ such
that O \ Y is finite. Therefore Y is a discrete subspace of Cp.X/ which separates
the points of X .

U.198. Prove that, for each cardinal �, there exists a discrete Y � Cp.I
�/ which

separates the points of I� .

Solution. Let us consider that � carries a discrete topology, i.e., � is a discrete
space; then R

� D Cp.�/ and I
� D Cp.�; I/. For any ˛ 2 � let '˛.f / D f .˛/ for

any f 2 I
� ; then '˛ 2 Cp.I�/ for any ˛ 2 � and the map ' W � ! Cp.I

�/ defined
by '.˛/ D '˛ for any ˛ 2 �, is continuous (see TFS-166). In any Tychonoff space
Z the set Cp.Z; I/ separates the points and the closed subsets of Z so the same is
true for Z D � and hence ' is an embedding by TFS-166. Therefore the space
Y D '.�/ � Cp.I

�/ is discrete. Finally, observe that Y separates the points of
Cp.I

�/ (this was also proved in TFS-166); so Y is a discrete subspace of Cp.I�/
which separates the points of the space I� .

U.199. Prove that Cp.ˇ!n!/ cannot be condensed into ˙�.A/ for any A.

Solution. Assume towards a contradiction that A is a set such that there exists a
condensation ' W Cp.ˇ!n!/! Y for some Y � ˙�.A/. Observe that A cannot be
countable for otherwise iw.Cp.ˇ!n!// D ! and hence ˇ!n! is separable which
is a contradiction with TFS-371. Thus A is uncountable and hence we can consider
that there is an uncountable cardinal � such that Y � Cp.A.�// (see Problem 105).

Let � W Cp.Cp.A.�///! Cp.Y / be the restriction map; there exists a subspace
F � Cp.Cp.A.�/// such that F ' A.�/ and F separates the points of Cp.A.�//
(see TFS-166 and TFS-167). Consequently, the set G D �.F / � Cp.Y / separates
the points of the space Y . It is easy to see that any continuous image of A.�/ is
either finite or homeomorphic to the one-point compactification of a discrete space;
so G ' A.�/ for some cardinal �.

If G is countable then iw.Y / � ! (see TFS-166); since Cp.ˇ!n!/ condenses
onto Y , we have iw.Cp.ˇ!n!// D ! which we already saw to be impossible. Thus
� > !; since the dual map '� embedsCp.Y / in Cp.Cp.ˇ!n!// (see TFS-163), the
space A.�/ embeds in Cp.Cp.ˇ!n!// which shows that p.Cp.ˇ!n!// � � > !

(see TFS-178). However, Cp.ˇ!n!/ is a continuous image of Cp.ˇ!/ (TFS-380)
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which, together with p.Cp.ˇ!// D ! (TFS-382) implies that p.Cp.ˇ!n!// � !;
this contradiction shows that Cp.ˇ!n!/ cannot be condensed into ˙�.A/.

U.200. Prove that, for any Corson compact X and any n 2 N, the space Cp;n.X/
linearly condenses onto a subspace of ˙.A/ for some A.

Solution. The symbol P stands for the space of the irrationals which we identify
with !! . A space Z condenses into a space Y if there is a condensation of Z onto
a subspace of Y . Such a condensation is called a condensation of Z into Y .

Fact 1. IfZ is a primarily Lindelöf space then Cp;2n.Z/ contains a dense primarily
Lindelöf subspace for any n 2 N.

Proof. If n D 1 then let ez.f / D f .z/ for any point z 2 Z and function f 2 Cp.Z/.
Then ez 2 Cp.Cp.Z// for any z 2 Z and the subspace Z0 D fez W z 2 Zg of the
space Cp.Cp.Z// is homeomorphic to Z by TFS-167. Furthermore, the minimal
subalgebraA.Z0/ of Cp.Cp.Z// which containsZ0 is dense in Cp.Cp.Z// because
Z0 and hence A.Z0/ separates the points of Cp.Z/ (see TFS-192).

Since primarily Lindelöf spaces form a weakly k-directed class by Problem 146,
the set A.Z0/ is a countable union of primarily Lindelöf spaces by Problem 006;
so A.Z0/ is primarily Lindelöf by Problem 142. Thus A.Z0/ is a dense primarily
Lindelöf subspace of Cp.Cp.Z// which proves our Fact for n D 1.

Now assume that k 2 N and we have proved that Y D Cp;2k.Z/ has a
dense primarily Lindelöf subspace L. The space Cp;2.kC1/.Z/ is homeomorphic
to Cp.Cp.Y //. Again, let ey.f / D f .y/ for any y 2 Y and f 2 Cp.Y /;
then ey 2 Cp.Cp.Y // for any y 2 Y and the map e W Y ! Cp.Cp.Y //

defined by e.y/ D ey for any y 2 Y is an embedding by TFS-167. Thus the
subspace Y 0 D fey W y 2 Y g of the space Cp.Cp.Y // is homeomorphic to Y and
L0 D fey W y 2 Lg is a dense primarily Lindelöf subspace of the set Y 0. The set Y 0
separates the points of Cp.Y / and hence so does L0 being dense in Y 0. Therefore
the minimal subalgebra A.L0/ of the space Cp.Cp.Y // which contains L0 is dense
in Cp.Cp.Y // by TFS-192. As before, we can observe, applying Problems 146, 006
and 142 that A.L0/ is primarily Lindelöf. Thus, A.L0/ is a dense primarily Lindelöf
subspace of Cp.Cp.Y // ' Cp;2.kC1/.Z/; so our inductive procedure shows that
Cp;2n.Z/ contains a dense primarily Lindelöf subspace for any n 2 N, i.e., Fact 1 is
proved.

Fact 2. If F is a non-empty closed subspace of a ˙-product of real lines then
Cp.F / condenses linearly into ˙.B/ for some B .

Proof. Suppose that F is a closed subspace of ˙.T / for some T ; we will proceed
by induction on the cardinal w.F / D d.F /; if d.F / D ! take a dense countable
D � F and observe that the restriction map condenses Cp.F / linearly into R

D

which embeds linearly in R
! . Since R

! embeds linearly in ˙.!1/, we proved our
Fact for all separable sets F .

Now assume that � D d.F / is an uncountable cardinal and we proved, for any
cardinal � < � that, for any closed G � ˙.T / with d.G/ � �, the space Cp.G/
condenses linearly into a˙-product of real lines. Fix a dense set D D fx˛ W ˛ < �g



2 Solutions of Problems 001–500 231

in the space F . For any x 2 ˙.T / let supp.x/ D ft 2 T W x.t/ ¤ 0g; then
supp.x/ is a countable set for any x 2 ˙.T /. Given a set S � T and x 2 ˙.T / let
rS.x/.t/ D x.t/ if t 2 S and rS.x/.t/ D 0 for all t 2 T nS . Then rS.x/ 2 ˙.T /
for any x 2 ˙.T / and the map rS W ˙.T / ! ˙.T / is a retraction for any S � T .
We will also need the family F D fS � T W rS .F / � F g.

It follows from Problem 152 that there exists a non-empty countable set E0 2 F .
Assume that ˛ < � and we have a family fEˇ W ˇ < ˛g � F with the following
properties:

(1) 
 < ˇ < ˛ implies E
 � Eˇ and supp.x
 / � Eˇ;
(2) jEˇj � jˇj � ! for any ˇ < ˛;
(3) if ˇ < ˛ is a limit ordinal then Eˇ DSfE
 W 
 < ˇg.

If ˛ is a limit ordinal then let E˛ D S
ˇ<˛ Eˇ; then E˛ 2 F by Problem 152

and it is evident that the properties (1)–(3) still hold for all ˇ � ˛. If ˛ D ˛0 C 1
then it is a consequence of Problem 152 that there exists a set E˛ 2 F such that
E˛0 [ supp.x˛0 / � E˛ and jE˛j � jE˛0 [ supp.x˛0 /j � ! � j˛j � !. It is also clear
that (1)–(3) hold for all ˇ � ˛; so our inductive procedure can be continued to
construct a family fE˛ W ˛ < �g � F with (1),(2) and (3) fulfilled for any ˇ < �.

It is evident that the map r˛ D rE˛ jF is a retraction on F . We claim that

(4) the set ˝.f / D f˛ < � W f ı r˛ ¤ f ı r˛C1g is countable for any f 2 Cp.F /.
To see that the property (4) is true suppose not; then there is f 2 Cp.F /

such that ˝.f / is uncountable and hence we can choose a point z˛ 2 F such
that f .r˛.z˛// ¤ f .r˛C1.z˛// for any ˛ 2 ˝.f /. There is an uncountable set
˝ � ˝.f / and " > 0 such that jf .r˛.z˛// � f .r˛C1.z˛//j > " for any ˛ 2 ˝ .
Since ext.F / � ! (see Problems 152, 160 and 161), the set fr˛.z˛/ W ˛ 2 ˝g has
an accumulation point z 2 F .

The function f being continuous at z, there is a set S D ft1; : : : ; tng � T and
O1; : : : ; On 2 �.R/ such that diam.f .U // < " where z 2 U D fx 2 F W x.ti / 2
Oi for all i � ng. Therefore the set M D f˛ 2 ˝ W r˛.z˛/ 2 U g is infinite; the
family fE˛C1nE˛ W ˛ 2 M g is disjoint; so there is ˛ 2 M such that .E˛C1nE˛/ \
S D ;.

Now observe that r˛C1.z˛/ D rE˛C1
.z˛/ can have coordinates distinct from

the coordinates of the point r˛.z˛/ D rE˛ .z˛/ only on the set E˛C1nE˛. Thus
r˛C1.z˛/.ti / D r˛.z˛/.ti / 2 Oi for every i � n which implies that r˛C1.z˛/ 2
U . However, then " < jf .r˛.z˛// � f .r˛C1.z˛//j � diam.f .U // < "; this
contradiction shows that (4) is proved.

For any ˛ < � let F˛ D r˛.F /; it is easy to see that the family fF˛ W ˛ < �g is
non-decreasing and d.F˛/ D w.F˛/ � jE˛j < � for every ˛ < � (see (2)). We will
need the following property of the family fF˛ W ˛ < �g:
(5) if ˛ < � is a non-zero limit ordinal thenH˛ D SfFˇ W ˇ < ˛g is dense in F˛ .

If (5) is not true then we can choose a point y 2 F˛nH˛. There is a set S 0 D
fs1; : : : ; smg � T and W1; : : : ;Wm 2 �.R/ such that y 2 W D fx 2 F W x.si / 2
Wi for any i � mg � F nH˛ . It follows from (3) that there is ˇ < ˛ such that
Eˇ \ S 0 D E˛ \ S 0. We have rˇ.y/ 2 Fˇ while the distinct coordinates of y and
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rˇ.y/ lie in E˛nEˇ; so it follows from our choice of ˇ that .E˛nEˇ/\ S 0 D ;. As
a consequence, rˇ.y/.si / D y.si / 2 Wi for any i � m, i.e., rˇ.y/ 2 W \Fˇ which
is a contradiction with Fˇ � H˛ and W \H˛ D ;. This proves the property (5).

Denote by �˛ the restriction map from Cp.F / onto Cp.F˛/. Define the dual
map r �̨ W Cp.F˛/ ! Cp.F / by r �̨.f / D f ı r˛ for any f 2 Cp.F˛/; then r �̨
is a linear embedding for any ˛ < �. Furthermore, s˛ D r �̨ ı �˛ W Cp.F / !
C˛ D r �̨.Cp.F˛// is a linear retraction by Problem 147; we leave to the reader the
straightforward verification that ˛ < ˇ < � implies C˛ � Cˇ. Since F˛ is a closed
subspace of ˙.T / with d.F˛/ < � and C˛ ' Cp.F˛/, our induction hypothesis
shows that, for any ˛ < �, there exists a linear injective map ı˛ W C˛ ! ˙.B˛/ for
some setB˛; we can assume, without loss of generality, that the family fB˛ W ˛ < �g
is disjoint. Given ˛ < � let u˛ 2 ˙.B˛/ be defined by u˛.b/ D 0 for all b 2 B˛ .

Now let �0.f / D ı0.s0.f // and �˛C1.f / D ı˛C1.s˛C1.f / � s˛.f // for any
˛ < � and f 2 Cp.F /. The maps �0 and �˛C1 W Cp.F / ! ˙.B˛C1/ are
continuous and linear for any ˛ < �; observe also that every �˛C1 is well defined
because C˛ � C˛C1 and hence s˛C1.f / � s˛.f / 2 C˛C1 for any f 2 Cp.F / and
˛ < �. The map ı˛ being linear, an immediate consequence of (4) is that

(6) �˛C1.f / D u˛C1 for any ˛ … ˝.f /.
We are finally ready to construct the promised linear condensation of the space

Cp.F /; let B D B0 [SfB˛C1 W ˛ < �g and � D �0�.�f�˛C1 W ˛ < �g/; it is
immediate that � W Cp.F /!Qf˙.B˛C1/ W ˛ < �g �˙.B0/ � R

B . The diagonal
product of linear continuous maps is, evidently, a linear continuous map; so � is
linear and continuous.

To see that � is injective take distinct functions f; g 2 Cp.F /. Since W D
fx 2 F W f .x/ ¤ g.x/g 2 ��.F / and D is dense in F , there is ˛ < � such that
f .x˛/ ¤ g.x˛/. We have supp.x˛/ � E˛C1 which implies r˛C1.x˛/ D x˛ 2 F˛C1
and therefore �˛C1.f / ¤ �˛C1.g/. As a consequence, the set J D f˛ < � W
�˛.f / ¤ �˛.g/g is non-empty; let ˛ D minJ . If ˛ D 0 then �0.f / ¤ �0.g/

which implies s0.f / ¤ s0.g/ and hence �0.f / ¤ �0.g/ because ı0 is an injection.
Now assume that ˛ > 0 is a limit ordinal. Then we have f jF˛ ¤ gjF˛ and hence

f jH˛ ¤ gjH˛ by the property (5). Therefore there is ˇ < ˛ for which f .q/ ¤ g.q/
for some q 2 Fˇ , i.e., f jFˇ ¤ gjFˇ which is a contradiction with the choice of ˛.
Therefore ˛ > 0 cannot be a limit and hence ˛ D ˇ C 1. By the choice of ˛ we
have �ˇ.f / D �ˇ.g/ while �ˇC1.f / ¤ �ˇC1.g/ and therefore sˇ.f / D sˇ.g/

while sˇC1.f / ¤ sˇC1.g/. This implies that sˇC1.f / � sˇ.f / ¤ sˇC1.g/ � sˇ.g/
whence �ˇC1.f / ¤ �ˇC1.g/ because ıˇC1 is an injection. Thus �.f / ¤ �.g/ and
hence we proved that � is injective.

The last thing we have to show is that �.Cp.F // � ˙.B/ so take any function
f 2 Cp.F /. The property (6) implies that�.f /.b/ D �˛C1.f /.b/ D u˛C1.b/ D 0
whenever ˛ … ˝.f /. The set ˝.f / must be countable by (4); if ˛ 2 ˝.f / then
�˛C1.f / 2 ˙.B˛C1/ by the definition of ı˛C1. Thus the set fb 2 B W �.f /.b/ ¤
0g is contained in the set

Sffb 2 B˛C1 W �˛C1.f /.b/ ¤ 0g W ˛ 2 ˝.f /g [ fb 2
B0 W �0.f /.b/ ¤ 0g which is countable so �.f / 2 ˙.B/ for any f 2 Cp.F /
and therefore� is a linear continuous injective map from Cp.F / to ˙.B/. Fact 2 is
proved.
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Fact 3. For any space Z and n 2 ! the space Cp;2nC1.Z/ condenses linearly into
Cp.Z

! � P/.

Proof. Let P be the class of spaces representable as a continuous image ofZ! �P.
Any metrizable compact space K is a continuous image of P (see e.g., SFFS-328);
so K is a continuous image of Z! � P, i.e., K 2 P . Since P

! ' P, it is an easy
exercise to see that P 2 P implies P! 2 P . It is evident that a continuous image
of a space from P is in P ; so P is a weakly k-directed class. Besides, a countable
union of spaces from P is also in P ; this easily follows from P � ! ' P.

Let us show by induction that, for any n 2 N, the space Cp;2n.Z/ has a dense
subspace which belongs to P . Let ez.f / D f .z/ for any z 2 Z and f 2 Cp.Z/.
Then ez 2 Cp.Cp.Z// for any z 2 Z and the subspace Z0 D fez W z 2 Zg of the
space Cp.Cp.Z// is homeomorphic to Z by TFS-167. Furthermore, the minimal
subalgebraA.Z0/ of Cp.Cp.Z// which containsZ0 is dense in Cp.Cp.Z// because
Z0 and hence A.Z0/ separates the points of Cp.Z/ (see TFS-192).

Since P is a weakly k-directed class, the set A.Z0/ is a countable union of
elements of P (see Problem 006); so A.Z0/ 2 P , i.e., A.Z0/ is a dense subspace of
Cp.Cp.Z// which belongs to P . This proves our Fact for n D 1.

Now assume that k 2 N and we have proved that Y D Cp;2k.Z/ has a dense
subspace L 2 P . The space Cp;2.kC1/.Z/ is homeomorphic to Cp.Cp.Y //. Again,
let ey.f / D f .y/ for any y 2 Y and f 2 Cp.Y /; then ey 2 Cp.Cp.Y // for any
y 2 Y and the map e W Y ! Cp.Cp.Y // defined by e.y/ D ey for any y 2 Y
is an embedding by TFS-167. Thus the subspace Y 0 D fey W y 2 Y g of the space
Cp.Cp.Y // is homeomorphic to Y and L0 D fey W y 2 Lg 2 P is a dense subspace
of the set Y 0. The set Y 0 separates the points of Cp.Y / and hence so does L0 being
dense in Y 0. Therefore the minimal subalgebraA.L0/ of the spaceCp.Cp.Y //which
contains L0 is dense in Cp.Cp.Y // by TFS-192. As before, we can observe, that
A.L0/ 2 P . Thus, A.L0/ 2 P is a dense subspace of Cp.Cp.Y // ' Cp;2.kC1/.Z/;
so our inductive procedure shows that Cp;2n.Z/ contains a dense subspace Ln 2 P
for any n 2 N.

Thus the restriction map � condenses Cp;2nC1.Z/ D Cp.Cp;2n.Z// linearly
into Cp.Ln/. There is a continuous onto map ' W Z! � P ! Ln; so the dual
map '� linearly embedsCp.Ln/ in Cp.Z! �P/. It is immediate that '� ı� linearly
condenses the space Cp;2nC1.Z/ into Cp.Z! � P/; so Fact 3 is proved.

Returning to our solution take any n 2 N and let Y D Cp;2n�1.X/. Since X
is Corson compact, the space Z D Cp.X/ is primarily Lindelöf by Problem 150;
therefore Cp;2n�1.X/ is primarily Lindelöf for n D 1. If n > 1 then Cp;2n�1.X/ D
Cp;2n�2.Z/; so Y has a dense primarily Lindelöf subspace L by Fact 1. Therefore
the restriction map � W Cp.Y / ! Cp.L/ is linear and injective. By Problem 149,
there exists a linear injective map ' W Cp.L/ ! ˙.A/ for some set A.
Consequently, the map ' ı � linearly condenses the space Cp.Y / ' Cp;2n.X/

into ˙.A/. Therefore Cp;2n.X/ linearly condenses into a ˙-product of real lines
for any n 2 N.

Finally, take any number n 2 !; there exists a linear injective continuous
mapping ' W Cp;2nC1.X/ ! Cp.X

! � P/ by Fact 3. The space X! is Corson
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compact by Problem 137; so it can be embedded (as a closed subspace) in˙.B/ for
some set B . Besides, P can be embedded in R

! as a closed subspace by TFS-273.
Therefore F D X! � P is embeddable in a ˙-product of real lines as a closed
subspace. Therefore there exists a linear injective continuous map ı W Cp.F / !
˙.A/ for some set A (see Fact 2). It is clear that ı ı ' W Cp;2nC1.X/ ! ˙.A/ is
an injective linear continuous map; so Cp;2nC1.X/ can be linearly condensed into a
˙-product of real lines for any n 2 ! and hence our solution is complete.

U.201. Suppose that X D �Y and Z is a subspace of RX such that Cp.X/ � Z.
Prove that there exists Z0 � R

Y such that Cp.Y / � Z0 and Z0 is a continuous
image of Z.

Solution. Let � W RX ! R
Y be the restriction map; since every f 2 Cp.Y /

extends to a continuous map on X (see TFS-412), we have �.Cp.X// D Cp.Y /.
Therefore Cp.Y / D �.Cp.X// � �.Z/ � R

Y and Z0 D �.Z/ is a continuous
image of Z.

U.202. Suppose that X is �-compact. Prove that there exists a K�ı-space Z such
that Cp.X/ � Z � R

X .

Solution. We have X D SfXi W i 2 !g where every Xi is compact; let Y0 D X0
and YiC1 D XiC1n.SfXk W k � ig/ for any i 2 !. Then Yi � Xi for every i 2 !,
the family Y D fYi W i 2 !g is disjoint and X D SfYi W i 2 !g; throwing away
the empty elements of the family Y if necessary we can assume, without loss of
generality, that Yi ¤ ; for any i 2 !.

For every i 2 ! let �i W RX ! R
Yi be the natural projection (which coincides

with the restriction map) onto the face RYi . The set P.n; i/ D ff 2 R
Yi W jf .x/j �

n for all x 2 Yi g is compact for all n; i 2 ! being homeomorphic to the space
Œ�n; n
Yi . The set Yi is contained in a compact subspace Xi � X ; so every f 2
Cp.X/ is bounded on Yi which shows that �i .Cp.X// � Q.i/ D SfP.n; i/ W n 2
!g for every i 2 !.

Therefore Cp.X/ � Z D Q
i<! Q.i/ � R

X D Q
i<! R

Yi and, to finish the
proof, it suffices to observe that Z is a K�ı-space being a countable product of
�-compact spaces (see TFS-338).

U.203. Suppose that �X is �-compact. Prove that there exists a K-analytic space
Z such that Cp.X/ � Z � R

X .

Solution. The space �X being �-compact, there exists a K�ı-space T such that
Cp.�X/ � T � R

�X by Problem 202. Apply Problem 201 to conclude that there
is a space Z � R

X such that Z is a continuous image of T and Cp.X/ � Z. Thus
Cp.X/ � Z � R

X and the space Z is K-analytic because it is a continuous image
of the K�ı-space T .

U.204. Prove that X is pseudocompact if and only if there exists a �-compact space
Z such that Cp.X/ � Z � R

X .



2 Solutions of Problems 001–500 235

Solution. If X is pseudocompact then every function f 2 Cp.X/ is bounded on
X ; so Cp.X/ � Z D SfŒ�n; n
X W n 2 !g � R

X and it is evident that Z is
�-compact. This proves necessity.

Now, assume that X is not pseudocompact while there is a �-compact Z such
that Cp.X/ � Z � R

X . There is a countably infinite closed discreteD � X which
is C -embedded inX (see Fact 1 of S.350); let � W RX ! R

D be the restriction map.
We have R

D D �.Cp.X// � �.Z/ and therefore R
D D �.Z/ which implies that

R
! ' R

D is �-compact being a continuous image of a �-compact space Z. This
contradiction with Fact 2 of S.399 shows that there is no �-compact space Z with
Cp.X/ � Z � R

X , i.e., we established sufficiency.

U.205. Give an example of a Lindelöf space X for which there exists no Lindelöf
space Z such that Cp.X/ � Z � R

X .

Solution. LetX D L.!1/ be the Lindelöfication of the discrete space of cardinality
!1. The space X is Lindelöf; so assume, towards a contradiction, that there is a
Lindelöf Z such that Cp.X/ � Z � R

X . Since X is a Lindelöf P -space, every
countable subset of X is closed and C -embedded in X . This implies that the space
R
X is canonically homeomorphic to �.Cp.X// (see TFS-485) and hence Cp.X/

has to be C -embedded in R
X (see TFS-413). But then Cp.X/ is also C -embedded

in its Lindelöf (and hence realcompact) extension Z. Applying Fact 1 of S.438 we
conclude that Z ' �.Cp.X// ' R

X ' R
!1 which is a contradiction (see e.g.,

Fact 3 of S.215). As a consequence, there exists no Lindelöf space Z for which
Cp.X/ � Z � R

X .

U.206. Prove that �X is a Lindelöf ˙-space if and only if Cp.X/ � Z � R
X for

some Lindelöf ˙-space Z. In particular,

(i) if Cp.X/ is a Lindelöf˙-space, then �X is a Lindelöf ˙-space;
(ii) (Uspenskij’s theorem) if X is a Lindelöf ˙-space then there exists a Lindelöf

˙-space Z such that Cp.X/ � Z � R
X ;

(iii) if �.Cp.X// is a Lindelöf ˙-space then �X is Lindelöf ˙ .

Solution. If �X is a Lindelöf˙-space then there exists a Lindelöf˙-space Y such
that Cp.�X/ � Y � R

�X by Fact 1 of T.399. Apply Problem 201 to see that there
exists a set Z � R

X such that Cp.X/ � Z and Z is a continuous image of Y .
Therefore Z is a Lindelöf ˙-space such that Cp.X/ � Z � R

X , i.e., we proved
necessity.

Now suppose that there is a Lindelöf ˙-space Z such that Cp.X/ � Z � R
X .

For every x 2 X let ex.f / D f .x/ for any f 2 R
X . Then ex W RX ! R is a

continuous function because it coincides with the natural projection of RX onto the
factor of RX determined by x. Let ux D exjCp.X/ for any x 2 X ; then the space
X 0 D fux W x 2 Xg � Cp.Cp.X// � R

Cp.X/ is homeomorphic to X by TFS-167.
Besides, X 0 is C -embedded in R

Cp.X/ by TFS-168.
Let � W R

Z ! R
Cp.X/ be the restriction map; observe first that X 0 �

�.Cp.Z// because every ux 2 X 0 extends to ex jZ, i.e., ux D �.ex jZ/ for any
x 2 X . Apply Fact 1 of T.399 once more to find a Lindelöf ˙-space L such
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that Cp.Z/ � L � R
Z . The space M D �.L/ � R

Cp.X/ is Lindelöf ˙ and
X 0 � �.Cp.Z// � �.L/ D M . Therefore Y D clM .X 0/ is a Lindelöf ˙-space
which is an extension of the space X 0. The space X 0 being C -embedded in a larger
space R

Cp.X/, it is also C -embedded in Y . The space Y is Lindelöf ˙ and hence
realcompact; so Y ' �.X 0/ by Fact 1 of S.438.

Therefore �X ' �.X 0/ ' Y is a Lindelöf ˙-space and hence we proved the
main statement of our Problem. The assertions (i) and (ii) follow trivially. To see
that (iii) also holds observe that there is a set SX � R

X such that Cp.X/ � SX and
SX is canonically homeomorphic to �.Cp.X// (see TFS-438). By our assumption,
the space �.Cp.X// and hence SX is Lindelöf˙ so we can use the main statement
to conclude that �X is Lindelöf˙ and make our solution complete.

U.207. Given a natural n � 1, suppose that there exists a Lindelöf ˙-space Z such
that Cp;n.X/ � Z � R

Cp;n�1.X/. Prove that there exists a Lindelöf˙-space Y such
that Cp.X/ � Y � R

X .

Solution. Let us first prove by induction that

(*) if �.Cp;k.X// is a Lindelöf˙-space for some number k 2 ! then �X also has
the Lindelöf˙-property.

Since .�/ evidently holds for k D 0 assume that it is fulfilled for all k � m and
�.Cp;mC1.X// is a Lindelöf ˙-space. An immediate consequence of Problem 206
is that �.Cp;m.X// is Lindelöf ˙ so the induction hypothesis shows that �X is
Lindelöf˙ and hence .�/ is proved.

Returning to our solution observe that if n D 1 then we can take Y D Z. If n >
1 and there is a Lindelöf ˙-space Z with Cp;n.X/ � Z � R

Cp;n�1.X/ then let
T D Cp;n�1.X/. We have Cp.T / � Z � R

T ; so Problem 206 is applicable again
to conclude that �T D �.Cp;n�1.X// is a Lindelöf ˙-space. Thus we can apply
.�/ to see that �X is a Lindelöf ˙-space. Applying Problem 206 once more we
conclude that there exists a Lindelöf˙-space Y for which Cp.X/ � Y � R

X .

U.208. Suppose that Cp.X/ is a Lindelöf ˙-space. Prove that Cp;n.X/ is !-stable
and !-monolithic for any natural n.

Solution. Any Lindelöf ˙-space is !-stable by SFFS-266; so Cp.X/ is !-
stable and hence X is !-monolithic by SFFS-152. Furthermore, it follows from
Problem 206 that �X is a Lindelöf˙-space; so we can apply SFFS-267 to conclude
that X is also !-stable. Apply SFFS-152 and SFFS-154 to see that a space Z is
both !-stable and !-monolithic if and only if so is Cp.Z/. Now, it takes a trivial
induction to conclude thatCp;n.X/ is both!-stable and!-monolithic for any n 2 !.

U.209. Prove that a space X is dominated by a space homeomorphic to the
irrationals if and only if X is P-dominated.

Solution. Given a space Z we denote by K.Z/ the family of all compact subsets
of Z. Suppose that X is P-dominated and hence there is a P-ordered compact cover
fFp W p 2 Pg of the space X .
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For any n 2 ! let �n W !! ! ! be the natural projection of !! onto its n-th
factor. If K is a compact subset of !! then �n.K/ is a compact and hence finite
subset of !. Consequently, there is p 2 !! such that �n.K/ � f0; : : : ; p.n/g for
any n 2 !. Therefore the number un.K/ D minfm 2 ! W �n.K/ � f0; : : : ; mgg is
well defined for any n 2 !. Letting pK.n/ D un.K/ for any n 2 ! we obtain an
element pK 2 !! for anyK 2 K.!!/.

It is immediate that if K;L 2 K.!!/ and K � L then pK � pL and therefore
FpK � FpL . This shows that letting QK D FpK for any K 2 K.!!/ we get a
family F D fQK W K 2 K.!!/g of compact subsets of X such that K � L implies
QK � QL. Furthermore, if x 2 X then there is p 2 !! for which x 2 Fp; it is
straightforward that, for the compact set K D Qff0; : : : ; p.n/g W n 2 !g � !!

we have pK D p and hence x 2 QK . Thus F is also a cover of X and hence X is
dominated by !! , i.e., we proved sufficiency.

Now assume that X is dominated by !! , i.e., there exists a compact cover fFK W
K 2 K.!!/g of the space X such that K � L implies FK � FL. For any p 2 !!
the set Kp D Qff0; : : : ; p.n/g W n 2 !g � !! is compact and it is easy to see that
p � q implies Kp � Kq . Let Gp D FKp for any p 2 !! . Then G D fGp W p 2 Pg
is a family of compact subsets of X such that p � q implies Gp � Gq , i.e., G is
P-ordered.

Given an arbitrary point x 2 X there is K 2 K.!!/ such that x 2 FK . For any
n 2 ! the set �n.K/ � ! is compact and hence finite; so there is p 2 !! such that
�n.K/ � f0; : : : ; p.n/g for any n 2 ! which shows that K � Kp. Consequently,
FK � FKp D Gp whence x 2 Gp and therefore G is a cover of X . Thus X is
P-dominated; so we proved necessity and hence our solution is complete.

U.210. Suppose that X is dominated by a second countable space. Prove that there
is a countable family F of subsets of X which is a network with respect to a cover
of X with countably compact subspaces of X .

Solution. As usual, given a space Z, the symbol K.Z/ stands for the family of all
compact subsets of Z. Suppose that X is dominated by a second countable space
M ; let fFK W K 2 K.M/g be the respective compact cover of X . Fix a countable
base B in M such that B is closed under finite unions and intersections. It is easy to
see that B is a network for all compact subsets ofM , i.e., ifK �M is compact and
O 2 �.K;M/ then there is B 2 B for whichK � B � O .

For any set B 2 B let Q.B/ D SfFK W K 2 K.M/ and K � Bg; then
the family F D fQ.B/ W B 2 Bg � expX is countable. Since the family B is
closed under finite intersections, for everyK 2 K.M/, we can choose an outer base
BK D fBK

n W n 2 !g � B of the set K in M in such a way that cl.BK
nC1/ � BK

n for
any n 2 !. Let CK DTfQ.BK

n / W n 2 !g for anyK 2 K.M/. It is immediate that
K � CK ; so C D fCK W K 2 K.M/g is a cover of the space X . It turns out that all
elements of C are countably compact and F is a network with respect to C. To prove
it we will need the following property.

(*) If xn 2 Q.BK
n / for any n 2 ! then the sequence S D fxn W n 2 !g has an

accumulation point which belongs to the set CK .
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For any n 2 ! take Kn 2 K.M/ such that Kn � BK
n and xn 2 FKn . It is easy to

see that, for any m 2 ! the set Hm D SfKn W n � mg [K � BK
m is compact; so

we have fxn W n � mg � FHm for everym 2 !. In particular, S � FH0 ; the set FH0
being compact, the sequence S has accumulation points in FH0 . On the other hand,
the set fn 2 ! W xn … FHmg is finite for any m 2 !; so all accumulation points of S
have to belong to the set

TfFHn W n 2 !g � CK which shows that .�/ is proved.
Finally, assume that K 2 K.M/ and CK � O 2 �.X/. We have CK � Q.BK

n /

for any n 2 !. If there is xn 2 Q.BK
n /nO for any n 2 ! then S D fxn W n 2 !g

has an accumulation point in CK by .�/. However, S � XnO ; so all accumulation
points of S have to belong to XnO which does not meet CK . This contradiction
shows that CK � Q.BK

n / � O for some n 2 ! and therefore F is a countable
network with respect to the cover C. Finally, if S D fxn W n 2 !g � CK then
xn 2 Q.BK

n / for any n 2 ! so S has an accumulation point in CK by .�/. Therefore
CK is countably compact for any K 2 K.M/, i.e., all elements of the cover C are
countably compact.

U.211. Suppose that a space X has a countable family F which is a network with
respect to a cover of X with countably compact subspaces of X . Prove that �X is a
Lindelöf˙-space.

Solution. Let C be a cover of X such that every C 2 C is countably compact and
F is a countable network with respect to C. Let Y D SfC W C 2 Cg (the bar
denotes the closure in �X ). The set C is compact for any C 2 C (see TFS-415); so
D D fC W C 2 Cg is a compact cover of Y ; besides, X � Y � �X .

The family G D fF \ Y W F 2 Fg is countable; suppose that C 2 C and
D D C � O 2 �.Y /. The set D being compact there exists V 2 �.D; Y / such
that clY .V / � O . Since W D V \ X 2 �.C;X/, there exists F 2 F for which
C � F � W . Consequently, D D C � F � W ; so G D F \ Y 2 G and
D � G. Furthermore, G � W \ Y � V \ Y D clY .V / � O . This proves that
D � G � O and therefore G is a countable network with respect to a compact
cover D of the space Y . Thus Y is a Lindelöf ˙-space; by TFS-414 and TFS-406
we have �Y ' Y ' �X ; so �X is a Lindelöf˙-space.

U.212. Prove that the property of being dominated by a second countable space
is preserved by countable unions, products and intersections as well as by closed
subspaces and continuous images.

Solution. Given a space Z the symbol K.Z/ stands for the family of all compact
subsets ofZ. LetX be dominated by a second countable spaceM ; fix the respective
compact cover fFK W K 2 K.M/g of the space X . If f W X ! Y is a continuous
onto map then ff .FK/ W K 2 K.M/g is a compact cover of Y which witnesses the
domination of Y by M . Therefore

(1) if X is dominated by a second countable space then any continuous image of X
is dominated by the same second countable space.

Now, if A is a closed subset ofX then the compact cover fFK \A W K 2 K.M/g
of the set A witnesses the domination of A byM . Thus
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(2) if X is dominated by a second countable space then any closed subspace of X
is dominated by the same second countable space.

Suppose that a space Xn is dominated by a second countable space Mn and let
fFK W K 2 K.Mn/g be the respective compact cover of Xn for any n 2 !. Let X DQ
n<! Xn and M DQ

n<! Mn; the map �n WM ! Mn is the natural projection for
any n 2 !.

For any K 2 K.M/ the set GK D Q
n<! F�n.K/ � X is compact and it is

immediate that fGK W K 2 K.M/g is a cover of X which witnesses the domination
of X by M . This shows that

(3) if Xn is dominated by a second countable space Mn for every n 2 ! then
X DQ

n<! Xn is dominated by the second countable space M DQ
n<! Mn.

The properties (2) and (3) together with Fact 7 of S.271 imply that

(4) if Y is a space and Xn � Y is dominated by a second countable space then
X DT

n<! Xn is also dominated by a second countable space.

Finally assume that X D S
n<! Xn and every Xn is dominated by a second

countable spaceMn; let fFK W K 2 K.Mn/g be the respective compact cover of Xn.
We can assume, without loss of generality, that the family fMn W n 2 !g is disjoint.
The space M DL

n<! Mn is second countable; we can consider that everyMn is a
clopen subspace of M .

For any K 2 K.M/ let mK D minfn W K � M0 [ : : : [ Mng; it is clear
that mK 2 ! is well defined and K � L implies mK � mL. Now, if K 2 K.M/

letKn D K\Mn for every n 2 !. ThenGK D FK0[: : :[FKmK is a compact subset
of X and it is easy to check that K � L implies GK � GL. Since K.Mn/ � K.M/

for any n 2 !, the family fGK W K 2 K.M/g covers X and hence X is dominated
by M . As a consequence,

(5) if X D S
n<! Xn and every Xn is dominated by a second countable space then

X is also dominated by a second countable space.

The properties (1)–(5) show that our solution is complete.

U.213. Show that every Lindelöf˙-space is dominated by a second countable space.
Prove that X is a Lindelöf ˙-space if and only if X is Dieudonné complete and
dominated by a second countable space.

Solution. Given a space Z the symbol K.Z/ stands for the family of all compact
subsets of Z. If X is a Lindelöf˙-space then there exists a second countable space
M and a compact-valued upper semicontinuous onto map ' W M ! X (see SFFS-
249). If K � M is compact then '.K/ D Sf'.x/ W x 2 Kg is also compact by
SFFS-241. It is evident thatK � L implies '.K/ � '.L/; so f'.K/ W K 2 K.M/g
is a family which witnesses domination of X by M . Thus every Lindelöf ˙-space
is Dieudonné complete (see TFS-454 and TFS-406) and dominated by a second
countable space, i.e., we proved necessity.

Now assume thatX is Dieudonné complete and dominated by a second countable
space. By Problem 210, there exists a countable family F � expX and a cover C
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of the space X such that every C 2 C is countably compact and F is a network
with respect to C. The set C is compact for any C 2 C (see TFS-455); so the family
D D fC W C 2 Cg is a compact cover of X . The family G D fF W F 2 Fg is
countable. Given D 2 D there is C 2 C such that D D C . If U 2 �.D;X/ there
exists V 2 �.D;X/ for which V � U .

The family F being a network with respect to C, there is F 2 F such that
C � F � V . Then G D F 2 G and D D C � G � V � U which shows that G is
a countable network with respect to the compact cover D of the space X . Therefore
X is Lindelöf˙ and hence we have established sufficiency.

U.214. Prove that, for any space X , the space Cp.X/ is dominated by a second
countable space if and only Cp.X/ is Lindelöf˙ .

Solution. Given a space Z the symbol K.Z/ stands for the family of all compact
subsets of Z. If Cp.X/ is Lindelöf ˙ then it is dominated by a second countable
space (see Problem 213); so sufficiency is clear.

To prove necessity assume that Cp.X/ is dominated by a second countable space
M and fix the respective compact cover fFK W K 2 K.M/g of the space Cp.X/.
Apply Problem 210 and Problem 211 to see that �.Cp.X// is a Lindelöf ˙-space
and hence �X is also Lindelöf ˙ (see Problem 206). Let � W Cp.�X/ ! Cp.X/

be sthe restriction map. Since �jA W A ! �.A/ is a homeomorphism for any
countable A � Cp.�X/ (see TFS-437), the set GK D ��1.FK/ is countably
compact for any K 2 K.M/. Indeed, GK is closed in Cp.�X/; so if it is not
countably compact then there is a countably infinite D � GK which is closed and
discrete in GK and hence in Cp.�X/. The set E D �.D/ � FK cannot be closed
and discrete in FK ; so it has an accumulation point f 2 FK . If g D ��1.f / then g
is an accumulation point of D because �j.D [ fgg/ is a homeomorphism between
D [ fgg and E [ ff g.

This contradiction shows that everyGK is, indeed, countably compact and hence
ext.GK/ D !; applying Baturov’s theorem (SFFS-269) we conclude that GK is
Lindelöf and hence compact. Therefore fGK W K 2 K.M/g is a compact cover
of Cp.�X/; it is evident that K � L implies GK � GL; so the space Cp.�X/ is
dominated by our second countable space M .

Observe also that ext.Cp.�X// D ! for otherwise there is an uncountable
closed discrete D � Cp.�X/ and hence D is dominated by a second countable
space by Problem 212. However,D is metrizable and hence Dieudonné complete; so
it has to be Lindelöf by Problem 213. Since any discrete Lindelöf space is countable,
we have a contradiction which shows that ext.Cp.�X// D ! and hence Cp.�X/
is Lindelöf by Baturov’s theorem (SFFS-269). Any Lindelöf space is Dieudonné
complete (see TFS-454 and TFS-406); so we can apply Problem 213 again to see
thatCp.�X/ is Lindelöf˙ . ThereforeCp.X/ is also Lindelöf˙ being a continuous
image of Cp.�X/. This settles necessity and makes our solution complete.

U.215. Prove that, for any space X , the space Cp.X/ is P-dominated if and only if
Cp.X/ is K-analytic.
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Solution. Any K-analytic space is P-dominated by SFFS-391; so sufficiency
is clear. To prove necessity, assume that Cp.X/ is P-dominated. Then Cp.X/

is dominated by the second countable space !! (see Problem 209); applying
Problem 214 we conclude that Cp.X/ is a Lindelöf ˙-space. Any Lindelöf space
is realcompact (TFS-406); so we can apply SFFS-391 again to see that Cp.X/ is
K-analytic.

U.216. Prove that, for any spaceX , the space Cp.X/ is strongly P-dominated if and
only if X is countable and discrete.

Solution. If X is countable and discrete then Cp.X/ D R
X is Polish and hence

strongly P-dominated by SFFS-365; so sufficiency is clear. To prove necessity
assume that Cp.X/ is strongly P-dominated and let fKp W p 2 Pg be the respective
compact cover of Cp.X/.

Let � W Cp.�X/ ! Cp.X/ be the restriction map. Since �jA W A ! �.A/ is
a homeomorphism for any countable A � Cp.�X/ (see TFS-437), the set Gp D
��1.Kp/ is countably compact for any p 2 P. Indeed, Gp is closed in Cp.�X/ so,
if it is not countably compact then there is a countably infinite D � Gp which is
closed and discrete inGp and hence inCp.�X/. The setE D �.D/ � Kp cannot be
closed and discrete in Kp; so it has an accumulation point f 2 Kp. If g D ��1.f /
then g is an accumulation point of D because �j.D [ fgg/ is a homeomorphism
betweenD [ fgg and E [ ff g.

This contradiction shows that everyGp is, indeed, countably compact and hence
ext.Gp/ D !; applying Baturov’s theorem (SFFS-269) we conclude that Gp is
Lindelöf and hence compact. Therefore G D fGp W p 2 Pg is a compact cover
of Cp.�X/; it is evident that G swallows compact subsets of Cp.�X/ and p � q

implies Gp � Gq ; so the space Cp.�X/ is also strongly P-dominated. It is easy to
see that strong P-domination is closed-hereditary so every closed F � Cp.�X/ is
strongly P-dominated.

Fact 1. If Z is a space and K � Z is a non-empty metrizable compact subspace
of Z then there exists a linear continuous map e W Cp.K/ ! Cp.Z/ such that
e.f /jK D f for any f 2 Cp.K/.
Proof. There exists a countable set A � Cp.K/ which separates the points of K .
The set K is C -embedded in Z (see Fact 1 of T.218) so, for any f 2 A there is
u.f / 2 Cp.Z/ such that u.f /jK D f . Let ' D �fu.f / W f 2 Ag W Z ! R

A; the
spaces Y D '.Z/ and L D '.K/ are second countable and L � Y . Besides, L is
closed in Y being compact. Since the family fu.f / W f 2 Ag separates the points
of K , the map 'jK W K ! L is a homeomorphism; let � W L! K be its inverse.

Apply Fact 1 of U.062 to find a linear continuous map ı W Cp.L/ ! Cp.Y /

such that ı.f /jL D f for any f 2 Cp.L/. The dual map '� W Cp.Y / ! Cp.Z/

defined by '�.f / D f ı ' for any f 2 Cp.Y / is a linear embedding by TFS-163.
Therefore the map � D '� ıı W Cp.L/! Cp.Z/ is also linear and continuous. The
dual map �� W Cp.K/ ! Cp.L/ of the map � is a linear homeomorphism; so the
map e D � ı �� W Cp.K/ ! Cp.Z/ is linear and continuous. Given any function
f 2 Cp.K/we have e.f / D �.��.f // D �.f ı�/ D '�.ı.f ı�// D ı.f ı�/ı'.
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For an arbitrary point x 2 K we have e.f /.x/ D ı.f ı �/.'.x//. Since '.x/ 2 L,
we have ı.f ı �/.'.x// D .f ı �/.'.x// by the choice of ı. Therefore e.f /.x/ D
f .�.'.x/// D f .x/ because �.'.y// D y for any y 2 K by the choice of �.

Thus we established that e.f /.x/ D f .x/ for any x 2 K which shows that
e.f /jK D f for any f 2 Cp.K/; so Fact 1 is proved.

Fact 2. If Z is a space and K is a non-empty metrizable compact subspace of Z
then Cp.Z/ is linearly homeomorphic to Cp.K/ � I where I D ff 2 Cp.Z/ W
f .K/ D f0gg. In particular, Cp.K/ embeds in Cp.Z/ as a closed linear subspace.

Proof. By Fact 1, there exists a linear continuous map e W Cp.K/ ! Cp.Z/ such
that e.f /jK D f for any f 2 Cp.K/. Let �K W Cp.Z/! Cp.K/ be the restriction
map. Given any f 2 Cp.Z/ let ı.f / D f �e.�K.f //; it is evident that the mapping
ı W Cp.Z/! Cp.Z/ is linear, continuous and we have the inclusion ı.Cp.Z// � I .
Consequently, letting '.f / D .�K.f /; ı.f // for any function f 2 Cp.Z/, we
obtain a map ' W Cp.Z/ ! Cp.K/ � I which is linear and continuous being the
diagonal product of linear continuous maps.

For any .f; g/ 2 Cp.K/ � I , let �.f; g/ D e.f /C g; it is straightforward that
� W Cp.K/ � I ! Cp.Z/ is linear, continuous and inverse to '. Thus the spaces
Cp.Z/ and Cp.K/ � I are linearly homeomorphic; it is evident that any factor of
a product of topological vector spaces embeds in that product as a linear closed
subspace; so Cp.K/ embeds in Cp.Z/ as a closed linear subspace and hence Fact 2
is proved.

Returning to our solution observe that �X contains no non-trivial convergent
sequences; indeed, if S � �X is a non-trivial convergent sequence then it is
metrizable and compact so Cp.S/ embeds in Cp.�X/ as a closed subspace by
Fact 2. Thus Cp.S/ is strongly P-dominated and hence Polish by SFFS-365 which
contradicts TFS-265.

Now take an arbitrary compact subset K of �X ; since Cp.�X/ is Lindelöf ˙
(see Problem 215), the space �X and hence K is !-monolithic (see Problem 208).
It is evident that any infinite !-monolithic compact space has non-trivial convergent
sequences; so if K is infinite then there are non-trivial convergent sequences in
�X which is a contradiction. Therefore every compact subspace of �X is finite;
the space �X being Lindelöf ˙ (see Problem 206) we can apply Fact 2 of T.227 to
conclude that �X is countable and henceCp.�X/ is second countable. Apply SFFS-
365 once more to see that Cp.�X/ is Polish and hence �X is discrete. Thus X is
also countable and discrete; this settles necessity and makes our solution complete.

U.217. Observe that there exist spaces X for which Cp.X; I/ is Lindelöf ˙ while
Cp.X/ is not Lindelöf. Supposing that �X and Cp.X; I/ are Lindelöf ˙-spaces
prove that Cp.X/ is a Lindelöf ˙-space. In particular, if X is Lindelöf ˙ then the
space Cp.X/ is Lindelöf˙ if and only if Cp.X; I/ is a Lindelöf˙-space.

Solution. If X is a discrete space of cardinality !1 then Cp.X; I/ D I
X is even

compact while Cp.X/ D R
X is not normal (see Fact 2 of S.215). Now assume that

�X and Cp.X; I/ are Lindelöf ˙-spaces. By Problem 206, there exists a Lindelöf
˙-space L such that Cp.X/ � L � R

X .
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If J D .�1; 1/ � I then let � W R! J be a homeomorphism. If ��.f / D � ı f
for any f 2 R

X then the map �� W RX ! JX is a homeomorphism such that
��.Cp.X// D Cp.X; J / (see TFS-091). Thus M D ��.L/ is a Lindelöf ˙-space
for which Cp.X; J / � M � JX � I

X . Therefore Cp.X; J / D M \ Cp.X; I/ is
a Lindelöf˙-space by SFFS-258. Consequently, Cp.X/ ' Cp.X; J / is a Lindelöf
˙-space.

U.218. (Okunev’s theorem). Suppose that X and Y are Lindelöf˙-spaces such that
Y � Cp.X/. Prove that Cp.Y / is a Lindelöf˙-space.

Solution. Since Y is Lindelöf˙ , there exists a countable family F � expY which
is a network with respect to a compact cover C of the space Y . We denote byQ0 the
set Q \ .0; 1/.

Given numbers n 2 N; ı > 0, a point x D .x1; : : : ; xn/ 2 Xn and f 2 Y let
O.f; x; ı/ D fg 2 Y W jg.xi / � f .xi /j < ı for every i � ng. It is evident that the
family fO.f; x; ı/ W ı > 0 and there is n 2 N such that x D .x1; : : : ; xn/ 2 Xng is
a local base in Y at the point f .

For arbitrary numbers " > 0; ı > 0; n 2 N and a set P � Y consider the
set M."; ı; n; P / D f.'; x/ 2 I

Y � Xn W ' 2 I
Y ; x D .x1; : : : ; xn/ 2 Xn and

j'.f / � '.g/j � " for any f 2 Y and g 2 P such that f 2 O.g; x; ı/g. We
claim that

(1) M."; ı; n; P / is closed in I
Y �Xn for any " > 0; ı > 0; n 2 N and P � Y .

To see that the property (1) holds take a point .'; x/ 2 .IY �Xn/nM."; ı; n; P /
where x D .x1; : : : ; xn/ 2 Xn. By the definition of the set M."; ı; n; P / there exist
f 2 Y and g 2 P such that j'.f / � '.g/j > " and f 2 O.g; x; ı/. Observe
that the set W D f� 2 I

Y W j�.f / � �.g/j > "g is open in I
Y and ' 2 W .

Furthermore, the functions f and g are continuous on X ; so the set V D fy 2 X W
jf .y/ � g.y/j < ıg is open in X and xi 2 V for any i � n. Thus V n is open in
Xn and x 2 V n. It is straightforward that .W � V n/ \M."; ı; n; P / D ;; since
.'; x/ 2 W � V n, we showed that any point .'; x/ 2 .IY �Xn/nM."; ı; n; P / has
a neighbourhoodW � V n contained in the complement ofM."; ı; n; P /. Therefore
.IY �Xn/nM."; ı; n; P / is open in I

Y �Xn, i.e.,M."; ı; n; P / is closed in I
Y �Xn;

so (1) is proved.
For any n 2 N let � W IY �Xn ! I

Y be the natural projection; given any numbers
" > 0; ı > 0; and P � Y let L."; ı; n; P / D �.M."; ı; n; P //. Observe that
I
Y �Xn is a Lindelöf˙-space because so isX ; it follows from (1) thatM."; ı; n; P /

is also Lindelöf˙ and hence L."; ı; n; P / is Lindelöf˙ as well being a continuous
image of the Lindelöf˙-space M."; ı; n; P /. Thus

(2) L."; ı; n; P / � I
Y is a Lindelöf ˙-space for any " > 0; ı > 0; n 2 N and

P � Y .

The family L D fL."; ı; n; P / W n 2 N; "; ı 2 Q0 and P 2 Fg is countable and
consists of Lindelöf˙-subspaces of IY . We will establish next that
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(3) the family L separates the set Cp.Y; I/ from I
Y nCp.Y; I/ in the sense that, for

any ' 2 Cp.Y; I/ and � 2 I
Y nCp.Y; I/ there is L 2 L such that ' 2 L

while � … L.

To prove (3) take any ' 2 Cp.Y; I/ and � 2 I
Y nCp.Y; I/; there is some point

g 2 Y such that � is discontinuous at g and hence there is " 2 Q0 such that,

(4) for any n 2 N; y D .y1; : : : ; yn/ 2 Xn and ı > 0 there is f 2 O.g; y; ı/ for
which j�.f / � �.g/j > ".

The family C being a cover of the space Y we can choose a set C 2 C such that
g 2 C . For any element h 2 C the map ' is continuous at the point h; so there exist
nh 2 N; xh D .xh1 ; : : : ; xhnh/ 2 Xnh and ıh 2 Q0 such that for any u 2 O.h; xh; 3ıh/
we have j'.u/� '.h/j < "

2
. The open cover fO.h; xh; ıh/ W h 2 C g of the compact

set C has a finite subcover and therefore there exists a finite set E � C such that
C � G D SfO.h; xh; ıh/ W h 2 Eg; then ı D minfıh W h 2 Eg 2 Q0. Take m 2 N

and x D .x1; : : : ; xm/ 2 Xm such that xhi 2 fx1; : : : ; xmg for any h 2 E and i � nh.
There exists P 2 F such that C � P � G; it is easy to check that if v 2 P and
u 2 O.v; x; ı/ then j'.u/� '.v/j < ".

Recalling the definition of M."; ı;m;P / we conclude that .'; x/ 2
M."; ı;m;P / and therefore ' 2 L D L."; ı;m;P /. On the other hand, � … L
because g 2 P ; so the property (4) says exactly that it is not possible to find n 2 N

and y 2 Xn such that .�; y/ 2M."; ı; n; P /. Thus the property (3) is proved.
The property (3) shows that L is a countable family of Lindelöf ˙-subspaces

of IY which separates Cp.Y; I/ from I
Y nCp.Y; I/. Since I

Y is a compact extension
of Cp.Y; I/, it follows from SFFS-233 that Cp.Y; I/ is a Lindelöf ˙-space. Finally,
apply Problem 217 to conclude that Cp.Y / is a Lindelöf˙-space and complete our
solution.

U.219. Let X and Cp.X/ be Lindelöf˙-spaces. Prove that, for every natural n, the
space Cp;n.X/ is a Lindelöf ˙-space. In particular, if X is compact and Cp.X/ is
Lindelöf˙ then all iterated function spaces of X are Lindelöf ˙-spaces.

Solution. This is easily done by induction on n 2 !. By our assumptions, Cp;n.X/
is a Lindelöf ˙-space for n 2 f0; 1g. Now assume that we are given a natural
number k > 1 and the space Cp;n.X/ is Lindelöf ˙ for any n < k. In particular,
Y D Cp;k�2.X/ and Z D Cp;k�1.X/ D Cp.Y / are Lindelöf ˙-spaces. Applying
Problem 218 we conclude that Cp;k.X/ D Cp.Z/ is a Lindelöf ˙-space. Thus our
inductive procedure shows that Cp;n.X/ is a Lindelöf˙-space for any n 2 !.

U.220. For an arbitrary Lindelöf ˙-space X , prove that any countably compact
subspace Y � Cp.X/ is Gul’ko compact.

Solution. By countable compactness of Y we have ext.Y / D !; so Baturov’s
theorem (SFFS-269) implies that Y is Lindelöf and hence compact. Finally apply
Problem 020 to conclude that Cp.Y / is a Lindelöf ˙-space, i.e., Y is Gul’ko
compact.
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U.221. Suppose that Cp.X/ is a Lindelöf ˙-space. Prove that any countably
compact Y � Cp.X/ is Gul’ko compact.

Solution. The space �X is Lindelöf˙ by Problem 206; let � W Cp.�X/! Cp.X/

be the restriction map. We claim that the set Z D ��1.Y / � Cp.�X/ is also
countably compact. Indeed, if D is a countably infinite closed discrete subspace of
Z then E D �.D/ has to have an accumulation point f 2 Y . Then g D ��1.f / 2
Z and g is an accumulation point of D because �j.D [ fgg/ is a homeomorphism
between D [ fgg and E [ ff g (see TFS-437); this contradiction shows that Z is
countably compact.

Recall that Z � Cp.�X/ and �X is a Lindelöf ˙-space; besides, countable
compactness of Z implies ext.Z/ D !; so Baturov’s theorem (SFFS-269) shows
that Z is Lindelöf and hence compact. Apply Problem 020 to conclude that Cp.Z/
is also a Lindelöf ˙-space, i.e., Z is Gul’ko compact. The map �jZ W Z ! Y is a
condensation and hence homeomorphism; so Y is also Gul’ko compact.

U.222. (Reznichenko’s compactum) Prove that there exists a compact spaceM with
the following properties:

(i) Cp.M/ is a K-analytic space, i.e., M is Talagrand compact;
(ii) there is x 2 M such that Mnfxg is pseudocompact and M is the Stone–Čech

extension of Mnfxg.
As a consequence, there is an example of a K-analytic space X such that some

closed pseudocompact subspace of Cp.X/ is not countably compact.

Solution. As usual, A.�/ is the one-point compactification of the discrete space of
cardinality �. We let !0 D f;g and !<! D Sf!n W n 2 !g; for any n 2 N, we
identify !n with the set of all maps from n D f0; : : : ; n � 1g to !. If n 2 ! and
s 2 !n then t D s_k 2 !nC1 is defined by t jn D s and t.n/ D k for any k 2 !.
If f 2 !! and n 2 ! then f j0 D ; and f jn D f jf0; : : : ; n � 1g for any n 2 N.

The symbolP denotes the space of the irrationals which we identify with !! . IfZ
is a space then z 2 Z is called a �-point if there exists a finite family U � �.Z/

such that fzg D TfU W U 2 Ug. A family fUn W n 2 !g of subsets of a space
Z converges to a point z 2 Z if, for any U 2 �.z; Z/ there is m 2 ! such that
Un � U for all n � m. Given a set A let �.DA/ D fx 2 D

A W jx�1.1/j < !g and
˙.DA/ D fx 2 D

A W jx�1.1/j � !g.
Fact 1. Suppose that K is a compact space and some x 2 K is not a �-point. Then
Knfxg is pseudocompact and K is canonically homeomorphic to ˇ.Knfxg/, i.e.,
there exists a homeomorphism ' W ˇ.Knfxg/ ! K such that '.y/ D y for any
point y 2 Knfxg.
Proof. Observe first that x cannot be an isolated point because otherwise fxg D U

where U D fxg 2 �.K/. If the space Knfxg is not pseudocompact then there is
a discrete family U D fUn W n 2 !g � ��.Knfxg/. Given any U 2 �.x;K/ if
UnnU ¤ ; for infinitely many n 2 ! then take V 2 �.x;K/ with V � U and
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observe that the family fUnnV W n 2 ! and UnnU ¤ ;g � ��.KnV / is infinite and
discrete in the compact spaceKnV ; this contradiction shows that UnnU D ; for all
but finitely many n, i.e., the family U converges to the point x.

It is now easy to check that for the open sets G D SfU2n W n 2 !g and H DSfU2nC1 W n 2 !g we have fxg D G \ H , i.e., x is a �-point which is again a
contradiction. ThereforeKnfxg is pseudocompact.

Let L D ˇ.Knfxg/; since the space K is a compact extension of Knfxg, there
exists a continuous map ' W L! K such that 'j.Knfxg/! Knfxg is the identity
mapping. If R D Ln.Knfxg/ is a singleton then ' is a canonical homeomorphism;
so assume that there are distinct points y1; y2 2 R. Take U1; U2 2 �.L/ such that
clL.U1/\ clL.U2/ D ;.

The set Vi D Ui \ .Knfxg/ is open in the space K for any i 2 f1; 2g. Since
'.R/ D fxg (see Fact 1 of S.259), we have '.yi / D x; furthermore, yi 2 clL.Vi /
and hence x D '.yi / 2 clK.'.Vi // D clK.Vi/ for every i 2 f1; 2g. As a
consequence, fxg � clK.V1/ \ clK.V2/. If, on the other hand, y 2 Knfxg and
y 2 clK.V1/ \ clK.V2/ then y 2 clL.V1/ \ clL.V2/ D ; which gives us a
contradiction. This proves that fxg D clK.V1/\clK.V2/, i.e., x is a �-point which is
a contradiction again. ThusK is canonically homeomorphic to ˇ.Knfxg/; so Fact 1
is proved.

Fact 2. Given a set A let u 2 D
A be defined by u.a/ D 0 for any a 2 A. Suppose

that Sn � �.DA/nfug is a sequence which converges to u for any n 2 !. Then there
exists a sequence S �SfSn W n 2 !g such that S ! u, the set S \Sn is infinite for
any n 2 ! and the family fx�1.1/ W x 2 Sg is disjoint.

Proof. Let fmk W k 2 !g be an enumeration of ! where every n 2 ! occurs
infinitely many times. Choose x0 2 Sm0 arbitrarily; assume that n 2 ! and we have
chosen xi 2 Smi for each i � n in such a way that the family fx�1

i .1/ W i � ng is
disjoint. Since SmnC1

converges to u, the family S D fx�1.1/ W x 2 SmnC1
g is point-

finite; so at most finitely many elements of S meet the finite set A D Sfx�1
i .1/ W

i � ng. Therefore we can choose xnC1 2 SmnC1
in such a way that x�1

nC1.1/\A D ;;
it is evident that the family fx�1

i .1/ W i � nC 1g is still disjoint; so our inductive
procedure gives us a set S D fxi W i 2 !g such that xi 2 Smi for any i 2 ! and the
family fx�1

i .1/ W i 2 !g is disjoint. It is straightforward that S is as promised; so
Fact 2 is proved.

If Z is a space and z 2 Z say that a sequence S � Z converges flexibly to z if S
converges to z and for any family fGx W x 2 Sg of Gı-subsets of Z with x 2 Gx for
any x 2 S , we can choose a point y.x/ 2 Gx for any x 2 S so that the sequence
fy.x/ W x 2 Sg converges to a point y 2 Znfzg.
Fact 3. Suppose that K is a Fréchet–Urysohn compact space and Y � K is dense
in K . Suppose additionally that a point u 2 KnY has the following property:

(*) if Sn � Y is a sequence which converges to u for any n 2 ! then there is a
sequence S � K such that S \ Sn is infinite for any n 2 ! and S flexibly
converges to u.
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Then, for any countable family U � �.K/ we have fug ¤ TfU W U 2 Ug and, in
particular, u is not a �-point in K .

Proof. Suppose that Un 2 �.K/ for any n 2 ! and fug D TfUn W n 2 !g; there is
no loss of generality to assume that U0 D K . Then u 2 Un \ Y and hence we can
pick a sequence Sn � Un\Y such that Sn ! u for any n 2 !. Use the property .�/
to find a sequence S � K such that S flexibly converges to u and S \ Sn is infinite
for any n 2 !. Then Gx DTfUn W x 2 Ung is a Gı-set and x 2 Gx for any x 2 S .

By our choice of S we can take y.x/ 2 Gx for any x 2 S such that the sequence
fy.x/ W x 2 Sg converges to a point y 2 Knfug. Given any number n 2 ! the set
fx 2 S W x 2 Ung is infinite; so S 0 D fx 2 S W y.x/ 2 Ung is infinite as well
which shows that S 0 � Un converges to y and hence y 2 Un for any n 2 !. Thus
y 2 TfUn W n 2 !g whence fug ¤ TfUn W n 2 !g; this contradiction shows that
Fact 3 is proved.

Fact 4. Suppose that A is a set and K � ˙.A/ is a compact subspace for which
there exists a family fAs W s 2 !<!g of subsets of A with the following properties:

(i) A; D A and As DSfAs_n W n 2 !g for any s 2 !<! ;
(ii) for any x 2 K and f 2 !! there exists m 2 ! such that Af jn \ x�1.Rnf0g/

is finite for all n � m.

Then Cp.K/ is a K-analytic space.

Proof. Let 	a W A! D be the characteristic function of the set fag for any a 2 A,
i.e., 	a.a/ D 1 while 	a.b/ D 0 for any b 2 Anfag; let z0.a/ D 0 for any a 2 A.
The set L0 D fz0g [ f	a W a 2 Ag is compact; so the set K 0 D K [ L0 � K is
compact as well and therefore it suffices to prove that Cp.K 0/ is K-analytic. Since
the property (ii) still holds for K 0, we can assume, without loss of generality, that
K 0 D K , i.e., L0 � K .

For any point x 2 ˙.A/ let supp.x/ D x�1.Rnf0g/. Denote by u the function on
K which is identically zero. For any a 2 A let ea.x/ D x.a/ for any x 2 K; then
ea 2 Cp.K/ because ea coincides with the restriction to K of the natural projection
of RA onto the factor determined by a. The set T D fug [ fea W a 2 Ag separates
the points of K; so it suffices to establish that T is K-analytic (see Problem 022).
Observe that the set Wa D fv 2 Cp.K/ W v.	a/ > 0g is an open neighbourhood of
ea in Cp.K/ such that Wa \ T D feag; therefore every ea is an isolated point of T .

For every s 2 !<! let Qs D fug [ fea W a 2 Asg; then every Qs is closed
in T and hence so is the set Pf D TfQf jn W n 2 !g for any f 2 !! . Letting
'.f / D Pf for any f 2 P we obtain a multi-valued map ' W P ! T . It turns out
that Pf is compact for every f 2 P, i.e., ' is compact-valued.

To prove this take any U 2 �.u; Cp.K//; there is a finite set F � K and " > 0

such that W D fv 2 Cp.K/ W jv.x/j < " for all x 2 F g � U . Consider the
set C D Sfsupp.x/ W x 2 F g. It follows from (ii) that there is m 2 ! such that
C \Af jm is finite and therefore e.x/ D 0 whenever x 2 F for all e 2 Qf jm except
for finitely many of them. Since Pf � Qf jm, it turns out that e.x/ D 0 whenever
x 2 F for all but finitely many e 2 Pf . Thus Pf nU � Pf nW is finite, i.e., we
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found a point u 2 Pf such that Pf nU is finite for any open neighbourhood of u in
Cp.K/. Therefore Pf is a compact space with at most one non-isolated point and
hence the map ' is, indeed, compact-valued.

Given any a 2 A, it follows from the property (i) that there is a function f 2 P

with a 2 TfAf jn W n 2 !g which shows that ea 2 Pf and therefore fPf W f 2 !!g
is a cover of T .

Now assume that a sequence S D ffn W n 2 !g � !! converges to f 2 !! and
tn 2 Pfn for any n 2 !. Passing to a subsequence of S if necessary, we can assume,
without loss of generality, that fnjn D f jn and hence tn 2 Qf jn for any n 2 !.

If there exists a point t 2 T such that t D tn 2 Qf jn for infinitely many n 2 !
then t 2 Pf is an accumulation point of S . If not, then, passing to a subsequence of
S if necessary, we can assume that tn ¤ tm if n ¤ m. To see that S ! u take any
x 2 K; there is m 2 ! for which the set D D supp.x/ \ Af jm is finite. We have
S 0 D ftn W n � mg � Qf jm and tn D ean where an 2 Af jm for any n � m.
Therefore tn.x/ D x.an/ D 0 for all n � m such that an … D. This proves that
tn.x/ D 0 for all but finitely many n for any x 2 K and therefore the sequence
ftn W n 2 !g converges to t D u 2 Pf .

We checked that, in all cases, there is an accumulation point t 2 Pf for the
sequence ftng; so we can apply SFFS-389 to conclude that T is K-analytic and
hence Cp.K/ is K-analytic as well by Problem 022. Fact 4 is proved.

Fact 5. There exists a compact space K with the following properties:

(i) Cp.K/ is K-analytic, i.e., K is Talagrand compact;
(ii) there is a point u 2 K such that for any family fUn W n 2 !g � �.K/ we have
fug ¤ TfUn W n 2 !g and, in particular, u is not a �-point;

(iii) we have K D SfKn W n 2 !g where the family fKn W n 2 !g is disjoint,
K0 ' A.c/ and u is the unique non-isolated point ofK0; besides,Kn is clopen
in K and homeomorphic to a closed subspace of .A.c//! for any n 2 N.

Proof. For any ordinals ˛; ˇ � !1 the ordinal intervals are defined in the usual way,
i.e., Œ˛; ˇ
 D f
 W 
 2 !1 and ˛ � 
 � ˇg, Œ˛; ˇ/ D f
 W 
 2 !1 and ˛ � 
 < ˇg;
analogously, .˛; ˇ/ D f
 W 
 2 !1 and ˛ < 
 < ˇg. Let I D Œ0; 1
 � R and
denote by T the set .f0g � f 1

n
W n 2 Ng/[ ..0; !1/ � I /. Thus T � Œ0; !1/ � I ; let

� W T ! Œ0; !1/ be the projection, i.e., if ˛ 2 Œ0; !1/; r 2 I and t D .˛; r/ 2 T
then �.t/ D ˛. It is clear that an D .0; 1n / 2 T for any n 2 N.

Call a set G � T thin if �jG is injective and denote by F the family of all
non-empty finite thin subsets of T . Let A0 D ffang W n 2 Ng; it is straightforward
that A0 � F . Assume that ˛ < !1 and we have families fAˇ W ˇ < ˛g with the
following properties:

(1) Aˇ � F and jAˇj � c for any ˇ < ˛;
(2) if ˇ < ˛ and A 2 Aˇ then f0; ˇg � �.A/ and A � ��1.Œ0; ˇ
/;
(3) for any ˇ 2 .0; ˛/ and r 2 I the family Ar

ˇ D fA 2 Aˇ W .ˇ; r/ 2 Ag is
countably infinite, while the collection Brˇ D fAnf.ˇ; r/g W A 2 Ar

ˇg is disjoint
and contained in

SfA
 W 
 < ˇg;
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(4) if ˇ 2 .0; ˛/ and C �SfA
 W 
 < ˇg is a countably infinite disjoint collection
then there are c-many r 2 I such that Ar

ˇ D fC [ f.ˇ; r/g W C 2 Cg.
Let M D fC W C � SfAˇ W ˇ < ˛g is a countably infinite disjoint collectiong; it

is clear that jMj � c; so there is a map g W I ! M such that jg�1.C/j D c for any
C 2 M. The family Ar

˛ D fC [ f.˛; r/g W C 2 g.r/g is countable for any r 2 I ; so
the collection A˛ D SfAr

˛ W r 2 I g has cardinality c.
It is immediate that the conditions (1)–(4) are still satisfied for all ˇ � ˛; so our

inductive procedure gives us a collection fA˛ W ˛ < !1g for which the properties
(1)–(4) hold for any ˇ < !1; let A D SfA˛ W ˛ < !1g. It follows from (2) that,
for any A 2 A there are unique ˛ < !1 and r 2 I such that A 2 Ar

˛; call the point
t D .˛; r/ 2 A the maximal element of A and denote it by max.A/.

Given a set A � T the characteristic function 	A 2 D
T of the set A is defined

as usual: 	A.t/ D 1 if t 2 A and 	A.t/ D 0 for all t 2 T nA. Let u D 	; and
Y D f	A W A 2 Ag; we are going to prove that the compact space K D Y (the bar
denotes the closure in D

T ) is as promised.
Observe that fang 2 A and hence 	fang 2 Y for any n 2 N; if ˛ > 0 and r 2 I

then it follows from (3) that the sequence f	A W A 2 Ar
˛g converges to 	f.˛;r/g.

Therefore

(5) 	ftg 2 K for any t 2 T .

It is straightforward that u belongs to the closure of the set f	ftg W t 2 T g and
hence u 2 K .

It is important to note that

(6) the set supp.x/ D x�1.1/ is thin for any x 2 K .

Indeed, if r1 ¤ r2; t1 D .˛; r1/; t2 D .˛; r2/ and ft1; t2g � supp.x/ then
it follows from x 2 Y that there exists A 2 A for which 	A.ti / D 1 for every
i 2 f1; 2g, i.e., ft1; t2g � A which is a contradiction with A 2 F . This proves (6).

We will show next that K � ˙.DT / and hence K is Corson compact. Take an
arbitrary A 2 A; then A 2 A˛ for some ˛ < !1 and hence .˛; r/ 2 A for some
r 2 I . If ˛ > 0 then it follows from (3) that Anf.˛; r/g 2 A; proceed in the same
way inductively (i.e., at every step throw away the maximal element of the current
set) and observe that successively taking away some number of maximal elements
is the same as considering the set ��1.Œ0; ˇ
/ \ A for some ˇ < !1. Thus

(7) for any A 2 A and ˇ < !1 the set ��1.Œ0; ˇ
/ \ A also belongs to A.

The following property of the family A is crucial.

(8) if A;B 2 A and ft1; t2g � A \ B for some t1; t2 2 T with ˇ D �.t1/ < ˛ D
�.t2/ then ��1.Œ0; ˛
/ \A D ��1.Œ0; ˛
/ \ B .

To see that the property (8) is true observe that A0 D ��1.Œ0; ˛
/ \ A 2 A and
B 0 D ��1.Œ0; ˛
/ \ B 2 A by (7). There is r 2 I with t2 D .˛; r/ 2 A0 \ B 0; so
it follows from (2) that A0; B 0 2 Ar

˛; the family Br˛ is disjoint by (3) and both sets
A0nft2g and B 0nft2g belong to Br˛. Now it follows from t1 2 .B 0nft2g/ \ .A0nft2g/
that A0 D B 0; so (8) is proved.
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Now assume that A D supp.x/ is uncountable for some x 2 K . Then there is
˛ 2 �.A/ such that �.A/\Œ0; ˛
 is infinite; pick t D .˛; r/ 2 A and s D .ˇ; q/ 2 A
with ˇ < ˛. The set O D fy 2 D

T W y.s/ D y.t/ D 1g is an open neighbourhood
of the point x in D

T ; so it follows from x 2 Y that x 2 Y \O . Let U D fB 2 A W
ft; sg � Bg; it is evident that Y0 D Y \ O D f	B W B 2 Ug. It follows from (8)
that there exists a finite setH � ��1.Œ0; ˛
/ such that B\��1.Œ0; ˛
/ D H for any
B 2 U . Since �.A/\ Œ0; ˛
 is infinite, we can find 
 2 .�.A/\ Œ0; ˛
/nH . If t 0 2 A
and �.t 0/ D 
 then there exists y D 	B 2 Y0 for which y.t 0/ D 1 which shows that
B 2 U while t 0 2 .B \ ��1.Œ0; ˛
/nH which is a contradiction. Thus A D x�1.1/
is countable for any x 2 K and henceK � ˙.DT / is Corson compact.

To see that the space Cp.K/ is K-analytic consider, for any m; n 2 !, the set
Smn D ft D .˛; r/ 2 T W either anC1 … A for any A 2 A˛ with t 2 A or there is
A 2 A˛ such that t 2 A; anC1 2 A and jAj D mC 1g. Let T; D T ; if s 2 !<!
and dom.s/ D f0; : : : ; m � 1g for some m 2 N then let Ts D Ss.0/0 \ : : : \ Ss.m�1/

m�1 .
We will check that the family T D fTs W s 2 !<!g satisfies the conditions (i) and
(ii) of Fact 4.

Fix s 2 !<! and t D .˛; r/ 2 Ts; if s 2 !n and anC1 … A for any A 2 A with
max.A/ D t then t 2 S0n \ Ts D Ts_0. If there exists A 2 A such that max.A/ D t
and anC1 2 A then t 2 Smn \ Ts D Ts_m for m D jAj � 1. This shows that we have
Ts DSfTs_k W k 2 !g for any s 2 !<! , i.e., the family T satisfies (i) of Fact 4.

To prove that the condition (ii) of Fact 4 is also satisfied take x 2 K and f 2
!! ; if jsupp.x/j < ! then there is nothing to prove; so we can apply (6) to fix
t; s 2 supp.x/ such that 0 < �.t/ < �.s/. Since x 2 Y , there is A 2 A with
	A.t/ D 	A.s/ D x.s/ D x.t/ D 1 and therefore ft; sg � A. By (2) and (6), there
is a uniquem 2 ! with amC1 2 A. We claim that

(9) jSkm \ supp.x/j � 1 for any k 2 !.

Assume, towards a contradiction that (9) is false; since supp.x/ is thin by (6),
there are s0; t 0 2 supp.x/ \ Skm such that ˛ D �.s0/ < ˇ D �.t 0/. It follows from
x 2 Y that there is B 2 A such that ft; s; t 0; s0g � B . The property (8) implies
that amC1 2 B; furthermore,D D ��1.Œ0; ˇ
/ \ B 2 A by (7) and t 0 D max.D/.
If D0 2 A; amC1 2 D0 and t 0 D max.D0/ then D0 D D (see (8)); so it follows
from t 0 2 Skm that jDj D k C 1.

Analogously, E D ��1.Œ0; ˛
/ \ B 2 A while amC1 2 E and max.E/ D s0.
Again, s0 2 Skm implies that jEj D k C 1; however, this is a contradiction because
E � D and E ¤ D; so it is impossible that jDj D jEj D k C 1. Thus we
established the property (9) and therefore jsupp.x/ \ Tf j.mC1/j � jsupp.x/ \
S
f.m/
m j � 1; since Tf jn � Tf j.mC1/ for any n � m C 1, we proved that
jsupp.x/ \ Tf jnj < ! for any n � m C 1, i.e., the condition (ii) of Fact 4 is
also satisfied for T . Thus Cp.K/ is K-analytic by Fact 4.

To prove that the point u 2 K satisfies the condition (ii) of our Fact, it suffices
to show that the set Y � K has the property .�/ from Fact 3. So, assume that
Sn � Y is a sequence which converges to u for any n 2 !. It follows from Fact 2
that there is a sequence S � Y for which S \ Sn is infinite for any n 2 ! and
the family fsupp.x/ W x 2 Sg is disjoint. To see that S flexibly converges to u let
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Bx D supp.x/ and suppose thatGx is aGı-subset ofK with x 2 Gx for any x 2 S .
Making every Gx smaller if necessary we can assume that there exists a countable
Ax � T nBx such that Gx D fy 2 K W Bx � supp.y/ � T nAxg.

The set A D SfAx W x 2 Sg is countable and it follows from u 2 SnS that
the family C D fBx W x 2 Sg � A is countably infinite; there exists ˛ < !1
such that C � SfAˇ W ˇ < ˛g and A � ��1.Œ0; ˛//; so it follows from (4) that
Ar
˛ D fC [ f.˛; r/g W C 2 Cg for some r 2 I .
We have Bx � Ex D Bx [ f.˛; r/g � T nAx and therefore y.x/ D 	Ex � Gx

for any x 2 S . It is clear that the sequence fy.x/ W x 2 Sg D f	B W B 2 Ar
˛g

converges to y D 	f.˛;r/g ¤ u and hence S flexibly converges to u which, together
with Fact 3, shows that (ii) is proved.

To finally prove that the property (iii) holds for K observe that the subspace
K0 D fug [ f	ftg W t 2 .0; !1/ � I g � K is homeomorphic to the space A.c/.
Let An D fA 2 A W an 2 Ag for any n 2 N; then A D SfAn W n 2 Ng and
An \Am D ; if n ¤ m.

If Yn D f	A W A 2 Ang and Kn D Y n for any n 2 N then Kn � K is compact.
The set Un D fx 2 K W x.an/ D 1g is clopen in K and it is immediate that
Kn D Un soKn is clopen inK for every n 2 N. It is straightforward that the family
fKn W n 2 !g is disjoint.

To see thatK DS
n2! Kn take any x 2 KnK0; If x D 	fang for some n 2 N then

x 2 Kn. If not then there are t; s 2 supp.x/ such that �.t/ < �.s/. Since x 2 Y ,
there is B 2 A such that ft; sg � B; there is a unique n 2 N with an 2 B . It follows
from (8) thatA 2 An for anyA 2 A with ft; sg � A. The setO D fy 2 K W y.t/ D
y.s/ D 1g is open in K and x 2 O ; so x 2 Y \O . But Y \O D f	A W A 2 A and
ft; sg � Ag � Yn and hence x 2 Y n D Kn; so we proved that K DS

n2! Kn.
Now fix m 2 N; to prove that Km is homeomorphic to a closed subspace of the

space .A.c//! consider the set R D Sfsupp.x/ W x 2 Kmg D Sfsupp.x/ W x 2
Ymg. For every t D .˛; r/ 2 R there is A 2 A such that fam; tg � A; so it follows
from (8) that the set A0 \ ��1.Œ0; ˛
/ is the same for any A0 2 Am with t 2 A0.
Thus the number �.t/ D jA \ ��1.Œ0; ˛
/j is well defined and depends only on t .
Let Rn D ft 2 R W �.t/ D ng for any n 2 N. Then R D SfRn W n 2 Ng and the
family fRn W n 2 Ng is disjoint. Besides,

(10) jsupp.x/ \ Rnj � 1 for any x 2 Km and n 2 N.

Since Ym is dense in Km it suffices to prove (10) for every x 2 Ym. Suppose that
x 2 Ym; t; s 2 supp.x/ while ˛ D �.t/ < ˇ D �.s/ and ft; sg � Rn. The set
A D supp.x/ belongs to Am; let B D A \ ��1.Œ0; ˇ
/ and C D A \ ��1.Œ0; ˛
/.
It follows from s 2 A \ Rn that jBj D n; since also t 2 Rn, we have jC j D n

which is impossible because B and C are distinct finite sets with C � B . This
contradiction shows that (10) is true.

Let �R W DT ! D
R be the projection of DT onto its face D

R; analogously �Rn
is the projection of DT onto its face D

Rn for any n 2 N. It is not difficult to see that
�RjKm W Km ! �R.Km/ is a homeomorphism. Besides, �R.Km/ is homeomorphic
to a closed subset of the product

Qf�Rn.Km/ W n 2 Ng. Given t 2 Rn let �t 2 D
Rn

be the characteristic function of ftg and denote by wn the function on Rn which is
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identically zero on Rn. It follows from the property (10) that, for any n 2 N, we
have �Rn.Km/ � Ln D fwng [ f�t W t 2 Rng. Since every Ln can be embedded
in A.c/ as a closed subspace, the space Km embeds in .A.c//! for any m 2 !.
We finally checked (iii) and hence Fact 5 is proved.

Returning to our solution letM be the compact spaceK whose existence is stated
by Fact 5. The property (i) of Fact 5 says that Cp.M/ is K-analytic. The property
(ii) of Fact 5 together with Fact 1 imply that there is a point x 2M such thatMnfxg
is pseudocompact and M is the Stone–Čech extension of Mnfxg. Observe that M
embeds in Cp.Cp.M//; since Cp.M/ is Lindelöf ˙ , the space Cp.Cp.M// and
henceM is !-monolithic and has countable tightness. Consequently,M is Fréchet–
Urysohn (see Fact 1 of U.080); so there exists a sequence S � Y D Mnfxg which
converges to x. It is evident that S is an infinite closed and discrete subset of Y ; so
Y is not countably compact.

Finally, let X D Cp.Y /; if �Y W Cp.M/! Cp.Y / is the restriction map then it
follows from pseudocompactness of Y and ˇY D M that Cp.Y / D �Y .Cp.M//

and hence X D Cp.Y / is also K-analytic. Furthermore, Y embeds in Cp.X/ as a
closed subspace by TFS-167. Thus X is a K-analytic space such that the subspace
Y � Cp.X/ is closed, pseudocompact and not countably compact.

U.223. Suppose that, for a countably compact space X , there exists a condensation
f W X ! Z � Cp.Y /, where Cp.Y / is a Lindelöf ˙-space. Prove that f is a
homeomorphism and X is Gul’ko compact.

Solution. If F is a closed subset of X then it is countably compact and hence so is
f .F / which implies, together with Problem 221, that f .F / is Gul’ko compact and
hence closed in Z; in particular, Z is Gul’ko compact. Thus our condensation f
is a closed map; this shows that f is a homeomorphism and X is Gul’ko compact
being homeomorphic to a Gul’ko compact space Z.

U.224. Give an example of a pseudocompact non-countably compact spaceX which
can be condensed onto a compactK � Cp.Y /, where Cp.Y / is Lindelöf˙ .

Solution. Let M be Reznichenko’s compactum (see Problem 222). Then there is a
point x 2 M such that X D Mnfxg is pseudocompact while M is canonically
homeomorphic to ˇX . Observe that M embeds in Cp.Cp.M//; since Cp.M/

is Lindelöf ˙ , the space Cp.Cp.M// and hence M is !-monolithic and has
countable tightness. Consequently, M is Fréchet–Urysohn (see Fact 1 of U.080);
so there exists a sequence S � X which converges to x. It is evident that S is an
infinite closed and discrete subset of X ; so X is not countably compact.

The space X being locally compact, there is a condensation ' W X ! K

of X onto some compact space K (see Fact 3 of T.357). There is a continuous
mapping ˚ W M ! K such that ˚ jX D ' (see TFS-257). The dual map
˚� W Cp.K/ ! Cp.M/ embeds Cp.K/ in Cp.M/ as a closed subspace (see
TFS-163). As a consequence, the space Y D Cp.K/ is Lindelöf ˙ being a
closed subspace of a Lindelöf ˙-space Cp.M/. By TFS-167 we can consider that
K � Cp.Y /; it follows from Problem 219 that Cp.Y / is also a Lindelöf ˙-space;
so our condensation ' is what we looked for.
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U.225. Give an example of a space X such that Cp.X/ is Lindelöf ˙ and some
pseudocompact subspace of Cp.X/ is not countably compact.

Solution. Let M be Reznichenko’s compactum (see Problem 222). Then there is
a point x 2 M such that Y D Mnfxg is pseudocompact while M is canonically
homeomorphic to ˇY . Observe that M embeds in Cp.Cp.M//; since Cp.M/ is
Lindelöf˙ , the space Cp.Cp.M// and henceM is !-monolithic and has countable
tightness. Consequently, M is Fréchet–Urysohn (see Fact 1 of U.080); so there
exists a sequence S � Y which converges to x. It is evident that S is an
infinite closed and discrete subset of Y ; so Y is not countably compact.

Since X D Cp.M/ is a Lindelöf ˙-space, the space Cp.X/ is also Lindelöf
˙ by Problem 219. The restriction map � W Cp.M/ ! Cp.Y / is onto because
Y is pseudocompact and M D ˇY ; thus the dual map �� W Cp.Cp.Y // !
Cp.Cp.M// D Cp.X/ is an embedding (see TFS-163). Since Y embeds in
Cp.Cp.Y //, it also embeds in Cp.X/. Therefore Cp.X/ is a Lindelöf ˙-space
which contains a pseudocompact non-countably compact subspace Y .

U.226. Observe that there exist Gul’ko spaces X such that t.Cp.X// > !. Prove
that, if Cp.X/ is Lindelöf ˙ and Y � Cp.X/ is pseudocompact then Y must be
Fréchet–Urysohn.

Solution. Let M be Reznichenko’s compactum (see Problem 222). Then there
exists a point x 2 M such that the space X D Mnfxg is pseudocompact while
M is canonically homeomorphic to ˇX ; an immediate consequence is that the
restriction map � W Cp.M/! Cp.X/ is onto soCp.X/ is a Lindelöf˙-space being
a continuous image of a Lindelöf ˙-space Cp.M/. The space X is not compact
and hence not Lindelöf because it is a pseudocompact proper dense subspace of
M . Therefore t.Cp.X// > ! (see TFS-149); so Cp.X/ is a Lindelöf ˙-space of
uncountable tightness.

Now assume that X is a space such that Cp.X/ is Lindelöf ˙ and Y � Cp.X/
is pseudocompact. The space Z D Y is also pseudocompact (see Fact 18 of S.351);
since Z is closed in the Lindelöf space Cp.X/, it has to be compact. Therefore Z
is Gul’ko compact (see Problem 221); so t.Z/ D ! by TFS-189; besides, Cp.X/ is
!-monolithic (see Problem 208) and hence so isZ which shows thatZ is a Fréchet–
Urysohn space (see Fact 1 of U.080). Finally, Y has to be a Fréchet–Urysohn space
being a subspace of a Fréchet–Urysohn space Z.

U.227. Show that there exists a spaceX such that Cp.X/ is a Lindelöf˙-space and
t.Y / > ! for some �-compact subspace Y � Cp.X/.
Solution. Let S D fx 2 D

!1 W x�1.1/ is finiteg; since S D D
!1 \ �.!1/, the space

S is homeomorphic to a closed subspace of �.!1/. The space �.!1/ is �-compact
by Problem 108; so S is also �-compact. Furthermore, S � ˙�.!1/ ' Cp.A.!1//
(see Problem 105). The class L.˙/ of Lindelöf˙-spaces is sk-directed (see SFFS-
254) and A.!1/ is also Lindelöf ˙ being compact; so we can apply Problem 092
to see that C �

p .S/ belongs to .L.˙//�ı D L.˙/ and hence Cp.S; I/ is a Lindelöf
˙-space. Now apply Problem 217 to conclude that Cp.S/ is a Lindelöf˙-space.
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Let z.˛/ D 1 for any ˛ < !1; then z 2 D
!1n˙.!1/. Since S � ˙.!1/, for any

countable B � S we have z … B (the bar denotes the closure in D
!1). Therefore

Z D S [ fzg is also �-compact and t.Z/ > !.
Let us show that Cp.Cp.Z// is a Lindelöf ˙-space. Since the restriction map

� W Cp.�.Cp.Z/// ! Cp.Cp.Z// is continuous and onto, it suffices to show that
Cp.�.Cp.Z/// is Lindelöf ˙ . The space �.Cp.Z// is canonically homeomorphic
to the setH D ff 2 R

Z W f is strictly !-continuous onZg (see TFS-438). Observe
that S � Z is a Fréchet–Urysohn space so, for every f 2 H , the function f jS is
continuous. On the other hand, if f 2 R

Z and f jS is continuous then f is strictly
!-continuous on Z; this is an easy consequence of the fact that z … B for any
countable B � S .

Since �.Cp.Z// ' H , we established that the space �.Cp.Z// is homeomor-
phic to the set ff 2 R

Z W f jS 2 Cp.S/g D Cp.S/�R where R is the factor of RZ

determined by the point z. If T D S ˚ fzg then �.Cp.Z// ' Cp.S/�R ' Cp.T /.
The space T is �-compact and hence Lindelöf˙ ; besides, Cp.T / D Cp.S/�R

is also Lindelöf ˙ because so is Cp.S/. This makes it possible to apply Okunev’s
theorem (see Problem 218) to conclude that Cp.Cp.T // D Cp.�.Cp.Z/// is
a Lindelöf ˙-space. Thus Cp.Cp.Z// is a Lindelöf ˙-space as well being a
continuous image (under �) of the space Cp.Cp.T // D Cp.�.Cp.Z///.

Finally observe that, forX D Cp.Z/, the spaceZ embeds in Cp.X/ by TFS-167
and hence there is Y � Cp.X/ with Y ' Z and hence t.Y / > !. ThereforeCp.X/
is a Lindelöf˙-space such that t.Y / > ! for a �-compact subspace Y � Cp.X/.
U.228. Let X be a space and denote by � W Cp.�X/! Cp.X/ the restriction map.
Prove that, for any countably compact Y � Cp.X/, the space ��1.Y / � Cp.�X/
is countably compact.

Solution. To see that the set Z D ��1.Y / � Cp.�X/ is also countably compact
suppose that D is a countably infinite closed discrete subspace of Z. Then E D
�.D/ has to have an accumulation point f 2 Y . Then g D ��1.f / 2 Z and g
is an accumulation point of D because �j.D [ fgg/ is a homeomorphism between
D [ fgg and E [ ff g (see TFS-437); this contradiction shows that Z is countably
compact.

U.229. Give an example of a space X such that ��1.Y / is not pseudocompact
for some pseudocompact Y � Cp.X/. Here � W Cp.�X/ ! Cp.X/ is the
restriction map.

Solution. There exists an infinite pseudocompact space X such that the space Y D
Cp.X; I/ is also pseudocompact (see TFS-400 and TFS-398). Since every countable
subset of X is closed and discrete in X by TFS-398, the space X is not countably
compact; besides, �X D ˇX (see TFS-415 and TFS-417).

If the set Z D ��1.Y / � Cp.�X/ D Cp.ˇX/ is pseudocompact then it is
bounded in Cp.ˇX/ and hence compact by Grothendieck’s theorem (Problem 044).
Therefore Y D Cp.X; I/ is also compact being a continuous image ofZ. ThusX is
discrete by TFS-396; this contradiction proves that Y is a pseudocompact subspace
of Cp.X/ such that ��1.Y / is not pseudocompact.
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U.230. Assume that �X is a Lindelöf ˙-space and � W Cp.�X/ ! Cp.X/ is
the restriction map. Prove that, for any compact subspace Y � Cp.X/, the space
��1.Y / � Cp.�X/ is also compact.

Solution. The space Z D ��1.Y / � Cp.�X/ is countably compact by Problem
228; therefore ext.Z/ D ! and hence we can apply Baturov’s theorem SFFS-269
to see that Z is Lindelöf and hence compact.

U.231. Assume that �X is a Lindelöf ˙-space and � W Cp.�X/ ! Cp.X/ is
the restriction map. Prove that, for any Lindelöf ˙-space Y � Cp.X/, the space
��1.Y / � Cp.�X/ is Lindelöf ˙ .

Solution. Given a space Z we denote by K.Z/ the family of all compact subsets
of Z. There exists a second countable space M for which there is a compact cover
fFK W K 2 K.M/g of the space Y such that K � L implies FK � FL (see
Problem 213). If T D ��1.Y / thenGK D ��1.FK/ is compact for anyK 2 K.M/

(see Problem 230). Therefore fGK W K 2 K.M/g is a compact cover of T such that
K � L implies GK � GL.

If F is a closed discrete subspace of T then let HK D GK \ F for any K 2
K.M/; it is evident that fHK W K 2 K.M/g is a compact cover of F such that
K � L impliesHK � HL. ThusF is dominated by a second countable space; since
F is metrizable, it is Dieudonné complete; so we can apply Problem 213 again to
conclude that F is Lindelöf˙ and hence countable (it is evident that every Lindelöf
discrete space is countable). This proves that ext.T / D ! and hence we can apply
Baturov’s theorem (SFFS-269) to conclude that T is Lindelöf. Any Lindelöf space
is Dieudonné complete (see TFS-462); so we can apply Problem 213 once more to
conclude that T D ��1.Y / is a Lindelöf˙-space.

U.232. Let X be a pseudocompact space and denote by � W Cp.ˇX/! Cp.X/ the
restriction map. Prove that, for an arbitrary Lindelöf˙-space (compact space) Y �
Cp.X/, the space ��1.Y / � Cp.ˇX/ is Lindelöf ˙ (or compact, respectively).

Solution. Observe that ˇX D �X because X is pseudocompact (see TFS-415 and
TFS-417). Now if Y � Cp.X/ is Lindelöf ˙ then ��1.Y / is a Lindelöf ˙-space
by Problem 231. If Y is compact then ��1.Y / is also compact by Problem 230.

U.233. Give an example of a pseudocompact X such that ��1.Y / � Cp.ˇX/ is
not Lindelöf for some Lindelöf Y � Cp.X/. Here � W Cp.ˇX/ ! Cp.X/ is the
restriction map.

Solution. Let X be the ordinal !1 with its usual order topology. Then X is
countably compact and ˇX D !1 C 1 (see TFS-314). The space Y D Cp.X/ is
Lindelöf by TFS-316 while ��1.Y / D Cp.!1 C 1/ is not Lindelöf (see TFS-320).

U.234. Observe that Cp.X/ is a Lindelöf˙-space if and only if Cp.�X/ is Lindelöf
˙; prove that, for any X , the space Cp.X/ is K-analytic if and only if Cp.�X/ is
K-analytic. In other words, X is a Talagrand space if and only if �X is Talagrand.
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Solution. We identify the space P of the irrationals with !! ; if p; q 2 P then p � q
says that p.n/ � q.n/ for any n 2 !.

The restriction map � W Cp.�X/ ! Cp.X/ is a condensation of Cp.�X/ onto
Cp.X/; thus the space Cp.X/ is a continuous image of Cp.�X/ and hence the
Lindelöf ˙-property of Cp.�X/ implies that Cp.X/ is also Lindelöf ˙ . Now, if
Cp.X/ is Lindelöf ˙ then so is �X by Problem 206 which makes it possible to
apply Problem 231 to see that Cp.�X/ D ��1.Cp.X// is also a Lindelöf˙-space.
This shows that Cp.X/ is a Lindelöf˙-space if and only if so is Cp.�X/.

IfCp.�X/ isK-analytic thenCp.X/ is alsoK-analytic being a continuous image
of Cp.�X/. Now, if Cp.X/ is K-analytic then there is a compact cover fKp W p 2
Pg of the space Cp.X/ such that p � q implies Kp � Kq (see SFFS-391). The
space �X is Lindelöf ˙ by Problem 206; so we can apply Problem 230 to see that
Fp D ��1.Kp/ is compact for any p 2 P. Therefore fFp W p 2 Pg is a compact
cover of Cp.�X/ such that p � q implies Fp � Fq , i.e., the space Cp.�X/ is
P-dominated. Finally, apply Problem 215 to conclude that Cp.�X/ is K-analytic.
Thus Cp.X/ is K-analytic if and only if Cp.�X/ is K-analytic.

U.235. Suppose that Cp.X/ is a Lindelöf ˙-space. Prove that Cp;n.�X/ is a
Lindelöf˙-space for every n 2 N.

Solution. The space �X is Lindelöf ˙ by Problem 206 and Cp.�X/ is Lindelöf
˙ by Problem 234. Thus Problem 219 is applicable to conclude that Cp;n.�X/ is
Lindelöf˙ for any n 2 N.

U.236. Given an arbitrary space X let � W Cp.�X/ ! Cp.X/ be the restriction
mapping. Let ��.'/ D ' ı� for any function ' 2 R

Cp.X/ and observe that the map
�� W RCp.X/ ! R

Cp.�X/ is an embedding. Identifying the space �.Cp.Cp.X///
with the subspace f' 2 R

Cp.X/ W ' is strictly !-continuous on Cp.X/g of the space
R
Cp.X/ (see TFS-438) prove that

(i) ��.Cp.Cp.X/// � ��.�.Cp.Cp.X//// � Cp.Cp.�X//;
(ii) if Cp.X/ is normal then ��.�.Cp.Cp.X//// D Cp.Cp.�X// and hence the

spaces �.Cp.Cp.X/// and Cp.Cp.�X// are homeomorphic.

Solution. If we consider that the spaces Cp.X/ and Cp.�X/ are discrete then
�� W RCp.X/ ! R

Cp.�X/ is the usual dual map between their spaces of continuous
functions. Thus TFS-163 is applicable to conclude that �� is an embedding.

If ' 2 �.Cp.Cp.X/// then ' is strictly !-continuous on Cp.X/ and hence
��.'/ D ' ı � is strictly !-continuous on Cp.�X/. The space �X being
realcompact, we have tm.Cp.�X// D ! (see TFS-434); so ��.'/ is continuous
on Cp.�X/ which shows that ��.�.Cp.Cp.X//// � Cp.Cp.�X//. This proves (i).

Furthermore, if the space Cp.X/ is normal and ' W Cp.�X/ ! R is a
continuous function then ' ı ��1 W Cp.X/ ! R is !-continuous because
the map � is a homeomorphism if restricted to a countable subset of Cp.�X/
(see TFS-437). The space Cp.X/ being normal, the map � D ' ı ��1 has to
be strictly !-continuous (see TFS-421) and ��.�/ D � ı � D ' ı ��1 ı � D '.



2 Solutions of Problems 001–500 257

This shows that we have the inclusion Cp.Cp.�X// � ��.�.Cp.Cp.X////, i.e.,
Cp.Cp.�X// D ��.�.Cp.Cp.X////; since �� is a homeomorphism, we have
Cp.Cp.�X// ' �.Cp.Cp.X///; so (ii) is proved.

U.237. Suppose that Cp.X/ is a Lindelöf ˙-space. Prove that Cp;2n.�X/ is
homeomorphic to �.Cp;2n.X// for every n 2 N.

Solution. Since Cp.X/ is normal, the space Cp.Cp.�X// is homeomorphic to
�.Cp.Cp.X/// by Problem 236; so the statement of this Problem is true for
n D 1. Proceeding by induction assume that �.Cp;2k.X// ' Cp;2k.�X/ for some
k � 1. If Y D Cp;2k.�X/ then Cp.Y / D Cp;2kC1.�X/ is a Lindelöf ˙-space
by Problem 235. Thus we can apply Problem 236 to see that �.Cp;2kC2.X// D
�.Cp.Cp.Y /// ' Cp.Cp.�Y //. Recalling that �Y D Y because Y is a Lindelöf
˙-space (see Problem 235), we conclude that �.Cp;2kC2.X// ' Cp.Cp.Y // D
Cp;2kC2.�X/. This concludes the induction step and proves that �.Cp;2n.X// is
homeomorphic to Cp;2n.�X/ for any n 2 N.

U.238. Suppose that Cp.X/ is a Lindelöf ˙-space. Prove that Cp;2nC1.�X/ can be
condensed onto Cp;2nC1.X/ for every n 2 !.

Solution. The space X is dense and C -embedded in �X and hence the restriction
map r W Cp.�X/ ! Cp.X/ is a condensation. Therefore the statement of our
Problem is true for n D 0. Now, if n > 0 then we can apply Problem 237 to see
that Y D Cp;2n.�X/ is homeomorphic to �.Cp;2n.X//; let Z D Cp;2n.X/. The
restriction map � W Cp.�Z/! Cp.Z/ D Cp;2nC1.X/ is a condensation; since Y '
�Z, there is a homeomorphism � between the spaces Cp.Y / D Cp;2nC1.�X/ and
Cp.�Z/. It is evident that � ı � is a condensation of Cp;2nC1.�X/ onto Cp;2nC1.X/.

U.239. Suppose that Cp;2kC1.X/ is a Lindelöf ˙-space for some k 2 !. Prove that
Cp;2nC1.X/ is a Lindelöf ˙-space every n 2 !.

Solution. Given spaces Y and Z, the expression Y v Z says that Y embeds in
Z as a closed subspace. Observe that Z v Cp.Cp.Z// for any space Z (see TFS-
167). Therefore Cp.X/ v Cp;3.X/ v Cp;5.X/ v : : :, i.e., proceeding by a trivial
induction we can establish that Cp.X/ v Cp;2nC1.X/ for any n 2 !. In particular,
Cp.X/ v Cp;2kC1.X/ and hence Cp.X/ is a Lindelöf˙-space.

Given any n 2 ! the space Cp;2nC1.�X/ is Lindelöf˙ by Problem 235; besides,
the space Cp;2nC1.X/ is a continuous image of Cp;2nC1.�X/ by Problem 238.
Therefore Cp;2nC1.X/ is a Lindelöf˙-space for any n 2 !.

U.240. Suppose that Cp;2k.X/ is a Lindelöf ˙-space for some k 2 N. Prove that
Cp;2n.X/ is a Lindelöf ˙-space every n 2 N.

Solution. Given spaces Y and Z, the expression Y v Z says that Y embeds in
Z as a closed subspace. Observe that Z v Cp.Cp.Z// for any space Z (see TFS-
167). Therefore Cp.Cp.X// v Cp;4.X/ v Cp;6.X/ v : : :, i.e., proceeding by a
trivial induction we can establish that Cp.Cp.X// v Cp;2n.X/ for any n 2 N. In
particular, Cp.Cp.X// v Cp;2k.X/ and hence Cp.Cp.X// is a Lindelöf ˙-space;
let Y D Cp.X/. Finally, if n 2 N then Cp;2n.X/ D Cp;2n�1.Y / is Lindelöf ˙ by
Problem 239; so Cp;2n.X/ is a Lindelöf˙-space for any n 2 N.
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U.241. Give an example of a space X such that Cp.X/ is not Lindelöf while
Cp;2n.X/ is a Lindelöf ˙-space for every n 2 N.

Solution. Let S D fx 2 D
!1 W x�1.1/ is finiteg; since S D D

!1 \ �.!1/, the space
S is homeomorphic to a closed subspace of �.!1/. The space �.!1/ is �-compact
by Problem 108; so S is also �-compact. Furthermore, S � ˙�.!1/ ' Cp.A.!1//
(see Problem 105). The class L.˙/ of Lindelöf˙-spaces is sk-directed (see SFFS-
254) and A.!1/ is also Lindelöf ˙ being compact; so we can apply Problem 092
to see that C �

p .S/ belongs to .L.˙//�ı D L.˙/ and hence Cp.S; I/ is a Lindelöf
˙-space. Now apply Problem 217 to conclude that Cp.S/ is a Lindelöf˙-space.

Let z.˛/ D 1 for any ˛ < !1; then z 2 D
!1n˙.!1/. Since S � ˙.!1/, for any

countable B � S we have z … B (the bar denotes the closure in D
!1). Therefore

X D S [ fzg is also �-compact and t.X/ > !.
Let us show that Cp.Cp.X// is a Lindelöf ˙-space. Since the restriction map

� W Cp.�.Cp.X/// ! Cp.Cp.X// is continuous and onto, it suffices to show that
Cp.�.Cp.X/// is Lindelöf ˙ . The space �.Cp.X// is canonically homeomorphic
to the setH D ff 2 R

X W f is strictly !-continuous onXg (see TFS-438). Observe
that S � X is a Fréchet–Urysohn space so, for every f 2 H , the function f jS is
continuous. On the other hand, if f 2 R

X and f jS is continuous then f is strictly
!-continuous on X ; this is an easy consequence of the fact that z … B for any
countable B � S .

Since �.Cp.X// ' H , we proved that the space �.Cp.X// is homeomorphic
to the set ff 2 R

X W f jS 2 Cp.S/g D Cp.S/ � R where R is the factor of RX

determined by the point z. If T D S ˚ fzg then �.Cp.X// ' Cp.S/�R ' Cp.T /.
The space T is �-compact and hence Lindelöf˙ ; besides, Cp.T / D Cp.S/�R

is also Lindelöf ˙ because so is Cp.S/. This makes it possible to apply Okunev’s
theorem (Problem 218) to conclude that Cp.Cp.T // D Cp.�.Cp.X/// is a Lindelöf
˙-space. Thus Cp.Cp.X// is a Lindelöf˙-space as well being a continuous image
(under �) of the space Cp.Cp.T // D Cp.�.Cp.X///.

However, the space Cp.X/ is not Lindelöf because t.X/ > ! (see TFS-189);
applying Problem 240 we conclude that Cp;2n.X/ is a Lindelöf ˙-space for all
n 2 N, i.e., X is the promised example.

U.242. Give an example of a space X such that CpCp.X/ is not Lindelöf while
Cp;2nC1.X/ is a Lindelöf ˙-space for every n 2 !.

Solution. It was proved in Problem 222 that there exists a compact space M such
that Cp.M/ is K-analytic while there is a point x 2 M such that X D Mnfxg is
pseudocompact and M is the Stone–Čech extension of X . Observe that M embeds
in Cp.Cp.M//; since Cp.M/ is Lindelöf ˙ , the space Cp.Cp.M// and hence M
is !-monolithic and has countable tightness. Consequently, M is Fréchet–Urysohn
(see Fact 1 of U.080); so there exists a sequence S � X DMnfxgwhich converges
to x. It is evident that S is an infinite closed and discrete subset of X ; so X is not
countably compact and hence not Lindelöf.

If � W Cp.M/ ! Cp.X/ is the restriction map then it follows from pseudo-
compactness of X and ˇX D M that Cp.X/ D �.Cp.M// and hence Cp.X/
is also K-analytic. Furthermore, X embeds in Cp.Cp.X// as a closed subspace
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(see TFS-167) which shows that Cp.Cp.X// is not Lindelöf. Finally observe that
Cp.X/ is Lindelöf˙ so we can apply Problem 239 to conclude that Cp;2nC1.X/ is
a Lindelöf˙-space for any n 2 !.

U.243. Prove that, for any space X , only the following distributions of the Lindelöf
˙-property in iterated function spaces are possible:

(i) Cp;n.X/ is not a Lindelöf ˙-space for any n 2 N;
(ii) Cp;n.X/ is a Lindelöf˙-space for any n 2 N;

(iii) Cp;2nC1.X/ is a Lindelöf ˙-space and Cp;2nC2.X/ is not Lindelöf for any
n 2 !;

(iv) Cp;2nC2.X/ is a Lindelöf ˙-space and Cp;2nC1.X/ is not Lindelöf for any
n 2 !.

Solution. If X is a discrete space of cardinality !1 then Cp.X/ D R
!1 is not

Lindelöf by Fact 2 of S.215; furthermore, X embeds in Cp.Cp.X// as a closed
subspace; so Cp.Cp.X// is not Lindelöf either. Since Cp.X/ is not Lindelöf ˙ , it
follows from Problem 239 that C2nC1.X/ is not Lindelöf ˙ for any n 2 !. The
space Cp.Cp.X// is not Lindelöf ˙ so Problem 240 implies that C2n.X/ is not
Lindelöf˙ for any n 2 N. Thus, (i) holds for the space X .

To prove that there exists a space X for which (ii) is true it suffices to consider
X D R. Then Cp;n.X/ is a Lindelöf ˙-space because it has a countable network
for any n 2 N. Next, observe that the space X from Problem 241 has the property
(iv) while the space X from Problem 242 has the property (iii).

To see that no other cases can occur, observe that if a space X does not have the
property (i) then Cp;k.X/ is Lindelöf ˙ for some k 2 N. Assume first that there
are m; l 2 N with m even and l odd such that both spaces Cp;m.X/ and Cp;l .X/
are Lindelöf ˙ . It is an immediate consequence of Problem 239 and Problem 240
that Cp;n.X/ is Lindelöf˙ both for even and odd n 2 N, i.e., Cp;n.X/ is a Lindelöf
˙-space for all n 2 N. Thus we have the case (ii).

Now, if Cp;n.X/ is Lindelöf ˙ for some even n 2 N and there exists no odd
m 2 ! with Cp;m.X/ Lindelöf ˙ , then it follows from Problem 241 that we have
case (iv). Finally, if Cp;n.X/ is Lindelöf˙ for some odd n and there exists no even
m 2 ! with Cp;m.X/ Lindelöf ˙ , then it follows from Problem 242 that we have
the case (iii).

U.244. Suppose that Cp;2kC1.X/ is a Lindelöf˙-space for some k 2 !. Prove that,
if Cp;2lC2.X/ is normal for some l 2 !, then Cp;n.X/ is a Lindelöf˙-space for any
n 2 N.

Solution. Given spaces Y and Z, the expression Y v Z says that Y embeds in
Z as a closed subspace. Observe that Z v Cp.Cp.Z// for any space Z (see TFS-
167). Therefore Cp.Cp.X// v Cp;4.X/ v Cp;6.X/ v : : :, i.e., proceeding by a
trivial induction we can establish that Cp.Cp.X// v Cp;2nC2.X/ for any n 2 !.
In particular, Cp.Cp.X// v Cp;2lC2.X/ and hence Cp.Cp.X// is a normal space.
It follows from TFS-295 that ext.Cp.Cp.X/// D !.
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Apply Problem 239 to see that Cp.X/ is a Lindelöf ˙-space; thus Baturov’s
theorem (SFFS-269) is applicable to see that l.Cp.Cp.X/// D ext.Cp.Cp.X/// D
!, i.e., the space Cp.Cp.X// is Lindelöf and hence realcompact which shows that
we have the equality �.Cp.Cp.X/// D Cp.Cp.X//. The space Cp;3.X/ is also
Lindelöf˙ by Problem 239; so �.Cp.Cp.X/// D Cp.Cp.X// has to be a Lindelöf
˙-space by Problem 206. Finally, apply Problem 240 to see that Cp;n.X/ is a
Lindelöf˙-space for all even n 2 N; by Problem 239 the space Cp;n.X/ is Lindelöf
˙ for all odd n 2 N; so Cp;n.X/ is Lindelöf˙ for all n 2 N.

U.245. Suppose that Cp;2kC2.X/ is a Lindelöf˙-space for some k 2 !. Prove that,
if Cp;2lC1.X/ is normal for some l 2 !, then Cp;n.X/ is a Lindelöf˙-space for any
n 2 N.

Solution. Given spaces Y and Z, the expression Y v Z says that Y embeds in
Z as a closed subspace. Observe that Z v Cp.Cp.Z// for any space Z (see TFS-
167). Therefore Cp.X/ v Cp;3.X/ v Cp;5.X/ v : : :, i.e., proceeding by a trivial
induction we can establish that Cp.X/ v Cp;2nC1.X/ for any n 2 !. In particular,
Cp.X/ v Cp;2lC1.X/ and hence Cp.X/ is a normal space. It follows from TFS-295
that ext.Cp.X// D !.

Apply Problem 240 to see that Cp.Cp.X// is a Lindelöf ˙-space; since
X embeds in Cp.Cp.X// as a closed subspace, it also has to be a Lindelöf
˙-space. Thus Baturov’s theorem (SFFS-269) is applicable to see that l.Cp.X// D
ext.Cp.X// D !, i.e., Cp.X/ is Lindelöf and hence realcompact which shows
that �.Cp.X// D Cp.X/. The space Cp.Cp.X// being Lindelöf ˙ we can apply
Problem 206 to conclude that �.Cp.X// D Cp.X/ is a Lindelöf ˙-space. Finally,
apply Problem 240 to see that Cp;n.X/ is a Lindelöf ˙-space for all even n 2 N;
by Problem 239 the space Cp;n.X/ is Lindelöf ˙ for all odd n 2 N; so Cp;n.X/ is
Lindelöf˙ for all n 2 N.

U.246. Prove that, if Cp.X/ is a Lindelöf ˙-space, then �.CpCp.X// is a Lindelöf
˙-space.

Solution. It follows from Problem 239 thatCp.Cp.Cp.X/// is a Lindelöf˙-space;
so �.Cp.Cp.X/// is also Lindelöf˙ by Problem 206.

U.247. Prove that, if X is normal and �.Cp.X// is a Lindelöf ˙-space, then
�.CpCp.X// is a Lindelöf ˙-space.

Solution. There exists a space Y such that Cp.Y / ' �.Cp.X// (see TFS-439).
Thus Cp.Y / is a Lindelöf ˙-space and therefore �.Cp.Cp.Y /// is also a Lindelöf
˙-space by Problem 246. The restriction map � W Cp.�.Cp.X/// ! Cp.Cp.X//

can be extended to a continuous map Q� W �.Cp.�.Cp.X////! �.Cp.Cp.X/// (see
TFS-413). For the set H D Q�.�.Cp.�.Cp.X///// we have

(1) Cp.Cp.X// � H � �.Cp.Cp.X///.
The space H is Lindelöf ˙ (and hence realcompact) because H is a continuous

image of the space �.Cp.�.Cp.X//// which is homeomorphic to a Lindelöf
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˙-space �.Cp.Cp.Y ///. It follows from (1) that Cp.Cp.X// is C -embedded inH ;
so we can apply Fact 1 of S.438 to conclude that �.Cp.Cp.X/// D H is a Lindelöf
˙-space.

U.248. Prove that, if X is realcompact and �.Cp.X// is a Lindelöf ˙-space, then
�.CpCp.X// is a Lindelöf ˙-space.

Solution. It follows from Problem 206 that �X D X is a Lindelöf ˙-space. Thus
X is normal and hence we can apply Problem 247 to see that �.Cp.Cp.X/// is a
Lindelöf˙-space.

U.249. Let !1 be a caliber of a space X . Prove that Cp.X/ is a Lindelöf˙-space if
and only if X has a countable network.

Solution. If network weight of X is countable then nw.Cp.X// D !, so Cp.X/ is
a Lindelöf˙-space; this proves sufficiency. To deal with necessity, say that a space
Y is a counterexample if !1 is a caliber of Y while the space Cp.Y / is Lindelöf ˙
and nw.Y / > !. Our aim is to show that there are no counterexamples.

Assume towards a contradiction that a space X is a counterexample. Then
nw.�X/ � nw.X/ > ! and !1 is a caliber of �X because X is dense in �X
(see SFFS-278). Furthermore, Cp.�X/ is a Lindelöf ˙-space by Problem 234;
so �X is also a counterexample. Thus we can assume, without loss of generality,
that X D �X , i.e., X is realcompact and hence X D �X is Lindelöf ˙ (see
Problem 206).

The space Cp.X/ being !-monolithic by Problem 208, if d.Cp.X// D ! then
nw.Cp.X// D nw.X/ D !, i.e., X is not a counterexample. Therefore Cp.X/ is
not separable and hence there exists a left-separatedA � Cp.X/ such that jAj D !1
(see SFFS-004).

Let ex.f / D f .x/ for any point x 2 X and function f 2 A. Then ex 2 Cp.A/
and the map e W X ! Cp.A/ defined by e.x/ D ex for any x 2 X is continuous
by TFS-166; let Y D e.X/. It is clear that w.Y / � w.Cp.A// � jAj D !1. There
exists a space Z and continuous onto maps ' W Z ! Y and � W X ! Z such that '
is a condensation, � is R-quotient and ' ı � D e (see Fact 2 of T.139). Any Lindelöf
˙-space is stable by SFFS-266; so nw.Z/ � !1.

The dual map �� W Cp.Z/! Cp.X/ is a closed embedding of Cp.Z/ in Cp.X/
(see TFS-163); so Cp.Z/ is also a Lindelöf˙-space. SinceZ is a continuous image
ofX , the cardinal !1 is a caliber of Z. We also have A � e�.Cp.Y // � ��.Cp.Z//
(see Fact 5 of U.086) which shows that nw.Z/ D nw.Cp.Z// � nw.A/ > !; so Z
is still a counterexample.

Since nw.Z/ D !1, we can take a dense set D in the space Z with jDj � !1;
let fz˛ W ˛ < !1g be an enumeration of the set D. If Z˛ D fzˇ W ˇ < ˛g for
each ˛ < !1 then

SfZ˛ W ˛ < !1g D Z because t.Z/ � l.Cp.Z// D !. If
Z˛ D Z for some ˛ < !1 then Z is separable and hence nw.Z/ D ! because any
counterexample is !-monolithic.

This contradiction shows that U˛ D ZnZ˛ 2 ��.Z/ for any ˛ < !1. Besides,
˛ < ˇ < !1 implies Uˇ � U˛ and

TfU˛ W ˛ < !1g D ;. Observe that the
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family U D fU˛ W ˛ < !1g � ��.Z/ is uncountable because otherwise there is
˛0 < !1 such that U˛ D U˛0 for any ˛ � ˛0 and hence

T
U D U˛0 ¤ ; which is a

contradiction.
Now, if x 2 Z then there is ˇ < !1 such that x … Uˇ. This implies that x …

U˛ for any ˛ � ˇ which proves that U is point-countable. As a consequence, the
uncountable family U � ��.Z/ is point-countable which contradicts the fact that !1
is a caliber of Z. This final contradiction shows that counterexamples do not exist;
therefore we proved necessity and made our solution complete.

U.250. Prove that there exists a spaceX such that !1 is a precaliber ofX , the space
Cp;n.X/ is a Lindelöf ˙-space for all n 2 !, while X does not have a countable
network.

Solution. If Y D A.!1/ then the space Y is compact and hence Lindelöf ˙ . The
space X D Cp.Y / is also Lindelöf˙ (see Problem 107); so Cp;n.X/ D Cp;n�1.Y /
is a Lindelöf˙-space for any n 2 N by Problem 219. The cardinal!1 is a precaliber
of X by SFFS-283 while nw.X/ D nw.Y / D !1; so our space X has all the
promised properties.

U.251. LetX be a Lindelöf˙-space with !1 a caliber ofX . Prove that any Lindelöf
˙-subspace of Cp.X/ has a countable network.

Solution. Recall that a space is called cosmic if it has a countable network. Suppose
that Y � Cp.X/ is Lindelöf ˙ and not cosmic; since Y is monolithic (see SFFS-
266), it is not separable; so there is a left-separated A � Y such that jAj D !1 (see
SFFS-004). Clearly, the set B D A\ Y is also Lindelöf˙ and not cosmic.

Let ex.f / D f .x/ for any x 2 X and f 2 A. Then ex 2 Cp.A/ for any x 2 X
and the map e W X ! Cp.A/ defined by e.x/ D ex for any x 2 X is continuous by
TFS-166; let X 0 D e.X/. Then w.X 0/ � w.Cp.A// D !1. There exists a space Z
and continuous onto maps ' W Z ! X 0 and � W X ! Z such that � is R-quotient,
' is a condensation and e D ' ı � (see Fact 2 of T.139). If �� W Cp.Z/ ! Cp.X/

is the dual map of � then it embeds Cp.Z/ in Cp.X/ as a closed subset by TFS-
163. Besides, A � e�.Cp.X 0// � ��.Cp.Z// (see Fact 5 of U.086) and hence
B � ��.Cp.Z//; so Z is a Lindelöf ˙-space with !1 caliber of Z while a non-
cosmic Lindelöf˙-space B embeds in Cp.Z/.

The space X being stable by SFFS-266, we have nw.Z/ � !1 so we can choose
a set D D fz˛ W ˛ < !1g � Z which is dense in Z. If U˛ D Znfzˇ W ˇ < ˛g ¤ ;
for every ˛ < !1 then fU˛ W ˛ < !1g � ��.Z/ is an uncountable point-countable
family which contradicts the fact that !1 is a caliber of Z. Thus fzˇ W ˇ < ˛g D Z

for some ˛ < !1, i.e., Z is separable. Therefore iw.B/ � iw.Cp.Z// D d.Z/ D
!; the space B is stable being Lindelöf˙ so nw.B/ D ! which is a contradiction
withA � B and nw.A/ > !. This contradiction shows that every Lindelöf˙-space
Y � Cp.X/ is cosmic.

U.252. Prove that a Lindelöf˙-space Y has a small diagonal if and only if it embeds
into Cp.X/ for some X with !1 a caliber of X .
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Solution. If Y has a small diagonal then !1 is a caliber of X D Cp.Y / by SFFS-
294. The space Y embeds in Cp.X/ D Cp.Cp.Y // by TFS-167; so we proved
necessity. Now, if X is a space and !1 is a caliber of X then Cp.X/ has a small
diagonal by SFFS-290; so if Y � Cp.X/ then Y also has a small diagonal (it is an
easy exercise that having a small diagonal is a hereditary property).

U.253. Prove that, if Cp.X/ is a Lindelöf˙-space and has a small diagonal thenX
has a countable network.

Solution. The cardinal !1 is a caliber of the space X by SFFS-290; so X has a
countable network by Problem 249.

U.254. Suppose that a space X has a dense subspace which is a continuous image
of a product of separable spaces. Prove that any Lindelöf˙-subspace ofCp.X/ has
a countable network.

Solution. Fix a Lindelöf ˙-space L � Cp.X/ and let Y be a dense subspace
of X such that some product of separable spaces maps continuously onto Y . The
restriction map � W Cp.X/ ! Cp.Y / is injective; so ' D �jL W L ! M D �.L/

is a condensation.
The cardinal !1 is a caliber of the space Y (see SFFS-282 and SFFS-277); so

the diagonal of Cp.Y / is small by SFFS-290. Therefore M has a small diagonal
as well. Furthermore, every compact subspace of Cp.Y / is metrizable by TFS-307;
so all compact subspace of M are also metrizable. Thus we can apply Fact 1 of
T.300 to see that nw.M/ D ! and hence iw.M/ D ! (see TFS-156). Since L
condenses onto M , we have iw.L/ D ! and hence nw.L/ D ! because every
Lindelöf˙-space is stable by SFFS-266. Thus every Lindelöf˙-spaceL � Cp.X/
has a countable network.

U.255. Prove that any first countable space is a Preiss–Simon space.

Solution. Suppose that 	.X/ D ! and take a closed F � X . For any x 2 F we
have 	.x; F / � !; so there is a local base fUn W n 2 !g at the point x in F such that
UnC1 � Un for any n 2 !. If U 2 �.x;X/ then U \F 2 �.x; F /; so there ism 2 !
with Um � U \ F . Consequently, Un � Um � U for any n � m which shows that
the sequence fUn W n 2 !g converges to x. This proves that X is a Preiss–Simon
space.

U.256. Prove that any Preiss–Simon space is Fréchet–Urysohn.

Solution. Suppose thatX is a Preiss–Simon space; givenA � X and x 2 A, the set
F D A is closed in X and x 2 F ; so there exists a sequence fUn W n 2 !g � ��.F /
which converges to x. Since A is dense in F , we have A \ Un ¤ ;; choose a point
xn 2 A\Un for any n 2 !. It is immediate that the sequence S D fxn W n 2 !g � A
converges to x; so X is a Fréchet–Urysohn space.

U.257. Give an example of a compact Fréchet–Urysohn space which does not have
the Preiss–Simon property.

Solution. It was proved in Problem 222 that there exists a compact space X
such that Cp.X/ is a Lindelöf ˙-space while Xnfxg is pseudocompact for some



264 2 Solutions of Problems 001–500

non-isolated point x 2 X . The space X is !-monolithic because Cp.X/ is stable
(see SFFS-266 and SFFS-152); besides, t.X/ � l.Cp.X// D ! (see TFS-189); so
X is a Fréchet–Urysohn space by Fact 1 of U.080.

Now, suppose that U D fUn W n 2 !g � ��.X/ is a sequence that converges
to the point x and let Wn D Unnfxg for any n 2 !. It is easy to check that the
family W D fWn W n 2 !g � ��.Xnfxg/ is locally finite in the space Xnfxg.
If W is finite, say W D fV1; : : : ; Vkg then pick a point yi 2 Vi for every i � k.
Since U ! x, there is U 2 U such that fy1; : : : ; ykg \ U D ; which implies that
W 3 U nfxg … fV1; : : : ; Vkg. Therefore W is an infinite locally finite family of non-
empty open subsets of a pseudocompact spaceXnfxg; this contradiction shows that
X is not a Preiss–Simon space.

U.258. Let X be a space which has the Preiss–Simon property. Prove that each
pseudocompact subspace of X is closed in X .

Solution. Suppose that P is a pseudocompact subspace ofX . If there exists a point
x 2 P nP then we can apply the Preiss–Simon property to x and the closed set
F D P to obtain a sequence S D fUn W n 2 !g � ��.F / such that S ! x. The
point x is not isolated in F ; so Un ¤ fxg and hence Vn D Unnfxg ¤ ; for any
n 2 !. It is easy to see that the family V D fVn W n 2 !g � ��.F / is locally finite
in F nfxg. If V is finite, say V D fW1; : : : ;Wkg then choose a point zi 2 Wi for
any i � k. Since x … fz1; : : : ; zkg, it follows from S ! x that there is U 2 S with
U\fz1; : : : ; zkg D ;. It is immediate thatU nfxg 2 V whileU nfxg … fW1; : : : ;Wkg
which is a contradiction.

Therefore V is an infinite locally finite family of non-empty open subsets of
F nfxg while F nfxg is pseudocompact because P is dense in F nfxg (see Fact 18
of S.351). This final contradiction shows that there are no points x 2 PnP , i.e., P
is closed in X .

U.259. Suppose thatX is a Preiss–Simon compact space. Prove that, for any proper
dense Y � X , the space X is not the Čech-Stone extension of Y .

Solution. Assume, towards a contradiction, that X D ˇY for some proper dense
Y � X and fix a point x 2 XnY . By the Preiss–Simon property of X there is a
sequence fUn W n 2 !g � ��.X/ which converges to x. The set Y is dense in X ; so
we can pick a point y0 2 U0 \ Y and a set V0 2 �.y0; X/ such that V 0 � U0 and
x … V 0; let m.0/ D 0.

Assume that k 2 ! and we have chosen points y0; : : : ; yk , open sets V0; : : : ; Vk
and natural numbersm.0/; : : : ; m.k/ with the following properties:

(1) m.i/ < m.i C 1/ for any i < k;
(2) yi 2 Vi � V i � Um.i/ for any i � k;
(3) x … V i for any i � k and the family fV i W i � kg is disjoint.

SinceH D Xn.SfV i W i � kg/ 2 �.x;X/, there exists a numberm.kC1/ 2 !
such that m.k C 1/ > m.k/ and Um.kC1/ � H ; the set Y being dense in X we
can find a point ykC1 2 Um.kC1/ \ Y and a set VkC1 2 �.ykC1; X/ for which
x … V kC1 and V kC1 � Um.kC1/. It is evident that (1)–(3) hold for all i � k C 1;
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so our inductive procedure can be continued to construct sequences fyi W i 2 !g �
Xnfxg; fm.i/ W i 2 !g � ! and fVi W i 2 !g � �.X/ such that (1)–(3) are fulfilled
for all i < !.

An evident consequence of the properties (1) and (2) is that the sequence fVn W
n 2 !g converges to x; the property (3) implies that the family V D fVi W i 2 !g is
discrete inXnfxg. It follows from Fact 5 of T.132 that there is a continuous function
f W Xnfxg ! Œ0; 1
 such that f .y2i / D 0 and f .y2iC1/ D 1 for all i 2 !. The
function g D f jY is continuous on Y . Since X D ˇY , there is h 2 Cp.X; Œ0; 1
/
such that hjY D g and, in particular, h.y2i / D 0 and h.y2iC1/ D 1 for all i 2 !.
However, y2i ! x and y2iC1 ! x when i ! 1; so it follows from continuity of
h that h.x/ D 0 and h.x/ D 1 at the same time; this contradiction shows that our
solution is complete.

U.260. Prove that the following properties are equivalent for any countably compact
space X :

(i) X is a Preiss–Simon space;
(ii) each pseudocompact subspace of X is closed in X ;

(iii) for each closed F � X and any non-isolated x 2 F , the space F nfxg is not
pseudocompact.

Solution. The implication (i)H)(ii) was proved in Problem 258. Suppose that (ii)
holds and a set F is closed in X ; if x 2 F is not isolated in F then F nfxg is not
closed in X ; so it is not pseudocompact. This proves (ii)H)(iii).

Finally, assume that (iii) takes place. Given a closed F � X and a non-isolated
point x 2 F , the set G D F nfxg is not pseudocompact; so there is a family U D
fUn W n 2 !g � ��.G/ which is discrete in G. To see that U ! x take any U 2
�.x;X/. If the set A D fn 2 ! W UnnU ¤ ;g is infinite then take xn 2 UnnU for
any n 2 A. Since D D fxn W n 2 Ag � XnU , the set U is an open neighbourhood
of x which does not meet D.

Assume that y ¤ x; if y 2 XnF then XnF is a neighbourhood of y which does
not meet D. If y 2 F then y 2 F nfxg; the family U being discrete in F nfxg there
exists a set W 2 �.y; F nfxg/ such that W meets at most one element of U and
hence jW \Dj � 1. The set V D W [ .XnF / is an open neighbourhood of y in X
and jV \Dj � 1. Thus every y 2 X has a neighbourhood which meets at most one
element ofD. This shows that D is an infinite closed discrete subspace of X which
contradicts countable compactness of X .

Consequently, UnnU D ; for all but finitely many n 2 ! which shows that
Un � U eventually and hence U ! x. Thus X is a Preiss–Simon space; this settles
(iii)H)(i) and completes our solution.

U.261. Let X be a Lindelöf ˙-space. Suppose that Y � Cp.X/ and the set of non-
isolated points of Y is Lindelöf˙ . Prove that Cp.Y; I/ is Lindelöf ˙ .

Solution. LetE be the set of non-isolated points of Y ; sinceE is Lindelöf˙ , there
exists a countable family F � expE which is a network with respect to a compact
cover C of the space E . We denote byQ0 the set Q \ .0; 1/.
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Given numbers n 2 N; ı > 0, a point x D .x1; : : : ; xn/ 2 Xn and f 2 Y let
O.f; x; ı/ D fg 2 Y W jg.xi / � f .xi /j < ı for every i � ng. It is evident that the
family fO.f; x; ı/ W ı > 0 and there is n 2 N such that x D .x1; : : : ; xn/ 2 Xng is
a local base in Y at the point f .

For arbitrary numbers " > 0; ı > 0; n 2 N and a set P � E consider the
set M."; ı; n; P / D f.'; x/ 2 I

Y � Xn W ' 2 I
Y ; x D .x1; : : : ; xn/ 2 Xn and

j'.f / � '.g/j � " for any f 2 Y and g 2 P such that f 2 O.g; x; ı/g. We
claim that

(1) M."; ı; n; P / is closed in I
Y �Xn for any " > 0; ı > 0; n 2 N and P � E .

To see that (1) is true take any point .'; x/ 2 .IY � Xn/nM."; ı; n; P / where
x D .x1; : : : ; xn/ 2 Xn. By the definition of the setM."; ı; n; P / there exist f 2 Y
and g 2 P such that j'.f / � '.g/j > " and f 2 O.g; x; ı/. The set W D f� 2
I
Y W j�.f /��.g/j > "g is open in I

Y and ' 2 W . Furthermore, the functions f and
g are continuous on X ; so the set V D fy 2 X W jf .y/ � g.y/j < ıg is open in X
and xi 2 V for any i � n. Thus V n is open in Xn and x 2 V n. It is straightforward
that .W � V n/ \M."; ı; n; P / D ;; since .'; x/ 2 W � V n, we showed that any
point .'; x/ 2 .IY � Xn/nM."; ı; n; P / has a neighbourhood W � V n contained
in the complement of M."; ı; n; P /. Therefore .IY � Xn/nM."; ı; n; P / is open in
I
Y �Xn, i.e.,M."; ı; n; P / is closed in I

Y �Xn; so (1) is proved.
For any number n 2 N let � W IY � Xn ! I

Y be the natural projection;
for arbitrary " > 0; ı > 0; and P � Y let L."; ı; n; P / D �.M."; ı; n; P //.
Observe that IY � Xn is a Lindelöf ˙-space because so is X ; it follows from (1)
that M."; ı; n; P / is also Lindelöf˙ and hence L."; ı; n; P / is Lindelöf˙ as well
being a continuous image of the Lindelöf˙-space M."; ı; n; P /. Thus

(2) L."; ı; n; P / � I
Y is a Lindelöf ˙-space for any " > 0; ı > 0; n 2 N and

P � E .

The family L D fL."; ı; n; P / W n 2 N; "; ı 2 Q0 and P 2 Fg is countable and
consists of Lindelöf˙-subspaces of IY . We will establish next that

(3) the family L separates the set Cp.Y; I/ from I
Y nCp.Y; I/ in the sense that, for

any ' 2 Cp.Y; I/ and � 2 I
Y nCp.Y; I/ there is L 2 L such that ' 2 L while

� … L.

To prove (3) take any ' 2 Cp.Y; I/ and � 2 I
Y nCp.Y; I/; since all points of Y nE

are isolated, there is some point g 2 E such that � is discontinuous at g and hence
there is " 2 Q0 such that,

(4) for any n 2 N; y D .y1; : : : ; yn/ 2 Xn and ı > 0 there is f 2 O.g; y; ı/ for
which j�.f / � �.g/j > ".

The family C being a cover of the set E we can choose a set C 2 C such that
g 2 C . For any element h 2 C the map ' is continuous at the point h; so there are
nh 2 N; xh D .xh1 ; : : : ; xhnh/ 2 Xnh and ıh 2 Q0 such that for any u 2 O.h; xh; 3ıh/
we have j'.u/� '.h/j < "

2
. The open cover fO.h; xh; ıh/ W h 2 C g of the compact

set C must have a finite subcover and therefore there exists a finite D � C such
that C � G D SfO.h; xh; ıh/ W h 2 Dg; then ı D minfıh W h 2 Dg 2 Q0.
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Take m 2 N and x D .x1; : : : ; xm/ 2 Xm such that xhi 2 fx1; : : : ; xmg for any
h 2 D and i � nh. There exists P 2 F such that C � P � G; it is easy to check
that if v 2 P and u 2 O.v; x; ı/ then j'.u/� '.v/j < ".

Recalling the definition of M."; ı;m;P / we conclude that .'; x/ 2
M."; ı;m;P / and therefore ' 2 L D L."; ı;m;P /. On the other hand, we
have � … L because g 2 P ; so the property (4) says exactly that there is no n 2 N

and y 2 Xn such that .�; y/ 2M."; ı; n; P /. Thus the property (3) is proved.
The property (3) shows that L is a countable family of Lindelöf ˙-subspaces of

I
Y which separates Cp.Y; I/ from I

Y nCp.Y; I/. Since I
Y is a compact extension of

Cp.Y; I/, it follows from SFFS-233 that Cp.Y; I/ is a Lindelöf˙-space.

U.262. Let X be an Eberlein–Grothendieck space. Suppose that the set of non-
isolated points of X is �-compact. Prove that Cp.X; I/ is K�ı.

Solution. There is a compact space K such that X � Cp.K/; let E be the set of
non-isolated points of X . There exists a countable family C of compact subspaces
of E such that E DS

C. We denote by Q0 the set Q \ .0; 1/.
Given numbers n 2 N; ı > 0, a point x D .x1; : : : ; xn/ 2 Kn and f 2 X let

O.f; x; ı/ D fg 2 X W jg.xi / � f .xi /j < ı for every i � ng. It is evident that the
family fO.f; x; ı/ W ı > 0 and there is n 2 N such that x D .x1; : : : ; xn/ 2 Kng is
a local base in X at the point f .

For arbitrary numbers " > 0; ı > 0; n 2 N and a set P � E consider the
set M."; ı; n; P / D f.'; x/ 2 I

X � Kn W ' 2 I
X ; x D .x1; : : : ; xn/ 2 Kn and

j'.f / � '.g/j � " for any f 2 X and g 2 P such that f 2 O.g; x; ı/g. We
claim that

(1) M."; ı; n; P / is closed in I
X �Kn for any " > 0; ı > 0; n 2 N and P � E .

To see that (1) is true take an arbitrary point .'; x/ 2 .IX � Kn/nM."; ı; n; P /
where x D .x1; : : : ; xn/ 2 Kn. By the definition of the set M."; ı; n; P / there
exist f 2 X and g 2 P such that j'.f / � '.g/j > " and f 2 O.g; x; ı/.
The set W D f� 2 I

X W j�.f / � �.g/j > "g is open in I
X and ' 2 W .

Furthermore, the functions f and g are continuous on K; so the set V D fy 2
K W jf .y/ � g.y/j < ıg is open in K and xi 2 V for any i � n. Thus V n is open
in Kn and x 2 V n. It is straightforward that .W � V n/ \M."; ı; n; P / D ;; since
.'; x/ 2 W � V n, we showed that any point .'; x/ 2 .IX �Kn/nM."; ı; n; P / has
a neighbourhoodW � V n contained in the complement ofM."; ı; n; P /. Therefore
.IX �Kn/nM."; ı; n; P / is open in I

X�Kn, i.e.,M."; ı; n; P / is closed in I
X �Kn;

so (1) is proved.
For any number n 2 N let � W IX � Kn ! I

X be the natural projection;
for arbitrary " > 0; ı > 0; and P � X let L."; ı; n; P / D �.M."; ı; n; P //.
Observe that IX �Kn is a compact space because so is K; it follows from (1) that
M."; ı; n; P / is also compact and hence L."; ı; n; P / is compact as well being a
continuous image of the compact space M."; ı; n; P /. Thus

(2) L."; ı; n; P / � I
X is compact for any " > 0; ı > 0; n 2 N and P � E .
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The family L D fL."; ı; n; C / W n 2 N; "; ı 2 Q0 and C 2 Cg is easily seen to
be countable; besides, it consists of compact subspaces of the space I

X . Therefore
the set HŒC; "
 D SfL."; ı; n; C / W n 2 N and ı 2 Q0g is �-compact for any
C 2 C and " 2 Q0. We will establish next that

(3) Cp.X; I/ DTfHŒC; "
 W " 2 Q0; C 2 Cg.
To prove (3) take � 2 I

XnCp.X; I/; since all points of XnE are isolated, there
is some point g 2 E such that � is discontinuous at g and hence there is " 2 Q0

such that,

(4) for any n 2 N; y D .y1; : : : ; yn/ 2 Kn and ı > 0 there is f 2 O.g; y; ı/ for
which j�.f / � �.g/j > ".

The family C being a cover of the set E we can choose C 2 C such that g 2 C .
Observe that � … HŒC; "
 because g 2 C ; so the property (4) says exactly that there
are no n 2 N; ı 2 Q0 and y 2 Kn such that .�; y/ 2M."; ı; n; C /. Thus � … H DTfHŒC; "
 W C 2 C; " 2 Q0g for any � 2 I

XnCp.X; I/, i.e., H � Cp.X; I/.
To prove the opposite inclusion take any ' 2 Cp.X; I/ and fixC 2 C and " 2 Q0.

For any element h 2 C the map ' is continuous at the point h and hence there
exist nh 2 N; xh D .xh1 ; : : : ; x

h
nh
/ 2 Knh and ıh 2 Q0 such that for any u 2

O.h; xh; 3ıh/ we have j'.u/ � '.h/j < "
2
. The open cover fO.h; xh; ıh/ W h 2 C g

of the compact set C has a finite subcover; so there is a finite D � C such that
C � G D SfO.h; xh; ıh/ W h 2 Dg; then ı D minfıh W h 2 Dg 2 Q0. Take
m 2 N and x D .x1; : : : ; xm/ 2 Km such that xhi 2 fx1; : : : ; xmg for any h 2 D and
i � nh. It is easy to check that if v 2 C and u 2 O.v; x; ı/ then j'.u/� '.v/j < ".
Recalling the definition of M."; ı;m;C / we conclude that .'; x/ 2 M."; ı;m;C /
and therefore ' 2 HŒC; "
. The set C 2 C and " 2 Q0 were chosen arbitrarily; so
' 2 H and hence H D Cp.X; I/, i.e., the property (3) is proved.

Finally, apply (3) to conclude that the space Cp.X; I/ is a countable intersection
of �-compact subspaces of IX , i.e., Cp.X; I/ is a K�ı-space.

U.263. Let X be a second countable space. Prove that, for any M � X , the space
Cp.XM ; I/ is Lindelöf ˙ .

Solution. Observe that the space XM is Tychonoff and all points of XnM are
isolated in XM ; besides, the topologies induced on M from XM and X coincide
which shows that M is also second countable if considered as a subspace of XM
(see Fact 1 of S.293).

Fix a countable base B in the space X ; since the topology of XM is stronger than
the topology of X , every B 2 B is a cozero-set in XM ; so we can take a function
fB 2 Cp.XM ; I/ such that XMnU D f �1

B .0/ for any B 2 B.
Let 	x.x/ D 1 and 	x.y/ D 0 for each y 2 XMnfxg; then 	x 2 Cp.XM/

for any x 2 XnM . If u is the function which is identically zero on XM then the
set F D f	x W x 2 XMnM g [ fug is compact because F nU is finite for any
U 2 �.u; Cp.XM//. It is straightforward that the set Y D F [ ffB W B 2 Bg
separates the points and the closed subsets of XM .

Let ex.f / D f .x/ for any point x 2 XM and function f 2 Y . Then ex 2 Cp.Y /
and the map e W X ! Cp.Y / defined by e.x/ D ex for any x 2 X is an embedding
by TFS-166. Therefore X can be embedded in Cp.Y / for a �-compact (and hence
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Lindelöf˙-) space Y . We have noticed already that the set E of non-isolated points
ofXM is contained inM ; so w.E/ � ! and, in particular,E is a Lindelöf˙-space.
Therefore Problem 261 can be applied to conclude that Cp.XM ; I/ is a Lindelöf
˙-space.

U.264. Let X be a �-compact Eberlein–Grothendieck space. Prove that Cp.X/ is a
K�ı-space.

Solution. Let J D .�1; 1/ � I and fix a homeomorphism � W R ! J . Then the
map � W RX ! JX defined by �.f / D � ı f for any f 2 R

X is a homeomorphism
and �.Cp.X// D Cp.X; J / (see TFS-091).

There exists a K�ı-space Z such that Cp.X/ � Z � R
X (see Problem 202).

Then T D �.Z/ is also a K�ı-space and Cp.X; J / � T � JX . The space Cp.X; I/
is alsoK�ı by Problem 262; soH D Cp.X; I/\T is aK�ı-space as well (see TFS-
338 and Fact 7 of S.271). It is clear that Cp.X; J / � H . Given f 2 H , it follows
from f 2 Cp.X; I/ that f is continuous on X ; besides, f 2 JX and therefore
f 2 Cp.X; J /. This proves that Cp.X; J / D H is a K�ı-space and hence so is
Cp.X/ being homeomorphic to Cp.X; J /.

U.265. Give an example of a Lindelöf spaceX such thatCp.X; I/ is Lindelöf˙ and
X �X is not Lindelöf.

Solution. Given a space Z and a set A � Z we will denote the space ZA by ZŒA
;
recall that the underlying set of ZŒA
 is Z and its topology is generated by the
family �.Z/[ffzg W z 2 ZnAg. It follows from Problem 090 that there exist disjoint
sets A;B � I such that both spaces .IŒA
/! and .IŒB
/! are Lindelöf. Therefore the
spaceX D IŒA
˚IŒB
 is also Lindelöf. Both spaces Cp.IŒA
; I/ and Cp.IŒB
; I/ are
Lindelöf˙ by Problem 263 which shows that Cp.X; I/ ' Cp.IŒA
; I/�Cp.IŒB
; I/
(see TFS-114) is also Lindelöf˙ . However, the space IŒA
� IŒB
 is not normal (see
Fact 5 of U.093) and embeds inX �X as a closed subspace; soX �X is not normal
and hence not Lindelöf.

U.266. Suppose that �.Cp.X// is a Lindelöf ˙-space and s.Cp.X// D !. Prove
that nw.X/ D !.

Solution. The space Cp.X/ is !-stable by SFFS-267; so the space X and hence
X � X is !-monolithic (see SFFS-152 and SFFS-114). Furthermore, s.X � X/ �
s.Cp.X// D ! (see SFFS-016) which, together with Fact 1 of U.127 shows that
hl.X � X/ D !. Therefore �.X/ D ! and the space X is realcompact being
Lindelöf. Thus �X D X is a Lindelöf˙-space by Problem 206; so it follows from
�.X/ D ! that nw.X/ D ! (see SFFS-300).

U.267. Suppose that Cp.X/ is hereditarily stable and �X is a Lindelöf ˙-space.
Prove that nw.X/ D !.

Solution. A metrizable space is !-stable if and only if it is separable (see SFFS-
106); in particular, a discrete space is !-stable if and only if it is countable. Thus,
hereditary stability of Cp.X/ implies s.Cp.X// D !. Therefore s.X � X/ �
s.Cp.X// D ! (see SFFS-016); since Cp.X/ is stable, the space X and hence
X�X is monolithic which, together with Fact 1 of U.127 shows that hl.X�X/ � !.
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Therefore �.X/ D ! and the space X is realcompact being Lindelöf. Thus X D
�X is a Lindelöf ˙-space; so we can apply SFFS-300 to conclude that X has a
countable network.

U.268. Show that if Cp.X/ is hereditarily stable then nw.Y / D ! for any Lindelöf
˙-subspace Y � X .

Solution. A metrizable space is !-stable if and only if it is separable (see SFFS-
106); in particular, a discrete space is !-stable if and only if it is countable. Thus,
hereditary stability of Cp.X/ implies s.Cp.X// D !. Therefore s.X � X/ �
s.Cp.X// D ! (see SFFS-016); sinceCp.X/ is stable, the spaceX and henceX�X
is monolithic which, together with Fact 1 of U.127 shows that hl.X �X/ � ! and
therefore �.X/ D !, i.e., X has a Gı-diagonal. Finally, if Y � X is a Lindelöf
˙-space then �.Y / � �.X/ D !; so we can apply SFFS-300 to conclude that Y
has a countable network.

U.269. Suppose that �.Cp.X// is a Lindelöf˙-space and !1 is a caliber of Cp.X/.
Prove that nw.Y / D ! for any Lindelöf ˙-subspace Y � X .

Solution. If K is a compact subspace of the space X then the restriction map
� W Cp.X/! Cp.K/ is continuous and onto (see Fact 1 of T.218). Therefore!1 is a
caliber of the space Cp.K/. There is a continuous map � W �.Cp.X//! �.Cp.K//

such that �jCp.X/ D � (see TFS-413); let C D �.�.Cp.X///. The space C
is Lindelöf ˙ and Cp.K/ � C � �.Cp.K// which shows that C D �C '
�.Cp.K// (see TFS-414); so �.Cp.K// is a Lindelöf˙-space.

Now let us look at the restriction map r W Cp.�.Cp.K/// ! Cp.Cp.K//; we
can consider that K � Cp.Cp.K// (see TFS-167). It follows from Problem 230
that K 0 D r�1.K/ is compact; so the condensation s D r jK 0 W K 0 ! K is
a homeomorphism. We have t.K 0/ � t.Cp.�.Cp.X//// � !; so t.K/ D !

and hence Cp.K/ is realcompact by TFS-429. Thus Cp.K/ D �.Cp.K// is a
Lindelöf ˙-space. By Okunev’s theorem (Problem 218) the space Cp.Cp.K// is
also Lindelöf ˙ which makes it possible to apply Problem 249 to conclude that
nw.Cp.K// D ! and hence w.K/ D nw.K/ D !. As a consequence

(1) any compact subspace of X is metrizable.

Finally, if Y � X is a Lindelöf˙-subspace of X then any compact subspace of
Y is metrizable by (1); the space X has a small diagonal by SFFS-293 and hence
the diagonal of Y is small as well. Thus we can apply Fact 1 of T.300 to conclude
that nw.Y / D !.

U.270. Show that there exists an example of a space X that has a weakly �-point-
finite family U � ��.X/ which is not �-point-finite.

Solution. If Z is a space and A � expZ say that A is point-finite at a point
z 2 Z if the family fA 2 A W z 2 Ag is finite. The space of the irrationals is
denoted by P; it is identified with the space !! . Given p; q 2 P we let p � q

if p.n/ � q.n/ for any n 2 !. Take a point a … P and introduce a topology
� on the set T D fag [ P declaring all the points of P isolated and taking as
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a base at a the family of all complements of closed discrete subspaces of P. It
is easy to see that the space Y D .T; �/ is Tychonoff and zero-dimensional. Let
X D ff 2 Cp.Y;D/ W f .a/ D 0g. As usual, if A � T then 	A 2 D

T is the
characteristic function of A, i.e., 	A.t/ D 1 for all t 2 A and 	A.t/ D 0 whenever
t 2 T nA.

The space P being second countable it is easy to find a countable family B of
open subsets of P such that B is an outer base at any compact K � P, i.e., for any
U 2 �.K;P/ there is B 2 B such that K � B � U . For any point p 2 P the set
Op D ff 2 X W f .p/ D 1g is open in X . We claim that U D fOp W p 2 Pg is the
promised family. Observe first that, for any p 2 P we have 	fpg 2 Op , i.e.,Op ¤ ;.

Assume that Vn � ��.X/ is point-finite for any n 2 ! and U D SfVn W n 2 !g.
Let Pn D fp 2 P W Op 2 Vng for any n 2 !. The space P is not �-compact; so it
follows from P DSfPn W n 2 !g that there is m 2 ! such that Pm is not compact;
it is an easy exercise to see that there is an infinite D � Pm which is closed and
discrete in P. Therefore f D 	D 2 X and the point f belongs to every element of
the infinite subfamily fOp W p 2 Dg of the family Vm, i.e., Vm is not point-finite at
f . This contradiction proves that U is not �-point-finite.

To see that U is weakly �-point-finite let UB D fOp W p 2 Bg for any B 2 B.
Then C D fUB W B 2 Bg is a countable collection of subfamilies of U . To prove
that C witnesses that U is weakly �-point-finite take any f 2 X and p 2 P. The set
K D fq 2 P W q � pg is compact and p 2 K . The setE D f �1.1/ being closed and
discrete in P, the intersection F D E \K has to be finite. The set W D Pn.EnF /
is an open neighbourhood of K in P so there is B 2 B for which K � B � W . In
particular,B\E D F is a finite set and therefore UB is point-finite at f . Since also
Op 2 UB , we proved that U D SfUB W UB is point-finite at f g, i.e., U is weakly
�-point-finite.

U.271. Suppose that X is a space and s.X/ � �. Prove that any weakly �-point-
finite family of non-empty open subsets of X has cardinality � �.

Solution. Given a space Z and a family A � expZ let A.z/ D fA 2 A W z 2 Ag
and ord.z;A/ D jA.z/j for any z 2 Z; the family A is point-finite at a point z 2 Z
if ord.z;A/ < !. Say that a set D � Z is dense in A if D \A ¤ ; for any A 2 A.

Fact 1. Given a space Z and a family U � ��.Z/ there is a discrete D � Z such
that

SfU 2 U W D \ U ¤ ;g DS
U .

Proof. If U D ; then there is nothing to prove. If not, take any U 2 U and z0 2 U .
Suppose that ˇ < jZjC is an ordinal and we have a set fz˛ W ˛ < ˇg � Z with the
following properties:

(1) W˛ DSfSU.z
 / W 
 < ˛g ¤S
U for any ˛ < ˇ;

(2) z˛ 2 .SU/nW˛ for any ˛ < ˇ.

If Wˇ D SfSU.z˛/ W ˛ < ˇg D S
U then our inductive construction stops.

If Wˇ ¤ S
U then we can choose V 2 U and zˇ 2 V nWˇ . It is evident that the

properties (1) and (2) are still fulfilled for all ˛ � ˇ; so our inductive construction
can be continued.
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Observe that it follows from the property (2) that 
 ¤ ˛ implies z
 ¤ z˛ . Since
we cannot have a faithfully indexed set fz˛ W ˛ < jZjCg � Z, our inductive
procedure has to stop for some ˇ < jZjC and hence

SfSU.z˛/ W ˛ < ˇg D S
U ;

this shows that, for the set D D fz˛ W ˛ < ˇg we have
SfU 2 U W D \ U ¤ ;g DS

U . Finally, the set D is discrete because .
S

U.z˛// \D D fz˛g for any ˛ < ˇ;
so Fact 1 is proved.

Fact 2. Suppose that � is an infinite cardinal, Z is a space and B � ��.Z/ is a
family with ord.z;B/ < � for any z 2 Z. Then there exists a family fD˛ W ˛ < �g
of discrete subspaces of Z such that, for the set D D SfD˛ W ˛ < �g, we have
D\B ¤ ; for anyB 2 B. In particular, if B is point-finite then there is a �-discrete
subset of Z which is dense in B.

Proof. Given a set A � Z and C � B let C.A/ D fB 2 C W B \ A ¤ ;g and
CŒA
 D CnC.A/; assume towards a contradiction that BŒA
 ¤ ; for any set A which
can be represented as a union of � �-many discrete subspaces of Z.

Apply Fact 1 to find a discrete subspaceD0 � Z such that
S

B.D0/ D S
B and

let D0 D B.D0/. Assume that, for some ˇ < �, we have a family fD˛ W ˛ < ˇg of
discrete subsets of Z and a collection fD˛ W ˛ < ˇg of subfamilies of B such that

(3) D˛ � B.D˛/ for any ˛ < ˇ;
(4) if E˛ D SfD
 W 
 < ˛g; C˛ D BŒE˛
 then D˛ D C˛.D˛/ and

S
D˛ D S

C˛
for any ˛ < ˇ;

Let Eˇ D SfD˛ W ˛ < ˇg; our assumption about B shows that Cˇ D BŒEˇ
 ¤
;; so we can apply Fact 1 to find a discrete set Dˇ � Z such that

S
Cˇ.Dˇ/ DS

Cˇ. If we let Dˇ D Cˇ.Dˇ/ then it is evident that the properties (3) and (4) are
still fulfilled for all ˛ � ˇ; so our inductive procedure can be continued to construct
a family fD˛ W ˛ < �g of discrete subsets of Z and a collection fD˛ W ˛ < �g of
subfamilies of B for which (3) and (4) hold for all ˇ < �.

Let D D SfD˛ W ˛ < �g and use again our assumption about B to find a set
U 2 BŒD
; fix a point x 2 U . It follows from (4) that U 2 C˛ and hence there is
B˛ 2 D˛ such that x 2 B˛ for any ˛ < �. Another consequence of (3) and (4) is
that the collection fD˛ W ˛ < �g is disjoint; so B˛ ¤ Bˇ whenever ˛ ¤ ˇ. Since
x 2 TfB˛ W ˛ < �g, we have ord.x;B/ � � which is a contradiction. Fact 2 is
proved.

Returning to our solution suppose that U � ��.X/ is weakly �-point-finite and
fix a collection fUn W n 2 !g of subfamilies of U which witnesses this. If z 2 X then
let A D fn 2 ! W the family Un is point-finite at zg; we have U D SfUn W n 2 Ag
which shows that U.z/ �SfUn.z/ W n 2 Ag and hence

(5) the family U.z/ is countable for any z 2 Z.

Consider the set Xn D fx 2 X W Un is point-finite at xg for any n 2 !. ThenSfXn W n 2 !g D X because, for any x 2 X there is n 2 ! such that the family
Un is point-finite at x. By Fact 2, there exists a �-discrete Dn � Xn such that Dn is
dense in Vn D fU \ Xn W U 2 Un and U \ Xn ¤ ;g.
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The set D D SfDn W n 2 !g is also �-discrete; we claim that D is dense
in U . Indeed, given U 2 U pick a point x 2 U . By the choice of the collection
fUn W n 2 !g, we have U D SfUn W the family Un is point-finite at xg. Therefore
there is n 2 ! with ord.x;Un/ < ! and U 2 Un. As a consequence, x 2 Xn and
thereforeU \Xn 2 Vn which shows thatDn\.U \Xn/ ¤ ; and henceD\U ¤ ;.

The set D being �-discrete, it follows from s.X/ � � that jDj � �. Therefore
U D SfU.z/ W z 2 Dg which, together with (5), implies jU j � � and makes our
solution complete.

U.272. Give an example of a non-cosmic Lindelöf ˙-space X such that any closed
uncountable subspace of X has more than one (and hence infinitely many) non-
isolated points.

Solution. Such a space can even be compact. Indeed, let X D ˇ! where ! is
taken with the discrete topology and take any infinite closed F � X . There is an
infinite discrete subspace D � F (see Fact 4 of S.382); so jDj D 2c by Fact 1 of
S.483. Every point of DnD is not isolated in F ; so we have 2c non-isolated points
in the subspace F . Finally, X is not cosmic because jX j D 2c (see TFS-368) while
jZj � c for any cosmic space Z (see TFS-156, TFS-159 and SFFS-015).

U.273. Suppose that Cp.X/ is a Lindelöf ˙-space. Prove that, if all closed
uncountable subspaces of Cp.X/ have more than one non-isolated points, then
Cp.X/ has a countable network.

Solution. If Y D �X then both spaces Y and Cp.Y / are Lindelöf ˙ (see
Problems 235 and 206). Let u.y/ D 0 for all y 2 Y ; the spaces Y and Cp.Y /
are !-monolithic by Problem 208; so if nw.X/ > ! then nw.Y / > ! and hence
 .Cp.Y // D d.Y / > ! which implies l.Cp.Y /nfug/ > ! (see Fact 1 of U.027).
Apply Baturov’s theorem (SFFS-269) to find a closed discrete D � Cp.Y /nfug
with jDj D !1. It is evident that the set H D D [ fug is closed in Cp.Y / and has a
unique non-isolated point u.

If � W Cp.Y /! Cp.X/ is the restriction map then the setE D �.H/ is uncount-
able because � is a condensation; let v D �.u/. The set H is concentrated around
the point u in the sense that HnU is countable for any U 2 �.u; Cp.Y //. This
property is, evidently, preserved by continuous maps; so the set E is concentrated
around the point v.

To see that the set E is closed in Cp.X/ take any function f 2 Cp.X/nE; then
f ¤ v; so we can choose V 2 �.f; Cp.X// such that v … V . SinceW D Cp.X/nV
is an open neighbourhood of v, the setE0 D EnW is countable; letH0 D ��1.E0/.
It is clear that f … .W \E/; besides, if f 2 E0 then g D ��1.f / 2 H0 because
the map �j.H0 [ fgg/! E0 [ ff g is a homeomorphism (see TFS-436). However,
H0 � H because H is closed in Cp.Y / so g 2 H which is a contradiction. This
proves that f … E for any f 2 Cp.X/nE , i.e., E is closed in Cp.X/.

Finally observe that v is the unique non-isolated point of the subspaceE; indeed,
if f 2 Enfvg is not isolated inE then take V 2 �.f; Cp.X// such that v … V . Since
E is concentrated around v, the set V \E is countable and hence there is a countable
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M � E such that f 2 MnM ; let N D ��1.M/ and g D ��1.f /. Apply TFS-
436 once more to see that g is an accumulation point of the set N because �j.N [
fgg/ W N [ fgg ! M [ ff g is a homeomorphism. As a consequence, g ¤ u is a
non-isolated point of H which is a contradiction. Thus E is a closed uncountable
subspace of Cp.X/ with a unique non-isolated point. This final contradiction with
our assumption about Cp.X/ shows that nw.Cp.X// D nw.X/ D !.

U.274. Let X be a Lindelöf ˙-space with a unique non-isolated point. Prove that
any subspace of Cp.X/ has a weakly �-point-finite T0-separating family of cozero
sets.

Solution. It is evident that having a weakly �-point-finite T0-separating family of
cozero sets is a hereditary property so it suffices to construct such a family inCp.X/.
Denote by a the unique non-isolated point of X and let D D Xnfag. The space X
being Lindelöf ˙ , there is a countable family T of closed subsets of X which is a
network with respect to a compact cover C of the spaceX . LetQC D Q\ .0;C1/
and Q� D Q \ .�1; 0/. If q 2 QC then let Oq D .q;C1/; if q 2 Q� then
Oq D .�1; q/.
Fact 1. If Z is a space with a unique non-isolated point then Z ˚ ftg ' Z for
any t … Z.

Proof. We can consider that bothZ and ftg are clopen subspaces of Z˚ftg. Let w
be the non-isolated point of Z; there are two cases to consider.

a) There is an infinite Y � Znfwg such that w … Y . Then Y is a clopen discrete
subspace of Z; so Y ˚ ftg is also a discrete space of the same cardinality as Y .
Thus Y ˚ ftg ' Y and therefore

Z ' .ZnY /˚ Y ' .ZnY /˚ .Y ˚ ftg/ ' ..ZnY /˚ Y /˚ ftg ' Z ˚ ftg:

b) w 2 Y for any infinite Y � Znfwg. Then ZnU is finite for any U 2 �.w; Z/.
Let � W .Znfwg/! .Znfwg/ [ ftg be a bijection (which exists because Znfwg
has to be infinite). Now construct a map f W Z ! Z ˚ ftg letting f .a/ D a

and f .z/ D �.z/ for any z 2 Z. Then f is a bijection and we have only to check
continuity of f at the point a.

Given U 2 �.a;Z ˚ ftg/ the set .Z ˚ ftg/nU is finite; so V D f �1.U /
contains a and ZnV is also finite which shows that V is open in Z. Thus f is a
homeomorphism being a condensation of a compact space Z onto Z ˚ ftg. Fact 1
is proved.

Returning to our solution letC D ff 2 Cp.X/ W f .a/ D 0g; thenCp.X/ ' C�
R (see Fact 1 of S.409). Take a point t … X ; the space Y D X˚ftg is homeomorphic
to X by Fact 1. If ' W X ! Y is a homeomorphism then '.a/ D a and the dual
map '� W Cp.Y /! Cp.X/ is a homeomorphism as well (see TFS-163).

If I D ff 2 Cp.Y / W f .a/ D 0g then it is routine to check that '�.I / D C and
therefore C ' I . On the other hand, if f 2 C and r 2 R then define a function
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g D �.f; r/ 2 I by the equalities gjX D f and g.t/ D r . It is straightforward
that � W C � R ! I is a homeomorphism; so Cp.X/ ' C � R ' I ' C which
shows that Cp.X/ is homeomorphic to C and hence it suffices to find a weakly
�-point-finite T0-separating family of cozero sets in C .

For any x 2 D and q 2 Qnf0g let W.x; q/ D ff 2 C W f .x/ 2 Oqg. Let
ex.f / D f .x/ for any x 2 D and f 2 C . Then ex W C ! R is a continuous map
by TFS-166; sinceW.x; q/ D e�1

x .Oq/, the setW.x; q/ is cozero for any q 2 Qnf0g
and x 2 D (see Fact 1 of T.252).

Take distinct f; g 2 C ; there is x 2 D such that f .x/ ¤ g.x/. We can assume,
without loss of generality, that f .x/ < g.x/ and hence there is q 2 Qnf0g with
f .x/ < q < g.x/. It is immediate thatW.x; q/\ff; gg is a singleton; so the family
W D fW.x; q/ W x 2 D; q 2 Qnf0gg is T0-separating.

For any q 2 Qnf0g let Wq D fW.x; q/ W x 2 Dg; then W D SfWq W q 2
Qnf0gg. We leave it to the reader as an easy exercise to prove that a countable union
of weakly �-point-finite families is a weakly �-point-finite family; so it suffices to
show that Wq is weakly �-point-finite for any q 2 Qnf0g.

Let WT
q D fW.x; q/ W x 2 T \Dg for any T 2 T ; then S D fWT

q W T 2 T g
is a countable collection of subfamilies of Wq . To see that S witnesses that Wq is
weakly �-point-finite take any f 2 C and x 2 D. There is K 2 C such that x 2 K .
Observe that the set P D f �1.Oq/ \K is finite for otherwise a is a limit point of
P and therefore jf .a/j � jqj which is a contradiction with f .a/ D 0.

Furthermore, a is not in the closure of the open setG D f �1.Oq/; soG is closed
in X whence GnP is a clopen subset of X as well. The family T is a network with
respect to C; so there is T 2 T such that K � T � Xn.GnP/. It is immediate that
T \G D K \G is finite; so only finitely many elements of WT

q contain f , i.e., the
family WT

q is point-finite at f . It follows from x 2 K � T that W.x; q/ 2 WT
q ;

so Wq D SfWT
q W the family WT

q is point-finite at f g, i.e., Wq is weakly �-point-
finite.

Thus W is a weakly �-point-finite T0-separating family of cozero subsets of C ;
since Cp.X/ ' C , such a family also exists in Cp.X/ and hence our solution is
complete.

U.275. Let X be a space of countable spread. Prove that Cp.X/ is a Lindelöf
˙-space if and only if X has a countable network.

Solution. IfX has a countable network then nw.Cp.X// D nw.X/ D ! and hence
Cp.X/ is a Lindelöf ˙-space; so sufficiency is clear. Now assume that s.X/ D !

and Cp.X/ is a Lindelöf ˙-space; let u.x/ D 0 for any x 2 X . If X does not
have a countable network then there is an uncountable set D � Cp.X/ such that
E D D [ fug is closed in Cp.X/ and u is the unique non-isolated point of E (see
Problem 273). The space E is Lindelöf ˙ being closed in Cp.X/; for any x 2 X
and f 2 E let ex.f / D f .x/. Then ex 2 Cp.E/ for any x 2 X and the map
e W X ! Cp.E/ defined by e.x/ D ex for any x 2 X is continuous by TFS-166;
let Y D e.X/.
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Since E is a Lindelöf ˙-space with a unique non-isolated point, we can apply
Problem 274 to see that Y has a weakly �-point-finite T0-separating family U �
��.Y / of cozero-sets. Since s.Y / � s.X/ D !, the family U is countable by
Problem 271. For any U 2 U fix fU 2 Cp.Y / such that XnU D f �1

U .0/. Since
U is T0-separating, the set F D ffU W U 2 Ug separates the points of Y and
hence Y condenses into R

F (see TFS-166); we have w.RF / � jF j � ! D !; so
Y can be condensed onto a second countable space, i.e., iw.Y / D !. Therefore
d.Cp.Y // D ! (see TFS-174); the space Cp.Y / embeds in Cp.X/ (see TFS-163),
so Cp.Y / is !-monolithic because so is Cp.X/ (see Problem 208). This implies
nw.Cp.Y // D !.

On the other hand the setE embeds inCp.Y / by TFS-166 and hencenw.E/ D !
which is impossible becauseD � E is uncountable and all points ofD are isolated
in E . The obtained contradiction shows that nw.X/ D !; this settles necessity and
completes our solution.

U.276. Show that, under CH, there exists a space X of countable spread for which
there is a Lindelöf˙-space Y � Cp.X/ with nw.Y / > !.

Solution. The promised subspace Y can even be compact. Indeed, under CH, there
exists a compact non-metrizable space K such that hd�.K/ D ! (see SFFS-099
and SFFS-027). If X D Cp.K/ then s.X/ � s�.X/ D s�.K/ � hd�.K/ D ! (see
SFFS-025) while K embeds in Cp.X/ D Cp.Cp.K// (see TFS-167) and hence
there is Y � Cp.X/ with Y ' K . It is clear that Y is Lindelöf ˙ and nw.Y / D
w.Y / > !.

U.277. Let X be a space with a unique non-isolated point: X D fag [ Y , where
all points of Y are isolated and a … Y . Prove that, for every infinite cardinal �, the
following conditions are equivalent:

(i) p.Cp.X// � �;
(ii) if fA˛ W ˛ < �Cg is a disjoint family of finite subsets of Y then there is an

infinite S � �C such that a …SfA˛ W ˛ 2 Sg;
(iii) if fA˛ W ˛ < �C g is a family of finite subsets of Y then there is an infinite

S � �C such that a …SfA˛ W ˛ 2 Sg.
Solution. To see that (i)H)(ii) suppose that A D fA˛ W ˛ < �Cg is a disjoint
family of finite subsets of Y ; there is nothing to prove if infinitely many elements
of A are empty; so we can assume, throwing away the empty elements of A if
necessary, that A˛ ¤ ; for all ˛ < �C. Since �C is uncountable, there exists
H � �C such that jH j D �C and there is m 2 N for which jA˛j D m; let
A˛ D fy1˛; : : : ; ym˛ g for any ˛ 2 H . The set O˛ D ff 2 Cp.X/ W f .a/ 2 .�1; 1/
and f .yi˛/ 2 .i; i C 1/ for any i � mg is non-empty and open in Cp.X/ for any
˛ 2 H . We have p.Cp.X// � �, so the family fO˛ W ˛ 2 H g cannot be point-finite;
let S � H be an infinite set such that W DTfO˛ W ˛ 2 Sg ¤ ; and hence we can
pick a function f 2 W .

Assume that we have a 2 SfA˛ W ˛ 2 Sg; recalling that f .yi˛/ 2 .i; i C 1/ and
hence f .yi˛/ � 1 for any ˛ 2 S and i � m we conclude that f .y/ � 1 for any
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point y 2 A D SfA˛ W ˛ 2 Sg and hence f .a/ � 1 by continuity of f . Since
this contradicts f .a/ 2 .�1; 1/, we proved that a … A and settled the implication
(i)H)(ii).

To see that (ii)H)(iii) is true take a family A D fA˛ W ˛ < �Cg of finite subsets
of Y . Apply the �-lemma (SFFS-038) to find a set E � � such that jEj D �C and
there is a setR � � such thatA˛\Aˇ D R for any distinct ˛; ˇ 2 E . IfB˛ D A˛nR
for any ˛ 2 E then the family fB˛ W ˛ 2 Eg is disjoint; so we can apply (ii) to find
an infinite F � E for which a … SfB˛ W ˛ 2 F g. The set R � Y is finite; so
a …SfB˛ W ˛ 2 F g [R D SfA˛ W ˛ 2 F g. This proves that (ii)H)(iii).

Finally, assume that the condition (iii) is satisfied and there is a point-finite family
U � ��.Cp.X// with jU j D �C. It is easy to see that every U 2 ��.Cp.X//
contains a standard open set Œa; x1; : : : ; xnIO;O1; : : : ; On
 D ff 2 Cp.X/ W
f .a/ 2 O and f .xi / 2 Oi for any i � ng where O and every Oi is a non-
empty interval with rational endpoints and the family fO;O1; : : : ; Ong is disjoint.
Choosing such a standard open subset in every element of U we will still have a
point-finite family of cardinality �C; so we can assume, without loss of generality,
that all elements of U are the standard open sets described above.

Since there are only countably many finite families of rational intervals, we can
pass, if necessary, to an appropriate subfamily of U of cardinality �C to assume
that there is n 2 N and rational non-empty intervals O;O1; : : : ; On � R such that
every element of the family U is of the form Œa; x1; : : : ; xnIO;O1; : : : ; On
 where
fx1; : : : ; xng � Y . Applying the �-lemma (SFFS-038) once more and passing to
a relevant subfamily of U of cardinality �C, we can consider that there exists a set
R D fy1; : : : ; ymg � Y and non-empty disjoint intervalsW1; : : : ;Wm with rational
endpoints such that

U D fŒa; y1; : : : ; ym; x1˛; : : : ; xn˛ IO;W1; : : : ;Wm;O1; : : : ; On
 W ˛ < �Cg

where the set A˛ D fx1˛; : : : ; xn˛g is contained in Y for any ordinal ˛ < �C and the
family A D fA˛ W ˛ < �Cg [ fRg is disjoint. Pick r 2 O; si 2 Wi for any i � m
and ri 2 Oi for any i � n.

By (iii), there is an infinite set S � �C such that a … SfA˛ W ˛ 2 Sg. Since the
family A is disjoint, there exists a function f W .fag [ .SfA˛ W ˛ 2 Sg// ! R

such that f .a/ D r; f .xi˛/ D ri for all i � n and f .yi / D si for all i � m. The set
A D fag[.SfA˛ W ˛ 2 Sg/ is closed and discrete inX while the spaceX is normal
(see Claim 2 of S.018); so there exists a function g 2 Cp.X/ with gjA D f . It is
immediate that g 2 Œa; y1; : : : ; ym; x1˛; : : : ; xn˛ IO;W1; : : : ;Wm;O1; : : : ; On
 for any
˛ 2 S which shows that g belongs to infinitely many elements of the point-finite
family U ; this contradiction settles (iii)H)(i) and completes our solution.

U.278. Let X be a space with a unique non-isolated point. Prove that, if X has
no non-trivial convergent sequences, then the point-finite cellularity of Cp.X/ is
countable.

Solution. Let a be the unique non-isolated point of the space X and denote by Y
the set Xnfag. Suppose that A is a disjoint family of finite subsets of Y such that
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jAj D !1. Passing, if necessary, to an appropriate subfamily of A of cardinality
!1, we can assume that there is n 2 N such that jAj D n for any A 2 A. Thus
A D fA˛ W ˛ < !1g where A˛ D fx1˛; : : : ; xn˛g � Y for any ˛ < !1.

The set fx1˛ W ˛ < !1g does not have a sequence which converges to a; so there
is an infinite set S1 � !1 such that a is not in the closure of the set fx1˛ W ˛ 2 S1g.
Suppose that we have infinite subsets S1 � : : : � Sk of !1 such that a is not in the
closure of the set fxi˛ W ˛ 2 Si g for any i � k. Since there is no sequence in the set
fxk˛ W ˛ 2 Skg which converges to a, we can find an infinite SkC1 � Sk such that a
is not in the closure of the set fxkC1

˛ W ˛ 2 SkC1g.
This inductive procedure shows that we can continue our construction to obtain

infinite subsets S1 � : : : � Sn of !1 such that a is not in the closure of the set
fxi˛ W ˛ 2 Sig for any i � n. An immediate consequence is that a is not in the
closure of the set

SfA˛ W ˛ 2 Sng which shows that we can apply Problem 277 to
conclude that p.Cp.X// � !.

U.279. Call a family 
 of finite subsets of a space X concentrated if there is no
infinite� � 
 such that

S
� is discrete andC �-embedded inX . Prove that, if every

concentrated family of finite subsets of X has cardinality� �, then p.Cp.X// � �.

Solution. Assume that there exists a point-finite family U � ��.Cp.X// with
jU j D �C. It is easy to see that every U 2 ��.Cp.X// contains a standard open set
Œx1; : : : ; xnIO1; : : : ; On
 D ff 2 Cp.X/ W f .xi / 2 Oi for any i � ng where every
Oi � R is a non-empty interval with rational endpoints and the family fO1; : : : ; Ong
is disjoint. Choosing such a standard open subset in every element of U we will
still have a point-finite family of cardinality �C; so we can assume, without loss of
generality, that all elements of U are the standard open sets described above.

Since there are only countably many finite families of rational intervals, we
can pass, if necessary, to an appropriate subfamily of U of cardinality �C to
assume that there is n 2 N and rational non-empty intervals O1; : : : ; On � R

such that every element of the family U is of the form Œx1; : : : ; xnIO1; : : : ; On
.
Applying the �-lemma (SFFS-038) and passing to a relevant subfamily of U of
cardinality �C, we can consider that there exists a set R D fy1; : : : ; ymg � X

and non-empty disjoint intervalsW1; : : : ;Wm � R with rational endpoints such that
U D fŒy1; : : : ; ym; x1˛; : : : ; xn˛ IW1; : : : ;Wm;O1; : : : ; On
 W ˛ < �Cg and the family
A D ffx1˛; : : : ; xn˛g W ˛ < �Cg [ fRg is disjoint; let A˛ D fx1˛; : : : ; xn˛g for any
˛ < �C. Pick si 2 Wi for any i � m and ri 2 Oi for any i � n.

Since the family fA˛ [ R W ˛ < �Cg cannot be concentrated, there is an infinite
set S � �C such that

SfA˛ [ R W ˛ 2 Sg is discrete and C �-embedded in X . The
family A being disjoint, there exists a function f W SfA˛ [ R W ˛ 2 Sg ! R such
that f .xi˛/ D ri for all i � n and f .yi / D si for all i � m. The function f is
bounded and continuous on A DSfA˛[R W ˛ 2 Sg becauseA is discrete. The set
A is also C �-embedded; so there is g 2 Cp.X/ such that gjA D f . It is immediate
that g 2 TfŒy1; : : : ; ym; x1˛; : : : ; xn˛ IW1; : : : ;Wm;O1; : : : ; On
 W ˛ 2 Sg, i.e., g
belongs to infinitely many elements of the point-finite family U . This contradiction
shows that, in Cp.X/, there are no point-finite families of non-empty open sets of
cardinality �C, i.e., p.Cp.X// � �.
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U.280. Prove that there exists a Lindelöf ˙-space X with a unique non-isolated
point such that Cp.X/ is a Lindelöf ˙-space, p.Cp.X// D !, all compact subsets
of X are countable and nw.X/ D c.

Solution. Given a set A let Fin.A/ be the family of all finite subsets of A. Consider
the interval I D Œ0; 1
 � R with the topology inherited from R; recall that the
Alexandroff double AD.I/ of the space I is the set I � D with the topology
generated by the family

exp.I � f1g/[ f.U � D/nF W U 2 �.I / and F is a finite subset of I � f1gg;

as a base. Letting I0 D f.t; 0/ W t 2 I g and I1 D f.t; 1/ W t 2 I gwe have the equality
AD.I/ D I0 [ I1. If x D .t; i/ 2 AD.I/ then �.x/ D t ; the map � W AD.I/! I

is called the projection. The space AD.I/ is compact and the projection � is a
continuous and hence perfect map (see TFS-364). It is easy to see that all points of
the set I1 are isolated in AD.I/ and the local base at any x D .t; 0/ 2 I0 is given by
the family f..t� 1

n
; tC 1

n
/�D/nf.t; 1/g W n 2 Ng which shows that 	.AD.I // D !.

For any y 2 I1 let 	y.y/ D 1 and 	y.x/ D 0 for any x 2 AD.I/nfyg. Since
every y 2 I1 is isolated in Y , the function 	y is continuous on AD.I/. If u.x/ D 0
for all x 2 AD.I/ then the set K D fug [ f	y W y 2 I1g is compact; therefore
the set K1 D K [ f�g � Cp.AD.I /// is also compact. It is easy to see that K1

separates the points of AD.I/; so there is a continuous injective map of AD.I/
into Cp.K1/ (see TFS-166); the space AD.I/ being compact, this injective map is
a homeomorphism and hence AD.I/ embeds in Cp.K1/, i.e., we proved that

(1) any subspace of AD.I/ is an Eberlein–Grothendieck space.

Given a set A � I we will also need the space IA which has the underlying
set I and the topology generated by the family exp.InA/ [ �.I / as a subbase.
In other words, we declare all points of InA isolated while the topology is the same
at all points of A. It was proved in Problem 090 that there exist disjoint dense sets
A;B � I such that jAj D jBj D c, A [ B D I and the space .IA/! is Lindelöf.
Observe that

(2) the space Y D B � D � AD.I/ is Lindelöf˙ ,

because �jY W Y ! B is a perfect map of Y onto the second countable space B
(see SFFS-243 and Fact 2 of S.261).

The space Y � AD.I/ is Eberlein–Grothendieck by the property (1); since
the set B0 D B � f0g of non-isolated points of Y is homeomorphic to B

with the topology induced from R, the subspace B0 is Lindelöf ˙ being second
countable. Thus we can apply Problem 261 to see that Cp.Y; I/ is Lindelöf˙ which
implies, together with (2), that Cp.Y / is also Lindelöf˙ (see Problem 217).

Now, considering B as a subspace of R we will establish that

(3) for any uncountable disjoint family F � Fin.B/ there is an infinite G � F such
that

SfF W F 2 Gg is closed and discrete in B .
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Passing to a subfamily of F of cardinality !1 if necessary, we can assume that
there is n 2 N and a faithfully indexed set F˛ D fx1˛; : : : ; xn˛g � B for any ˛ < !1
such that F D fF˛ W ˛ < !1g. Let z˛ D .x1˛; : : : ; x

n
˛/ 2 Bn for any ˛ < !1. Then

Z D fz˛ W ˛ < !1g � Bn; if we consider Z to be a subspace of .IA/n then it must
have an accumulation point z D .z1; : : : ; zn/ 2 .IA/n because .IA/n is Lindelöf.

Let pi W .IA/n ! IA be the natural projection of .IA/n onto its i -th factor for any
i � n. The family F being disjoint, the map pi jZ is injective for any i 2 f1; : : : ; ng.
If zi 2 B for some i � n then p�1

i .zi / is an open neighbourhood of z in .IA/n (recall
that all point ofB are isolated in IA) which intersects at most one element ofZ. This
contradiction shows that zi 2 A for all i � n.

The space .IA/n being first countable, we can find a faithfully indexed set f˛n W
n 2 !g � !1 such that the sequence fz˛n W n 2 !g converges to z. Therefore the
sequenceDi D fxi˛n W n 2 !g converges to zi 2 A and henceDi is a closed discrete
subset of B for any i � n; this implies that D D D1 [ : : : [Dn is also closed and
discrete in B . Now, if G D fF˛n W n 2 !g then G is and infinite subfamily of F such
that

SfF W F 2 Gg D D is closed and discrete in B; so (3) is proved.
Next let X be the space obtained from Y by collapsing the closed set B0 to a

point. Recall that X D fx0g [ .Y nB0/ where all points of B1 D Y nB0 are isolated
in X and �.x0; X/ D ffx0g [ .B1nF / W F � B1 and F is closed in Y g. We have
a natural quotient map h W Y ! X defined by h.x/ D x for any x 2 B1 and
h.x/ D x0 for any x 2 B0 (see Fact 2 of T.245). ThereforeX is a Lindelöf˙-space
with a unique non-isolated point x0.

Since h is a quotient map of X onto Y , the dual map h� W Cp.X/ ! Cp.Y /

embeds Cp.X/ in a Lindelöf ˙-space Cp.Y / as a closed subspace (see TFS-163);
so Cp.X/ is also a Lindelöf˙-space.

To compute the cardinal p.Cp.X// assume that H is an uncountable disjoint
family of finite subsets of B1. For any point x 2 B1 there is a unique �.x/ 2 B such
that x D .�.x/; 1/; it is evident that � W B1 ! B is a bijection. Therefore the family
F D f�.P / W P 2 Hg � Fin.B/ is disjoint and uncountable; so we can apply (3)
to extract an infinite G � H such that the set D D Sf�.F / W F 2 Gg is closed and
discrete in B .

Given a point x D .t; 0/ 2 B0 we can find W 2 �.t; I / such that jW \Dj � 1;
then W � D 2 �.x; Y / also contains at most one point of E D SfF W F 2 Gg.
This proves that E � B1 is closed in Y and hence fx0g [ .B1nE/ is an open
neighbourhood of x0 in X which shows that x0 … clX.E/. We proved that, for
any uncountable disjoint family H of finite subsets of B1 there exists an infinite
family G � H such that x0 … clX.

SfF W F 2 Gg/; this makes it possible to apply
Problem 277 to conclude that p.Cp.X// D !.

To see that nw.X/ D c observe that B1 � X is a discrete subspace of X with
jB1j D jX j D c. Now, if K � X is compact and uncountable then it is possible to
apply (3) to the family ff�.x/g W x 2 Knfx0gg to extract an infinite T � Knfx0g
such that �.T / is closed and discrete in B . As before, we can prove that T is closed
in Y and hence in X . It turns out that T is an infinite closed discrete subspace of
a compact space K; this contradiction shows that any compact subspace of X is
countable; so we have proved all promised properties of the space X .
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U.281. Prove that there exists a space X such that Cp.X/ is Lindelöf ˙-space,
nw.X/ D c and p.X/ D !.

Solution. It was proved in Problem 280 that there exists a Lindelöf˙-space Y such
that nw.Y / D c, the space X D Cp.Y / is Lindelöf ˙ and p.X/ D !. Applying
Problem 218 we conclude that Cp.X/ is also a Lindelöf˙-space; finally, nw.X/ D
nw.Y / D c; so the space X is as required.

U.282. Prove that any continuous image and any closed subspace of a Gul’ko
compact space is a Gul’ko compact space.

Solution. Suppose that K is Gul’ko compact and f W K ! L is a continuous onto
map. Then f is closed and hence quotient; so the dual map f � W Cp.L/! Cp.K/

embeds Cp.L/ in Cp.K/ as a closed subspace (see TFS-163). Any closed subspace
of a Lindelöf ˙-space is Lindelöf ˙ so Cp.L/ is a Lindelöf ˙-space, i.e., L is
Gul’ko compact.

Now, if F � K is closed then the restriction map � W Cp.K/ ! Cp.F / is
continuous and onto because K is normal. Therefore Cp.F / is a Lindelöf ˙-space
being a continuous image of a Lindelöf˙-space Cp.X/ (see SFFS-243). Thus F is
Gul’ko compact as well.

U.283. Prove that any countable product of Gul’ko compact spaces is a Gul’ko
compact space.

Solution. Suppose that a space Kn is Gul’ko compact for any n 2 ! and let K DQ
n2! Kn; we will need the natural projectionpn W K ! Kn for any n 2 !. The dual

mapp�
n W Cp.Kn/! Cp.K/ is an embedding (see TFS-163); letCn D p�

n .Cp.Kn//

for any n 2 !. It is an easy exercise that the set C D S
n2! Cn separates the points

of K . Since C is Lindelöf ˙ by SFFS-257, we can apply Problem 020 to see that
Cp.K/ is also Lindelöf˙ and hence K is Gul’ko compact.

U.284. Let X be a Gul’ko compact space. Prove that for every second countableM ,
the space Cp.X;M/ is Lindelöf˙ .

Solution. Given a space Z and Y � Z say that a family A � expZ separates Y
from ZnY if, for any y 2 Y and z 2 ZnY there is A 2 A such that y 2 A and
z … A.

Fact 1. Suppose that Z is a Lindelöf ˙-space, Y � Z and there is a countable
family A of Lindelöf ˙-subspaces of Z that separates Y from ZnY . Then Y is a
Lindelöf˙-space.

Proof. The set P D Y is Lindelöf˙ being closed in Z; by SFFS-233, there exists
a countable family F of compact subsets of ˇZ that separates Z from ˇZnZ. The
spaceK D clˇZ.Y / is a compactification of the space Y . It is evident that the family
G D fF \K W F 2 Fg consists of compact subspaces of K while all elements of
the family B D fA\ P W A 2 Ag are Lindelöf˙-spaces.

Thus all elements of the family H D G [ B are Lindelöf ˙-subspaces of the
space K . Take any y 2 Y and z 2 KnY . If z … Z then there is F 2 F with y 2 F
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and z … F . The set H D F \ K belongs to H while we have y 2 H and z … H .
Now, if z 2 Z then z 2 ZnY and hence there is A 2 A for which y 2 A and z … A;
it is clear that B D A \ P belongs to H while y 2 B and z … B . This proves that
the family H separates Y from KnY ; so we can apply SFFS-233 to conclude that
Y is a Lindelöf˙-space. Fact 1 is proved.

Returning to our solution observe that we can consider that M is a subspace of
I
! and therefore Cp.X;M/ � Cp.X; I

!/. Observe that Cp.X; I!/ ' .Cp.X; I//
!

by TFS-112 and hence Cp.X; I!/ is a Lindelöf˙-space (see SFFS-256). IfK � I
!

is a closed set then Cp.X;K/ is a closed subspace of Cp.X; I!/; so we have

(1) Cp.X;K/ is a Lindelöf˙-space for any closed K � I
! .

The space I
! is second countable so, given a non-empty open subspace U of

the space I
! it is easy to find a sequence fUn W n 2 !g � ��.I!/ such that Un �

Un � UnC1 for any n 2 ! and
SfUn W n 2 !g D U . It takes a moment’s

reflection to understand that, for any compactK � U , there is n 2 ! withK � Un.
The set K D f .X/ being compact for any f 2 Cp.X;U /, we obtain the equality
Cp.X;U / D SfCp.X;U n/ W n 2 !g which, together with (1), shows that

(2) the space Cp.X;U / is Lindelöf˙ for any open U � I
! .

Fix a countable base B in the space I
! which is closed under finite unions and

finite intersections. It is easy to see that B is a network with respect to any compact
K � I

! , i.e., for any U 2 �.K; I!/ there is B 2 B with K � B � U . The space
CB D Cp.X;B/ is Lindelöf˙ for any B 2 B by (2). Let us show that

(3) The family C D fCB W B 2 Bg separatesCp.X;M/ fromCp.X; I
!/nCp.X;M/.

To see that (3) holds take any f 2 Cp.X;M/ and g 2 Cp.X; I!/nCp.X;M/;
fix a point x 2 X such that g.x/ … M . The set K D f .X/ being compact there is
B 2 B such that K � B � I

!nfg.x/g. It is evident that f 2 CB and g … CB ; so
(3) is proved.

Finally, apply (2) and (3) together with Fact 1 to conclude that Cp.X;M/ is a
Lindelöf˙-space.

U.285. Prove that if Cp.X/ is a Lindelöf ˙-space then X can be condensed into a
˙-product of real lines. Deduce from this fact that every Gul’ko compact space is
Corson compact.

Solution. Given a spaceX andA � X let �XA W Cp.X/! Cp.A/ be the restriction
map. For any B � Cp.X/ let eXB .x/.f / D f .x/ for any f 2 B; then eXB .x/ 2
Cp.B/ for any x 2 X and the map eXB W X ! Cp.B/ is continuous (see TFS-166).
If X is clear then we will write �A and eB instead of �XA and eXB respectively. For a
map ' W P ! Q its dual map '� W Cp.Q/! Cp.P / is defined by '�.f / D f ı '
for any f 2 Cp.Q/. If X is a space, B � expX and Y � X then BjY D fU \ Y W
U 2 Bg. A family F � expX is called a ˙-family in X if F is a network with
respect to a compact cover of X . In this terminology, a space is Lindelöf ˙ if and
only if it has a countable˙-family.
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In most of our proofs we will have a fixed pair .X; Y / of spaces such that Y �
Cp.X/. If, additionally, P � X and Q � Y we will say that sets M � P and
L � Q are .P;Q/-conjugate if �M.L/ D �M.Q/ and eL.M/ D eL.P /; the
sets M and L are .P;Q/-preconjugate if �M .L/ is dense in �M.Q/ and eL.M/

is dense in eL.P /. If no confusion can be made then .X; Y /-conjugate sets will be
called conjugate and .X; Y /-preconjugate sets will be simply called preconjugate.

Fact 1. Given a space X suppose that Y � Cp.X/ generates the topology of X .
Then �M .Y / generates the topology of M for anyM � X .

Proof. It is evident that, for any function f 2 Cp.X/ and any set U � R we have
f �1.U /\M D .f jM/�1.U / D .�M .f //�1.U /. By our assumption on the set Y
the family B D ff �1.U / W f 2 Y; U 2 �.R/g is a subbase in X ; so the family
BjM D f.�M .f //�1.U / W f 2 Y U 2 �.R/g is a subbase in M which shows that
�M .Y / generates the topology of M . Fact 1 is proved.

Fact 2. Suppose that X is a space and a set Y � Cp.X/ generates the topology
of X . Assume also that M � X and L � Y are conjugate sets. Then the maps
u D eLjM W M ! eL.M/ and v D �M jL W L ! �M.L/ are homeomorphisms;
besides, the maps r D u�1 ı eL W X ! M and q D v�1 ı �M W Y ! L are
continuous retractions such that q D r�jY . The maps r and q are called the pair of
retractions corresponding to the conjugate pair .M;L/.

Proof. The set L0 D �M .L/ D �M .Y / generates the topology of M by Fact 1;
so the evaluation map eML0 W M ! Cp.L0/ is an embedding by TFS-166. Since the
map v W L ! L0 is continuous and onto, the dual map v� W Cp.L0/ ! Cp.L/ is
also an embedding (see TFS-163); so the map v� ı eML0 embeds M in Cp.L/. It is
straightforward that u D v� ı eML0 ; so the map u is a homeomorphism.

To convince ourselves that the map v W L ! L0 is a homeomorphism observe
that the set M0 D eL.M/ D eL.X/ generates the topology of L by TFS-166.
Therefore the map eLM0

W L! Cp.M0/ is an embedding. The map u W M ! M0 is
continuous and onto so u� W Cp.M0/ ! Cp.M/ is an embedding as well and it is
easy to check that u� ı eLM0

D v; so v is, indeed, a homeomorphism.
An immediate consequence is that the maps r and q are continuous being

compositions of continuous maps. If x 2 M then eL.x/ D u.x/ and therefore
r.x/ D u�1.eL.x// D u�1.u.x// D x which shows that r is a retraction (see Fact 1
of S.351). Analogously, if f 2 L then �M.f / D v.f / and hence we have the
equality q.f / D v�1.�M .f // D v�1.v.f // D f ; so q is a retraction as well.

Finally, take any f 2 Y ; to prove that q.f / D r�.f / pick any x 2 X . By the
definition of r we have r.x/ D u�1.eL.x// so eL.r.x// D u.r.x// D eL.x/. The
equality eL.x/ D eL.r.x// shows that g.x/ D g.r.x// for any g 2 L and, in
particular, q.f /.x/ D q.f /.r.x//. Recalling that q.f /jM D f jM we can see
that q.f /.x/ D q.f /.r.x// D f .r.x// and therefore q.f /.x/ D f .r.x// for any
x 2 X which shows that q.f / D f ı r D r�.f /. Thus q.f / D r�.f / for any
f 2 Y and hence q D r�jY ; so Fact 2 is proved.
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Fact 3. Suppose that X is a space and Y � Cp.X/ generates the topology of X .
Assume that we are given sets M0;M1 � X and L0;L1 � Y for which both
.M0;L0/ and .M1;L1/ are conjugate pairs such that M0 � M1 and L0 � L1.
If .ri ; qi / is the pair of retractions corresponding to the conjugate pair .Mi ; Li / for
every i 2 D then r0 ı r1 D r1 ı r0 D r0 and q0 ı q1 D q1 ı q0 D q0.
Proof. If ui D eLi jMi then ri D u�1

i ı eLi for any i 2 D. Fix any x 2 X . We have
r1.x/ D u�1

1 .eL1.x//; so eL1.r1.x// D u1.r1.x// D eL1.x/ which shows that
f .r1.x// D f .x/ for any f 2 L1. Since L0 � L1, we have f .r1.x// D f .x/

for any f 2 L0 and hence eL0.r1.x// D eL0.x/ which implies that

r0.r1.x// D u�1
0 .eL0.r1.x/// D u�1

0 .eL0.x// D r0.x/:

This proves that r0 ı r1 D r0.
Now, r0.x/ 2 M0 � M1 which shows that eL1.r0.x// D u1.r0.x// and hence

r1.r0.x// D u�1
1 .eL1.r0.x/// D r0.x/; as a consequence, r1 ı r0 D r0 which implies

that r0 D r1 ı r0 D r0 ı r1 and therefore we proved the first statement of our Fact.
To finish the proof observe that qi D r�

i for any i 2 D by Fact 2 and therefore
q0 ı q1.f / D q0.q1.f // D r�

0 .r
�
1 .f // D r�

0 .f ı r1/ D f ı r1 ı r0 D f ı r0 D
r�
0 .f / D q0.f / for any f 2 Y . Thus q0 ı q1 D q0. Analogously, q1.q0.f // D
f ı r0 ı r1 D f ı r0 D q0.f / for any f 2 Y and therefore q0 ı q1 D q1 ı q0 D q0
which shows that Fact 3 is proved.

Fact 4. Suppose that X is a space and Y � Cp.X/ generates the topology of X ;
assume also that we have sets P � X and Q � Y . Given a limit ordinal ˇ assume
that we have a .P;Q/-preconjugate pair .M˛;L˛/ for every ˛ < ˇ such that ˛ <

 < ˇ impliesM˛ �M
 andL˛ � L
 . IfM DSfM˛ W ˛ < ˇg and L DSfL˛ W
˛ < ˇg then .M;L/ is a .P;Q/-preconjugate pair.

Proof. To see that the set M 0 D eL.M/ is dense in P 0 D eL.P / take any x 2 P
and U 2 �.eL.x/; P 0/; let x0 D eL.x/. There are f1; : : : ; fn 2 L and " > 0 such
that V D fy0 2 P 0 W jy0.fi / � x0.fi /j < " for any i � ng � U . There exists an
ordinal ˛ < ˇ such that ff1; : : : ; fng � L˛ . Since eL˛ .M˛/ is dense in eL˛ .P /,
there is a point y 2 M˛ such that jeL˛ .y/.fi / � eL˛ .x/.fi /j < " for any i � n.
This is equivalent to saying that jfi .y/ � fi .x/j < " for every i � n which, in
turn, is equivalent to saying that jeL.y/.fi / � eL.x/.fi /j < " for any i � n. Thus
y0 D eL.y/ 2 V \M 0 � U \M 0; so the point x0 is in the closure of M 0. Thus
M 0 D eL.M/ is dense in P 0 D eL.P /.

To show that the set �M.L/ is dense in �M .Q/ take any function f 2 Q and
a set U 2 �.�M .f /; �M .Q//. There exist points x1; : : : ; xk 2 M and " > 0 such
that V D fg 2 �M .Q/ W jg.xi / � f .xi /j < " for all i � kg � U . Take ˛ < ˇ

for which fx1; : : : ; xkg � M˛. The set �M˛.L˛/ being dense in �M˛ .Q/ there is
g 2 L˛ such that j�M˛.g/.xi /� �M˛ .f /.xi /j < " for all i � k which is equivalent
to the inequality jg.xi /� f .xi /j < " for all i � k.

An immediate consequence is that j�M .g/.xi / � �M .f /.xi /j < " for all i � k
and therefore �M .g/ 2 V \ �M .L/ � U \ �M .L/. Thus any f 2 �M .Q/ is
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in the closure of �M .L/, i.e., �M .L/ is dense in �M .Q/ and hence .M;L/ is a
.P;Q/-preconjugate pair. Fact 4 is proved.

Fact 5. Suppose that X is a Lindelöf ˙-space and F is a fixed countable network
with respect to a compact cover C of the space X . Assume additionally that F
is closed under finite intersections and f W X ! Y is a continuous onto map.
If A � X is a set such that f .A \ F / is dense in f .F / for any F 2 F then
f .A/ D Y .

Proof. Assume, towards a contradiction that there is a point y 2 Y nf .A/ and fix
a set C 2 C such that C \ f �1.y/ ¤ ;. The set K D A \ C is compact; so
U D Y nf .K/ is an open neighbourhood of y; take V 2 �.y; Y / such that V � U .
Since F is closed under finite intersections, we can choose a sequence S D fFn W
n 2 !g � F such that C � Fn and Fn � FnC1 for any n 2 ! while S is a network
at C , i.e., for any O 2 �.C;X/ there is n 2 ! with Fn � O . We have y 2 f .Fn/;
the set f .A\Fn/ being dense in f .Fn/, we can pick a point an 2 A\Fn such that
f .an/ 2 V for every n 2 !.

Next, observe that the sequence S D fan W n 2 !g has an accumulation point
in C . Indeed, if every z 2 C has an open neighbourhoodOz such that the set Nz D
fn 2 ! W an 2 Ozg is finite then, by compactness of C , there is a finite D � C

with C � O D SfOz W z 2 Dg. Then there are only finitely many n 2 ! such that
an 2 O while there existsm 2 ! with Fm � O and therefore an 2 O for all n � m.
This contradiction shows that there is an accumulation point a 2 C for the sequence
S . Then a 2 A \ C D K; since f .an/ 2 V for all n 2 !, we have f .a/ 2 V by
continuity of f . Thus f .a/ 2 U \ f .K/ which is a contradiction. Fact 5 is proved.

Fact 6. Suppose that � is an infinite cardinal, X is a space and a set Y � Cp.X/

generates the topology of X . Assume also that M � expX and L � expY are
countable families and we have sets A � X; B � Y with jAj � � and jBj � �.
Then there exist sets M � X and L � Y such that A � M; B � L; jM j �
�; jLj � � and the pair .M \ P;L \Q/ is .P;Q/-preconjugate for any P 2M
andQ 2 L.

Proof. Let M0 D A; L0 D B and choose an enumeration f.Pn;Qn/ W n 2 !g of
the set M � L such that every pair .P;Q/ 2M � L occurs infinitely many times
in this enumeration.

Assume that n 2 ! and we have sets M0; : : : ;Mn � X and L0; : : : ; Ln � Y

with the following properties:

(1) A D M0 � : : : �Mn and B D L0 � : : : � Ln;
(2) jMi j � � and jLi j � � for all i � n;
(3) the set eLi .MiC1 \ Pi/ is dense in eLi .Pi / for any i < n;
(4) the set �Mi .LiC1 \Qi/ is dense in �Mi .Qi / for any i � n.

The sets eLn.Pn/ � Cp.Ln/ and �Mn.Qn/ � Cp.Mn/ have weight � � by the
property (2); so there existMnC1 � X andLnC1 � Y such thatMn �MnC1; Ln �
LnC1 and jMnC1j � �; jLnC1j � � while �Mn.LnC1 \Qn/ is dense in �Mn.Qn/

and eLn.MnC1 \ Pn/ is dense in eLn.Pn/.



286 2 Solutions of Problems 001–500

It is immediate that the properties (1)–(4) still hold for all i � n; so our inductive
procedure can be continued to construct sequences fMi W i 2 !g and fLi W i 2 !g
for which (1)–(4) are fulfilled for any n 2 !.

To see that the sets M D S
n2! Mn and L D S

n2! Ln are as promised take any
pair .P;Q/ 2M�L and letM 0 DM\P; L0 D L\Q; we must prove that the pair
.M 0; L0/ is .P;Q/-preconjugate. Take any f 2 Q; and U 2 �.�M 0.f /; �M 0.Q//.
By the definition of the topology of pointwise convergence there are x1; : : : ; xk 2
M 0 and " > 0 such that V D fh 2 �M 0.Q/ W jh.xi /�f .xi /j < " for all i � kg � U .

It follows from (1) and the choice of our enumeration of M � L that there is
n 2 ! such that .Pn;Qn/ D .P;Q/ and fx1; : : : ; xkg � Mn. The property (4)
shows that there is g 2 LnC1 \ Q such that jg.xi / � f .xi /j < " for all i � k.
It is immediate that �M 0.g/ 2 V \ �M 0.L0/ � U \ �M 0.L0/. Therefore �M 0.L0/ is
dense in �M 0.Q/.

To show that the set eL0.M 0/ is dense in the space eL0.P / fix any x 2 P and
U 2 �.eL0.x/; eL0.P //. There are functions f1; : : : ; fk 2 L0 and " > 0 such that
V D fz 2 eL0.P / W jz.fi / � eL0.x/.fi /j < " for all i � kg � U . It follows
from (1) and the choice of our enumeration of M � L that there is n 2 ! such
that .Pn;Qn/ D .P;Q/ and ff1; : : : ; fkg � Ln. The property (3) shows that there
is y 2 MnC1 \ P such that jeLn.y/.fi / � eLn.x/.fi /j < " for all i � k. It is
immediate that eL0.y/ 2 V \ eL0.M 0/ � U \ eL0.M 0/. Therefore eL0.M 0/ is dense
in eL0.P / and Fact 6 is proved.

Fact 7. Suppose thatX is a Lindelöf˙-space and a Lindelöf˙-space Y � Cp.X/
generates the topology ofX . Assume additionally that some countable families P �
expX; Q � expY are closed under finite intersections and finite unions and there
exist compact covers K and C of the spaces X and Y respectively such that P is a
network with respect to K and Q is a network with respect to C. Assume that we
are given sets M � X and L � Y such that the pair .M \ P;L \Q/ is .P;Q/-
preconjugate for any .P;Q/ 2 P �Q. Then the pair .M; clY .L// is conjugate.

Proof. Let F D M and G D clY .L/. If x 2 F; y 2 X and eL.x/ D eL.y/ then
eG.x/ D eG.y/ because the functions eG.x/ and eG.y/ are continuous on G while
eL.x/ and eL.y/ are their restrictions to the dense subspace L of the space G (see
Fact 0 of S.351). Thus it is sufficient to show that eL.F / D eL.X/.

If X 0 D eL.X/ then eL W X ! X 0 is continuous and onto; fix any P 2 P and
let LQ D L \ Q for any Q 2 Q. If M 0 D M \ P then the pair .M 0; LQ/ is
.P;Q/-conjugate for anyQ 2 Q.

Take any point x 2 P and U 2 �.eL.x/; eL.P //. There are functions
f1; : : : ; fn 2 L and " > 0 such that V D fz 2 eL.P / W jz.fi / � eL.x/.fi /j < "

for all i � ng � U . Since Q is closed under finite unions, there is Q 2 Q such
that A D ff1; : : : ; fng � Q and hence A � LQ. The pair .M 0; LQ/ being .P;Q/-
preconjugate there is a point y 2 M 0 such that jeLQ.y/.fi / � eLQ.x/.fi /j < "

for all i � n. This is the same as saying that jfi .y/ � fi .x/j < " and hence
jeL.y/.fi /�eL.x/.fi /j < " for any i � n. This shows that eL.y/ 2 V \eL.M 0/ �
U \ eL.M 0/ and therefore eL.M 0/ is dense in eL.P /.
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The set P was chosen arbitrarily; so eL.M \ P/ is dense in eL.P / for any
P 2 P . This makes it possible to apply Fact 5 to see that eL.F / D X 0 and hence
eG.F / D eG.X/.

Analogously, if �M .G/ D �M .Y / then �F .G/ D �F .Y /; so it suffices to show
that �M .G/ D �M .Y /. Let Y 0 D �M.Y /; then �M W Y ! Y 0 is a continuous onto
map. Fix an element Q 2 Q; let Q0 D Q \ L and MP D M \ P for any P 2 P .
Take any f 2 Q and U 2 �.�M .f /; �M .Q//. There are points x1; : : : ; xn 2 M
and a number " > 0 such that V D fg 2 �M .Q/ W jg.xi / � f .xi /j < " for
all i � ng � U . The family P being closed under finite unions, there is P 2 P
such that A D fx1; : : : ; xng � P and therefore A � MP . The pair .MP ;Q

0/ is
.P;Q/-preconjugate; so there is g 2 Q0 such that jg.xi /�f .xi /j < " for all i � n.
It is clear that j�M.g/.xi / � �M .f /.xi /j < " for all i � n and hence �M .g/ 2
V \ �M .Q0/ � U \ �M .Q0/. This proves that �M .L\Q/ is dense in �M .Q/ for
anyQ 2 Q; so we can apply Fact 5 again to conclude that �M .G/ D Y 0 D �M .Y /.
Thus the pair .M; clY .L// is conjugate and Fact 7 is proved.

In the following Fact and its proof a pair of sets M � X and L � Cp.X/ is
called conjugate if they are .X; Cp.X//-conjugate.

Fact 8. Suppose that � is an infinite cardinal andX is a Lindelöf˙-space such that
Cp.X/ is also Lindelöf˙ and d.X/ D �. Assume additionally that a setD D fx˛ W
˛ < �g is dense in X and E D ff˛ W ˛ < �g is dense in Cp.X/; observe that this
assumption cannot be contradictory because bothX and Cp.X/ are monolithic (see
SFFS-266) and hence d.X/ D nw.X/ D nw.Cp.X// D d.Cp.X//. Then there
exists families fM˛ W ˛ < �g � expX and fL˛ W ˛ < �g � exp.Cp.X// with
the following properties:

(a) M˛ is closed in X and L˛ is closed in Cp.X/ while the pair .M˛;L˛/ is
conjugate for any ˛ < �;

(b) if ˛ < � is a limit ordinal then M˛ D SfMˇ W ˇ < ˛g and L˛ DSfLˇ W ˇ < ˛g;
(c) if ˇ < ˛ < � thenMˇ �M˛ and Lˇ � L˛;
(d) x˛ 2M˛ and f˛ 2 L˛ for any ˛ < �;
(e) nw.M˛/ � j˛j � ! and nw.L˛/ � j˛j � ! for any ˛ < �.

Proof. Let Y D Cp.X/ and fix countable ˙-families P and Q in the spaces X
and Y respectively such that both P and Q are closed under finite unions and finite
intersections.

Next, apply Fact 6 to the sets A D fx0g and B D ff0g to find countable A0 � X
and B0 � Y for which the pair .A0 \ P;B0 \Q/ is .P;Q/-preconjugate for any
pair .P;Q/ 2 P �Q. By Fact 7, the pair .A0; clY .B0// is conjugate; let M0 D A0
and L0 D clY .B0/. It is clear that the conditions (a)–(e) are satisfied for ˛ D 0.

Now assume that � < � and we have constructed families fM˛ W ˛ < �g and
fA˛ W ˛ < �g of subsets ofX as well as families and fL˛ W ˛ < �g and fB˛ W ˛ < �g
of subsets of Y such that the properties (a)–(e) hold for any ˛ < � and we also have
the following properties:
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(4) the pair .A˛ \ P;B˛ \Q/ is .P;Q/-preconjugate for any ordinal ˛ < � and
.P;Q/ 2 P �Q.

(5) jA˛j � j˛j � ! and jB˛j � j˛j � ! for any ˛ < �;
(6) M˛ D A˛ and L˛ D clY .B˛/ for any ˛ < �;
(7) if ˇ < ˛ < � then Aˇ � A˛ and Bˇ � B˛ .

If � D �C 1 then we can apply Fact 6 to find sets A� � X and B� � Y such that
A�[fx�g � A�; B�[ff�g � B� , the pair .A�\P;B� \Q/ is .P;Q/-preconjugate
for any pair .P;Q/ 2 P �Q and jA� j � jA�j � !; jB� j � jB�j � !. It follows from
Fact 7 that the sets M� D A� and L� D clY .B�/ form a conjugate pair. It is evident
that the conditions (a)–(e) and (4)–(7) are still fulfilled for all ˛ � � (we have to use
monolithity of X and Y to see that the condition (e) is satisfied).

Now, if � is a limit ordinal then consider the sets A� D SfA˛ W ˛ < �g and
B� D SfB˛ W ˛ < �g. The pair .A� \ P;B� \Q/ has to be .P;Q/-preconjugate
for any .P;Q/ 2 P �Q (see Fact 4); so the sets M� D A� and L� D clY .B�/ are
conjugate by Fact 7. The property (e) holds by monolithity of X and Y , properties
(a)–(d) are evident as well as (4)–(7) for all ˛ � �. This shows that our inductive
procedure can be continued to construct the promised families fM˛ W ˛ < �g �
expX and fL˛ W ˛ < �g � exp.Cp.X//. Fact 8 is proved.

Fact 9. If X and Cp.X/ are Lindelöf ˙-spaces then Cp.X/ can be linearly
condensed into a ˙-product of real lines.

Proof. Observe that both spaces X and Cp.X/ are monolithic (see SFFS-266); so
we have d.X/ D nw.X/ D nw.Cp.X// D d.Cp.X//. Our proof will be by
induction on � D d.X/. If � D ! then fix a countable dense set D � X and
observe that the restriction map �D W Cp.X/ ! R

D condenses Cp.X/ linearly in
R
D which, turn, is linearly homeomorphic to a subspace of ˙.!1/.
Now assume that � is an uncountable cardinal and we have proved that, for any

cardinal � < �, if Z and Cp.Z/ are Lindelöf˙-spaces with d.Z/ < � then Cp.Z/
condenses linearly into a ˙-product of real lines.

Assume that d.X/ D � and fix a dense set D D fx˛ W ˛ < �g in the space
X . There exists a dense set E D ff˛ W ˛ < �g in the space Cp.X/. We can
take families fM˛ W ˛ < �g � expX and fL˛ W ˛ < �g � exp.Cp.X// whose
existence is guaranteed by Fact 8. Let .r˛; q˛/ be the pair of the retractions which
correspond to the conjugate pair .M˛;L˛/ for any ˛ < �. We will first consider the
case when cf.�/ D ! and hence there is an increasing sequence f�n W n 2 !g of
infinite cardinals such that � D supf�n W n 2 !g.

The property (e) of Fact 8 shows that d.M�n/ � �n < � for any n 2 !; so there
exists a linear condensation ˚n of the space Cp.M�n/ into ˙.An/ for some set An;
there is no loss of generality to assume that the family fAn W n 2 !g is disjoint.
Let �n W Cp.X/ ! Cp.M�n/ be the restriction map. Then the diagonal product
˚ D �f˚n ı �n W n 2 !g maps Cp.X/ linearly into

Qf˙.An/ W n 2 !g � ˙.A/
where A DSfAn W n 2 !g. Therefore ˚ W Cp.X/! ˙.A/ is a linear map. To see
that ˚ is injective take distinct f; g 2 Cp.X/.
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The properties (c) and (d) imply that D � M D SfM�n W n 2 !g; so the set
M is dense in X . Therefore f jM ¤ gjM and hence there is n 2 ! and x 2 M�n

such that f .x/ ¤ g.x/ and therefore �n.f / ¤ �n.g/. The mapping ˚n being an
injection, we have ˚n.�n.f // ¤ ˚n.�n.g// which implies that ˚.f / ¤ ˚.g/; so
˚ is injective. Thus ˚ condenses Cp.X/ linearly into ˙.A/.

Now assume that the cofinality of the cardinal � is uncountable. It follows from
t.X/ D t.Cp.X// D ! that

SfM˛ W ˛ < �g D X and
SfL˛ W ˛ < �g D Cp.X/.

The following property is crucial.

(8) for any f 2 Cp.X/ the set Ef D f˛ < � W f ı r˛ ¤ f ı r˛C1g is countable.

To prove (8) fix a function f 2 Cp.X/; observe first that f ı r˛ D r �̨.f / D
q˛.f / for any ˛ < � (see Fact 2). There is � < � such that f 2 L�; this means that
q˛.f / D f for any ˛ � �; so Ef � �. If Ef is uncountable then we can choose an
increasing !1-sequence S D f�˛ W ˛ < !1g � Ef ; let � D supS . It follows from
Ef � � that � � � < �.

The function g D q�.f / belongs to L� ; it follows from (b) of Fact 8 and
t.Cp.X// D ! that g 2 L
 for some 
 < �. There exists ˛ < !1 such that

 < �˛ and therefore q�˛ .g/ D q�˛C1.g/ D g. Now apply Fact 3 to conclude
that q�˛ .g/ D q�˛ .q�.f // D q�˛ .f /. Analogously, q�˛C1.g/ D q�˛C1.q�.f // D
q�˛C1.f /. As a consequence, q�˛ .f / D q�˛ .g/ D g and q�˛C1.f / D q�˛C1.g/ D g
which shows that q�˛C1.f / D q�˛ .f /; this contradiction with �˛ 2 Ef completes
the proof of (8).

Now it is time to apply the induction hypothesis and take linear condensations
˚ W Cp.M0/ ! ˙.B/ and ˚˛ W Cp.M˛C1/ ! ˙.B˛/ for any ˛ < �. We can
assume, without loss of generality, that the family fBg [ fB˛ W ˛ < �g is disjoint;
let A D B [ .SfB˛ W ˛ < �g/.

For any function f 2 Cp.X/ consider the set ˝.f / D ˚ ı �M0.f / and, for any
ordinal ˛ < �, let ˝˛.f / D ˚˛.�M˛C1

.q˛C1.f / � q˛.f ///. Then ˝ W Cp.X/ !
˙.B/ and ˝˛ W Cp.X/ ! ˙.B˛/ for any ˛ < �. Observe that q˛ W Cp.X/ ! L˛
is a linear map; so L˛ is a linear subspace of the space Cp.X/ for any ˛ < �.
Therefore q˛C1.f / � q˛.f / 2 L˛C1 for any ˛ < � and f 2 Cp.X/.

It is evident that ˝ and ˝˛ are continuous linear maps for any ˛ < �; so the
diagonal product ' D ˝�.�f˝˛ W ˛ < �g/maps Cp.X/ linearly and continuously
into the space ˙.B/ � .Qf˙.B˛/ W ˛ < �g/ � R

A. We claim that

(9) the map ' is an injection.

Indeed, take distinct functions f; g 2 Cp.X/ and let U D fx 2 X W f .x/ ¤
g.x/g. If f jM0 ¤ gjM0 then ˝.f / ¤ ˝.g/ because ˚ is a condensation; thus
'.f / ¤ '.g/. If �M0.f / D �M0.g/ then � D minf˛ W U \M˛ ¤ ;g > 0. Observe
that � has to be a successor ordinal for otherwise the set V D U \M� is non-empty
and open in M� ; so it follows from (b) of Fact 8 that V \M˛ ¤ ; for some ˛ < �,
a contradiction.

Thus � D � C 1 which shows that f jM� D gjM� while f jM�C1 ¤ gjM�C1.
Therefore q�.f / D f ı r� D �M�.f / ı r� D �M�.g/ ı r� D g ı r� D q�.g/.
Fix a point x 2 U \M�C1. We have f .r�C1.x// D f .x/ ¤ g.x/ D g.r�C1.x//
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which shows that f ı r�C1 ¤ g ı r�C1, i.e., q�C1.f / ¤ q�C1.g/. As an immediate
consequence, q�C1.f / � q�.f / ¤ q�C1.g/ � q�.g/ and hence ˝�.f / ¤ ˝�.g/

because the maps �M�C1
jL�C1 and ˚� are injective. This implies '.f / ¤ '.g/ and

concludes the proof of (9).
We will finally show that ' actually maps Cp.X/ in ˙.A/, i.e., '.f / 2 ˙.A/

for any f 2 Cp.X/. Let u˛ 2 R
B˛ be the function which is identically zero on B˛

for any ˛ < �. The property (8) shows that, for any ˛ 2 �nEf we have q˛C1.f / D
q˛.f / and hence ˝˛.f / D u˛ because ˚˛ ı �M˛C1

is a linear map. An immediate
consequence is that the set Hf D fa 2 A W '.f /.a/ ¤ 0g is contained in B [
.
SfB˛ W ˛ 2 Ef g/. Recalling that ˝.Cp.X// � ˙.B/ and ˝˛.Cp.X// � ˙.B˛/

for any ordinal ˛ 2 Ef we conclude that Hf is countable and hence ' is a linear
condensation of Cp.X/ into ˙.A/. Fact 9 is proved.

Returning to our solution, suppose that X is an arbitrary space such that Cp.X/
is Lindelöf ˙ . If Y D �X then Y is Lindelöf ˙ (see Problem 206) and Cp.Y / is
a Lindelöf˙-space as well (see Problem 234). Therefore Cp.Cp.Y // is a Lindelöf
˙-space by Okunev’s theorem (see Problem 218); so we can apply Fact 9 to the
space Z D Cp.Y / to conclude that the space Cp.Z/ D Cp.Cp.Y // condenses into
a ˙-product of real lines. Since Y embeds in Cp.Cp.Y // by TFS-167, the space
Y can be condensed into ˙.A/ for some A. The space X being a subspace of Y
we conclude that X also condenses into a ˙-product of real lines. Finally, if X is a
Gul’ko compact space then it condenses into some ˙.A/; this condensation has to
be a homeomorphism; so X is Corson compact and hence our solution is complete.

U.286. Prove that if X is Corson compact then the space Cp.X/ condenses linearly
into a ˙�-product of real lines. As a consequence, for any Gul’ko compact X the
space Cp.X/ condenses linearly into a ˙�-product of real lines.

Solution. If Z is a compact space then let jjf jj D supfjf .z/j W z 2 Zg for any
function f 2 Cp.Z/. For any set A we can also define a norm in the space ˙�.A/
letting jjxjj D supfjx.a/j W a 2 Ag for any x 2 ˙�.A/. If a confusion can happen
with norms in different spaces we will use the norm symbol with indices to make it
clear in which space the norm is taken.

Fix a set T such that X � ˙.T /; we will prove by induction on the cardinal
d.X/ that there exists a set B and a linear condensation ' W Cp.X/! ˙�.B/ such
that jj'.f /jj � jjf jj for any f 2 Cp.X/ (we will say that such a condensation
does not increase the norm). If d.X/ D ! then such a condensation of Cp.X/ into
˙�.N/ exists by Fact 14 of S.351.

Now assume that � D d.X/ is an uncountable cardinal and we proved, for any
cardinal � < � that, for any compact G � ˙.T / with d.G/ � �, there is a set
A and a linear condensation ' W Cp.G/ ! ˙�.A/ such that jj'.f /jj � jjf jj for
any f 2 Cp.G/. Fix a dense set D D fx˛ W ˛ < �g in the space X . For any
x 2 ˙.T / let supp.x/ D ft 2 T W x.t/ ¤ 0g; then supp.x/ is a countable set for
any x 2 ˙.T /. Given a set S � T and x 2 ˙.T / let rS .x/.t/ D x.t/ if t 2 S and
rS.x/.t/ D 0 for all t 2 T nS . Then rS .x/ 2 ˙.T / for any x 2 ˙.T / and the map
rS W ˙.T / ! ˙.T / is a retraction for any S � T . We will also need the family
F D fS � T W rS .X/ � Xg.
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It follows from Problem 152 that there exists a countably infinite set E0 2 F .
Assume that ˛ < � and we have a family fEˇ W ˇ < ˛g � F with the following
properties:

(1) 
 < ˇ < ˛ implies E
 � Eˇ and supp.x
 / � Eˇ;
(2) jEˇj � jˇj � ! for any ˇ < ˛;
(3) if ˇ < ˛ is a limit ordinal then Eˇ DSfE
 W 
 < ˇg.

If ˛ is a limit ordinal then let E˛ D S
ˇ<˛ Eˇ; then E˛ 2 F by Problem 152

and it is evident that the properties (1)–(3) still hold for all ˇ � ˛. If ˛ D ˛0 C 1
then it is a consequence of Problem 152 that there exists a set E˛ 2 F such that
E˛0 [ supp.x˛0 / � E˛ and jE˛j � jE˛0 [ supp.x˛0 /j � ! � j˛j � !. It is also clear
that (1)–(3) hold for all ˇ � ˛; so our inductive procedure can be continued to
construct a family fE˛ W ˛ < �g � F with (1),(2) and (3) fulfilled for any ˇ < �.

It is evident that every map r˛ D rE˛ jX is a retraction on X . We claim that

(4) the set˝.f; "/ D f˛ < � W there is x 2 X such that jf .r˛.x//�f .r˛C1.x//j �
"g is finite for any " > 0 and f 2 Cp.X/.

To see that (4) is true suppose not; then there exists a function f 2 Cp.X/ and a
number " > 0 such that the set ˝.f; "/ is infinite. Choose a point z˛ 2 X such that
jf .r˛.z˛// � f .r˛C1.z˛//j � " for any ˛ 2 ˝.f; "/. By compactness of X , the set
fr˛.z˛/ W ˛ 2 ˝.f; "/g has an accumulation point z 2 X .

The function f being continuous at z, there is a set S D ft1; : : : ; tng � T and
O1; : : : ; On 2 �.R/ such that diam.f .U // < " where z 2 U D fx 2 X W x.ti / 2
Oi for all i � ng. Therefore the setM D f˛ 2 ˝.f; "/ W r˛.z˛/ 2 U g is infinite; the
family fE˛C1nE˛ W ˛ 2 M g is disjoint; so there is ˛ 2 M such that .E˛C1nE˛/ \
S D ;.

Now observe that r˛C1.z˛/ D rE˛C1
.z˛/ can have coordinates distinct from

the coordinates of the point r˛.z˛/ D rE˛ .z˛/ only on the set E˛C1nE˛. Thus
r˛C1.z˛/.ti / D r˛.z˛/.ti / 2 Oi for every i � n which implies that r˛C1.z˛/ 2
U . However, then " � jf .r˛.z˛// � f .r˛C1.z˛//j � diam.f .U // < "; this
contradiction shows that (4) is proved.

For any ˛ < � let X˛ D r˛.X/; it is easy to see that the family fX˛ W ˛ < �g is
non-decreasing and d.X˛/ D w.X˛/ � jE˛j < � for every ˛ < � (see (2)). We will
need the following property of the family fX˛ W ˛ < �g:
(5) if ˛ < � is a non-zero limit ordinal thenH˛ D SfXˇ W ˇ < ˛g is dense in X˛.

If (5) is not true then we can choose a point y 2 X˛nH˛ . There is a set S 0 D
fs1; : : : ; smg � T and W1; : : : ;Wm 2 �.R/ such that

y 2 W D fx 2 X W x.si / 2 Wi for any i � mg � XnH˛:

It follows from the property (3) that there is ˇ < ˛ such that Eˇ \ S 0 D E˛ \ S 0.
We have rˇ.y/ 2 Xˇ while the distinct coordinates of y and rˇ.y/ lie inE˛nEˇ; by
our choice of ˇ, we have .E˛nEˇ/\ S 0 D ; and therefore rˇ.y/.si / D y.si / 2 Wi
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for any i � m, i.e., rˇ.y/ 2 W \ Xˇ which is a contradiction with Xˇ � H˛ and
W \H˛ D ;. This proves the property (5).

Denote by �˛ the restriction map from Cp.X/ onto Cp.X˛/; observe that we
have the inequality jj�˛.f /jj � jjf jj for any f 2 Cp.X/ and ˛ < �. Our induction
hypothesis shows that, for any ˛ < �, there exists a set B˛ and a linear injective
map ı˛ W Cp.X˛/! ˙.B˛/ such that jjı.f /jj˛ � jjf jj for any f 2 Cp.X˛/ (here
jj � jj˛ is the norm in ˙�.B˛/).

We can assume, without loss of generality, that the family fB˛ W ˛ < �g is
disjoint. Let �0.f / D ı0.�0.f // and �˛C1.f / D 1

2
ı˛C1.�˛C1.f ı r˛C1�f ı r˛//

for any ordinal ˛ < � and f 2 Cp.X/. The maps �0 and �˛C1 W Cp.X/ !
˙.B˛C1/ are continuous and linear for any ˛ < �. It is evident that jj�0.f //jj0 �
jjf jj for any f 2 Cp.X/; given ˛ < � and x 2 X we have

jf .r˛C1.x// � f .r˛.x//j � jf .r˛C1.x//j C jf .r˛.x//j � 2jjf jj

so jjf ı r˛C1�f ı r˛jj � 2jjf jj. Since �˛C1 and ı˛C1 do not increase the norm, we
have jj�˛C1.f /jj˛C1 � jjf jj for any f 2 Cp.X/. This, together with the property
(4) implies that

(6) for any " > 0 if ˛ … ˝.f; "/ then j�˛C1.f /.b/j < " for any b 2 B˛C1.

We are finally ready to construct the promised linear condensation of the space
Cp.X/; let B D B0 [SfB˛C1 W ˛ < �g and � D �0�.�f�˛C1 W ˛ < �g/; it is
immediate that � W Cp.X/!Qf˙.B˛C1/ W ˛ < �g �˙.B0/ � R

B . The diagonal
product of linear continuous maps is, evidently, a linear continuous map; so � is
linear and continuous. Furthermore, if b 2 B then there is ˛ < � such that b 2 B˛
and hence j�.f /.b/j � jj�˛.f /jj˛ � jjf jj which shows that

(7) supfj�.f /.b/j W b 2 Bg � jjf jj for any f 2 Cp.X/.
To see that the map � is injective take distinct functions f; g 2 Cp.X/. Since

W D fx 2 X W f .x/ ¤ g.x/g 2 ��.X/ and D is dense in X , there is ˛ < � such
that f .x˛/ ¤ g.x˛/. We have supp.x˛/ � E˛C1 which implies r˛C1.x˛/ D x˛ 2
X˛C1 and therefore �˛C1.f / ¤ �˛C1.g/. Therefore the set J D f˛ < � W �˛.f / ¤
�˛.g/g is non-empty; let ˛ D minJ . If ˛ D 0 then �0.f / ¤ �0.g/ which implies
�0.f / ¤ �0.g/ because ı0 is an injection.

Now assume that ˛ > 0 is a limit ordinal. Then we have f jX˛ ¤ gjX˛ and
hence f jH˛ ¤ gjH˛ by (5). Therefore there is ˇ < ˛ for which f .q/ ¤ g.q/ for
some q 2 Xˇ, i.e., f jXˇ ¤ gjXˇ which is a contradiction with the choice of ˛.
Therefore ˛ > 0 cannot be a limit and hence ˛ D ˇ C 1 for some ˇ < �.
By the choice of ˛ we have �ˇ.f / D �ˇ.g/ while �ˇC1.f / ¤ �ˇC1.g/ and
therefore f ı rˇ D g ı rˇ while f ı rˇC1 ¤ g ı rˇC1. There exists z 2 X such
that f .rˇC1.z// ¤ g.rˇC1.z// so, for the point y D rˇC1.z/ 2 XˇC1 we have
f .rˇC1.y// D f .y/ ¤ g.y/ D g.rˇC1.y//. This shows that �ˇC1.f ı rˇC1/ ¤
�ˇC1.g ı rˇC1/; an immediate consequence is that �ˇC1.f ı rˇC1 � f ı rˇ/ ¤
�ˇC1.g ı rˇC1 � g ı rˇ/ whence �ˇC1.f / ¤ �ˇC1.g/ because ıˇC1 is injective.
Thus �.f / ¤ �.g/ and hence we proved that � is injective.



2 Solutions of Problems 001–500 293

The last thing we have to show is that �.Cp.X// � ˙�.B/ so take any function
f 2 Cp.X/ and " > 0. The property (6) implies that j�.f /.b/j D j�˛C1.f /.b/j <
" whenever ˛ … ˝.f; "/ and b 2 B˛C1. The set ˝.f; "/ is finite by (4); if
˛ 2 ˝.f; "/ then �˛C1.f / 2 ˙�.B˛C1/ by the definition of the mapping ı˛C1.
Therefore the set fb 2 B W j�.f /.b/j � "g is contained in the set

[
ffb 2 B˛C1 W j�˛C1.f /.b/j � "g W ˛ 2 ˝.f; "/g [ fb 2 B0 W j�0.f /.b/j � "g

which is finite; so �.f / 2 ˙�.B/ for any f 2 Cp.X/ and therefore � is a linear
continuous injective map from Cp.X/ to ˙�.B/.

The property (7) implies that the condensation � does not increase the norm;
so our induction step is accomplished and hence we proved that, for any Corson
compact X the space Cp.X/ condenses into a ˙�-product of real lines. Finally,
observe that if X is Gul’ko compact then it is Corson compact by Problem 285; so
Cp.X/ can still be condensed into a ˙�-product of real lines.

U.287. Let X be a Corson compact space. Prove that, if p.Cp.X// D ! then X is
metrizable. Therefore if X is a Gul’ko compact space and p.Cp.X// D ! then X
is metrizable.

Solution. By Problem 286 we can find a set A such that there exists a condensation
' W Cp.X/! Y for some Y � ˙�.A/. IfA is countable then w.Y / � w.˙�.A// D
! which shows that d.X/ D iw.Cp.X// � !; so X is metrizable by Problem 121.

If A is uncountable then we can consider that there is an uncountable cardinal �
such that Y � Cp.A.�// (see Problem 105). Let � W Cp.Cp.A.�/// ! Cp.Y / be
the restriction map; there exists a subspaceF � Cp.Cp.A.�/// such that F ' A.�/
and F separates the points of Cp.A.�// (see TFS-166 and TFS-167). Consequently,
the set G D �.F / � Cp.Y / separates the points of the space Y . If G is countable
then iw.Y / � ! (see TFS-166); thus d.X/ D iw.Cp.X// � !; so X is metrizable
by Problem 121.

It is easy to see that any continuous image of A.�/ is either finite or home-
omorphic to the one-point compactification of a discrete space so, if jGj > !

then G ' A.�/ for some uncountable cardinal �. The dual map '� W Cp.Y / !
Cp.Cp.X// embeds Cp.Y / in Cp.Cp.X// (see TFS-163) and therefore G embeds
in Cp.Cp.X//. Since G ' A.�/, we have p.Cp.X// � � > ! (see TFS-
178) which is a contradiction. Therefore G cannot be uncountable and hence X
is metrizable.

Finally, if X is a Gul’ko compact space with p.Cp.X// D ! then X is Corson
compact by Problem 285; so X is metrizable.

U.288. Suppose that X and Cp.X/ are Lindelöf ˙-spaces and p.Cp.X// D !.
Prove that jX j � c.

Solution. Fix a compact cover C of the space X such that there is a countable
family F � expX which is a network with respect to C. For any C 2 C there is
FC � F which is a network at C , i.e., for any U 2 �.C;X/ there is F 2 FC
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such that C � F � U . An immediate consequence is that
T

FC D C which
proves that the correspondenceC ! FC is an injection from C in expF . Therefore
jCj � j expF j � c.

For any set C 2 C the restriction map �C W Cp.X/ ! Cp.C / is surjective; so
p.Cp.C // D ! (it is an easy exercise that the point-finite cellularity is not raised
by continuous maps). Since C is Gul’ko compact by Problem 220, we can apply
Problem 287 to see that C is metrizable. Thus jC j � c for any C 2 C and hence
jX j � jCj � c D c.

U.289. Prove that a compact space X is Gul’ko compact if and only if X has a
weakly �-point-finite T0-separating family of cozero sets.

Solution. Given a space Z say that U � �.Z/ is a Gul’ko family if U is weakly
�-point-finite,T0-separating and consists of cozero subsets ofZ. In this terminology
we have to prove that a compact spaceZ is Gul’ko compact if and only if there exists
a Gul’ko family in Z.

Call a space Z concentrated around a point z 2 Z if ZnU is countable for any
U 2 �.z; Z/. If U is an open cover of a space Z say that a set Y � Z is U-compact
if there is a finite U 0 � U such that Y �S

U 0. If Z is a space and A � expZ then
A is said to be point-finite at a point z 2 Z if jfA 2 A W z 2 Agj < !.

Fact 1. Suppose that a set Z � ˙.A/ is concentrated around a point t 2 Z. Then
there exists a sequence fZn W n 2 !g � expZ such that Znftg D SfZn W n 2 !g
while, for every n 2 !, the set Kn D ftg [ Zn is compact and all points of Zn are
isolated in Kn.

Proof. If the set Z is countable then Znftg D fZn W n 2 !g where jZnj � 1 for
any n 2 !; thus everyKn is finite so the statement of our Fact is true.

Now assume that jZj > !; there is no loss of generality to consider that t.a/ D 0
for any a 2 A. SinceZ is concentrated around t , the setZnH is countable whenever
H is a Gı-subset of Z with t 2 H .

For any x 2 ˙.A/ let supp.x/ D fa 2 A W x.a/ ¤ 0g. Given a point a 2 A
the set H.a/ D fz 2 Znftg W z.a/ ¤ 0g has to be countable because ZnH.a/ is a
Gı-subset of the space Z such that t 2 ZnH.a/. For any a 2 A let P0.a/ D H.a/
andPnC1.a/ DSfH.a/ W a 2Sfsupp.z/ W z 2 Pn.a/gg for any n 2 !. It is evident
that every Pn.a/ is countable so the set P.a/ D SfPn.a/ W n 2 !g is countable for
every a 2 A.

Given any point z 2 Znftg, there exists an index a 2 A with z.a/ ¤ 0 and
therefore z 2 H.a/ � P.a/. This shows that

SfP.a/ W a 2 Ag D Znftg. Since
P.a/ is countable, the set Q.a/ D Sfsupp.z/ W z 2 P.a/g is also countable for any
a 2 A. Given a; b 2 A say that a � b if there exists a finite sequence fz0; : : : ; zng �
Z such that a 2 supp.z0/; b 2 supp.zn/ and supp.zi / \ supp.ziC1/ ¤ ; for any
i < n. It is straightforward that a � a for any a 2 A; besides, a � b is equivalent
to b � a and a � b � c implies a � c. Therefore� is an equivalence relation; it is
easy to see that Q.a/ D fb 2 A W b � ag; so we have

(1) if a; b 2 A and Q.a/\Q.b/ ¤ ; then Q.a/ D Q.b/.
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As a consequence, we can find a set B � A such that the family fQ.b/ W b 2 Bg
is disjoint and

SfP.b/ W b 2 Bg D Znftg. Since every P.b/ is countable, there is
a sequence fZn W n 2 !g � exp.Znftg/ such that

SfZn W n 2 !g D Znftg and we
have jZn\P.b/j � 1 for any b 2 B and n 2 !. Thus the family fsupp.z/ W z 2 Zng
is disjoint; so every neighbourhood of t contains all but finitely many points of Zn
for any n 2 !. Therefore everyKn D Zn [ ftg is compact and the points of Zn are
isolated in Kn; so Fact 1 is proved.

Fact 2. A space Z has the Lindelöf ˙-property if and only if there exists a
countable family F � expZ such that, for any open cover U of the space Z the
collection F 0 D fF 2 F W F is U-compactg coversZ.

Proof. If Z is Lindelöf˙ then fix a compact cover C of the space Z such that there
exists a countable network F with respect to C. Given any open cover U of the
space Z, for any z 2 Z there is C 2 C with z 2 C . Pick a finite U 0 � U such that
C � S

U 0. Since F is a network at C , there is F 2 F such that C � F � S
U 0.

Thus F is U-compact and x 2 F . This shows that the family of all U-compact
elements of F coversZ and hence we proved necessity.

To establish sufficiency, fix the respective countable family F � expZ and let
P D fclˇZ.F / W F 2 Fg. Then P is a countable family of closed subsets of ˇZ.
Given any points z 2 Z and t 2 ˇZnZ observe that U D fZnclˇZ.U / W U 2
�.t; ˇZ/g is an open cover of the space Z. Since U-compact elements of F cover
Z, there is F 2 F such thatF is U-compact and z 2 F . TakeU1; : : : ; Un 2 �.t; ˇZ/
such that F � .ZnclˇZ.U1// [ : : : [ .ZnclˇZ.Un// and hence F \ U D ; where
U D U1 \ : : : \ Un which shows that z 2 G D clˇZ.F / and t … G.

This proves that the family P separates Z from ˇZnZ; so we can apply SFFS-
233 to conclude that Z is a Lindelöf˙-space. Fact 2 is proved.

Fact 3. If there exists a Gul’ko family in a space Zn for any n 2 ! then there is a
Gul’ko family in the space Z D QfZn W n 2 !g.
Proof. Fix a Gul’ko family Vn on the space Zn and let fVnm W m 2 !g be the
collection of subfamilies of Vn which witnesses the Gul’ko property of Vn for any
n 2 !. We will need the natural projection pn W Z ! Zn; let Un D fp�1

n .V / W V 2
Vng for any n 2 !.

The family U D SfUn W n 2 !g consists of cozero subsets of Z (see Fact 1
of T.252). If y; z are distinct elements of Z then there is n 2 ! with pn.y/ ¤
pn.z/. The family Vn is T0-separating in Zn; so there is V 2 Vn such that V \
fpn.y/; pn.z/g is a singleton. It is immediate that U D p�1

n .V / 2 U and U \ fy; zg
is a singleton; so U is a T0-separating family in Z.

To see that U is a Gul’ko family, we must prove that it is weakly �-point-finite.
To do so consider the family Unm D fp�1

n .V / W V 2 Vnmg for any m; n 2 !. Given a
point z 2 Z and n 2 ! let An D fm 2 ! W Vnm is point-finite at z.n/g. It is evident
that the family Unm is point-finite at z for any n 2 ! andm 2 An. Since every Vn is a
Gul’ko family on Zn, we have

SfVnm W m 2 Ang D Vn for any n 2 ! and therefore
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SfUnm W Unm is point-finite at zg � SfUnm W n 2 !; m 2 Ang D
SfUn W n 2 !g D

U . Thus the countable collection fUnm W m; n 2 !g of subfamilies of U guarantees
that U is weakly �-point-finite. Consequently, U is a Gul’ko family on Z and hence
Fact 3 is proved.

Returning to our solution assume that X is Gul’ko compact. We can consider
that X � ˙.A/ for some set A by Problem 285. As usual, supp.x/ D fa 2 A W
x.a/ ¤ 0g for any x 2 ˙.A/. Let u be the function on X with u.x/ D 0 for
all x 2 X . For any a 2 A let pa W ˙.A/ ! R be the natural projection onto
the factor determined by a; then ua D pajX 2 Cp.X/. It is evident that the set
T D fug [ fua W a 2 Ag � Cp.X/ separates the points of X .

Observe that T is concentrated around the point u. Indeed, if U 2 �.u; T / then
there are x1; : : : ; xn 2 X and " > 0 such that ft 2 T W jt.xi /j < " for all i �
ng � U . Since every supp.xi / is countable, the set B D supp.x1/[ : : : [ supp.xn/
is countable as well and it is immediate that ua 2 U for any a 2 AnB . Thus
T nU � fua W a 2 Bg is a countable set.

Apply Problem 286 to find a condensation ' W Cp.X/ ! Y where Y � ˙.S/

for some set S . The set '.T / is concentrated around the point '.u/; so we can apply
Fact 1 to conclude that there exists a sequence fTn W n 2 !g � expT nfug such
that

SfTn W n 2 !g D T nfug and Kn D '.Tn/ [ f'.u/g is a compact subspace
of ˙.S/ such that all points of '.Tn/ are isolated in Kn. Therefore Tn [ fug D
'�1.Kn/ is closed in Cp.X/ and all points of Tn are isolated in Hn D Tn [ fug.
The space H D L

n2! Hn maps continuously onto T D S
n2! Hn; so Cp.T /

embeds in Cp.H/. Since T separates the points of X , the space X condenses and
hence embeds in Cp.T / (see TFS-166). Consequently, X embeds in Cp.H/ DQ
n2! Cp.Hn/ as well.
If Hn is countable then Cp.Hn/ has a countable base which is, evidently, a

Gul’ko family in Cp.Hn/. If Hn is uncountable then u is the unique non-isolated
point of Hn. The space Hn is Lindelöf ˙ being closed in Cp.X/; so we can apply
Problem 274 to conclude that there exists a Gul’ko family in Cp.Hn/. This proves
that every Cp.Hn/ has a Gul’ko family and hence so has Cp.H/ by Fact 3. Having
a Gul’ko family is a hereditary property; so X has a Gul’ko family and hence we
established necessity.

Now assume that X is compact and U � ��.X/ is a Gul’ko family in X ; choose
a sequence fUn W n 2 !g of subfamilies of U which witnesses the Gul’ko property
of U . Note first that U is point-countable because, for any x 2 X the family fU 2
U W x 2 U g is contained in the collection

SffU 2 Un W x 2 U g W n 2 ! and Un is
point-finite at xg which is countable. Thus X is Corson compact by Problem 118.

For any U 2 U fix a function fU 2 Cp.X; Œ0; 1
/ such that XnU D f �1.0/. Let
u.x/ D 0 for all x 2 X ; it is clear that the space T D fug [ ffU W U 2 Ug separates
the points of X . Observe first that the set T is concentrated around the point u.
Indeed, if O 2 �.u; T / then there are points x1; : : : ; xn 2 X and a number " > 0

such that O 0 D ft 2 T W jt.xi /j < "g � O . The family U being point-countable
there is a countable V � U such that U \ fx1; : : : ; xng D ; for any U 2 UnV . It is
immediate that fU 2 O 0 � O for any U 2 UnV and hence T nO � ffU W U 2 Vg
is countable.
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Apply Problem 286 again to find a condensation ' W Cp.X/ ! Y where Y �
˙.S/ for some set S . The set '.T / is concentrated around the point '.u/; so we can
apply Fact 1 to conclude that there exists a sequence fTn W n 2 !g � expT nfug such
that

SfTn W n 2 !g D T nfug and Kn D '.Tn/ [ f'.u/g is a compact subspace of
˙.S/ such that all points of '.Tn/ are isolated inKn. ThereforeTn[fug D '�1.Kn/

is closed in Cp.X/ and all points of Tn are isolated in Hn D Tn [ fug.
We claim that everyHn is a Lindelöf˙-space; this is evident ifHn is countable;

so we can assume, without loss of generality, that jTnj > !. Take a family Un � U
such that Tn D ffU W U 2 Ung. It is clear that Un is weakly �-point-finite; so fix a
collection fUmn W m 2 !g witnessing this. If Pm D ffU W U 2 Umn g [ fug for any
m 2 ! then the family P D fPm W m 2 !g � exp.Hn/ is countable; let Q be the
family of all finite intersections of the family P .

Take any open cover E of the space Hn and fix O 2 E with u 2 O ; there are
x1; : : : ; xk 2 X and " > 0 such thatO 0 D ft 2 Hn W jt.xi /j < " for all i � kg � O .
Fix any t 2 Tn and U 2 Un with t D fU . The family Un being weakly �-point-
finite, for any i � k there is mi 2 ! such that the family Umin is point-finite at xi
and U 2 Umin . If V D TfUmin W i � kg then U 2 V and only finitely many elements
of V meet the set fx1; : : : ; xkg.

Therefore the set Q D ffV W V 2 Vg [ fug D Pm1
n \ : : : \ Pmk

n belongs to Q
and t 2 Q. Furthermore,QnO � QnO 0 is finite which shows thatQ is E-compact.
We also have fu; tg � Q and hence for any open cover E of the space Hn, the
family of E-compact elements of Q coversHn. Thus Hn is a Lindelöf ˙-space for
any n 2 ! by Fact 2. As a consequence, T D S

n2! Hn is also Lindelöf ˙ (see
SFFS-257). Therefore we found a Lindelöf˙-space T � Cp.X/ that separates the
points of X . This implies that Cp.X/ is a Lindelöf ˙-space by Problem 020 and
finishes the proof of sufficiency making our solution complete.

U.290. Prove that a compact X is Gul’ko compact if and only if there exists a set A
such that X embeds into ˙s.A/ for some family s D fAn W n 2 !g of subsets of A
with

S
s D A.

Solution. Given an arbitrary space Z say that U � �.Z/ a Gul’ko family in Z if U
is weakly �-point-finite, T0-separating and consists of cozero subsets ofZ. A family
A � expZ is point-finite at z 2 Z if the family fA 2 A W z 2 Ag is finite.

Fact 1. Suppose that A is a set and we have a family s D fAn W n 2 !g � expA
such that

S
s D A. Then there exists a Gul’ko family in the space ˙s.A/.

Proof. Given a rational number r ¤ 0 let Or D .r;C1/ if r > 0 and Or D
.�1; r/ if r < 0. Let U a

r D fx 2 ˙s.A/ W x.a/ 2 Org for any r 2 Qnf0g and
a 2 A. Every U a

r is a cozero set in ˙s.A/ being the inverse image of Or under
the projection on the factor determined by a (see Fact 1 of T.252); so the family
Ur D fU a

r W a 2 Ag consists of cozero sets for any r 2 Qnf0g. If x and y are
distinct points of ˙s.A/ then there is a 2 A such that x.a/ ¤ y.a/. There is
no loss of generality to assume that x.a/ < y.a/. Pick a number r 2 Qnf0g with
x.a/ < r < y.a/; it is immediate thatOr\fx.a/; y.a/g is a singleton and therefore
U a
r \ fx; yg is a singleton as well.
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Thus the family U DSfUr W r 2 Qnf0gg is T0-separating in˙s.A/; so it suffices
to show that U is weakly �-point-finite. It is an easy exercise that a countable union
of weakly �-point-finite families is a weakly �-point-finite family; so it is sufficient
to prove that Ur is weakly �-point-finite for any r 2 Qnf0g.

To do so let Vn D fU a
r W a 2 Ang � Ur for any n 2 !. Given any x 2 ˙s.A/

let Nx D fn 2 ! W supp.x/ \ An is finiteg. Then A D SfAn W n 2 Nxg and hence
Ur D SfVn W n 2 Nxg. Furthermore, if n 2 Nx and x 2 U a

r for some a 2 An then
x.a/ 2 Or and hence a 2 supp.x/ \ An which shows that

fV 2 Vn W x 2 V g � fU a
r W a 2 supp.x/ \Ang

and therefore Vn is point-finite at x for every n 2 Nx. As a consequence, we have
Ur D SfVn W n 2 Nxg � SfVn W Vn is point-finite at xg which proves that every
Ur is weakly �-point-finite. Thus U is a Gul’ko family in˙s.A/ and hence Fact 1 is
proved.

Fact 2. If Z is a space and U is a weakly �-point-finite family of subsets of Z then
U is point-countable.

Proof. Fix a sequence fUn W n 2 !g of subfamilies of U which witnesses that U is
weakly �-point-finite. For any z 2 Z let Nz D fn 2 ! W Un is point-finite at zg.
We have U D SfUn W n 2 Nzg; so the family fU 2 U W z 2 U g is contained in
the countable family

SffU 2 Un W z 2 U g W n 2 Nzg and therefore every z 2 Z
belongs to at most countably many elements of U , i.e., U is point-countable. Fact 2
is proved.

Returning to our solution assume that X is Gul’ko compact. Then there exists
a Gul’ko family U in X by Problem 289. For any U 2 U fix a function fU 2
Cp.X; Œ0; 1
/ such that XnU D f �1.0/. Then A D ffU W U 2 Ug � Cp.X/

separates the points of X . Let ex.f / D f .x/ for any x 2 X and f 2 A. Then
ex 2 Cp.A/ and the map e W X ! Cp.A/ defined by e.x/ D ex for any x 2 X
is continuous; since A separates the points of X , the map e is an embedding (see
TFS-166); so the space Y D fex W x 2 Xg � R

A is homeomorphic to X .
There is a sequence fUn W n 2 !g of subfamilies of U which witnesses the Gul’ko

property of U ; let An D ffU W U 2 Ung for any n 2 !. Then A DS
n2! An; for the

family s D fAn W n 2 !g we will prove that Y � ˙s.A/.
Observe first that ex.fU / D fU .x/ ¤ 0 if and only if x 2 U ; besides, the

family U.x/ D fU 2 U W x 2 U g is countable by Fact 2 and ex.fU / D 0 for any
U 2 UnU.x/. This shows that ex.f / ¤ 0 for at most countably many f 2 A; so
Y � ˙.A/.

Now take any x 2 X and let Nx D fn 2 ! W Un is point-finite at xg. If n 2 Nx
then supp.ex/ D ff 2 A W ex.f / ¤ 0g D ffU W x 2 U g; since Un is point-finite
at x, the set supp.ex/ \ An D ffU W U 2 Un and x 2 U g is finite for any n 2 Nx .
Thus

SfAn W supp.ex/ \ An is finiteg � SfAn W n 2 Nxg D A for any x 2 X and
therefore Y � ˙s.A/. Thus every Gul’ko compact X is homeomorphic to a space
Y � ˙s.A/ for some set A and a sequence s D fAn W n 2 !g of subsets of A, i.e.,
we proved necessity.
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Finally, if X is a compact space and X � ˙s.A/ for some set A and a sequence
s D fAn W n 2 !g of subsets of A then X has a Gul’ko family because so
does ˙s.A/ by Fact 1 (it is an easy exercise that having a Gul’ko family is a
hereditary property). Therefore X is a Gul’ko compact by Problem 289; so we
checked sufficiency and hence our solution is complete.

U.291. Suppose that X is a space, n 2 N and a non-empty family U � ��.X/ has
order � n, i.e., every x 2 X belongs to at most n elements of the family U . Prove
that there exist disjoint families V1; : : : ;Vn of non-empty open subsets of X such
that V DSfVi W i � ng is a �-base for U .

Solution. If we have a family V � expX then V.x/ D fV 2 V W x 2 V g and
ord.x;V/ D jV.x/j for any x 2 X ; let ord.V/ D supford.x;V/ W x 2 Xg.

Our solution will be done by induction on n D ord.U/; if n D 1 then U is
disjoint; so we can take V1 D U . Now assume that we proved our statement for all
n � k and take a non-empty U � ��.X/ with ord.U/ � k C 1. For any point x of
the set O D fx 2 X W ord.x;U/ D k C 1g let fUx

1 ; : : : ; U
x
kC1g be an enumeration

of the family U.x/; then it has to be faithful and hence Ux D Ux
1 \ : : :\Ux

kC1 � O
which shows that O is open in X .

Now assume that x; y 2 O and z 2 Ux \ Uy ; then z 2 .TU.x// \ .TU.y//.
It follows from ord.z;U/ � kC 1 and jU.x/j D jU.y/j D kC 1 that U.x/ D U.y/
and therefore Ux D Uy . Thus the family V1 D fUx W x 2 Og is disjoint and it is
immediate that V1 is a �-base for the family U1 D fU 2 U W U \O ¤ ;g.

It is evident that ord.UnU1/ � k; if the family UnU1 is empty then we can let
Vi D V1 for any i 2 f2; : : : ; k C 1g. If UnU1 ¤ ; then can apply the induction
hypothesis to find disjoint families V2; : : : ;VkC1 of non-empty open subsets of X
such that V2[ : : :[VkC1 is a �-base for UnU1. It is straightforward that the families
V1; : : : ;VkC1 are as required; so our induction procedure shows that for any n 2 N

and any non-empty family U � ��.X/ if ord.U/ � n there are disjoint families
V1; : : : ;Vn � ��.X/ such that V1 [ : : : [ Vn is a �-base for U .

U.292. Suppose that a we are given a space X with the Baire property and U is a
weakly �-point-finite family of non-empty open subsets of X . Prove that there exists
a �-disjoint family V � ��.X/ which is a �-base for U .

Solution. If we have a family W � expX then W.x/ D fW 2 W W x 2 W g and
ord.x;W/ D jW.x/j for any x 2 X . The family W is called point-finite at x 2 X
if ord.x;W/ < !; if A � X then W ŒA
 D fW 2W W W \ A ¤ ;g.

Fix a sequence fUn W n 2 !g which witnesses that U is weakly �-point-finite; the
set Xnm D fx 2 X W ord.Un/ � mg is closed in X for any n;m 2 !. Given U 2 U
let NU D fn 2 ! W U 2 Ung. It turns out that

(1)
SfXnm W n 2 NU ; m 2 !g D X ,

because, for any x 2 X there is n 2 ! such that U 2 Un (i.e., n 2 NU ) and Un is
point-finite at x. Let Unm D Int.Xnm/; it follows from Problem 291 that there exists
a �-disjoint family Vnm � ��.X/ (which might be empty) such that Vnm is a �-base
for UnŒUnm
 for any n;m 2 !. We claim that V D SfVnm W n;m 2 !g is a �-base
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for U . Indeed, take any U 2 U . It follows from (1) and the Baire property of X thatSfUnm W n 2 NU ; m 2 !g is dense in X ; so there is n 2 NU and m 2 ! such
that U \ Unm ¤ ;. Thus U 2 UnŒUnm
 and therefore there is V 2 Vnm for which
V � U . Therefore V is a �-disjoint �-base for the family U .

U.293. Prove that every Gul’ko compact space has a dense metrizable subspace.

Solution. If X is a set and W � expX then W.x/ D fW 2 W W x 2 W g and
ord.x;W/ D jW.x/j for any x 2 X . The family W is called point-finite at x 2 X
if ord.x;W/ < !; if A � X then WjA D fW \ A W W 2Wg.
Fact 1. For an arbitrary space Z,

(a) a countable union of weakly �-point-finite families of subsets of Z is a weakly
�-point-finite family;

(b) if U � expZ is weakly �-point-finite and VU � expU is disjoint for any
U 2 U then the family V DSfVU W U 2 Ug is weakly �-point-finite.

Proof. Suppose that, for any n 2 !, a family Wn � expZ is weakly �-point-finite
and fix a sequence fWnm W m 2 !g of subfamilies of Wn which witnesses this.
To see that W D SfWn W n 2 !g is weakly �-point-finite take any x 2 Z and
W 2W . There is n 2 ! with W 2Wn; so there exists m 2 ! such that W 2Wnm

and the family Wnm is point-finite at x. This shows that the countable collection
fWnm W n;m 2 !g witnesses that W is weakly �-point-finite; so (a) is proved.

As to (b), fix a sequence fUn W n 2 !g which witnesses that the family U is
weakly �-point-finite and let Gn D SfVU W U 2 Ung for any n 2 !. If x 2 Z and
V 2 V then there is U 2 U such that V 2 VU . Take n 2 ! such that the family
Un is point-finite at x and U 2 Un. Then V 2 Gn and it is easy to check that Gn
is point-finite at x. Thus the sequence fGn W n 2 !g � expV witnesses that V is
weakly �-point-finite. This settles (b); so Fact 1 is proved.

Returning to our solution let us establish that

(1) given a set A and a sequence s D fAn W n 2 !g � expA such that A D S
s,

any compact subset of ˙s.A/ has a �-disjoint �-base.

To prove (1) fix an arbitrary set A with a sequence s D fAn W n 2 !g � expA
such thatA D S

s. GivenB;C � A with B � C let �CB W RC ! R
B be the natural

projection of RC onto its face R
B . For any B � A, the family sB D fAn \ B W

n 2 !g defines the set ˙sB .B/ and it is straightforward that �AB .˙s.A// � ˙sB .B/.
Let us call the set ˙sB .B/ the B-face of ˙s.A/. A set U � R

B is called a standard
open subset of RB if U D QfUb W b 2 Bg where Ub 2 �.R/ for any b 2 B and the
set supp.U / D fb 2 B W Ub ¤ Rg is finite. It is evident that standard open sets of
R
B constitute a base of RB for any B � A.
Given any B � A and Y � ˙sB .B/ denote by �Y the minimal cardinal � such

that Y can be embedded in a C -face of ˙s.A/ for some C � A with jC j D �; we
will call �Y the embedding index of Y . Call a compact space Y � ˙sB .B/ solid if
�U D �Y for any U 2 ��.Y /. Let us show first that
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(2) if, for any B � A, every solid compact Y � ˙sB .B/ has a �-disjoint �-
base then, for any B � A, every compact subspace of ˙sB .B/ has a �-disjoint
�-base.

To prove (2) assume that, for any B � A, every solid compact subspace of
˙sB .B/ has a �-disjoint �-base and take an arbitrary compact Y � ˙sB .B/ for
some B � A.

The family G D fG 2 ��.Y / W G is solidg is a �-base in Y . Indeed, for any
U 2 ��.Y / we can choose a set G 2 ��.U / such that the embedding index of G
is minimal; then �G D �V for any V 2 ��.G/, i.e., G is solid. Thus G 2 G and
G � U .

Take a maximal disjoint family U � ��.Y / of non-empty solid open sets. Since
the non-empty solid open sets form a �-base in Y , the set

S
U is dense in Y . By

our assumption about solid sets we can take a �-disjoint �-base GU in the space U
for any U 2 U . It is an easy exercise that

SfGU jU W U 2 Ug is a �-disjoint �-base
in Y ; so (2) is proved.

We will establish next that, for any E � A, every compact solid subspace Y �
˙sE .E/ has a �-disjoint �-base. If �Y � ! then the space Y has a countable base;
so there is nothing to prove. Assume, towards a contradiction, that some compact
solid space Y � ˙sB .B/ does not have a �-disjoint �-base and let � be the minimal
cardinal for which there exists B � A and a solid compact subspace X � ˙sB .B/

such that �X D � andX has no �-disjoint �-base. Then � > ! and we can consider
that jBj D �. Fix a faithful enumeration fb˛ W ˛ < �g of the set B and consider the
set C˛ D fbˇ W ˇ � ˛g for any ˛ < �.

The set O˛ D fx 2 X W x.b˛/ ¤ 0g is open in X (possibly empty) and the set
H˛ D �BC˛ .O˛/ is compact for any ˛ < �. It is clear that �H˛ � j˛j � ! < �; so we
can find a �-disjoint �-base U˛ in the spaceH˛ (ifH˛ D ; then U˛ D ;). The map
p˛ D �BC˛ jO˛ W O˛ ! H˛ is continuous, so p�1

˛ .U /\O˛ 2 ��.X/ for any ˛ < �
and U 2 U˛; fix a sequence fU˛;n W n 2 !g of disjoint subfamilies of U˛ such that
U˛ D SfU˛;n W n 2 !g.

Let V˛ D fp�1
˛ .U / \ O˛ W U 2 U˛g for any ˛ < �; then V D SfV˛ W ˛ < �g

is a �-base in X . To see it take any O 2 ��.X/. There is a standard set U in the
space R

B such that ; ¤ V D U \ X � O . The space X being solid there is
˛ < � such that supp.U / � Sfbˇ W ˇ < ˛g and O˛ \ V ¤ ;. It follows from
Fact 1 of S.298 that W D p˛.O˛ \ V / is a non-empty open subset of H˛ such that
p�1
˛ .W / D O˛ \ V . The family U˛ being a �-base in H˛ , there is G 2 U˛ with
G � W . Then G0 D p�1

˛ .G/ \ O˛ 2 V and G0 � V ; so V is, indeed, a �-base in
X . It turns out that

(3) the family O D fO˛ W ˛ < �g is weakly �-point-finite in X .

Consider the family On D fO˛ W b˛ 2 An \ Bg for any n 2 !. Given any
x 2 X and ˛ < �, it follows from x 2 ˙sB .A/ that there is n 2 ! such that
b˛ 2 An\B and supp.x/\An\B is finite. It is immediate thatO˛ 2 On and only
finitely many elements of On can contain the point x; this proves that the sequence
fOn W n 2 !g � expO witnesses that O is weakly �-point-finite, i.e., (3) is proved.
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Our next step is to show that the family V is also weakly �-point-finite. The
family V˛;n D fp�1

˛ .U / \ O˛ W U 2 U˛;ng is disjoint for any ˛ < � and n 2 !.
Therefore the family Gn D SfV˛;n W ˛ < �g is weakly �-point-finite for any n 2 !
(see Fact 1). Since V D SfGn W n 2 !g, we can apply Fact 1 again to see that V is
weakly �-point-finite.

Thus V is a weakly �-point-finite �-base in X . Now apply Problem 292 to
conclude that there is a �-disjoint family B � ��.X/ which is a �-base for V .
An immediate consequence is that B is a �-disjoint �-base in X . This contradiction
with the choice of X shows that, for any B � A, every solid compact subset of
˙sB .B/ has a �-disjoint �-base. Now we can apply (2) to see that for any B � A,
every compact subset of ˙sB .B/ has a �-disjoint �-base; so (1) is proved.

Finally, take a Gul’ko compact space X . By Problem 290, there is a set A and a
sequence s D fAn W n 2 !g of subsets of A such that

S
s D A and X embeds in

˙s.A/. By (1), the spaceX has a �-disjoint �-base; so it follows from Problems 285
and 138 that X has a dense metrizable subspace.

U.294. Let X be a Gul’ko compact space. Prove that w.X/ D d.X/ D c.X/. In
particular, each Gul’ko compact space with the Souslin property is metrizable.

Solution. The inequalities c.X/ � d.X/ � w.X/ are evident. Now, assume that
� is a cardinal and c.X/ � �; take a dense metrizable M � X (this is possible by
Problem 293) and observe that c.M/ � c.X/ � �, so d.M/ D c.M/ � � (see
TFS-214) and therefore d.X/ � �. Finally, apply Problem 285 and Problem 121 to
see that w.X/ D d.X/ � �. This proves that w.X/ � c.X/ and hence c.X/ D
d.X/ D w.X/.

U.295. Let X be a pseudocompact space with the Souslin property. Prove that any
Lindelöf˙-subspace of Cp.X/ has a countable network.

Solution. Take a Lindelöf˙-subspace Y � Cp.X/ and let � W Cp.ˇX/! Cp.X/

be the restriction map. Then � is a condensation and the space Z D ��1.Y / is
Lindelöf ˙ (see Problem 232). For any x 2 ˇX and f 2 Z let ex.f / D f .x/;
then ex 2 Cp.Z/ and the map e W ˇX ! Cp.Z/ defined by e.x/ D ex for any
x 2 ˇX is continuous by TFS-166. The space K D e.ˇX/ is Gul’ko compact (see
Problem 220) and c.K/ � c.ˇX/ D c.X/ D !. Thus w.K/ D ! by Problem 294;
the space Z embeds in Cp.K/ by TFS-166, so nw.Z/ � nw.Cp.K// D nw.K/ �
w.K/ D ! which implies that Z has a countable network. This shows that Y D
�.Z/ also has a countable network being a continuous image of Z.

U.296. Let X be a Lindelöf ˙-space. Suppose that Y is a pseudocompact subspace
of Cp.X/. Prove that Y is compact and metrizable if and only if c.Y / D !.

Solution. If Y is compact and metrizable then c.Y / � w.Y / D ! (see TFS-212);
so necessity is clear. Now, assume that c.Y / D !. For any x 2 X and f 2 Y
let ex.f / D f .x/; then ex 2 Cp.Y / and the map e W X ! Cp.Y / defined by
e.x/ D ex for any x 2 X is continuous by TFS-166. The spaceZ D e.X/ � Cp.Y /
is Lindelöf ˙ so nw.Z/ D ! by Problem 295. Furthermore, Y embeds in Cp.Z/
by TFS-166; so nw.Y / � nw.Cp.Z// D nw.Z/ D !.
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As a consequence, iw.Y / � nw.Y / D ! (see TFS-156) and hence w.Y / D !

by TFS-140. Thus Y is metrizable and hence compact by TFS-212. This settles
sufficiency and makes our solution complete.

U.297. Prove that every Gul’ko compact space is hereditarily d -separable.

Solution. Let K be a Gul’ko compact space. Given any Y � K the set F D Y is
also Gul’ko compact by Problem 282. ThereforeF has a dense metrizable subspace
by Problem 293 which, together with Problems 285 and 138, implies that the space
F has a �-disjoint �-base B. It is evident that the family C D fB \ Y W B 2 Bg is a
�-disjoint �-base in Y .

If we pick a point yC 2 C for any C 2 C then the set D D fyC W C 2 Cg
is dense in Y . We have C D SfCn W n 2 !g where Cn is disjoint for any n 2 !.
It is straightforward that the subspace Dn D fyC W C 2 Cng is discrete for each
n 2 !; so D D S

n2! Dn is a dense �-discrete subspace of Y which shows that Y
is d -separable.

U.298. Let X be a compact space. Prove that Cp.X/ is a K-analytic space if and
only if X has a T0-separating family U of open F� -subsets of X and subfamilies
fUs W s 2 !<!g of the family U with the following properties:

(a) U; D U and Us D SfUs_k W k 2 !g for any s 2 !<!;
(b) for every x 2 X and every f 2 !! , there exists m 2 ! such that the family

Uf jn is point-finite at x for all n � m.

Solution. Given a space Z let uZ 2 Cp.Z/ be the function which is identically
zero on Z; say that a set A � Z is concentrated around a point z 2 Z if AnU is
countable for any U 2 �.z; Z/. The space P of the irrationals is identified with !! ;
given p; q 2 P, the expression p � q says that p.n/ � q.n/ for any n 2 !. For
s 2 !<! and p 2 !! we write s � p if pjdom.s/ D s.

A family U � expZ is said to be P-point-finite if there is exists a collection
fUs W s 2 !<!g of subfamilies of U such that U; D U ; Us D SfUs_k W k 2 !g
for any s 2 !<! and, for any x 2 Z and f 2 !! there is m 2 ! such that Uf jm is
point-finite at x (observe that in this case Uf jn is automatically point-finite at x for
any n � m).

Fact 1. IfK is Corson compact then there is a set A � Cp.K/ such thatA[fuKg is
closed in Cp.K/, all points of A are isolated in A[fuKg and A separates the points
of K .

Proof. There exists a point-countable T0-separating family U of non-empty cozero
subsets of K (see Problem 118). For any U 2 U take a function fU 2 Cp.K; Œ0; 1
/
such that KnU D f �1.0/. The family U being point-countable the set H D ffU W
U 2 Ug is concentrated around the point uK .

Apply Problem 286 to convince ourselves that there exists a linear condensation
' W Cp.K/ ! ˙.B/ for some set B . It is evident that the set E D '.H/ is
concentrated around w D '.uK/; so there is a sequence fEn W n 2 !g � expE
such that Enfwg D SfEn W n 2 !g while, for every n 2 !, the set En [ fwg
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is compact and all points of En are isolated in En [ fwg (see Fact 1 of U.289). If
Hn D '�1.En/ thenHn[fuKg D '�1.En[fwg/ is closed in Cp.K/ and all points
of Hn are isolated in Hn [ fuKg for any n 2 !.

Let A0 D H0 and An D 1
n
�Hn D f 1n � f W f 2 Hng for any n 2 N. Since the

multiplication by 1
n

is a homeomorphism of Cp.K/ onto itself, the set An [ fuKg is
closed in Cp.K/ for any n 2 !; let A D SfAn W n 2 !g.

Take a function f 2 Cp.K/n.A [ fuKg/. Then f .x/ ¤ 0 for some x 2 K; so
there is m 2 N such that jf .x/j > 1

m
. The set W D fg 2 Cp.K/ W jg.x/j > 1

m
g

is open in Cp.K/ and An \ W D ; for any n � m. Since An [ fuKg is closed in
Cp.K/ for any n < m, the set W 0 D W n.SfAn [ fuKg W n < mg/ is an open
neighbourhood of f which does not meet A[ fuKg. This proves that

(1) the set A [ fuKg is closed in Cp.K/.

It is evident that the set H separates the points of K; since all functions of A
were obtained from the elements ofH by multiplication by a non-zero constant, we
conclude that

(2) the set A separates the points of K .

Now, if f 2 A then f 2 Ak for some k 2 ! and f ¤ uK ; so there is x 2 K
for which f .x/ > 0 and hence there is m 2 ! such that f .x/ > 1

m
. The set

W D fg 2 Cp.K/ W jg.x/j > 1
m
g is open inCp.K/ andAn\W D ; for any n � m.

Furthermore, the set An[fuKg is closed in the space Cp.K/ for any number n 2 !;
so the set W 0 D W n.SfAn [ fuKg W n < m; n ¤ kg/ is an open neighbourhood
of f in Cp.K/ such that W 0 \A � Ak . Since f is an isolated point of Ak [ fuKg,
there is U 2 �.f; Cp.K// such that U \ .Ak [ fuKg/ D ff g. It is immediate that
U 0 D U \W 0 is an open neighbourhood of f in Cp.K/ andU \.A[fuKg/ D ff g,
i.e., f is isolated in A[ fuKg. This, together with the properties (1) and (2), shows
that Fact 1 is proved.

Fact 2. If Z is a space and Un � expZ is P-point-finite for any n 2 ! then U DSfUn W n 2 !g is also P-point-finite.

Proof. For any s 2 !<!nf;g let Œs
 2 !<! be the finite sequence obtained from s

by “cutting off” its first element, i.e., dom.Œs
/ D dom.s/�1 and Œs
.m/ D s.mC1/
for any m 2 dom.Œs
/. Analogously, if f 2 !! then g D Œf 
 2 !! is defined by
g.n/ D f .nC 1/ for any n 2 !.

Fix a collection fUns W s 2 !<!g of subfamilies of Un which witnesses that Un is
P-point-finite for any n 2 !. Let U; D U and Us D U s.0/Œs
 for any s 2 !<!nf;g.
Observe first that, for any s 2 !1, we have Œs
 D ; and therefore U;_k D Uk; D U
for any k 2 ! so U D U; D SfU;_k W k 2 !g.

Now, if we are given an element s 2 !<!nf;g then, for t D Œs
 and n D s.0/,
we have Unt D

SfUnt_k W k 2 !g which is the same as saying that Us D SfUs_k W
k 2 !g.

Now if x 2 Z and f 2 !! then, for k D f .0/ and g D Œf 
, there is m 2 !
such that Uk

gjn is point-finite at x for all n � m and this is equivalent to saying that
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Uf jn is point-finite at x for all n � mC1. This verifies all required properties of the
family U ; so U is P-point-finite and Fact 2 is proved.

Fact 3. If Z is a space and a family U � expZ is P-point-finite then U is weakly
�-point-finite and hence point-countable.

Proof. Take a collection C D fUs W s 2 !<!g which witnesses that the family U is
P-point-finite. Let us check that C also witnesses that U is weakly �-point-finite. Fix
a point x 2 Z and U 2 U ; it follows from the definition of a P-point-finite family
that there is f 2 !! such that U 2 Uf jn for any n 2 !. Besides, there existsm 2 !
for which Uf jm is point-finite at x, i.e., for s D f jm we have U 2 Us and Us is
point-finite at x. This shows that

SfUs W U 2 Us and Us is point-finite at xg D U ;
so U is, indeed, weakly �-point-finite. Finally, apply Fact 2 of U.290 to conclude
that U is point-countable. Fact 3 is proved.

Returning to our solution suppose that U is a P-point-finite T0-separating family
of cozero subsets of X and fix fU 2 Cp.X; Œ0; 1
/ such that XnU D f �1

U .0/ for
any U 2 U . Let a collection fUs W s 2 !<!g witness that U is P-point-finite. The
set A D ffU W U 2 Ug separates the points of X . For any f 2 A and x 2 X let
ex.f / D f .x/. Then ex 2 R

A and the map e W X ! R
A defined by e.x/ D ex

for any x 2 X is continuous and injective by TFS-166; so e embeds X in R
A; let

Y D e.X/.
The family U is point-countable by Fact 3; an immediate consequence is that

Y � ˙.A/. Let As D ffU W U 2 Usg for any s 2 !<! . It is evident that A; D A

and As D SfAs_k W k 2 !g for any s 2 !<! . Now if y 2 Y then y D ex for some
x 2 X ; for any f 2 !! there exists m 2 ! such that the family Uf jn is point-finite
at x for any n � m. This implies that supp.y/ \ Af jn is finite for any n � m.
Therefore the set Y � ˙.A/ satisfies the premises of Fact 4 of U.222 which implies
that Cp.Y / is K-analytic. Since X ' Y , the space Cp.X/ is also K-analytic and
hence we proved sufficiency.

To establish necessity assume that Cp.X/ is a K-analytic space and let u D uX .
The space X is Corson compact by Problem 285 and hence there is a set A �
Cp.X/nfug such that the set Y D A [ fug is closed in Cp.X/, all points of A are
isolated in A [ fug and A separates the points of X (see Fact 1). If A is countable
then w.X/ D !; so it follows from Fact 2 that any countable base ofX is a P-point-
finite, T0-separating family of cozero open subsets of X which proves necessity in
this case. Therefore we can only consider the case when A is uncountable.

The space Y is K-analytic; so there is a compact cover fKp W p 2 Pg of the
space Y such that p � q implies Kp � Kq (see SFFS-391). For any s 2 !<! let
Hs D SfKp W s � pg. Then H; D Y and Hs D SfHs_k W k 2 !g for any
s 2 !<! .

For any q 2 Q with q > 0 let Oq D .q;C1/; if q 2 Q and q < 0 then let
Oq D .�1; q/. We claim that

(3) the family Uq D ff �1.Oq/ W f 2 Ag is P-point-finite for any q 2 Qnf0g.
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To prove (3) let Uqs D ff �1.Oq/ W f 2 A\Hsg for any s 2 !<! . It is immediate
that Uq; D Uq and Uqs D SfUqs_k W k 2 !g for any s 2 !<! . Given a point x 2 X
and p 2 !! the set F D TfHpjn W n 2 !g is countably compact by Fact 1 of S.391;
since Y has a unique non-isolated point, the set F is compact.

The family H D fHpjn W n 2 !g is a network at F in the sense that, for any
U 2 �.F; Y / there is n 2 ! such that Hpjn � U . Indeed, if it were not so then
there is U 2 �.F; Y / such that we can choose a point fn 2 HpjnnU for any n 2 !.
The sequence S D ffn W n 2 !g has an accumulation point f 2 F (this was
also proved in Fact 1 of S.391); however, S � Y nU while f 2 U which is a
contradiction.

If the set P D ff 2 F nfug W x 2 f �1.Oq/g is infinite then P must have an
accumulation point in F and this accumulation point has to be u. However, the set
W D ff 2 Y W jf .x/j < jqjg is an open neighbourhood of u in Y while jf .x/j >
jqj for any f 2 P . ThusW \ P D ;; this contradiction shows that P is finite.

The closure of the set G D ff 2 Y W f .x/ 2 Oqg in Y does not contain u
becauseW \G D ;. ThereforeG is clopen in Y which shows that Y n.GnP/ is an
open neighbourhood of F in Y . By our observation about H there is m 2 ! such
that Hpjm � Y n.GnP/. Since G \Hpjm D ff 2 Hpjm W x 2 f �1.Oq/g � P is
finite, the family Uq

pjm is point-finite at x. If n � m then Uq
pjn � Uq

pjm; so Uq
pjn is

point-finite at x for any n � m. Therefore the family Uq is P-point-finite for any
q 2 Qnf0g, i.e., (3) is proved.

By Fact 2, the family U D SfUq W q 2 Qnf0gg is P-point-finite as well. All
elements of U are cozero sets in X by Fact 1 of T.252. Besides, U is T0-separating;
indeed, if x and y are distinct points of X then there is f 2 Y with f .x/ ¤ f .y/.
We can assume, without loss of generality, that f .x/ < f .y/. There is q 2 Qnf0g
such that f .x/ < q < f .y/. It is immediate thatU D f �1.Oq/ 2 U and U \fx; yg
is a singleton. This shows that the family U has all required properties, i.e., we
settled necessity and hence our solution is complete.

U.299. Let X be a compact space. Prove that Cp.X/ is a K-analytic space if and
only if X can be embedded into some ˙.A/ in such a way that, for some family
fAs W s 2 !<!g of subsets of A, the following conditions are fulfilled:

(a) A; D A and As D SfAs_k W k 2 !g for any s 2 !<!;
(b) for any point x 2 X and any f 2 !! , there exists m 2 ! such that the set

Af jn \ supp.x/ is finite for all n � m.

Solution. A family U of subsets of Z is P-point-finite if there is exists a collection
fUs W s 2 !<!g of subfamilies of U such that U; D U ; Us D SfUs_k W k 2 !g
for any s 2 !<! and, for any x 2 Z and f 2 !! there is m 2 ! such that Uf jm is
point-finite at x (observe that in this case Uf jn is automatically point-finite at x for
any n � m).

Observe that sufficiency was established in Fact 4 of U.222. Now, if Cp.X/ is a
K-analytic space then there exists a P-point-finite T0-separating family U of cozero
subsets of X (see Problem 298). Fix fU 2 Cp.X; Œ0; 1
/ such that XnU D f �1

U .0/

for any U 2 U . Let a collection fUs W s 2 !<!g witness that U is P-point-finite.
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The set A D ffU W U 2 Ug separates the points of X . For any f 2 A and x 2 X
let ex.f / D f .x/. Then ex 2 R

A and the map e W X ! R
A defined by e.x/ D ex

for any x 2 X is continuous and injective by TFS-166; so e embeds X in R
A; let

Y D e.X/.
The family U is point-countable by Fact 3 of U.298; an immediate consequence

is that Y � ˙.A/. Let As D ffU W U 2 Usg for any s 2 !<! . It is evident that
A; D A and As D SfAs_k W k 2 !g for any s 2 !<! . Now if y 2 Y then y D ex
for some x 2 X ; for any f 2 !! there exists m 2 ! such that the family Uf jn is
point-finite at x for any n � m. This implies that supp.y/ \ Af jn is finite for any
n � m. Therefore the set Y � ˙.A/ and the family fAs W s 2 !<!g show that there
is an embedding of X in ˙.A/ with all required properties. This proves necessity
and finishes our solution.

U.300. (Talagrand’s example) Show that there exists a Gul’ko compact space X
such that Cp.X/ is notK-analytic. In other words, not every Gul’ko compact space
is Talagrand compact.

Solution. As usual, we identify any ordinal with the set of its predecessors; in
particular, 0 D ; and n D f0; : : : ; n� 1g for any n 2 N. Given s; t 2 !<! such that
n D dom.s/ andm D dom.t/ we define u D s_t 2 !<! with dom.u/ D nCm by
concatenating s and t , i.e., we let ujn D s and u.nC i/ D t.i/ for any i 2 dom.t/.
If s 2 !<!; dom.s/ D k and n 2 ! then t D s_n 2 !<! is defined by letting
dom.t/ D k C 1; t jk D s and t.k/ D n. For any functions s and t the expression
t � s stands for dom.t/ � dom.s/ and sjdom.t/ D t . The space P of the irrationals
is identified with !! .

Let ˝ D fs 2 !<! W i; j 2 dom.s/ and i < j imply s.i/ < s.j /g. In other
words, ˝ consists of strictly increasing elements of !<! . For any n 2 ! consider
the set ˝n D fs 2 ˝ W s.i/ � n for any i 2 dom.s/g. It is clear that every ˝n is a
finite set with ˝n � ˝nC1 and

Sf˝n W n 2 !g D ˝ .
A setA � ˝ is a tree if s 2 A implies t 2 A for any t 2 ˝ with t � s. IfA � ˝

is a tree then a set B � A is called a branch of A if, for any s; t 2 B either s � t or
t � s. Let E D fA � ˝ W A is a tree without infinite branchesg. Observe first that

(1) the set M D fx 2 D
˝ W x�1.1/ is a treeg � D

˝ is closed in D
˝ and hence

compact.

Indeed, if x 2 D
˝nM then there are s; t 2 ˝ such that s 2 x�1.1/; t � s

and t … x�1.1/. The set U D fy 2 D
˝ W y.s/ D 1 and y.t/ D 0g is an open

neighbourhood of x in D
˝ and U \M D ;. Thus D˝nM is open in D

˝ , i.e., M is
closed; so (1) is proved.

The set we are after is T D fx 2 M W x�1.1/ ¤ ; and x�1.1/ 2 Eg. For
any x 2 M and n 2 ! let On.x/ D fy 2 M W yj˝n D xj˝ng. It is clear that
On.x/ 2 �.x;M/ for any x 2 M and n 2 !; besides, the family fOn.x/ W n 2 !g
is a local base at x in the space M .

Let A0 D fA � M W there is x 2 M; s 2 x�1.1/ and an increasing sequence
i0; : : : ; in 2 dom.s/ such that A D fx0; : : : ; xng and xk 2 Os.ik/.x/ for any k � ng.
It is clear from the definition that all elements of A0 are finite. We are going to work
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with the family A D fA � T W there is a sequence fAn W n 2 !g � A0 such that
An � AnC1 for any n 2 ! and A �SfAn W n 2 !gg.

Observe first that

(2) fxg 2 A for any x 2 T and hence
S

A D T;
because x 2 Os.0/.x/ for any s 2 x�1.1/. It is immediate from the definition that

(3) if A 2 A and B � A then B 2 A.

Our purpose is to prove that A is an adequate family on T . The following
property of A0 is crucial.

(4) Suppose that B � T and every finite C � B belongs to A0. Then any
accumulation point of B in the space M belongs to MnT .

To prove (4) assume the contrary and fix a point z 2 T and a faithfully indexed
sequence S D fzn W n 2 !g � Bnfzg which converges to z. For every n 2 ! there
is p.n/ 2 ! such that zn 2 Op.n/.z/nOp.n/C1.z/. Passing to a subsequence of S if
necessary we can assume, without loss of generality, that p.n/ < p.nC1/ for every
n 2 !; let l D 2p.0/C 2.

Fix any n 2 !; n � l ; then r.n/ D maxfi 2 ! W p.i/ � n
2
� 1g is well defined

because p.0/ � n
2
�1. Since fz0; : : : ; zng is a finite subset ofB , it belongs to A0 and

therefore there exist y 2 M and sn 2 y�1.1/ such that for some (not necessarily
increasing) sequence i0; : : : ; in 2 dom.sn/ we have zk 2 Osn.ik/.y/ for any k � n.
According to the definition we could have taken an increasing sequence of elements
of dom.sn/ but then we would have to reorder the set fz0; : : : ; zng. However, what is
left after reordering the respective elements of dom.sn/ is their faithful enumeration;
therefore ik ¤ im whenever k ¤ m.

The sequence fp.k/ W k � ng being increasing, we have p.k/ � n
2

for any
k � n

2
. The numbers which belong to the set fsn.ik/ W k � n

2
g are distinct and there

are at least n
2
-many of them which shows that sn.ik/ � n

2
for some k � n

2
. For the

number m D minfp.k/; sn.ik/g � n
2

we have zk 2 Om.z/ and zk 2 Om.y/ which
implies Om.z/ D Om.y/.

For any j � r.n/ we have the inequality p.j / C 1 � n
2
� m; an immediate

consequence is that zj … Op.j /C1.z/ D Op.j /C1.y/. This, together with zj 2
Osn.ij /.y/ implies that sn.ij / � p.j /. If tn D snj.r.n/ C 1/ then tn 2 y�1.1/
(recall that y�1.1/ is a tree). Besides, there is j � n

2
such that tn 2 ˝j ; it follows

fromOm.z/ D Om.y/ that Oj .z/ D Oj .y/ and therefore tn 2 z�1.1/.
We have established that, for any n � l , there exists tn 2 z�1.1/ such that

dom.tn/ D f0; : : : ; r.n/g and tn.j / � p.j / for any j � r.n/. Since every tn.j /
takes finitely many values, there is an increasing sequence fnj W j 2 !g � ! and a
sequence fmk W k 2 !g � ! such that tnj .k/ D mk for any j 2 ! and k � r.nj /.
Since r.nj /! C1, the sequence ftnj W j 2 !g is an infinite branch in z�1.1/; this
contradiction with z 2 T shows that (4) is proved.

Now it is easy to prove that A is an adequate family. To do it take a set A � T
such that, for every finite B � A, we have B 2 A and hence there is a sequence
fAn W n 2 !g � A0 such that An � AnC1 for any n 2 ! and B � S

n2! An.
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There is n 2 ! such that B � An and therefore B 2 A0. Thus every finite subset of
A belongs to A0. If A is uncountable then it follows from w.A/ D ! (we consider
the topology induced in A from M ) that some a 2 A is an accumulation point
of A. This contradiction with (4) shows that A is countable; let fan W n 2 !g be an
enumeration of A.

We saw that Bn D fa0; : : : ; ang 2 A0 for any n 2 ! so it follows from the
definition of A that A D SfBn W n 2 !g 2 A. Thus A is an adequate family on T .
If A � T then 	A 2 D

T is the characteristic function of A on T , i.e., 	A.x/ D 1 for
any x 2 A and 	A.x/ D 0 whenever x 2 T nA.

Take a point � … T and define a topology � on T [f�g by declaring all points of
T isolated while the local base at � is given by the complements of all finite unions
of elements of A. Denote the space .T [ f�g; �/ by T �

A and let X D f	A W A 2
Ag � D

T . Then X is a compact space by Problem 168. Besides, all elements of A
are countable; so X is Corson compact by Problem 169.

Another consequence of (4) is that noA 2 A has an accumulation point in T and
therefore everyA 2 A is closed and discrete in the topology on T induced fromM .
For any x 2 T let '.x/ D f�; xg; then ' W T ! T �

A is a compact-valued map. It is
evident that '.T / D Sf'.x/ W x 2 T g D T �

A. If x 2 T and U 2 �.'.x/; T �
A/ then

� 2 U and henceF D T nU � A1[ : : :[An for someA1; : : : ; An 2 A. Since every
Ai is closed and discrete in T , the set A D SfAi W i � ng is closed and discrete in
T as well so W D T nA is an open neighbourhood of x in T . It is immediate that
'.W / D Sf'.y/ W y 2 W g � U which proves that ' is upper semicontinuous.
Since T is second countable, we conclude that T �

A is a Lindelöf˙-space (see SFFS-
249). Consequently,Cp.X/ is also a Lindelöf˙-space (see Problem 173), i.e., X is
a Gul’ko compact.

For any s; t 2 ˝ let s < t if s � t and s ¤ t . If H � ˝ then an element s 2 H
is called maximal in H if there is no t 2 H with s < t . Let us prove that

(5) if H 2 E then, for any s 2 H there is a maximal element t 2 H with s � t .
Indeed, let s0 D s and assume that n 2 ! and we have a sequence s0; : : : ; sn 2 H

such that s0 < : : : < sn. If sn is a maximal element of H then we are done. If not,
then there is snC1 2 H with sn < snC1. If we have not obtained a maximal element
sn inH for any n 2 ! then fsn W n 2 !g is an infinite branch inH ; this contradiction
proves (5).

For any non-emptyH 2 E let D.H/ D fs 2 H W there is t 2 H with s < tg. In
other words, to obtainD.H/, we throw away all maximal elements of H .

Now we can define the order of any H 2 E . Let A0.H/ D H . If we have
A˛.H/ then A˛C1.H/ D D.A˛.H//; if ˇ is a limit ordinal and we have the family
fA˛.H/ W ˛ < ˇg then Aˇ.H/ D TfA˛.H/ W ˛ < ˇg.

It is easy to see that every A˛.H/ is a tree; it follows from A˛.H/ � H

that A˛.H/ has no infinite branches and therefore (5) implies that A˛C1.H/ ¤
A˛.H/. Since every A˛.H/ is countable, there is a countable ordinal ˛ such that
A˛.H/ D ;. Therefore the ordinal �.H/ D minf˛ < !1 W A˛.H/ D ;g is well
defined. If x 2 T then x�1.1/ 2 E ; so we can define ord.x/ D �.x�1.1//.
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If Z � T then let ord.Z/ D supford.z/ W z 2 Zg. Call a set Z � T unbounded
if ord.Z/ D !1; otherwise Z will be called bounded.

It is evident that

(6) if Zn � T is bounded for any n 2 ! then
SfZn W n 2 !g is bounded.

We claim that

(7) the set T is unbounded.

To prove (7) it suffices to show that, for any ˛ < !1, there is H˛ 2 E such
that �.H˛/ � ˛. If we take any s 2 ˝ then, for the set H0 D fsg we have
�.H0/ D 1 � 0.

Assume that ˛ < !1 is a limit ordinal and, for any ˇ < ˛, we have a setHˇ � ˝
such that �.Hˇ/ � ˇ. Take a surjective map ' W ! ! ˛ and define sn 2 !1 by
sn.0/ D n for any n 2 !. For any n 2 ! and s 2 H'.n/ let ts.i/ D s.i/ C nC 1
for any i 2 dom.s/. Then ws D sn

_ts 2 ˝ for any s 2 H'.n/; let Gn D fws W
s 2 H'.n/g. It is easy to see that the family fGn W n 2 !g is disjoint and �.Gn/ �
�.H'.n// � '.n/ for any n 2 !; let G DSfGn W n 2 !g.

It is straightforward that Aˇ.G/ D SfAˇ.Gn/ W n 2 !g for any ˇ < !1. An
immediate consequence is that �.G/ � supf�.Gn/ W n 2 !g � supfˇ W ˇ < ˛g D ˛.
Therefore we can take H˛ D G.

Now assume that ˛ D ˇ C 1 and we have a set Hˇ such that �.Hˇ/ � ˇ. For
any s 2 Hˇ let s0.n/ D s.n/ C 2 for any n 2 dom.s/. It is clear that, for the set
H 0 D fs0 W s 2 Hˇg we have �.H 0/ � ˇ. Then s0_s0 2 ˝ for any s 2 Hˇ; so
H˛ D fs0g[fs0_s0 W s 2 Hˇg 2 E . Since s0 is the minimal element ofH˛ , we have
s0 2 A
.H˛/ for any 
 � ˇ. Consequently, �.H˛/ � ˇ C 1 D ˛; so our inductive
procedure gives us a set H˛ 2 E such that �.H˛/ � ˛ for any ˛ < !1. If x˛ D 	H˛
then x˛ 2 T and ord.x˛/ � ˛ for any ˛ < !1, i.e., ord.T / D !1 and (7) is proved.

Assume towards a contradiction that T �
A isK-analytic. By SFFS-388, there exists

a compact-valued upper semicontinuous onto map ' W P! T �
A. For any Z � P let

'.Z/ D Sf'.p/ W p 2 Zg. Given any s 2 !<! let As D fp 2 P W s � pg and
Bs D '.As/ \ T . For any n 2 ! define un 2 !1 by un.0/ D n. Given s 2 ˝ and
x 2 T let Y.x; s/ D ft 2 ˝ W s_t 2 x�1.1/g and xŒs
 D 	Y.x;s/.

It follows from P D SfAun W n 2 !g that T D SfBun W n 2 !g; so the
properties (6) and (7) imply that there is n0 2 ! for which Bun0

is unbounded; let
t0 D un0 .

It is easy to see that ord.x/ � supford.xŒun
/C 1 W n 2 ! and un 2 x�1.1/g for
any x 2 T . Therefore there is m0 2 ! such that the set Z0 D fxŒum0
 W x 2 Bt0 and
um0 2 x�1.1/g is unbounded; let s0 D um0 .

The set fzj˝m0 W z 2 Z0g being finite, we can apply the property (6) again to see
that there exists x0 2 T such that the set Z1 D fxŒs0
 W x 2 Om0.x0/ \ Bt0 and
s0 2 x�1.1/g is unbounded. We have s0 2 ˝m0 ; if s0 … x�1

0 .1/ then s0 … x�1.1/
for any point x 2 Om0.x0/. The set Z1 being unbounded, there exists x 2 Om0.x0/
such that xŒs0
 2 T ; however Y.x; s0/ D ; and hence xŒs0
 … T ; this contradiction
shows that s0 2 x�1

0 .1/.
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Assume that k 2 ! and we have constructed

n0; : : : ; nk;m0; : : : ; mk 2 !; t0; : : : ; tk 2 !<!; s0; : : : ; sk 2 ˝ and x0; : : : ; xk 2 T

with the following properties:

(8) mi < miC1 for any i < k;
(9) t0 D un0 and tiC1 D ti_niC1 for any i < k;

(10) s0 D um0 and siC1 D si_miC1 for any i < k;
(11) si 2 x�1

i .1/ for all i � k;
(12) fxŒsi 
 W x 2 Omi .xi /\ Bti and si 2 x�1.1/g is unbounded for any i � k;
(13) Omi .xi / D Omi .xk/ for any i � k.

We have Btk D
SfBtk_n W n 2 !g; so it follows from (6) that there exists

nkC1 2 ! such that, for tkC1 D tk_nkC1, the set fxŒsk
 W x 2 Omk.xk/ \ BtkC1
and

sk 2 x�1.1/g is unbounded.
For any n > nk the point wn D sk

_n belongs to ˝; it is easy to see that
ord.xŒsk 
/ � supford.xŒwn
/ C 1 W n 2 ! and wn 2 x�1.1/g for any x 2 T

with sk 2 x�1.1/. As a consequence, there is mkC1 2 !; mkC1 > mk such that, for
the element skC1 D sk

_mkC1 2 ˝ , the set Zk D fxŒskC1
 W x 2 Omk.xk/ \ BtkC1

and skC1 2 x�1.1/g is unbounded.
Since the set fzj˝mkC1

W z 2 Zkg is finite, we can apply the property (6)
once more to see that there is xkC1 2 T such that OmkC1

.xkC1/ � Omk.xk/ and
the set ZkC1 D fxŒskC1
 W x 2 OmkC1

.xkC1/ \ BtkC1
and skC1 2 x�1.1/g is

unbounded. We have skC1 2 ˝mkC1
; if skC1 … x�1

kC1.1/ then skC1 … x�1.1/ for any
x 2 OmkC1

.xkC1/. The set ZkC1 being unbounded, there exists x 2 OmkC1
.xkC1/

such that xŒskC1
 2 T ; however Y.x; skC1/ D ; and hence xŒskC1
 … T ; this
contradiction shows that skC1 2 x�1

kC1.1/.
Now it is clear that the properties (8)–(10) still hold for all i � k and (11)–(13)

are fulfilled for all i � k C 1. Thus our inductive procedure makes it possible to
construct sequences fni W i 2 !g � !, fmi W i 2 !g � !, fti W i 2 !g � !<! as
well as sequences fsi W i 2 !g � ˝ and fxi W i 2 !g � T for which the conditions
(8)–(13) are satisfied for all i < !.

It follows from (13) that there exists y 2 M such that Omn.y/ D Omn.xn/ and
hence sn 2 y�1.1/ for any n 2 !.

For any n 2 ! choose a point yn 2 Btn\Omn.y/; then fy1; : : : ; ykg 2 A0 for any
k 2 !; so B D fyi W i 2 !g 2 A. Therefore the set B is closed and discrete in T �

A.
The setB is contained in T while y 2MnT because an infinite branch fsn W n 2 !g
is a subset of y�1.1/. This implies that B is an infinite set. Let p.k/ D nk for any
k 2 !; then p 2 P. Since '.p/ is compact, the set '.p/ \ B is finite; so the set
C D Bn'.p/ is infinite.

The set C is closed and disjoint from '.p/. The family fAtk W k 2 !g is a local
base at p in P; the map ' being upper semicontinuous, there is k 2 ! such that
Btk \ C D ;. Observe that yn 2 Btn � Btk for all n � k which shows that BnBtk
is finite which is a contradiction with C � BnBtk .
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This contradiction shows that the space T �
A is not K-analytic and therefore the

space Cp.X/ is notK-analytic either (see Problem 172). ThusX is a compact space
such that Cp.X/ is Lindelöf˙ (i.e., X is Gul’ko compact) but notK-analytic.

U.301. Prove that the following conditions are equivalent for any space X :

(i) X is functionally perfect;
(ii) X condenses onto a subspace of Cp.Y / for some compact Y ;

(iii) X condenses onto a subspace of Cp.Y / for some �-compact Y ;
(iv) there exists a �-compactH � Cp.X/ which separates the points of X ;
(v) the space Cp.X/ is k-separable.

Solution. Suppose that X is functionally perfect and fix a compact set Y � Cp.X/
which separates the points of X . For any x 2 X let ex.f / D f .x/ for any f 2 Y .
Then ex 2 Cp.Y / and the map e W X ! Cp.Y / defined by e.x/ D ex for any
x 2 X , is continuous (see TFS-166); let Z D e.X/. The map e W X ! Z is a
condensation (this was also proved in TFS-166); so X condenses onto the subspace
Z of the space Cp.Y /. This proves (i)H)(ii).

The implication (ii)H)(iii) being trivial assume that there is a �-compact space
Y for which there exists a condensation ' W X ! Z for some Z � Cp.Y /. For
any y 2 Y let qy.f / D f .y/ for any f 2 Z. Then qy 2 Cp.Z/ and the map
q W Y ! Cp.Z/ defined by q.y/ D qy for any y 2 Y , is continuous. This shows
that the space Y 0 D q.Y / is �-compact and separates the points ofZ (see TFS-166).

Given f 2 Cp.Z/ let '�.f / D f ı '. Then the map '� W Cp.Z/ ! Cp.X/

is continuous by TFS-163; so the space H D '�.Y 0/ � Cp.X/ is �-compact. If x
and y are distinct points of X then '.x/ ¤ '.y/; since Y 0 separates the points
of Z, there is f 2 Y 0 with f .'.x// ¤ f .'.y// or, in other words, '�.f /.x/ ¤
'�.f /.y/. Thus '�.f / is a function from H which separates x and y. This proves
that H is a �-compact subspace of Cp.X/ which separates the points of X , i.e., we
settled (iii)H)(iv).

Now assume that there exists a �-compact H � Cp.X/ which separates the
points of X and consider the minimal subalgebra Y of Cp.X/ which contains H ;
the �-compactness P being a k-directed property we can apply Problem 006 to see
that Y belongs to the class P� D P , i.e., Y is also �-compact. The set Y � H

separates the points of X because so does H ; therefore TFS-192 is applicable to
conclude that Y is dense in Cp.X/. This shows thatCp.X/ is k-separable and hence
(iv)H)(v) is proved.

Finally suppose that the space Cp.X/ has a dense �-compact subspace; since
Cp.X; .�1; 1// ' Cp.X/, we can fix a set Y � Cp.X; .�1; 1// such that Y is
dense in Cp.X; .�1; 1// and Y DS

n2! Yn where every Yn is compact. It is evident
that Y separates the points of X .

For any n 2 ! the set Kn D f 1
nC1f W f 2 Yng is compact because the

multiplication by 1
nC1 maps Yn continuously onto Kn (see TFS-116). It is an easy

exercise that
S
n2! Kn still separates the points of X . Let u be the function which is

identically zero on X and consider the set K D fug [ .SfKn W n 2 !g/.
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Fix any U 2 �.u; Cp.X//; there is " > 0 and a finite set F � X such that
V D ff 2 Cp.X/ W jf .x/j < " for any x 2 F g � U . Choose m 2 ! such that
1

mC1 < "; then jf .x/j < 1
nC1 � 1

mC1 < " for any f 2 Kn; x 2 X and n � m

which implies thatKn � V � U for all n � m and thereforeKnU � K0[: : :[Km

is a compact set.
We have shown that KnU is compact for any open U 3 u; an evident

consequence is that K is a compact subspace of Cp.X/ which separates the points
ofX , i.e.,X is functionally perfect. This settles the implication (v)H)(i) and makes
our solution complete.

U.302. Show that neither˙.A/ nor RA is functionally perfect whenever the set A is
uncountable.

Solution. Let � D jAj and observe that I� � R
� while R

� ' .�1; 1/� � I
� . As a

consequence, nw.I�/ � nw.R�/ � nw.I� / which shows that we have the equalities
nw.R�/ D nw.I� / D w.I�/ D � (see Fact 3 of S.368 and Fact 4 of S.307).

Assume that a compact K � Cp.R
�/ separates the points of R

� . Then K is
metrizable by TFS-307 and the evaluation map e W R� ! Cp.K/ is injective (see
TFS-166); let H D e.R�/. We have iw.H/ � nw.H/ � nw.Cp.K// D nw.K/ D
! (see TFS-156). Since R

� condenses onto H , we have the inequality iw.R�/ �
iw.H/ � !. The space R

� being stable by SFFS-268, we must have nw.R�/ D !;
this contradiction shows that R� is not functionally perfect because nw.R�/ D � D
jAj is uncountable. Since RA ' R

� , the space RA is not functionally perfect either.
Next observe that ˙.A/ ' Cp.L.�// by Problem 106; it is easy to see that L.�/

is a P -space; so every countable A � L.�/ is closed and C -embedded in L.�/ (see
Fact 1 of S.479). This implies that the space Cp.L.�// is pseudocomplete and hence
�.Cp.L.�/// ' R

L.�/ ' R
� (see TFS-485). This proves that we can identify R

A

with �.˙.A//; let � W Cp.RA/! Cp.˙.A// be the respective restriction map.
Given a compact subspaceK � Cp.˙.A// the spaceK 0 D ��1.K/ is countably

compact by Problem 228. Therefore we can apply TFS-307 once more to see thatK 0
is compact and metrizable; consequently, K is also metrizable being a continuous
image of K 0. If K separates the points of the space ˙.A/ then the evaluation
map q W ˙.A/ ! Cp.K/ is injective by TFS-166; let G D q.˙.A//. Since q
condenses˙.A/ onto G, we have iw.˙.A// � iw.G/ � nw.G/ � nw.Cp.K// D
nw.K/ D !; so it is possible to apply !-stability of the space ˙.A/ to conclude
that nw.˙.A// D ! (see SFFS-268).

For any a 2 A let fa.a/ D 1 and fa.b/ D 0 for all b 2 Anfag. It is
straightforward that the set D D ffa W a 2 Ag � ˙.A/ is a discrete subspace
of ˙.A/; since jDj D jAj D � > !, we conclude that nw.˙.A// � jDj > !; this
final contradiction shows that ˙.A/ is not functionally perfect as well.

U.303. Prove that the spaces �.A/ and ˙�.A/ are functionally perfect for any A.

Solution. If A is finite then the spaces �.A/ and ˙�.A/ coincide with the second
countable space R

A. Therefore the space Cp.�.A// D Cp.˙�.A// is separable
and hence k-separable. Applying Problem 301 we can see that �.A/ D ˙�.A/ is
functionally perfect.
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Now, if jAj D � � ! then ˙�.A/ ' Cp.A.�// (see Problem 105). The space
A.�/ being compact, we can apply Problem 301 to see that Cp.A.�// and hence
˙�.A/ is functionally perfect. Finally, �.A/ is a subspace of ˙�.A/; so it embeds
in Cp.A.�// which, together with Problem 301, implies that �.A/ is functionally
perfect.

U.304. Prove that Cp.!1/ is functionally perfect.

Solution. Given an ordinal˛ < !1 let e˛.f / D f .˛/ for any functionf 2 Cp.!1/.
Then e˛ 2 Cp.Cp.!1// for every ˛ < !1 and the set E D fe˛ W ˛ < !1g is
homeomorphic to !1 (see TFS-167). Let u be the function which is identically zero
on Cp.!1/ and consider the space

K D fug [ fe0g [ fe˛ � e˛C1 W ˛ < !1g � Cp.Cp.!1//:

Let us prove first that

(1) the set K separates the points of Cp.!1/.

To see that (1) is true take distinct functions f; g 2 Cp.!1/ and consider the
ordinal ˇ D minf˛ < !1 W f .˛/ ¤ g.˛/g. If ˇ D 0 then e0.f / D f .0/ ¤ g.0/ D
e0.g/; so e0 2 K separates f and g.

Now, if ˇ > 0 is a limit ordinal then A D f˛ W ˛ < ˇg is dense in A [ fˇg;
so it follows from f jA D gjA that f .ˇ/ D g.ˇ/ (see Fact 0 of S.351). This
contradiction shows that ˇ is a successor ordinal, i.e., ˇ D ˛ C 1 for some ˛ < !1.
By our definition of the ordinalˇ, we have f .˛C1/ ¤ g.˛C1/while f .˛/ D g.˛/.
As a consequence, e˛.f / D e˛.g/ and e˛C1.f / ¤ e˛C1.g/ which shows that
.e˛ � e˛C1/.f / ¤ .e˛ � e˛C1/.g/, i.e., (1) is proved.

Let us show next that

(2) for any U 2 �.u; Cp.Cp.!1///, the set KnU is finite.

Indeed, given any U 2 �.u; Cp.Cp.!1///, there is a finite set F � Cp.!1/ and
" > 0 such that V D f' 2 Cp.Cp.!1// W j'.f /j < " for all f 2 F g � U .
Therefore it suffices to show that KnV is finite. If Vf D f' 2 Cp.Cp.!1// W
j'.f /j < "g for any f 2 F then V D T

f 2F Vf ; so it suffices to establish that
KnVf is finite for any f 2 F .

Suppose for a contradiction that there is a function f 2 F for which the set
KnVf is infinite. Then there is a strictly increasing sequence f˛n W n 2 !g � !1
such that j.e˛n � e˛nC1/.f /j � " for any n 2 !. If ˛ D supf˛n W n 2 !g then
the sequence S D f˛n W n 2 !g converges to ˛ so, by continuity of f , there is

 < ˛ such that jf .ˇ/ � f .˛/j < "

2
whenever 
 < ˇ < ˛. The sequence S being

convergent to ˛, there exists a number n 2 ! for which 
 < ˛n < ˛; an immediate
consequence is that jf .˛n/ � f .˛/j < "

2
and jf .˛n C 1/� f .˛/j < "

2
. Thus

j.e˛n � e˛nC1/.f /j D jf .˛n/ � f .˛n C 1/j
� jf .˛n/� f .˛/j C jf .˛n C 1/� f .˛/j < "

2
C "

2
D "I

this contradiction shows that (2) is proved.
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An evident consequence of (2) is that K is compact; the property (1) shows that
K separates the points of Cp.!1/ so Cp.!1/ is functionally perfect.

U.305. Show that, if a space condenses onto a functionally perfect space, then it is
functionally perfect.

Solution. Suppose that Y is functionally perfect and ' W X ! Y is a condensation.
By Problem 301, there is a condensation � W Y ! Z where Z � Cp.K/ for
some compact space K . Evidently, � ı ' condenses X onto Z; so we can apply
Problem 301 again to see that X is also functionally perfect.

U.306. Prove that any subspace of a functionally perfect space is functionally
perfect.

Solution. Suppose that X is functionally perfect and Y � X . By Problem 301,
there is a condensation ' W X ! Z where Z � Cp.K/ for some compact
space K . If Y 0 D '.Y / then '0 D 'jY condenses Y onto Y 0 � Cp.K/. Applying
Problem 301 again we conclude that Y is also functionally perfect.

U.307. Prove that a countable product of functionally perfect spaces is a function-
ally perfect space. In particular, a countable product of Eberlein compact spaces is
Eberlein compact.

Solution. Suppose that a spaceXn is functionally perfect and apply Problem 301 to
fix a condensation 'n W Xn ! Yn where Yn � Cp.Kn/ for some compact space Kn

for any n 2 !. Let X D Q
n2! Xn and Y D Q

n2! Yn; it is immediate that the map
' D Q

n2! 'n W X ! Y is a condensation. Besides, Y � Q
n2! Cp.Kn/ ' Cp.K/

where K D LfKn W n 2 !g (see TFS-114). It turns out that X condenses onto a
subspace of Cp.K/ while the space K is �-compact; this makes it possible to apply
Problem 301 again to conclude that X D Q

n2! Xn is functionally perfect.

U.308. Prove that any �-product of functionally perfect spaces is a functionally
perfect space.

Solution. Suppose that Xt is functionally perfect and a point at 2 Xt is fixed for
any t 2 T . Let X DQ

t2T Xt and define a point a 2 X by a.t/ D at for any t 2 T .
We must prove that the space �.X; a/ D fx 2 X W jft 2 T W x.t/ ¤ at gj < !g is
functionally perfect. For any x 2 �.X; a/ let supp.x/ D ft 2 T W x.t/ ¤ at g.

Fix a compact set Ft � Cp.Xt/ which separates the points of Xt and consider,
for any t 2 T , the map 't W Cp.Xt / ! Cp.Xt/ defined by the formula 't.f / D
f �f .at / for each f 2 Cp.Xt /. It is easy to see that every 't is continuous and the
compact set Kt D 't.Ft / still separates the points of Xt . Furthermore,

(1) f .at / D 0 for any f 2 Kt and t 2 T ,

because 't .f /.at / D f .at /� f .at / D 0 for every f 2 Cp.Xt /.
Given t 2 T , we will need the natural projection�t W �.X; a/! Xt ; its dual map

��
t W Cp.Xt/! Cp.�.X; a// is continuous (see TFS-163); so the set Gt D ��

t .Kt /

is a compact subspace of Cp.�.X; a//. Define a function u 2 Cp.�.X; a// to be
identically zero on �.X; a/ and consider the set G D fug [ .SfGt W t 2 T g/.
We claim that
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(2) for any U 2 �.u; Cp.�.X; a/// there is a finite A � T such that Gt � U for
any t 2 T nA.

Take any U 2 �.u; Cp.�.X; a///; there is a finite set E � �.X; a/ and " > 0

such that V D ff 2 Cp.�.X; a// W jf .x/j < " for all x 2 Eg � U . The set
A D Sfsupp.x/ W x 2 Eg is finite. Fix any t 2 T nA and x 2 E; then �t .x/ D at
and therefore f .�t .x// D 0 for each f 2 Kt . For any g 2 Gt there is f 2 Kt such
that g D ��

t .f / D f ı�t . Thus g.x/ D f .�t .x// D 0 which shows that g.x/ D 0
for any g 2 Gt and x 2 E . This implies Gt � V � U for all t 2 T nA, i.e., (2) is
proved.

It follows from (2) that, for any U 2 �.u; Cp.�.X; a/// there is a finite A � T
such that the set GnU is contained in a compact set P D SfGt W t 2 Ag. Since
GnU is closed in G, it also closed in P ; the space P being compact, the set GnU is
compact for any U 2 �.u; Cp.�.X; a///. This, evidently, implies thatG is compact.

Finally, take any distinct x; y 2 �.X; a/. There exists t 2 T with �t .x/ ¤ �t .y/.
Since the set Kt separates the points of Xt , there is f 2 Kt with f .�t .x// ¤
f .�t .y//. The function g D ��

t .f / belongs to G and we have g.x/ D f .�t .x// ¤
f .�t .y// D g.y/, i.e., g separates x and y. This proves that G is a compact
subset of �.X; a/ which separates the points of �.X; a/, i.e., �.X; a/ is functionally
perfect.

U.309. Prove that any product of k-separable spaces is k-separable.

Solution. Suppose that Xt is k-separable and fix a �-compact Yt � Xt for any
t 2 T ; we must prove that the space X D Q

t2T Xt is k-separable. The space
Y D Q

t2T Yt is dense in X ; so it suffices to show that Y is k-separable. We can
choose a compact subset Y nt � Yt of the space Yt such that Y nt � Y nC1

t for any
n 2 ! and Yt D S

n2! Y nt for any t 2 T . We can assume, without loss of generality,
that Y 0t ¤ ; and hence we can fix a point at 2 Y 0t for any t 2 T .

The product space Kn D Q
t2T Y nt � Y is compact for any number n 2 ! and

hence the setK DS
n2! Kn is �-compact. Given any point y 2 Y andU 2 �.y; Y /

there exists a finite set S � T and a set Os 2 �.Ys/ for each index s 2 S such that
y 2 V D Q

s2S Os �
Q
t2T nS Yt � U . There is m 2 ! such that y.s/ 2 Y ms for any

s 2 S . Let z.s/ D y.s/ for all s 2 S and z.t/ D at for any t 2 T nS . It is immediate
that z 2 Km \ V � K \ U ; so K \ U ¤ ; for any U 2 �.y; Y /, i.e., y 2 K.
Since the point y 2 Y was chosen arbitrarily, we have proved that K D Y , i.e., the
�-compact set K is dense in Y . Thus Y is k-separable; so X is k-separable as well.

U.310. Prove that a spaceX is hereditarily k-separable (i.e., every subspace Y � X
is k-separable) if and only if X is hereditarily separable.

Solution. It is evident that any hereditarily separable space has to be hereditarily
k-separable; so assume that the space X is hereditarily k-separable. Observe that
a discrete k-separable space must be countable; so every discrete subspace of X
is countable, i.e., s.X/ D !. If X is not hereditarily separable then there exists a
set Y D fy˛ W ˛ < !1g � X such that y˛ … fyˇ W ˇ < ˛g for any ˛ < !1 (see
SFFS-004). It is easy to see that
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(1) the closure in Y of any countable subset of Y is countable and hence the space
Y is not separable.

However, it is k-separable by our assumption about X ; so we can take a family
fKn W n 2 !g of compact subspaces of Y such that K D SfKn W n 2 !g is dense
in Y . It is easy to see that any free sequence in a space Z is a discrete subspace of
Z; so any free sequence in Kn is countable; this implies that t.Kn/ � ! for any
n 2 ! (see TFS-328). The property (1) implies that everyKn is !-monolithic; so it
is Fréchet–Urysohn by Fact 1 of U.080.

If n 2 ! and F � Kn is a closed dense-in-itself closed subspace of Kn then
we can apply Fact 1 of T.045 to see that there is a separable closed dense-in-itself
set G � F . It follows from (1) that G has to be countable; so G is a countable
dense-in-itself compact space which is a contradiction with the Baire property of
G. Therefore every Kn is scattered and hence the set Dn of isolated points of Kn

is dense in Kn. Since Dn is discrete, it has to be countable so the space Kn is also
countable by (1). As a consequence, K is a dense countable subset of Y ; this last
contradiction shows that X is hereditarily separable.

U.311. Let f W X ! Y be an irreducible perfect map. Show that X is k-separable
if and only if so is Y .

Solution. IfX is k-separable then it has a dense �-compact subspaceA; it is evident
that f .A/ is a dense �-compact subspace of Y ; so Y is k-separable as well. Here
we only used continuity of the map f .

Now assume that f is perfect and irreducible while Y is k-separable. Fix a family
fKn W n 2 !g of compact subspaces of Y such that K D SfKn W n 2 !g is dense
in Y . The set Fn D f �1.Kn/ is compact for any n 2 ! (see Fact 2 of S.259). If the
set F D SfFn W n 2 !g is not dense in X then E D F is a proper closed subset
of X ; by irreducibility of f , the set G D f .E/ is a proper closed subset of Y and
therefore U D Y nG ¤ ;. The set K being dense in the space Y , there exists a
number n 2 ! such that Kn \ U ¤ ;. But Kn D f .Fn/ � f .F / � f .E/ which is
a contradiction withKn\ .Y nf .E// D Kn\U ¤ ;. Thus F is a dense �-compact
subspace of X , i.e., X is k-separable.

U.312. Prove that, for any k-separable X , the space Cp.X/ is functionally perfect.
In particular, the space Cp.X/ is functionally perfect for any compact X .

Solution. Fix a family fKn W n 2 !g of compact subspaces of the spaceX such that
K D SfKn W n 2 !g is dense inX . The restriction map � W Cp.X/! Cp.K/ is an
injection (see TFS-152); letZ D �.Cp.X//. It turns out thatCp.X/ condenses onto
the subspace Z of Cp.K/ where the space K is �-compact. This makes it possible
to apply Problem 301 to conclude that Cp.X/ is functionally perfect.

U.313. Give an example of a non-k-separable space X for which Cp.X/ is
functionally perfect.

Solution. The space Cp.!1/ is functionally perfect by Problem 304. If K � !1 is
an uncountable set then the family fK \ fˇ W ˇ < ˛g W ˛ < !1g is an open cover of
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K which has no countable subcover; therefore K is not Lindelöf. This shows that
every Lindelöf subspace of!1 is countable. In particular, every �-compact subspace
of !1 is countable; since the closure of every countable subset of !1 is countable,
!1 is not separable and hence not k-separable. Thus X D !1 is an example of a
non-k-separable space such that Cp.X/ is functionally perfect.

U.314. Prove that, for an arbitrary spaceX , the space Cp.X/ is a continuous image
of Cp.Cp.Cp.X///.

Solution. Let ex.f / D f .x/ for any f 2 Cp.X/; then ex 2 Cp.Cp.X// and the
map e W X ! Cp.Cp.X// defined by e.x/ D ex for any x 2 X , is an embedding
(see TFS-167). Therefore the space E D fex W x 2 Xg is homeomorphic to
X ; besides, the set E is C -embedded in the space Cp.Cp.X// by TFS-168. As
an immediate consequence, the restriction � W Cp.Cp.Cp.X/// ! Cp.E/ maps
Cp.Cp.Cp.X/// continuously onto Cp.E/ ' Cp.X/.
U.315. Prove that Cp.X/ is k-separable if and only if CpCp.X/ is functionally
perfect. As a consequence, X is functionally perfect if and only if Cp.Cp.X// is
functionally perfect.

Solution. If Cp.X/ is k-separable then Cp.Cp.X// is functionally perfect by
Problem 312. Now, if Cp.Cp.X// is functionally perfect then Cp.Cp.Cp.X/// is
k-separable by Problem 301. Being a continuous image of Cp.Cp.Cp.X/// by
Problem 314, the space Cp.X/ is also k-separable. Finally, apply Problem 301 once
more to see that a space X is functionally perfect ” Cp.X/ is k-separable
” Cp.Cp.X// is functionally perfect.

U.316. Prove that any metrizable space is functionally perfect. In particular, any
second countable space is functionally perfect and hence any metrizable compact
space is Eberlein compact.

Solution. If M is a metrizable space then there exists a compact K such that
M embeds in Cp.K/ (see Problem 034). Therefore Problem 301 is applicable to
conclude that M is functionally perfect.

U.317. Let X be a metrizable space. Prove that Cp.X/ is functionally perfect if and
only if X is second countable.

Solution. If X is second countable then it is separable (and hence k-separable);
so Cp.X/ is functionally perfect by Problem 312. Now, if Cp.X/ is functionally
perfect and w.X/ > ! then ext.X/ > ! and hence we can apply Fact 1 of S.215 to
conclude that R!1 embeds in Cp.X/. Therefore R!1 is also functionally perfect by
Problem 306; this contradiction with Problem 302 shows that X has to be second
countable.

U.318. Prove that any paracompact space with a Gı-diagonal can be condensed
onto a metrizable space. Deduce from this fact that any paracompact space with a
Gı-diagonal is functionally perfect.
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Solution. Given a space Z and families A;B of subsets of Z we will need the
family A ^ B D fA \ B W A 2 A; B 2 Bg. Recall that a Gı-diagonal sequence
of a space Z is a family fDn W n 2 !g of open covers of Z such that fzg DTfSt.z;Dn/ W n 2 !g for each z 2 Z. It was proved in Fact 1 of T.235 that a space
has a Gı-diagonal if and only if it has a Gı-diagonal sequence.

Fact 1. A space Z can be condensed onto a metrizable space if and only if it has
a Gı-diagonal sequence fUn W n 2 !g such that UnC1 is a star refinement of Un for
any n 2 !.

Proof. Suppose that f W Z ! M is a condensation of Z onto a metric space
.M; d/. If Dn D fBd.y; 1

nC1/ W y 2M g for any n 2 ! then it is straightforward that
fDn W n 2 !g is aGı-diagonal sequence inM . Any metrizable space is paracompact
by TFS-218; so we can construct inductively, using TFS-230, a sequence fVn W n 2
!g of open covers ofM such that V0 D D0 and VnC1 is a star refinement of Vn^Dn

for any n 2 !. It is immediate that fVn W n 2 !g is still a Gı-diagonal sequence in
M such that VnC1 is a star refinement of Vn for all n 2 !.

If Un D ff �1.V / W V 2 Vng for every n 2 ! then fUn W n 2 !g is the promised
Gı-diagonal sequence in Z; this settles necessity.

Now assume that we have a Gı-diagonal sequence fUn W n 2 !g in the space Z
such that UnC1 is a star refinement of Un for any n 2 !. Given any points x; y 2 Z
let '.x; y/ D 0 if x D y; if x ¤ y then let '.x; y/ D 2�n.x;y/ where n.x; y/ D
minfn 2 ! W x … St.y;Ung. It follows from fyg D TfSt.y;Un/ W n 2 !g that the
numbers n.x; y/ and '.x; y/ are well defined. Observe first that

(1) n.x; y/ D n.y; x/ and hence '.x; y/ D '.y; x/ for any x; y 2 Z.

Fix x; y 2 Z; it suffices to show that n.x; y/ D n.y; x/ which is evident if
x D y; so assume that x ¤ y. The point x belongs to St.y;Un/ if and only if there
is U 2 Un with x; y 2 U which holds if and only if y 2 St.x;Un/. Therefore x 2
St.y;Un/ ” y 2 St.x;Un/ for any n 2 ! which shows that n.x; y/ D n.y; x/;
so (1) is proved. An immediate consequence of the definition of ' is that

(2) '.x; y/ D 0 if x D y and '.x; y/ > 0 whenever x ¤ y.

Call a chain any indexed sequence fx0; : : : ; xng of the points of Z; say that a
chain C D fx0; : : : ; xng connects points x; y 2 Z if x0 D x and xn D y. For any
chain C D fx0; : : : ; xng let l.C / D 0 if n D 0 and l.C / D '.x0; x1/ C : : : C
'.xn�1; xn/ if n > 0. If x; y 2 Z then let d.x; y/ D inffl.C / W C is a chain which
connects the points x and yg. Let us show that

(3) the function d is a metric on Z.

It is immediate that d.x; y/ � 0 for any x; y 2 Z. If x D y then the chain
C D fxg connects the points x and y; so d.x; y/ � l.C / D 0, i.e., d.x; y/ D 0.

To see that d is symmetric observe that if a chain C0 D fx0; : : : ; xng connects x
and y then the chain C1 D fxn; : : : ; x0g connects y and x; since l.C0/ D l.C1/,
we have d.y; x/ � l.C / for any chain C which connects the points x and y.
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As a consequence, d.y; x/ � d.x; y/; changing the roles of x and y we obtain
the equality d.x; y/ D d.y; x/ for any x; y 2 Z, i.e., d is, indeed, symmetric.
The following property of d is crucial.

(4) d.x; y/ � '.x; y/ � 2d.x; y/ for any x; y 2 Z.

The first inequality follows from the fact that fx; yg is a chain which connects
the points x and y. If we have a chain C D fx0; : : : ; xng, call n the number of links
of C .

To verify the second inequality, it suffices to show that, for any chain C which
connects the points x and y, we have l.C / � 1

2
'.x; y/. We will do that by induction

on the number n of links of the chain C . If n D 1 then C D fx; yg and hence
l.C / D '.x; y/ � 1

2
'.x; y/.

Suppose that the inequality l.C / � 1
2
'.x; y/ has been established for all

points x; y 2 Z and chains C with at most k links which connect x and y.
Take any chain C D fx0; : : : ; xk; xkC1g which connects some points x and y;
we have '.x; y/ D 2�m for some m 2 ! which implies that y … St.x;Um/.
If '.xi ; xiC1/ � 1

2
'.x; y/ for some i � k then there is nothing to prove; so assume

that '.xi ; xiC1/ < 1
2
'.x; y/ D 2�m�1 and therefore xiC1 2 St.xi ;UmC1/ for all

i � k.
If xk 2 St.x;UmC1/ then there exist sets U; V 2 UmC1 such that fx; xkg � U

and fxk; yg 2 V which shows that fx; yg � St.xk;UmC1/. The family UmC1 being
a star refinement of Um, there is a set W 2 Um such that St.xk;UmC1/ � W and
therefore fx; yg � W whence y 2 St.x;Um/ which is a contradiction. Thus xk …
St.x;UmC1/ and hence the number p D minfl � k W xl … St.x;UmC1/g is well
defined. Furthermore, it follows from x1 2 St.x;UmC1/ that p > 1.

If we have y 2 St.xp;UmC1/ then it follows from xp 2 St.xp�1;UmC1/ and
xp�1 2 St.x;UmC1/ that there exist elements U; V;W of the family UmC1 such that
fx; xp�1g � U; fxp�1; xpg � V and fxp; yg � W . An immediate consequence is
that fx; yg � St.V;UmC1/; using again the fact that UmC1 is a star refinement of Um
we conclude that there is G 2 Um with fx; yg � St.V;UmC1/ � G; so fx; yg � G,
i.e., y 2 St.x;Um/ which is a contradiction.

Thus, y … St.xp;UmC1/ which shows that

'.x; xp/ � 2�m�1 D 1

2
'.x; y/ and '.xp; y/ � 2�m�1 D 1

2
'.x; y/:

Furthermore, both chains C0 D fx0; : : : ; xpg and C1 D fxp; : : : ; xkC1g have at
most k-many links; so by the induction hypothesis we have

l.C0/ � 1

2
'.x; xp/ � 1

4
'.x; y/ and l.C1/ � 1

2
'.xp; y/ � 1

4
'.x; y/

which implies that l.C / D l.C0/C l.C1/ � 1
2
'.x; y/. This completes our induction

step showing that l.C / � 1
2
'.x; y/ for any chain C which connects the points x

and y. Therefore d.x; y/ � 1
2
'.x; y/ and (4) is proved.
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Now it follows from (4) that x ¤ y implies d.x; y/ � 1
2
'.x; y/ > 0; so

d.x; y/ D 0 if and only if x D y. To finally check the triangle inequality
take any x; y; z 2 Z. Given any " > 0 there exist chains C0 D fx0; : : : ; xng
which connects x and y and a chain C1 D fy0; : : : ; ykg which connects y and
z such that l.C0/ < d.x; y/ C "

2
and l.C1/ < d.y; z/ C "

2
. It is clear that

C2 D fx0; : : : ; xn�1; y0; : : : ; ykg is a chain which connects x and z; so d.x; z/ �
l.C2/ D l.C0/C l.C1/ < d.x; y/C d.y; z/C ". Since this inequality holds for any
" > 0, we have d.x; z/ � d.x; y/ C d.y; z/, i.e., d is, indeed, a metric on Z and
hence (3) is proved.

We claim that the topology � generated by the metric d is contained in �.Z/.
Indeed, fix any U 2 � ; for any x 2 U there is " > 0 such that Bd.x; "/ � U .
Choose m 2 ! for which 2�m < ". If y 2 St.x;UmC1/ then '.x; y/ < 2�m�1; so
d.x; y/ � 2'.x; y/ < 2�m < " (here we used the property (4)). This proves that
Ox D St.x;UmC1/ � Bd.x; "/ � U for any point x 2 U and therefore the set
U D SfOx W x 2 U g is open in Z. We have taken a set U 2 � arbitrarily; so every
U 2 � is open in Z and therefore � � �.Z/.

Finally, it follows from � � �.Z/ that the identity map i W Z ! .Z; �/ is
a condensation of Z onto a metric space .Z; �/; this shows that we established
sufficiency, i.e., Fact 1 is proved.

Returning to our solution assume that X is a paracompact space which has a
Gı-diagonal. By Fact 1 of T.235 there exists a Gı-diagonal sequence fDn W n 2
!g in the space X . Using paracompactness of X and TFS-230 we can construct
inductively a sequence fUn W n 2 !g of open covers of X such that U0 D D0 and
UnC1 is a star refinement of Un ^Dn for each n 2 !. It is evident that the collection
fUn W n 2 !g is still a Gı-diagonal sequence which satisfied the premises of Fact 1.
ThereforeX can be condensed onto a metrizable space. Finally apply Problems 316
and 305 to conclude that X is functionally perfect and complete our solution.

U.319. Observe that any Eberlein–Grothendieck space is functionally perfect. Give
an example of a functionally perfect space which is not Eberlein–Grothendieck.

Solution. It is an immediate consequence of Problem 301 that every Eberlein–
Grothendieck space is functionally perfect. Now let X be the Sorgenfrey line, i.e.,
the underlying set of X is R and the family B D fŒa; b/ W a; b 2 R; a < bg is
a base of the topology of X . It is evident that the identity mapping condenses X
onto R; so X is functionally perfect by Problems 305 and 316. However, X is not
Eberlein–Grothendieck because d.X/ D ! and nw.X/ > ! (see TFS-165), while
every Eberlein–Grothendieck space is monolithic (see SFFS-118 and SFFS-154).

U.320. Prove that every metrizable space embeds into an Eberlein compact space.

Solution. Given an infinite cardinal �, denote by J.�/ the Kowalsky hedgehog with
�-many spines. Any metrizable space embeds in .J.�//! for some � (see TFS-222)
so it suffices to show that .J.�//! embeds in an Eberlein compact space for any
infinite cardinal �. It follows from Problem 307 that it suffices to embed every J.�/
in an Eberlein compact space; so fix an infinite cardinal �.



322 2 Solutions of Problems 001–500

Recall that we have J.�/ D f0g [ .SfJ˛ W ˛ < �g/ where J˛ D .0; 1
 � f˛g
for any ˛ < �. The topology of J.�/ is generated by a metric d defined as follows:
d.x; x/ D 0 for any x 2 J.�/. If x D 0 and y D .t; ˛/ 2 J˛ then d.x; y/ D t ; if
x D .t; ˛/ and y D .s; ˛/ then d.x; y/ D jt � sj. Finally, if x D .t; ˛/; y D .s; ˇ/
and ˛ ¤ ˇ then d.x; y/ D s C t . It is easy to see that, for every ˛ < �, the map
.t; ˛/! t is a homeomorphism between J˛ and J D .0; 1
 � R.

Let I D Œ0; 1
 � R and consider the space I � A.�/; here, as usual, A.�/ is
the one-point compactification of a discrete space of cardinality �. We consider that
A.�/ D � [ fag where a … � is the unique non-isolated point of A.�/. The set
P D f0g �A.�/ is closed in the compact space I �A.�/; so we can collapse it to a
point to obtain the space K D .I �A.�//=P .

Recall that we have K D ..I � A.�//nP/ [ fxP g where the topology on the
subset .I �A.�//nP D J �A.�/ is induced from I �A.�/ and a set U � K with
xP 2 U is open in K if and only if .U \ .J � A.�/// [ P 2 �.P; I � A.�//. The
space K is compact being a continuous image of I � A.�/ (see Fact 2 of T.245).
Since we have not proved yet that a continuous image of an Eberlein compact space
is Eberlein compact, let us establish directly thatK is Eberlein compact.

Define a function g 2 Cp.K/ as follows: for any x D .t; ˛/ 2 J � A.�/ let
g.x/ D t ; if x D xP then let g.x/ D 0. Furthermore, for any x D .t; ˛/ 2 J˛ let
f˛.x/ D t ; if x D xP or x D .t; ˇ/ for some ˇ ¤ ˛ let f˛.x/ D 0. Then f˛ W K !
R is a continuous function on K such that f˛j.J˛ [ fxP g/ is a homeomorphism
between J˛ [ fxP g and I for any ˛ < �. Let u be the function which is identically
zero on K; then the set F D ff˛ W ˛ < �g [ fug [ fgg separates the points of K .
Besides, the set F is compact because F nU is finite for any U 2 �.u; Cp.K//. This
proves that K is an Eberlein compact space.

To see that J.�/ embeds in K let '.x/ D x for any x 2 J � � and f .0/ D xP ;
then ' W J.�/ ! Y D .J � �/ [ fxP g � K is a bijection. It is evident that
'jJ˛ W J˛ ! J˛ is a homeomorphism for any ˛ < �. Since every J˛ is open both
in J.�/ and in Y , the maps ' and '�1 are continuous at all points of J � �.

Take any set U 2 �.xP ; Y /; by the definition of the topology at xP , there exists
V 2 �.P; I � A.�// such that V \ .J � �/ � U . By Fact 3 of S.271 there is " > 0
such that Œ0; "/ � A.�/ � V . It is immediate that the set W D ..0; "/ � �/ [ f0g is
an open neighbourhood of the point 0 in the space J.�/ and '.W / D ..0; "/� �/[
fxP g � U . This shows that the map ' is continuous at the point 0.

To see that '�1 is continuous at the point xP take any U 2 �.0; J.�//. There is
" > 0 such thatBd.0; "/ � U . It is straightforward thatBd .0; "/ D ..0; "/��/[f0g;
the set W D ..Œ0; "/ � A.�// \ .J � �// [ fxP g is an open neighbourhood of xP
in Y and it is easy to see that '�1.W / D ..0; "/ � �/ [ f0g D Bd .0; "/ � U . This
shows that '�1 is continuous at the point xP so ' is an embedding of J.�/ into an
Eberlein compact space K .

U.321. Prove that Cp.X/ is aK�ı-space for any Eberlein compactX . In particular,
each Eberlein compact space is Gul’ko compact and hence Corson compact.
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Solution. If X is Eberlein compact then there is a compact K � Cp.X/ which
separates the points ofX . The class K of compact spaces is k-directed; sinceK 2 K,
we can apply Problem 014 to conclude that Cp.X/ belongs to K�ı, i.e., Cp.X/ is a
K�ı-space.

Since every K�ı-space is Lindelöf ˙ (see SFFS-257 and SFFS-258), any Eber-
lein compact space is Gul’ko compact and hence Corson compact by Problem 285.

U.322. Prove that a compact spaceX is Eberlein if and only if it embeds into˙�.A/
for some A.

Solution. This was proved in Fact 16 of S.351.

U.323. Prove that a compact space X is metrizable if and only if the space X has a
T1-separating �-point-finite family of cozero sets.

Solution. If X is metrizable then it is second countable; so it has a countable base
B. It is evident that B is a T1-separating �-point-finite family of cozero open sets in
X ; this proves necessity.

As to sufficiency, if U is a T1-separating �-point-finite family of open subsets of
X (we don’t even need them to be cozero sets) then U is point-countable so we can
apply Fact 1 of T.203 to see that X is metrizable.

U.324. Prove that a compact space X is Eberlein compact if and only if X has a
T0-separating �-point-finite family of cozero sets.

Solution. IfX is Eberlein compact then we can consider thatX � ˙�.A/ for some
set A by Problem 322. Observe that the property of having a T0-separating �-point-
finite family of cozero subsets in hereditary; so it suffices to show that ˙�.A/ has
such a family.

Given a 2 A, for any rational number q > 0 let Uq.a/ D fx 2 ˙�.A/ W x.a/ >
qg; if q 2 Q\ .�1; 0/ then let Uq.a/ D fx 2 ˙�.A/ W x.a/ < qg. It is evident that
Uq.a/ is a cozero set in ˙�.A/ for any q 2 Qnf0g and a 2 A. For any q 2 Qnf0g
the family Uq D fUq.a/ W a 2 Ag is point-finite for otherwise there is a point
x 2 ˙�.A/ such that jx.a/j > jqj for infinitely many a 2 A.

Therefore the family U D SfUq W q 2 Qnf0gg is �-point-finite and consists of
cozero subsets of˙�.A/. To see that U is T0-separating take distinct x; y 2 ˙�.A/;
there is a 2 A for which x.a/ ¤ y.a/. It is evident that there exists q 2 Qnf0g
which lies between the points x.a/ and y.a/. Then Uq.a/ 2 U and Uq.a/ \ fx; yg
is a singleton. Thus U is a T0-separating �-point-finite family of cozero subsets of
˙�.A/. We already noted that this implies existence of such a family in X ; so we
proved necessity.

To establish sufficiency assume that U D SfUn W n 2 !g is a T0-separating
family of cozero subsets of X such that Un is point-finite for any n 2 !. Denote
by u the function of X which is identically zero. Given any U 2 Un fix a function
f n
U 2 Cp.X; Œ0; 2�n
/ such that XnU D .f n

U /
�1.0/.

We claim that the set K D ff nU W n 2 !; U 2 Ung [ fug is compact. Indeed,
given any G 2 �.u; Cp.X// there is a finite set F � X and " > 0 such that
H D ff 2 Cp.X/ W jf .x/j < " for any x 2 F g � G. Pick m 2 ! such that
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2�m < "; then f n
U 2 H for all n � m and U 2 Un because jf n

U .x/j D f n
U .x/ �

2�n � 2�m < " for any x 2 X . The family V D SfUn W n < mg being point-
finite there is a finite V 0 � V such that x … U and hence f n

U .x/ D 0 for any
x 2 F; n < m and U 2 UnnV 0. As a consequence, f 2 H for all except finitely
many f 2 K which shows that KnG � KnH is a finite set. Since KnG is finite
for any G 2 �.u; Cp.X//, the set K is compact.

Finally, if x; y 2 X and x ¤ y then there are n 2 ! and U 2 Un such that
U \ fx; yg is a singleton. It is clear that f n

U is equal to zero at exactly one of the
points x; y; so f n

U .x/ ¤ f n
U .y/. We proved that the compact set K � Cp.X/

separates the points of our compact space X ; so X is Eberlein compact. This settles
sufficiency and makes our solution complete.

U.325. Give an example of a scattered compact space which fails to be Corson
compact and has a T0-separating �-point-finite family of open sets.

Solution. Let L be the set of all limit ordinals of !1. For every ˛ 2 L choose a
strictly increasing sequence S˛ D f�˛.n/ W n 2 !g � ˛nL which converges to ˛
and let B˛ D ff˛g [ .S˛nK/ W K is a finite subset of S˛g. Let � be the topology
on !1 generated by the family B D ff˛g W ˛ 2 !1nLg [ .SfB˛ W ˛ 2 Lg/ as
a base. It is easy to see that Y D .!1; �/ is a locally compact space in which all
points of !1nL are isolated and B˛ is a countable base at the point ˛ for any ˛ 2 L.
Furthermore,L is a closed discrete subspace of Y ; so Y is not compact.

If K � Y is compact then K \L is finite becauseK is closed and discrete in Y .
The set K 0 D Kn.SfS˛ W ˛ 2 K \ Lg/ is also finite being closed and discrete in
K; so K � K 0 [ .SfS˛ W ˛ 2 K \ Lg/ is countable. This proves that

(1) every compact subspace of Y is countable.

Denote by X the one-point compactification of Y ; it is straightforward that X
is compact and scattered. Let w 2 X be the point which compactifies Y , i.e.,
fwg D XnY . Assume that X is Corson compact and hence there exists a point-
countable family U of open F� -subsets of X which T0-separates the points of X
(see Problem 118). Given x; y 2 X say that a set U 2 U separates x and y if
U \fx; yg is a singleton. Since every F� -subspace ofX is �-compact, the property
(1) implies that

(2) if U 2 U and w … U then U is countable,

and hence sup.U / < !1 for any U 2 U0 D Un�.w; X/. There are at most countably
many elements of U which contain w. Since XnU � Y is compact and hence
countable for any U 2 �.w; X/, there exists an ordinal 
 < !1 such that

(3) for any countable ordinal ˛ � 
 , if U 2 U separates ˛ and w then U 2 U0 and
hence ˛ 2 U .

Take any 
0 2 L with 
0 � 
 and choose U0 2 U which separates 
0 and w.
The property (3) shows that U0 2 U0 and 
0 2 U0. Suppose that ˇ < !1 and we
have a set f
˛ W ˛ < ˇg � L and a family fU˛ W ˛ < ˇg � U0 with the following
properties:
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(4) 
˛ 2 U˛ for any ˛ < ˇ;
(5) ˛0 < ˛ < ˇ implies ˛0 � 
˛0 < 
˛;
(6) if ˛0 < ˛ < ˇ then supfsup.Uı/ W ı < ˛0g < 
˛;
(7) if ˛ < ˇ is a limit ordinal then 
˛ D supf
ı W ı < ˛g.

If ˇ is a limit ordinal then we have to let 
ˇ D supf
˛ W ˛ < ˇg; since U is a
T0-separating family in X , there is Uˇ 2 U which separates 
ˇ and w. It follows
from (3) that 
ˇ 2 Uˇ 2 U0. It is easy to see that the properties (4)–(7) hold for all
˛ � ˇ.

Now, if ˇ D ˇ0 C 1 then 
 0 D supfsup.U˛/ W ˛ � ˇ0g < !1 by (2); so if we
take 
ˇ 2 L with 
ˇ > maxf
ˇ0 ; 
 0g C 1 then some Uˇ 2 U separates 
ˇ and w
which implies, by (3), that 
ˇ 2 Uˇ 2 U0. It is clear that (4)–(7) still hold for any
˛ � ˇ; so our inductive procedure can be continued to construct an !1-sequence
G D f
˛ W ˛ < !1g � L and a family fU˛ W ˛ < !1g � U0 with the properties
(4)–(7) fulfilled for any ˇ < !1.

An immediate consequence of (4) and (6) is that U˛ ¤ Uˇ if ˛ ¤ ˇ; besides, it
follows from (5) and (7) thatG is a closed unbounded subset of !1. For any ˛ < !1,
the setU˛ is an open neighbourhood of 
˛; so there is k˛ 2 ! such that�
˛ .n/ 2 U˛
for any n � k˛; let f .
˛/ D �
˛ .k˛/.

This gives us a function f W G ! !1 such that f .ˇ/ < ˇ for any ˇ 2 G;
so we can apply SFFS-067 to find an uncountable H � G and ˇ < !1 such that
f .�/ D ˇ for any � 2 H . In other words, there is an uncountableE � !1 such that
f .
˛/ D ˇ for any ˛ 2 E . By our choice of the function f we have ˇ 2 U˛ for any
˛ 2 E . Since U˛ ¤ U˛0 for distinct ˛; ˛0 2 E , the point ˇ belongs to uncountably
many elements of U ; this contradiction shows that X is not Corson compact.

To finally see that the space X has a �-point-finite T0-separating family of open
sets fix a countable base O in R and an injective map � W L ! R; then the family
H D f��1.O/ W O 2 Og � expX is also countable. For any H 2 H the set
FH D .LnH/ [ fwg is closed in X being either finite or homeomorphic to the
one-point compactification of the discrete space LnH . Therefore the set WH D
.!1nL/ [H D XnFH is open in X for any H 2 H. Thus the family W D ff˛g W
˛ 2 !1nLg [ fWH W H 2 Hg is �-disjoint (and hence �-point-finite) and consists
of open subsets of X .

To see that W is T0-separating, take distinct points x; y 2 X . If x D ˛ 2 !1nL
or y D ˛ 2 !1nL then the set W D f˛g belongs to W and separates x and y. If
fx; yg � Xn.!1nL/ and one of the points x; y, say, x coincides with w then there
is O 2 O with �.y/ 2 O ; then H D .!1nL/ [ ��1.O/ 2 W and H separates
the points x and y. Finally, if x; y 2 L then �.x/ ¤ �.y/; so there is O 2 O with
�.x/ 2 O and �.y/ … O . The set H D .!1nL/[ ��1.O/ belongs to W and x 2 H
while y … H , i.e., H also separates the points x and y. Thus, X is the promised
scattered compact space which has a T0-separating �-point-finite family of open
sets and fails to be Corson.

U.326. Suppose that a compact X has a T0-separating point-finite family of open
sets. Prove that X is Eberlein compact.
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Solution. Let U be a T0-separating point-finite family of open subsets of X . Say
that an open set U separates some points x; y 2 X if U \ fx; yg is a singleton.
For any x 2 X let Ux D fU 2 U W x 2 U g and Ox D T

Ux (if Ux D ; then
Ox D X ). Observe that

(1) for any distinct x; y 2 X we have Ux ¤ Uy ,

because otherwise no U 2 U separates the points x and y. Our next observation
is that

(2) the family O D fOx W x 2 Xg is point-finite.

To see that (2) is true assume that there is z 2 X and an infinite set A � X such
that z 2 TfOx W x 2 Ag. For any x 2 A it follows from z 2 Ox that Ux � Uz so
the family fUx W x 2 Ag consists of finite collections contained in Uz. The family Uz

being finite, there are distinct x; y 2 A such that Ux D Uy ; this contradiction with
(1) shows that no point z 2 X can belong to infinitely many elements of O, i.e., (2)
is proved.

For any x 2 X fix a cozero set Wx such that x 2 Wx � Ox; it follows from (2)
that the family W D fWx W x 2 Xg is point-finite. If x and y are distinct points
of X then there is U 2 U which separates x and y, say, x 2 U and y … U . Then
x 2 Wx � Ox � U � Xnfyg and henceWx separates the points x and y (if y 2 U
then, analogously, the set Wy separates the points x and y). This shows that W is
a point-finite T0-separating family of cozero subsets of X and hence X is Eberlein
compact by Problem 324.

U.327. Prove that a non-empty compact X is Eberlein if and only if there is a
compact F � Cp.X/ which separates the points of X and is homeomorphic to
A.�/ for some cardinal �.

Solution. Sufficiency is clear; so assume that X is an Eberlein compact space. If
some finite A � Cp.X/ can separate the points of X then, for any n 2 !, let
fn.x/ D 2�n for any x 2 X and denote by u the function of X which is identically
zero. It is clear that the set K D A [ ffn W n 2 !g [ fug separates the points of X
andK ' A.!/.

Now assume that no finite subset of Cp.X/ separates the points of X . By
Problem 324, there is a T0-separating family U D SfUn W n 2 !g of cozero subsets
of X such that Un is point-finite for any n 2 !. Given any set U 2 Un fix a function
f n
U 2 Cp.X; Œ0; 2�n
/ such that XnU D .f n

U /
�1.0/.

Let K D ff n
U W n 2 !; U 2 Ung [ fug; given x; y 2 X with x ¤ y there are

n 2 ! and U 2 Un such that U \ fx; yg is a singleton. It is clear that f n
U is equal to

zero at exactly one of the points x; y; so f n
U .x/ ¤ f n

U .y/. This proves that the set
K � Cp.X/ separates the points of the space X and hence K is infinite.

Given any G 2 �.u; Cp.X// there is a finite set F � X and " > 0 such that
H D ff 2 Cp.X/ W jf .x/j < " for any x 2 F g � G. Pick a number m 2 !
such that 2�m < "; then f n

U 2 H for all n � m and U 2 Un because jf n
U .x/j D

f n
U .x/ � 2�n � 2�m < " for any x 2 X . The family V D SfUn W n < mg

being point-finite there is a finite V 0 � V such that x … U and hence f n
U .x/ D 0
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for any x 2 F; n < m and U 2 UnnV 0. As a consequence, f 2 H for all except
finitely many f 2 K which shows that KnG � KnH is a finite set. Since the
space K is infinite and the set KnG is finite for any G 2 �.u; Cp.X//, the set K is
homeomorphic to A.�/ for some � and hence our solution is complete.

U.328. Say that a function x W I ! I is increasing (decreasing) if x.s/ � x.t/ (or
x.s/ � x.t/ respectively) whenever s; t 2 I and s � t . A function x W I ! I is
called monotone if it is either increasing or decreasing. Prove that the Helly space
X D fx 2 I

I W x is a monotone functiong is closed in I
I and hence compact. Is it an

Eberlein compact space?

Solution. We have the equalityX D X0[X1 whereX0 D fx 2 I
I W x is increasingg

and X1 D fx 2 I
I W x is decreasingg. If z 2 I

InX0 then there are s; t 2 I such that
s < t and z.s/ > z.t/. For " D z.s/�z.t/ > 0 the set U D fx 2 I

I W x.s/ > z.s/� "
2

and x.t/ < z.t/ C "
2
g is open in I

I and z 2 U � I
InX0; so X0 is closed in I

I and
hence compact. It is now evident how to make the relevant changes in this proof
to establish compactness of X1; so the space X is compact being the union of two
compact sets.

For any a 2 .�1; 1/ define a function xa 2 I
I as follows: xa.t/ D �1 if t < a,

xa.a/ D 0 and xa.t/ D 1 for any t > a. It is clear that every xa is increasing; so
D D fxa W a 2 .�1; 1/g � X0. The set Ua D fx 2 I

I W jx.a/j < 1g is open in I
I

and Ua \D D fxag for any a 2 .�1; 1/. This proves that

(1) the set D is a discrete subspace of X0.

Let Q D Q \ .�1; 1/; for any p; q 2 Q with p < q consider the function
'p;q 2 I

I defined by 'p;q.t/ D �1 if t � p, 'p;q.t/ D 1 for all t � q and
'p;q.t/ D 2

q�p t � qCp
q�p for any t 2 .p; q/.

The set A D f'p;q W p; q 2 Q and p < qg � X0 is countable. We claim that

(2) the set D is contained in the closure of A.

To prove (2), fix any a 2 .�1; 1/ and take an arbitrary U 2 �.xa;X/. There is
" > 0 and a finite set K � I such that a 2 K and V D fx 2 X W jx.t/ � xa.t/j < "
for any t 2 Kg � U . It is easy to find ı > 0 such that ı < minf1; "; 1

2
.1Ca/; 1

2
.1�

a/g and Knfag � Œ�1; a � ı
 [ ŒaC ı; 1
.
Observe that .a � ı; aC ı/ � .�1; 1/; besides, ı < 1 and hence ı2 < ı. Choose

a point r 2 Q \ .a � ı2

4
; a/ and pick s 2 Q for which ı

4
< s < ı

2
. The numbers

p D r � s and q D r C s belong to Q and p > a � ı2

4
� ı

2
> a � 3ı

4
> a � ı.

Furthermore, q > a � ı2

4
C ı

4
> a and q < a C ı

2
< a C ı. As a consequence,

'p;q.t/ D xa.t/ for any t 2 Knfag.
Now, j'p;q.a/ � xa.a/j D j'p;q.a/j D j 2a�p�q

q�p j D ja�r j
s

<
ı2=4

ı=4
D ı < ". Thus

j'p;q.t/ � xa.t/j < " for any t 2 K which shows that 'p;q 2 V \ A � U \ A; the
open neighbourhood U of the point xa was chosen arbitrarily; so xa 2 A for any
a 2 .�1; 1/ and thereforeD � A, i.e., (2) is proved.

In a discrete space network is equal to the cardinality of the space; so it follows
from the property (1) that nw.D/ D jDj > !. The property (2) implies that



328 2 Solutions of Problems 001–500

nw.A/ � nw.D/ D jDj > !. Therefore the set A � X0 � X witnesses that the
space X is not !-monolithic; since every Corson compact space is !-monolithic
(see Problem 120), our space X is not even Corson compact.

U.329. Prove that a compact space X is Eberlein compact if and only if Cp.X/ is a
continuous image of .A.�//! � !! for some infinite cardinal �.

Solution. Given r > 0 let Ir D Œ�r; r
 � R.

Fact 1. If T is a space, r > 0 and 'n W T ! Ir is a continuous function for any
n 2 ! then, letting '.t/ DP

n2! 2�n�1'n.t/ for any t 2 T , we obtain a continuous
function ' W T ! Ir .

Proof. Since j'n.t/j � r for any n 2 !, the series which defines '.t/, converges for
any t 2 T ; so the function ' is well defined. Besides, j'.t/j �P

n2!.2�n�1 �r/ D r
for any t 2 T ; so ' W T ! Ir . Since j2�n�1'n.t/j � r � 2�n�1 for any t 2 T and
n 2 ! while the series

P
n2!.2�n�1 � r/ converges, we can apply TFS-030 to see

that the series
P

n2! 2�n�1'n converges uniformly and hence ' D P
n2! 2�n�1'n

is continuous by TFS-029. Fact 1 is proved.

Fact 2. For an arbitrary spaceZ and r > 0 the map ı W .Cp.Z; Ir //! ! Cp.Z; Ir /,
defined by the formula ı.f /.z/ D Pf2�n�1 � fn.z/ W n 2 !g for every z 2 Z and
f D .fn W n 2 !/ 2 .Cp.Z; Ir //! , is continuous.

Proof. It follows from Fact 1 that, indeed, ı maps .Cp.Z; Ir //! to the space
Cp.Z; Ir /. For anym 2 ! and f D .fn W n 2 !/ 2 .Cp.Z; Ir //! , let pm.f / D fm;
then pm W .Cp.Z; Ir //! ! Cp.Z; Ir / is the natural projection of .Cp.Z; Ir //! onto
its m-th factor.

For any z 2 Z let �z.f / D f .z/ for any f 2 Cp.Z; Ir /. Then the map �z is the
restriction to Cp.X; Ir/ of the natural projection of .Ir/Z onto its factor determined
by z. We have Cp.Z; Ir / � .Iz/

Z so, to check that the map ı is continuous, it
suffices to show that �z ı ı is continuous for any z 2 Z (see TFS-102).

To do so, fix a point z 2 Z; the map 'n D �z ı pn W .Cp.Z; Ir //! ! Ir is
continuous for any n 2 ! and it is immediate that �z ı ı D P

n2! 2�n�1'n so we
can apply Fact 1 again to conclude that �z ı ı is continuous for any z 2 Z and hence
the map ı is continuous. Fact 2 is proved.

Fact 3. If K is a compact space and Y � Cp.K/ separates the points of K then
Cp.K/ is a continuous image of .Y � !/! .

Proof. Denote by A the family of all continuous images of the space .Y � !/! .
We will use the expression P � Q to abbreviate the phrase “the space P can be
continuously mapped onto the space Q". It is evident that

(1) if Z 2 A then any continuous image of Z also belongs to A.

Furthermore, if Z 2 A then .Y � !/! ' Y ! � !! � Z and therefore we
have Y ! � !! � !! � Z � !! ; it follows from !! � !! ' !! that the space
Y ! � !! ' Y � !! � !! maps continuously onto Z � !! , i.e., Z 2 A. This
proves that
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(2) if Z 2 A then Z � !! 2 A and hence Z � ! 2 A.

Now, ifZ 2 A andM is a metrizable compact space then !! maps continuously
onto M (see SFFS-328); so Z � !! � Z �M which, together with (1) and (2),
shows that Z �M 2 A. This implies that

(3) if Z 2 A and M is a metrizable compact space then any continuous image of
Z �M belongs to A.

Now let A be the minimal algebra which contains Y ; then A D SfAn W n 2 !g
where everyAn is a continuous image of Y kn �Mn for some kn 2 N and metrizable
compactMn (see Problem 006). Since Y ! � Y kn and !! �Mn for any n 2 !, we
have Y !�!! � Y kn �Mn � An which shows that Y !�!! � An for any n 2 !.
An immediate consequence is that Y ! � !! � ! � A and hence the properties (1)
and (2) imply that A 2 A.

For every r 2 .0; 1
 define a function ar W R! Ir as follows: a.t/ D �r for all
t � �r and a.t/ D r for every t � r ; if t 2 .�r; r/ then let a.t/ D t . It is clear
that ar is continuous; let a D a1. For any f 2 Cp.K/ the function �.f / D a ı f
is continuous and the map � W Cp.K/ ! Cp.K; I/ is also continuous by TFS-091.
Therefore the set B D �.A/ belongs to the class A by the property (1). For any
function f 2 Cp.K/ let jjf jj D supfjf .x/j W x 2 Kg. The algebra A separates the
points ofK; so we can apply TFS-191 to see that

(4) A is uniformly dense in Cp.K/, i.e., for any f 2 Cp.K/ there is a sequence
ffn W n 2 !g � A such that fn!!f .

Let us establish next that

(5) for any r 2 .0; 1
 and f 2 Cp.K/ such that jjf jj � r , there is a function g 2 A
such that jjgjj � r

2
and jjg � f jj � r

2
.

It follows from the property (4) that there is h 2 A such that jjh � f jj � r
2
;

let g D ar=2 ı h. Now, if x 2 K and jh.x/j � r
2

then g.x/ D h.x/ and hence
jg.x/�f .x/j D jh.x/�f .x/j � r

2
. If h.x/ > r

2
then it follows from jjh�f jj � r

2

and jjf jj � r that f .x/ 2 Œ0; r
; so jg.x/� f .x/j D j r
2
� f .x/j � r

2
. Analogously,

if g.x/ < � r
2

then f .x/ 2 Œ�r; 0
; so jg.x/ � f .x/j D j r
2
C f .x/j � r

2
. This

shows that jg.x/ � f .x/j � r
2

for any x 2 K , i.e., jjg � f jj � r
2
; it is evident that

jjgjj � r
2
; so (5) is proved.

Now take any function f 2 Cp.K; I/. Then jjf jj � 1; so there is g0 2 A such
that jjg0jj � 1

2
and jjf �g0jj � 1

2
. Proceeding by induction suppose that n 2 ! and

we have functions g0; : : : ; gn 2 A with the following properties:

(6) jjgi jj � 2�i�1 for all i � n;
(7) jjf � .g0 C : : :C gi /jj � 2�i�1 for any i � n.

Applying (5) to the function h D f � .g0C : : :Cgn/ and the number r D 2�n�1
we can find gnC1 2 A such that jjgnC1jj � 2�n�2 and

jjf � .g0 C : : :C gnC1/jj D jjgnC1 � hjj � 2�n�2:



330 2 Solutions of Problems 001–500

Since the properties (6) and (7) now hold for all i � n C 1, our inductive
procedure shows that we can construct a sequence fgn W n 2 !g � A such
that (6) and (7) are fulfilled for all i 2 !. The property (6) implies that fn D
2nC1gn 2 A \ Cp.K; I/ � B for any n 2 !. The property (7) says that the seriesP

n2! gn D
P

n2! 2�n�1fn converges uniformly to f . Thus

(8) for any function f 2 Cp.K; I/ there is a sequence ffngn2! � B such that
f DPf2�n�1fn W n 2 !g.

For any h D .hn W n 2 !/ 2 B! let ı.h/ D P
n2! 2�n�1hn. Then ı W B! !

Cp.K; I/ is a continuous map by Fact 2. The property (8) shows that ı.B!/ D
Cp.K; I/ and hence B! � Cp.K; I/. Since .Y � !/! � B , we have .Y � !/! '
..Y � !/!/! � B! and hence .Y � !/! � Cp.K; I/, i.e., Cp.K; I/ 2 A. The
space K being compact we have Cp.K/ D SfCp.K; Œ�n; n
 W n 2 Ng; since
Cp.K; Œ�n; n
/ ' Cp.K; I/, we have Cp.K; I/ � Cp.K; Œ�n; n
/ for any n 2 N,
and henceCp.K; I/�! � Cp.K/. Now it follows from (1) and (2) thatCp.K/ 2 A,
i.e., Cp.K/ is a continuous image of .Y � !/! ; so Fact 3 is proved.

Returning to our solution assume thatX is an Eberlein compact space. Then there
is Y � Cp.X/ such that Y ' A.�/ for some infinite cardinal � and Y separates
the points of X (see Problem 327). By Fact 3, the space Cp.X/ is a continuous
image of .Y � !/! ' Y ! � !! ' .A.�//! � !! ; so we proved necessity.

Finally, assume that a spaceX is compact and there exists a continuous onto map
' W .A.�//! � !! ! Cp.X/. If E is a countable dense subspace of !! then the
spaceH D .A.�//! �E is �-compact and dense in .A.�//! �!! . Therefore '.H/
is a �-compact dense subspace of Cp.X/ which implies, by Problem 035, that X is
Eberlein compact. This settles sufficiency and makes our solution complete.

U.330. Prove that a compact space X is Eberlein compact if and only if there is an
compact spaceK and a separable spaceM such that Cp.X/ is a continuous image
of K �M .

Solution. If X is Eberlein compact then Cp.X/ is a continuous image of the space
.A.�//! � !! (see Problem 329); so letting K D .A.�//! and M D !! we settle
necessity.

Now, if there exists a compact space K and a separable space M such that there
is a continuous onto map ' W K � M ! Cp.X/ then take a countable dense set
E � M . Then H D K � E is a �-compact dense subspace of K �M . Therefore
'.H/ is a �-compact dense subspace of Cp.X/ which implies, by Problem 035,
that X is Eberlein compact.

U.331. Prove that any infinite Eberlein compact space X is a continuous image of
a closed subspace of .A.�//! �M , where � D w.X/ andM is a second countable
space.

Solution. There exists an infinite cardinal � such that some Y � Cp.X/ separates
the points of X and Y ' A.�/ (see Problem 327). By compactness of X and A.�/,
we have � D w.A.�// � nw.Cp.X// D nw.X/ D w.X/.
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Let ex.f / D f .x/ for any x 2 X and f 2 Y . Then ex 2 Cp.Y / for any x 2 X
and the map e W X ! Cp.Y / defined by e.x/ D ex for any x 2 X , is an embedding
by TFS-166. Therefore w.X/ D nw.X/ � nw.Cp.Y // D nw.Y / D w.Y / D � and
hence � D w.X/.

Since e W X ! Cp.Y / is an embedding, we can assume, without loss of
generality, thatX � Cp.Y /. The space Y ' A.�/ is Eberlein compact and it is easy
to see that there is a space Z � Cp.Y / such that Z separates the points of Y and
Z ' A.�/. Thus there exists a continuous onto map ' W .A.�//!�!! ! Cp.Y / by
Problem 329. The set F D '�1.X/ is closed in .A.�//! � !! and ı D 'jF maps
F continuously onto X . Therefore we can take M D !! to conclude that there is a
closed subset F of the space .A.�//! �M which maps continuously onto X .

U.332. Prove that each Eberlein compact space is a Preiss–Simon space.

Solution. Suppose that X is Eberlein compact and F is a closed subset of X . Then
F is also an Eberlein compact space so, for any point x 2 F , there is a sequence
fUn W n 2 !g � ��.F / which converges to x (this was proved in Fact 17 of S.351).
ThereforeX is a Preiss–Simon space.

U.333. Prove that, if a pseudocompact space X condenses onto a subspace of
Cp.K/ for some compact K , then this condensation is a homeomorphism and X
is Eberlein compact. In particular, any functionally perfect pseudocompact space is
Eberlein compact.

Solution. Suppose thatK is a compact space and ' W X ! Y is a condensation for
some Y � Cp.K/.

Suppose that H is a pseudocompact subspace of X . Then G D '.H/ is
pseudocompact; so Problem 044 is applicable to see that P D G is a compact
subspace of Cp.K/. The space P is Eberlein compact by Problem 035; so we can
apply Fact 19 of S.351 to conclude that G is closed in P and hence G D P , i.e., G
is Eberlein compact. Thus,

(1) if H is a pseudocompact subspace of X then '.H/ is Eberlein compact.

In particular, the space Y D '.X/ is Eberlein compact. Fix a closed set F � X ;
for any U 2 �.F;X/ the set U is pseudocompact (see Observation 2 of S.140).
Therefore '.U / is a compact subspace of Y by (1). An easy consequence of the
Hausdorffness of X is the equality F D TfU W U 2 �.F;X/g. The map ' being a
bijection, we have '.F / D Tf'.U / W U 2 �.F;X/g. Since every '.U / is compact
by (1), the space '.F / is also compact and hence closed in Y . We proved that

(2) '.F / is closed in Y for any closed F � X , i.e., the map ' is closed.

Since every closed condensation is a homeomorphism (see TFS-153, TFS-154
and TFS-155), the map ' is a homeomorphism of X onto an Eberlein compact
space Y . ThereforeX is also Eberlein compact.

Finally, if X is a functionally perfect pseudocompact space then X condenses
onto a subspace of Cp.K/ for some compactK (see Problem 301); so X is Eberlein
compact.
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U.334. Prove that a zero-dimensional compact space X is Eberlein compact if and
only if X has a T0-separating �-point-finite family of clopen sets.

Solution. Suppose that X is compact and U is a T0-separating �-point-finite family
of clopen subsets of X . Since every clopen set is a cozero set, we can apply
Problem 324 to conclude that X is Eberlein compact. This settles sufficiency.

To prove necessity, assume that X is a zero-dimensional Eberlein compact space
and apply Problem 324 again to find a T0-separating �-point-finite family U of
cozero subsets of X . Since every U 2 U is an F� -subset of X , we can take a
family fFU

n W n 2 !g of compact subsets of X such that U D fFU
n W n 2 !g.

The space X being strongly zero-dimensional (see SFFS-306) there exists a
clopen set CU

n such that FU
n � CU

n � U for all U 2 U and n 2 !. For any
n 2 !, the family Cn D fCU

n W U 2 Ug is �-point-finite because so is U . Therefore
the family C D SfCn W n 2 !g is also �-point-finite and consists of clopen subsets
of X .

Given distinct x; y 2 X there is U 2 U such that U \ fx; yg is a singleton, say,
U \ fx; yg D fxg. Therefore there is a number n 2 ! such that x 2 F U

n � CU
n and

hence CU
n \ fx; yg D fxg; in the case when U \ fx; yg D fyg an analogous

reasoning shows that there is n 2 ! such that CU
n \ fx; yg D fyg; so we

have established that the family C is T0-separating. Thus we have constructed a
T0-separating �-point-finite family C of clopen subsets of X .

U.335. Let X be a zero-dimensional compact space. Prove that X is Eberlein if and
only if Cp.X;D/ is �-compact.

Solution. Take distinct points x; y 2 X . Since X is zero-dimensional, there is a
clopen set U � X such that x 2 U � Xnfyg. Then f D 	U 2 Cp.X;D/

and f .x/ ¤ f .y/; this shows that the set Cp.X;D/ separates the points of X .
If Y D Cp.X;D/ is �-compact then Y is a �-compact subspace of Cp.X/ which
separates the points of X ; so X is Eberlein compact by Problem 035. This gives
sufficiency.

Now, if the space X is Eberlein compact then there exists a T0-separating family
U of clopen subsets of X such that U DSfUn W n 2 !g and every Un is point-finite
(see Problem 334); denote by u the function which is identically zero on X . Let
Kn D fug [ f	U W U 2 Ung; it is an easy exercise to see that KnnO is finite for any
O 2 �.u; Cp.X//; so the space Kn is compact for any n 2 !.

Consequently, K D SfKn W n 2 !g � Cp.X;D/ is a �-compact subspace of
Cp.X;D/ and it is straightforward thatK separates the points ofX . Apply Fact 2 of
U.150 to conclude that Cp.X;D/ D SfCn W n 2 !g where every Cn is a continuous
image of Kmn for some mn 2 N. The space Kmn is �-compact for each n 2 !; so
everyCn is also �-compact and thereforeCp.X;D/ D SfCn W n 2 !g is �-compact
as well. This settles necessity.

U.336. Prove that any Eberlein compact space is a continuous image of a zero-
dimensional Eberlein compact space.
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Solution. Let X be Eberlein compact; by Problem 324, the space X has a
T0-separating family U of open F� -subsets of X such that U D SfUn W n 2 !g and
every Un is point-finite. There is no loss of generality to assume that Um \ Un D ;
whenever m ¤ n. For every U 2 U choose a continuous function fU W X ! I D
Œ0; 1
 � R such that XnU D f �1

U .0/ (see Fact 1 of S.358 and Fact 1 of S.499).
For any n 2 ! and U 2 Un let gU D 1

nC1 �fU ; then 'n D �fgU W U 2 Ungmaps
X continuously into IUn in such a way that 'n.X/ � Œ0; 1

nC1 

Un . The map

' D �f'n W n 2 !g W X !
Y
fIUn W n 2 !g D IU

is an embedding. To see it take distinct x; y 2 X . There is n 2 ! and U 2 Un such
that U \ fx; yg is a singleton. Then fU .x/ ¤ fU .y/ and hence gU .x/ ¤ gU .y/

which shows that 'n.x/ ¤ 'n.y/ and therefore '.x/ ¤ '.y/. This proves that ' is,
indeed, an embedding being an injection; let X 0 D '.X/.

Observe that X 0 � fx 2 IU W the set fU 2 U W jx.U /j � "g is finite for
any " > 0g. Indeed, if x 2 X 0 and " > 0 then x D '.y/ for some y 2 X and
there is n 2 ! such that 1

nC1 < ". We have jx.U /j D gU .y/ � 1
kC1 � 1

nC1 < "

for any k � n and U 2 Uk . The family V D SfUk W k < ng is point-finite; so
fU 2 U W jx.U /j � "g � fU 2 V W y 2 U g is finite.

To simplify the notation we will reformulate the obtained result as follows:

(1) there exists a set T such thatX embeds in˙ D fx 2 I T W the set ft W x.t/ � "g
is finite for any " > 0g,; so we can assume that X � ˙ .

Let K D D
! be the Cantor set; fix a point a 2 K and let In D Œ 1

nC2 ;
1

nC1 
 � I
for any n 2 !. The space K being zero-dimensional, we can find a local base
O D fOn W n 2 !g at the point a in K such that the set On is clopen in K and
OnC1 � On for any n 2 !. Making the relevant changes in O if necessary, we can
assume that O0 D K and Kn D OnnOnC1 ¤ ; for any n 2 !.

Since no point of K is isolated, the same is true for any non-empty clopen
subset of K and hence every non-empty clopen subset of K is homeomorphic to
K (see SFFS-348). This shows that Kn is homeomorphic to K and hence there is a
continuous onto map �n W Kn ! In for any n 2 ! (see TFS-128). Let �.a/ D 0; if
x 2 Knfag then there is a unique n 2 ! such that x 2 Kn; let �.x/ D �n.x/. It is
an easy exercise that � W K ! I is a continuous onto map such that ��1.0/ D fag.
We proved that

(2) for any a 2 D
! there is a continuous onto map � W D! ! I with ��1.0/ D fag.

From now on we will consider that K � I and 0 2 K (see TFS-128); apply (2)
to fix a continuous onto map � W K ! I such that ��1.0/ D f0g. Given any " > 0,
the set L D KnŒ0; "/ is compact, so �.L/ is compact in I ; since 0 … �.L/, there is
r."/ > 0 such that Œ0; r."// \ �.L/ D ;. This proves that

(3) for any " > 0 there is r."/ > 0 such that a 2 K and a � " implies �.a/ � r."/.
Let˚ W KT ! I T be the product of T -many copies of �, i.e.,˚.x/.t/ D �.x.t//

for any x 2 KT and t 2 T . The map ˚ is continuous by Fact 1 of S.271 and it is
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easy to see that ˚.KT / D I T . The space Y D ˚�1.X/ is compact being closed in
the compact space KT � I T � R

T .
Take any x 2 ˙ and y 2 ˚�1.x/. For any t 2 T , if " > 0 and y.t/ � " then

x.t/ D �.y.t// � r."/ by (3); so the set S.y; "/ D ft 2 T W y.t/ � "g is contained
in supp.x/ D ft 2 T W x.t/ � r."/g. Since X � ˙ , the property (1) shows that
supp.x/ is finite; so S.y; "/ is finite for any " > 0. This proves that ˚�1.˙/ � ˙
and hence Y � ˙ � ˙�.T / D fx 2 R

T W the set ft 2 T W jx.t/j � "g is finite for
any " > 0g.

It follows from Y � ˙�.T / that Y is an Eberlein compact space (see
Problem 322). It is clear that ˚ jY maps Y continuously onto X . Besides, Y is
zero-dimensional because so is KT � Y (see SFFS-301 and SFFS-302). Therefore
Y is a zero-dimensional Eberlein compact space which maps continuously onto X .

U.337. Prove that any continuous image of an Eberlein compact space is Eberlein
compact.

Solution. Suppose that X is an Eberlein compact space and f W X ! Y is
a continuous onto map. If X is metrizable then Y is also metrizable and hence
Eberlein (see Problem 316 and Fact 5 of S.307). Thus we can assume that X is not
metrizable and hence jX j > !. For any set A � X let f #.A/ D Y nf .XnA/. It is
easy to see that if U is an open subset ofX and V D f #.U / then V is open in Y and
f �1.V / � U . It was proved in Problem 336 that there exists a zero-dimensional
Eberlein compact space X 0 such that X is a continuous image of X 0. Then Y is a
continuous image ofX 0; so we can assume, without loss of generality, thatX 0 D X ,
i.e., X is a zero-dimensional Eberlein compact space.

Our first observation is that Cp.Y / embeds in Cp.X/ as a closed subspace
(see TFS-163); thus Cp.Y / is a Lindelöf ˙-space because so is Cp.X/ (see
Problem 020). Therefore Y is Gul’ko compact; so it is !-monolithic and Fréchet–
Urysohn (see Problem 208, and Fact 1 of U.080).

Apply Problem 334 to find a T0-separating family U of clopen subsets ofX such
that U D SfUn W n 2 !g and every Un is point-finite. Given a family A of subsets
of X we consider that

T
A D X if A is empty.

Fact 1. Let K be an infinite compact space with jKj D �. Suppose that U is an
open subset of K and F is a closed subset of the subspace U . Then there exist
families fS.˛; n/ W ˛ < �; n 2 !g and fV.˛; n/ W ˛ < �; n 2 !g with the
following properties:

(i) the set S.˛; n/ is compact and S.˛; n/ � F for any ˛ < � and n 2 !;
(ii) V.˛; n/ is open in K and S.˛; n/ � V.˛; n/ � U for any ˛ < � and n 2 !;

(iii)
SfS.˛; n/ W ˛ < �; n 2 !g D F ;

(iv) if ˛ < ˇ < � then S.ˇ; n/\ V.˛;m/ D ; for anym; n 2 !.

Proof. Since jKj D �, we can choose an enumeration fx˛ W ˛ < �g of the space K .
For any ˛ < �, Let P.˛; 0/ D fx˛g if x˛ 2 U and P.˛; 0/ D ; if x˛ … U .

Proceeding by induction suppose that n 2 ! and we have constructed a family
fP.˛; n/ W ˛ < �g such that P.˛; n/ � U for any ˛ < �. The spaceK is normal; so
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we can find an open set V.˛; n/ such that P.˛; n/ � V.˛; n/ � V.˛; n/ � U ; let
P.˛; nC 1/ D V.˛; n/ for any ˛ < �. This shows that we can construct a compact
set P.˛; n/ and an open set V.˛; n/ such that P.˛; n/ � V.˛; n/ � V.˛; n/ � U
for any ˛ < � and n 2 !. It is clear from our construction that

SfP.˛; n/ W ˛ <
�g D U for all n 2 !.

Every set P.˛/ D S
n2! P.˛; n/ D

S
n2! V.˛; n/ is open in K , so the set

Q.˛; n/ D P.˛; n/n.SfP.ˇ/ W ˇ < ˛g/ is compact; let S.˛; n/ D Q.˛; n/ \ F
for all ˛ < � and n 2 !. It is immediate that the properties (i),(ii) and (iv) are
satisfied for our families fS.˛; n/ W ˛ < �; n 2 !g and fV.˛; n/ W ˛ < �; n 2 !g.
To see that (iii) is also holds, take any x 2 F and let ˛ D minfˇ < � W x 2 P.ˇ; n/
for some n 2 !g. Then x … SfP.ˇ/ W ˇ < ˛g and x 2 P.˛; n/ for some n 2 !.
This implies x 2 Q.˛; n/ so x 2 S.˛; n/. Thus (i)–(iv) are satisfied for our families
fS.˛; n/ W ˛ < �; n 2 !g and fV.˛; n/ W ˛ < �; n 2 !g; so Fact 1 is proved.

Fact 2. If n 2 ! and T is an infinite set then for any family N D fNt W t 2 T g
such that jNt j � n for any t 2 T , there is a set D and an infinite T 0 � T such that
Ns \Nt D D for any distinct s; t 2 T 0.

Proof. If n D 0 then D D ; and T 0 D T work. Proceeding inductively, assume
that m 2 ! and we have proved the statement of our Fact for all n � m. Now, if
jNt j � mC 1 for all t 2 T then consider the following two cases.

(a) There is an infinite S � T such that the family M D fNt W t 2 Sg is point-
finite. Then every finite set intersects only finitely many elements of M; so we
can construct, by a trivial induction, an infinite T 0 � S such that the family
fNt W t 2 T 0g is disjoint. Then T 0 andD D ; are as promised.

(b) There is an infinite S � T such that M D TfNt W t 2 Sg ¤ ;; choose a
point x 2 M . Then every element of the family M D fNtnfxg W t 2 Sg has at
most m elements; so our inductive assumption is applicable to find an infinite
T 0 � S and a set D0 such that .Ntnfxg/ \ .Nsnfxg/ D D0 for any distinct
s; t 2 T 0. It is straightforward that, letting D D D0 [ fxg we will have the
equalityNt \Ns D D for any distinct t; s 2 T 0. Thus the case of n D mC 1 is
settled; so our induction procedure shows that Fact 2 is proved.

Returning to our solution denote by F the collection of all finite subfamilies of
the family U . We will also need the families U Œx
 D fU 2 U W x 2 U g and
U Œx; n
 D fU 2SfUk W k � ng W x 2 U g for any x 2 X and n 2 !. For any A 2 F

the setU.A/ D f #.
S

A/ is open in Y ; so F.A/ D U.A/n.SfU.A0/ W A0 � A and
A0 ¤ Ag/ is closed in U.A/. We claim that the collection fF.A/; U.A/ W A 2 Fg
separates the points of Y in the sense that

(1) for any distinct points x; y 2 Y there exists a family A 2 F such that either
x 2 F.A/ � U.A/ � Y nfyg or y 2 F.A/ � U.A/ � Y nfxg.

To prove (1) we will first establish that

(2) either there exists a point a 2 f �1.x/ such that U Œb
 6� U Œa
 for any b 2
f �1.y/ or there is a 2 f �1.y/ such that U Œb
 6� U Œa
 for any b 2 f �1.x/.
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Indeed, if (2) is not true then we can find sequencesA D fan W n 2 !g � f �1.x/
and B D fbn W n 2 !g � f �1.y/ such that U Œan
 � U Œbn
 � U ŒanC1
 for any
n 2 !. This property will still hold if a we pass to any subsequences fakn W n 2 !g
and fbkn W n 2 !g of our sequences A and B . Since Y is a Fréchet–Urysohn space,
we can assume, without loss of generality, that there are points a 2 f �1.x/ and
b 2 f �1.y/ such that A! a and B ! b.

The family U being T0-separating we can pick a set U 2 U such that a 2 U
and b … U or vice versa. If we have the first case then the sequence A is eventually
in U and B is eventually in XnU (here we use the fact that U is a clopen set).
Therefore there is n 2 ! for which anC1 2 U and bn … U . This contradiction
with U ŒanC1
 � U Œbn
 shows that the first case is impossible. In the second case the
contradiction is obtained in an analogous way; so (2) is proved.

Now apply (2) to find a point a 2 f �1.x/ such that U Œb
 6� U Œa
 for any
b 2 f �1.y/ (or vice versa). Thus we can fix a set Ub 2 U Œb
 such that a … Ub;
the set f �1.y/ being compact, there is a finite B 0 � B for which

SfUb W b 2
B 0g � f �1.y/. Since the family U 0 D fUb W b 2 B 0g is finite, we can choose a
minimal A � U 0 for which f �1.y/ � S

A. Thus y 2 f #.
S

A/ D U.A/ and it
follows from minimality of A that f �1.y/ 6� S

A0 for any proper A0 � A. As a
consequence, y 2 F.A/; it follows from a 2 f �1.x/n.SA/ that x … U.A/ so the
pair .F.A/; U.A// separates the points x and y. The case when a 2 f �1.y/ and
U Œb
 6� U Œa
 for any b 2 f �1.x/ is considered analogously; so (1) is proved.

Let us show that the family U has another useful property.

(3) If F and G are disjoint closed subsets of the space X , then there is k 2 ! such
that U Œx; k
 ¤ U Œy; k
 for any x 2 F and y 2 G.

Indeed, if (3) is not true then there exist sequences fxn W n 2 !g � F and
fyn W n 2 !g � G for which U Œxn; n
 D U Œyn; n
 for any n 2 !. It is easy to
see that we can assume, without loss of generality, that there are points x 2 F and
y 2 G such that xn ! x and yn ! y. Fix U 2 U such that x 2 U and y … U (or
vice versa). There is k 2 ! with U 2 Uk ; the sequence fxn W n 2 !g is eventually
in U while fyn W n 2 !g is eventually outside U (here we used again the fact that U
is a clopen set). Therefore there exists n > k such that xn 2 U and yn … U . This,
together with U 2 U Œxn; n
 implies that U Œxn; n
 ¤ U Œyn; n
 which is contradiction.
In the symmetric case the contradiction is obtained analogously; so (3) is proved.

It follows from Fact 1 that, for the cardinal � D jY j, we can construct, for any
A 2 F, a family fS.˛; n;A/ W ˛ < �; n 2 !g of compact subsets of Y and a family
fV.˛; n;A/; ˛ < �; n 2 !g of open subsets of Y such that

(4)
SfS.˛; n;A/ W ˛ < �; n 2 !g D F.A/ for any A 2 F;

(5) S.˛; n;A/ � V.˛; n;A/ � U.A/ for any A 2 F;
(6) S.˛; n;A/ \ V.ˇ;m;A/ D ; for any ˇ < ˛; m; n 2 ! and A 2 F.

Given an ordinal ˛ < � a family A 2 F and n 2 !, the sets f �1.S.˛; n;A//
and f �1.Y nV.˛; n;A// are closed and disjoint in the space X ; so it follows
from the property (3) that there is k D k.˛; n;A/ such that the conditions
x 2 f �1.S.˛; n;A// and y 2 f �1.Y nV.˛; n;A// imply U Œx; k
 ¤ U Œy; k
.
An immediate consequence is that
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(7) given any A 2 F; ˛ < � and n 2 !, if k D k.˛; n;A/ and x 2
f �1.S.˛; n;A// then U Œy; k
 D U Œx; k
 implies f .y/ 2 V.˛; n;A/.

Now fix ˛ < �; n 2 ! and A 2 F; if S.˛; n;A/ D ; then let G.˛; n;A/ D ;.
If the set S.˛; n;A/ is non-empty then let k D k.˛; n;A/. It is evident that the
set O.˛; n;A/ D SfTU Œx; k
 W x 2 f �1.S.˛; n;A//g is open in X and contains
f �1.S.˛; n;A//; so W.˛; n;A/ D f #.O.˛; n;A// is an open neighbourhood of
the set S.˛; n;A/; by normality of Y there exists an F� -setG.˛; n;A/ 2 �.Y / such
that S.˛; n;A/ � G.˛; n;A/ � W.˛; n;A/ \ V.˛; n;A/. We claim that

(8) the family G D fG.˛; n;A/ W ˛ < �; n 2 ! and A 2 Fg is T0-separating.

Indeed, given distinct x; y 2 Y , we can apply (1) to find A 2 F such that either
x 2 F.A/ and y … U.A/ or y 2 F.A/ and x … U.A/. In the first case apply (4) to
see that there are ˛ < � and n 2 ! for which x 2 S.˛; n;A/. Then x 2 G.˛; n;A/
and y … G.˛; n;A/ because G.˛; n;A/ � V.˛; n;A/ � U.A/ while y … U.A/.
The second case can be considered analogously; so (8) is proved.

The next property of G is crucial.

(9) the family G is �-point-finite.

If H.m/ D fG.˛; n;A/ W ˛ < �; n � m; k.˛; n;A/ � m; jAj � m and we
have the inclusion A � U0[ : : :[Umg for anym 2 ! then

SfH.m/ W m 2 !g D G;
so it suffices to show that every H.m/ is point-finite.

Assume, towards a contradiction, that m 2 !; y 2 Y and there is a countably
infinite H � H.m/ such that y 2 T

H. Passing, if necessary, to an infinite
subfamily of H we can assume that there are k; p; r 2 ! such that k.˛; n;A/ D
k; jAj D r and n D p wheneverG.˛; n;A/ 2 H.

It follows from Fact 2 that, passing once more to an infinite subfamily of H if
necessary, we can assume that there is D � U such that A\A0 D D for any distinct
G.˛; p;A/ 2 H and G.ˇ; p;A0/ 2 H; let fG.˛i ; p;Ai / W i 2 !g be a faithful
enumeration of the family H. Pick a point x 2 f �1.y/; then, for any i 2 !, we
have x 2 f �1.W.˛i ; n;Ai // � O.˛i ; n;Ai /; so there is xi 2 f �1.S.˛i ; p;Ai //

such that x 2 T
U Œxi ; k
 (here we used the fact that k.˛i ; p;Ai / D k for any

i 2 !).
As a consequence, U Œxi ; k
 � U Œx; k
 for any i 2 !; the family U Œx; k
 being

finite, we can pass again to an infinite subfamily of H to guarantee the equality
U Œxi ; k
 D U Œxj ; k
 for any i; j 2 !. To finally obtain the promised contradiction
consider the following cases.

(a) There are distinct numbers i; j 2 ! such that Ai D Aj D D. Then ˛i ¤
˛j , say, ˛i < ˛j . It follows from (6) that S.˛j ; p;Aj / \ V.˛i ; p;Ai / D ;
and hence f .xj / … V.˛i ; p;Ai /. On the other hand, it follows from (7) and
U Œxi ; k
 D U Œxj ; k
 that f .xj / 2 V.˛i ; p;Ai / which is a contradiction.

(b) We have Ai ¤ D for any i 2 ! (to see that this case covers the complement
of (a) observe that jAi j D jAj j D r for any i; j 2 !). Since f .xi / 2 F.Ai /,
there is yi 2 f �1.f .xi //n.SD/ for any i 2 !.
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The family U Œy0;m
 is finite while the collection fAinD W i 2 !nf0gg is
infinite and disjoint. Therefore there is i > 0 for which U Œy0;m
 \ .AinD/ D ;.
Since AinD � U0 [ : : : [ Um and D \ U Œy0;m
 D ;, we have Ai \ U Œy0
 D ;
and therefore f �1.f .y0// 6� S

Ai . This shows that f .x0/ D f .y0/ … U.Ai /;
on the other hand, the property (7) and U Œx0; k
 D U Œxi ; k
 imply that f .x0/ 2
V.˛i ; p;Ai / � U.Ai /. This final contradiction shows that every family H.m/ is,
indeed, point-finite; so (9) is proved.

Finally, observe that the properties (8) and (9) show that G is a �-point-finite
T0-separating family of open F� -subsets of Y ; so Problem 324 implies that Y is
Eberlein compact and completes our solution.

U.338. Prove that there exists a compactX such thatX is a union of countably many
Eberlein compact spaces while Cp.X/ is not Lindelöf. In particular, a compact
countable union of Eberlein compact spaces need not be Corson compact.

Solution. Let X be the one-point compactification of the Mrowka space M

(see TFS-142). Then X has a countable dense set D of isolated points while the
space K D XnD is homeomorphic to A.�/ for an uncountable cardinal �; let a be
the unique non-isolated point of K . Observe that the space K is Eberlein compact
because the family ffxg W x 2 Knfagg is disjoint, T0-separating inK and consists of
open compact subsets of K (see Problem 324). Since fxg is also Eberlein compact
for any x 2 D, the spaceX D ffxg W x 2 Dg[K is a countable union of its Eberlein
compact subspaces. However, X is not Corson compact because it is separable and
non-metrizable (see Problem 121).

To see that Cp.X/ is not Lindelöf observe that D is a countable open dense
subset of X while the set of isolated points XnD is dense in XnD. This makes
it possible to apply Problem 077 to see that Cp.X;D/ � !! is not Lindelöf. This
implies that Cp.X;D!/ is not Lindelöf either (see Problem 076). Since Cp.X;D!/
is a closed subspace of Cp.X/, the space Cp.X/ is not Lindelöf.

U.339. Prove that it is consistent with ZFC that there exists a Corson compact space
which does not map irreducibly onto an Eberlein compact space.

Solution. It was proved in Problem 131 that, under Jensen’s axiom, there exists
a Corson non-metrizable compact space X such that c.X/ D !. If X maps
irreducibly onto an Eberlein compact space Y then w.Y / D c.Y / � c.X/ D
! because every Eberlein compact space is Gul’ko compact (see Problems 020
and 294). Therefore �w.Y / D ! and hence �w.X/ D ! by Fact 1 of S.228. This
shows that d.X/ � �w.X/ D ! and hence X is metrizable by Problem 121. This
contradiction shows that X is a Corson compact space which cannot be irreducibly
mapped onto an Eberlein compact space.

U.340. Suppose that P is a class of topological spaces such that, for any X 2 P ,
all continuous images and all closed subspaces of X belong to P . Prove that it is
impossible that a compact space X be Eberlein compact if and only if Cp.X/ 2 P ,
i.e., either there exists an Eberlein compact space with Cp.X/ … P or there is a
compact Y which is not Eberlein and Cp.Y / 2 P .
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Solution. Recall that a point x of a space Z is called a �-point if there exists a
finite family U � �.Z/ such that fxg D TfU W U 2 Ug. Say that a set Y � Z is
concentrated around a point x 2 Z if Y nU is countable for any U 2 �.x;Z/.
Fact 1. The space A.�/ is Eberlein compact for any infinite cardinal �.

Proof. It was proved in TFS-129 that everyA.�/ is compact. Now, A.�/ D � [fag
where a … � is the unique non-isolated point of A.�/. It is straightforward that
ffxg W x 2 �g is a disjoint (and hence point-finite) T0-separating family of cozero
subsets of A.�/; so A.�/ is Eberlein compact by Problem 324. Fact 1 is proved.

Fact 2. Suppose that Kn is an Eberlein compact space for any n 2 !. Then the
space

QfCp.Kn; I/ W n 2 !g embeds as a closed subspace in Cp.K/ for some
Eberlein compact space K .

Proof. Let K be the one-point compactification of the space L DLfKn W n 2 !g;
denote by a the unique element of the set KnL. We will identify everyKn with the
relevant clopen subspace of L.

Since every Kn is Eberlein compact, we can find a �-point-finite family Un
of cozero subsets of Kn which T0-separates the points of Kn and Kn 2 Un (see
Problem 324). It is evident that the family U D SfUn W n 2 !g is �-point-finite,
consists of cozero subsets ofK and T0-separates the points ofK . ThusK is Eberlein
compact by Problem 324.

The set Z D ff 2 Cp.K/ W f jKn 2 Cp.Kn; Œ0;
1

nC1 
/ for any n 2 !g is closed
in the space Cp.K/; it is straightforward that f .a/ D 0 for any f 2 Z. For every
n 2 ! the restriction map �n W Z ! Cp.Kn/ is continuous and hence the diagonal
product � D �n2!�n W Z ! C D QfCp.Kn; Œ0;

1
nC1 
/ W n 2 !g is continuous as

well.
If f; g 2 Z and f ¤ g then there are n 2 ! and x 2 Kn such that f .x/ ¤ g.x/.

Then �n.f / ¤ �n.g/ and hence �.f / ¤ �.g/. Therefore � is injective. If we have
a function f 2 R

K such that f .a/ D 0 and f jKn 2 Cp.Kn; Œ0;
1

nC1 
/ for any n 2 !
then f is continuous, i.e., f 2 Z. An immediate consequence is that �.Z/ D C ,
i.e., � is surjective.

Let ı D ��1 W C ! Z; to see that ı is continuous take any x 2 K

and denote by px W RK ! R the projection onto the factor determined by x,
i.e., px.f / D f .x/ for any f 2 R

K . we will also need the natural projection
qn W C ! Cp.Kn; Œ0;

1
nC1 
/ for any n 2 !.

If x D a then .px ı ı/.f / D 0 for any f 2 C ; so px ı ı is continuous. If x 2 Kn

for some n 2 ! then px ı ı coincides with the map rx ı qn where rx.f / D f .x/ for
any f 2 Cp.Kn; Œ0;

1
nC1 
/. The maps rx and qn being continuous for each n 2 !, we

proved that px ı ı is continuous for any x 2 K and therefore ı D ��1 is continuous
by TFS-102. Thus ı is a homeomorphism of the space C onto a closed subspace
Z of the space Cp.K/; it follows from C ' QfCp.Kn; I/ W n 2 !g that Fact 2 is
proved.

Fact 3. Suppose that Z is a space such that Cp.Z; I/ is not pseudocompact. Then
Cp.Z; I/ � ! embeds in Cp.Z; I/ as a closed subspace.
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Proof. For any f 2 Cp.Z/ and " > 0 let I.f; "/ D fg 2 Cp.Z/ W jg.x/ �
f .x/j � " for any x 2 Zg. There exists a discrete family fUn W n 2 !g of non-
empty open subsets of Cp.Z; I/. Fix any n 2 !; there is a set fz1; : : : ; zkg � Z

and a family fO1; : : : ; Okg of non-empty open subsets of the interval I such that
V D ff 2 Cp.Z; I/ W f .zi / 2 Oi for all i � kg � Un. Making every Oi smaller if
necessary, we can consider that Oi � .�1; 1/; pick a point ri 2 Oi .

There exists " > 0 such that .ri � 2"; ri C 2"/ � Oi and therefore jri j C 2" < 1
for all i � k. It is easy to find a function hn 2 Cp.Z; I/ such that hn.zi / D ri for
all i � k (use TFS-034 to choose gn 2 Cp.Z/ with this property and then consider
the function hn D � ı gn where �.t/ D 1

2
.jt C 1j � jt � 1j/ for all t 2 R). Let

fn D .1 � "/hn; if f 2 I.fn; "/ then jf .x/j � jfn.x/j C " � 1 for any x 2 Z.
Besides, jf .zi /�ri j � jf .zi /�fn.zi /jCjfn.zi /�ri j � "Cjhn.zi /�"h.zi /�ri j D
".1 C jri j/ < 2" which shows that f .zi / 2 Oi for any i � k. This implies that
f 2 V � Un; since jf .x/j � 1 for any x 2 Z, we have established that

(1) for any n 2 ! there are fn 2 Un and "n > 0 such that I.fn; "n/ � Cp.Z; I/

\ Un.
An immediate consequence of (1) is that the family fI.fn; "n/ W n 2 !g is

discrete. The set I.fn; "n/ is closed in Cp.Z; I/ and homeomorphic to Cp.Z; I/
for any n 2 ! (see Fact 3 of S.398) which shows that F D SfI.fn; "n/ W n 2 !g is
homeomorphic to Cp.Z; I/�!. It is evident that F is closed in Cp.Z; I/; so Fact 3
is proved.

Fact 4. If K is an infinite compact space then any F� -subset of Cp.K/ is a
continuous image of a closed subset of Cp.K; I/.

Proof. Suppose that Fn is closed in Cp.K/ for every n 2 ! and F D S
n2! Fn.

The set Fnm D Fn \ Cp.K; Œ�m;m
/ is closed in Cp.K/ for any m 2 N and we
have the equality Fn D S

m2N Fnm for each n 2 !. Since every Cp.K; Œ�m;m
/ is
homeomorphic to Cp.K; I/, we can consider that F DS

n2! Gn where every Gn is
homeomorphic to a closed subspace of Cp.K; I/.

The set G DL
n2! Gn is homeomorphic to a closed subspace of Cp.K; I/ � !.

SinceK is compact, the setCp.K; I/ is not pseudocompact (see TFS-398 and Fact 2
of T.090); so we can apply Fact 3 to see that Cp.K; I/� ! embeds in Cp.K; I/ as a
closed subspace. Therefore G also embeds in Cp.K; I/ as a closed subspace. Since
G maps continuously onto F , Fact 4 is proved.

Returning to our solution assume, towards a contradiction, that the class P is
dually Eberlein, i.e., a compact space X belongs to P if and only if Cp.X/ 2 P .
It was proved in Fact 5 of U.222 that there exists a Talagrand compact space K
such that some p 2 K is not a �-point and K D SfKn W n 2 !g where every
Kn is homeomorphic to a closed subset of .A.c//! and, in particular,Kn is Eberlein
compact by Fact 1 and Problem 307. However,Knfpg is pseudocompact and dense
in K by Fact 1 of U.222. This, together with Fact 19 of S.351 shows that

(2) the space K is not Eberlein compact.
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The space K is Corson compact by Problem 285; so we assume from now on
that K � ˙.T / for some uncountable set T . Let u.t/ D 0 for all t 2 T . We will
also need the characteristic function ut of the singleton ftg for any t 2 T ; recall that
ut .t/ D 1 and ut .s/ D 0 for any s 2 T nftg.

It is straightforward that the space E D fug [ fut W t 2 T g � ˙.T / is
homeomorphic to A.�/ for � D jT j. The space K 0 D K [ E is also Corson
compact; by Fact 1 the space K 0 is still a countable union of Eberlein compacta
and E � K 0. Thus we can enumerate the relevant Eberlein compact subspaces of
K 0 as fLn W n 2 !g in such a way that L0 D E; Ln � LnC1 for any n 2 ! and
K 0 DSfLn W n 2 !g.

Let h.x/ D 0 for all x 2 K 0; given t 2 T let ht .x/ D x.t/ for all x 2 K 0. Then
the function ht W K 0 ! R is continuous because it coincides with the restriction of
the natural projection of RT onto its factor determined by t . It is immediate that the
space H D fhg [ fht W t 2 T g separates the points of K 0 and H is concentrated
around h. There exists a condensation � W Cp.K 0/ ! S of the space Cp.K 0/ into
a ˙-product S of real lines by Problem 200. The set �.H/ is concentrated around
the point �.h/ so we can apply Fact 1 of U.289 to see that �.H/ is �-compact and
thereforeH is an F� -subset of Cp.K 0/.

Let �n W Cp.K 0/! Cp.Ln/ be the restriction map for any n 2 !.
We leave it to the reader to verify that

(3) �0jH is injective, �0.h/ is the unique non-isolated point of �0.H/ and �0.H/
is homeomorphic to A.�/.

If �n0 W Cp.Ln/! Cp.L0/ is the restriction map then �n0 .�n.H// D �0.H/; so
(3) implies that �n.h/ is the unique non-isolated point ofGn D �n.H/ for all n 2 !.

For any n 2 ! there exists a condensation �n W Cp.Ln/ ! Sn of the space
Cp.Ln/ into a ˙-product Sn of real lines by Problem 200. The set �n.Gn/ is
concentrated around the point �n.�n.h//; so we can apply Fact 1 of U.289 to see
that �n.Gn/ is �-compact and thereforeGn is an F� -subset of Cp.Ln/.

By Fact 4, every setGn is a continuous image of a closed subsetQn of Cp.Ln; I/;
by Fact 2, the space .

QfCp.Ln; I/ W n 2 !g/! embeds as a closed subspace in
Cp.R/ for some Eberlein compact space R. Therefore Q D .

Q
n2! Qn/

! also
embeds in Cp.R/ as a closed subspace. This impliesQ 2 P ; the space .

Q
n2! Gn/!

being a continuous image of Q, we proved that

(4) the space .
Q
n2! Gn/! belongs to the class P .

We will show next that

(5) the space H embeds in G D Q
n2! Gn as a closed subspace.

To prove (5) consider the diagonal product � D �n2!�n which maps Cp.K 0/
to

Q
n2! Cp.Ln/. It is clear that �.H/ � G. Let jn W Ln ! K 0 be the identity

map for any n 2 !. Then we can define a map j W L D L
n2! Ln ! K 0 by

letting j.x/ D jn.x/ whenever x 2 Ln (we identify every Ln with the respective
clopen subset of L). The map j is continuous, onto and it is clear that the dual map
j � W Cp.K 0/! Cp.L/ coincides with � . Thus � is an embedding by TFS-163.
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To see that �.H/ is closed in the space G take any g D .gn/n2! 2 Gn�.H/
and fix fn 2 H such that gn D �n.fn/ for any n 2 !. If there is f 2 H for
which gn D �n.f / for all n 2 ! then g D �.f / 2 �.H/ which is a contradiction.
Therefore there are distinct v;w 2 H such that gk D �k.v/ and gm D �m.w/ for
some distinct k;m 2 !.

One of the points v;w, say, v is isolated in H . Therefore gk is isolated in Gk by
(3) and hence W D fa D .an/n2! 2 G W ak D gkg is an open neighbourhood of g
such that W \ �.H/ cannot contain any point distinct from �.v/. ThusW nf�.v/g
is an open neighbourhood of g in G disjoint from �.H/. This shows that �.H/ is
closed in G, i.e., (5) is proved.

Assume that the space H is countably compact. The space Cp.K 0/ is Lindelöf
by Problem 150; since H is an F� -subset of Cp.K 0/, it is Lindelöf as well. This
shows that H is compact; recalling that H separates the points of K 0 we conclude
that K 0 is Eberlein compact which is false because K 0 � K and K is not Eberlein
compact by the property (2).

This contradiction shows that H is not countably compact and hence ! embeds
in H as a closed subspace. Therefore !! embeds in H! as a closed subspace and
hence the space H! � !! embeds as a closed subspace in H! � H! ' H! .
It follows from (5) that H! embeds in G! as a closed subspace. This, together with
the property (4), implies that the space H! belongs to P and hence H! � !! also
belongs to P being homeomorphic to a closed subspace of H! . The space Cp.K 0/
is a continuous image of H! � !! by Fact 3 of U.329; so Cp.K 0/ 2 P ; since the
class P is dually Eberlein, the space K 0 has to be Eberlein compact. Therefore the
space K � K 0 is also Eberlein compact; this contradiction with (2) shows that P is
not dually Eberlein and completes our solution.

U.341. Let X be a Gul’ko compact space. Prove that there exists a countable family
F of closed subsets of X such that

S
F D X and Kx D TfA W x 2 A 2 Fg is

Eberlein compact for any x 2 X .

Solution. If A is a set then �.A/ D fx 2 R
A W x�1.Rnf0g/ is a finite setg. There

exists an uncountable T and a family fTn W n 2 !g � expT such that X � R
T

and, given any point x 2 X , if Nx D fn 2 ! W supp.x/ \ Tn is finiteg then
we have the equality T D SfTn W n 2 Nxg (see Problem 290). Here, as usual,
supp.x/ D x�1.Rnf0g/.

The space �.Tn/ is �-compact by Problem 108; so choose a countable family Gn
of compact subsets of �.Tn/ such that �.Tn/ D S

Gn for any n 2 !. We will make
use of the natural projection �n W RT ! R

Tn for every n 2 !. If pn D �njX then
the family Fn D fp�1

n .F / W F 2 Gng is countable and consists of compact subsets
of X for all n 2 !. We claim that the family F D SfFn W n 2 !g is as required.

To see it, take any point x 2 X ; if n 2 Nx then supp.x/ \ Tn is finite and hence
pn.x/ 2 �.Tn/; thus pn.x/ 2 S

Gn and therefore x 2 S
Fn. This proves thatS

F D X .
Fix a point x 2 X ; it is clear that Kx is compact. To see that Kx is Eberlein

compact consider the map ' D �fpn W n 2 Nxg W X ! QfRTn W n 2 Nxg.
If y and z are distinct points of X then there is t 2 T for which y.t/ ¤ z.t/.
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Since T D SfTn W n 2 Nxg, we have t 2 Tn for some n 2 Nx and therefore
pn.y/ ¤ pn.z/whence '.y/ ¤ '.z/. This shows that ' is an injection; so ' embeds
X in

QfRTn W n 2 Nxg.
Given y 2 Kx and n 2 Nx it follows from pn.x/ 2 �.Tn/ that there is G 2 Gn

with pn.x/ 2 G. Therefore x 2 F D p�1
n .G/ 2 F ; an immediate consequence is

that y 2 F and hence pn.y/ 2 G � �.Tn/. This proves that pn.y/ 2 �.Tn/ for any
y 2 Kx and hence Ln D pn.Kx/ � �.Tn/ for each n 2 Nx. The compact space Ln
is Eberlein because �.Tn/ � ˙�.Tn/ (see Problem 322). Since the map ' embeds
Kx in

Q
n2! Ln, the space Kx is Eberlein compact by Problems 306 and 307. Thus

F is a family of closed subsets ofX such that
S

F D X andKx is Eberlein compact
for any x 2 X .

U.342. Let X be an Eberlein compact space with jX j � c. Prove that there exists a
countable family F of closed subsets of X such that

S
F D X and the subspace

Kx D TfA W x 2 A 2 Fg is metrizable for any x 2 X .

Solution. Given a set A let �0.A/ D fx 2 D
A W jx�1.1/j < !g. Call a compact

space K weakly metrizably fibered if there is closed countable cover C of the space
K such that

TfC W x 2 C 2 Cg is metrizable for any x 2 K; we will say that the
family C weakly metrizably fibers K . In this terminology we must prove that any
Eberlein compact space of cardinality at most c is weakly metrizably fibered.

Fact 1. Suppose that K is compact and K D SfKn W n 2 !g where Kn is weakly
metrizably fibered and closed inK for any n 2 !. ThenK is also weakly metrizably
fibered.

Proof. Take a countable family Fn which weakly metrizably fibers Kn for any n 2
!. The family F D fKn W n 2 !g [ .SfFn W n 2 !g/ is countable and consists of
closed subsets of K . Besides,

S
F � S

n2! Kn D K; so F is a cover of K . Given
any x 2 K fix n 2 ! with x 2 Kn; the set Px D TfF W x 2 F 2 Fg is contained
in the metrizable space Qx D TfF W x 2 F 2 Fng. Thus Px is metrizable for any
x 2 K and hence the family F weakly metrizably fibers K . Fact 1 is proved.

Fact 2. If Kn is a compact weakly metrizably fibered space for any n 2 ! then
K D Q

n2! Kn is also weakly metrizably fibered.

Proof. Let �n W K ! Kn be the natural projection for any n 2 !. Fix a family
Fn of compact subsets of Kn which weakly metrizably fibers Kn for any n 2 !.
The family F D f��1

n .F / W n 2 !; F 2 Fng is countable and consists of closed
subsets of K . For any n 2 ! we have

S
F � S

Fn D ��1
n .Kn/ D K; so the

family F covers K . Given x D .xn/n2! 2 K the set Cx
n D

TfF W xn 2 F 2 Fng
is metrizable for any n 2 !. It is straightforward that Cx D TfF W x 2 F 2 Fg �Q
n2! C x

n ; so Cx is metrizable for any x 2 K , i.e., the family F weakly metrizably
fibersK . Fact 2 is proved.

Fact 3. Any closed subspace and any continuous image of a compact weakly
metrizably fibered space is weakly metrizably fibered.
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Proof. Suppose thatK is a compact weakly metrizably fibered space andA is closed
in K . If F is a countable family of closed subsets of K which weakly metrizably
fibers K then the family G D fF \ A W F 2 Fg is countable and consists of closed
subsets of A. It is evident that Px D TfF W x 2 F 2 Gg � Qx D TfF W x 2
F 2 Fg. The spaceQx being metrizable, the subspace Px is also metrizable for any
x 2 A and hence the family G weakly metrizably fibers A.

Now suppose that f W K ! L is a continuous onto map. Let H be the family of
all finite intersections of the elements of F . It is clear that H still weakly metrizably
fibers K . The family E D ff .H/ W H 2 Hg is countable and consists of closed
subsets of L. Besides,

S
E D f .

S
H/ D f .K/ D L, i.e., E is a cover of L. Take

any point y 2 L and pick x 2 f �1.y/. The space Px D TfH W x 2 H 2 Hg is
compact and metrizable so Qx D f .Px/ is metrizable as well by Fact 5 of S.307.

Assume that the set Ey D TfE W y 2 E 2 Eg is not contained in Qx ; then
there is a point z 2 Ey such that f �1.z/ \ Px D ;. We can apply Fact 1 of S.326
to the set Px and U D Knf �1.z/ 2 �.Px;K/ to see that there exists a finite family
H0 � fH 2 H W x 2 H g such that H 0 D T

H0 � U . The family H is closed
under finite intersections; so H 0 2 H; since x 2 H 0, we have y 2 f .H 0/ and
hence z 2 Ey � f .H 0/ which is a contradiction with H 0 \ f �1.z/ D ;. Therefore
Ey � Qx is metrizable for any y 2 L, i.e., the family E weakly metrizably fibers
L. Fact 3 is proved.

Fact 4. Given an infinite cardinal � let Sn D fx 2 D
� W jx�1.1/j � ng for any

n 2 !. Then Sn is a continuous image of .A.�//n for any n 2 !.

Proof. Recall that .A.�//0 D f;g; it is clear that S0 D fug where u.˛/ D 0 for any
˛ < �, so S0 is a continuous image of .A.�//0. Thus our statement is true for n D 0.
Let u˛ 2 D

� be the characteristic function of the singleton f˛g for any ˛ < �. Recall
that u˛.˛/ D 1 and u˛.ˇ/ D 0 for any ˇ ¤ ˛. It is straightforward that the space
F D fug [ fu˛ W ˛ < �g D S1 is homeomorphic to A.�/; so our statement is also
true for n D 1.

For any x; y 2 D
� let .x � y/.˛/ D x.˛/ C y.˛/ � x.˛/y.˛/ for any ˛ < �.

Then x � y 2 D
� for any x; y 2 D

� and the operation 'n W .D�/n ! D
� defined by

'n.x0; : : : ; xn�1/ D x0 � : : : � xn�1 is continuous for any n 2 N (to see this apply
Fact 1 of U.150 to the space Z D D.�/ for which we have Cp.Z;D/ D D

�).
It is evident that 'n.F n/ � Sn for any n 2 N. Given any x 2 Snnfug there

exist distinct ˛0; : : : ; ˛m�1 2 � such that m � n and x�1.1/ D f˛0; : : : ; ˛m�1g.
Let y D .u˛0 ; : : : ; u˛m�1 ; ym; : : : ; yn�1/ where yi D u for all i � m. It is clear that
y 2 F n and 'n.y/ D x. This proves that 'n.F n/ D Sn; so Sn is a continuous image
of the space F n ' .A.�//n for any n 2 N. Fact 4 is proved.

Fact 5. If � � c is an infinite cardinal then A.�/ is weakly metrizably fibered. As a
consequence, if A is a set such that jAj � c then any compact subspace of �0.A/ is
weakly metrizably fibered.

Proof. Recall that A.�/ D fag [ � where a … � is the unique non-isolated point of
A.�/. Take an injection � W A.�/! R and fix some countable base B of the space R.
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The set FB D ��1.B/[fag is closed inA.�/ for anyB 2 B; let F D fFB W B 2 Bg.
It follows from

S
B D R that

S
F D A.�/.

Given a point x 2 A.�/ consider the set Px D TfF W x 2 F 2 Fg. If y … fx; ag
then �.y/ ¤ �.x/ and hence there is B 2 B such that �.x/ 2 B and �.y/ … B . It is
immediate that y … FB while x 2 FB ; this proves that Px � fx; ag and hence Px is
metrizable for any x 2 A.�/. Therefore F weakly metrizably fibers A.�/.

Finally, assume that jAj D � � c and K is a compact subspace of �0.A/. If � is
finite then there is nothing to prove; so we assume that � � !. We have �0.A/ DSfSn W n 2 !g where Sn D fx 2 D

A W jx�1.1/j � ng; let Kn D Sn \ K for
any n 2 !.

The space A.�/ is weakly metrizably fibered because � � c. Therefore .A.�//n

is weakly metrizably fibered for any n 2 ! (see Fact 2) and hence every Sn is also
weakly metrizably fibered by Fact 4 and Fact 3. Applying Fact 3 once more we can
see that every Kn is weakly metrizably fibered; since K D S

n2! Kn, the space K
is weakly metrizably fibered (see Fact 1); so Fact 5 is proved.

Returning to our solution apply Problem 336 to find an Eberlein compact zero-
dimensional space Y for which there is a continuous onto map f W Y ! X . By TFS-
366, there is a closed F � Y such that f .F / D X and f0 D f jF is irreducible. We
have �w.X/ � w.X/ D nw.X/ � jX j � c (see Fact 4 of S.307); so we can take a
�-base B in the space X such that jBj � c. The family U D ff �1

0 .U / W U 2 Bg is a
�-base in F (see Fact 2 of S.373) and jU j � c. Choosing a point in every element of
U we obtain a dense A � F with jAj � c. Since F is monolithic (see Problem 120),
we have nw.F / D w.F / � c.

The space F being Eberlein compact and zero-dimensional, apply Problem 334
to see that there exists a T0-separating family V D S

n2! Vn of clopen subsets of F
such that Vn is point-finite for any n 2 !. Apply Fact 1 of U.077 to conclude that
jV j � c and hence jVnj � c for any n 2 !. Let 	V W F ! D be the characteristic
function of V for every V 2 V . Recall that 	V .x/ D 1 if x 2 V and 	V .x/ D 0 for
all x 2 F nV .

If �n D �f	V W V 2 Vng then �n W F ! D
Vn is a continuous map. The family Vn

is point-finite; so �n.F / � �0.Vn/; let Fn D �n.F / for any n 2 !. If � D �n2!�n
then � W F ! QfFn W n 2 !g is a continuous map. Given distinct points x; y 2 F
there is n 2 ! and V 2 Vn such that V \fx; yg is a singleton. Then 	V .x/ ¤ 	V .y/
which shows that �n.x/ ¤ �n.y/ and hence �.x/ ¤ �.y/.

Therefore the map � is an embedding; so F is homeomorphic to a subspace ofQ
n2! Fn. By Fact 5, every Fn is weakly metrizably fibered. Apply Fact 2 and Fact 3

to see that F is also weakly metrizably fibered. Since X is a continuous image of
F , we can apply Fact 3 again to conclude that X is weakly metrizably fibered and
finish our solution.

U.343. Observe that c.X/ D w.X/ for any Eberlein compact space X . Prove that,
for any infinite compact X , we have c.X/ D supfw.K/ W K � Cp.X/ and K is
compactg.
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Solution. The equality c.X/ D w.X/ is true even for any Gul’ko compact space
X (see Problem 294). Now assume that X is an infinite compact space and consider
the cardinal � D supfw.K/ W K � Cp.X/ andK is compactg. Observe first that we
have the equality c.X/ D p.X/ D supf� W A.�/ embeds in Cp.X/g (see TFS-178
and TFS-282). An immediate consequence is that c.X/ � �.

To see that � � c.X/ take any compactK � Cp.X/. For any x 2 X let ex.f / D
f .x/ for any f 2 K . Then ex 2 Cp.K/ and the map e W X ! Cp.K/ defined by
e.x/ D ex for every x 2 X is continuous by TFS-166; let Y D e.X/. The space
Y is Eberlein compact (see Problem 035) and K embeds in Cp.Y / by TFS-166.
Observe that w.Y / D c.Y / � c.X/; so

w.K/ D nw.K/ � nw.Cp.Y // D nw.Y / � w.Y / � c.X/

(see Fact 4 of S.307). Thus w.K/ � c.X/ for any compactK � Cp.X/; this implies
� � c.X/ and hence � D supfw.K/ W K � Cp.X/ and K is compactg D c.X/.
U.344. Suppose that X is a pseudocompact space and we have functions f; g 2
C.X/. Let d.f; g/ D supfjf .x/ � g.x/j W x 2 Xg. Prove that d is a complete
metric on the set C.X/ and the topology of Cu.X/ is generated by d .

Solution. The fact that d is a complete metric on C �.X/ was proved in Fact 2 of
S.237. The metric d generates the topology of C �

u .X/: this was established in Fact 1
of T.357. Since X is pseudocompact, we have C.X/ D C �.X/; so .C.X/; d/ is a
complete metric space whose topology coincides with the topology of Cu.X/.

U.345. Prove that, for any pseudocompact X , the space Cu.X/ is separable if and
only if X is compact and metrizable.

Solution. If Cu.X/ is separable then Cp.X/ is also separable being a continuous
image of the space Cu.X/ (see TFS-086). Therefore X can be condensed onto a
second countable space by TFS-174. This condensation has to be a homeomorphism
by TFS-140; so X is compact and metrizable (see TFS-209 and TFS-212).

For the converse, apply Fact 2 of T.357 to see that ifX is compact and metrizable
then Cu.X/ is second countable and hence separable.

U.346. Suppose thatX is a compact space and we area given a function f 2 C.X/;
let jjf jj D supfjf .x/j W x 2 Xg. Assume additionally that h 2 C.X/; r > 0 and
we have a sequence H D fhn W n 2 !g � C.X/ such that jjhnjj � r for all n 2 !
and hn.x/! h.x/ for any x 2 X (i.e., the sequenceH converges to h in the space
Cp.X/). Prove that h belongs to the closure of the convex hull conv.H/ of the set
H in the space Cu.X/.

Solution. We must first develop an elementary technique of dealing with simple
measures to avoid using deep facts of measure theory. Given a set Z say that � is
a measure on Z if � W Z ! Œ0; 1
, the set supp.�/ D fz 2 Z W �.z/ ¤ 0g is
finite and

Pf�.z/ W z 2 supp.�/g D 1. If � is a measure on Z and A � Z let
�ŒA
 DPf�.z/ W z 2 A \ supp.�/g.
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If Z is a set, T � Z; E � expZ and " > 0 then let M.T; E ; "/ D f� W � is
a measure on Z such that supp.�/ � T and �ŒE
 < " for any E 2 Eg. For any
A � Z let E.A/ D fE 2 E W E \ A ¤ ;g.
Fact 1. Suppose thatZ is a set and T is a non-empty subset ofZ. Assume also that
E � expZ; " > 0 and 0 < ı < ". If M.T; E ; "/ D ; then there is a non-empty
finite set F � T such that M.T; E.F /; ı/ D ;.

Proof. Assume that M.T; E.F /; ı/ ¤ ; for any non-empty finite F � T and
choose m 2 N such that ı C 1

m
< ". Pick a point z0 2 T and let A0 D fz0g.

By our assumption, there exists �0 2 M.T; E.A0/; ı/. Proceeding by induction,
assume that we have constructed finite subsetsA0; : : : ; An of the set T and measures
�0; : : : ; �n on Z such that

(1) AiC1 D Ai [ supp.�i / for all i < n and �i 2M.T; E.Ai/; ı/ for every i � n.

LetAnC1 D An[supp.�n/; the setAnC1 being non-empty and finite, there exists
a measure �nC1 2 M.T; E.AnC1/; ı/; so our inductive procedure can be continued
to obtain finite sets A0; : : : ; Am�1 and measures �0; : : : ; �m�1 which have the
property (1).

It is evident that � D 1
m
.�0C : : :C�m�1/ is a measure on Z and supp.�/ � T .

Fix any E 2 E and consider the sequence �0ŒE
; : : : ; �m�1ŒE
. If k � m � 1 is
the first number such that �kŒE
 ¤ 0 then �l ŒE
 < ı for any l > k. Indeed,
�kŒE
 ¤ 0 implies that supp.�k/\E ¤ ;; since supp.�k/ � AkC1 � Al , we have
E \ Al ¤ ;, i.e., E 2 E.Al /. Now �l 2 M.Z; E.Al/; ı/ implies �l ŒE
 < ı. An
immediate consequence is that �0ŒE
C : : :C �m�1ŒE
 � 1C .m � 1/ı and hence
�ŒE
 � 1

m
.1C .m � 1/ı/ < ı C 1

m
< ".

We established that �ŒE
 < " for anyE 2 E which, together with supp.�/ � T ,
implies that � 2M.T; E ; "/. This contradiction shows that Fact 1 is proved.

Fact 2. Suppose thatZ is a set and E � expZ. If there exists an infinite set S � Z
such thatM.S; E ; "/ D ; for some " > 0 then there is a faithfully indexed sequence
fzn W n 2 !g � Z and a family fEn W n 2 !g � E such that fz0; : : : ; zng � En for
any n 2 !.

Proof. Let "n D 2�n�1" for all n 2 !. Then "0 < " and "nC1 < "n for every n 2 !.
Apply Fact 1 to the non-empty set S0 D S to find a non-empty finite K0 � S0
such that M.S0; E.K0/; "0/ D ;. Observe that E.K0/ ¤ ; because otherwise the
characteristic function of any point of K0 would belong to M.S; E ; "/. Proceeding
inductively, assume that n 2 ! and we have a sequenceK0; : : : ; Kn of finite subsets
of S with the following properties:

(2) KiC1 � SiC1 D Sn.K0 [ : : : [Ki/ for any i < n;
(3) E.K0/\ : : :\ E.Ki/ ¤ ; and M.Si; E.K0/\ : : : E.Ki /; "i / D ; for all i � n.

Let E 0 D E.K0/\ : : :\ E.Kn/ and SnC1 D Sn.K0 [ : : :[Kn/. It follows from
M.Sn; E 0; "n/ D ; thatM.SnC1; E 0; "n/ D ;; the set SnC1 is infinite and hence non-
empty; so we can apply Fact 1 find a finite non-empty set KnC1 � SnC1 such that
M.SnC1; E 0.KnC1/; "nC1/ D ;. Since E 0.KnC1/ D E.K0/\: : :\E.Kn/\E.KnC1/,
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the condition (2) and the second part of (3) are satisfied if we replace n by nC 1. To
see that the first part of (3) also holds for i D nC 1 observe that if E 0.KnC1/ D ;
then the characteristic function of any point of KnC1 would belong to the empty set
M.Sn; E 0; "n/.

This proves that our induction procedure can be continued to construct a family
K D fKn W n 2 !g of non-empty finite subsets of S for which the properties (2) and
(3) hold for any n 2 !. It follows from (2) that K is a disjoint family. The property
(3) implies that there is a family D D fDn W n 2 !g � E such that

(4) Dn \Ki ¤ ; for any i � n.

The set K0 is finite and Dn \ K0 ¤ ; for any n 2 ! so there exists a point
z0 2 K0 and an infinite D0 � D such that z0 2T

D0. Given n 2 ! suppose that we
have chosen points z0; : : : ; zn and infinite families D0; : : : ;Dn such that

(5) D � D0 � : : : � Dn and zi 2 Ki \ .TDn/ for all i � n.

The family Dn being infinite, it follows from (4) that infinitely many elements
of Dn intersect KnC1. Therefore there is znC1 2 KnC1 and an infinite DnC1 � Dn

such that znC1 2 T
DnC1 and hence fz0; : : : ; znC1g � T

DnC1. Thus our inductive
procedure shows that we can construct sequences fzn W n 2 !g and fDn W n 2 !g
such that the condition (5) is satisfied for all n 2 !. The family fKi W i 2 !g being
disjoint, the property (5) implies that zn ¤ zm if n ¤ m. If we take any En 2 Dn

then it follows from (5) that fz0; : : : ; zng � En for all n 2 !, i.e., Fact 2 is proved.

Returning to our solution let un D hn � h for any n 2 !. If u is identically zero
onX then un.x/! u.x/ for any x 2 X . It is easy to see that jjhjj � r and therefore
jjunjj � 2r for any n 2 !. Given A � C.X/ we will denote by clu.A/ the closure
of A in Cu.X/. The following fact is evident.

(6) if f 2 C.X/ and A � C.X/ then f 2 clu.A/ if and only if for any " > 0 there
is g 2 A such that jjf � gjj < ".

To prove that h 2 clu.conv.H// fix an arbitrary " > 0 and let ı D minf "
4r
; "
2
g.

For any x 2 X let W.x/ D fn 2 ! W jun.x/j � ıg. We claim that

(7) If E D fW.x/ W x 2 Xg � exp! then M.!; E ; ı/ ¤ ;.

Indeed, if the assertion (7) is false then we can apply Fact 2 to see that

(8) there exist sequences fmi W i 2 !g � ! and fxi W i 2 !g � X such that i ¤ j
impliesmi ¤ mj and fm0; : : : ; mng � W.xn/ for any n 2 !.

The set Fi D fx 2 X W jumi .x/j � ıg is closed in X for any i 2 ! and it follows
from (8) that xn 2 F0\ : : :\Fn for any n 2 !. Therefore the family fFn W n 2 !g is
centered; the space X being compact, there exists a point x 2 TfFn W n 2 !g. We
have jumi .x/j � ı for every i 2 !; this contradiction with the fact that umi .x/! 0

shows that (7) is proved.
By (7), we can fix a measure � 2 M.!; E ; ı/; let N D supp.�/. It is immediate

that the function w DPf�.n/hn W n 2 N g belongs to conv.H/. Given any x 2 X
we have jw.x/ � h.x/j D jPn2N .�.n/hn.x/ � �.n/h.x//j �

P
n2N �.n/jun.x/j.
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Let N0 D fn 2 N W jun.x/j < ıg; it is clear that N1 D NnN0 D W.x/. We have
�ŒW.x/
 < ı; so

P
n2N1 �.n/jun.x/j < ı � 2r � "

2
.

Furthermore,
P

n2N0 �.n/jun.x/j � ı � .
P

n2N0 �.n// � ı � "
2

which shows thatP
n2N �.n/jun.x/j D

P
n2N0 �.n/jun.x/j C

P
n2N1 �.n/jun.x/j < ". We proved

that jw.x/ � h.x/j < " for any x 2 X ; so it follows from compactness of X that
jjw � hjj < ". Thus, for any " > 0 there is w 2 conv.H/ such that jjw � hjj < ".
Finally apply (6) to conclude that h 2 clu.conv.H// and finish our solution.

U.347. Suppose that X is a Čech-complete space and we are given a continuous
map ' W X ! Cp.K/ for some compact space K . Prove that there exists a dense
Gı-set P � X such that ' W X ! Cu.K/ is continuous at every point of P .

Solution. Let .M; �/ be a metric space; as usual, if x 2 M and " > 0 then
B�.x; "/ D fy 2 M W �.x; y/ < "g is the "-ball centered at the point x. If A � Z
then diam�.A/ D supf�.x; y/ W x; y 2 Ag is the �-diameter of the set A. Given a
space Z, a map f W Z ! M , and a point z 2 Z, the oscillation osc.f; z/ of the
function f at the point z is defined by osc.f; z/ D inffdiam�.f .U // W U 2 �.z; Z/g.
Fact 1. Suppose that Z is a space, .M; �/ is a metric space and we have a map
f W Z !M . Then

(a) for any " > 0 the set O" D fz 2 Z W osc.f; z/ < "g is open in Z;
(b) the map f is continuous at a point z 2 Z if and only if osc.f; z/ D 0.

Proof. (a) If z 2 O" then there is U 2 �.z; Z/ such that diam�.f .U // < ". The set
U witnesses that osc.f; y/ < " for any y 2 U ; so U � O". This proves thatO"
is open in Z.

(b) If f is continuous at z then, for any " > 0 there is U 2 �.z; Z/ such that
f .U / � B�.f .z/;

"
3
/. Therefore diam�.f .U // � diam�.B�.f .z/;

"
3
// < ".

Since " > 0 was taken arbitrarily, this proves that osc.f; z/ D 0, i.e., we
established necessity.

Now, if osc.f; z/ D 0 for some z 2 Z, then, for any " > 0 there is U 2 �.z; Z/
such that diam�.f .U // < ". Then, for any point y 2 U , we have the inequality
�.f .y/; f .z// � diam�.f .U // < " which shows that f .U / � B�.f .z/; "/, i.e., f
is continuous at the point z. This settles sufficiency in (b) and shows that Fact 1 is
proved.

Returning to our solution let jjf jj D supfjf .x/j W x 2 Kg for any f 2 Cp.K/.
The topology on Cu.K/ is generated by the metric d defined by d.f; g/ D jjf �gjj
for any f; g 2 Cp.K/ (see Problem 344); so we identify Cu.K/ with the metric
space .C.K/; d/. For any f 2 C.K/ and r > 0 let B.f; r/ D fg 2 C.K/ W
jjg � f jj < rg. It is clear that the set I.f; r/ D fg 2 C.K/ W jjg � f jj � rg is
closed both in Cu.K/ and Cp.K/ for any f 2 C.K/ and r > 0. From now on we
will also consider that ' W X ! Cu.K/ indicating each time whether we use the
topology of Cp.K/ or the topology of Cu.K/. In particular, we will sometimes say
that ' is �p-continuous (at a point x 2 X ) instead of saying that ' W X ! Cp.K/

is continuous (at a point x 2 X ). Analogously, the phrase “' is �u-continuous at the
point x 2 X” says that ' W X ! Cu.K/ is continuous at the point x 2 X .
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Considering that ' W X ! Cu.K/ we can define the oscillation osc.'; z/ of ' at
any point z 2 Z. By Fact 1, the set O" D fx 2 X W osc.'; x/ < "g is open in X for
any " > 0; so P DT

n2! O2�n is aGı-set. It is evident thatP coincides with the set
of points at which the oscillation of ' is equal to zero; so ' is �u-continuous at any
point of P by Fact 1. If every O" is dense in X then P is also dense in X because
X is Čech-complete and hence has the Baire property (see TFS-274). Therefore it
suffices to show that

(1) for any " > 0 the set O" is dense in X .

Assume towards a contradiction that (1) is false. Then the closed set F D XnO"
has non-empty interior U . It is clear that diamd .'.V // � " for any non-empty open
V � U . Consider the set Er D ff 2 Cp.K/ W jjf jj � rg for any r 2 !. Then
Cp.K/ D S

r2! Er ; every Er is closed in Cp.K/; so Dr D '�1.Cr/ is closed
in X . The equality X D S

r2! Dr implies that U � S
r2! Dr ; so we can apply

the Baire property of X again to see that there is a non-empty open U 0 � U such
that U 0 � Dr for some r 2 !. The set U 0 is also Čech-complete so, to obtain a
contradiction, we can replace X by U 0. Therefore we can assume, without loss of
generality, that X D U 0, i.e.,

(2) diamd .'.V // � " for any V 2 ��.X/ and there is r > 0 such that jj'.x/jj � r
for any x 2 X .

Recall that, for any A � C.K/, the set conv.A/ is the convex hull of A. We will
first prove that

(3) If A D ff0; : : : ; fng � C.K/ then conv.A/ is a compact subset of Cu.K/.

To prove (3) consider the set C D ft D .t0; : : : ; tn/ 2 Œ0; 1
nC1 W Pn
iD0 ti D 1g.

It is an easy exercise that the set C is closed in Œ0; 1
nC1 and hence compact. For any
point t D .t0; : : : ; tn/ 2 C let �.t/ D Pn

iD0 ti � fi ; then � W C ! Cu.K/ and it is
straightforward that �.C / D conv.A/. It follows from Fact 1 of T.105 that Cu.K/ is
a linear topological space; so � is a continuous map. Therefore conv.A/ is compact
being a continuous image of the compact space C . This settles (3).

Apply Čech-completeness of X to fix a family fGn W n 2 !g � �.ˇX/ such that
GnC1 � Gn for any n 2 ! and

T
n2! Gn D X . Choose a point x0 2 X arbitrarily

and take a set U0 2 �.x0; ˇX/ such that clˇX.U0/ � G0. Proceeding inductively
suppose that we have constructed, for some n 2 !, a set fx0; : : : ; xng � X and a
family fU0; : : : ; Ung � �.ˇX/ with the following properties:

(4) xi 2 Ui for all i � n;
(5) clˇX.U0/ � G0 and clˇX.UiC1/ � Ui \GiC1 for all i < n;
(6) jj'.x/ � f jj � "

3
whenever x 2 UiC1 \ X and f 2 conv.f'.x0/; : : : ; '.xi /g/

for any i < n;

The set ˚n D conv.f'.x0/; : : : ; '.xn/g/ is compact by (3); so we can choose
a finite set An � ˚n such that ˚n � SfB.f; "12

/
W f 2 Ang. As a consequence,

˚n � Rn D SfI.f; 5"
12
/ W f 2 Ang. Assume that jjg�f jj < "

3
for some g 2 C.K/
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and f 2 ˚n. There is u 2 An such that jjf � ujj < "
12

; so jjg � ujj < "
3
C "

12
D 5"

12

and therefore g 2 B.u; 5"
12
/ which implies g 2 Rn. This shows that

(7) if g … Rn then jjg � f jj � "
3

for any f 2 ˚n.
If u 2 An and f; g 2 I.u; 5"

12
/ then

jjf � gjj � jjf � ujj C jju � gjj � 5"

12
C 5"

12
� 5"

6

which shows that diamd .I.u;
5"
12
// � 5"

6
< ". The set T .u/ D '�1.I.u; 5"

12
// is

closed inX because ' W X ! Cp.K/ is continuous and I.u; 5"
12
/ is closed in Cp.K/.

If V 2 ��.X/ and V � T .u/ then diamd .'.V // � diamd .I.u;
5"
12
// < " which is a

contradiction with (2). Therefore T .u/ is nowhere dense in X for any u 2 An. This
implies that T DSfT .u/ W u 2 Ang is nowhere dense in X and hence in ˇX .

Thus we can choose a set UnC1 2 �.ˇX/ such that clˇX.UnC1/ � Un \ GnC1
and UnC1\T D ;. Since X is dense in ˇX , we can pick a point xnC1 2 UnC1\X .
It is immediate that the properties (4) and (5) still hold if we replace n by nC 1.

To see that (6) is also true for i D n take any x 2 UnC1 \ X . Since x … T , we
have '.x/ … Rn; so jj'.x/ � f jj � "

3
for any f 2 ˚n by (7). Thus our inductive

procedure can be continued to construct a set Y D fxi W i 2 !g � X and a family
fUi W i 2 !g � �.ˇX/ for which the properties (4)–(6) are true for all n 2 !.

The set F D T
n2! Un D

T
n2! clˇX.Un/ compact and it follows from (5) that

F � X . For any z 2 ˇXnF there is n 2 ! with z … clˇX.Un/ and hence the
set V D ˇXnclˇX.Un/ is an open neighbourhood of z whose intersection with Y
has at most n C 1 points. This shows that Y [ F � X is closed in ˇX and all
accumulation points of Y belong to F .

Thus '.Y [ F / � Cp.K/ is a Fréchet–Urysohn space being Eberlein compact.
Let y 2 F be an accumulation point of Y ; then '.y/ is in the closure of '.Y / in
Cp.K/. Since '.Y [ F / is a Fréchet–Urysohn space, there is a sequence H � Y

such that '.H/ converges to '.y/ (in the spaceCp.K/). It follows from the property
(2) that jjf jj � r for any function f 2 '.H/; so we can apply Problem 346 to see
that '.y/ 2 clu.conv.'.H/// and therefore '.y/ 2 clu.conv.'.Y ///.

It is clear that conv.'.Y // D S
n2! ˚n. However, for any number n 2 !, it

follows from y 2 Un that jj'.y/ � f jj � "
3

for any f 2 ˚n. Thus jj'.y/ �
f jj � "

3
for any f 2 conv.'.Y // which implies that '.y/ … clu.conv.'.Y ///, a

contradiction.
This contradiction shows that (1) is true, i.e., every O" is a dense subset of X .

Thus P is a dense Gı-subset of X such that ' W X ! Cu.K/ is continuous at every
point of P , i.e., our solution is complete.

U.348. Prove that any Eberlein–Grothendieck Čech-complete space has a dense
Gı-subspace which is metrizable.

Solution. Suppose that X is a Čech-complete space and X � Cp.K/ for some
compact space K . If i.x/ D x for any x 2 X then i W X ! Cp.K/ is a continuous
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map; so we can apply Problem 347 to find a dense Gı-subset P of the spaceX such
that i W X ! Cu.K/ is continuous at every point of P and therefore the mapping
i0 D i jP W P ! Cu.K/ is continuous.

The topology of Cu.K/ is metrizable (see Problem 344); so the topology �
induced on P fromCu.K/ is metrizable as well. Let � be the topology on P induced
from X ; of course, � can also be considered as the topology induced from Cp.K/.
Since �.Cp.K// � �.Cu.K//, we have � � �. The map i0 being continuous, the set
U D i�10 .U / has to be open in .P; �/ for any U 2 �. Thus, U 2 � for any U 2 �
which shows that � D � and hence P D .P; �/ is metrizable.

U.349. Prove that if X is an Eberlein–Grothendieck Čech-complete space then
c.X/ D w.X/.

Solution. Suppose that X is a Čech-complete Eberlein–Grothendieck space. The
inequality c.X/ � w.X/ is true for any space X so we are only going to establish
that w.X/ � c.X/. By Problem 348, there is a dense metrizable P � X . If � D
c.X/ then c.P / � � and hence d.P / � � by TFS-214. This implies that d.X/ � �;
the space X being monolithic (see SFFS-118 and SFFS-154), we have nw.X/ � �.
Finally, apply TFS-270 to conclude that w.X/ D nw.X/ � � D c.X/ and hence
w.X/ D c.X/.
U.350. Let X be a compact space. Assume thatX D X1[ : : :[Xn, where every Xi
is a metrizable (not necessarily closed) subspace of X . Prove that X1 \ : : :\Xn is
metrizable. In particular, if all Xi ’s are dense in X then X is metrizable.

Solution. Every Xi has a �-discrete base; since any �-discrete base is �-disjoint,
we can apply Fact 1 of T.412 to see that F D X1 \ : : : \ Xn has a �-disjoint
base. Any �-disjoint base is a point-countableT1-separating family; so we can apply
Fact 1 of T.203 to conclude that F is metrizable. If every Xi is dense in X then X
is metrizable because it coincides with F .

U.351. Suppose that X is a compact space which is a union of two metrizable
subspaces. Prove that X is Eberlein compact which is not necessarily metrizable.

Solution. If X D A.!1/ then X is a non-metrizable Eberlein compact space
representable as the union of two discrete (and hence metrizable) subspaces.

Now assume that X D M0 [M1 where both spaces M0 and M1 are metrizable.
The space P D M0 \ M1 is metrizable by Problem 350. If Li D MinP for
i 2 f0; 1g then L0 \L1 D ; and L0 \L1 D ; which shows that every Li is clopen
in L0 [ L1, i.e., L0 [L1 is homeomorphic to L0 ˚L1.

Since every Li is metrizable, the space L0 ˚ L1 is also metrizable and hence
U D XnP D L0[L1 ' L0˚L1 is metrizable as well. Let B be a �-discrete base
in the space U . It is easy to see that the family B0 D fB 2 B W B � U g is also a
base of U .

Metrizability of U also implies that every V 2 �.U / is an F� -subset of U .
Therefore we can fix, for any B 2 B0 a family fFn

B W n 2 !g of closed subsets of U
such that

S
n2! F n

B D B . By our choice of B0, we have B � U and hence every F n
B

is closed in the compact space B. Thus, every F n
B is closed in X which shows that
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(1) the family B0 is a �-disjoint base in U which consists of open F� -subsets of X .

Given x; y 2 X say that a set V � X separates the points x and y if V \fx; yg is
a singleton. Denote by Q the family of open intervals in R with rational endpoints.
The space P being second countable, there exists a countable A � C.P / which
separates the points of P . By normality of X , for any f 2 A there is uf 2 C.X/
such that uf jP D f . The family U D fu�1

f .I / W f 2 A; I 2 Qg is countable and
consists of open F� -subsets of X . This, together with (1), implies that the family
V D U [B0 is �-disjoint (and hence �-point-finite) and consists of open F� -subsets
(which are, therefore, cozero subsets) ofX . Given distinct points x; y 2 X , consider
the following cases.

(i) x; y 2 U ; since B0 is a base in U , there is B 2 B0 with x 2 B and y … B; so
B 2 V separates x and y.

(ii) if x 2 U and y 2 F (or x 2 F and y 2 U ) then there is B 2 B0 with
x 2 B (or y 2 B respectively). Since B � XnF , we have y … B (or x … B
respectively) i.e., the set B 2 V separates the points x and y.

(iii) x; y 2 F ; then there is f 2 A such that f .x/ ¤ f .y/ and hence there is
I 2 Q such that f .x/ 2 I and f .y/ … I . The set V D u�1

f .I / belongs to
V ; since uf .x/ D f .x/ 2 I and uf .y/ D f .y/ … I , we have x 2 V while
y … V , i.e., the set V 2 V again separates the points x and y.

This proves that V is a �-point-finite T0-separating family of cozero subsets of
X ; so we can apply Problem 324 to conclude that X is Eberlein compact.

U.352. Observe that there exists a compact space K which is not Eberlein while
being a union of three metrizable subspaces. Suppose that X is a compact space
such thatX�X is a union of its three metrizable subspaces. Prove thatX is Eberlein
compact.

Solution. Let K be the one-point compactification of the Mrowka space M (see
TFS-142). ThenK is a separable non-metrizable compact space soK is not Eberlein
compact by Problem 120. If a is the unique point of the set KnM then it follows
from K D fag [ ! [ .Mn!/ that K is the union of its three discrete (and hence
metrizable) subspaces (see TFS-142). Thus K witnesses that a compact space need
not be Eberlein if it is representable as the union of three metrizable spaces.

Fact 1. Any finite union of Eberlein compact spaces is an Eberlein compact space.

Proof. Suppose that K D E0 [ : : : [ En and every Ei is Eberlein compact. The
space E D E0 ˚ : : :˚En is compact and maps continuously ontoK; so it suffices
to prove that E is Eberlein compact (see Problem 337).

Apply Problem 324 to fix a T0-separating �-point-finite family Ui of cozero
subsets of Ei for any i � n. The family U D U0 [ : : : [ Un [ fE0; : : : ; Eng is
easily seen to be �-point-finite; it consists of cozero subsets of E and T0-separates
the points of E . Thus E is Eberlein compact; so K is also Eberlein compact, i.e.,
Fact 1 is proved.
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Returning to our solution assume that X is compact and X � X D Y0 [ Y1 [
Y2 where every Yi is metrizable. By Problem 350 the set F D Y 0 \ Y 1 \ Y 2 is
metrizable. Let � W X � X ! X be the natural projection of X � X onto its first
factor. If �.F / D X then X is metrizable and hence Eberlein (see Fact 5 of S.307
and Problem 316). If there is some a 2 Xn�.F / then the set Xa D ��1.a/ is
homeomorphic to X and Xa \ F D ;.

This implies that, for any z 2 Xa, there is i 2 f0; 1; 2g such that z … Y i and hence
we can choose Oz 2 �.z; X � X/ such that Oz \ Yi D ;. Therefore O z is covered
by the family fY0; Y1; Y2gnfYig of two metrizable spaces. Apply Problem 351 to see
that Oz is Eberlein compact for every z 2 Xa. By compactness of Xa, there is a
finite set A � Xa such that Xa � K D SfOz W z 2 Ag. The space K is Eberlein
compact by Fact 1; so X ' Xa is also Eberlein compact by Problem 306.

U.353. Prove that, if X is compact and X! is a union of countably many of its
Eberlein compact subspaces then X is Eberlein compact.

Solution. Suppose that X! D S
n2! En and every subspace En is Eberlein

compact. For any n 2 ! let �n W X! ! X be the natural projection of X! onto its
n-th factor. If �n.En/ ¤ X for any n 2 !, then choose xn 2 Xn�n.En/ for each
n and observe that the point x D .xn/n2! 2 X! does not belong to any En. This
contradiction shows that X D �n.En/ for some n 2 ! and hence X is Eberlein
compact by Problem 337.

U.354. Give an example of an Eberlein compact space which cannot be represented
as a countable union of its metrizable subspaces.

Solution. The space A.!1/ is Eberlein compact and non-metrizable. Therefore the
space K D .A.!1//

! is Eberlein compact (see Problem 307) which cannot be
represented as a countable union of its metrizable subspaces (see SFFS-417).

U.355. Let X be a Corson compact space such that X is a countable union of
Eberlein compact spaces. Prove that Cp.X/ is K-analytic and hence X is Gul’ko
compact.

Solution. Given a space Z say that a set A � Z is concentrated around a point
z 2 Z if AnU is countable for any U 2 �.z; Z/. Suppose that X DSfKn W n 2 !g
where every Kn is Eberlein compact. Since X is Corson compact, we can assume
from now on that X � ˙.T / for some uncountable set T . Let u.t/ D 0 for all
t 2 T . We will also need the characteristic function ut of the singleton ftg for any
t 2 T ; recall that ut .t/ D 1 and ut .s/ D 0 for any s 2 T nftg.

It is straightforward that the space E D fug [ fut W t 2 T g � ˙.T / is
homeomorphic toA.�/ for � D jT j. The spaceK D X[E is also Corson compact;
by Fact 1 of U.340, the space K is still a countable union of Eberlein compacta and
E � K . Thus we can enumerate the relevant Eberlein compact subspaces of K
as fLn W n 2 !g in such a way that L0 D E; Ln � LnC1 for any n 2 ! and
K D SfLn W n 2 !g.

Let h.x/ D 0 for all x 2 K; given t 2 T let ht .x/ D x.t/ for all x 2 K . Then
the function ht W K ! R is continuous because it coincides with the restriction of
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the natural projection of RT onto its factor determined by t . It is immediate that the
space H D fhg [ fht W t 2 T g separates the points of K and H is concentrated
around h.

Let �n W Cp.K/! Cp.Ln/ be the restriction map for any n 2 !.
We leave it to the reader to verify that

(1) �0jH is injective, �0.h/ is the unique non-isolated point of �0.H/ and �0.H/
is homeomorphic to A.�/.

If �n0 W Cp.Ln/ ! Cp.L0/ is the restriction map then �n0 .�n.H// D �0.H/;
so (1) implies that �n.h/ is the unique non-isolated point of Gn D �n.H/ for all
n 2 !.

For any n 2 ! there exists a condensation �n W Cp.Ln/ ! Sn of the space
Cp.Ln/ into a ˙-product Sn of real lines by Problem 200. The set �n.Gn/ is
concentrated around the point �n.�n.h//; so we can apply Fact 1 of U.289 to see
that �n.Gn/ is �-compact and therefore Gn is an F� -subset of Cp.Ln/. The space
Cp.Ln/ is K-analytic by Problem 321; so Gn is K-analytic as well for any n 2 !.
We will show next that

(2) the space H embeds in G D Q
n2! Gn as a closed subspace.

To prove (2) consider the diagonal product � D �n2!�n which maps Cp.K/
to

Q
n2! Cp.Ln/. It is clear that �.H/ � G. Let jn W Ln ! K be the identity

map for any n 2 !. Then we can define a map j W L D L
n2! Ln ! K by

letting j.x/ D jn.x/ whenever x 2 Ln (we identify every Ln with the respective
clopen subset of L). The map j is continuous, onto and it is clear that the dual map
j � W Cp.K/! Cp.L/ coincides with � . Thus � is an embedding by TFS-163.

To see that �.H/ is closed in the space G take any g D .gn/n2! 2 Gn�.H/
and fix fn 2 H such that gn D �n.fn/ for any n 2 !. If there is f 2 H for
which gn D �n.f / for all n 2 ! then g D �.f / 2 �.H/ which is a contradiction.
Therefore there are distinct v;w 2 H such that gk D �k.v/ and gm D �m.w/ for
some distinct k;m 2 !.

One of the points v;w, say, v is isolated in H . Therefore gk is isolated in Gk by
(1) and hence W D fa D .an/n2! 2 G W ak D gkg is an open neighbourhood of g
such that W \ �.H/ cannot contain any point distinct from �.v/. ThusW nf�.v/g
is an open neighbourhood of g in G disjoint from �.H/. This shows that �.H/ is
closed in G, i.e., (2) is proved.

Any countable product of K-analytic spaces is a K-analytic space and any
closed subspace of a K-analytic space is K-analytic; so it follows from (2) that
H is K-analytic. Since H separates the points of K , we can apply Problem 022
to conclude that Cp.K/ is K-analytic. We have X � K; the space K being
normal, the restriction map �X W Cp.K/ ! Cp.X/ is surjective. This proves that
Cp.X/ D �X.Cp.K// is also K-analytic and completes our solution.

U.356. Let X be a �-product of an arbitrary family of Eberlein compact spaces.
Prove that Cp.X/ is a K�ı-space.
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Solution. Suppose that, for any t 2 T , we are given an Eberlein compact space Kt

and fix a point qt 2 Kt . In the product space K D Q
t2T Kt consider the subspace

X D fx 2 K W the set suppT .x/ D ft 2 T W x.t/ ¤ qt g is finiteg; we must show that
Cp.X/ is a K�ı-space. By Problem 322, we can assume that there is an infinite set
Et such that Kt � ˙�.Et / for any t 2 T . There is no loss of generality to assume
that the family fEt W t 2 T g is disjoint; by homogeneity of ˙�.Et / ' Cp.A.jEt j//
(see Problem 105) we can also assume that qt coincides with the zero function of
˙�.Et /, i.e., qt .a/ D 0 for all a 2 Et .

Let E D SfEt W t 2 T g; in the product space ˙ D Qf˙�.Et / W t 2 T g
consider the �-product � D fx 2 ˙ W jft 2 T W x.t/ ¤ qt gj < !g. It is
straightforward that X � � ; therefore every x 2 X , apart from being a function on
T (becauseX � K), is also a function on E (becauseX � K �Q

t2T REt ' R
E).

Since the family fEt W t 2 T g is disjoint, we will cause no confusion writing x.a/
instead of .x.t//.a/ for any t 2 T and a 2 Et .

If x 2 � then there is a finite set Q � T such that x.a/ D 0 whenever a 2 Et
for some t 2 T nQ. Given any " > 0, the set St" D fa 2 Et W jx.a/j � "g is
finite for any t 2 T and hence so is the set S" D SfSt" W t 2 Qg. Thus the set
fa 2 E W jx.a/j � "g � S" is finite and hence x 2 ˙�.E/. This proves that
� � ˙�.E/ and therefore

(1) X � � � ˙�.E/ is an Eberlein–Grothendieck space.

Consider the set Xn D fx 2 X W jsuppT .x/j � ng � K for any n 2 !; it
is evident that X D S

n2! Xn. If n 2 ! and x 2 KnXn then there are distinct
t0; : : : ; tn 2 T such that x.ti / ¤ qti for all i � n. The set U D fy 2 K W y.ti / 2
Xtinfqti g for all i � ng is open in K and x 2 U � KnXn; this proves that Xn is
closed in K and hence compact for any n 2 !. Now, it follows from (1) that X is a
countable union of Eberlein compact spaces. By Problem 105, the space X embeds
inCp.A.�// for � D jEj; the spaceA.�/ is compact and the class of compact spaces
is sk-directed; so we can apply Problem 092 to see that Cp.X; I/ is a K�ı-space.

The spaceX being �-compact, we can apply Problem 202 to see that there exists
a K�ı-space H such that Cp.X/ � H � R

X . If �.t/ D 2
�

arctan.t/ for any t 2 R

then � W R! J D .�1; 1/ is a homeomorphism. Let '.f / D �ıf for any f 2 R
X .

Then ' W RX ! JX is a homeomorphism such that '.Cp.X// D Cp.X; J / (see
TFS-091). If H 0 D '.H/ then H 0 is a K�ı-space such that Cp.X; J / � H 0 � JX .
It is easy to see that H 0 \ Cp.X; I/ D Cp.X; J /; so the space Cp.X; J / is a K�ı-
space being the intersection of two K�ı-spaces (see TFS-338 and Fact 7 of S.271).
Therefore Cp.X/ ' Cp.X; J / is also a K�ı-space.

U.357. Prove that the one-point compactification of an infinite discrete union of
non-empty Eberlein compact spaces is an Eberlein compact space.

Solution. Given an infinite set T suppose that Kt is a non-empty Eberlein compact
space for any t 2 T ; let L D L

t2T Kt . To see that the one-point compactification
K of the space L is Eberlein compact denote by a the unique point of the set KnL.
We will identify every Kt with the respective clopen subspace of L; therefore Kt

is also a clopen subspace of K for any t 2 T . that By Problem 324, we can take
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a �-point-finite family Ut of cozero subsets of Kt which T0-separates the points of
Kt . It is easy to check that the family U D fKt W t 2 T g [ .St2T Ut / consists of
cozero subsets of K and T0-separates the points ofK .

For any t 2 T we have Ut D SfUnt W n 2 !g where the family Unt is point-finite
for any n 2 !. It is immediate that Un D fKt W t 2 T g[.St2T Unt / is point-finite for
any n 2 !. Since U D S

n2! Un, the family U is �-point-finite, consists of cozero
subsets of K and T0-separates the points of K; thereforeK is Eberlein compact by
Problem 324.

U.358. Prove that the Alexandroff double of an Eberlein compact space is an
Eberlein compact space.

Solution. Let K be an Eberlein compact space; recall that the Alexandroff double
AD.K/ of the space K has K � D as the underlying set. All points of K � f1g
are isolated in AD.K/ and the local base Oz at any point z D .x; 0/ is defined by
Oz D f.U � D/nf.x; 1/g W U 2 �.x;K/g. It was proved in TFS-364 that AD.K/ is
compact.

The space K being Eberlein compact, we can fix a �-point-finite family V of
cozero subsets of K which T0-separates the points of K (see Problem 324). It is
easy to see that the family U D fV � D W V 2 Vg [ ffzg W z 2 K � f1gg is
�-point-finite, consists of cozero subsets of AD.K/ and T0-separates the points of
K . ThereforeK is Eberlein compact by Problem 324.

U.359. Recall that a space X is homogeneous if, for any x; y 2 X , there is a
homeomorphism h W X ! X such that h.x/ D y. Construct an example of a
homogeneous non-metrizable Eberlein compact space.

Solution. If X is a space then C.X/ is the family of all clopen subspaces of X .
Denote by C the Cantor set D! with its usual topology and fix a point a 2 C ; we
will denote by A the family of all clopen neighbourhoods of a in C . For any set B
the map idB W B ! B is the identity, i.e., idB.b/ D b for any b 2 B .

Given a space X , a point t 2 X , a set U 2 �.t; X/ and A 2 A we will denote by
O.t; U;A/ the subset ..U nftg/ � C/[ .ftg � A/ of X � C . If x D .t; c/ 2 X � C
for some c ¤ a then let Ux D fftg � V W c 2 V 2 C.C / and a … V g; if x D .t; a/
then Ux D fO.t; U;A/ W U 2 �.t; X/ and A 2 Ag.

Let XŒC 
 be the space whose underlying set is X � C and the topology is
generated by the collection fUx W x 2 XŒC 
g as local bases.

Fact 1. Suppose that X is a compact space. Then

(i) the space XŒC 
 is compact and Hausdorff;
(ii) if X is Eberlein compact then XŒC 
 is also Eberlein compact;

(iii) the map defined by t ! .t; a/ for any t 2 X is an embedding of X in XŒC 
;
(iv) the natural projection � W X �C ! X is also continuous considered as a map

from XŒC 
 onto X ; we will call � the projection of XŒC 
 onto X .

Proof. We omit the straightforward proof that the families fUx W x 2 XŒC 
g indeed
generate a topology as local bases. Suppose that x D .t; c/ and y D .z; d / are
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distinct points of XŒC 
. If t ¤ z then fix disjoint U;U 0 2 �.X/ such that t 2 U and
z 2 U 0. Then the sets U �C andU 0�C are open (inXŒC 
) disjoint neighbourhoods
of the points x and y respectively. Now, if x D .t; c/ and y D .t; d / then one
of the points c; d , say d , is distinct from a. Take any V 2 C.C / with d 2 V

such that fc; ag � A D CnV . It is clear that O.t;X;A/ and ftg � V are open
disjoint neighbourhoods of the points c and d respectively. This proves that XŒC 

is Hausdorff.

To see thatXŒC 
 is compact take an open coverV of the spaceXŒC 
. For any x 2
XŒC 
 fix a setOx 2 Ux which is contained in some element of the family V . For any
t 2 X , there is Ut 2 �.t; X/ such that O.t;a/ D O.t; Ut ; At / for some At 2 A. The
space X being compact, there is a finite set P � X such that X D SfUt W t 2 P g.
It is clear that we have .XnP/ � C � O D SfOt W t 2 P g; besides, we have the
inclusion XŒC 
nO � Sfftg � .CnAt/ W t 2 P g. Every subspace ftg � .CnAt/ is
homeomorphic to the clopen (and hence compact) subspace CnAt of the compact
space C . An immediate consequence is that XŒC 
nO is contained in a compact
subspace of XŒC 
; so there is a finite V 0 � V with XŒC 
nO � S

V 0. Since every
Ox is contained in an element of V , there is a finite V 00 � V such that O � S

V 00.
Thus V 0[V 00 is a finite subcover of V , which shows thatXŒC 
 is compact and hence
(i) is proved.

Now, if X is Eberlein compact apply Problem 324 to find a �-point-finite
T0-separating family U of cozero subsets of X . It is clear that the family V D
fU � C W U 2 Ug is �-point-finite and consists of cozero subsets of XŒC 
. It is
easy to choose a family B D fBn W n 2 !g � C.C /nA such that B is a base in
Cnfag. For any n 2 ! the family Dn D fftg � Bn W t 2 Xg is disjoint; so the
family D D S

n2! Dn is �-disjoint and hence �-point-finite. Since all elements
of D are compact, the family D consists of cozero subsets of XŒC 
. Thus the
family E D V [ D is �-point-finite and consists of cozero subsets of XŒC 
. It is
an easy exercise that E is T0-separating in XŒC 
; so XŒC 
 is Eberlein compact by
Problem 324 and hence (ii) is proved.

Let '.t/ D .t; a/ for any t 2 X ; then ' W X ! X 0 D X � fag is a bijection.
Observe that the subspace X 0 is compact being closed in XŒC 
. For any point x D
.t; a/ 2 X 0 ifO D O.t; U;A/ 2 Ux then '�1.O \X 0/ D U 2 �.t; X/. This proves
continuity of '; the space X being compact, ' is an embedding (see TFS-123); so
(iii) is proved.

To finally see that (iv) holds, observe that ��1.U / D U �C is open in XŒC 
 for
any U 2 �.X/; so � is continuous and Fact 1 is proved.

Given an arbitrary compact space X let X0 D X and XnC1 D XnŒC 
 for any
n 2 !. Let �nX W XnC1 ! Xn be the projection for any number n 2 !. In the space
QX D Q

n2! Xn consider the set S.X/ D f.xn/n2! 2 QX W �nX.xnC1/ D xn for all
n 2 !g and let pnX W S.X/! Xn be the restriction to S.X/ of the natural projection
of QX onto its factor Xn for any n 2 !.

Fact 2. For any compact space X the set S.X/ is closed in QX and hence compact.
Besides, pnX.S.X// D Xn for any n 2 !.
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Proof. It follows from Fact 1 that every space Xn is compact; so QX is compact
as well. If y D .yn/n2! 2 QXnS.X/ then there exists m 2 ! such that z D
�mX .ymC1/ ¤ ym; choose disjoint U; V 2 �.Xm/ such that z 2 U and ym 2 V .
By continuity of �mX , there is W 2 �.ymC1; XmC1/ for which �mX .W / � U . It is
straightforward that the set O D f.xn/n2! 2 QX W xmC1 2 W and xm 2 V g is open
in QX and y 2 O ; besides, O \ S.X/ D ; which proves that S.X/ is closed in QX
and hence compact.

Now fix any number m 2 ! and x 2 Xm; we need to show that there exists a
point y D .xn/n2! 2 S.X/ such that xm D x. If m D 0 then let x0 D x; if m > 0

then let xi D �iX ı : : : ı �m�1
X .x/ whenever 0 � i < m. Letting xm D x we obtain

a sequence x0; : : : ; xm such that xi 2 Xi and xi D �iX.xiC1/ for any i < m.
Proceeding inductively, let xmC1 D .xm; a/ and, if a number n 2 N and a

point xmCn 2 XmCn are given let xmCnC1 D .xmCn; a/. This gives us a point
y D .xn/n2! 2 QX ; by our construction we have xn D �nX .xnC1/ for any n 2 !, i.e.,
y 2 S.X/. Since also pmX.y/ D xm D x, we established that, for any m 2 ! and
x 2 Xm there is y 2 S.X/ with pmX.y/ D x, i.e., Fact 2 is proved.

Fact 3. If X and Y are homeomorphic compact spaces then S.X/ ' S.Y /.
Proof. Fix a homeomorphism ˛0 W X ! Y . If n 2 ! and we have a
homeomorphism˛n W Xn ! Yn then let ˛nC1 D ˛n�idC , i.e., ˛nC1.x/ D .˛n.t/; c/
for any point x D .t; c/ 2 XnC1 D XnŒC 
. It is easy to check that this inductive
procedure gives us a homeomorphism ˛n W Xn ! Yn for any n 2 !. Since
˛n ı �nX D �nY ı ˛nC1 for any n 2 !, the product map ˛ D Q

n2! ˛n takes
S.X/ onto S.Y /. An easy consequence of Fact 4 of S.271 is that any product of
homeomorphisms is a homeomorphism so ˛jS.X/ is a homeomorphism between
S.X/ and S.Y /. Fact 3 is proved.

Fact 4. Suppose that a zero-dimensional first countable space X is strongly homo-
geneous, i.e., any non-empty clopen subset of X is homeomorphic to X . Then X is
homogeneous.

Proof. If X has an isolated point then the respective singleton is homeomorphic to
X , i.e., X is a singleton and hence there is nothing to prove. Therefore, if jX j > 1

then X has no isolated points. Given x; y 2 X it is easy to find local bases U D
fUn W n 2 !g � C.X/ and V D fVn W n 2 !g � C.X/ at the points x and
y respectively such that U0 D X and V0 D X while UnC1 � Un; UnC1 ¤ Un
and VnC1 � Vn; VnC1 ¤ Vn for any n 2 !. Let U 0

n D UnnUnC1 and V 0
n D

VnnVnC1 for all n 2 !. Then fU 0
n W n 2 !g and fV 0

n W n 2 !g are disjoint clopen
covers of Xnfxg and Xnfyg respectively. By strong homogeneity of X there exists
a homeomorphism 'n W U 0

n ! V 0
n for any n 2 !.

Let '.x/ D y; if z 2 Xnfxg then there is a unique n 2 ! such that z 2 U 0
n;

let '.z/ D 'n.z/. We leave to the reader a simple checking that ' W X ! X is a
homeomorphism such that '.x/ D y. Fact 4 is proved.

Fact 5. If X is a zero-dimensional compact space then
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(i) for any m 2 ! and any closed F � Xm, the space .pmX/
�1.F / � S.X/ is

homeomorphic to S.F /;
(ii) if O � S.X/ is clopen in S.X/ then there is m 2 ! and a clopen U � Xm

such that O D .pmX/�1.U /.
Proof. (i) Fix any m 2 ! and construct the sequence fFn W n 2 !g as in the
definition of S.F /. We have F1 D F ŒC 
 D F � C � XmC1 D XmŒC 
. It is easy
to check that the topology induced from XmC1 on F1 coincides with the topology
of F1; a trivial induction shows that Fn is a subspace of XmCn, i.e., the identity
in D iFn W Fn ! XmCn is an embedding for any n 2 !.

Given an arbitrary x D .xn/n2! 2 S.F / let yk D �kX ı : : : �m�1
X .x0/ for any

k < m. If ymCn D xn for any n 2 ! then y D .yi /i2! 2 S.X/. Since x0 D ym 2
F , the point y belongs to G D .pmX/�1.F /; let y D '.x/.

To prove that the map ' W S.F / ! G is continuous observe first that, for any
n 2 !, the map pmCn

X ı ' coincides with in ı pnF ; so pkX ı ' is continuous for any
k � m; if k < m then pkX ı' D �kX ı : : : �m�1

X ı i0 ıp0F is also continuous; so ' is a
continuous map by TFS-102. It is immediate from the definition that ' is injective;
so ' is an embedding because S.F / is compact by Fact 1.

Finally take any point x D .xn/n2! 2 G; then xm 2 F . Since �mX .xmC1/ D xm,
we have xmC1 2 F � C D F1; repeating this step for all n 2 N we can show by a
trivial induction that xmCn 2 Fn for any n 2 !. Thus y D .xmCn W n 2 !/ 2 S.F /
and it is immediate that '.y/ D x. This shows that ' is surjective; so ' W S.F /! G

is a homeomorphism and hence (i) is proved.
(ii) Take an arbitrary clopen set O � S.X/. For any point x D .xn/n2! 2 O

we can find n 2 ! and U0; : : : ; Un 2 C.X/ such that xi 2 Ui for all i � n and
the set O 0

x D fy 2 S.X/ W piX.y/ 2 Ui for all i � ng is contained in O . Let
ıi D �iX ı : : : ı �n�1

X ; we have ıi .xn/ D xi for any i < n; so

xn 2 U D Un \ .
\
fı�1
i .Ui / W i < ng/:

It is easy to see that x 2 .pnX/�1.U / � O 0
x � O . This shows that

(*) for any point x 2 O there exists a number n 2 ! and a set Ux 2 C.Xn/ such
that x 2 .pnX/�1.Ux/ � O .

The property .�/ together with compactness of the set O implies that we can
choose numbers m1; : : : ; mk 2 ! and a set Ui 2 C.Xmi / for every i � k such that
O D Sf.pmiX /�1.Ui / W i � kg. Let m D m1 C : : : C mk and consider the map
�i D �miX ı �miC1X ı : : : ı �m�1

X for any i � k. The set U DSf��1
i .Ui/ W i � kg is

clopen inXm; it follows from�i ıpmX D pmiX that .pmX/
�1.��1

i .Ui // D .pmiX /�1.Ui /
for any i � k. An immediate consequence is that .pmX/

�1.U / D O which settles
(ii) and shows that Fact 5 is proved.

Returning to our solution observe that it follows from Fact 1 that the space E D
S.C / is Eberlein compact (see Problems 306 and 307). Observe that the space C1 D
C ŒC 
 is not metrizable because, for any b 2 Cnfag, the set f.x; b/ W x 2 C g is
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uncountable and discrete. The space E maps continuously onto a non-metrizable
compact space C1 (see Fact 2); so it is not metrizable by Fact 5 of S.307.

Let us prove by induction on n 2 ! that

(1) if G is a non-empty clopen subset of Cn then .pnC /
�1.G/ is homeomorphic to

the space E .

If n D 0 then G is clopen in C0 D C ; so it is homeomorphic to C by SFFS-
348. Therefore .p0C /

�1.G/ is homeomorphic to S.G/ ' S.C / D E by Fact 3 and
Fact 5. This shows that (1) is true for n D 0. Now take any U 2 C.C / with U ¤ ;
and U ¤ C ; then U ' C and U 0 D CnU ' C . The sets W D .p0C /

�1.U / and
W 0 D .p0C /

�1.U 0/ are clopen and disjoint in E . We saw already that W ' E and
W 0 ' E; since W [W 0 D E , this proves that

(2) E ˚ E ' E .

Now, assume that we have proved (1) for all n � k and take a non-empty clopen
set G � CkC1.

Suppose first that G \ .Ck � fag/ D ;. It follows from the definition of the
topology of CkC1 D CkŒC 
 that for any set P � CkC1 such that P 0 D �kC .P /

is infinite, for any accumulation point x of P 0 in Ck , the point .x; a/ is an
accumulation point of P in CkC1. An immediate consequence is that D D �kC .G/

is finite. The set Gt D .ftg � C/ \ G is clopen and non-empty in ftg � C ; so
Gt ' C for any t 2 D (we used SFFS-348 again as well as the fact that ftg � C is
homeomorphic to C ). ThereforeG DSfGt W t 2 Dg is a metrizable compact space
without isolated points; so we can use SFFS-348 once more to see thatG ' C . Now
apply Fact 3 and Fact 5 to see that .pkC1

C /�1.G/ ' S.G/ ' S.C / D E .
If the set H D G \ .Ck �fag/ is non-empty, then let H 0 D �kC .H/ and take, for

any t 2 H 0 a basic neighbourhoodO.t; Ut ; At / of the point .t; a/ in CkC1 such that
O.t; Ut ; At / � G. The space H being compact there exists a finite set F 0 � H 0
such that H � P DSfO.t; Ut ; At / W t 2 F 0g.

Observe that P D ..H 0nF 0/�C/[.Sfftg�Wt W t 2 F 0g/ whereAt � Wt 2 A
for any t 2 F 0. For any t 2 F 0 choose a set Bt 2 A such that Bt � Wt and
WtnBt ¤ ;. Use SFFS-348 to construct a homeomorphism ht W Wt ! C such that
ht jBt D idBt and ht .WtnBt / D CnBt .

Now, we are going to define a map h W P ! H 0 � C as follows: h.t; c/ D .t; c/
whenever .t; c/ 2 .H 0nF 0/ � C ; if t 2 F 0 then let h.t; c/ D .t; ht .c// for any
c 2 Wt . To see that h is a homeomorphism note that h.ftg � C/ D ftg � C and
hj.ftg � C/ is a homeomorphism for any t 2 H 0. Therefore h and h�1 are both
continuous at the points whose second coordinate is distinct from a. Besides, the
map h is locally an identity at any point x 2 H 0 � fag (i.e., there is O 2 �.x; P /
such that hjO D idO ); so h and h�1 are both continuous at every point x 2 H 0�fag
as well.

This proves that P ' H 0 � C ; since H 0 is clopen in Ck, we can apply the
induction hypothesis to see that .pkC /

�1.H 0/ ' E . By Fact 3 and Fact 5, we have
.pkC1

C /�1.P / ' .pkC1
C /�1.H 0 � C/ D .pkC /

�1.H 0/ ' E . The set G0 D GnP is
clopen in CkC1 and G0 \ .Ck � fag/ D ;. If G0 D ; then the proof of (1) is over.
If G0 ¤ ; then .pkC1

C /�1.G0/ ' E by what we proved in the first case. Therefore
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.pkC1
C /�1.G/ is a union of two clopen subspaces which are both homeomorphic

to E . Since E ˚ E ' E by (2), we have .pkC1
C /�1.G/ ' E; so our induction

procedure shows that (1) is proved.
An immediate consequence of (1) and Fact 5 is thatW ' E for any clopen non-

empty W � E . Now, Fact 4 shows that E is homogeneous and makes our solution
complete.

U.360. Give an example of a hereditarily normal but not perfectly normal Eberlein
compact space.

Solution. The space A.!1/ is Eberlein compact (see Fact 1 of U.340). It is not
perfectly normal because the pseudocharacter at the unique non-isolated point a of
A.!1/ is equal to !1. If Y � A.!1/ and a … Y then Y is discrete and hence normal.
If a 2 Y then Y is compact and hence also normal. Thus any Y � A.!1/ is normal,
i.e., A.!1/ is a hereditarily normal Eberlein compact space which is not perfectly
normal.

U.361. Let X be an Eberlein compact space such thatX �X is hereditarily normal.
Prove that X is metrizable.

Solution. If X is finite then there is nothing to prove; so suppose that X is infinite.
By Fact 2 of T.090 the space X has a non-closed countable subspace; so we can
apply Fact 1 of T.090 (letting Y D Z D X ) to conclude that X is perfectly normal.
By SFFS-001 the space X is hereditarily Lindelöf; so c.X/ D !. Consequently,
w.X/ D c.X/ D ! by Problem 343, i.e., X is metrizable.

U.362. Prove that there exists an Eberlein compact space X such that X2n� is not
metacompact.

Solution. Recall that A.!1/ D !1 [ fag where a … !1 is the unique non-isolated
point of A.!1/ and a set U � A.!1/ with a 2 U is open in A.!1/ if and only if
A.!1/nU is finite.

Fact 1. Let u 2 K D .A.!1//! be the point with u.n/ D a for all n 2 !. Then the
space Knfug is not metacompact.

Proof. For any ˛ 2 !1 and n 2 ! let O.˛; n/ D fx 2 K W x.n/ D ˛g. It is clear
that O D fO.˛; n/ W ˛ < !1; n 2 !g is an open cover of Knfug. Assume that U is
a point-finite open refinement of O.

For any ˛ < !1 and n 2 ! let un˛.n/ D ˛ and un˛.m/ D a for any m ¤ n. It is
clear that O.˛; n/ is the unique element of O which contains un˛. Therefore there
is U.˛; n/ 2 U such that un˛ 2 U.˛; n/ � O.˛; n/ for any ˛ < !1 and n 2 !.
There exists kn˛ 2 ! and a finite set F.˛; n/ � !1 such that kn˛ > n and the set
H.˛; n/ D fx 2 K W x.n/ D ˛ and x.m/ … F.˛; n/ for all m 2 kn˛nfngg is
contained in U.˛; n/ for all ˛ < !1 and n 2 !. Thus the family H D fH.˛; n/ W
˛ < !1; n 2 !g is point-finite.

Let r0 D 0 and choose an uncountable˝0 � !1 for which there is r1 2 ! such
that k0˛ D r1 for all ˛ 2 ˝0. Suppose that, for some m 2 ! we have uncountable
sets ˝0; : : : ;˝m � !1 and r0; : : : ; rmC1 2 ! with the following properties:
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(1) ˝iC1 � ˝i for all i < m;
(2) if i � m then riC1 D kri˛ for any ˛ 2 ˝i ;
(3) for any i < m there is a set FiC1 � !1 such that F.˛; riC1/ \ F.ˇ; riC1/ D

FiC1 for any distinct ˛; ˇ 2 ˝iC1.

Since the set ˝m is uncountable, we can apply the �-lemma (see SFFS-038)
to find an uncountable set ˝ 0

mC1 � ˝m for which there exists FmC1 � !1 such
that F.˛; rmC1/ \ F.ˇ; rmC1/ D FmC1 for any distinct ˛; ˇ 2 ˝ 0

mC1. Choose
an uncountable set ˝mC1 � ˝ 0

mC1 for which there exists rmC2 2 ! such that
k
rmC1
˛ D rmC2 for any ˛ 2 ˝mC1.

Since the properties (1)–(3) now hold if substitute m by m C 1, our inductive
procedure can be continued to construct a family f˝n W n 2 !g of uncountable
subsets of !1 and a sequence fri W i 2 !g � ! such that (1)–(3) are fulfilled for all
m 2 !; let F DS

i2! FiC1. Observe that (2) implies that ri < riC1 for all i 2 !.
Take an arbitrary ˛0 2 ˝0nF . Proceeding inductively, assume that m 2 ! and

we have chosen ˛0; : : : ; ˛m such that

(4) ˛i 2 ˝inF for any i � m;
(5) if 0 � i < j � m then ˛i … F.˛j ; rj /.

Since the family fF.˛; rmC1/nF W ˛ 2 ˝mC1nF g is disjoint and uncountable
by (3), there is an ordinal ˛mC1 2 ˝mC1nF such that ˛i … F.˛mC1; rmC1/nF and
hence ˛i … F.˛mC1; rmC1/ for any i � m. It is clear that the properties (4) and
(5) still hold if we substitute m by m C 1; so our inductive construction can be
continued to obtain a sequence f˛i W i 2 !g with the properties (4) and (5) fulfilled
for all m 2 !; let L D fri W i 2 !g.

The set G D SfF.˛i ; ri / W i 2 !g being countable we can fix an ordinal
ˇi 2 ˝inG for any i 2 !nL. Finally, let z.ri / D ˛i for all i 2 !; if i 2 !nL then
let z.i/ D ˇi . This gives us a point z 2 Knfug.

Given n 2 ! take an arbitrary number i < rnC1; if i ¤ rk for any k � n then
z.i/ D ˇi … F.˛n; rn/ because ˇi … G . Now, assume that i D rk for some k � n;
if k < n then z.i/ D ˛k … F.˛n; rn/ by the property (5). If k D n then z.i/ D ˛n;
recalling the definition of H.˛n; rn/ we can see that z 2 H.˛n; rn/.

The number n 2 ! was chosen arbitrarily; so z 2 T
n2! H.˛n; rn/ which is a

contradiction because fH.˛n; rn/ W n 2 !g is an infinite subfamily of the point-
finite family H. ThereforeKnfug is not metacompact and hence Fact 1 is proved.

Returning to our solution let X D .A.!1//
! . Then X is Eberlein compact by

Problem 307 and Fact 1 of U.340. There is a point u 2 X such that Xnfug is not
metacompact (see Fact 1). It is evident that the correspondence x ! .x; u/ embeds
Xnfug in X2n� as a closed subspace. It is an easy exercise to show that a closed
subspace of a metacompact space is metacompact; soX2n� cannot be metacompact
and hence our solution is complete.

U.363. Prove that any Eberlein compact space is hereditarily �-metacompact.

Solution. Take any Eberlein compact space K and let � D f.x; x/ W x 2 Kg be
the diagonal of K . We can assume that K � ˙�.A/ for some A (see Problem 322).
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Denote by Q the family of all intervals .a; b/ � R such that a < b and a; b 2 Q.
For any J 2 Q let Oa

J D fx 2 K W x.a/ 2 J g for any a 2 A. It is evident that the
family O D fOa

I �Oa
J W a 2 A; I; J 2 Q and I \ J D ;g consists of open subsets

of K �K; it is immediate that
S

O D K2n� andO \� D ; for any O 2 O.
Fix I; J 2 Q such that I \ J D ; and let O.I; J / D fOa

I � Oa
J W a 2 Ag;

one of the sets I ; J , say J , does not contain zero and therefore there is " > 0 such
that jt j � " for any t 2 J . If the family O.I; J / is not point-finite then there is an
infinite B � A and z D .x; y/ 2 K2 such that z 2 TfOa

I � Oa
J W a 2 Bg. This

implies y 2 Oa
J , i.e., y.a/ 2 J and therefore jy.a/j � " for any a 2 B which is a

contradiction with y 2 K � ˙�.A/. This proves that

(1) the family O.I; J / is point-finite for any I; J 2 Q with I \ J D ;.

Since O D SfO.I; J / W I; J 2 Q and I \ J D ;g, it follows from (1) that
the family O is �-point-finite; thus O D S

n2! On where On is point-finite for
any n 2 !.

Fact 1. Suppose that a space X has an open �-point-finite cover U such that U is
compact for any U 2 U . Then X is �-metacompact.

Proof. Represent U as
S
n2! Un where Un is point-finite and Un � UnC1 for any

n 2 !. Take an open cover V of the space X and choose, for any U 2 U a number
n.U / 2 ! and a family S.U / D fVi W i � n.U /g � V such that U � S

S.U /;
let Vi .U / D Vi \ U for any i � n.U /. For any k; i 2 ! the family V.k; i/ D
fVi.U / W U 2 Uk and i � n.U /g is point-finite because so is Uk . It is easy to check
that V 0 D SfV.k; i/ W k 2 !g is a cover of X ; so V 0 is a �-point-finite refinement
of V . Fact 1 is proved.

Returning to our solution take an arbitrary subspace Y � K and a family W �
�.Y / such that Y D S

W . For any W 2 W fix a set OW 2 �.K/ such that
OW \ Y D W ; the set G D SfOW W W 2 Wg is open in K and contains Y . For
every n 2 ! re-index the family On as fUt � Vt W t 2 Tng so that Tn \ Tm D ; if
n ¤ m; let T D S

n2! Tn. Let F D KnG and consider the family U D fU.S/ DTfUt W t 2 Sg W the set S � T is finite and V.S/ D fVt W t 2 Sg is a minimal cover
of the set F g. It is easy to see that U.S/ \ .SV.S// D ; for any finite S � T ; so
U.S/ 2 U implies U.S/ \ F D ;.

Fix a numberm 2 !; we will prove that the family U.m/ D fU.S/ 2 U W jS j �
m and S � T Œm
 D T0 [ : : : [ Tmg is point-finite. Indeed, if this is false then
there is a point x 2 K and an infinite family S of finite subsets of T Œm
 such that
jS j � m for any S 2 S and x 2 TfU.S/ W S 2 Sg. By the countable version of the
�-lemma (see Fact 2 of U.337) there exists a countably infinite S 0 � S, which is a
�-system, i.e., for some P � T , we have S \ S 0 D P for any distinct S; S 0 2 S 0.
Fix a faithful enumeration fSi W i 2 !g of the family S 0.

Since P ¤ S0 and the family V.S0/ is a minimal cover of F , there is a point
y 2 F such that y … S

V.P /. Therefore, for every i 2 N there is si 2 SinP such
that y 2 Vsi . The family S 0 being a �-system, we have si ¤ sj whenever i ¤ j .
Now it follows from .x; y/ 2TfUsi �Vsi W i 2 Ng that the family O0[ : : :[Om is
not point-finite; this contradiction proves that every U.m/ is point-finite. It follows
from U D S

m2! U.m/ that



2 Solutions of Problems 001–500 365

(2) the family U is �-point-finite and U \ F D ; for any U 2 U ;

Given a point x 2 KnF , for any y 2 F the point .x; y/ does not belong to the
diagonal�; so there is t.y/ 2 T such that .x; y/ 2 Ut.y/�Vt.y/ and hence y 2 Vt.y/.
The set F being compact, there is a finite Z � Y such that F �SfVt.y/ W y 2 Zg.
Take a subset S � ft.y/ W y 2 Zg such that V.S/ is a minimal cover of F ; then
x 2 U.S/. This, together with the property (2) shows that the family U is a �-point-
finite cover of KnF such that U � KnF for any set U 2 U . By Fact 1, the space
G D KnF is �-metacompact and hence there exists a �-point-finite refinement H
of the open cover G D fOW W W 2Wg of the space G. It is straightforward that the
family W 0 D fV \ Y W V 2 Hg � �.Y / is a �-point-finite refinement of W . This
proves that Y is �-metacompact and completes our solution.

U.364. Prove that, for any compact space X , the subspace .X �X/n� � X �X is
�-metacompact if and only if X is Eberlein compact.

Solution. If X is Eberlein compact then so is X2 by Problem 307. Every Eber-
lein compact space is hereditarily �-metacompact by Problem 363; so X2n� is
�-metacompact and hence we established necessity.

Now assume that X is a compact space such that Y D X2n� is �-metacompact.
Then there exists a �-point-finite open cover Q of the set Y such that U � Y for
any U 2 Q. This implies that U D clY .U / is a compact set; so Fact 1 of U.188 is
applicable to find a shrinking fFU W U 2 Qg of the family Q. It is easy to see that
every FU is compact; so there is a finite family OU of open subsets of X � X such
that FU �S

OU �S
OU � U and everyO 2 OU is standard, i.e.,O D O1 �O2

for some �-compact sets O1;O2 2 �.X/ such that O1 \ O2 D ;. It is an easy
exercise that the family O D fO W O 2 OU ; U 2 Qg is �-point-finite.

The map ' W X � X ! X � X defined by the formula '.x; y/ D .y; x/ is,
evidently, a homeomorphism and '.Y / D Y so the family O [ f'.O/ W O 2 Og
is also �-point-finite. Thus we can choose an indexation fUt � Vt W t 2 T g of the
family O0 D fO W O 2 OU ; U 2 Qg [ f'.O/ W O 2 OU ; U 2 Qg such that
T DS

n2! Tn and fU t � V t W t 2 Tng is point-finite for any n 2 !. In other words,
the family O0 D fUt � Vt W t 2 T g has the following properties:

(1) Ut ; Vt are open �-compact subsets of X for any t 2 T ;
(2) U t \ V t D ; for any t 2 T ;
(3) T D S

n2! Tn and the family fU t � V t W t 2 Tng is point-finite for any n 2 !;
(4)

S
O0 D Y and U � V 2 O0 implies V � U 2 O0.

Let � D d.X/ and choose a dense set D D fp˛ W ˛ < �g in the space X ; let
X˛ D fpˇ W ˇ < ˛g for any ˛ < �; call a family F � expX a minimal cover ofX˛
if X˛ � S

F and X˛ 6� S
.FnfF g/ for any F 2 F . Given a finite F � T we will

often use the set UF D TfUt W t 2 F g; for any ˛ < � let U˛ D fUF W F � T is
finite and fV t W t 2 F g is a minimal cover of X˛g. It is easy to see that U˛ consists
of �-compact open subsets of X for any ˛ < �. It turns out that

(5) the family U D SfU˛ W ˛ < �g is �-point-finite.
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To prove (5) let U˛;n D fUF 2 U W F � T; jF j � n and F � T0 [ : : : [ Tng
for any ˛ < � and n 2 !. It is evident that U˛ D S

n2! U˛;n for any ˛ < �; so
U D S

n2! Wn where Wn D SfU˛;n W ˛ < �g for all n 2 !. Thus it suffices to
show that every Wn is point-finite.

If this is not true for some n 2 ! then there exists a family fFk W k 2 !g of finite
subsets of T such that

(6) there is p 2 ! such that jFkj D p for all k 2 !;
(7) for every k < ! there is ˇ.k/ < � such that UFk 2 Uˇ.k/;n and the sequence
fˇ.k/ W k 2 !g is non-decreasing;

(8) there a set F � T such that Fk \ Fl D F for any distinct k; l 2 !;
(9) there is a point x 2 X with x 2 TfUFk W k 2 !g.

The properties (6) and (8) can be guaranteed taking an infinite family with the
property (9) and passing to an appropriate infinite subfamily applying the countable
version of the �-lemma (see Fact 2 of U.337) and the fact that jFkj � n for
all k 2 !. Once we have (6) and (8) choose a function ' W ! ! � such that
UFk 2 U'.k/ for any k < !. Suppose first that there is an ordinal ˛0 < � for
which the set S D '�1.˛0/ is infinite. Passing to fFk W k 2 Sg gives a set for which
ˇ.k/ is the same ordinal for all k < !; so the condition (7) is satisfied.

Now if '�1.˛/ is finite for any ˛ < � then use a trivial induction to get the
relevant subfamily with the property (7).

Since we have UFk ¤ UFl for distinct k; l 2 ! we have Fk ¤ F for all k 2 !.
The family V0 D fVt W t 2 F0g is a minimal cover of Xˇ.0/; so there is a point
y 2 Xˇ.0/n.SfV t W t 2 F g/.

We have ˇ.0/ � ˇ.k/ for any k < !; so y 2 SfV t W t 2 Fkg and hence there
is tk 2 FknF for which y 2 V tk . It follows from the property (8) that tk ¤ tl if
k ¤ l ; since .x; y/ 2 TfUtk � V tk W 0 < k < !g, we obtain a contradiction with
the property (3). Thus the family Wn is point-finite for any n 2 ! and (5) is proved.

Our final step is to show that

(10) the family U is T0-separating in X .

Take distinct points x1; x2 2 X and assume first that there is ˛ < � such that
xi 2 X˛ while z D x2�i … X˛ . For any y 2 X˛ there is ty 2 T such that .z; y/ 2
Uty � Vty . There exists a finite P � X˛ for which X˛ � SfVty W y 2 P g; so
the set F 0 D fty W y 2 P g is finite and X˛ � SfVt W t 2 F 0g. Take F � F 0
such that fV t W t 2 F g is a minimal cover of X˛; then UF 2 U while z 2 UF and
UF \X˛ D ; which shows that UF separates the points x1 and x2.

Therefore we can assume, without loss of generality, that there is ˛ < � such
that x1; x2 2 X˛ and fx1; x2g \ Xˇ D ; for any ˇ < ˛. Let V1 D fVt W x1 2 Ut
and x2 … Utg and V2 D fVt W x2 2 Ut and x1 … Utg. Observe that x2 2 S

V1 and
x1 2S

V2.
The spaceK D XnS

.V1[V2/ is compact; for any point z 2 K there is t.z/ 2 T
such that x1 2 Ut.z/ and z 2 Vt.z/. Since Vt.z/ … V1 [ V2, we must have x2 2 Ut.z/.
As a consequence, there is a finite F � T such that K � SfVt W t 2 F g and
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fx1; x2g � UF . It follows from fx1; x2g � X˛ that UF \ fpˇ W ˇ < ˛g ¤ ;
and therefore H D SfV t W t 2 F g does not contain the set fpˇ W ˇ < ˛g; let
ı D minfˇ W pˇ … H g.

The point pı has to belong to XnK D S
.V1 [ V2/; so there is an element

s 2 T for which Vs 2 V1 [ V2 and pı 2 Vs . Then the set Us separates the points
x1 and x2. Since fV sg [ fV t W t 2 F g covers XıC1, there is F 0 � F such that
the family fV sg [ fV t W t 2 F 0g is a minimal cover of XıC1. As a consequence,
U D Us \ UF 0 2 U and U separates the points x1 and x2 because so does Us while
fx1; x2g � Ut for any t 2 F 0. Thus the property (10) is proved.

It follows from (5) and (10) that U is a �-point-finite T0-separating family of open
F� -subsets of X ; so X is Eberlein compact by Problem 324; this proves sufficiency
and makes our solution complete.

U.365. Prove that a compact space X is Eberlein compact if and only if X � X is
hereditarily �-metacompact.

Solution. If X is Eberlein compact then so is X � X by Problem 307; therefore
X�X is hereditarily �-metacompact by Problem 363. Now, ifX�X is hereditarily
�-metacompact then X2n� is �-metacompact so Problem 364 is applicable to
conclude that X is Eberlein compact.

U.366. Prove that a compact space X has a closure-preserving cover by compact
metrizable subspaces if and only if it embeds into a �-product of compact metrizable
spaces. In particular, if X has a closure-preserving cover by compact metrizable
subspaces then it is an Eberlein compact space.

Solution. Given a space Z and a family A � expZ let AjY D fA \ Y W A 2 Ag.
If x; y 2 Z and A � Z then the set A separates the points x and y if A \ fx; yg is
a singleton.

Fact 1. Suppose that a non-empty space Z has a closure-preserving cover C
by compact subspaces. Consider the collection F.C/ of all maximal centered
subfamilies of C. Given F 2 F.C/ let PF D T

F . Then the family P.C/ D fPF W
F 2 F.C/g is discrete; in particular, if Z is compact then P.C/ is finite. We will call
the family P.C/ the core of the family C.

Proof. If F 2 F.C/ then PF ¤ ; because F is non-empty and every element of F
is compact. If F ;G 2 F.C/ are distinct then PF \PG D ; because otherwise F [G
is centered and hence coincides with both F and G. Thus, for any x 2 Z there is at
most one F 2 F.C/ such that x 2 PF . The set U D Zn.SfC 2 C W x … C g/ is
open in Z and x 2 U . If G 2 F.C/ and G ¤ F then x … PG ; so there is G 2 G such
that x … G. But then G \ U D ; and therefore PG \ U D ; which shows that U
intersects at most one element of the family P.C/. Thus P.C/ is discrete and hence
Fact 1 is proved.

Fact 2. Suppose that a compact space K has a closure-preserving cover C by
compact metrizable subspaces. Then the set M.K/ D fx 2 K W there exists a
second countable U 2 �.K/ with x 2 U g is open and dense in K .
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Proof. It is evident that M.K/ is open in K; if M.K/ is not dense then there is a
non-empty U 2 �.K/ such that M.K/\ U D ;. It is straightforward that CjU is a
closure-preserving cover ofL D U by compact metrizable subspaces. IfM.L/ ¤ ;
then there exists a second countable V 2 ��.L/. Then V 0 D V \U is a non-empty
open second countable subset of K , so every point of V 0 belongs to M.K/; this
contradiction with V 0 \M.K/ D ; shows that M.L/ D ;.

This proves that we can assume, without loss of generality, that K D L, i.e.,
M.K/ D ;. Given a countable subfamily C 0 of the family C, the set P D S

C 0
is closed in K (because C is closure-preserving) and has a countable network
(being a countable union of second countable spaces). Therefore P is compact and
metrizable by Fact 4 of S.307.

Now let P0 be the core of the family C and let F0 D S
P0; it follows from Fact 1

that F0 can be covered by finitely many elements of C, so F0 is compact and second
countable. Since M.K/ D ;, the interior of F0 is empty and hence F0 is nowhere
dense in K . Take a point x 2 KnF0 and a set V 2 �.x;K/ such that V \ F0 D ;;
then U0 D KnV is an open neighbourhood of F0 such that IntK.KnU0/ ¤ ;.

Suppose that m 2 ! and we have constructed compact second countable sets
F0; : : : ; Fm and open sets U0; : : : ; Um with the following properties:

(1) Fi is second countable, Ui 2 �.Fi ;K/ and IntK.KnUi/ ¤ ; for any i � m;
(2) Ui � UiC1 for any i < m;
(3) if i < m and PiC1 is the core of the family Cj.KnUi/ then FiC1 D S

PiC1.

The core PmC1 of the family Cj.KnUm/ is finite by Fact 1; therefore the set
FmC1 D S

PmC1 is compact and second countable. The property (1) shows that
there is W 2 ��.K/ such that W � KnUm. It follows from M.K/ D ; then there
is a point x 2 W nFmC1; take V 2 �.x;K/ such that V � W \ .KnFmC1/ and
let UmC1 D KnV . It is evident that the properties (1)–(3) still hold if we substitute
m by m C 1; so our inductive procedure can be continued to construct families
fFn W n 2 !g and fUn W n 2 !g for which the properties (1)–(3) are fulfilled for
all m 2 !.

It follows from (1) and (3) that Fi is non-empty for all i 2 !; the conditions
(1)–(3) imply that the family fFi W i 2 !g is disjoint. Given a point x 2 K the
set O D Kn.SfC W C 2 C and x … C g/ is an open neighbourhood of x. Let
U�1 D ; and consider first the case when x … S

n2! Un and hence x … S
n2! Fn;

given i 2 ! the point x does not belong to H for any H 2 Pi . Since H is the
intersection of a subfamily of Cj.KnUi�1/, there is C 2 C such that H � C and
x … C . Consequently, C \O D ; which shows that O \H D ; for any H 2 Pi ,
i.e., O \ Fi D ;.

Now, if x 2 Un for some n 2 ! then it follows from (1)–(3) that Un is a
neighbourhood of x which does not meet Fi for any i > n. This shows that in
all possible cases x has a neighbourhood which meets finitely many elements of
the family F D fFi W i 2 !g. Since F is disjoint, it has to be discrete which is a
contradiction with compactness of K . Fact 2 is proved.
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Fact 3. A space Z condenses into a �-product of compact metrizable spaces if and
only if there exists a family C D fCn;t W n 2 !; t 2 T g of cozero subsets of Z such
that C is T0-separating inZ and the family C0 D fSn2! Cn;t W t 2 T g is point-finite.

Proof. Suppose that Mt is a compact metrizable space for any t 2 T and a point
a 2 M D Q

t2T Mt is chosen so that there exists a condensation ' W Z ! Y for
some Y � �.M; a/. Let �t WM !Mt be the natural projection and fix a countable
base Bt D fBn

t W n 2 !g in the space Mtnfa.t/g for every t 2 T . It is clear that
Un
t D ��1

t .Bn
t / \ Y is a cozero set in Y ; so Cn;t D '�1.Bn

t / is a cozero set in Z
for any t 2 T and n 2 !. The family fUn

t W n 2 !; t 2 T g is easily seen to be
T0-separating in Y ; so C D fCn;t W n 2 !; t 2 T g is T0-separating in Z because '
is a condensation. LetEt D ��1

t .Mtnfa.t/g/\Y for any t 2 T . It follows from the
inclusion Y � �.M; a/ that fEt W t 2 T g is point-finite. On the other hand, Et DSfUn

t W n 2 !g for any t 2 T , so C0 D fSn2! Cn;t W t 2 T g D f'�1.Et/ W t 2 T g
is point-finite as well. This proves necessity.

Now assume that C D fCn;t W n 2 !; t 2 T g is a T0-separating family of cozero
subsets of Z such that C0 D fSn2! Cn;t W t 2 T g is point-finite. Fix a continuous
function fn;t W Z ! I D Œ0; 1
 such that Cn;t D .fn;t /

�1..0; 1
/ for any n 2 !
and t 2 T . If 't D �ffn;t W n 2 !g then Mt D I! is a compact metrizable
space; if at .n/ D 0 for all n 2 ! then at 2 Mt for all t 2 T . The family C
being T0-separating, the set ffn;t W n 2 !; t 2 T g separates the points of Z so
' D �f't W t 2 T g is a condensation of Z into M D Q

t2T Mt . Let a.t/ D at for
all t 2 T . To see that '.Z/ � �.M; a/ take any z 2 Z. The family C0 is point-finite;
so there is a finite S � T such that fn;t .z/ D 0 for any t 2 T nS and n 2 !. This
implies that 't .z/ D at for all t 2 T nS and therefore '.z/ 2 �.M; a/. Thus ' is the
promised condensation; this settles sufficiency and shows that Fact 3 is proved.

Fact 4. Any �-product of compact metrizable spaces has a closure-preserving cover
by metrizable compact subspaces.

Proof. Suppose that Mt is compact and metrizable for any t 2 T and take a point
a 2 M D Q

t2T Mt . Recall that �.M; a/ D fx 2 M W jft 2 T W x.t/ ¤ a.t/gj <
!g; we must prove that �.M; a/ has a closure-preserving cover by metrizable
compact sets. For any x 2 �.M; a/ let supp.x/ D ft 2 T W x.t/ ¤ a.t/g. If
t1; : : : ; tn 2 T thenH.t1; : : : ; tn/ DMt1�: : :�Mtn�

Qffa.t/g W t 2 T nft1; : : : ; tngg
is a compact metrizable subset of �.M; a/. It is clear that

SfH.t1; : : : ; tn/ W n 2
N; ti 2 T for all i � ng D �.M; a/; so it suffices to establish that the family
H D fH.t1; : : : ; tn/ W n 2 N; ti 2 T for all i � ng is closure-preserving.

Assume, towards a contradiction, that there is a family H0 � H such that x 2S
H0n.SH0/ for some x 2 �.M; a/; let S D supp.x/. It follows from Problem 101

that �.M; a/ is a Fréchet–Urysohn space; so there exist sequences fHn W n 2 !g �
H0 and fxn W n 2 !g � �.M; a/ such that xn ! x and xn 2 Hn for all n 2 !. We
have Hn D H.tn1 ; : : : ; tnkn/ for any n 2 !; it follows from x … Hn that there is sn 2
supp.x/ such that sn … ftn1 ; : : : ; tnkng. The set supp.x/ being finite there is an infinite
A � ! and s 2 supp.x/ such that sn D s for all n 2 A. The sequence fxn W n 2 Ag
still converges to the point x; we have, xn.s/ D a.s/ for all s 2 A which implies
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x.s/ D a.s/. However, s 2 supp.x/ so x.s/ ¤ a.s/. This contradiction shows that
H is a closure-preserving cover of �.M; a/ by compact metrizable subspaces, i.e.,
Fact 4 is proved.

Returning to our solution suppose thatX is a compact subspace of a �-product Y
of metrizable compact spaces. By Fact 4, the space Y has a closure-preserving cover
C 0 by compact metrizable subspaces. It is clear that the family C D fC\X W C 2 C 0g
is a closure-preserving cover of X by compact metrizable subspaces; this proves
sufficiency.

To establish necessity suppose that C is a closure-preserving cover of a compact
space X and every element of C is compact and metrizable. It is easy to see that if
C 0 � C is countable then F D S

C 0 is compact and metrizable. Therefore we can
add F and all other countable unions of elements of C to C; the resulting family will
still be closure-preserving. Thus we can consider, without loss of generality, that

(4)
S

C 0 2 C for any countable C 0 � C.

Let X0 D X and G0 D M.X/; then G0 is open and dense in X0 by Fact 2.
Suppose that ˛ is an ordinal and we have a family fXˇ W ˇ < ˛g such that

(5) Xˇ is closed in X and non-empty for all ˇ < ˛;
(6) if ˇ C 1 < ˛ and Gˇ D M.Xˇ/ then XˇC1 D XˇnGˇ;
(7) if ˇ < ˛ is a limit ordinal then Xˇ D T


<ˇ X
 .

If ˛ is a limit ordinal then let X˛ D T
ˇ<˛ Xˇ; then the set X˛ is non-empty

and we have a family fXˇ W ˇ � ˛g such that the properties (5)–(7) still hold if we
substitute ˛ by ˛ C 1. If ˛ D ˇ C 1 then let X˛ D XˇnGˇ; if X˛ is empty then
our construction stops. If not, then we obtain a family fXˇ W ˇ � ˛g such that the
properties (5)–(7) still hold if we substitute ˛ by ˛ C 1.

It follows from Fact 2 thatGˇ ¤ ; ifXˇ ¤ ;; soXˇC1 is strictly contained inXˇ
if XˇC1 ¤ ;. This shows that our construction cannot last jX jC steps and therefore
there exists ˛ such that X˛C1 D ; which means that X˛ is locally metrizable and
hence second countable. Let � be the minimal such ˛; it turns out that

(8) for any ˛ � � and C 2 C there is C 0 2 C such that C � C 0 and C 0 \ G˛ is
open in G˛ and hence in X˛ .

Suppose first that P is a second countable subspace of G˛. Since G˛ is locally
second countable, the set P can be covered by a countable family U of open subsets
of G˛ such that every U 2 U is second countable. An immediate consequence is
that W D S

U is separable; let D be a countable dense subset of W . The family C
being closed under countable unions there is E 2 C such that D � E; since E is
compact, we have W � D � E . Thus, for every second countable subset P of G˛
there is E 2 C such that P � IntX˛ .E/.

Now, given C 2 C let C0 D C and use the observation of the previous paragraph
to construct a sequence fCn W n 2 !g such that Cn \ G˛ � IntX˛ .CnC1 \ G˛/ for
any n 2 !. It is straightforward that C 0 DS

n2! Cn is as promised in (8).
Given sets A;B;C � X we will use the expression hA;B;C i to say that B � A

and A \ C D B \ C . Let us show that
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(9) for any ˛ � � there exists a closure-preserving family C˛ on X˛ such that
any C 2 C˛ is compact for which there is EC 2 C with hEC ;C;X˛C1i and
fC \G˛ W C 2 C˛g is a disjoint family of clopen subsets of G˛ .

It follows from (8) that the family E D fC\X˛ W C 2 C andC\G˛ is non-empty
and open in X˛g is a closure-preserving cover of X˛. The set X˛ being non-empty,
the family E is non-empty as well; take a set F0 2 E . Suppose that ˇ is an ordinal
and we have a family fF
 W 
 < ˇg � E such that .Fı \G˛/n.SfF
 W 
 < ıg/ ¤ ;
for any ı < ˇ.

If G˛n.SfF
 W 
 < ˇg/ D ; then our construction stops. If not, then we can
choose Fˇ 2 E for which .Fˇ \G˛/n.SfF
 W 
 < ˇg/ ¤ ;. It is easy to see that,
for any ordinal ˇ the family f.Fı \G˛/n.SfF
 W 
 < ıg/ W ı < ˇg is disjoint and
consists of non-empty subsets of G˛ . Therefore we cannot make jG˛jC steps in our
construction, i.e., there is an ordinal ˇ < jG˛jC such that G � SfF
 W 
 < ˇg.
Let H
 D F
n.SfFı \G˛ W ı < 
g/ for any 
 < ˇ. We will check that the family
C˛ D fH
 W 
 < ˇg is as promised.

It is evident that G � S
C˛; every set Fı \ G˛ is open in X˛ which shows that

eachH
 is closed inX˛ being a difference of a closed set and an open set. For every

 < ˇ there is D 2 C such that C D F
 D D \ X˛. Since F
nH
 � G˛ , we have
D\X˛C1 D C\X˛C1 which shows that, forEC D D, the property hEC ;C;X˛C1i
holds as well.

Now it follows from H
 \ G˛ D .F
 \ G˛/n.SfFı W ı < 
g/ that H
 \ G˛
is open in X˛ being the difference of an open set and a closed set. It easily follows
from the definition of C˛ that fC \G˛ W C 2 C˛g is disjoint. To finally see that C˛ is
closure-preserving take a family C 0 � C˛ and suppose that x 2S

C 0. If x 2 G˛ then
there is a unique C 2 C˛ such that x 2 C \G˛ . The set C \G˛ is a neighbourhood
of x; so C 2 C 0 and x 2 C .

If x 2 X˛nG˛ D X˛C1 then fix, for any C 2 C 0 a set EC 2 C for which
we have hEC ;C;X˛C1i. If C 00 D fEC W C 2 C 0g then x 2 S

C 00; the family C
being closure-preserving there exists a set C 2 C 0 such that x 2 EC and therefore
x 2 EC \X˛C1 D C \X˛C1, i.e., x 2 C which shows that C˛ is closure-preserving
and hence (9) is proved.

Our next step is to show that

(10) the family D D SfC˛ W ˛ � �g is closure-preserving.

It suffices to prove that D� D SfC˛ W ˛ < �g is closure-preserving; we
will do this by showing by transfinite induction that Dˇ D SfC˛ W ˛ < ˇg
is closure-preserving for any ˇ � �. This is clear for any ˇ < ! because a
finite union of closure-preserving families is a closure-preserving family. If Dˇ

is closure-preserving then DˇC1 is also closure-preserving being the inion of two
closure-preserving families.

Finally assume that ˇ � � is a limit ordinal and we proved that D˛ is closure-
preserving for any ˛ < ˇ. Fix a family E˛ � C˛ for any ˛ < ˇ and suppose that,
for the set P D SfSE˛ W ˛ < ˇg, we have x 2 P for some x 2 X .
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If x 2 G˛ for some ˛ < ˇ then U D XnX˛C1 is an open neighbourhood of
x such that .

S
E
 / \ U D ; for all 
 > ˛. Therefore x 2 SfSE
 W 
 � ˛g.

The family D˛C1 � SfE
 W 
 � ˛g being closure-preserving there is E 2 SfE
 W

 � ˛g with x 2 E .

Therefore we can assume that x … SfG˛ W ˛ < ˇg and hence x 2 Xˇ. For any
ordinal ˛ < ˇ and C 2 E˛ we can fix a set EC 2 C such that hEC ;C;X˛C1i. Then
x 2 SfSfEC W C 2 E˛g W ˛ < ˇg which, together with the family C being closure-
preserving, implies that there is ˛ < ˇ and C 2 E˛ such that x 2 EC . The property
hEC ;C;X˛C1i implies thatEC \X˛C1 D C\X˛C1 and henceEC \Xˇ D C \Xˇ.
Consequently, x 2 EC \Xˇ D C \ Xˇ whence x 2 C ; so (10) is proved.

We will show next that

(11) the space X is Corson compact.

Observe first that, for any A � X the set ast.A/ D Xn.SfD 2 D W D \ A D
;g/ is an open neighbourhood of the set A. Observe that, for any ordinal ˛ � � the
family B˛ D fC \ G˛ W C 2 C˛g is disjoint and consists of clopen subsets of G˛ .
We claim that

(12) the family H D fast.B/ W B 2 B D SfB˛ W ˛ � �gg is point-countable.

To see that (12) holds fix x 2 X and D 2 D such that x 2 D. The property (9)
shows that D is second countable. Let L D f˛ � � W D \ G˛ ¤ ;g. If ˛; ˇ 2 L
and ˛ < ˇ thenD\Xˇ � D\X˛ andD\Xˇ ¤ D\X˛. Thus fD\X˛ W ˛ 2 Lg
is a strictly decreasing family of compact subsets of compact metrizable space D.
ThereforeL is countable; for any ˛ 2 L the setD intersects at most countably many
elements of B˛ because c.D/ � w.D/ D !. Therefore there is a countable B0 � B
such that, for any B 2 BnB0, we have D \ B D ; and hence D \ ast.B/ D ;
which shows that x … ast.B/. Therefore x can only belong to some elements of the
family fast.B/ W B 2 B0g, i.e., H is point-countable and hence (12) is proved.

Now fix B 2 B and let H D ast.B/. The space B is locally compact and
second countable; so it has a base WB D fW n

B W n 2 !g such that cl.W n
B / � B

is compact for any n 2 !. The property (9) shows that B is contained in a second
countable compact space; so B is second countable. The space B 0 D .XnH/ [ B
is compact and every W n

B is an open �-compact subspace of B 0. Therefore there
exists a continuous function f W B 0 ! Œ0; 1
 such that W n

B D f �1..0; 1
/. If
g 2 Cp.X; Œ0; 1
/ and gjB 0 D f then V n

B D g�1..0; 1
/ is a cozero set in X such
that V n

B � H and V n
B \ B D W n

B . This shows that

(13) for any B 2 B there is a family fV n
B W n 2 !g of cozero sets in X such that

V n
B � ast.B/ for any n 2 ! and the family fV n

B \ B W n 2 !g is a base in B .

It is an easy consequence of (12) that the family V D fV n
B W n 2 !; B 2 Bg

is point-countable. Let x; y be distinct points of X . Since
SfG˛ W ˛ � �g D X ,

there exist ˛; ˇ � � such that x 2 G˛ and y 2 Gˇ. If ˛ ¤ ˇ, say, ˛ < ˇ then fix
B 2 B˛ with x 2 B and observe that y 2 C for some C 2 Cˇ; since C \ G˛ D ;
and B � G˛ , we have B \ C D ; and therefore ast.B/ \ C D ;. The family
fV n

B \ B W n 2 !g being a base in B there is n 2 ! such that x 2 V n
B . However,

V n
B � ast.B/ � XnC which shows that V n

B separates the points x and y.
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If ˛ D ˇ and there is B 2 B˛ such that x; y 2 B then some V n
B separates x and

y because fV n
B \ B W n 2 !g is a base in B . If some B 2 B˛ separates the points x

and y then some V n
B also separates x and y because fV n

B \ B W n 2 !g is a base in
B and V n

B \G˛ � B for any n 2 !.
Therefore the family V is point-countable, T0-separating and consists of cozero

subsets of X . Applying Problem 118 we conclude that X is Corson compact, i.e.,
(11) is proved.

To make the final step in our proof of necessity we will need the following
concept: say that a family A0 � expX is an enlargement of a family A � expX
if there exists a map ' W A ! Q such that '�1.q/ is countable for any q 2 Q and
A0 D fS'�1.q/ W q 2 Qg. In other words, to enlarge a family A we must split it
in disjoint countable subfamilies and take the unions of these subfamilies. Recalling
Fact 3 we can see that, to prove thatX embeds in a �-product of metrizable compact
spaces, it suffices to show that the family V has a point-finite enlargement. To do so
we will prove by induction on � that

(14) for every cardinal � � � any point-countable family of cozero subsets of X of
cardinality � admits a point-finite enlargement.

If A is a countable family of cozero subsets of X then
S

A is the desired
enlargement; so (14) is true for � � !. Now assume that � is a cardinal with
! < � � � and we have proved (14) for any cardinal � < �.

Fix a point-countable family U D fUˇ W ˇ < �g of cozero subsets of X ; every
Uˇ is �-compact; so we can represent it as Uˇ DS

n2! Kˇ;n whereKˇ;n is compact
for any n 2 !.

Given a non-empty closed F � X let AF D f˛ � � W F \X˛ ¤ ;g. The family
fF \ X˛ W ˛ 2 AF g is decreasing and consists of non-empty closed subsets of F ;
so N.F / DTfF \X˛ W ˛ 2 AF g ¤ ;. There is ˇ � � such thatN.F /\Gˇ ¤ ;.
It is clear that ˇ 2 AF ; if ˛ > ˇ and F \X˛ ¤ ; then N.F / 6� F \X˛ which is a
contradiction. Therefore ˇ is the maximal element of AF , i.e., we have established
that

(15) for any closed non-empty F � X the set AF has a maximal element ˇ; let
˛.F / D ˇ.

If F D ; then letN.F / D ;. Now take again a non-empty closed F � X and let
ˇ D ˛.F /. It follows from (15) thatN.F / D F\Xˇ; furthermore,N.F /\XˇC1 D
; and therefore N.F / � Gˇ. As a consequence, N.F / is locally second countable
and hence second countable. This proves that

(16) if F is a non-empty closed subset of X and ˇ D ˛.F / then N.F / D F \ Xˇ
is compact and metrizable.

For any ˇ1; : : : ; ˇn < � let

Q.ˇ1; : : : ; ˇn/ D
[
fN.Kˇ1;m1 \ : : : \Kˇn;mn/ W m1; : : : ; mn 2 !g:
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Every set Q.ˇ1; : : : ; ˇn/ is separable being a countable union of second count-
able spaces.

Given ˇ < � let ˚0
ˇ D fU
 W 
 � ˇg. If we have ˚n

ˇ let ˚nC1
ˇ D fU
 W 
 < �

and there exist n 2 N and Uˇ1; : : : ; Uˇn 2 ˚n
˛ such that U
 \Q.ˇ1; : : : ; ˇn/ ¤ ;g.

This makes it possible to construct the sequence f˚n
ˇ W n 2 !g; let ˚ˇ D S

n2! ˚n
ˇ

for any ˇ < �.
Fix an ordinal ˇ < � and observe that j˚0

ˇj � jˇj < �. Assume that m 2 !
and we proved that j˚m

ˇ j � jˇj � !. The family I D f.ˇ1; : : : ; ˇn/ W n 2 N and
Uˇi 2 ˚m

ˇ g has cardinality at most j˚m
ˇ j � !; besides, for any .ˇ1; : : : ; ˇn/ 2 I the

set Q D Q.ˇ1; : : : ; ˇn/ is separable; so there are at most countably many elements
of the family U which can intersect Q because U is point-countable. Therefore
j˚mC1

ˇ j � jIj � ! � j˚m
ˇ j � ! � jˇj � !. Thus j˚ˇj � jˇj � ! < � for any ˇ < �.

Now let ˝ˇ D ˚ˇn.Sf˚
 W 
 < ˇg/ for any ˇ < �. It is easy to see that the
collection f˝ˇ W ˇ < �g is disjoint and

Sf˝ˇ W ˇ < �g D U . Since j˝ˇj < �, we
can apply the induction hypothesis to ˝ˇ to find a point-finite enlargement Jˇ of
the family˝ˇ for any ˇ < �. It is clear that J D SfJˇ W ˇ < �g is an enlargement
of the family U .

To see that J is point-finite suppose not. Since every Jˇ is point-finite, there
is a strictly increasing sequence fˇi W i 2 !g � � and Vi 2 Jˇi for any i 2 !
such that

T
i2! Vi ¤ ;. Every Vi is a countable union of some elements of ˝ˇi ;

so we can choose Wi 2 ˝ˇi such that
T
i2! Wi ¤ ;. For any i 2 ! we can fix


i < � such that Wi D U
i . Recalling that U
i D
S
n2! K
i ;n for any i 2 !,

we can choose a sequence fmi W i 2 !g � ! such that
T
i2! K
i ;mi ¤ ;. Let

�i D ˛.K
1;m1 \ : : : \K
i ;mi / for any i 2 !.
Now fix an arbitrary natural number i 2 !; we have ˇiC1 > ˇi which implies

U
iC1
… ˚ˇi and thereforeU
iC1

\N.K
1;m1\: : :\K
i ;mi / D ;which is the same as
saying thatU
iC1

\K
1;m1\: : :\K
i ;mi\X�i D ;. An immediate consequence is that
K
iC1;miC1

\K
1;m1\: : :\K
i ;mi\X�i D ;. Recalling the definition of ˛.F / for any
closed F � X we conclude that �iC1 D ˛.K
iC1;miC1

\K
1;m1\ : : :\K
i ;mi / < �i .
Thus f�i W i 2 !g is a strictly decreasing sequence of ordinals; this contradiction
shows that J is a point-finite enlargement of U ; so (14) is proved.

As a consequence, the family V has a point-finite enlargement; so we can apply
Fact 3 to see that X embeds into a �-product of compact metrizable spaces. This
settles necessity.

Finally assume that X is a compact space with a closure-preserving cover by
compact metrizable subspaces. We have proved that such a space X is embeddable
into a �-product of metrizable compact spaces; so we can apply Fact 3 to find a
T0-separating family W D fWt;n W n 2 !; t 2 T g of cozero subsets of X such that
the family QW D fSn2! Wt;n W t 2 T g is point-finite. It is clear that the collection
Wn D fWt;n W t 2 T g has to be point-finite for any n 2 !. Since also W DS
n2! Wn, the space X has a �-point-finite T0-separating family of cozero sets; so

X is Eberlein compact by Problem 324. This proves that any compact space with a
closure-preserving cover by compact metrizable subspaces is Eberlein compact and
completes our solution.



2 Solutions of Problems 001–500 375

U.367. Construct an Eberlein compact space which does not have a closure-
preserving cover by compact metrizable subspaces.

Solution. Let K D .A.!1//! . ThenK is Eberlein compact by Fact 1 of U.340 and
Problem 307. If U is a non-empty open subset ofK then U contains a standard open
subset of .A.!1//! , i.e., there is m 2 ! and Vi 2 ��.A.!1// for all i < m such that
V D V0 � : : : � Vm�1 � .A.!1//!nm � U . It is easy to see that A.!1/ embeds in
V and therefore w.U / � w.V / � w.A.!1// D !1. This proves that K has no non-
empty open subspaces of countable weight. If K has a closure-preserving cover by
compact metrizable subspaces then the set of points which have a second countable
neighbourhood is dense in K by Fact 2 of U.366. Thus K must have non-empty
open second countable subspaces. This contradiction shows that K does not have a
closure-preserving cover by compact metrizable subspaces.

U.368. Observe that every strong Eberlein compact is Eberlein compact. Prove that
a metrizable compact space is strong Eberlein compact if and only if it is countable.

Solution. Given a set A let �0.A/ D fx 2 D
A W jx�1.1/j < !g. If X is a strong

Eberlein compact space then it embeds in �0.A/ for some A. It is evident that �0.A/
is a subspace of˙�.A/; so X is Eberlein compact by Problem 322. Therefore every
strong Eberlein compact space is Eberlein compact.

Now assume thatX is a metrizable (and hence second countable) strong Eberlein
compact space; we can consider, without loss of generality, that X � �0.A/ for
some infinite set A. For arbitrary elements a1; : : : ; an 2 A and i1; : : : ; in 2 D let
Œa1; : : : ; anI i1; : : : ; in
 D fx 2 �0.A/ W x.aj / D ij for all j � ng. It is evident
that the family O D fŒa1; : : : ; anI i1; : : : ; in
 W n 2 N; aj 2 A and ij 2 D for all
j � ng is a base in �0.A/; for any O D Œa1; : : : ; anI i1; : : : ; in
 2 O let supp.O/ D
fa1; : : : ; ang. The family fO \ X W O 2 Og is a base in X ; so we can apply
Claim proved in S.088 to conclude that there is a countable O0 � O such that
B D fO \ X W O 2 O0g is a base in X .

The set B D Sfsupp.O/ W O 2 O0g is countable; let � W �0.A/ ! D
B be the

restriction of the natural projection of DA onto its face D
B . If x and y are distinct

points of X then there is O 2 O0 such that x 2 O and y … O . It follows from
supp.O/ � B that ��1.O/ D O ; therefore �.x/ 2 �.O/ while �.y/ … O . In
particular, �.x/ ¤ �.y/. This proves that �0 D �jX is an injection; the space X
being compact, the map �0 embeds X in �.�0.A// � �0.B/. It is an easy exercise
that �0.B/ is countable; so X also has to be countable.

Finally, suppose that X is a countable (and hence metrizable) compact space.
Observe that �0.!/ is a countable second countable space without isolated points;
so we can apply SFFS-349 to see that �0.!/ ' Q. By SFFS-350 the space X
is homeomorphic to a subspace of Q; an immediate consequence is that X also
embeds in �0.!/; so X is a strong Eberlein compact space.

U.369. Prove that a compact X is strong Eberlein compact if and only if it has a
point-finite T0-separating cover by clopen sets.
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Solution. Suppose that X is a strong Eberlein compact space. We can assume,
without loss of generality, that X � �0.A/ D fx 2 D

A W jx�1.1/j < !g for
some infinite set A. For any a 2 A let �a W �0.A/ ! D be the restriction of the
natural projection of DA onto is factor determined by a.

The set Ua D ��1
a .1/\X is clopen in X for any a 2 A and it is straightforward

that the family U D fUa W a 2 Ag is T0-separating in X . If x 2 X then x 2 Ua if
and only if a 2 x�1.1/; so it follows from X � �0.A/ that every x 2 X belongs to
finitely many elements of U . Thus U is point-finite and we have proved necessity.

Finally, assume that a family U is a point-finite T0-separating cover of X such
that every U 2 U is clopen in X . Let 	U .x/ D 1 if x 2 U and 	U .x/ D 0 for all
x 2 XnU ; then 	U W X ! D is a continuous function for any set U 2 U . The map
' D �f	U W U 2 Ug W X ! D

U is continuous and injective because the family U is
T0-separating. The space X being compact, ' embeds X into D

U . If '.x/.U / D 1

then x 2 U ; the family U is point-finite, so the set fU 2 U W x 2 U g is finite which
shows that '.X/ � �0.U/. ThusX is strong Eberlein compact being homeomorphic
to a subspace of �0.U/ which shows that we settled sufficiency.

U.370. Prove that every �-discrete compact space is scattered. Give an example of
a scattered compact non-�-discrete space.

Solution. Suppose that X is a compact space and X D S
n2! Xn where Xn is a

discrete subspace of X for any n 2 !. A subspace A � X has an isolated point if
and only if A has an isolated point; so it suffices to show that every closed A � X
has an isolated point. Assume, towards a contradiction, that a closed A � X is
dense-in-itself and let An D Xn \ A for each n 2 !.

Every An is a discrete subspaces of A; it is an easy exercise to see that any
discrete subspace of a dense-in-itself space is nowhere dense so Fn D An is nowhere
dense in A. Now, A D S

n2! Fn shows that A is of first category in itself which is
a contradiction with the fact that any compact space has the Baire property (see
TFS-274). This proves that any �-discrete compact space is scattered.

Fact 1. If A � !1 is a stationary set then A is not discrete as a subspace of !1.

Proof. Assume that A is a discrete subspace of !1 and consider the set C D AnA;
it is easy to see that C is a closed subset of !1. The set A being uncountable (see
SFFS-065), for any ordinal ˇ < !1 we can choose a strictly increasing sequence
S D f˛n W n 2 !g � A such that ˇ < ˛0. If ˛ D supf˛n W n 2 !g then ˛ 2 AnA
and ˛ > ˇ which shows that C is an unbounded subset of !1. Since A is stationary,
there is a point ˛ 2 A\ C ; this contradiction shows that Fact 1 is proved.

Finally, consider the compact space K D !1 C 1; then K is scattered by Fact 4
of U.074. Assume that K is �-discrete and fix a family fDn W n 2 !g of discrete
subspaces ofK such thatK D S

n2! Dn. IfD0
n D Dn\!1 for all n 2 ! then !1 DS

n2! D0
n. The set !1 being stationary, we can apply SFFS-065 to see that there is

n 2 ! such that D0
n is a stationary discrete subspace of !1. This contradiction with

Fact 1 shows that K is a scattered compact space which is not �-discrete.
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U.371. Prove that every strong Eberlein compact space is �-discrete and hence
scattered.

Solution. Suppose that X is strong Eberlein compact and fix a T0-separating point-
finite family U of clopen subsets ofX (see Problem 369). For any x 2 X the family
U.x/ D fU 2 U W x 2 U g is finite; let n.x/ D jU.x/j. Then X D S

m2! Xm where
Xm D fx 2 X W n.x/ D mg for any m 2 !.

To see that every setXm is a discrete subspace ofX fix an arbitrary point x 2 Xm
and let Ux D T

U.x/. If y ¤ x and y 2 Ux then U.y/ � U.x/; since the family U
is T0-separating, there exists V 2 U.y/ such that x … V and therefore n.y/ � mC1.
This proves thatUx\Xm D fxg for any x 2 Xm, i.e.,Xm is a discrete subspace ofX
for anym 2 !. Thus our spaceX is �-discrete and hence scattered by Problem 370.

U.372. Prove that a hereditarily metacompact scattered compact space is strong
Eberlein compact.

Solution. Given a scattered compact space Y let I.Y / be the (dense) set of isolated
points of Y . Now, if X is a compact scattered space let X0 D X ; if ˛ is an ordinal
and we have a closed set X˛ � X let X˛C1 D X˛nI.X˛/. If ˛ is a limit ordinal and
we have a closed set Xˇ � X for all ˇ < ˛ then let X˛ DTfXˇ W ˇ < ˛g.

It is immediate that if ˛ is a limit ordinal and Xˇ ¤ ; for all ˇ < ˛ then
X˛ ¤ ;. Besides, if X˛ ¤ ; then X˛C1 ¤ X˛ because X˛ is a scattered space.
Our construction cannot last jX jC steps; so there is an ordinal ˛ < jX jC such that
X˛C1 D ;; let ˛.X/ be the minimal such ˛. If ˛ D ˛.X/ then X˛ is discrete and
hence finite.

Let us prove, by induction on ˛.X/, that any scattered compact hereditarily
metacompact space X is strong Eberlein compact. If ˛.X/ D 0 then X is finite
and hence strong Eberlein compact by Problem 368. Now assume that X is a
scattered compact hereditarily metacompact space such that ˛.X/ D � and we
have proved that any scattered compact hereditarily metacompact space Y with
˛.Y / < �, is strong Eberlein compact.

The set X� is finite and XnX� is metacompact; so there is a point-finite open
cover U of XnX� such that U � XnX� for any U 2 U . Applying Fact 1 of
U.188 to the cover U we can find a compact set FU � U for any U 2 U such that
fFU W U 2 Ug is still a cover of XnX�. The space X is strongly zero-dimensional
(see SFFS-129, SFFS-305 and SFFS-306); so we can find a clopen set OU � X

such that FU � OU � U for any U 2 U .
It is clear that fOU W U 2 Ug is a point-finite cover of XnX� by compact

open subsets of X . Every OU is a compact scattered hereditarily metacompact
space such that ˛.OU / < �; so the induction hypothesis is applicable to see
that OU is strong Eberlein compact and hence there exists a point-finite clopen
cover GU of the space OU which T0-separates the points of OU (see Problem 369).
Represent X� as fx0; : : : ; xng and fix pairwise disjoint clopen setsW0; : : : ;Wn such
that xi 2 Wi for all i � n; let H D fW0; : : : ;Wng. It is easy to check that the
family H [ .SfGU W U 2 Ug/ is a point-finite cover of X which T0-separates the
points of X and consists of clopen subsets of X ; so X is strong Eberlein compact
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by Problem 369. This completes our inductive proof and shows that any compact
scattered hereditarily metacompact space is strong Eberlein compact.

U.373. Prove that the following conditions are equivalent for any compactX :

(i) X is �-discrete and Corson compact;
(ii) X is scattered and Corson compact;

(iii) X is strong Eberlein compact.

Solution. Any strong Eberlein compact space is �-discrete by Problem 371;
besides, any Eberlein compact space is Corson compact; so (iii)H)(i). Any �-
discrete compact space is scattered by Problem 370; so (i)H)(ii). Now, assume
that X is a scattered Corson compact space and fix any Y � X .

If U � �.Y / and Y DS
U then chooseOU 2 �.X/ such that OU \ Y D U for

any U 2 U . Then O D SfOU W U 2 Ug is an open subset of X such that Y � O .
It follows from Problem 184 that F D XnO is a W -set in X ; apply Problem 186
to conclude that O is metacompact and hence the open cover fOU W U 2 Ug of the
space O has a point-finite refinement V . It is evident that U 0 D fV \ Y W V 2 Vg
is a point-finite open (in Y ) refinement of the cover U of the space Y . Therefore
Y is metacompact for any Y � X , i.e., X is hereditarily metacompact. Therefore
Problem 372 is applicable to see thatX is strong Eberlein compact. This proves that
(ii)H)(iii) and completes our solution.

U.374. Prove that any continuous image of a strong Eberlein compact space is a
strong Eberlein compact space.

Solution. It follows from SFFS-129 and SFFS-133 that a compact space is scattered
if and only if it cannot be continuously mapped onto I. An immediate consequence
is that a continuous image of any scattered compact space is scattered. Now, assume
that X is a strong Eberlein compact space and f W X ! Y is a continuous onto
map. By the observation above, the space Y is compact and scattered. Besides, X
is Corson compact; so Y is Corson compact as well by Problem 151. Thus Y is a
scattered Corson compact space; so we can apply Problem 373 to conclude that Y
is strong Eberlein compact.

U.375. Prove that any Eberlein compact space is a continuous image of a closed
subset of a countable product of strong Eberlein compact spaces.

Solution. If A is a set then �0.A/ D fx 2 D
A W jx�1.1/j < !g � D

A. Let X be an
Eberlein compact space. By Problem 336, there exists a zero-dimensional Eberlein
compact space Y such thatX is a continuous image of Y . By Problem 334, the space
Y has a T0-separating �-point-finite family U which consists of clopen subsets of Y .
Fix a sequence fUn W n 2 !g of subfamilies of U such that U DS

n2! Un and every
Un is point-finite. It is easy to see that we can assume, without loss of generality,
that Un \ Um D ; if n ¤ m.

Given any U 2 U let 	U W Y ! D be the characteristic function of U , i.e.,
	U .x/ D 1 for all x 2 U and 	U .x/ D 0 whenever x 2 Y nU . Then the map 	U is
continuous for any U 2 U . Therefore the diagonal product 'n D �f	U W U 2 Ung
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is continuous for any n 2 !. Let Yn D 'n.Y / � D
Un ; given y 2 Yn fix x 2 Y

with 'n.x/ D y and observe that y.U / ¤ 0 if and only if x 2 U . The family Un is
point-finite and hence fU 2 Un W y.U / ¤ 0g is finite, i.e., y 2 �0.Un/. The point
y 2 Y was taken arbitrarily; so we proved that Yn � �0.Un/ and hence Yn is strong
Eberlein compact for any n 2 !.

The map ' D �n2!'n W Y ! Q
n2! Yn is an embedding: this follows from

the fact that U is T0-separating and hence the family f	U W U 2 Ug separates the
points of Y . Thus Y is a compact space which maps continuously onto X while
being homeomorphic to a closed subset of a countable product of strong Eberlein
compact spaces.

U.376. LetX be a strong Eberlein compact space. Prove that the Alexandroff double
of X is also strong Eberlein compact.

Solution. Recall that the underlying set of the Alexandroff double AD.X/ of the
space X is the set X � D and the topology of AD.X/ is defined by declaring all
points of X1 D X � f1g isolated whereas a local base at a point z D .x; 0/ of the set
X0 D X � f0g is formed by the sets .U �D/nf.x; 1/g where the set U runs over all
open neighbourhoods of the point x in X .

The space X being strong Eberlein compact it has a point-finite T0-separating
family U which consists of clopen subsets of X (see Problem 369). It is straightfor-
ward that the family V D fU � D W U 2 Ug [ ffzg W z 2 X1g is point-finite and
consists of clopen subsets of AD.X/. It is also easy to see that V is T0-separating in
AD.X/; so we can apply Problem 369 once more to conclude that the spaceAD.X/
is strong Eberlein compact.

U.377. Suppose that Xt is strong Eberlein compact for each t 2 T . Prove that the
Alexandroff one-point compactification of the space

LfXt W t 2 T g is also strong
Eberlein compact.

Solution. Let X DL
t2T Xt ; we will identify every Xt with the respective clopen

subspace of X . Take a point a … X and let Y D X [ fag. Define a topology � on
the set Y as follows: a set U � X belongs to � if and only if U 2 �.X/; a set U 3 a
belongs to � if and only if Y nU is a compact subspace ofX . The space Y D .Y; �/
is homeomorphic to the Alexandroff compactification of X .

Since Xt is strong Eberlein compact, we can apply Problem 369 to fix a point-
finite cover Ut of the space Xt which T0-separates the points of Xt and consists
of clopen subsets of Xt for any t 2 T . It is evident that the elements of every Ut
are also clopen in Y . It is easy to see that the family U D SfUt W t 2 T g [ fY g
is a point-finite clopen cover of the space Y which T0-separates the points of Y .
Applying Problem 369 once more we conclude that the space Y is strong Eberlein
compact.

U.378. Observe that any uniform Eberlein compact is Eberlein compact. Prove that
any metrizable compact space is uniform Eberlein compact.
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Solution. If X is uniform Eberlein compact then X embeds in ˙�.A/ for some
A; so X is Eberlein compact by Problem 322. Now assume that X is a metrizable
compact space; if I D Œ0; 1
 � R thenX is embeddable in I! . Let In D Œ0; 1

nC1 
 for
any n 2 !; then the spaceQ D Q

n2! In � I! � R
! is homeomorphic to I! so we

can consider thatX � Q. Given any point x 2 Q we have jx.n/j D x.n/ � 1
nC1 for

any n 2 !; if m 2 ! and 1
mC1 < " then the set fn 2 ! W jx.n/j � "g � f0; : : : ; mg

is finite. This proves that Q � ˙�.!/ and hence X � ˙�.!/ as well.
For any " > 0 fix N."/ 2 N such that 1

N."/
< ". Given any point x 2 X , if

jx.n/j D x.n/ � " then n < N."/; so the set A.x; "/ D fn 2 ! W jx.n/j � "g is
contained in f0; : : : ; N."/ � 1g which shows that jA.x; "/j � N."/ for any x 2 X
and " > 0. Therefore our embedding of X in ˙�.!/ witnesses that X is a uniform
Eberlein compact space.

U.379. Observe that any closed subspace of a uniform Eberlein compact space is
uniform Eberlein compact. Prove that any countable product of uniform Eberlein
compact spaces is uniform Eberlein compact.

Solution. Suppose that X is a uniform Eberlein compact space and F is a closed
subspace of X . We can consider that X � ˙�.A/ for some set A and there is
a function N W .0;C1/ ! N such that jfa 2 A W jx.a/j � "gj � N."/ for
any x 2 X . The embedding of F in X is at the same time an embedding of F
in ˙�.A/ and it is evident that this embedding witnesses that F is also uniform
Eberlein compact. Thus every closed subspace of a uniform Eberlein compact space
is uniform Eberlein compact.

Given a family A of subsets of a space X let ord.A; x/ D jfA 2 A W x 2 Agj for
any x 2 X .

Fact 1. A compact space X is uniform Eberlein compact if and only if there is a
T0-separating family U of cozero subsets ofX such that U DS

n2! Un and, for each
n 2 !, there is m.n/ 2 ! for which ord.Un; x/ � m.n/ for any x 2 X .

Proof. Suppose thatX is uniform Eberlein compact and hence we can consider that
there is a set A such that X � ˙�.A/ and there exists a functionN W .0;C1/! N

for which jfa 2 A W jx.a/j � "gj � N."/ for any x 2 X . For any a 2 A let
�a W ˙�.A/ ! R be the restriction to ˙�.A/ of the natural projection of RA onto
the factor determined by a.

For any q 2 Q D Qnf0g let Oq D .q;C1/ if q > 0 and Oq D .�1; q/
if q < 0. It is clear that U.a; q/ D ��1

a .Oq/ \ X is a cozero subset of X for
any q 2 Q and a 2 A. Besides, the family U D fU.a; q/ W a 2 A; q 2 Qg is
T0-separating in X . Given q 2 Q, let Vq D fU.a; q/ W a 2 Ag; for any x 2 X
the set fa 2 A W jx.a/j � jqjg has at most N.jqj/ elements which implies that
jfa 2 A W x 2 U.a; q/gj � N.jqj/ for any x 2 X . Thus ord.Vq; x/ � N.jqj/ for
any x 2 X and q 2 Q.

If fqn W n 2 !g is an enumeration of the set Q letm.n/ D N.jqnj/ and Un D Vqn
for each n 2 !. Then U D S

n2! Un and ord.Un; x/ � m.n/ for any x 2 X and
n 2 !. This proves necessity.
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For sufficiency assume thatX is a compact space and there exists a T0-separating
family U of cozero subsets ofX such that U DS

n2! Un and, for any n 2 !, there is
m.n/ 2 ! such that ord.Un; x/ � m.n/ for any x 2 X . For any n 2 ! and U 2 Un
fix a continuous function fU W X ! Œ0; 1

nC1 
 such that U D .fU /�1..0; 1
nC1 
/.

It is clear that the map ' D �ffU W U 2 Ug W X ! R
U is continuous; the

family U being T0-separating, the set ffU W U 2 Ug separates the points of the
space X so ' is an embedding. Given any " > 0 there exists a number k 2 ! such
that 1

kC1 < "; let N."/ D m.0/ C : : : C m.k/. For any point x 2 X and n > k

we have jfU .x/j D fU .x/ � 1
nC1 � 1

kC1 < " for any U 2 Un; so the set fU 2
U W j'.x/.U /j � "g is contained in the finite set V D fU 2 S

n�k Un W x 2 U g.
It is immediate that we have the inequality jV j � m.0/C : : : C m.k/ D N."/; so
jfU 2 U W j'.x/.U /j � "gj � N."/ for any point x 2 X which shows that the
map ' embeds X in ˙�.U/ and the function N W .0;C1/ ! ! together with this
embedding witness thatX is uniform Eberlein compact. This settles sufficiency and
shows that Fact 1 is proved.

Returning to our solution assume that Xn is uniform Eberlein compact for any
n 2 !; we must prove that X D Q

n2! Xn is also uniform Eberlein compact. Let
�n W X ! Xn be the natural projection for every n 2 !. By Fact 1, we can fix, for
every n 2 !, a family Un of cozero subsets of Xn which T0-separates the points of
Xn and Un D S

m2! Umn where, for each m 2 ! there is k.n;m/ 2 ! for which
ord.Unm; x/ � k.n;m/ for any x 2 Xn.

It is straightforward that the family W D f��1
n .U / W n 2 !; U 2 Ung consists

of cozero subsets of X and T0-separates the points of X . If Vnm D f��1
n .U / W

U 2 Unmg then ord.Vnm; x/ � k.n;m/ for any x 2 X and m; n 2 !. Choose
a surjective map � W ! ! ! � !. For any i 2 ! we have �.i/ D .n;m/ 2
! � !; let l.i/ D k.n;m/ and Wi D Vnm. It is evident that W D S

i2! Wi .
If i 2 ! and �.i/ D .n;m/ then ord.Wi ; x/ D ord.Vnm; x/ � k.n;m/ D l.i/ for
any x 2 X ; so Fact 1 shows that the family W and the collection fWi W i 2 !g
witness thatX is uniform Eberlein compact. This proves that any countable product
of uniform Eberlein compact spaces is uniform Eberlein compact and makes our
solution complete.

U.380. Prove that if X is a uniform Eberlein compact space then it is a continuous
image of a closed subspace of .A.�//! for some infinite cardinal �.

Solution. If Z is a space and U � expZ then ord.U ; z/ D jfU 2 U W z 2 U gj for
any z 2 Z. Say that a family U � expZ is of bounded order if there is n 2 ! such
that ord.U ; z/ � n for any z 2 Z.

Denote by A the class of spaces which can be represented as a continuous image
of a closed subspace of .A.�//! for some infinite cardinal �. Recall that A.�/ D
� [ fag where a … � is the unique non-isolated point of A.�/. Therefore we can
consider that � < � implies that A.�/ � A.�/ and hence any closed subspace of
.A.�//! is also a closed subspace of .A.�//! . Now it is easy to see that
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(1) if Y 2 A and F is closed in Y then F 2 A;
(2) if Y 2 A then any continuous image of Y also belongs to A;
(3) if Yn 2 A for any n 2 ! then

Q
n2! Yn 2 A.

Given a set B let �ŒB
 D fx 2 D
B W jx�1.1/j < !g; we will also need the set

�nŒB
 D fx 2 D
B W jx�1.1/j � ng for any n 2 !. It is easy to see that �nŒB
 is a

compact subset of �ŒB
 for any n 2 !.

Fact 1. Given an infinite cardinal � and a set B with jBj D �, the space �nŒB
 is a
continuous image of .A.�//n (and hence �nŒB
 2 A) for any n 2 N.

Proof. For every b 2 B let zb.b/ D 1 and zb.c/ D 0 for any c 2 Bnfbg; denote
by u the function which is identically zero on B . It is an easy exercise that the set
K D fug[fzb W b 2 Bg D �1ŒB
 is homeomorphic to A.�/ and u is the unique non-
isolated point ofK . For any x; y 2 �ŒB
 let x �y D xCy�xy; then x�y 2 �ŒB
,
the operation � is associative, commutative and the map sn W .�ŒB
/n ! �ŒB


defined by sn.x0; : : : ; xn�1/ D x0 � : : : � xn�1 for any .x0; : : : ; xn�1/ 2 .�ŒB
/n, is
continuous (see Fact 1 of U.150). It is clear that .x0 � : : : � xn�1/�1.1/ D x�1

0 .1/[
: : : [ x�1

n�1.1/ for any x0; : : : ; xn�1 2 D
B .

ThusL D sn.Kn/ is a continuous image ofKn; if x D .x0; : : : ; xn�1/ 2 Kn then
jx�1
i .1/j � 1 for every i < n; so j.sn.x//�1.1/j � n which proves that L � �nŒB
.

Now, if y 2 �nŒB
 then y�1.1/ D fb1; : : : ; bkg for some k � n (if y D u then
k D 0); let x D .zb1 ; : : : ; zbk ; t1; : : : ; tn�k/ where ti D u for any i � n � k. It is
straightforward that sn.x/ D y; the point y 2 �nŒB
 was taken arbitrarily, so we
proved that �nŒB
 D L D sn.K

n/ is a continuous image of Kn ' .A.�//n. It is
clear that .A.�//n 2 A; so �nŒB
 2 A by (2) and hence Fact 1 is proved.

Fact 2. A zero-dimensional compact space K is uniform Eberlein compact if and
only if there exists a T0-separating family U of clopen subsets of K such that U DS
n2! Un and every Un is of bounded order.

Proof. Sufficiency follows from Fact 1 of U.379. Now, if K is uniform Eberlein
compact then we can apply Fact 1 of U.379 once more to find a T0-separating family
V of cozero subsets of X such that V D S

n2! Vn and every Vn is of bounded order.
For each V 2 V there is a family fF n

V W n 2 !g of compact subspaces of K such
that V D S

n2! F n
V . By zero-dimensionality of K there is a clopen W n

V � K such
that F n

V � W n
V � V for any n 2 !. The family Wi;n D fW n

V W V 2 Vi g consists
of clopen subspaces of K and it is immediate that Wi;n is of bounded order for any
i; n 2 !. It is easy to check that the family U D S

i;n2! Wi;n is T0-separating in K;
if we enumerate the collection fWi;n W i; n 2 !g as fUn W n 2 !g then we obtain the
desired decomposition of U into subfamilies of bounded order. Fact 2 is proved.

Fact 3. Any uniform Eberlein compact is a continuous image of a zero-dimensional
uniform Eberlein compact space.

Proof. Let K be a uniform Eberlein compact space. By Fact 1 of U.379 the space
K has a T0-separating family U of open F� -subsets such that U D SfUn W n 2 !g
and every Un is of bounded order. There is no loss of generality to assume that
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Um \ Un D ; whenever m ¤ n. For every U 2 U choose a continuous function
fU W K ! I D Œ0; 1
 � R such that KnU D f �1

U .0/ (see Fact 1 of S.358 and
Fact 1 of S.499).

For any n 2 ! and U 2 Un let gU D 1
nC1 � fU ; then 'n D �fgU W U 2 Ung

maps K continuously into IUn in such a way that 'n.K/ � Œ0; 1
nC1 


Un . It turns out
that the map ' D �f'n W n 2 !g W K ! QfIUn W n 2 !g D IU is an embedding.
To see it take distinct x; y 2 K . There is n 2 ! and U 2 Un such that U \ fx; yg
is a singleton. Then fU .x/ ¤ fU .y/ and hence gU .x/ ¤ gU .y/ which shows
that 'n.x/ ¤ 'n.y/ and therefore '.x/ ¤ '.y/. This proves that ' is, indeed, an
embedding being an injection; let K 0 D '.K/.

For any " > 0 there ism D m."/ 2 ! such that jfU 2 U W jx.U /j � "gj � m for
every x 2 K 0. Indeed, fix n 2 ! such that 1

nC1 < ". The family V DSfUk W k < ng
is of bounded order; so there is m 2 ! such that ord.V ; y/ � m for any y 2 K .
Given x 2 K 0, there is y 2 K with '.y/ D x. We have jx.U /j D gU .y/ � 1

kC1 �
1

nC1 < " for any k � n and U 2 Uk . Therefore jfU 2 U W jx.U /j � "gj �
ord.V ; y/ � m.

To simplify the notation we will reformulate the obtained result as follows:

(4) for some set T the space K embeds in I T in such a way that, for any " > 0

there existsm."/ 2 ! for which jft W x.t/ � "gj � m."/ for any x 2 K .

Let C D D
! be the Cantor set; fix a point d 2 C and let In D Œ 1

nC2 ;
1

nC1 
 � I
for any n 2 !. The space C being zero-dimensional, there exists a local base O D
fOn W n 2 !g at the point d in C such that the setOn is clopen in C andOnC1 � On
for any n 2 !. Making the relevant changes in O if necessary, we can assume that
O0 D C and Cn D OnnOnC1 ¤ ; for any n 2 !.

Since no point of C is isolated, the same is true for any non-empty clopen
subset of C and hence every non-empty clopen subset of C is homeomorphic to
C (see SFFS-348). This shows that Cn is homeomorphic to C and hence there is a
continuous onto map �n W Cn ! In for any n 2 ! (see TFS-128). Let �.d/ D 0; if
x 2 Cnfd g then there is a unique n 2 ! such that x 2 Cn; let �.x/ D �n.x/. It is
an easy exercise that � W C ! I is a continuous onto map such that ��1.0/ D fd g.
We proved that

(5) for any d 2 D
! there is a continuous onto map � W D! ! I with ��1.0/ D fd g.

From now on we will consider that C � I and 0 2 C (see TFS-128); apply (5)
to fix a continuous onto map � W C ! I such that ��1.0/ D f0g. Given any " > 0,
the set L D CnŒ0; "/ is compact so �.L/ is compact in I ; since 0 … �.L/, there is
r."/ > 0 such that Œ0; r."// \ �.L/ D ;. This proves that

(6) for any " > 0 there is r."/ > 0 such that a 2 C and a � " implies �.a/ � r."/.
Let˚ W CT ! I T be the product of T -many copies of �, i.e.,˚.x/.t/ D �.x.t//

for any x 2 CT and t 2 T . The map ˚ is continuous by Fact 1 of S.271 and it is
easy to see that ˚.CT / D I T . The space Y D ˚�1.K/ is compact being closed in
the compact space CT � I T � R

T .
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Take any x 2 K and y 2 ˚�1.x/. For any t 2 T , if " > 0 and y.t/ � " then
x.t/ D �.y.t// � r."/ by (6); so the set S.y; "/ D ft 2 T W y.t/ � "g is contained
in supp.x; "/ D ft 2 T W x.t/ � r."/g. Now it follows from (4) that jS.y; "/j �
jsupp.x; "/j � m.r."// for any " > 0. This proves that Y is contained in ˙�.T / in
such a way that, for any " > 0 the set S.y; "/ has cardinality at most m.r."//; so
Y is a uniform Eberlein compact space. It is clear that ˚ jY maps Y continuously
onto K . Besides, Y is zero-dimensional because so is CT � Y (see SFFS-301
and SFFS-302). Therefore Y is a zero-dimensional uniform Eberlein compact space
which maps continuously onto K , i.e., Fact 3 is proved.

Returning to our solution take an arbitrary uniform Eberlein compact space X .
By Fact 3, there is a zero-dimensional uniform Eberlein compact space Y which
maps continuously onto X . Apply Fact 2 to find a T0-separating family U of clopen
subsets of Y such that U DS

n2! Un and everyUn is of bounded order; fixm.n/ 2 !
such that ord.Un; y/ � m.n/ for any y 2 Y .

For any U 2 U let 	U be the characteristic function of U , i.e., 	U .x/ D 1 for
each x 2 U and 	U .Y nU / � f0g. Let 'n D �f	U W U 2 Ung; it is easy to check
that Yn D 'n.Y / � �m.n/ŒUn
 for any n 2 !. The family U is T0-separating; so the
map ' D �n2!'n W Y ! Q

n2! Yn is an embedding. It follows from (1) and Fact 1
that Yn 2 A for every n 2 !. The properties (1) and (3) show that Y 2 A; applying
(2) we conclude that also X 2 A, i.e.,X is a continuous image of a closed subspace
of .A.�//! for some � and hence our solution is complete.

U.381. Prove that any continuous image of a uniform Eberlein compact space is
uniform Eberlein compact. Deduce from this fact that a spaceX is uniform Eberlein
compact if and only if it is a continuous image of a closed subspace of .A.�//! for
some infinite cardinal �.

Solution. If Z is a space and A � expZ then ord.A; z/ D jfA 2 A W z 2 Agj for
any z 2 Z.

Suppose that X is a uniform Eberlein compact space and f W X ! Y is a
continuous onto map. If X is metrizable then Y is also metrizable and hence it
is uniform Eberlein compact (see Problem 378 and Fact 5 of S.307). Thus we can
assume thatX is not metrizable and hence jX j > !. For any setA � X let f #.A/ D
Y nf .XnA/. It is easy to see that if U is an open subset of X and V D f #.U / then
V is open in Y and f �1.V / � U . It was proved in Fact 3 of U.380 that there
exists a zero-dimensional Eberlein compact space X 0 such that X is a continuous
image of X 0. Then Y is a continuous image of X 0; so we can assume, without loss
of generality, that X 0 D X , i.e., X is a zero-dimensional uniform Eberlein compact
space.

Our first observation is that Cp.Y / embeds in Cp.X/ as a closed subspace
(see TFS-163); thus Cp.Y / is a Lindelöf ˙-space because so is Cp.X/ (see
Problem 020). Therefore Y is Gul’ko compact, so it is !-monolithic and Fréchet–
Urysohn (see Problem 208, and Fact 1 of U.080).

Apply Fact 2 of U.380 to find a T0-separating family U of clopen subsets of X
such that U D SfUn W n 2 !g and every Un is of bounded order, i.e., there exists
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m.n/ 2 ! such that ord.Un; x/ � m.n/ for every x 2 X . Given a family A of
subsets of X we consider that

T
A D X if A is empty.

Fact 1. For any n; l 2 ! there exists a number g.n; l/ 2 ! such that, for any family
N D fNt W t 2 T gwith jNt j � n for any t 2 T , if jT j � g.n; l/ then there is S � T
such that jS j � l and fNt W t 2 Sg is a �-system, i.e., there is a set D such that
Ns \Nt D D for any distinct s; t 2 S .

Proof. If n D 0 then D D ; and g.0; l/ D l work for any l 2 !. Proceeding
inductively, assume that m 2 ! and we have constructed g.n; l/ for all n � m and
l 2 !. Let g.m C 1; l/ D .m C 1/lg.m; l/ C 1 for any l 2 ! and fix a family
N D fNt W t 2 T g such that jT j � g.mC 1; l/ and jNt j � m C 1 for all t 2 T .
Here, two cases are possible.

(a) There is a set S 0 � T such that jS 0j � g.m; l/ and M D TfNt W t 2 S 0g ¤ ;;
choose a point x 2 M . Then every element of the family M D fNtnfxg W t 2
S 0g has at most m elements; so our inductive assumption is applicable to find
S � S 0 and a set D0 such that jS j � l and .Ntnfxg/\ .Nsnfxg/ D D0 for any
distinct s; t 2 S . It is straightforward that, letting D D D0 [ fxg we will have
the equality Nt \Ns D D for any distinct t; s 2 S . Therefore fNt W t 2 Sg is a
�-system of cardinality at least l .

(b) For any S 0 � T with jS 0j � g.m; l/ we have
TfNt W t 2 S 0g D ;. Then

every point of
S

N belongs to at most .g.m; l/� 1/-many elements of N and
therefore every Nt meets at most .m C 1/.g.m; l/ � 1/-many elements of N .
Take an arbitrary t1 2 T ; then there are at most .m C 1/.g.m; l/ � 1/-many
elements of N which meet the set Nt1 . Proceeding by induction, suppose that
k < l and we have disjoint setsNt1; : : : ; Ntk 2 N ; then there are at most k.mC
1/.g.m; l/�1/-many elements of N which meet someNti ; since jT j > k.mC
1/.g.m; l/ � 1/, there is tkC1 2 T such that the sets Nt0; : : : ; Ntk ; NtkC1

are
still disjoint. Therefore we can construct a disjoint family M D fNt1; : : : ; Ntl g
which is a �-system of cardinality l forD D ;.

This settles the case of n D mC 1 and hence our inductive procedure shows that
Fact 1 is proved.

Returning to our solution denote by F the collection of all finite subfamilies of
the family U . We will also need the families U Œx
 D fU 2 U W x 2 U g and
U Œx; n
 D fU 2SfUk W k � ng W x 2 U g for any x 2 X and n 2 !. For any A 2 F

the setU.A/ D f #.
S

A/ is open in Y ; so F.A/ D U.A/n.SfU.A0/ W A0 � A and
A0 ¤ Ag/ is closed in U.A/. We claim that the collection fF.A/; U.A/ W A 2 Fg
separates the points of Y in the sense that

(1) for any distinct points x; y 2 Y there exists a family A 2 F such that either
x 2 F.A/ � U.A/ � Y nfyg or y 2 F.A/ � U.A/ � Y nfxg.

To prove (1) we will first establish that

(2) either there exists a point a 2 f �1.x/ such that U Œb
 6� U Œa
 for any b 2
f �1.y/ or there is a 2 f �1.y/ such that U Œb
 6� U Œa
 for any b 2 f �1.x/.
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Indeed, if (2) is not true then we can find sequencesA D fan W n 2 !g � f �1.x/
and B D fbn W n 2 !g � f �1.y/ such that U Œan
 � U Œbn
 � U ŒanC1
 for any
n 2 !. This property will still hold if a we pass to any subsequences fakn W n 2 !g
and fbkn W n 2 !g of our sequences A and B . Since Y is a Fréchet–Urysohn space,
we can assume, without loss of generality, that there are points a 2 f �1.x/ and
b 2 f �1.y/ such that A! a and B ! b.

The family U being T0-separating we can pick a set U 2 U such that a 2 U
and b … U or vice versa. If we have the first case then the sequence A is eventually
in U and B is eventually in XnU (here we use the fact that U is a clopen set).
Therefore there is n 2 ! for which anC1 2 U and bn … U . This contradiction
with U ŒanC1
 � U Œbn
 shows that the first case is impossible. In the second case the
contradiction is obtained in an analogous way; so (2) is proved.

Now apply (2) to find a point a 2 f �1.x/ such that U Œb
 6� U Œa
 for any
b 2 f �1.y/ (or vice versa). Thus we can fix a set Ub 2 U Œb
 such that a … Ub;
the set f �1.y/ being compact, there is a finite B 0 � B for which

SfUb W b 2
B 0g � f �1.y/. Since the family U 0 D fUb W b 2 B 0g is finite, we can choose a
minimal A � U 0 for which f �1.y/ � S

A. Thus y 2 f #.
S

A/ D U.A/ and it
follows from minimality of A that f �1.y/ 6� S

A0 for any proper A0 � A. As a
consequence, y 2 F.A/; it follows from a 2 f �1.x/n.SA/ that x … U.A/ so the
pair .F.A/; U.A// separates the points x and y. The case when a 2 f �1.y/ and
U Œb
 6� U Œa
 for any b 2 f �1.x/ is considered analogously; so (1) is proved.

Let us show that the family U has another useful property.

(3) If F and G are disjoint closed subsets of the space X then there is k 2 ! such
that U Œx; k
 ¤ U Œy; k
 for any x 2 F and y 2 G.

Indeed, if (3) is not true then there exist sequences fxn W n 2 !g � F and
fyn W n 2 !g � G for which U Œxn; n
 D U Œyn; n
 for any n 2 !. It is easy to
see that we can assume, without loss of generality, that there are points x 2 F and
y 2 G such that xn ! x and yn ! y. Fix U 2 U such that x 2 U and y … U
(or vice versa). There is k 2 ! withU 2 Uk ; the sequence fxn W n 2 !g is eventually
in U while fyn W n 2 !g is eventually outside U (here we used again the fact that U
is a clopen set). Therefore there exists n > k such that xn 2 U and yn … U . This,
together with U 2 U Œxn; n
 implies that U Œxn; n
 ¤ U Œyn; n
 which is contradiction.
In the symmetric case the contradiction is obtained analogously; so (3) is proved.

It follows from Fact 1 of U.337 that, for the cardinal � D jY j, we can construct,
for any A 2 F, a family fS.˛; n;A/ W ˛ < �; n 2 !g of compact subsets of Y and
a family fV.˛; n;A/; ˛ < �; n 2 !g of open subsets of Y such that

(4)
SfS.˛; n;A/ W ˛ < �; n 2 !g D F.A/ for any A 2 F;

(5) S.˛; n;A/ � V.˛; n;A/ � U.A/ for any A 2 F;
(6) S.˛; n;A/ \ V.ˇ;m;A/ D ; for any ˇ < ˛; m; n 2 ! and A 2 F.

Given an ordinal ˛ < � a family A 2 F and n 2 !, the sets f �1.S.˛; n;A//
and f �1.Y nV.˛; n;A// are closed and disjoint in the space X ; so it follows
from the property (3) that there is k D k.˛; n;A/ such that the conditions
x 2 f �1.S.˛; n;A// and y 2 f �1.Y nV.˛; n;A// imply U Œx; k
 ¤ U Œy; k
.
An immediate consequence is that
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(7) given any A 2 F; ˛ < � and n 2 !, if k D k.˛; n;A/ and x 2
f �1.S.˛; n;A// then U Œy; k
 D U Œx; k
 implies f .y/ 2 V.˛; n;A/.

Now fix ˛ < �; n 2 ! and A 2 F; if S.˛; n;A/ D ; then let G.˛; n;A/ D ;.
If the set S.˛; n;A/ is non-empty then let k D k.˛; n;A/. It is evident that the
set O.˛; n;A/ D SfTU Œx; k
 W x 2 f �1.S.˛; n;A//g is open in X and contains
f �1.S.˛; n;A//; so W.˛; n;A/ D f #.O.˛; n;A// is an open neighbourhood of
the set S.˛; n;A/; by normality of Y there exists an F� -setG.˛; n;A/ 2 �.Y / such
that S.˛; n;A/ � G.˛; n;A/ � W.˛; n;A/ \ V.˛; n;A/. We claim that

(8) the family G D fG.˛; n;A/ W ˛ < �; n 2 ! and A 2 Fg is T0-separating.

Indeed, given distinct x; y 2 Y , we can apply (1) to find A 2 F such that either
x 2 F.A/ and y … U.A/ or y 2 F.A/ and x … U.A/. In the first case apply (4) to
see that there are ˛ < � and n 2 ! for which x 2 S.˛; n;A/. Then x 2 G.˛; n;A/
and y … G.˛; n;A/ because G.˛; n;A/ � V.˛; n;A/ � U.A/ while y … U.A/.
The second case can be considered analogously; so (8) is proved.

The next property of G is crucial.

(9) the family G can be represented as a countable union of families of bounded
order.

Consider the family

H.m/ D fG.˛; n;A/ W ˛ < �; n � m; k.˛; n;A/ � m;
jAj � m and A � U0 [ : : : [ Umg

for anym 2 ! then
SfH.m/ W m 2 !g D G; so it suffices to show that every H.m/

is of bounded order.
Assume, towards a contradiction, that H.m/ is not of bounded order for some

m 2 !. Since every Ui is of bounded order, we can fix l 2 N such that jU Œx;m
j � l
for any point x 2 X . Since the family H.m/ fails to be of bounded order, there is
y 2 Y and a family H0 � H.m/ such that jH0j > m3 � g.m; 2l.l C 2// and
y 2 T

H0. An elementary computing shows that there exists a family H1 � H0

such that jH1j � g.m; 2l .l C 2// and there are k; p; r 2 ! such that k.˛; n;A/ D
k; jAj D r and n D p wheneverG.˛; n;A/ 2 H1.

It follows from Fact 1 that there exists H2 � H1 such that jH2j � 2l.l C 2/
and, for some D � U we have A \ A0 D D for any distinct G.˛; p;A/ 2 H2 and
G.ˇ; p;A0/ 2 H2; let fG.˛i ; p;Ai / W i < 2l.l C 2/g be a faithful enumeration of
some subfamily H3 � H2. Pick a point x 2 f �1.y/; then, for any i < 2l.lC2/, we
have x 2 f �1.W.˛i ; n;Ai // � O.˛i ; n;Ai /; so there is xi 2 f �1.S.˛i ; p;Ai //

such that x 2 T
U Œxi ; k
 (here we used the fact that k.˛i ; p;Ai / D k for any

i � 2l.l C 2/).
As a consequence, U Œxi ; k
 � U Œx; k
 for any i < 2l.l C 2/; the family U Œx; k


has cardinality at most l so it has at most 2l subfamilies which shows that we can
find a set E � 2l.l C 2/ such that jEj > l C 1 and U Œxi ; k
 D U Œxj ; k
 for any
i; j 2 E . To finally obtain the promised contradiction consider the following cases.
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(a) There are distinct elements i; j 2 E such that Ai D Aj D D. Then
˛i ¤ ˛j , say, ˛i < ˛j . It follows from the property (6) that S.˛j ; p;Aj / \
V.˛i ; p;Ai / D ; and hence f .xj / … V.˛i ; p;Ai /. On the other hand, it
follows from (7) and U Œxi ; k
 D U Œxj ; k
 that f .xj / 2 V.˛i ; p;Ai / which
is a contradiction.

(b) We have Ai ¤ D for any i 2 E (to see that this case covers the complement
of (a) observe that jAi j D jAj j D r for any i; j 2 E). Since f .xi / 2 F.Ai /,
there is yi 2 f �1.f .xi //n.SD/ for any i 2 E; let i0 be the minimal element
of E .

Recall that jU Œyi0 ; m
j � l while the collection fAinD W i 2 Enfi0gg is disjoint
and has cardinality strictly greater than l . Therefore there exists i 2 Enfi0g for
whichU Œyi0 ; m
\.AinD/ D ;. Since AinD � U0[: : :[Um and D\U Œyi0 ; m
 D ;,
we have Ai \ U Œyi0 
 D ; and therefore f �1.f .yi0 // 6�

S
Ai . An immediate

consequence is that f .xi0 / D f .yi0/ … U.Ai /; on the other hand, the property (7)
and the equality U Œxi0 ; k
 D U Œxi ; k
 imply that f .xi0 / 2 V.˛i ; p;Ai / � U.Ai /.
This final contradiction shows that every family H.m/ is, indeed, of bounded order
so (9) is proved.

Finally, observe that the properties (8) and (9) show that G is a T0-separating
family of open F� -subsets of Y which can be represented as a countable union of
subfamilies of bounded order; so Fact 1 of U.379 implies that Y is uniform Eberlein
compact and shows that any continuous image of a uniform Eberlein compact space
is uniform Eberlein compact.

Finally observe that any uniform Eberlein compact space is a continuous image
of a closed subspace of .A.�//! for some infinite cardinal � (see Problem 380). Now
assume that F is a closed subspace of .A.�//! and X is a continuous image of F .
The family C D ff˛g W ˛ 2 �g [ fA.�/g is a T0-separating clopen cover of A.�/
and it is immediate that C is of bounded order (in fact, its order is � 2). Therefore
A.�/ is uniform Eberlein compact; apply Problem 379 to conclude that F is also
uniform Eberlein compact. We have already established that any continuous image
of a uniform Eberlein compact space is uniform Eberlein compact; so X is uniform
Eberlein compact. Thus, a space is uniform Eberlein compact if and only if it is a
continuous image of a closed subspace of .A.�//! for some infinite cardinal �, i.e.,
our solution is now complete.

U.382. Given an infinite set T suppose that a space Xt ¤ ; is uniform Eberlein
compact for each t 2 T . Prove that the Alexandroff compactification of the spaceLfXt W t 2 T g is also uniform Eberlein compact.

Solution. We will identify every Xt with the respective clopen subspace of the
space X D L

t2T Xt ; let K be the Alexandroff compactification of the space X .
Then the set KnX is a singleton. Apply Fact 2 of U.380 to fix, for any t 2 T , a
family Ut of open F� -subsets of Xt which T0-separates the points of Xt and Ut DS
n2! Unt where every Unt is of bounded order, i.e., there is knt 2 ! such that every

x 2 Xt belongs to at most knt -many elements of Unt .
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It is easy to see that the family W D .St2T Ut /[fXt W t 2 T g consists of cozero
subsets ofK and T0-separates the points of K . The family W0 D fXt W t 2 T g is of
bounded order because it is disjoint. For any m 2 N let Wm D SfUnt W knt � mg; it
is straightforward that every point of K belongs to at most m elements of Wm and
hence Wm is of bounded order. It is also evident that W D S

m2! Wm; so W is a
countable union of its subfamilies of bounded order. Therefore we can apply Fact 2
of U.380 again to conclude that K is uniform Eberlein compact.

U.383. Let T be an infinite set. Suppose that A is an adequate family on T . Prove
that the space KA is Eberlein compact if and only if T �

A is �-compact.

Solution. It was proved in Problem 170 that the space T �
A is homeomorphic to

a closed subspace of Cp.KA;D/; if KA is Eberlein compact then Cp.KA;D/ is
�-compact by Problem 335; so T �

A is also �-compact.
Now, if T �

A is �-compact then let u.f / D 0 for all f 2 KA; for any t 2 T
define a function et W KA ! D by the equality et .f / D f .t/ for any f 2 KA.
Then the set Z D fet W t 2 T g [ fug � Cp.KA;D/ is homeomorphic to T �

A (see
Problem 170); this implies that Z is �-compact. It is easy to see that Z separates
the points of KA; so we can apply Problem 035 to conclude that KA is Eberlein
compact.

U.384. Let T be an infinite set. Suppose that A is an adequate family on T . Prove
that the space KA is Eberlein compact if and only if there exists a disjoint family
fTi W i 2 !g such that T D SfTi W i 2 !g and x�1.1/ \ Ti is finite for every
x 2 KA and i 2 !.

Solution. Recall that T �
A is a space with the underlying set T [ f�g for some

� … T , all points of T are isolated in T �
A while the local base at � is given by

the complements of all finite unions of elements of A. Suppose that fTi W i 2 !g is
a disjoint family such that T D S

i2! Ti and x�1.1/ \ Ti is finite for any x 2 KA
and i 2 !. Let �i W DT ! D

Ti be the natural projection for any i 2 !. The space
Xi D �i .KA/ is compact for any i 2 ! and KA �Q

i2! Xi .
If x 2 KA then it follows from jx�1.1/\Ti j < ! that �i .x/ 2 �.Ti / � ˙�.Ti /;

thereforeXi � ˙�.Ti /; soXi is Eberlein compact for any i 2 ! (see Problem 322).
Applying Problems 306 and 307 we conclude that KA is Eberlein compact. This
settles sufficiency.

Now, if KA is Eberlein compact then T �
A is �-compact by Problem 383; fix a

family fYi W i 2 !g of compact subsets of T �
A such that T �

A D
S
i2! Yi . Choose any

sequence S D fTi W i 2 !g of disjoint subsets of T such that T D S
i2! Ti and

Ti � Yi for every i 2 !. To see that S is as promised suppose that there is i 2 !
and an infinite set A � Ti such that y.A/ � f1g for some y 2 KA. The set Yi being
compact, the point � must be in the closure of A � y�1.1/ and hence � belongs to
the closure of y�1.1/. This contradicts, however, the definition of the local base at
� because the complement of x�1.1/ 2 A has to be a neighbourhood of � for any
x 2 KA. This proves that x�1.1/ \ Ti is finite for any i 2 ! and x 2 KA, i.e., we
established necessity; so our solution is complete.
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U.385. Let T be an infinite set and A an adequate family on T . Prove that the
adequate compact KA is uniform Eberlein compact if and only if there exists a
disjoint family fTi W i 2 !g and a function N W ! ! ! such that T D SfTi W2 !g
and jx�1.1/\ Ti j � N.i/ for any x 2 KA and i 2 !.

Solution. Given a set B let �nŒB
 D fx 2 D
B W jx�1.1/j � ng for any n 2 !.

If V is a family of subsets of a space Z then let V.z/ D fV 2 V W z 2 V g and
ord.V ; z/ D jV.z/j for any z 2 Z. Recall that T �

A is a space with the underlying set
T [ f�g for some � … T , all points of T are isolated in T �

A while the local base at
� is given by the complements of all finite unions of elements of A. Suppose that
fTi W i 2 !g is a disjoint family and N W ! ! ! is a map such that T D S

i2! Ti
and jx�1.1/ \ Ti j � N.i/ for any x 2 KA and i 2 !. Let �i W DT ! D

Ti be the
natural projection for any i 2 !. The space Xi D �i .KA/ is compact for any i 2 !
andKA �Q

i2! Xi .
If x 2 KA then it follows from jx�1.1/ \ Ti j � N.i/ that �i .x/ 2 �N.i/ŒTi 
;

therefore Xi � �N.i/ŒTi 
 is uniform Eberlein compact (see Problem 380 and Fact 1
of U.380) for any i 2 !. Applying Problem 379 we conclude that KA is uniform
Eberlein compact. This settles sufficiency.

Now, assume that KA is uniform Eberlein compact and apply Fact 2 of U.380
to find a T0-separating family U of clopen subsets of KA such that U D S

n2! Un
where everyUn is of bounded order, i.e., there ismn 2 ! for which ord.Un; x/ � mn

for any x 2 KA. Denote by u the point of KA such that u.t/ D 0 for all t 2 T .
For any n 2 ! consider the family U 0

n D .UnnUn.u//[ fKAnU W U 2 Un.u/g. It is
easy to see that every U 0

n is of bounded order while the family U 0 D S
n2! U 0

n is still
T0-separating and u … S

U 0. Therefore we can assume, without loss of generality,
that U D U 0, i.e.,

(1) the point u does not belong to
S

U and hence
S

U D KAnfug.
An easy consequence of the definition of an adequate family is that, for any

t 2 T , the function ut W T ! D defined by ut .t/ D 1 and ut .T nftg/ D f0g belongs
to KA. Let Un D S

Un for every n 2 !; it follows from the property (1) that
fut W t 2 T g � S

n2! Un; so it is easy to find a disjoint family fQn W n 2 !g such
that T D S

i2! Qn and fet W t 2 Qng � Un for any n 2 !.
For any element t 2 T there is a unique number n 2 ! such that t 2 Qn and

hence there exists a set Wt 2 Un with ut 2 Wt . Fix a finite set Et � T nftg such that
ŒEt 
 D fx 2 KA W x.t/ D 1 and x.Et / D f0gg � Wt . It is clear that ŒEt 
 is an open
subset of KA such that ut 2 ŒEt 
 � Wt for any t 2 T and therefore

(2) for the family Qn D fŒEt 
 W t 2 Qng we have ord.Qn; x/ � mn for any x 2 KA
and n 2 !.

Let Qj
n D ft 2 Qn W jEt j D j g for any n; j 2 !. It is clear that the family

Q D fQj
n W n; j 2 !g is disjoint and T D S

Q. Let us show that, enumerating Q
as fTi W i 2 !g, we obtain the desired partition of T .

Given i 2 ! let Si D fŒEt 
 W t 2 Ti g; since Ti is a subset of some Qn, the
property (2) shows that there exists li 2 ! such that ord.Si ; x/ � li for any x 2 KA.
Besides, there is ki 2 ! such that jEt j D ki for any t 2 Ti .
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Fix i 2 ! and suppose that there is no finite upper bound for the number of
elements in the sets x�1.1/ \ Ti when x runs over KA. By Fact 1 of U.381 there
exists a point x 2 KA for which the family fEt W t 2 x�1.1/ \ Tig contains a
�-system of cardinality ki � li C ki C 2li C 1, i.e., there is a set S � Ti \ x�1.1/
such that jS j � ki � li Cki C2li C1 and there exists E � T such that Et \Es D E
for any distinct s; t 2 S .

Since jEj � ki , the set S 0 D SnE has at least ki � li C 2li C 1 elements. Take
t1 2 S 0 arbitrarily; assume that l � li and we have chosen distinct t1; : : : ; tl 2 S 0 in
such a way that

(*) ft1; : : : ; tlg \Etj D ; for any j � l .
The set H D ft1; : : : ; tlg [ .SfEtj W j � lg/ has at most ki � l C l � ki � li C li

elements; so we have at least li C 1 > l elements left in S 0. This makes it possible
to take distinct s1; : : : ; slC1 2 S 0nH ; the family E D fEsj \ S 0 W j � l C 1g
being disjoint, some element of E does not meet the set ft1; : : : ; tlg. Therefore we
can choose tlC1 2 S 0nH such that EtlC1

\ ft1; : : : ; tlg D ;.
It is straightforward that the property .�/ is now fulfilled if we substitute l by lC

1; so our inductive procedure shows that we can construct a set P D ft1; : : : ; tliC1g
such that .�/ holds for all j � li C 1. Now, if z.t/ D 1 for all t 2 P and z.T nP/ D
f0g then z 2 KA (because P � x�1.1/) and z 2 TfŒEtj 
 W j � li C 1g which is a
contradiction with the fact that ord.Si ; z/ � li .

Thus there exists a number N.i/ 2 ! such that jx�1.1/ \ Ti j � N.i/ for any
x 2 KA and i 2 !; this shows that the partition fTi W i 2 !g of the set T is as
promised and hence our solution is complete.

U.386. For the set T D !1 � !1 let us introduce an order < on T declaring that
.˛1; ˇ1/ < .˛2; ˇ2/ if and only if ˛1 < ˛2 and ˇ1 > ˇ2. Denote by A the family of
all subsets of T which are linearly ordered by < (the empty set and the one-point
sets are considered to be linearly ordered). Prove that A is an adequate family
and X D KA is a strong Eberlein compact space which is not uniform Eberlein
compact.

Solution. Given a set B let �ŒB
 D fx 2 D
B W jx�1.1/j < !g. We leave it to the

reader to verify that < is, indeed, a partial order on T . Recall that, for any A � T
the function 	A 2 D

T is defined by 	A.A/ � f1g and 	A.T nA/ � f0g. If A � T
is linearly ordered by < then any subset of A is also linearly ordered; since we have
declared the singletons to be linearly ordered, we have

S
A D T . A set is linearly

ordered if and only if any pair of its elements is linearly ordered; so ifA � T and all
finite subsets of A belong to A then A is linearly ordered, i.e., A 2 A. This proves
that A is an adequate family and hence K D KA D f	A W A 2 Ag is compact
(see Problem 168).

Suppose that some set A 2 A is infinite; by an evident induction it is possible to
choose .˛n; ˇn/ 2 A such that ˛n < ˛nC1 for all n 2 !. Since every two elements
of A are comparable, we have ˇnC1 < ˇn for all n 2 ! which is impossible because
!1 � fˇn W n 2 !g is a well-ordered set. This contradiction shows that all elements
of A are finite and henceK � �ŒT 
 is strong Eberlein compact.
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Let us establish that

(1) if T DS
n2! Tn then there is a numberm 2 ! such that, for any k 2 !, we can

find a set A 2 A such that A � Tm and jAj D k; in particular, x D 	A 2 K
and jx�1.1/\ Tmj D jx�1.1/j D jAj D k.

Given an ordinal ˛ < !1 let T ˛n D fˇ < !1 W .˛; ˇ/ 2 Tng for any n 2 !; sinceS
n2! T ˛n D !1, there is n˛ 2 ! such that T ˛n˛ is uncountable. Fix m 2 ! such that

the set � D f˛ < !1 W n˛ D mg is uncountable; we claim that m is as promised.
Indeed, fix any k 2 !; the set � being uncountable, we can find ˛1; : : : ; ˛k 2 �

with ˛1 < : : : < ˛k . Take an ordinal ˇk 2 T ˛km arbitrarily and assume that 1 < l � k
and we have chosen ˇk; ˇk�1; : : : ; ˇl so that ˇi 2 T ˛im for every i 2 fk; k�1; : : : ; lg
and ˇi < ˇi�1 whenever i 2 fk; k � 1; : : : ; l C 1g.

The set T ˛l�1m being uncountable there is ˇl�1 2 T ˛l�1m for which ˇl�1 > ˇl .
Thus our inductive procedure shows that we can choose an ordinal ˇi 2 T ˛im for
each i 2 f1; : : : ; kg in such a way that ˇ1 > ˇ2 > : : : > ˇk . It is straightforward
that the set A D f.˛i ; ˇi / W i � kg � Tm belongs to A and jAj D k, i.e., (1) is
proved.

Finally, if K is uniform Eberlein compact then there is a map N W ! ! ! and
a sequence fTi W i 2 !g such that T D S

i2! Ti and jx�1.1/ \ Ti j � N.i/ for all
i 2 ! and x 2 K (see Problem 385). This evident contradiction with (1) shows that
K is not uniform Eberlein compact.

U.387. (Talagrand’s example) For any distinct s; t 2 !! , consider the number
ı.s; t/ D minfk 2 ! W s.k/ ¤ t.k/g. For each n 2 !, let An D fA � !! W
for any distinct s; t 2 A we have ı.s; t/ D ng. Prove that A D SfAn W n 2 !g
is an adequate family and X D KA is a Talagrand compact space (i.e., Cp.X/ is
K-analytic and hence X is Gul’ko compact) while X is not Eberlein compact.

Solution. Observe first that ; 2 An and fsg 2 An for any s 2 !! and n 2 !.
Therefore every An covers !! ; an immediate consequence of the definition is that
A 2 An implies B 2 An for any B � A. Now, if A � !! and every two-element
subset of A belongs to An then ı.s; t/ D n for any distinct s; t 2 A which shows
that A 2 An. This proves that every An is an adequate family.

Therefore, to prove that A D S
n2! An is an adequate family, it suffices to

establish that the last requirement of the definition is fulfilled. So, assume that
A � !! and every finite B � A belongs to A. The only non-trivial case is when
A is infinite; so we can fix distinct s; t 2 A; let n D ı.s; t/. Given any distinct
u; v 2 A, the set B D fs; t; u; vg belongs to A and hence there is some m 2 ! such
that B 2 Am; since s and t are distinct elements of B , we have n D ı.s; t/ D m

and hence m D n. Consequently, ı.u; v/ D m D n which shows that ı.u; v/ D n

for any distinct u; v 2 A; this implies that A 2 An and therefore A 2 A. Thus A is
an adequate family.

Given anyA 2 A there is n 2 ! such thatA 2 An and hence the correspondence
s ! sj.n C 1/ is an injection of A into !nC1. This proves that every A 2 A is
countable and hence the space X D KA is Corson compact (see Problem 169).
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If X is Eberlein compact then there exists a disjoint family fTn W n 2 !g such
that

S
n2! Tn D !! and x�1.1/ \ Tn is finite for any x 2 X and n 2 ! (see

Problem 384).
The space !! is Polish, so it has the Baire property; therefore there is n 2 !

such that the closure of Tn in !! contains some non-empty open subset of !! .
Consequently, there is m 2 N and h 2 !m such that the set Uh D fs 2 !! W sjm D
hg is contained in the closure of Tn in !! . The set Uh;i D fs 2 Uh W s.m/ D ig
is open in Uh and non-empty; so we can fix ti 2 Tn \ Uh;i for any i 2 !. It is
straightforward that ı.ti ; tj / D m for any distinct i; j 2 !; so the set A D fti W i 2
!g belongs to Am. Therefore x D 	A 2 X and x�1.1/ \ Tn D A is infinite which
is a contradiction. This proves that X is not Eberlein compact.

For any n 2 ! let Xn D KAn ; we already saw that An is adequate, so Xn is a
Corson compact space.

Fix any n 2 !; the set !nC1 being countable we can faithfully enumerate it as
fhi W i 2 !g. Let Ti D fs 2 !! W sj.n C 1/ D hi g for any i 2 !. It is evident
that the family fTi W i 2 !g is disjoint and

S
i2! Ti D !! . Given any x 2 Xn

there is A 2 An such that x D 	A. For any distinct s; t 2 A we have ı.s; t/ D n;
so sj.nC 1/ ¤ t j.n C 1/ and therefore the set A \ Ti cannot have more than one
element for any i 2 !. Thus jx�1.1/\Ti j D jA\Ti j � 1 for any i 2 ! and x 2 Xn
which shows that Xn is Eberlein compact by Problem 384.

It is clear that X D S
n2! Xn; so we can apply Problem 355 to conclude that

Cp.X/ is K-analytic and hence X is Gul’ko compact.

U.388. Given a compact space X let jjf jj D supfjf .x/j W x 2 Xg for any function
f 2 C.X/. Prove that .C.X/; jj � jj/ is a Banach space.

Solution. It is straightforward thatC.X/ is a linear space. Since jf .x/j � 0 for any
x 2 X , we have jjf jj � 0 for each f 2 C.X/. If jjf jj D 0 then f .x/ D 0 for any
x 2 X and hence f D 0X is the zero vector of C.X/. It is evident that jj0X jj D 0;
so we proved (N1).

Now, fix f 2 C.X/ and ˛ 2 R. The equality jj f̨ jj D 0 D j˛jjjf jj is evident
if ˛ D 0; so assume that ˛ ¤ 0. For any x 2 X we have j. f̨ /.x/j D j˛jjf .x/j �
j˛jjjf jj which shows that jj f̨ jj � j˛jjjf jj. If t < j˛jjjf jj then t

j˛j < jjf jj; so

there is x 2 X for which t
j˛j < jf .x/j and hence jj f̨ jj � j. f̨ /.x/j > t . Thus

jj f̨ jj > t for any t < j˛jjjf jj which proves that jj f̨ jj � j˛jjjf jj and therefore
jj f̨ jj D j˛jjjf jj, i.e., the property (N2) also holds for jj � jj.

Finally, given any functions f; g 2 C.X/, for any x 2 X we have the inequality
jf .x/ C g.x/j � jf .x/j C jg.x/j � jjf jj C jjgjj which proves that jjf C gjj �
jjf jj C jjgjj, i.e., (N3) is also fulfilled for jj � jj and hence .C.X/; jj � jj/ is a normed
space. The metric defined by the norm jj�jj is complete by Problem 344; so .C.X/; jj�
jj/ is a Banach space.

U.389. (Hahn–Banach Theorem) Let M be a linear subspace of a normed space
.L; jj � jj/. Suppose that f W M ! R is a linear functional such that jf .x/j � jjxjj
for any x 2 M . Prove that there exists a linear functional F W L ! R such that
F jM D f and jF.x/j � jjxjj for all x 2 L.
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Solution. Consider the family L D f.N; '/ W N is a linear subspace of L with
M � N and ' W N ! R is a linear functional such that 'jM D f and j'.x/j �
jjxjj for any x 2 N g. Given .N; '/ 2 L and .N 0; ' 0/ 2 L say that .N; '/ 	 .N 0; ' 0/
if N � N 0 and ' � ' 0., i.e., ' 0jN D '. It is easy to see that .L;	/ is a partially
ordered set; for any p D .N; '/ 2 L let S.p/ D N and ˚.p/ D '.

Suppose that C is a chain in .L;	/ and let N D SfS.p/ W p 2 Cg. The family
fS.p/ W p 2 Cg is a chain of linear subspaces of L; so N is a linear subspace of
L as well. We leave to the reader the checking that ' D Sf˚.p/ W p 2 Cg is a
well-defined linear functional on N . Since ˚.p/jM D f for any p 2 C, we have
'jM D f . Given x 2 N there is p 2 C such that j'.x/j D j˚.p/.x/j � jjxjj;
so '.x/ � jjxjj for any x 2 N . This proves that .N; '/ 2 L; it is evident that
p 	 .N; '/ for any p 2 C; so .N; '/ is an upper bound for the chain C.

We proved that any chain of .L;	/ has an upper bound which belongs to L; so
Zorn’s lemma is applicable to conclude that .L;	/ has a maximal element .N; '/.
If N D L then letting F D ' completes our solution.

Assume, towards a contradiction, that N ¤ L and fix a vector v 2 LnN . It is
evident that N 0 D fx C tv W x 2 N; t 2 Rg is a linear subspace of L such that
N � N 0 and N ¤ N 0. Observe also that, for any w 2 N 0 there are unique x 2 N
and t 2 R such that w D x C tv.

We have jjz�yjj D jjzCv�v�yjj � jjzCvjjCjj�v�yjj D jjzCvjjCjjvCyjj
for any y; z 2 N . This implies j'.z/� '.y/j D j'.z� y/j � jjz� yjj � jjzC vjj C
jjv C yjj. This proves that '.z/� '.y/ � jjzC vjj C jjv C yjj and therefore

(1) �jjv C yjj � '.y/ � jjv C zjj � '.z/ for any y; z 2 N .

Let a D supf�jjvC yjj � '.y/ W y 2 N g and b D inffjjvC zjj � '.z/ W z 2 N g;
an immediate consequence of (1) is that a � b. Choose any number c 2 Œa; b
.
For any x 2 N and t 2 R let ' 0.x C tv/ D '.x/ C tc; it is straightforward that
' 0 W N 0 ! R is a linear functional such that ' 0jN D '.

Fix any w 2 N 0; there are unique x 2 N and t 2 R such that w D x C tv. If
t D 0 then w 2 N ; so we have j' 0.w/j D j'.w/j � jjwjj. Now assume that t ¤ 0.

It follows from (1) that�jjvCyjj�'.y/ � c � jjvCyjj�'.y/ for any y 2 N ; in
particular, for y D 1

t
x we obtain the inequality �jjvC x

t
jj � c C '.x

t
/ � jjvC x

t
jj

or, equivalently, jc C '.x
t
/j � jjv C x

t
jj. An immediate consequence of the last

inequality is that j 1
t
j � j'.x/ C ct j � j 1

t
j � jjx C vt jj, i.e., j' 0.w/j � jjwjj. We

proved that j' 0.w/j � jjwjj for any w 2 N 0 and hence the pair .N 0; ' 0/ belongs to
L. We also have .N; '/ 	 .N 0; ' 0/ and .N; '/ ¤ .N 0; ' 0/; this contradiction with
maximality of .N; '/ shows that the case of N ¤ L is impossible. Thus N D L

and the linear functional F D ' is an extension of f such that jF.x/j � jjxjj for
any x 2 L.

U.390. Given a normed space .L; jj � jj/ let S D fx 2 L W jjxjj � 1g be the unit ball
of L. Prove that a linear functional f W L ! R is continuous if and only if there
exists k 2 N such that jf .x/j � k for any x 2 S .

Solution. Denote by u the zero vector ofL. If f is continuous then it is continuous
at u; so it follows from f .u/ D 0 that there is U 2 �.u; L/ such that
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f .U / � .�1; 1/. Since the topology of the space L is generated by the metric
d.x; y/ D jjx � yjj, the open balls form a base in L and hence there is " > 0

such that B D fx 2 L W jjx � ujj D jjxjj < 2"g � U .
Take a number k 2 N such that 1

"
< k; given any x 2 S we have jjxjj � 1 and

hence jj"xjj � " < 2" which implies "x 2 B � U . Therefore f ."x/ 2 .�1; 1/
which is equivalent to jf ."x/j D "jf .x/j < 1. As a consequence, jf .x/j < 1

"
< k

which proves that jf .x/j < k for any x 2 S , i.e., we have established necessity.
Now assume that there is k 2 N such that jf .x/j � k for any x 2 S and take

any " > 0. The set B D fx 2 L W jjxjj < "
kC1g is an open neighbourhood of u.

If x 2 B then jj kC1
"
xjj D kC1

"
jjxjj < kC1

"
� "
kC1 D 1 which implies kC1

"
x 2 S and

therefore jf .kC1
"
x/j � k. Using once more linearity of f we obtain kC1

"
jf .x/j � k

and hence jf .x/j � k
kC1" < ". Thus B is an open neighbourhood of u such that

f .B/ � .�"; "/; so f is continuous at u. Finally, apply Fact 2 of S.496 to conclude
that f is continuous.

U.391. Given a normed space .L; jj � jj/, consider the sets S D fx 2 L W jjxjj � 1g
and S� D ff 2 L� W f .S/ � Œ�1; 1
g. Prove that S� separates the points of L.

Solution. Denote by 0L the zero vector of L and suppose that x and y are distinct
points of L. Then z D x � y ¤ 0L; so M D ftz W t 2 Rg is a linear subspace
of L such that z 2 M . Let f .tz/ D t jjzjj for any t 2 R; it is straightforward that
f W M ! R is a linear functional. If u 2 M then there is a unique number t 2 R

such that u D tz. Thus, jf .u/j D jf .tz/j D jt j � jjzjj D jjujj whence jf .u/j D jjujj
for any u 2 M . Therefore we can apply Hahn–Banach Theorem (see Problem 389)
to find a linear functional F W L ! R such that F jM D f and jF.x/j � jjxjj
for any x 2 L. In particular, if x 2 S then jF.x/j � jjxjj � 1 which shows
that F.S/ � Œ�1; 1
, i.e., F 2 S� (we applied Problem 390 to convince ourselves
that F is continuous). Finally observe that F.z/ D f .z/ D jjzjj ¤ 0 and hence
F.z/ D F.x � y/ D F.x/ � F.y/ ¤ 0 which implies F.x/ ¤ F.y/. Thus S�
separates the points of L.

U.392. Let L be a linear space without any topology. Suppose that F is a family
of linear functionals on L which separates the points of L. Prove that the topology
on L generated by F , is Tychonoff and makes L a locally convex linear topological
space.

Solution. Let ' D �F W L! R
F be the diagonal product of the family F . Recall

that ' is defined by '.x/.f / D f .x/ for any x 2 L and f 2 F . Since F separates
the points of L, the map ' is injective; it is easy to see that ' is a linear map; so ' is
a linear isomorphism between L and M D '.L/. As a consequence, M is a linear
subspace of RF ; let � be the topology on M induced from R

F . For any f 2 F let
�f W RF ! R be the natural projection onto the factor determined by f .

It is clear that the family B D f��1
f .U /\M W U 2 �.R/; f 2 Fg is a subbase of

the space .M;�/. We have '�1.��1
f .U / \M/ D f �1.U / for any function f 2 F

and U 2 �.R/; so the family U D ff �1.U / W U 2 �.R/; f 2 Fg coincides with
the family f'�1.B/ W B 2 Bg. Since U is a subbase of the topology � generated by
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F , the map ' is a linear homeomorphism between the spaces .L; �/ and .M;�/.
This shows that .L; �/ is a linear topological space identifiable with .M;�/.

It is an easy exercise that any linear subspace of a locally convex space is locally
convex; so .M;�/ is Tychonoff and locally convex because so is R

F (see Fact 1
of T.131). The space .L; �/ being linearly homeomorphic to .M;�/, it is also a
Tychonoff locally convex linear topological space.

U.393. Let L be a linear space. Denote by L0 the set of all linear functionals on L.
Considering L0 a subspace of RL, prove that L0 is closed in R

L.

Solution. Take any h 2 R
LnL0; then there are points x; y 2 L and ˛; ˇ 2 R

such that p D h.˛x C ˇy/ ¤ q D ˛h.x/ C ˇh.y/. Fix U; V 2 �.R/ such that
p 2 U; q 2 V and U \ V D ;. The map ı W R2 ! R defined by ı.t; s/ D ˛t C ˇs
for any .t; s/ 2 R

2, is continuous; so we can find sets G;H 2 �.R/ such that
h.x/ 2 G; h.y/ 2 H and ı.G �H/ � V .

The set O D ff 2 R
L W f .˛x C ˇy/ 2 U; f .x/ 2 G and f .y/ 2 H g is open

in R
L and it is evident that h 2 O . If f 2 O then f̨ .x/C f̌ .y/ 2 ı.G�H/ � V

while f .˛x C ˇy/ 2 U ; since U and V are disjoint, we have f .˛x C ˇy/ ¤
f̨ .x/C f̌ .y/, i.e., f … L0. We proved that any function h 2 R

LnL0 has an open
neighbourhood O with O \ L0 D ;. This implies that RLnL0 is open in R

L and
hence L0 is closed in R

L.

U.394. Given a normed space .L; jj � jj/, consider the sets S D fx 2 L W jjxjj � 1g
and S� D ff 2 L� W f .S/ � Œ�1; 1
g. Prove that, for any point x 2 L, the set
S�.x/ D ff .x/ W f 2 S�g is bounded in R.

Solution. If x is the zero vector of the space L then f .x/ D 0 for any f 2 S�;
so S�.x/ D f0g is a bounded subset of R. Now, if x is a non-zero vector of L then
jjxjj > 0; for any f 2 S� we have jf .x/j D jf .jjxjj � x

jjxjj /j D jjxjj � jf . x
jjxjj /j.

The point y D x
jjxjj belongs to the set S because jjyjj D 1; so jf .y/j � 1.

Consequently, jf .x/j D jjxjj � jf .y/j � jjxjj for any f 2 S� which shows that
S�.x/ � Œ�jjxjj; jjxjj
 is a bounded subset of R.

U.395. Given a normed space .L; jj � jj/, consider the sets S D fx 2 L W jjxjj � 1g
and S� D ff 2 L� W f .S/ � Œ�1; 1
g. Denote by Lw the set L with the topology
generated by L�. Observe that S� � C.Lw/ and give S� the topology � induced
from Cp.Lw/. Prove that .S�; �/ is a compact space.

Solution. The family B D ff �1.U / W f 2 L�; U 2 �.R/g is a subbase of Lw and
hence the family ff �1.U / W U 2 �.R/g is contained in B for any f 2 L�. This
shows that, for any f 2 L�, the set f �1.U / 2 B is open in Lw for any U 2 �.R/,
i.e., the functional f is continuous on Lw. Therefore S� � L� � C.Lw/ and hence
all elements of S� are continuous on Lw.

The space .S�; �/ being a subspace of Cp.Lw/, is also a subspace of RL; denote
by K the closure of S� in R

L. For any x 2 L the set S�.x/ D ff .x/ W f 2 S�g is
bounded in R by Problem 394; so there is ax > 0 such that S�.x/ � Œ�ax; ax
. It is
immediate that S� � M D QfŒ�ax:ax
 W x 2 Lg; so K � M is compact being a
closed subspace of a compact space M .
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Furthermore, S� � L� � L0 where L0 is the set of all linear (not necessarily
continuous) functionals on L. Since L0 is closed in R

L (see Problem 393), the set
K is contained in L0.

Fix f 2 K and x 2 S . If jf .x/j > 1 then O D fg 2 R
L W jg.x/j > 1g

is an open neighbourhood of f in R
L; since f is in the closure of S�, there is

g 2 S� \ O which implies jg.x/j > 1, a contradiction with the definition of S�.
This proves that jf .x/j � 1 for any x 2 S ; so we can apply Problem 390 to see
that the functional f is continuous on L. Since f 2 K was chosen arbitrarily, we
proved that all elements ofK are continuous onL, i.e.,K � L0\C.L/ D L�. Now,
it follows from S� D Œ�1; 1
S \ L� that the set S� is closed in L�. An immediate
consequence is thatK D S� and hence .S�; �/ is compact because so is K .

U.396. Prove that Lw is functionally perfect for any normed space .L; jj � jj/. As a
consequence, any compact subspace of Lw is Eberlein compact.

Solution. Let S D fx 2 L W jjxjj � 1g and S� D ff 2 L� W f .S/ � Œ�1; 1
g. The
space S� separates the points ofL by Problem 391. Besides, S� � C.Lw/ and S� is
compact if considered with the topology induced from Cp.Lw/ (see Problem 395).
Therefore S� is a compact subspace of Cp.Lw/ which separates the points of Lw,
i.e., Lw is functionally perfect.

U.397. Let L be a linear topological space. Given a sequence fxn W n 2 !g � L,
prove that xn ! x in the weak topology on L if and only if f .xn/! f .x/ for any
f 2 L�.

Solution. Denote byLw the space Lwith the weak topology, i.e., with the topology
generated by the set L�. The family B D ff �1.U / W f 2 L�; U 2 �.R/g is a
subbase of Lw which shows that, for any f 2 L�, the set f �1.U / is open in Lw,
i.e., f is also continuous on Lw. Since continuous maps preserve convergence of
sequences, if xn ! x in the space Lw then f .xn/ ! f .x/ for any f 2 L�. This
proves necessity.

Now assume that we have a sequence fxn W n 2 !g � L and there exists a point
x 2 L such that f .xn/ ! f .x/ for any f 2 L�. If yn D xn � x then f .yn/ D
f .xn/�f .x/ for any n 2 ! which shows that f .yn/! 0 for any f 2 L�. Let 0 be
the zero vector of L and take any U 2 �.0; Lw/. There exist f1; : : : ; fk 2 L� and
O1; : : : ; Ok 2 �.0;R/ such that V D Tff �1

i .Oi / W i � kg � U . There is " > 0

such that .�"; "/ � Oi for any i � k; soW D Tff �1
i ..�"; "// W i � kg � V � U .

Since fi .yn/! 0 for every i � k, there is m 2 ! such that jfi .yn/j < " for any
i � k and n � m. As a consequence, yn 2 W � U for any n � m which proves
that the sequence fyn W n 2 !g converges to 0 in the space Lw. Since Lw is a linear
topological space (see Problem 392), we can apply Fact 1 of S.496 to see that the
map z! zCx is continuous on Lw and therefore ynCx ! 0Cx D x in the space
Lw. Since yn C x D xn for every n 2 !, the sequence fxn W n 2 !g converges to x
and hence we have established sufficiency.

U.398. For an arbitrary compact space K let jjf jj D supfjf .x/j W x 2 Kg for any
f 2 C.K/. Denote by Cw.K/ the space C.K/ endowed with the weak topology of
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the normed space .C.K/; jj � jj/. Prove that �.Cw.K// � �.Cp.K// and show that,
in the case of K D I, this inclusion is strict, i.e., �.Cw.I// ¤ �.Cp.I//.
Solution. The topology � of the space .C.K/; jj � jj/ coincides with �.Cu.K//

by Problem 344. Since �.Cp.K// � �.Cu.K// (see TFS-086), we have
�.Cp.K// � �.

For any x 2 K let ex.f / D f .x/ for any f 2 C.K/; the map ex W C.K/! R is
a linear functional on C.K/. It follows from the definition of the pointwise topology
on C.K/ that the set e�1

x .U / is open in Cp.K/ for any x 2 K and U 2 �.R/; so
every ex is continuous onCp.K/ and hence on .C.K/; jj�jj/. Therefore the topology
of Cw.K/ contains the topology generated by the family E D fex W x 2 Kg. It is
straightforward that fe�1

x .U / W x 2 K; U 2 �.R/g is a subbase in Cp.K/; so
the topology generated by the family E coincides with �.Cp.K//. This proves that
�.Cp.K// � �.Cw.K//.

For any f 2 C.I/ let '.f / D
Z 1

�1
f .x/dx; it is straightforward that ' W C.I/!

R is a linear functional on C.I/. Observe that,

(1) j'.f /j �
Z 1

�1
jf .x/jdx �

Z 1

�1
jjf jjdx � 2jjf jj for any f 2 C.I/.

If S D ff 2 C.I/ W jjf jj � 1g then it follows from (1) that '.S/ � Œ�2; 2
; so
the functional ' is continuous on .C.I/; jj � jj/ (see Problem 390).

For a fixed n 2 ! let fn.t/ D 0 for all t 2 Œ�1; 0
 [ Œ 1
nC1 ; 1
. If t 2 Œ0; 1

2.nC1/ 

then fn.t/ D 4.nC 1/2t ; if t 2 Œ 1

2.nC1/ ;
1

nC1 
 then fn.t/ D 4.nC 1/2. 1
nC1 � t/. It is

easy to see that fn 2 C.I/ for all n 2 ! and fn.t/ ! 0 for any t 2 I. Let u.t/ D 0
for all t 2 I; then fn ! u in the space Cp.I/ by TFS-143. However, '.fn/ D 1

for all n 2 ! while '.u/ D 0. Therefore the sequence f'.fn/ W n 2 !g does not
converge to '.u/ which, together with Problem 397, shows that F D ffn W n 2 !g
does not converge to u in Cw.I/. Thus we have found a sequenceF which converges
to u in Cp.I/ and does not converge to u in Cw.I/. This proves that the topologies of
the spaces Cp.I/ and Cw.I/ do not coincide.

U.399. Suppose that K is a compact space and let jjf jj D supfjf .x/j W x 2 Kg for
any f 2 C.K/. Denote by Cw.K/ the space C.K/ endowed with the weak topology
of the normed space .C.K/; jj � jj/. Prove that, for anyX � C.K; I/, ifX is compact
as a subspace of Cp.K/ then the topologies, induced on X from the spaces Cp.K/
and Cw.K/, coincide.

Solution. Let �p be the topology on X induced from Cp.K/ and denote by �w the
topology on X as a subspace of Cw.K/. It follows from Problem 398 that �p � �w;
so the identity map idX W .X; �w/ ! .X; �p/ is a condensation. For any r > 0 let
Sr D ff 2 C.K/ W jjf jj � rg. As usual, the function u is the zero vector of C.K/,
i.e., u.x/ D 0 for every x 2 K; we will prove first that

(1) if r > 0; ffn W n 2 !g � Sr and fn ! u in Cp.K/ then fn ! u in the
space Cw.K/.
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Assume, towards a contradiction, that the sequence F D ffn W n 2 !g does
not converge to u in Cw.K/. Then there exists a linear functional ' W C.K/ ! R

such that ' is continuous on the space .C.K/; jj � jj/ and the sequence '.F / does
not converge to 0 (see Problem 397). Consequently, there is " > 0 and an infinite
A � ! such that the set f'.fn/ W n 2 Ag is contained either in Œ";C1/ or .�1;�"
.
Passing, if necessary, to the subsequence ffn W n 2 Ag and multiplying every fn by
�1 we can assume, without loss of generality, that A D ! and '.fn/ � " for every
n 2 A.

Recall that conv.P / D ft1g1 C : : : C tkgk W k 2 N; gi 2 P; ti 2 Œ0; 1
 for
all i � k and

Pk
iD1 ti D 1g is the convex hull of the set P ; it is convex for any

P � C.K/ and a set Q � C.K/ is convex if and only if Q D conv.Q/ (see Fact 1
of T.104). It is also evident that '.P / is a convex subset of R whenever P is a
convex subset of C.K/.

It follows from Problem 346 that there exists a sequence fhn W n 2 !g � conv.F /
which converges uniformly to u; since ' is continuous on .C.K/; jj�jj/, the sequence
H D f'.hn/ W n 2 !g converges to '.u/ D 0. In particular, there is m 2 ! such
that '.hm/ < ". Since hm 2 conv.F /, there are n 2 N and t1; : : : ; tn 2 Œ0; 1
 such
that

Pn
iD1 ti D 1 and hm D t1f1 C : : : C tnfn. However, '.fi / 2 R" D Œ";C1/

for every i � n; so '.hm/ D t1'.f1/ C : : : C tn'.fn/ 2 conv.R"/. The set R" is
convex; so '.hm/ 2 R", i.e., '.hm/ � "; this contradiction shows that (1) is proved.

Our next step is to show that

(2) if G D fgn W n 2 !g � X and G ! g in .X; �p/ then G ! g in .X; �w/.

Observe first that, the space .X; �p/ being compact, the function g belongs to
X and hence G [ fgg � C.K; I/ D S1. If fn D gn � g for any n 2 ! then we
have the inequality jjfnjj � jjgnjj C jjgjj � 2; so F D ffn W n 2 !g � S2 and
F ! u in Cp.K/. Apply (1) to conclude that fn ! u in the space Cw.K/. Since
Cw.K/ is a linear topological space by Problem 392, the operation f ! f C g is
a homeomorphism on Cw.K/ (see Fact 1 of S.496); so the sequence ffn C g W n 2
!g D fgn W n 2 !g converges to uC g D g in the space Cw.K/ and hence (2) is
proved.

If D � X is an infinite closed and discrete subset of .X; �w/ then use com-
pactness and Fréchet–Urysohn property of .X; �p/ (recall that .X; �p/ is Eberlein
compact) to choose a faithfully indexed sequence G D fgn W n 2 !g � D which
�p-converges to some g 2 XnG. By (2), the sequence G also converges to g in
.X; �w/ which is a contradiction with the fact that G � D is closed and discrete.
This proves that Y D .X; �w/ is countably compact. The map idX W Y ! .X; �p/ is
a condensation; so we can apply Problem 223 to see that idX is a homeomorphism
and hence �w D �p , i.e., the topologies induced on X from the spaces Cw.K/ and
Cp.K/ coincide.

U.400. (The original definition of an Eberlein compact space) Prove that X is an
Eberlein compact space if and only if it is homeomorphic to a weakly compact subset
of a Banach space.
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Solution. If .L; jj � jj/ is a Banach space then denote by Lw the set L endowed with
the weak topology of .L; jj � jj/. It was proved in Problem 396 thatLw is functionally
perfect and hence any compact K � Lw is Eberlein compact. Therefore, if a
compact space X is homeomorphic to a weakly compact subspace of a Banach
space then X is Eberlein compact.

Now assume that X is an Eberlein compact space; then there exists a compact
space K such that X embeds in Cp.K/ (see Problem 301). The spaces Cp.K/ and
Cp.K; .�1; 1// are homeomorphic; so we can assume, without loss of generality,
that X � Cp.K; .�1; 1// � Cp.K; I/. If jjf jj D supfjf .x/j W x 2 Kg for any f 2
C.K/ then .C.K/; jj � jj/ is a Banach space by Problem 388. Denote by Cw.K/ the
space C.K/ endowed with the weak topology of .C.K/; jj � jj/. Then the topologies
induced on X from the spaces Cp.K/ and Cw.K/ coincide by Problem 399; so
X embeds in the space Cw.K/ which shows that X is homeomorphic to a weakly
compact subset of the Banach space .C.K/; jj � jj/.
U.401. Prove that every subspace of a splittable space is splittable.

Solution. Suppose that X is a splittable space and take any Y � X ; then the
restriction map � W RX ! R

Y is continuous (to see it apply TFS-152 to the
sets X and Y with their respective discrete topologies). Given any f 2 R

Y let
g.x/ D f .x/ for any x 2 Y and g.x/ D 0 whenever x 2 XnY . Then g 2 R

X and
�.g/ D f ; the space X being splittable, there is a countable B � Cp.X/ such that
g 2 B (the bar denotes the closure in R

X ). The set A D �.B/ is countable and it
follows from continuity of � that f D �.g/ 2 A (here the bar stands for the closure
in R

Y ). Therefore every f 2 R
Y is in the closure of a countable subset of Cp.Y /,

i.e., Y is splittable.

U.402. Prove that every second countable space is splittable.

Solution. If a space X is second countable then d.Cp.X// D iw.X/ � !

(see TFS-174) and hence Cp.X/ is separable. If A � Cp.X/ is countable and dense
in Cp.X/ then A is also dense in R

X because Cp.X/ is dense in R
X . Thus, there is

a countable set A � Cp.X/ such that f 2 A for any f 2 R
X (the bar denotes the

closure in R
X ); so X is splittable.

U.403. Prove that  .X/ � ! for every splittable space X .

Solution. Suppose that a space X is splittable and fix any a 2 X . If g.a/ D 0

and g.x/ D 1 for any x 2 Xnfag then g 2 R
X ; so there is a countable A �

Cp.X/ such that g 2 A where the bar denotes the closure in R
X . If f 2 A then

f is continuous; so Pf D f �1.f .a// is a Gı-subset of X such that a 2 Pf ;
consequently, P D TfPf W f 2 Ag is a Gı-subset of X with a 2 P . For any
x 2 Xnfag we have g.x/ D 1; so the set V D ff 2 R

X W f .a/ < 1
3
; f .x/ > 2

3
g is

an open neighbourhood of the function g in R
X . It follows from g 2 A that there is

f 2 A \ V and hence f .x/ > 2
3
; f .a/ < 1

3
which implies that f .x/ ¤ f .a/ and

therefore x … Pf ; it follows from P � Pf that x … P .
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This proves that x … P for any x 2 Xnfag and hence fag D P is a Gı-set.
The point a 2 X was chosen arbitrarily; so we proved that any point of X is a
Gı-set, i.e.,  .X/ � !.

U.404. Prove that, if X condenses onto a splittable space, then X is splittable.
In particular, any space of countable i -weight is splittable.

Solution. Let ' W X ! Y be a condensation of a spaceX onto a splittable space Y .
For any f 2 R

Y let '�.f / D f ı '; then '� W RY ! R
X is an embedding (to see

this apply TFS-163 to the sets X and Y with their respective discrete topologies).
Given any f 2 R

X the function f0 D f ı '�1 belongs to R
Y and '�.f0/ D f ;

this shows that '�.RY / D R
X . Besides, '�.Cp.Y // is a (dense) subspace of Cp.X/

(this was also proved in TFS-163).
Given any g 2 R

X there is g0 2 R
Y such that '�.g0/ D g. The space Y

being splittable, there is a countable set B � Cp.Y / such that g0 2 clRY .B/. The
set A D '�.B/ � Cp.X/ is countable and it follows from continuity of '� that
g 2 clRX .A/. This proves that every g 2 R

X belongs to the closure of a countable
subset of Cp.X/, i.e., X is splittable. Finally apply our result and Problem 402 to
conclude that iw.X/ D ! implies that X is splittable.

U.405. Give an example of a splittable space which does not condense onto a second
countable space.

Solution. Let X be a discrete space of cardinality 2c. Then Cp.X/ D R
X ; so X is

splittable. Any space that condenses onto a second countable one has cardinality at
most c (because any second countable space has cardinality at most c). Thus X is
a splittable space which does not condense onto a second countable space because
jX j D 2c > c.

U.406. Give an example of a metrizable space which is not splittable.

Solution. Our main tool will be the following fact.

Fact 1. Suppose that M is a space such that jM j � c and jCp.M/j � c. If X is
a space for which there exists a disjoint family fM˛ W ˛ < cCg of subspaces of X
with M˛ ' M for any ˛ < c then X is not splittable.

Proof. Assume towards a contradiction, that X is splittable and fix a homeomor-
phism '˛ W M ! M˛ for any ˛ < cC. It follows from j expM j D 2jM j � 2c � cC
that we can choose a family fA˛ W ˛ < cCg of subsets of M such that A˛ ¤ Aˇ
whenever ˛ ¤ ˇ; let N˛ D '˛.A˛/ for any ˛ < cC. For the set N D SfN˛ W ˛ <
cCg � X let h.x/ D 1 for all x 2 N and h.x/ D 0 if x 2 XnN . Then h 2 R

X so,
by splittability of X , there is a set P D ffn W n 2 !g � Cp.X/ such that h 2 P
(the bar denotes the closure in R

X ).
The function g˛n D .fnjM˛/ı'˛ is continuous onM for any ˛ < cC and n 2 !;

since jCp.M/j � c, there are at most c-many distinct countable subsets of Cp.M/.

As a consequence, there are distinct ˛; ˇ < cC such that g˛n D gˇn for any n 2 !.
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The sets A˛ and Aˇ being distinct, we can assume, without loss of generality,
that there is t 2 A˛nAˇ; let t˛ D '˛.t/ and tˇ D 'ˇ.t/. Then t˛ 2 N and tˇ … N ;
so the set V D ff 2 R

X W f .t˛/ > 2
3
; f .tˇ/ <

1
3
g is open in R

X and contains h.
Since h 2 P , there is n 2 ! such that fn 2 V and therefore fn.t˛/ ¤ fn.tˇ/. This

implies g˛n .t/ D fn.'˛.t// D fn.t˛/ ¤ fn.tˇ/ D g
ˇ
n .t/ and hence g˛n ¤ g

ˇ
n which

is a contradiction. This shows that X cannot be splittable and completes the proof
of Fact 1.

Returning to our solution take a discrete space D of cardinality cC and let X D
R �D. If fd˛ W ˛ < cCg is a faithful enumeration of D then the family fR � fd˛g W
˛ < cCg consists of cC-many disjoint homeomorphic copies of R. Since jRj D c
and jCp.R/j D c, we can apply Fact 1 to see thatX is not splittable. Finally observe
that the product of two metrizable spaces is metrizable; so X is a metrizable non-
splittable space.

U.407. Give an example of a splittable space whose square is not splittable.

Solution. Take a discrete spaceD of cardinality cC and consider the set Y D R�D.
Choose a faithful enumeration fd˛ W ˛ < cCg of the set D and note that the family
fR � fd˛g W ˛ < cCg consists of cC-many disjoint homeomorphic copies of R.
Since jRj D c and jCp.R/j D c, we can apply Fact 1 of U.406 to see that Y is not
splittable.

To see that the space X D R ˚ D is splittable let us identify R and D with
the respective clopen subsets of X and take any function h 2 R

X . Since Cp.R/
is separable, there is a set P D ffn W n 2 !g � Cp.R/ such that hjR 2 P

(the bar denotes the closure in R
R). For any n 2 ! let gn.x/ D h.x/ if x 2 D and

gn.x/ D fn.x/ for all x 2 R. It is straightforward thatQ D fgn W n 2 !g � Cp.X/.
Now take any U 2 �.h;RX/; there is a finite A � X and " > 0 such that

W D ff 2 R
X W jf .x/ � h.x/j < " for any x 2 Ag � U . The function hjR being

in the closure of P , there is n 2 ! such that jfn.x/� h.x/j < " for any x 2 A\R.
Since fnjD D hjD, the inequality jfn.x/ � h.x/j < " holds for all x 2 A which
shows that fn 2 W \Q � U \Q. Therefore any neighbourhood of h in R

X meets
Q, i.e., h belongs to the closure of Q in R

X ; since h 2 R
X was chosen arbitrarily,

we proved that the space X is splittable. However, it is easy to see that Y embeds in
X �X ; this, together with Problem 401, implies that X �X is not splittable.

U.408. Prove that a space X with a unique non-isolated point is splittable if and
only if  .X/ � !.

Solution. Necessity follows from Problem 403; so assume that a is a unique non-
isolated point of a space X and  .X/ D !; let Y D Xnfag and choose a family
U D fUn W n 2 !g � �.a;X/ such that

T
U D fag and UnC1 � Un for any n 2 !.

The space X is normal (see Claim 2 of S.018); since the set Dn D .Y nUn/[fag
is closed and discrete in X , any real-valued function onDn extends to a continuous
real-valued function on the space X for any n 2 !.

Now, if we are given an arbitrary h 2 R
X then, for every n 2 !, there is a

function fn 2 Cp.X/ such that fnjDn D hjDn. Since X D S
n2! Dn, for any
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x 2 X there is m 2 ! such that fn.x/ D h.x/ for all n � m. Thus the sequence
S D ffn W n 2 !g � Cp.X/ converges to h (see TFS-143) and hence h belongs to
the closure of S . ThereforeX is splittable, i.e., we settled sufficiency.

U.409. Let X be a non-discrete space. Prove that, for any f 2 R
X , there exists a

countable A � R
XnCp.X/ such that f 2 A (the closure is taken in R

X ).

Solution. If f 2 R
XnCp.X/ then A D ff g does the job; so we can assume,

without loss of generality, that f 2 Cp.X/. Since X is non-discrete, there is a set
Y � X which is not open; let h.x/ D 1 for any x 2 Y and h.x/ D 0 whenever x 2
XnY . It is evident that h 2 R

XnCp.X/; so hn D 1
n
h 2 R

XnCp.X/; an immediate
consequence is that fn D f C hn 2 R

XnCp.X/ for any n 2 N. Since hn 2 Œ0; 1n 
X
for any n 2 N, the sequence ffn� f W n 2 Ng D fhn W n 2 Ng converges uniformly
to zero; this implies that the sequence A D ffn W n 2 Ng � R

XnCp.X/ converges
to f and hence f 2 A.

U.410. Let X be a splittable space. Prove that every regular uncountable cardinal
is a caliber of Cp.X/.

Solution. Suppose that � is an uncountable regular cardinal and take an arbitrary
family U � ��.Cp.X// of cardinality �. Choose, for every U 2 U , a set OU 2
�.RX/ such that OU \ Cp.X/ D U . It is clear that U ¤ V implies OU ¤ OV ; so
the family O D fOU W U 2 Ug � ��.RX/ has cardinality �. The cardinal � being a
caliber of RX (see SFFS-281), there is a function h 2 R

X and a family U 0 � U such
that jU 0j D � and h 2 TfOU W U 2 U 0g. By splittability of X there is a countable
A � Cp.X/ such that h 2 A (the bar denotes the closure in R

X ).
For any U 2 U 0 we can take a function fU 2 A \ OU ; since � is regular and

uncountable, there is f 2 A and a family W � U 0 such that jWj D � and fU D f
for any U 2 W . In particular, f 2 OU \ Cp.X/ D U for any U 2 W ; soT

W ¤ ;. Since for any U � ��.Cp.X// of cardinality � we have found W � U
with jWj D � and

T
W ¤ ;, the cardinal � is a caliber of Cp.X/.

U.411. Prove that every splittable space has a small diagonal.

Solution. If X is a splittable space then !1 is a caliber of Cp.X/ by Problem 410;
so X has a small diagonal by SFFS-293.

U.412. Prove that Cp.X/ is splittable if and only if it condenses onto a second
countable space.

Solution. Sufficiency is a consequence of Problem 404; now, if Cp.X/ is splittable
then  .Cp.X// D ! by Problem 403 and therefore iw.Cp.X// D  .Cp.X// D !
(see TFS-173), i.e., Cp.X/ condenses onto a second countable space.

U.413. Show that an open continuous image of a splittable space can fail to be
splittable.

Solution. The space ˇ! is separable; so iw.Cp.ˇ!// D d.ˇ!/ D ! and hence
Cp.ˇ!/ is splittable (see TFS-173 and Problem 404). If � W Cp.ˇ!/! Cp.ˇ!n!/
is the restriction map then � is continuous, onto and open by TFS-152. Apply TFS-
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173 once more to observe that  .Cp.ˇ!n!// D d.ˇ!n!/ > ! (see TFS-371);
so Cp.ˇ!n!/ is not splittable by Problem 403. Thus the non-splittable space
Cp.ˇ!n!/ is an open continuous image of the splittable space Cp.ˇ!/.

U.414. Let X be a space of cardinality � c. Prove that X is splittable if and only if
the i -weight of X is countable.

Solution. If iw.X/ D ! then X is splittable by Problem 404; so we have
sufficiency. Now assume that jX j � c andX is splittable. The space RX is separable
by TFS-108; so let H D fhn W n 2 !g be a dense subset of RX . By splittability of
X , for any n 2 !, there is a countable set An � Cp.X/ such that hn 2 An (the
bar denotes the closure in R

X ). The set A D S
n2! An is countable and H � A; so

R
X D H � A which shows that A is dense in R

X and hence in Cp.X/.
Thus the space Cp.X/ is separable; so we can apply TFS-174 to conclude that

iw.X/ D d.Cp.X// � !, i.e., i -weight of X is countable.

U.415. Prove that a space X is splittable if and only if, for every f 2 D
X , there is a

countable A � Cp.X/ such that f 2 A (the closure is taken in R
X ).

Solution. Necessity is evident; so assume that X is D-splittable, i.e., for any h 2
D
X there is a countable A � Cp.X/ such that h 2 A (the bar denotes the closure

in R
X ).

Fact 1. For any space Z the set QZ is uniformly dense in R
Z , i.e., for any f 2 R

Z

there is a sequence ffn W n 2 Ng � Q
Z which converges uniformly to f .

Proof. Take any f 2 R
Z ; denote by Z the set of all integers and fix n 2 N. For any

m 2 Z let Im D Œm
n
; mC1

n
/. It is clear that fIm W m 2 Zg is a disjoint cover of R; so

the family ff �1.Im/ W m 2 Zg is a disjoint cover of Z.
For any z 2 Z there is a unique m 2 Z such that z 2 f �1.Im/; let fn.z/ D m

n
.

It is straightforward that fn is a well-defined function and fn 2 Q
Z for any n 2 N.

Besides, it follows from z 2 f �1.Im/ that f .z/ 2 Im and fn.z/ 2 Im and therefore
jf .z/ � fn.z/j < 1

n
. This proves that jf .z/ � fn.z/j < 1

n
for any z 2 Z and n 2 N;

an immediate consequence is that the sequence ffn W n 2 Ng converges uniformly
to f , i.e., Fact 1 is proved.

Returning to our solution let fqi W i 2 !g be a faithful enumeration of Q and
take any function h 2 Q

X . For any n 2 ! consider the function hn defined by
hn.x/ D h.x/ if h.x/ D qi for some i � n; if h.x/ D qi and i > n then hn.x/ D 0.
It is clear that, for any x 2 X if h.x/ D qi then hn.x/ D h.x/ for all n � i ; as a
consequence, the sequence fhn W n 2 !g converges to h (see TFS-143).

Since hn.X/ � fq0; : : : ; qng, there are g10; : : : ; g
n
n 2 D

X such that hn D
nX

iD0
qig

i
n

for all n 2 !. Fix n 2 !; by D-splittability of X , for any i � n, there is a countable
set Bi � Cp.X/ such that gin 2 Bi . The set Ci D fqif W f 2 Bi g is still contained
in Cp.X/ and qigin 2 C i because the operation of multiplication by qi is continuous
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in R
X . Let C D ff0 C : : : C fn W fi 2 Ci for all i � ng; recalling that the sum

operation is also continuous in R
X , we conclude that hn 2 C . This proves that

(1) for any n 2 ! there is a set An � Cp.X/ such that hn 2 An.

Since hn ! h, it follows from (1) that the set A D S
n2! An contains h in its

closure. This shows that

(2) for every h 2 Q
X there is a countable A � Cp.X/ such that h 2 A.

Finally, if g 2 R
X then there is a sequence fgn W n 2 !g � Q

X such that gn ! g

(see Fact 1). The property (2) makes it possible to find a countable Pn � Cp.X/

such that gn 2 P n for any n 2 !. It immediate that the set P DS
n2! Pn � Cp.X/

is countable and g 2 P ; this proves that X is splittable and settles sufficiency; so
our solution is complete.

U.416. Prove that a space X is splittable if and only if, for any A � X , there exists
a continuous map ' W X ! R

! such that A D '�1'.A/.

Solution. To prove sufficiency fix any h 2 D
X ; for the set A D h�1.1/, there is a

continuous map ' W X ! R
! such that A D '�1.'.A//. The space Y D '.X/ is

second countable, so Cp.Y /must be separable; take a countable denseQ � Cp.Y /.
Then the set P D ff ı' W f 2 Qg � Cp.X/ is countable; we will prove that h 2 P
(the bar denotes the closure in R

X ).
Let A0 D '.A/; given any O 2 �.h;RX/, there is " > 0 and a finite set K � X

such that U D ff 2 R
X W jf .x/ � h.x/j < " for all x 2 Kg � O . If K0 D K \ A

then it follows from the choice of ' that '.KnK0/\A0 D ;. The setQ being dense
in Cp.Y / there is a function f 2 Q such that jf .y/� 1j < " for all y 2 '.K0/ and
jf .y/j < " whenever y 2 '.KnK0/. Then g D f ı ' 2 P and jg.x/ � 1j < "

for any x 2 K0 while jg.x/j < " if x 2 KnK0. Since h.x/ D 1 for all x 2 K0

and h.x/ D 0 whenever x 2 KnK0, we have jh.x/ � g.x/j < " for all x 2 K . An
immediate consequence is that g 2 U \ P � O \ P and hence h 2 P . Therefore,
for any h 2 D

X there is a countable set P � Cp.X/ such that h 2 P ; this shows
that X is splittable (see Problem 415) and hence we proved sufficiency.

Now assume that X is splittable and take any A � X ; let h.x/ D 1 for all x 2 A
and h.x/ D 0 whenever x 2 XnA. There is a countable set P � Cp.X/ such that
h 2 P . The map ' D �P W X ! R

P is continuous; since P is countable, the
space R

P is homeomorphic to a subspace of R! ; so ' can be considered to be a
map from X to R

! . Given x 2 A and y 2 XnA we have h.x/ D 1 and h.y/ D 0;
so there is a function f 2 P such that f .x/ > 2

3
and f .y/ < 1

3
. In particular,

f .x/ ¤ f .y/ and hence '.x/ ¤ '.y/. This proves that '.A/ \ '.XnA/ D ;; an
immediate consequence is that A D '�1.'.A// so we settled necessity.

U.417. Prove that any pseudocompact splittable space is compact and metrizable.

Solution. If Z is a space and A � expZ then AjB D fA\B W A 2 Ag for any set
B � Z.
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Fact 1. IfZ is a pseudocompact space and  .z; Z/ � ! for some point z 2 Z then
	.z; Z/ � !.

Proof. Choose a sequence B D fUn W n 2 !g � �.z; Z/ such that UnC1 � Un for
all n 2 ! and

T
B D fzg. If B is not a local base at z then there is U 2 �.z; Z/

for which UnnU ¤ ; for every n 2 !. Fix V 2 �.z; Z/ such that V � U ; then
Wn D UnnV 2 ��.Z/ for each n 2 !. It is clear that WnC1 � Wn for any n 2 !, so
the family fWn W n 2 !g is centered; by pseudocompactness of the space Z, the set
F D T

n2! W n is non-empty. It is easy to see that F � ZnV and at the same time,
F �T

n2! U n D fzg � V ; this contradiction shows that B is a countable local base
at z, i.e., 	.z; Z/ � ! and hence Fact 1 is proved.

Fact 2. If Z is a pseudocompact first countable space then, for any Y � Z with
jY j � c there is Y 0 � Z such that jY 0j � c, the space Y 0 is pseudocompact
and Y � Y 0.

Proof. Fix a countable local base Bx at any point x 2 Z and let Y0 D Y . Suppose
that ˛ < !1 and we have constructed a family fYˇ W ˇ < ˛g of subsets of Z with
the following properties:

(1) 
 < ˇ < ˛ implies Y
 � Yˇ;
(2) if 
 < ˇ < ˛ and U is a countably infinite subfamily of

SfBx W x 2 Y
g then
there is a point z 2 Yˇ such that every neighbourhood of z meets infinitely many
elements of the family U jY
C1;

(3) jYˇj � c for any ˇ < ˛.

If ˛ is a limit ordinal then we let Y˛ D S
ˇ<˛ Yˇ; it is clear that the properties

(1)–(3) still hold for all ˇ � ˛. If ˛ D ˇ C 1 then the family U of all countably
infinite subfamilies of

SfBx W x 2 Yˇg has cardinality at most c. For any U 2 U

apply pseudocompactness of Z to find a point z.U/ such that every neighbourhood
of z D z.U/ meets infinitely many elements of U . For any B 2 Bz we can choose a
countable setNB � Z such that, for anyU 2 U , ifB\U ¤ ; thenB\U\NB ¤ ;;
then the set Mz D SfNB W B 2 Bzg is countable.

Since jUj � c, the set Y˛ D SfMz.U/ W U 2 Ug has cardinality at most c. Our
construction shows that the conditions (1)-(3) are satisfied for all ˇ � ˛. Therefore
our inductive procedure can be continued to obtain a family fY˛ W ˛ < !1g such that
(1)–(3) are true for all ˛ < !1.

It is evident that the set Y 0 D SfY˛ W ˛ < !1g � Y has cardinality at most c;
so we must only prove that Y 0 is pseudocompact. To do so take a countably infinite
discrete family U 0 � ��.Y 0/. For any U 0 2 U 0 there is a point y 2 Y 0 and B 2 By
such that B \ Y 0 � U 0. This shows that we can assume, without loss of generality,
that there is a set A D fyn W n 2 !g � Y 0 such that, for any n 2 !, a set Bn 2 Byn
is chosen in such a way that U D fBn \ Y 0 W n 2 !g.

Fix an ordinal ˇ < !1 for which A � Yˇ . The property (2) shows that there is a
point z 2 Y 0 such that every neighbourhood of z intersects infinitely many elements
of U . This, however, contradicts discreteness of U in Y 0 and proves that Y 0 has no
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discrete infinite families of non-empty open subsets, i.e., Y 0 is pseudocompact; so
Fact 2 is proved.

Returning to our solution assume that X is a pseudocompact splittable space.
We have  .X/ � ! by Problem 403; so X is first countable by Fact 1. If X is not
hereditarily Lindelöf then there is a right-separated Y � X with jY j D !1 (see
SFFS-005). Apply Fact 2 to find a pseudocompact Y 0 � X such that Y � Y 0 and
jY 0j � c. The space Y 0 is also splittable (see Problem 401); so it can condensed
onto a second countable space by Problem 414. Such a condensation has to be a
homeomorphism (see TFS-140); so w.Y 0/ D ! which is a contradiction with the
fact that Y � Y 0 is right-separated and hence hl.Y / > !.

As a consequence, the space X is hereditarily Lindelöf; apply Fact 1 of T.015 to
see that jX j � 2 .X/�s.X/ � 2hl.X/ � 2! D c. Thus we can apply Problem 414 again
to conclude that iw.X/ � ! and henceX is compact and metrizable (see TFS-140),
i.e., our solution is complete.

U.418. Prove that a Lindelöf space X is splittable if and only if iw.X/ � !.

Solution. If iw.X/ � ! then X is splittable by Problem 404; so we have
sufficiency. Now assume that X is a splittable Lindelöf space. If Y � X then there
is a continuous map ' W X ! R

! such that Y D '�1.'.Y // (see Problem 416).
The setZ D '.Y / has cardinality at most c and '�1.z/ is closed inX for any z 2 Z.
The set Y D Sf'�1.z/ W z 2 Zg is a union of � c-many closed subspaces of X ; so
it follows from l.X/ � ! that l.Y / � c.

The set Y � X was taken arbitrarily; so we proved that hl.X/ � c and therefore
jX j � 2 .X/s.X/ � 2hl.X/ � 2c (see Fact 1 of T.015). The space R

X has density
at most c (see TFS-108); so we can fix a dense set P � R

X with jP j � c. Since
X is splittable, for any f 2 P we can find a countable set Af � Cp.X/ such that
f 2 Af (the bar denotes the closure in R

X ). If A D SfAf W f 2 P g � Cp.X/

then jAj � c and P � A which shows that A is dense in R
X and hence in Cp.X/.

Thus iw.X/ D d.Cp.X// � c and hence there exists a condensation ' W X ! Y

of the space X onto a space Y such that w.Y / � c. Observe that  .X/ � !

(see Problem 403) which, together with the Lindelöf property of X implies that
l.Xnfxg/ � !; as a consequence, l.Y nfyg/ � ! for any y 2 Y and hence  .Y / �
! (see Fact 1 of U.027).

Fact 1. If Z is a space then jZj � nw.Z/ .Z/.

Proof. Let N be a network in Z of cardinality � D nw.Z/. For any z 2 Z fix a
family Bz � �.z; Z/ such that jBxj � � D  .Z/ and

T
Bz D fzg.

For any point z 2 Z and any element B 2 Bz choose a set N.z; B/ 2 N such
that z 2 N.z; B/ � B . The family Nz D fN.z; B/ W B 2 Bzg is contained in N
and jNzj � �. If we let '.z/ D Nz for any z 2 Z then ' maps Z into the family
A D fN 0 � N W jN 0j � �g. It is clear that jAj � ��. Besides, if x ¤ y then there
is B 2 Bx such that y … B and hence N.x;B/ � B cannot belong to Ny because
all elements of Ny contain y. This proves that Nx ¤ Ny for any distinct x; y 2 Z,
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i.e., the map ' is an injection of Z into the set A of cardinality � ��. Therefore
jZj � �� and Fact 1 is proved.

Finally, apply Fact 1 to see that jY j � w.Y / .Y / � c! D c; since X condenses
onto Y , we also have jX j � c; so iw.X/ � ! by Problem 414. This settles necessity
and makes our solution complete.

U.419. Prove that a Lindelöf ˙-space is splittable if and only if it has a countable
network.

Solution. If nw.X/ D ! then iw.X/ � ! (see TFS-156) and hence X is splittable
(see Problem 404); so we have sufficiency. Now, if X is a splittable Lindelöf
˙-space then iw.X/ � ! by Problem 418; so nw.X/ � ! by SFFS-266; this
proves necessity.

U.420. Prove that a Lindelöf p-space is splittable if and only if it is second
countable.

Solution. If w.X/ D ! then X is splittable (see Problem 402); so we have
sufficiency. Now, if X is a splittable Lindelöf p-space then iw.X/ � ! by
Problem 418, so w.X/ � ! by SFFS-244; this proves necessity.

U.421. Prove that any Čech-complete splittable paracompact space is metrizable.

Solution. Call a non-empty space X crowded if X has no isolated points. For any
U � expX and A � X let U.A/ D SfU 2 U W U \ A ¤ ;g be the star of
the set A with respect to U . For any x 2 X we write U.x/ instead of U.fxg/.
A sequence fUn W n 2 !g of open covers of X is called star-decreasing if UnC1 is a
star refinement of Un for any n 2 !; recall that this means that, for any U 2 UnC1,
the set UnC1.U / is contained in some element of Un.

Fact 1. If X is a sequential splittable space then there is a closed Y � X such that
jY j � c and K � Y wheneverK is a crowded compact subspace of X .

Proof. Let F be a maximal disjoint family of compact crowded subspaces of X .
Every F 2 F is metrizable (see Problems 401 and 417); so we can apply Fact 4 of
T.250 to see that there isKF � F withKF ' D

! . Since jD!j D c and jCp.D!/j D
c, we can apply Fact 1 of U.406 to see that jF j � c and hence the set Z D S

F has
cardinality at most c.

It follows easily from sequentiality of X that Y D Z also has cardinality which
does not exceed c. If K � X is a crowded compact space and KnY ¤ ; then KnY
is a crowded locally compact subspace of X which shows that there is a crowded
compactK 0 � KnY . Thus F 0 D F [ fK 0g is a disjoint family of crowded compact
subspaces of X such that F � F 0 and F ¤ F 0; this contradiction with maximality
of F shows that K � Y and hence Fact 1 is proved.

Fact 2. For any sequential splittable space X there are disjointA;B � X such that
A[B D X and, for any compactK � X , ifK � A orK � B thenK is countable.
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Proof. By Fact 1 there exists a closed Y � X such that jY j � c and any crowded
compact subspace of X is contained in Y . By Problems 414 and 401 there exists
a condensation ' W Y ! M of the space Y onto a second countable space M .
If X has no crowded compact subsets then every compact K � X is countable
(see Problem 417 and SFFS-353); so the sets A D ; and B D X do the job. Now
suppose that the family K D fK W K is a crowded compact subspace of Xg is
non-empty.

If K 2 K then K � Y and hence '.K/ ' K is a crowded compact subset
of M ; besides, K;K 0 2 K and K ¤ K 0 implies '.K/ ¤ '.K 0/ because ' is a
bijection. Thus cardinality of K does not exceed the cardinality of the family of all
closed subsets of M . It is an easy exercise that the family of closed subspaces of a
second countable space has at most c elements so jKj � c; let fK˛ W ˛ < cg be an
enumeration of K.

It follows from SFFS-353 that any set K 2 K has cardinality c; so it is easy to
construct by transfinite induction faithfully indexed disjoint subsets fx˛ W ˛ < cg
and fy˛ W ˛ < cg of the space Y such that fx˛; y˛g � K˛ for all ˛ < c. We
claim that the sets A D fx˛ W ˛ < cg and B D XnA are as promised. Indeed, if
K 0 is an uncountable compact subset of X then it is metrizable by Problem 417;
so it contains a crowded compact subset K; by our choice of Y we have K � Y

and hence K D K˛ for some ˛ < c. Since fx˛; y˛g � K˛ D K , the set K (and
hence K 0) intersects both A and B . Therefore no uncountable compact subset of X
can be contained either in A or in B , i.e., Fact 2 is proved.

Fact 3. If a space X is Čech-complete then  .x;X/ D 	.x;X/ for any x 2 X . In
particular, any splittable Čech-complete space is first countable.

Proof. Fix an arbitrary point x 2 X ; we have to prove that 	.x;X/ �  .x;X/

so take an infinite cardinal � and assume that  .x;X/ � �. There exists a compact
subspaceK � X such that x 2 K and 	.K;X/ � ! (see TFS-263). It follows from
the formula 	.x;K/ D  .x;K/ �  .x;X/ � � (see TFS-327) that we can choose
a local base fU˛ W ˛ < �g of the space K at the point x. Let V D fVn W n 2 !g be
a decreasing outer base of K in X . It is easy to see that the set Wn;˛ D Vnn.KnU˛/
is an open neighbourhood of x in X ; using regularity of X fix a decreasing family
fBn;˛ W n 2 !g � �.x;X/ such that Bn;˛ � Wn;˛ for any n 2 ! and ˛ < �.

The family B D fBn;˛ W n 2 !; ˛ < �g � �.x;X/ has cardinality � �. To see
that B is a local base at x in the space X take any U 2 �.x;X/. There is ˛ < �

such that U˛ � U \ K; since W0;˛ \ K D U˛ and B0;˛ � W0;˛ , the closed set
F D B0;˛nU is disjoint fromK . The family V being an outer base ofK in X , there
is n 2 ! such that Vn \ F D ;. Then Bn;˛nU � .B0;˛nU / \ Vn D ; and hence
Bn;˛ � U which proves that B is a local base of X at the point x, i.e., 	.x;X/ �
�. This shows that 	.x;X/ �  .x;X/ and hence  .x;X/ D 	.x;X/ for any
x 2 X . Finally observe that any splittable space has countable pseudocharacter by
Problem 403; so 	.X/ � ! for any splittable Čech-complete space X and hence
Fact 3 is proved.
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Fact 4. Let T be a countable set (which can be finite). Suppose thatX is a splittable
space and A D fAt W t 2 T g is a family of subsets of X . Then there exists a second
countable space M and a continuous map ' W X !M such that '�1.'.At // D At
for any t 2 T .

Proof. We can apply Problem 416 to see that for any element t 2 T , there exists a
continuous map 't W X ! R

! such that '�1
t .'t .At // D At . The diagonal product

' D �t2T 't W X ! .R!/T is continuous and M D '.X/ is second countable.
To see that M is as promised take any t 2 T and x 2 At . If '.x0/ D '.x/

then 't.x0/ D 't.x/ and hence x0 2 At by the choice of 't . This proves that
'�1.'.At // D At for any t 2 T , i.e., Fact 4 is proved.

Fact 5. Suppose that X is a paracompact Čech-complete space and fix a sequence
O D fOn W n 2 !g � �.ˇX/ such that

T
n2! On D X and OnC1 � On for every

n 2 !. Call a sequence fAn W n 2 !g of families of subsets of X subordinated to
O if, for any n 2 ! and A 2 An, we have clˇX.A/ � On. Then, for any sequence
S D fUn W n 2 !g of open covers of X which is star-decreasing and subordinated
to O, the set Kx D T

n2! Un.x/ is compact and the family fUn.x/ W n 2 !g is an
outer base of Kx for any x 2 X .

Proof. Fix x 2 X and let Wn D Un.x/; observe that WnC1 � Wn for any n 2 !.
Since S is star-decreasing, for any n 2 N, the set Wn is contained in an element of
Un�1; so it follows from the fact that S is subordinated to O that clˇX.Wn/ � On�1.
ThereforeK D TfclˇX.Wn/ W n 2 Ng � TfOn�1 W n 2 Ng D X ; it is evident that
K is compact and Kx � K .

It follows from Fact 1 of S.326 that the family K D fclˇX.Wn/ W n 2 !g is a
network of the set K in ˇX , i.e., for any U 2 �.K; ˇX/ there is n 2 ! such that
clˇX.Wn/ � U .

Given an element V 2 UnC1 there is V 0 2 Un such that UnC1.V / � V 0 and
therefore UnC1.XnV 0/ \ V D ;. An immediate consequence is that V � V 0. Thus
the closure of every element of UnC1 is contained in an element of Un; the sequence
S being star-decreasing, we have W nC2 � Wn for any n 2 !. This proves that
Kx D TfW n W n 2 !g is a closed subset of X .

Now, if y 2 K then y 2 clˇX.Wn/\ X D W n for any number n 2 ! and hence
y 2 T

n2! W n D Kx ; this proves that Kx D K is compact. Since the family K is a
network of K D Kx in ˇX , the family fWn W n 2 !g is an outer base of Kx in X ;
so Fact 5 is proved.

Fact 6. Suppose that X is a Čech-complete paracompact splittable space. If A
is a countable disjoint family of subsets of X then there exists a star-decreasing
sequence fUn W n 2 !g of open covers of X such that for any point x 2 X , the set
Kx D TfUn.x/ W n 2 !g is compact and x 2 A 2 A impliesKx � A.

Proof. Apply Fact 4 to find a second countable space M and a continuous map
' W X ! M such that '�1.'.A// D A for any A 2 A. Fix a decreasing family
O D fOn W n 2 !g � �.ˇX/ such that

T
O D X . Since M is metrizable, there

exists a sequence fV 0
n W n 2 !g of open covers of M for which

TfV 0
n.x/ W n 2
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!g D fxg for any x 2 M ; let Vn D f'�1.V / W V 2 V 0
ng for every n 2 !. It is

straightforward that

(1)
T
n2! Vn.x/ D '�1.'.x// for any x 2 X ; so x 2 A 2 A impliesT
n2! Vn.x/ � A.

For any number n 2 ! there exists an open cover Wn of the space X such
that clˇX.W / � On for any W 2 Wn. Using paracompactness of X it is easy
to construct a star-decreasing sequence S D fUn W n 2 !g of open covers of X
such that every Un refines both covers Vn and Wn. Therefore the sequence S is
subordinated to O in the sense of Fact 5; so the set Kx is compact for any x 2 X .
Besides, Kx � T

n2! Vn.x/; so the property (1) shows that Kx � A whenever
x 2 A 2 A and hence Fact 6 is proved.

Fact 7. If X is a Čech-complete paracompact space with a Gı-diagonal then X is
metrizable.

Proof. By Fact 1 of T.235 there is a sequence fVn W n 2 !g of open covers of X
such that

T
n2! Vn.x/ D fxg for any x 2 X . By Čech-completeness of X there is a

decreasing family O D fOn W n 2 !g � �.ˇX/ such that
T

O D X . It is evident
that there exists an open cover Wn of the space X such that clˇX.W / � On for any
W 2Wn. Using paracompactness ofX we can construct a star-decreasing sequence
fUn W n 2 !g of open covers of X such that every Un refines both covers Vn and
Wn. Then

T
n2! Un.x/ �

T
n2! Vn.x/ D fxg for any x 2 X ; this, together with

the fact that the sequence fUn W n 2 !g is subordinated to O in the sense of Fact 5,
implies that

(2) the family fUn.x/ W n 2 !g is a local base in X at x for any x 2 X .

Use once more paracompactness of X to take a locally finite refinement Bn of
the cover Un for any n 2 !. It turns out that the family B D S

n2! Bn is a base
in X . Indeed, it follows from (2) that if x 2 U 2 �.X/ then there is n 2 ! such
that Un.x/ � U . Take any B 2 Bn with x 2 B; since Bn is a refinement of Un, we
have B � Un.x/ � U . As a consequence, B is a �-locally finite base of X ; so X is
metrizable by TFS-221 and hence Fact 7 is proved.

Returning to our solution assume that X is a paracompact Čech-complete
splittable space and fix a family O � �.ˇX/ such that

T
O D X and OnC1 � On

for any n 2 !. The space X is first countable and hence sequential by Fact 3;
so we can apply Fact 2 to see that there exists a set A � X such that a compact
subspace K � X is countable whenever K � A or K � XnA. Apply Fact 6
to find a star-decreasing sequence fUn W n 2 !g of open covers of X such that
the set Kx D T

n2! Un.x/ is compact and x 2 A (x 2 XnA) implies Kx � A

(orKx � XnA respectively) for any x 2 X .
Take any x 2 X ; observe first that y 2 Kx if and only if x 2 Ky and fix a point

y 2 Kx. If t 2 Ky and n 2 ! then t 2 UnC1.y/ and y 2 UnC1.x/; so there are
U; V 2 UnC1 such that ft; yg � U and fx; yg � V . Therefore t 2 UnC1.V /; since
UnC1 is a star refinement of Un, there isW 2 Un such that U [V � W which shows
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that t 2 Un.x/. This proves that t 2 Un.x/ for any n 2 ! and hence t 2 Kx. The
point t 2 Ky was chosen arbitrarily; so we proved thatKy � Kx. We already noted
that y 2 Kx implies x 2 Ky; so replacing x by y and vice versa in the previous
reasoning we also obtain the inclusionKx � Ky . In other words,

(3) if x 2 X and y 2 Kx then Ky D Kx .

An easy consequence of (3) is that the family fKx W x 2 Xg is a partition of X
in the sense that Kx \ Ky ¤ ; implies Kx D Ky ; to see it suffices to take any
z 2 Kx \Ky and observe that Kx D Kz D Ky by (3).

Every setKx being countable by the choice ofA, we can choose a disjoint family
fPn W n 2 !g of subsets of X such that

S
n2! Pn D X and jPn \Kxj � 1 for any

x 2 X and n 2 !. Apply Fact 6 once more to find a star-decreasing sequence
fVn W n 2 !g of open covers of X such that the set Mx D T

n2! Vn.x/ is compact
and x 2 Pn impliesMx � Pn for any x 2 X and n 2 !.

For any n 2 ! choose an open cover Wn of the space X which refines both
covers Un and Vn. If x 2 X then there is a uniquem 2 ! such that x 2 Pm. We have
Nx D T

n2! Wn.x/ � Mx � Pm; besides, it follows from Nx � Kx that Nx \ Pm
has at most one point; so Nx D Nx \ Pm D fxg. The point x 2 X was chosen
arbitrarily; so we proved that

T
n2! Wn.x/ D fxg for any x 2 X and hence X

has a Gı-diagonal by Fact 1 of T.235. Finally, apply Fact 7 to conclude that X is
metrizable and hence our solution is complete.

U.422. Let X be a complete metrizable dense-in-itself space. Prove that X is
splittable if and only if jX j � c.

Solution. If jX j � c then w.X/ � c; so iw.X/ � ! by SFFS-102 and hence X is
splittable by Problem 404; this gives sufficiency.

Now assume that X is a complete metrizable splittable space with jX j > c;
apply SFFS-102 once more to see that w.X/ > c and hence c.X/ D w.X/ > c.
Fix a disjoint family fU˛ W ˛ < cCg � ��.X/ and choose a set V˛ 2 ��.X/ such
that V ˛ � U˛ for any ˛ < cC. Every space V ˛ is dense-in-itself; so we can apply
Fact 1 of T.045 to see that there exists a closed separable dense-in-itself subspace
F˛ � V ˛ .

It is clear that every F˛ is also a complete metric space. If F˛ is countable then it
is of first category being the union of its singletons which are nowhere dense in F˛;
this contradiction proves that F˛ is an uncountable Polish space and hence we can
apply SFFS-353 to find a subspaceK˛ � F˛ such that K˛ ' D

! for any ˛ < cC.
The family fK˛ W ˛ < cCg is disjoint and consists of homeomorphic copies

of D! . Since jD!j D c and jCp.D!/j D c, we can apply Fact 1 of U.406 to see
that X is not splittable. This contradiction shows that jX j � c and hence we proved
necessity.

U.423. Suppose that X D SfXn W n 2 !g, where Xn � XnC1 for each n 2 !,
the subspace Xn is splittable and C �-embedded in X for every n. Prove that X is
splittable.
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Solution. Take any h 2 D
X ; then hn D hjXn 2 D

Xn for any n 2 !. The space Xn
being splittable there is a countable set Bn � Cp.Xn/ such that hn belongs to the
closure of Bn in R

Xn for any n 2 !.
Let �.t/ D 1

2
.jt C 2j � jt � 2j/ for every t 2 R; then � W R ! Œ�2; 2
 is

a continuous function with �.t/ D t for any t 2 Œ�2; 2
. For any n 2 ! the set
Cn D f� ı f W f 2 Bng is contained in C �

p .Xn/ and it is straightforward that hn is
also in the closure of Cn in R

Xn .
Since Xn is C �-embedded in X , for every f 2 Cn there is gf 2 Cp.X/ such

that gf jXn D f ; therefore the set An D fgf W f 2 Cng � Cp.X/ is countable for
any n 2 !. The set A D S

n2! An is also countable; let us check that h 2 A (the bar
denotes the closure in R

X ).
For any U 2 �.h;RX/ there exists a finite set E � X and a number " > 0

such that V D ff 2 R
X W jf .x/ � h.x/j < " for all x 2 Eg � U . Take n 2 !

such that E � Xn; since hn is in the closure of Cn, there is f 2 Cn such that
jhn.x/ � f .x/j < " for all x 2 E . We have hn.x/ D h.x/ for all x 2 E; so
jgf .x/ � h.x/j D jf .x/ � hn.x/j < " for all x 2 E which shows that gf 2
A \ V � A \ U , i.e., A \ U ¤ ; for any U 2 �.h;RX/ and therefore h 2 A.
Thus every h 2 D

X is in the closure (in R
X ) of a countable subset of Cp.X/; so X

is splittable by Problem 415.

U.424. Prove that any normal strongly �-discrete space is strongly splittable.

Solution. Suppose that X is strongly �-discrete and normal. There exists a
sequence fXn W n 2 !g of closed discrete subspaces of X such that X D S

n2! Xn
and Xn � XnC1 for any n 2 !. Given any h 2 R

X , the function hn D hjXn
is continuous on Xn because Xn is discrete. By normality of X , for any n 2 !,
there exists fn 2 Cp.X/ such that fnjXn D hn. If x 2 X then x 2 Xm for some
m 2 ! and therefore fn.x/ D hn.x/ D h.x/ for any n � m. Thus the sequence
ffn.x/ W n 2 !g converges to h.x/ for any x 2 X which shows that the sequence
ffn W n 2 !g converges to h (see TFS-143) and hence X is strongly splittable.

U.425. Give an example of a strongly �-discrete space which is not splittable.

Solution. Let X be a Mrowka space (see TFS-142); then X is pseudocompact,
non-compact and X D D [ A where the set D is countable and dense in X
while A is closed and discrete. Thus the family ffd g W d 2 Dg [ fAg witnesses
that X is strongly �-discrete. However, X is not splittable because any splittable
pseudocompact space has to be compact by Problem 417.

U.426. Show that, for any cardinal �, there exists a normal strongly �-discrete (and
hence splittable) space X with c.X/ D ! and jX j � �.

Solution. Given a set T and t 2 T say that a familyBt � expT is a weak local base
at t if

T
Bt D ftg and, for any B;B 0 2 Bt there is C 2 Bt such that C � B \ B 0.

Given a set Y � T say that a set U � T is a weak neighbourhood of Y if, for any
t 2 Y there exists B 2 Bt with B � U .

Fact 1. Suppose that � is a cardinal with �! D � and A is a set such that jAj D �.
Then the space I

A has a strongly �-discrete dense subspace of cardinality �.
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Proof. Take a disjoint family A D fA˛ W ˛ < �g � expA such that jA˛j D � for
any ˛ < �. Let F D SfIF W F is a non-empty finite subset of Ag. It is easy to see
that jF j D �; so let ff˛ W ˛ < �g be an enumeration of F ; for any ˛ < � denote by
D˛ the domain of the function f˛ .

For each ˛ < � define a point x˛ 2 I
A as follows: x˛.t/ D f˛.t/ for all t 2 D˛;

if t 2 A˛nD˛ then x˛.t/ D 1 and x˛.t/ D 0 for all t 2 An.D˛ [ A˛/. It turns out
that the set Z D fx˛ W ˛ < �g is as promised.

To see it let Pn D f˛ < � W jD˛j D ng for every n 2 N. If Zn D fx˛ W ˛ 2 Png
for any n 2 N then Z D SfZn W n 2 Ng. Fix an arbitrary n 2 N; given ˛ < �

choose a set F˛ � A˛nD˛ with jF˛j D nC 1 and consider the set O˛ D fx 2 Z W
x.t/ > 0 for any t 2 F˛g. It is clear that O˛ 2 �.x˛;Z/; if ˇ 2 Pn and ˇ ¤ ˛

then there is a point t 2 F˛nDˇ (because jDˇj D n < jF˛j). It is immediate that
xˇ.t/ D 0 and hence xˇ … O˛ . This proves that every x˛ 2 Z has a neighbourhood
O˛ such that O˛ \ Zn contains at most one point. This, of course, implies that Zn
is closed and discrete in Z and hence Z is strongly �-discrete.

Finally take a non-empty open U � I
A; there is a finite non-empty D � A and

a function f 2 I
D such that the set fx 2 I

A W xjD D f g � U . There is ˛ < �

such that D D D˛ and f D f˛; it is straightforward that x˛jD D f and hence
x˛ 2 U \Z. This shows that Z is dense in I

A; it is evident that jZj D �; so Fact 1
is proved.

Fact 2. Given a set T suppose that Bt � expT is a weak local base at T for any
t 2 T . If � D fU � T W t 2 U implies B � U for some B 2 Btg then � is a
T1-topology on T which is said to be generated by the collection fBt W t 2 T g of
weak local bases.

Proof. It is clear that ; 2 � and T 2 � . If U; V 2 � and t 2 U \ V then there are
B;B 0 2 Bt such that B � U and B 0 � V . Take C 2 Bt with C � B \ B 0; then
C � U \ V and hence U \ V 2 � . It is evident that U � � implies

S
U 2 � ; so

� is indeed a topology on T . Finally, if t 2 T and z 2 T nftg then there is B 2 Bz

such that t … B and hence B � T nftg. This shows that T nftg is open in .T; �/ for
any t 2 T , i.e., .T; �/ is a T1-space and hence Fact 2 is proved.

Fact 3. Given a set T suppose that Bt � expT is a weak local base at t for any
t 2 T and let � be the topology on T generated by the collection fBt W t 2 T g. Then

(i) if U and V are weak neighbourhoods of a set Y � T then U \V is also a weak
neighbourhood of Y ;

(ii) for every sequence fUn W n 2 !g � expT such that UnC1 is a weak
neighbourhood of Un for any n 2 !, the set U DS

n2! Un is open in .T; �/.

Proof. If x 2 Y then there are B;B 0 2 Bx such that B � U and B 0 � V . Take any
C 2 Bx with C � B \ B 0; then C � U \ V ; so U \ V is a weak neighbourhood
of Y which proves (i).

As to (ii), if x 2 U then x 2 Un for some n; by our assumption, there is B 2 Bx
such that B � UnC1 � U ; so U 2 � and Fact 3 is proved.
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Fact 4. Suppose that T is a set and we have a collection B D fBt W t 2 T g of
weak local bases and a disjoint family fTn W n 2 !g � expT with the following
properties:

(a)
S
n2! Tn D T ;

(b) for any n 2 !, if t 2 Tn then Bnftg � TnC1 for every B 2 Bt ;
(c) for any n 2 ! and Y � Tn there exist U; V � T such that U is a

weak neighbourhood of Y , the set V is a weak neighbourhood of TnnY and
U \ V D ;.

Then the set T , with the topology � generated by the collection B of weak local
bases, is a T4-space.

Proof. It follows from Fact 2 that .T; �/ is a T1-space; so it suffices to establish
normality of .T; �/. Suppose that F and G are disjoint closed subspaces of .T; �/;
let Fn D F \ Tn; Gn D G \ Tn for all n 2 !. Our first inductive step is to define
the set U0 D F0; Suppose thatm 2 ! and we have defined sets U0; : : : ; Um with the
following properties:

(1) Fi � Ui � TinGi for all i � m;
(2) if Vi D U0 [ : : :[ Ui for each i � m then ViC1 is a weak neighbourhood of Vi

for all i < m;
(3) if Wi D .T0nU0/ [ : : : [ .TinUi/ for each i � m then WiC1 is a weak

neighbourhood of Wi for all i < m;

Apply the property (c) to the set Y D Um to find disjoint sets P;Q � T such that
Um � P; TmnUm � Q while the sets P and Q are weak neighbourhoods of Um
and TmnUm respectively. Fact 3 and (b) imply that Um[ ..P \TmC1/nGmC1/ is still
a weak neighbourhood of Um; let UmC1 D .P \ TmC1/nGmC1. It is straightforward
that the conditions (1) and (2) are still satisfied if we replacem bymC 1. As to (3),
the set .TmnUm/ [ .Q \ TmC1/ is a weak neighbourhood of TmnUm. Since Q \
TmC1 � TmC1nUmC1, the set .TmnUm/ [ .TmC1nUmC1/ is a weak neighbourhood
of TmnUm. An easy application of (b) shows that (3) is also fulfilled if we replacem
by mC 1.

Therefore our inductive procedure can be continued to construct the sequence
fUi W i 2 !g such that (1)–(3) hold for all m 2 !. If V D S

i2! Vi and W DS
i2! Wi then it follows from (1) and (3) that F � V; G � W and V \ W D ;.

Besides, the properties (2) and (3) together with Fact 3 show that V andW are both
open in .T; �/. Thus .T; �/ is a T4-space and Fact 4 is proved.

Returning to our solution take a cardinal �0 � � such that �!0 D �0; apply Fact 1
to find a strongly discrete dense subset X0 of I�0 of cardinality �0 and denote by �0
the topology induced on X0 from I

�0 . If � is a cardinal, say that a subspace D � I
�

is ˇ-discrete if D is discrete and there is a homeomorphism h W ˇD ! D such that
h.d/ D d for any d 2 D.

Proceeding inductively suppose that, for some n 2 ! we have constructed
disjoint sets X0; : : : ; Xn, cardinals �0; : : : ; �n and topologies �0; : : : ; �n with the
following properties:

(4) � � �0 < : : : < �n;
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(5) �i is a topology on Xi and there is a family Di D fDi
j W j 2 !g of closed

discrete subspaces of .Xi ; �i / such that Di
j � Di

jC1 for each j 2 ! andS
Di D Xi ;

(6) for any i � n the set Xi is a dense subspace of I
�i and �i is the topology

induced on Xi from I
�i ;

(7) for any i < n we have d.I�iC1/ � �i and there is an injection 'i W Xi ! I
�iC1

such that 'i .Xi/ \XiC1 D ; while the subspace '.Xi / is ˇ-discrete in I
�iC1 .

Take a bijection � W Xn ! D ofXn onto a discrete spaceD and choose a cardinal
�nC1 > �n with �!nC1 D �nC1 and d.I�nC1/ � kn such that ˇD embeds in I

�nC1 ; let
� W ˇD ! I

�nC1 be an embedding. It is easy to see that �.ˇD/ is nowhere dense
in I

�nC1 ; so if E is a strongly �-discrete dense subspace of I�nC1 (see Fact 1) then
XnC1 D En�.ˇ.D// is still strongly discrete and dense in I

�nC1 . Let �nC1 be the
topology induced on XnC1 from I

�nC1 ; the map 'n D � ı � W Xn ! I
�nC1 is an

injection and XnC1 \ 'n.Xn/ D ;. Besides, it follows from 'n.Xn/ � �.D/ that
'n.Xn/ is ˇ-discrete in I

�nC1 .
Thus all conditions (4)–(7) are satisfied for n replaced by nC 1; so our inductive

procedure can be continued to obtain the families fXi W i 2 !g; f�i W i 2 !g and
f�i W i 2 !g such that (4)–(7) are fulfilled for all n 2 !. It follows from (4) and (6)
that the family X D fXi W i 2 !g is disjoint; let X D S

X .
If n 2 ! and x 2 Xn then Bx D ffxg [ ..U \ XnC1/nDnC1

j / W U 2
�.'n.x/; I

�nC1 / and j 2 !g is easily seen to be a weak local base at x such that
Bnfxg � XnC1 for any B 2 Bx. Let � be the topology on X generated by the
collection fBx W x 2 Xg of weak local bases.

Fix a number n 2 ! and Y � Xn; since 'n.Xn/ is ˇ-discrete in I
�nC1 , the

sets 'n.Y / and 'n.XnnY / have disjoint closures in I
�nC1 . Therefore there exist

disjoint sets U 0; V 0 2 �.I�nC1 / such that 'n.Y / � U 0 and 'n.XnnY / � V 0. It is
straightforward to check that the sets U D Y [ .U 0 \ XnC1/ and V D .XnnY / [
.V 0 \ XnC1/ are disjoint weak neighbourhoods of Y and XnnY respectively. This
makes it possible to apply Fact 4 to see that .X; �/ is a T4-space.

It follows from (4),(6) and (7) that jX j � �; the family D D fDi
j W i; j 2

!g consists of closed discrete subspaces of X and X D S
D; so X is strongly

�-discrete.
Finally, assume that a family U � �nf;g is disjoint and uncountable. There

exists n 2 ! such that U 0 D fU 2 U W U \ Xn ¤ ;g is uncountable. For any
U 2 U 0 fix a point xU 2 U \ Xn; then there is BU 2 BxU with BU � U . It is
immediate from the definition of BxU that BU nfxU g is a non-empty open subset of
.XnC1; �nC1/. Thus fBU nfxU g W U 2 U 0g is an uncountable disjoint family of non-
empty open subsets of .XnC1; �nC1/ which contradicts (6). This shows that X is a
normal strongly �-discrete space with jX j � � and c.X/ � !, i.e., our solution is
complete.

U.427. Show that there exists a splittable space which cannot be condensed onto a
first countable space.
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Solution. There exists a splittable space X such that c.X/ D ! and jX j � 2c (see
Problem 426). Suppose that there is a condensation ' W X ! Y of the space X
onto a space Y with 	.Y / � !. Then c.Y / � !; so we can apply Fact 4 of U.083
to see that w.Y / � �	.Y /c.Y / � 	.Y /c.Y / � !! D c. Further, apply Fact 1 of
U.418 to conclude that jY j � nw.Y / .Y / � w.Y / .Y / � c! D c; this, together with
jY j D jX j > c gives a contradiction. ThereforeX is a splittable space which cannot
be condensed onto a first countable space.

U.428. Assuming the Generalized Continuum Hypothesis prove that, if X is a
splittable space and A � X; jAj � c then jAj � c.

Solution. Let Y D A; then the restriction map � W Cp.Y / ! Cp.A/ is injective;
so jCp.Y /j � jCp.A/j � jRAj � 2c. By splittability of Y (see Problem 401), every
f 2 R

Y is in the closure of a countable subset of Cp.Y /; so R
Y D SfŒP 
 W P �

Cp.Y / and jP j � !g (the brackets denote the closure in R
Y ).

If a set P � Cp.Y / is countable then w.ŒP 
/ � 2d.ŒP 
/ � c (see Fact 2 of S.368)
and hence we have the inequality  .ŒP 
/ � c. Next, apply Fact 1 of U.418 to
conclude that jŒP 
j � nw.ŒP 
/ .ŒP 
/ � cc D 2c. Thus jŒP 
j � 2c for any countable
P � Cp.Y / and therefore jRY j � 2c � jCp.Y /j! � 2c � .2c/! D 2c; by Generalized
Continuum Hypothesis, we have jRY j � cC. However, if jY j > c then jY j � cC and
therefore jRY j D 2jY j � 2cC

> cC; this contradiction shows that jAj D jY j � c.

U.429. Prove that any Čech-complete splittable space has a dense metrizable
subspace.

Solution. Say that a family A of subsets of a space X is called strongly disjoint if
A \ B D ; for any distinct A;B 2 A. Given families A;B � expX say that A is
strongly inscribed in B if, for any A 2 A there is B 2 B such that A � B .

Fact 1. For any Čech-complete space X there exists a dense paracompact subspace
Y � X such that Y is a Gı-set in X (and hence Y is Čech-complete).

Proof. Fix a family O D fOn W n 2 !g � �.ˇX/ such that OnC1 � On for any
n 2 ! and

T
O D X . Let G0 D fˇXg and assume that, for some n 2 !, we have

constructed families G0; : : : ;Gn of non-empty open subsets of ˇX such that

(1) for any i < n, the family GiC1 is a maximal element (with respect to inclusion)
in the collection of all strongly disjoint subfamilies of ��.ˇX/ which are
strongly inscribed in fG \Oi W G 2 Gi g.

Let GnC1 � ��.ˇX/ be a maximal element (by inclusion) in the collection of all
strongly disjoint subfamilies of ��.ˇX/ which are strongly inscribed in the family
fG \ On W G 2 Gng. It is straightforward that the condition (1) is now satisfied
for all i � n; so our inductive construction can go ahead to give us a sequence
fGn W n 2 !g of families such that (1) holds for each n 2 !.

It is easy to see that the set
S

Gn is dense in ˇX and hence .
S

Gn/\X is dense in
X for any n 2 !. Any Čech-complete space has the Baire property (see TFS-274);
so Y D T

n2!..
S

Gn/ \ X/ is a dense Gı-subspace of X . Observe that it follows
from (1) that Y D T

n2!.
S

Gn/. As a consequence, the family Hn D fG\Y W G 2
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Gng is a disjoint cover of Y which consists of clopen subsets of Y for any n 2 !.
In particular, every Hn is a discrete cover of Y ; let H DS

n2! Hn.
Denote by S the collection of all families fHn W n 2 !g such that Hn 2 Hn and

HnC1 � Hn for all n 2 !. Given any sequence S D fHn W n 2 !g 2 S take a set
Gn 2 Gn such that Gn \ Y D Hn; then GnC1 \Gn ¤ ;; so the property (1) implies
that clˇX.GnC1/ � Gn \On for every n 2 !. Therefore clY .HnC1/ � Hn for every
n 2 ! while the set P.S/ D T

n2! clˇX.Gn/ D T
n2! Gn is compact and contained

in X ; hence P.S/ D T
n2! Hn D T

n2! clˇX.Hn/. Since every set clˇX.Hn/ is
compact, the family fclˇX.Hn/ W n 2 !g is a network of ˇX at P.S/, i.e., for any
U 2 �.P.S/; ˇX/ there is n 2 ! such that clˇX.Hn/ � U (see Fact 1 of S.326);
therefore S is an outer base of P.S/ in Y . Besides, the family K D fP.S/ W S 2 Sg
is disjoint and Y DS

K.
Take any open cover U of the space Y and denote by Fin.U/ the family of all

finite unions of elements of U . The family H0 D fH 2 H W there is W 2 Fin.U/
such that H � W g is �-discrete being a subfamily of H. Given a point y 2 Y there
is S D fHn W n 2 !g 2 S with x 2 K D P.S/; so there exists W 2 Fin.U/ with
K � W . The family S being an outer base of K there is n 2 ! for which Hn � W
and thereforeHn 2 H0. Since x 2 Hn, we proved that H0 is a cover of Y .

For every H 2 H0 fix a finite family UH � U such that H � S
UH ; repeating

infinitely many times some element of UH we can enumerate UH as fUH
i W i 2 !g.

The family Vi D fUH
i \H W H 2 H0g is �-discrete for any i 2 ! because so is H0.

Therefore the family V D S
i2! Vi is also �-discrete. Given a point x 2 Y take

H 2 H0 such that x 2 H ; sinceH �S
UH , there is i 2 ! with x 2 UH

i \H 2 V .
This proves that V is a �-discrete open refinement of U and hence Y is paracompact
by TFS-230. We already saw that Y is a dense Gı-subspace of X ; so Y is Čech-
complete by TFS-260. Fact 1 is proved.

Returning to our solution suppose that X is a Čech-complete splittable space.
Apply Fact 1 to find a dense Čech-complete paracompact Y � X . The space Y is
also splittable by Problem 401; so we can apply Problem 421 to conclude that Y is
the promised metrizable dense subspace of X .

U.430. Prove that every subspace of a weakly splittable space must be weakly
splittable.

Solution. Suppose that X is a weakly splittable space and take any Y � X ; then
the restriction map � W RX ! R

Y is continuous (to see it apply TFS-152 to the
sets X and Y with their respective discrete topologies). Given any f 2 R

Y let
g.x/ D f .x/ for any x 2 Y and g.x/ D 0 whenever x 2 XnY . Then g 2 R

X

and �.g/ D f ; the space X being weakly splittable, there is a �-compact subspace
B � Cp.X/ such that g 2 B (the bar denotes the closure in R

X ). The set A D �.B/
is also �-compact and it follows from continuity of � that f D �.g/ 2 A (here the
bar stands for the closure in R

Y ). Therefore every f 2 R
Y is in the closure of a

�-compact subset of Cp.Y /, i.e., Y is weakly splittable.
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U.431. Prove that, if X condenses onto a weakly splittable space then X is weakly
splittable.

Solution. Let ' W X ! Y be a condensation of a space X onto a weakly splittable
space Y . For any f 2 R

Y let '�.f / D f ı '; then '� W RY ! R
X is an

embedding (to see this apply TFS-163 to the sets X and Y with their respective
discrete topologies). Given any f 2 R

X the function f0 D f ı '�1 belongs to R
Y

and '�.f0/ D f ; this shows that '�.RY / D R
X . Besides, '�.Cp.Y // is a (dense)

subspace of Cp.X/ (this was also proved in TFS-163).
Given any g 2 R

X there is g0 2 R
Y such that '�.g0/ D g. The space Y being

weakly splittable, there is a �-compact set B � Cp.Y / such that g0 2 clRY .B/.
The set A D '�.B/ � Cp.X/ is also �-compact and it follows from continuity of
'� that g 2 clRX .A/. This proves that every g 2 R

X belongs to the closure of a
�-compact subset of Cp.X/, i.e., X is weakly splittable.

U.432. Give an example of a weakly splittable non-splittable space.

Solution. Let X D A.!1/ be the one-point compactification of a discrete space
of cardinality !1. Then X is Eberlein compact (see Fact 1 of U.340); so there is a
dense �-compact P � Cp.X/ (see Problem 035). The set P is also dense in R

X ; so
f 2 P for any f 2 R

X (the bar denotes the closure in R
X ) and hence X is weakly

splittable. Since X is not metrizable, it cannot be splittable by Problem 417.

U.433. Prove that a separable weakly splittable space is splittable.

Solution. Suppose that X is a separable weakly splittable space. Apply TFS-173
to see that iw.Cp.X// D ! and hence every compact subspace of Cp.X/ is
metrizable. Given any f 2 R

X there is a �-compact P � Cp.X/ such that f 2 P
(the bar denotes the closure in R

X ). The space P is a countable union of metrizable
compact (and hence separable) spaces. This implies separability of P ; so there is a
countable A � P with P � A. Then f 2 A; so the space X is splittable.

U.434. Let X be a space with !1 caliber ofX . Prove that, under CH, X is splittable
if and only if it is weakly splittable.

Solution. Since every splittable space is weakly splittable, we must only prove
sufficiency; so assume that X is a weakly splittable space with !1 a caliber of X .
Apply SFFS-290 to see that the space Cp.X/ has a small diagonal. Since having
a small diagonal is a hereditary property, every subspace of Cp.X/ has a small
diagonal; this, together with SFFS-298 implies that every compact K � Cp.X/ is
metrizable.

Given any f 2 R
X there is a �-compact P � Cp.X/ such that f 2 P (the bar

denotes the closure in R
X ). The space P is a countable union of metrizable compact

(and hence separable) spaces. This implies separability of P ; so there is a countable
A � P with P � A. Then f 2 A; so the space X is splittable.

U.435. Show that every functionally perfect space is weakly splittable. In particular,
every Eberlein compact space is weakly splittable.
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Solution. If X is a functionally perfect space then there is a �-compact dense set
P � Cp.X/ (see Problem 301). Then P is also dense in R

X ; so any f 2 R
X

belongs to the closure of P in R
X . ThereforeX is weakly splittable.

U.436. Prove that every metrizable space is weakly splittable.

Solution. Observe that every metrizable space is functionally perfect (see Prob-
lem 316) and apply Problem 435.

U.437. Let X be a weakly splittable space of cardinality � c. Prove that Cp.X/ is
k-separable.

Solution. The spaceRX is separable by TFS-108; so fix a countable denseA � R
X .

For any f 2 A there is a �-compact set Pf � Cp.X/ such that f 2 P f (the bar
denotes the closure in R

X ). The set P D S
f 2A Pf is �-compact; since A � P ,

the set P is dense in R
X and hence in Cp.X/. Therefore P is a dense �-compact

subspace of Cp.X/, i.e., Cp.X/ is k-separable.

U.438. Prove that if X is a weak Eberlein compact space and jX j � c then X is
Eberlein compact.

Solution. If X is a compact weakly splittable space of cardinality at most c then
Cp.X/ has a dense �-compact subspace by Problem 437; soX is Eberlein compact.

U.439. Let X be a weak Eberlein compact space. Prove that w.X/ D c.X/. In
particular, a weak Eberlein compact space is metrizable whenever it has the Souslin
property.

Solution. Since c.Z/ � w.Z/ for any space Z, it suffices to prove the inequality
w.X/ � c.X/ for any weakly splittable compact space X . So, assume that X is a
weakly splittable compact space with c.X/ D �. Then w.K/ � � for any compact
subspace K � Cp.X/ (see Problem 343). Given any point x 2 X let h.x/ D 1 and
h.y/ D 0 for any y 2 Xnfxg. Then h 2 R

X ; so there is a �-compact P � Cp.X/
such that f 2 P (the bar denotes the closure in R

X ).
We have P D S

n2! Pn where every Pn is compact and hence w.Pn/ � �.
Therefore d.P / � supfd.Pn/ W n 2 !g � �; take a set Q � P such that jQj � �
and P � Q. Observe that Ef D f �1.f .x// is a Gı-set in X for any f 2 Q.
Given any y 2 Xnfxg it follows from h 2 P � Q that there is f 2 Q for which
f .x/ > 2

3
and f .y/ < 1

3
; this shows that f .x/ ¤ f .y/ and hence y … Ef . As a

consequence, ff g D T
f 2Q Ef ; so the point x is a G�-set in X . The point x 2 X

was chosen arbitrarily so we established that  .X/ � � and hence 	.X/ � � (see
TFS-327); it follows from TFS-329 that jX j � 2� .

Next, apply TFS-108 to see that d.RX/ � �; so we can fix a dense B � R
X

such that jBj � �. For any f 2 B take a �-compact Hf such that f 2 Hf . The
set H D S

f 2B Hf is the union of at most �-many compact subspaces of Cp.X/.
Since all of them have weight� �, the density ofH does not exceed �; choose a set
G � H such thatH � G and jGj � �. Observe that B � H � G; so G is dense in
R
X and hence in Cp.X/. This proves that iw.X/ D d.Cp.X// � � (see TFS-174);

since X is compact, we have w.X/ D iw.X/ � � and hence w.X/ D � D c.X/.
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U.440. Given a weak Eberlein compact space X prove that X is !-monolithic,
Fréchet–Urysohn and Cp.X/ is Lindelöf.

Solution. Suppose thatX is a weakly splittable compact space and take a countable
A � X . The space A is also weakly splittable (see Problem 430); being separable, it
must be splittable (see Problem 433); soA is metrizable and hence second countable
(see Problem 417). This proves that X is !-monolithic.

Assume towards a contradiction that t.X/ > !; then we can apply TFS-328 to
find a free sequence S D fx˛ W ˛ < !1g � X . By !-monolithity of X the space
Y˛ D fxˇ W ˇ < ˛g is second countable for any ˛ < !1. If F˛ D fxˇ W ˇ � ˛g then
F˛ \ Y˛ D ; for any ˛ < !1; the family fF˛ W ˛ < !1g being centered there is a
point x 2TfF˛ W ˛ < !1g. If Y D SfY˛ W ˛ < !1g then x … Y ; on the other hand,
it follows from S � Y that x 2 Y .

The space Z D fxg [ Y has cardinality at most c. Since any countable subset
of Y is contained in some Y˛ , the space Y is countably compact. The space Z is
weakly splittable by Problem 430; so we can apply Problem 437 to see that Cp.Z/
has a dense �-compact subspace P .

For every z 2 Z let '.z/.f / D f .z/ for any f 2 P ; then the map ' W Z !
Cp.P / is injective and continuous (see TFS-166); let Z0 D '.Z/ and Y 0 D '.Y /.
The space Y 0 is countably compact being a continuous image of Y ; so we can apply
Problems 046 and 035 to see that Y 0 is Eberlein compact. This, together with the
fact that Y 0 is dense in Z0 and Y 0 ¤ Z0, gives a contradiction. Therefore t.X/ � !;
since X is also !-monolithic, we can apply Fact 1 of U.080 to conclude that X is
Fréchet–Urysohn.

To finally show that Cp.X/ is Lindelöf suppose not. Then there is a closed
discrete D � Cp.X/ with jDj D !1 (see SFFS-269). For any x 2 X let
�.x/.f / D f .x/ for every x 2 D. Then � W X ! Cp.D/ is a continuous
map; let X 0 D �.X/. It is clear that w.X 0/ D nw.X 0/ � nw.Cp.D// � !1;
so we can find a set A � X such that jAj � !1 and �.A/ is dense in X 0. If
F D A then an easy consequence of the Fréchet–Urysohn property of X is the
inequality jF j � c; so F is Eberlein compact by Problem 438. Since X 0 D �.F /,
the space X 0 is also Eberlein compact (see Problem 337). For any f 2 Cp.X 0/
let ��.f / D f ı �; then the map �� W Cp.X 0/ ! Cp.X/ is an embedding
(see TFS-163) and D � ��.Cp.X 0// by Fact 5 of U.086; so D is an uncountable
closed discrete subspace of ��.Cp.X 0//. Since ��.Cp.X 0// ' Cp.X

0/, we have
ext.Cp.X

0// � !1 which is a contradiction with the Lindelöf property of Cp.X 0/
(see Problem 150). This proves that Cp.X/ is Lindelöf and completes our solution.

U.441. Give an example of a Gul’ko compact space which is not weakly splittable.

Solution. By Problem 387, there exists a Gul’ko compact spaceX which fails to be
Eberlein and consists of characteristic functions of some countable subsets of !! .
Since there are only c-many countable subsets of !! , the cardinality of X does
not exceed c. This, together with Problem 438, implies that X cannot be weakly
splittable. Thus X is a Gul’ko compact space which is not weakly splittable.

U.442. Prove that any subspace of a strongly splittable space is strongly splittable.
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Solution. Suppose that X is a strongly splittable space and take any Y � X ; then
the restriction map � W RX ! R

Y is continuous (to see it apply TFS-152 to the
sets X and Y with their respective discrete topologies). Given any f 2 R

Y let
g.x/ D f .x/ for any x 2 Y and g.x/ D 0 whenever x 2 XnY . Then g 2 R

X and
�.g/ D f ; the space X being strongly splittable, there exists a sequence fgn W n 2
!g � Cp.X/which converges to g. It follows from continuity of� that the sequence
f�.gn/ W n 2 !g � Cp.Y / converges to �.g/ D f . Therefore every f 2 R

Y is the
limit of a convergent sequence from Cp.Y /, i.e., Y is strongly splittable.

U.443. Prove that, ifX condenses onto a strongly splittable space thenX is strongly
splittable.

Solution. Let ' W X ! Y be a condensation of a spaceX onto a strongly splittable
space Y . For any f 2 R

Y let '�.f / D f ı '; then '� W RY ! R
X is an

embedding (to see this apply TFS-163 to the sets X and Y with their respective
discrete topologies). Given any f 2 R

X the function f0 D f ı '�1 belongs to R
Y

and '�.f0/ D f ; this shows that '�.RY / D R
X . Besides, '�.Cp.Y // is a (dense)

subspace of Cp.X/ (this was also proved in TFS-163).
Given any g 2 R

X there is h 2 R
Y such that '�.h/ D g. The space Y being

strongly splittable, there exists a sequence fhn W n 2 !g � Cp.Y / which converges
to h. It follows from continuity of '� that the sequence f'�.hn/ W n 2 !g � Cp.X/
converges to '�.h/ D g. This proves that every g 2 R

X is a limit of a sequence
from Cp.X/, i.e., X is strongly splittable.

U.444. Prove that, under MAC:CH, there is a strongly splittable space which is
not �-discrete.

Solution. Take any subspace X � R with jX j D !1. Any �-discrete second
countable space is easily seen to be countable; so X is not �-discrete. Observe that
Cp.X/ is separable (because it has a countable network); so let A be a countable
dense subset of Cp.X/.

Given a function f 2 R
X if Y D A [ ff g then f 2 A (the bar denotes the

closure in Y ) and 	.f; Y / � 	.RX/ D !1 < c; this makes it possible to apply
SFFS-054 to conclude that there is a sequence ffn W n 2 !g � A which converges
to f . ThereforeX is a strongly splittable space which fails to be �-discrete.

U.445. Prove that every subset of a strongly splittable space is a Gı-set.

Solution. Suppose that X is a strongly splittable space and fix a set A � X . Let f
be the characteristic function of A, i.e., f .x/ D 1 if x 2 A and f .x/ D 0 for all
x 2 XnA. By strong splittability of X there is a sequence ffn W n 2 Ng � Cp.X/
which converges to f . For anym; n 2 N, the setFnm D fx 2 X W fn.x/ � 1� 1

mC1g
is closed in X ; so the set Pnm DTfFkm W k � ng is closed in X as well.

Given a point x 2 XnA there is l 2 N such that fk.x/ < 1
2

for all k � l ; if
x 2 Pnm then fk.x/ � 1 � 1

mC1 � 1
2

for all k � n which gives a contradiction
for k D n C l . Therefore, no point of Pnm belongs to XnA, i.e., Pnm � A for all
n;m 2 N. Therefore P D SfPnm W n;m 2 Ng is an F� -set contained in A.
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For any x 2 A the sequence ffn.x/g converges to 1 so, for any m 2 N, there is
n 2 N such that fk.x/ > 1 � 1

mC1 for all k � n. This shows that x 2 Pnm; since
the point x 2 A was chosen arbitrarily, we proved that A D P and hence A is an
F� -subset of X . Thus every subset of X is an F� -set which is equivalent to saying
that every subset of X is a Gı-set.

U.446. Show that there exists a space X in which every subset is a Gı-set while X
is not splittable.

Solution. In Problem 425 it was proved that there exists a strongly �-discrete space
X which is not splittable. It is evident that any subset ofX is also a countable union
of closed discrete subspaces of X ; in particular, every subset of X is an F� -set.
Passing to complements it is easy to see that every subset of X is a Gı-set; thus X
is a non-splittable space in which every subset is a Gı-set.

U.447. LetX be a normal space in which every subset isGı . Prove thatX is strongly
splittable.

Solution. It is immediate that any A � X is also an F� -set; consider the set

B1 D ff 2 R
X W there is a sequence ffn W n 2 !g � Cp.X/which converges to f g:

We must prove that B1 D R
X ; let us first establish that

(1) if f 2 R
X and f .X/ is countable then f 2 B1.

To prove the property (1) let M D f .X/; since M is countable, there is a
sequence fMn W n 2 !g of finite subsets of M such that Mn � MnC1 for every
n 2 ! andM DS

n2! Mn. For each r 2 M there is a family fF r
n W n 2 !g of closed

subsets ofX such that F r
n � F r

nC1 for all n 2 ! and f �1.r/ DSfF r
n W n 2 !g. For

any n 2 ! the family Fn D fF r
n W r 2 Mng is finite, disjoint and consists of closed

subspaces of X ; so we can use normality of X to find a function fn 2 Cp.X/ such
that f .x/ D r whenever r 2Mn and x 2 F r

n .
Observe that, for any x 2 X , there is k 2 ! such that r D f .x/ 2Mk . It follows

from x 2 f �1.r/ that there is m 2 ! such that x 2 F r
m and hence x 2 F r

n for all
n � mC k. Since F r

n 2 Fn for all n � mC k, we have fn.x/ D r D f .x/ for all
n � m C k. In particular, the sequence ffn.x/g converges to f .x/ for any x 2 X
and hence fn ! f (see TFS-143), i.e., (1) is proved.

An immediate consequence of (1) is the inclusion Q
X � B1. Furthermore, QX is

uniformly dense in R
X , i.e., for any f 2 R

X there is a sequence ffn W n 2 !g � Q
X

with fn!!f (see Fact 1 of U.415). Therefore B1 is also uniformly dense in R
X ;

however, B1 is uniformly closed in R
X , i.e., for any sequence S D ffn W n 2 !g �

B1, if S converges uniformly to f then f 2 B1 (see Fact 2 of T.379). This shows
that B1 D R

X and completes our solution.
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U.448. Suppose that Y � X and ' W Cp.Y / ! Cp.X/ is a continuous (linear)
extender. For I D ff 2 Cp.X/ W f .Y / � f0gg, define a map � W Cp.Y / � I !
Cp.X/ by the formula �.f; g/ D '.f /C g for any .f; g/ 2 Cp.Y /� I . Prove that
� is a (linear) embedding and hence Cp.Y / embeds in Cp.X/ as a closed (linear)
subspace.

Solution. For any functions f; g 2 Cp.X/ let s.f; g/ D f C g; by TFS-115 the
mapping s W Cp.X/�Cp.X/! Cp.X/ is continuous. Now let�.f; g/ D .'.f /; g/
for any pair .f; g/ 2 Cp.Y / � Cp.X/; the map � W Cp.Y / � Cp.X/ ! .Cp.X//

2

is continuous being the product of two continuous maps. It is straightforward that
� D .s ı �/j.Cp.Y / � I /; so the map � is continuous.

The restriction map � W Cp.X/ ! Cp.Y / is continuous (see TFS-152); for any
function f 2 Cp.X/ let ı.f / D f �'.�.f //. It is clear that ı W Cp.X/! Cp.X/

is a continuous map as well and it is immediate that ı.Cp.X// � I ; so we can
consider that ı W Cp.X/! I . Now let �.f / D .�.f /; ı.f // for any f 2 Cp.X/;
then � W Cp.X/ ! Cp.Y / � I is a continuous map being the diagonal product of
two continuous maps.

Finally, observe that both maps �ı� and �ı� are identities on the spacesCp.Y /�
I andCp.X/ respectively; so � and � are homeomorphisms. It ' is a linear map then
it is immediate that both maps � and � are linear; so � is a linear homeomorphism
between the spaces Cp.Y / � I and Cp.X/.

Any factor of a product of (linear) spaces embeds in that product as a closed
(linear) subspace; so Cp.Y / embeds in Cp.X/ as a closed subspace which is linear
if the map ' is linear.

U.449. Given a space X define a map e W X ! Cp.Cp.X// by e.x/.f / D f .x/

for any x 2 X and f 2 Cp.X/. If X is a subspace of a space Y prove that X is
t-embedded in Y if and only if there exists a continuous map ' W Y ! Cp.Cp.X//

such that 'jX D e. Deduce from this fact that e.X/ is t-embedded in Cp.Cp.X//
and hence X is homeomorphic to a t-embedded subspace of Cp.Cp.X//.

Solution. If the space X is t-embedded in a space Y then fix a continuous extender
u W Cp.X/ ! Cp.Y / and let � W Cp.Y / ! Cp.X/ be the restriction map. We will
also need the canonical map d W Y ! Cp.Cp.Y // defined by d.y/.f / D f .y/

for any f 2 Cp.Y / and y 2 Y . Observe first that the map u W Cp.X/ !
D D u.Cp.X// is a homeomorphism because �jD is the continuous inverse of u.
Therefore the dual map u� W Cp.D/ ! Cp.Cp.X// defined by u�.�/ D � ı u for
any � 2 Cp.D/, is a homeomorphism as well.

It follows from continuity of the restriction map p W Cp.Cp.Y //! Cp.D/, that
the map u� ı p ı d W Y ! Cp.Cp.X// is also continuous. If x 2 X then

u�.p.d.x///.f /D..p.d.x// ı u/.f /Dd.x/.u.f //Du.f /.x/ D f .x/ D e.x/.f /

for any function f 2 Cp.X/ which shows that u�.p.d.x/// D e.x/ for any x 2 X ,
i.e., .u� ı p ı d/jX D e and therefore the map ' D u� ı p ı d is as required. This
proves necessity.
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Now assume that there exists a continuous map ' W Y ! Cp.Cp.X// such that
'jX D e. Given a function f 2 Cp.X/ let u.f /.y/ D '.y/.f / for any y 2 Y ;
it is straightforward that u W Cp.X/ ! Cp.Y /. For any point x 2 X we have
u.f /.x/ D '.x/.f / D e.x/.f / D f .x/ for every f 2 Cp.X/ which shows that u
is an extender.

To see that u is continuous, for any y 2 Y , denote by �y W Cp.Y / ! R the
projection of Cp.Y / to the factor of RY defined by the point y; recall that �y.f / D
f .y/ for any f 2 Cp.Y /. Then .�y ı u/.f / D u.f /.y/ D '.y/.f / for any
f 2 Cp.X/ which shows that �y ı u D '.y/ is a continuous map on Cp.X/
for any y 2 Y ; applying TFS-102 we conclude that the map u is continuous; so
u is a continuous extender from X to Y . Thus X is t-embedded in Y ; this settles
sufficiency.

Finally observe that e is an embedding ofX in Cp.Cp.X// by TFS-167 so, if we
identify X and e.X/ then the identity map of Cp.Cp.X// onto itself witnesses the
fact that e.X/ is t-embedded in Cp.Cp.X//.

U.450. Prove that, for any spaceX every t-embedded subspace ofX must be closed
in X .

Solution. Suppose that Y is t-embedded in the space X and take a continuous
extender ' W Cp.Y / ! Cp.X/; let F D Y . The restriction map � W Cp.X/ !
Cp.F / is continuous; so the map � D � ı ' is continuous as well and it is
straightforward that � W Cp.Y / ! Cp.F / is an extender. If p W Cp.F / ! Cp.Y /

is the restriction map then � and p are mutually inverse continuous maps; so p is
a homeomorphism. Applying TFS-152 we conclude that Y D F and hence Y is
closed in X .

U.451. Prove that ˇ!n! is not t-embedded in ˇ!.

Solution. The space ˇ! is separable while d.ˇ!n!/ > ! (see TFS-371).
Therefore iw.Cp.ˇ!// D ! and iw.Cp.ˇ!n!// > ! (see TFS-173); i -weight
being hereditary, the space Cp.ˇ!n!/ is not embeddable in Cp.ˇ!/. Finally, apply
Problem 448 to conclude that ˇ!n! is not t-embedded in ˇ!.

U.452. Suppose that Y is t-embedded in a space X . Prove that p.Y / � p.X/ and
d.Y / � d.X/.
Solution. For any space Z the cardinal a.Z/ D supf� W A.�/ embeds in Zg
is called the Alexandroff number of Z. It follows from Problem 448 that Cp.Y /
embeds in Cp.X/; the Alexandroff number being a hereditary cardinal function, we
have p.Y / D a.Cp.Y // � a.Cp.X// D p.X/ (see TFS-178). Since i -weight is
also hereditary, we have d.Y / D iw.Cp.Y // � iw.Cp.X// D d.X/ (see TFS-
173); this proves that p.Y / � p.X/ and d.Y / � d.X/.
U.453. Suppose that Y is t-embedded in X and a regular cardinal � is a caliber
of X . Prove that � is a caliber of Y .
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Solution. It follows from Problem 448 that Cp.Y / embeds in Cp.X/. The diagonal
of Cp.X/ is �-small by SFFS-290; since having a �-small diagonal is a hereditary
property, the space Cp.Y / also has a �-small diagonal; so we can apply SFFS-290
again to conclude that � is also a caliber of Y .

U.454. Prove that any closed subspace of a t-extendial space is t-extendial.

Solution. Suppose that X is a t-extendial space and Y is a closed subspace of X .
If F is closed in Y then F is also closed in X ; so there exists a continuous extender
' W Cp.F /! Cp.X/. The restriction map � W Cp.X/! Cp.Y / being continuous,
the map � D � ı ' is continuous as well and it is evident that � W Cp.F /! Cp.Y /

is an extender. Thus, for every closed F � Y , there exists a continuous extender
� W Cp.F /! Cp.Y /, i.e., F is t-embedded in Y . This proves that Y is t-extendial.

U.455. Let X be a t-extendial space. Prove that s.X/ D p.X/.
Solution. It was proved in TFS-179 that p.X/ � s.X/; to show that s.X/ � p.X/
take an arbitrary discrete subspace D � X . The set Y D D is t-embedded in
X ; so p.Y / � p.X/ by Problem 452. The family ffd g W d 2 Dg is disjoint and
consists of non-empty open subsets of Y . Therefore jDj � p.Y / � p.X/; so
jDj � p.X/ for any discrete subspace D � X . This proves that s.X/ � p.X/ and
hence s.X/ D p.X/.
U.456. Let X be a t-extendial Baire space. Prove that s.X/ D c.X/. In particular,
if X is a pseudocompact t-extendial space, then c.X/ D s.X/.
Solution. It follows from TFS-282 and Problem 455 that s.X/ D p.X/ D c.X/.
If X is a pseudocompact space then X has the Baire property (see TFS-274); so
s.X/ D c.X/ as well.

U.457. Prove that, for any compact t-extendial space X , we have t.X/ � c.X/.
Solution. Given a free sequence S � X , it is an easy exercise that S is a discrete
subspace of X ; as a consequence, jS j � s.X/. Since t.X/ is a supremum of
cardinalities of free sequences of X (see TFS-328), we have t.X/ � s.X/. Finally,
apply Problem 456 to conclude that t.X/ � s.X/ D c.X/.
U.458. Prove that, under MAC:CH, if X � X is a t-extendial compact space and
c.X/ � ! then X is metrizable.

Solution. Apply SFFS-050 to see that c.X �X/ � ! and hence s.X �X/ � ! by
Problem 456; applying SFFS-062 we conclude that X is metrizable.

U.459. Suppose that X is a t-extendial Čech-complete space such that !1 is a
caliber of X . Prove that X is hereditary separable.

Solution. As !1 is a caliber of X , we have p.X/ D ! and hence s.X/ D ! by
Problem 455. If K � X is compact and S � K is a free sequence in K then S is a
discrete subspace of K , so jS j � s.K/ � s.X/ D !; this, together with TFS-328,
implies that t.K/ � ! for any compactK � X .
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If A � X is not closed then there is a compact K � X such that K \ A is not
closed inK (see Fact 1 of T.210); since t.K/ D !, there is a countableB � A\K
such that BnA ¤ ;. This proves that t.X/ � ! (see Lemma of S.162).

If X is not hereditarily separable then there exists a set Y D fx˛ W ˛ < !1g � X
which is left-separated, i.e., x˛ … fxˇ W ˇ < ˛g for any ˛ < !1 (see SFFS-004).
The set F˛ D fxˇ W ˇ < ˛g is closed in X for any ˛ < !1; since t.X/ D !, the
set F D SfF˛ W ˛ < !1g is closed in X . The set Y being left-separated, we
have U˛ D F nF˛ 2 ��.F / for any ˛ < !1. The !1-sequence fF˛ W ˛ < !1g is
increasing; so the family fU˛ W ˛ < !1g � ��.F / is point-countable. However,
F is t-embedded in X , so !1 is a caliber of F by Problem 453; this contradiction
shows that X is hereditarily separable.

U.460. Assuming MAC:CH prove that any t-extendial Čech-complete space with
the Souslin property is hereditarily separable.

Solution. Say that a space X is inadequate if X is t-extendial, Čech-complete,
c.X/ D ! and hd.X/ > !; we must prove that inadequate spaces do not
exist. Assume towards a contradiction that X is an inadequate space and apply
Problem 456 to see that s.X/ D c.X/ D !. If K � X is compact and S � K is a
free sequence inK then S is a discrete subspace ofK , so jS j � s.K/ � s.X/ D !;
this, together with TFS-328, implies that t.K/ � ! for any compactK � X .

If A � X is not closed then there is a compact K � X such that K \ A is not
closed inK (see Fact 1 of T.210); since t.K/ D !, there is a countableB � A\K
such that BnA ¤ ;. This proves that t.X/ � ! (see Lemma of S.162). Therefore

(1) t.X/ D s.X/ D ! for any inadequate space X .

Now assume that X is inadequate and any U 2 ��.X/ contains a non-empty
separable open subspace. Take a maximal disjoint family U of non-empty separable
open subspaces of X . It is easy to see that

S
U is dense in X ; it follows from

c.X/ D ! that jU j � !; so
S

U is separable and hence X is separable as well.
An easy consequence is that !1 is a caliber of X ; so X is hereditarily separable by
Problem 459. This contradiction shows that

(2) for every inadequate space X there exists a set U 2 ��.X/ which is nowhere
separable, i.e., the closure of any countable subset of U is nowhere dense in U .

Take again an inadequate space X ; by (2), there exists a set U 2 ��.X/ which
is nowhere separable. It is clear that F D U is nowhere separable as well. Besides,
F is Čech-complete, extendial and c.F / D ! (see TFS-260 and Problem 454);
therefore F is inadequate. As a consequence,

(3) there exists an inadequate nowhere separable space.

Apply (3) to choose an inadequate nowhere separable space X . Given a closed
separable F � X take a countable dense A � F ; since F is nowhere dense,
it follows from (1) that for any a 2 A there is a countable Pa � XnF such that
a 2 P a. The set P D SfPa W a 2 Ag is closed and separable; it is easy to see that
F � P and F is nowhere dense in P . This proves that
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(4) for any closed separable F � X there is a closed separable P � X such that
F � P and F is nowhere dense in P .

Apply (4) to construct, by a transfinite induction, an !1-sequence fF˛ W ˛ < !1g
of closed separable subspaces ofX such that ˛ < ˇ < !1 implies that F˛ � Fˇ and
F˛ is nowhere dense in Fˇ. It follows from (1) that the set F DSfF˛ W ˛ < !1g is
closed in X . Besides, F is Čech-complete and c.F / � s.F / D !. Fix a countable
family Q of compact subsets of ˇF nF such that

S
Q D ˇF nF . It is evident that

every element of Q is nowhere dense in ˇF . Since F˛ is nowhere dense in F , the
set K˛ D clˇF .F˛/ is nowhere dense in ˇF for any ˛ < !1.

The family A D fK˛ W ˛ < !1g [ Q consists of nowhere dense subsets of
ˇF and

S
A D ˇF ; since jAj D !1 < c and c.ˇF / D c.F / D !, we obtain

a contradiction with the topological version of Martin’s Axiom (see SFFS-058).
Therefore inadequate spaces do not exist and hence our solution is complete.

U.461. Prove that a t-extendial compact space cannot be mapped onto I
!1 .

Solution. Suppose that a space X is t-extendial, compact and there exists a
continuous onto map f W X ! I

!1 . Apply TFS-366 to find a closed F � X

such that f .F / D I
!1 and the map g D f jF is irreducible. Since I

!1 is separable,
so is F by Problem 130; it is easy to see that this implies that !1 is a caliber of F .
By Problem 454, the space F has to be t-extendial; so hd.F / D ! by Problem 459.
Any continuous image of a hereditarily separable space is hereditarily separable
so I

!1 is hereditarily separable which is easily seen to be false. This contradiction
shows that X cannot be mapped onto I

!1 .

U.462. Prove that the set fx 2 X W �	.x;X/ � !g is dense in any t-extendial
compact space X .

Solution. Suppose that the set P D fx 2 X W �	.x;X/ � !g is not dense in X .
The set U D XnP is non-empty, open in X and �	.x; U / � !1 for any x 2 U .
Take V 2 ��.X/ such that F D V � U ; it is straightforward that �	.x; F / � !1
for any x 2 F . Apply Fact 1 of U.086 to see that F can be mapped continuously
onto I

!1 ; however, F is t-extendial by Problem 454, so F cannot be mapped onto
I
!1 by Problem 461. This contradiction shows that the set P is dense in X .

U.463. Give an example of a countable space which is not t-extendial.

Solution. Given a space X we denote by B1.X/ the first Baire class functions on
X , i.e., B1.X/ D ff 2 R

X W there exists a sequence ffn W n 2 !g � Cp.X/ such
that fn ! f g. If A � expX then a family B � expX is inscribed in A if, for any
B 2 B there is A 2 A such that B � A.

Fact 1. There exists a surjective map � W D! ! !! such that ��1.U / is an F� -set
in D

! for any open U � !! .

Proof. Let Q D fxn W n 2 !g be a faithfully indexed dense subset of D! . The
set I D D

!nQ is dense in D
! and Polish being a Gı-subset of D

! . If K � I

is compact then it is nowhere dense in D
! and hence in I . Besides, I is zero-
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dimensional because so is D
! . This makes it possible to apply SFFS-347 to see

that I is homeomorphic to !! ; therefore it suffices to construct a surjective map
� W D! ! I such that ��1.U / is an F� -set in D

! for any U 2 �.I /.
To do so denote by C the family of all non-empty clopen subsets of D! and take

a metric � on D
! which generates the topology of D! . Use zero-dimensionality of

D
! to find a disjoint cover U0 � C of the set D!nfx0g such that diam�.U / � 1 for

all U 2 U0.
Suppose that n 2 ! and we have families U0; : : : ;Un with the following

properties:

(1) Ui is disjoint,
S

Ui D D
!nfx0; : : : ; xi g and Ui � C for any i � n;

(2) if i � n then diam�.U / � 2�i for any U 2 Ui ;
(3) UiC1 is inscribed in Ui for all i < n.

Every U 2 Un is compact and zero-dimensional; so we can find a disjoint family
AU � C such that

S
AU D U nfxnC1g and diam�.V / � 2�n�1 for any V 2 AU .

It is straightforward that, for the family UnC1 D SfAU W U 2 Ung, the properties
(1)–(3) are fulfilled if we substitute n by nC1. Therefore we can proceed inductively
to construct a sequence fUi W i 2 !g for which (1)–(3) are satisfied for all n 2 !; let
U D S

i2! Ui . It follows from (1) that I �S
Ui for all i 2 !; so (2) implies that U

contains a local base at any point of I . Therefore the family V D fU \ I W U 2 Ug
is a base of I .

Fix n 2 !; it follows from (1) and (3) that there exist U0; : : : ; Un�1 2 U such
that xn 2 Ui 2 Ui for every i < n and xn … U for all U 2 UnfU0; : : : ; Un�1g. The
property (3) shows that U0 � : : : � Un�1; take a point yn 2 Un�1 \ I . After we
accomplish the choice of yn for all n 2 ! it is easy to see that

(4) for any n 2 !, if xn 2 U 2 U then yn 2 U \ I .

Now let �.x/ D x if x 2 I and �.xn/ D yn for any n 2 !. This gives a surjective
map � W D! ! I . Given any V 2 V there is U 2 U such that V D U \ I and hence
V D U . If x 2 V then �.x/ D x 2 V ; if x 2 U nV then x D xn for some n 2 !
and hence yn D �.xn/ D �.x/ 2 U \I D V by (4); this proves that �.U / � V and
therefore U � ��1.V /. Thus ��1.V / D U [Q0 for some Q0 � Q which, together
with compactness of U , shows that

(5) ��1.V / is an F� -subset of D! for any V 2 V .

Finally take any set U 2 �.I /; since V is a base in I , there is V 0 � V such thatS
V 0 D U . It follows from the property (5) and countability of the family V 0 that

��1.U / DSf��1.V / W V 2 V 0g is an F� -subset of D! ; so Fact 1 is proved.

Fact 2. The space Cp.!!/ embeds linearly in B1.D!/.

Proof. Apply Fact 1 to choose a surjective map � W D! ! !! such that ��1.U / is
an F� -subset of D! for anyU 2 �.!!/. IfD is the set D! with the discrete topology
then the map � W D ! !! is continuous; so the dual map �� W Cp.!!/ ! R

D is
a linear embedding (see TFS-163). For any f 2 Cp.!!/ and O 2 �.R/ the set
U D f �1.O/ is open in !! ; so .��.f //�1.O/ D .f ı �/�1.O/ D ��1.U / is
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an F� -subset of D
! . This makes it possible to apply SFFS-379 to conclude that

��.f / 2 B1.D!/ for any f 2 Cp.!!/, i.e., �� embeds Cp.!!/ linearly in B1.D!/;
so Fact 2 is proved.

Returning to our solution apply SFFS-372 to choose a countable space P with
a unique non-isolated point such that Cp.P / 2 B.RP /n˙0

!.R
P / and, in particular,

Cp.P / is a Borel subset of RP which does not belong to ˙0
˛.R

P / for any ˛ < !.
Denote by w the unique non-isolated point of P . Since Cp.P / is analytic by SFFS-
334, we can apply SFFS-370 to conclude that P embeds in Cp.!!/; by Fact 2, the
space P also embeds in B1.D!/; so we consider that P D fwg [ fgn W n 2 !g �
B1.D

!/ and the enumeration of the set P is faithful. Let u.x/ D 0 for all x 2 D
! ;

if fn D gn � w for all n 2 ! then the space F D fug [ ffn W n 2 !g � B1.D!/ is
homeomorphic to P .

The subspace ffn W n 2 !g � B1.D
!/ being discrete, there exists a disjoint

family O D fOn W n 2 !g � �.B1.D
!// such that u … S

O and fn 2 On for all
n 2 ! (see Fact 1 of S.369). Since every fn is a limit of a non-trivial sequence from
Cp.D

!/, we can fix a sequence Sn � .On \ Cp.D!//nffng which converges to fn;
let S D S

n2! Sn and choose a faithful enumeration ff k
n W k 2 !g of the sequence

Sn for every n 2 !. The space X D S [ F is countable; since all points of S are
isolated in X , the set F is closed in X . Observe also that

(6) for any n 2 !, the family fffng [ .SnnK/ W K is a finite subset of Sng is a local
base of the space X at the point fn.

The following property of X is crucial:

(7) a function ' 2 R
X is continuous on X if and only if 'j.fug [ S/ is continuous

and ' is continuous at fn for every n 2 !.

Only sufficiency must be proved in (7); so assume that a function ' 2 R
X is

continuous on the space fug [ S and at every fn. The points of S being isolated in
X we must only establish continuity of ' at the point u; so take any " > 0. Since '
is continuous at u in S 0 D fug[S , there is U 2 �.u; X/ such that j'.f /�'.u/j < "

2

for any f 2 U \S 0. If f 2 U \ .F nfug/ then f D fn for some number n 2 ! and
hence '.f k

n /! '.f / when k !1. There is p 2 ! such that f k
n 2 U and hence

j'.f k
n /� '.u/j < "

2
for all k � p; so it follows from continuity of the map ' at fn

that j'.fn/ � '.u/j � "
2
< ". This proves that j'.f / � '.u/j < " for any f 2 U ,

i.e., U witnesses that ' is continuous at the point u in X and hence (7) is proved.
Given k;m; n 2 ! the set C.k;m; n/ D f' 2 R

X W j'.f i
n / � '.fn/j � 2�m for

any i � kg is closed in R
X ; so the set D.m; n/ D S

k2! C.k;m; n/ is an F� -subset
of RX . It is easy to see, applying (6), that a function ' 2 R

X is continuous at fn
if and only if ' 2 E.n/ D T

m2! D.m; n/. Observe that E D T
n2! E.n/ is an

F�ı-subset of RX and a function ' 2 R
X is continuous at all points of F nfug if and

only if ' 2 E .
Now, it follows from the property (7) that Cp.X/ D E \ .Cp.S 0/ � R

XnS 0

/.
Since S 0 � Cp.D!/, we can apply SFFS-375 to see that Cp.S 0/ is an F�ı-subset of
R
S 0

and hence Cp.S 0/ � R
XnS 0

is an F�ı-subset of RX . This, together with Fact 1
of T.341, implies that
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(8) Cp.X/ is an F�ı-subset of RX , i.e., Cp.X/ 2 ˘0
2 .R

X/.

Assume that the set F is t-embedded in X and hence Cp.F / embeds in Cp.X/
as a closed subspace (see Problem 448). The respective copy of Cp.F / is, therefore,
the intersection of Cp.X/ and a closed subspace of RX which shows, together with
(8), that Cp.F / embeds in R

X as an F�ı-subspace and hence the mentioned copy of
Cp.F / belongs to ˙0

3 .R
X/.

The space Cp.F / being homeomorphic to Cp.P / we conclude that Cp.P /
embeds in R

X as a subset of class ˙0
3 .R

X/. Recalling that Cp.P / 2
B.RP /n˙0

!.R
P /, we discover a contradiction with Fact 3 of T.333. Thus the

closed subset F of the space X is not t-embedded in X ; this shows that X is an
example of a countable space which is not t-extendial.

U.464. Prove that any strongly discrete subspace A � X is l-embedded in X .

Solution. This was proved (in other terminology) in Fact 5 of T.132.

U.465. Prove that, if Y is a retract of X , then Y is l-embedded in X .

Solution. Let r W X ! Y be a retraction; then it dual map r� W Cp.Y / ! Cp.X/

is linear and continuous (see TFS-163). For any f 2 Cp.Y / and x 2 Y we have
r�.f /.x/ D f .r.x// D f .x/ which shows that r�.f /jY D f . Therefore r� is the
required linear extender and hence Y is l-embedded in X .

U.466. Given a space X define a map e W X ! Cp.Cp.X// by e.x/.f / D f .x/

for any x 2 X and f 2 Cp.X/. Observe that e.X/ � Lp.X/; prove that e.X/ is
l-embedded in Lp.X/ and hence any space X is homeomorphic to an l-embedded
subspace of Lp.X/.

Solution. The map e is an embedding by TFS-167 and e.X/ � Lp.X/ by TFS-
196. For any f 2 Cp.e.X// let e�.f / D f ı e; then e� W Cp.e.X// ! Cp.X/ is
a homeomorphism by TFS-163 and it is straightforward that e� is a linear map.
Given any function f 2 Cp.X/ and � 2 Lp.X/ let u.f /.�/ D �.f /; this
defines a continuous map u W Cp.X/! Cp.Lp.X// (see TFS-166). An immediate
consequence is that the map ' D u ı e� W Cp.e.X//! Cp.Lp.X// is continuous.

Next take f; g 2 Cp.X/ and ˛; ˇ 2 R. Given � 2 Lp.X/ apply linearity of � to
see that u. f̨ C ˇg/.�/ D �. f̨ C ˇg/ D ˛�.f /C ˇ�.g/ D .˛u.f /C ˇu.g//.�/
which shows that u. f̨ Cˇg/ D ˛u.f /Cˇu.g/, i.e., u W Cp.X/! Cp.Lp.X// is
a linear map. Therefore ' is linear being the composition of two linear maps.

Finally fix any y 2 e.X/; f 2 Cp.e.X// and x 2 X with e.x/ D y; then
'.f /.y/ D u.e�.f //.y/ D u.f ı e/.y/ D y.f ı e/ D e.x/.f ı e/ D f .e.x// D
f .y/ which proves that '.f /.y/ D f .y/ for any y 2 e.X/, i.e., '.f /je.X/ D f

and hence e is a linear continuous extender. Thus e.X/ is a homeomorphic copy of
X which is l-embedded in Lp.X/.

U.467. Given a spaceX define a map e W X ! Cp.Cp.X// by e.x/.f / D f .x/ for
any x 2 X and f 2 Cp.X/. Observe that e.X/ � Lp.X/; so we can consider that
e W X ! Lp.X/. If X is a subspace of a space Y prove that X is l-embedded in Y
if and only if there exists a continuous map ' W Y ! Lp.X/ such that 'jX D e.
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Solution. The map e is an embedding by TFS-167 and e.X/ � Lp.X/ by TFS-
196; so we can and will consider that e W X ! Lp.X/. IfX is l-embedded in Y then
fix a linear continuous extender u W Cp.X/! Cp.Y / and let � W Cp.Y /! Cp.X/

be the restriction map; it is clear that � is also linear and continuous. We will also
need the canonical map d W Y ! Cp.Cp.Y // defined by d.y/.f / D f .y/ for any
f 2 Cp.Y / and y 2 Y . Observe first that the map u W Cp.X/ ! D D u.Cp.X//
is a linear homeomorphism because �jD is the continuous linear inverse of u. This
implies that the dual map u� W Cp.D/! Cp.Cp.X// defined by u�.�/ D � ı u for
any � 2 Cp.D/, is a linear homeomorphism as well.

Since the restriction map p W Cp.Cp.Y // ! Cp.D/ is continuous, the map
' D u� ı p ı d W Y ! Cp.Cp.X// is continuous as well. Take an arbitrary
y 2 Y ; then d.y/ is a linear continuous functional on Cp.Y / (see TFS-196); so
p.d.y// D d.y/jD is a continuous linear functional on D. The map u being linear
and continuous, the equality '.y/ D u�.p.d.y/// D p.d.y//ıu shows that '.y/ is
a linear continuous functional on Cp.X/, i.e., '.y/ 2 Lp.X/. Thus we can consider
that ' W Y ! Lp.X/.

If x 2 X then

u�.p.d.x///.f /D..p.d.x// ı u/.f /Dd.x/.u.f //Du.f /.x/Df .x/ D e.x/.f /

for any f 2 Cp.X/ which shows that '.x/ D e.x/ for any x 2 X , i.e., 'jX D e

and therefore the map ' is as required. This proves necessity.
Now assume that there exists a continuous map ' W Y ! Lp.X/ such that

'jX D e. Given a function f 2 Cp.X/ let u.f /.y/ D '.y/.f / for any y 2 Y ;
it is straightforward that u W Cp.X/ ! Cp.Y /. For any point x 2 X we have
u.f /.x/ D '.x/.f / D e.x/.f / D f .x/ for every f 2 Cp.X/ which shows that
u is an extender. Given functions f; g 2 Cp.X/ and ˛; ˇ 2 R fix y 2 Y ; recalling
that '.y/ is a linear functional on the space Cp.X/ we conclude that

u. f̨ Cˇg/.y/D'.y/. f̨ Cˇg/D˛'.y/.f /Cˇ'.y/.g/ D ˛u.f /.y/Cˇu.g/.y/:

Since the point y 2 Y was chosen arbitrarily, we established that u. f̨ C ˇg/ D
˛u.f /C ˇu.g/, i.e., u is a linear map.

To see that u is continuous, for any y 2 Y , denote by �y W Cp.Y / ! R the
projection of the space Cp.Y / to the factor of RY defined by the point y; recall that
�y.f / D f .y/ for any function f 2 Cp.Y /. Then .�y ı u/.f / D u.f /.y/ D
'.y/.f / for any f 2 Cp.X/ which shows that �y ı u D '.y/ is a continuous
map on Cp.X/ for any y 2 Y ; applying TFS-102 we infer that the map u is
continuous. Therefore u W Cp.X/ ! Cp.Y / is a continuous linear extender, i.e.,
X is l-embedded in Y ; this settles sufficiency.

U.468. Prove that any closed subspace of an extendial space is extendial.

Solution. Suppose that X is an extendial space and Y is a closed subspace of X .
If F is closed in Y then F is also closed in X ; so there exists a continuous linear
extender ' W Cp.F / ! Cp.X/. The restriction map � W Cp.X/ ! Cp.Y / being
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linear and continuous, the map � D � ı ' is linear and continuous as well and it is
evident that � W Cp.F / ! Cp.Y / is an extender. Thus, for every closed F � Y ,
there exists a continuous linear extender � W Cp.F /! Cp.Y /, i.e.,F is l-embedded
in Y . This proves that Y is extendial.

U.469. Prove that every metrizable space is extendial.

Solution. This was proved in Fact 1 of U.062.

U.470. Prove that, for any zero-dimensional linearly ordered compact space X any
closed F � X is a retract of X ; in particular, the space X is extendial.

Solution. Let < be a linear order that generates the topology of X . We will apply
the usual notation for the intervals inX . Thus for any a; b 2 X we let .a; b/ D fx 2
X W a < x < bg; besides, Œa; b/ D fx 2 X W a � x < bg and .a; b
 D fx 2 X W
a < x � bg. If a 2 X then . ; a/ D fx 2 X W x < ag and .a;!/ D fx 2 X W
a < xg; furthermore, . ; a
 D fx 2 X W x � ag and Œa;!/ D fx 2 X W a � xg.

By TFS-305 there exist a; b 2 X such that a D minF and b D maxF . Given
any point x 2 Œa; b
nF it is evident that both sets Lx D . ; x/\ F D . ; x
\ F
andRx D .x;!/\F D Œx;!/\F are compact; so we can take ax D maxLx and
bx D minRx . It is clear that x 2 .ax; bx/ � XnF for any x 2 Œa; b
nF . Observe
also that y 2 .ax; bx/ implies ay D ax and by D bx . An immediate consequence
is that,

(1) for any x; y 2 Œa; b
nF either .ax; bx/\ .ay; by/ D ; or .ax; bx/ D .ay; by/.
It follows from (1) that we can find a set A � X such that .ax; bx/\.ay; by/ D ;

for any distinct x; y 2 A and, for any x 2 Œa; b
nF there exists a point y 2 A such
that .ax; bx/ D .ay; by/.

Given x 2 A there exists a clopen set U 2 �.x;X/ such that U � .ax; bx/; let
ex D minU (apply TFS-305 again to see that ex is well defined). It is easy to see
that the sets .ax; ex/ and Œex; bx/ are open in X for any x 2 A.

We are now ready to define a retraction r W X ! F . It is obligatory that r.x/ D x
for any x 2 F ; we let r.x/ D a for all x < a and r.x/ D b for every x > b.
If x 2 Œa; b
nF then there is a unique y 2 A such that x 2 .ay; by/. If x < ey then
let r.x/ D ax ; if x � ex then let r.x/ D bx . This defines a map r W X ! F such
that r.x/ D x for any x 2 F .

To see that r is continuous observe that, for any x 2 XnF there is U 2 �.x;X/
such that r.U / D fr.x/g; an immediate consequence is that r is continuous at all
points of XnF . Now suppose that x; y 2 F and x � y. If z 2 Œx; y
nF then
there is p 2 A for which z 2 .ap; bp/; by the definition of ap and bp we have
x � ap � bp � y and therefore r.z/ 2 fap; bpg � Œx; y
. This proves that

(2) for any x; y 2 F with x � y we have r.Œx; y
/ � Œx; y
.
Finally, fix a point x 2 F and a neighbourhoodU 2 �.x;X/; making the set U

smaller if necessary, we can assume that U is an interval. Let U0 D . ; x/\U and
U1 D .x;!/ \ U . We have four cases:
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Case 1. There are y; z 2 F \ U such that x 2 .y; z/. Since U is an interval, we
have .y; z/ � U and hence Œy; z
 � U . The property (2) implies that r..y; z// �
Œy; z
 � U ; so .y; z/ is a neighbourhood of x which witnesses continuity of r at
x.

Case 2. There is y 2 U0 \ F and U1 \ F D ;. If U1 ¤ ; then there exists a
point q 2 A such that .aq; bq/ \ U1 ¤ ;; then aq D x and hence there exists
d 2 .x; eq
 such that .x; d/ � U1. Apply the property (2) again to see that
r..y; x
/ � Œy; x
 � U and r..x; d// � r..x; eq// D fxg � U . Therefore
.y; d/ is a neighbourhood of x which witnesses continuity of r at x. If U1 D ;
then .y; x
 is a neighbourhood of x with r..y; x
/ � U ; so r is continuous at
the point x.

Case 3. There is z 2 U1 \ F and U0 \ F D ;. If U0 ¤ ; then there exists a
point q 2 A such that .aq; bq/ \ U0 ¤ ;; then bq D x and hence there exists
d 2 Œeq; x/ such that .d; x/ � U0. Apply the property (2) again to see that
r.Œx; z// � Œx; z
 � U and r..d; x// � r..eq; x// D fxg � U . Therefore
.d; z/ is a neighbourhood of x which witnesses continuity of r at x. If U0 D ;
then Œx; z/ is a neighbourhood of x with r.Œx; z// � U ; this shows that r is
continuous at the point x.

Case 4. U0 \ F D ; and U1 \ F D ;. We actually have four subcases here.

Case 4.1. U0 D ; and U1 D ;. Then fxg 2 �.X/; so r is continuous at x.
Case 4.2. U0 ¤ ; and U1 ¤ ;. Then there exist p; q 2 A such that .ap; bp/ \

U0 ¤ ; and .aq; bq/ \ U1 ¤ ;. Consequently, bp D aq D x and we
can choose a point c 2 U0 and d 2 U1 such that .c; d / � .ep; eq/. Then
x 2 .c; d / and r..c; d // � r..ep; eq// D fxg � U ; so r is continuous at x.

Case 4.3. U0 ¤ ; and U1 D ;. Then there exists p 2 A such that .ap; bp/ \
U0 ¤ ;. Consequently, bp D x and we can choose c 2 U0 such that
.c; x/ � .ep; x/. Then .c; x
 2 �.x;X/ and r..c; x
/ � r..ep; x
/ D
fxg � U ; so r is continuous at x.

Case 4.4. U0 D ; and U1 ¤ ;. Then there exists q 2 A such that .aq; bq/ \
U1 ¤ ;. Consequently, aq D x and we can choose d 2 U1 such that
.x; d/ � .x; eq/. Then Œx; d / 2 �.x;X/ and r.Œx; d// � r.Œx; eq// D
fxg � U ; so r is continuous at x.

Thus r W X ! F is a continuous retraction which, together with Problem 465,
implies that F is l-embedded in X . This shows that every closed F � X is
l-embedded in X , i.e., the space X is extendial and hence our solution is complete.

U.471. Give an example of a perfectly normal, hereditarily separable extendial
compact space which is not metrizable.

Solution. Consider the set T D ..0; 1
 � f0g/[ .Œ0; 1/ � f1g/ � R
2.

If z D .t; 0/ 2 T , then Bz D f..a; t 
 � f0g/[ ..a; t/ � f1g/ W 0 < a < tg.
Now if z D .t; 1/ 2 T , let Bz D f.Œt; a/ � f1g/[ ..t; a/ � f0g/ W t < a < 1g. Let

� be the topology generated by the families fBz W z 2 T g as local bases. The space
X D .T; �/ is called two arrows (or double arrow) space.
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Let � W X ! Œ0; 1
 be the projection in the plane, i.e., �..r; i// D r for any
point .r; i/ 2 X . Given distinct x; y 2 X say that x < y if �.x/ < �.y/. If
�.x/ D �.y/ D r then x < y if x D .r; 0/ and y D .r; 1/. It is an easy exercise that
< is a linear order on X ; it is called the lexicographical order on X . To distinguish
the intervals of the order < from the pairs or reals which represent the elements
of X the intervals will have the index lo, i.e., given x; y 2 X with x < y we let
.x; y/lo D fz 2 X W x < z < yg and Œx; y/lo D fz 2 X W x � z < yg.
Fact 1. The topology of the double arrow space is zero-dimensional and generated
by its lexicographical order. In particular, the double arrow space is a linearly
ordered zero-dimensional perfectly normal, hereditarily separable non-metrizable
compact space.

Proof. It was proved in TFS-384 thatX is a perfectly normal, hereditarily separable
non-metrizable compact space. Zero-dimensionality ofX follows from the fact that,
for every z 2 X , all elements of Bz are clopen in X . Let � be the topology on T
generated by the lexicographical order.

If x D .t; 0/ 2 X and U D ..a; t 
�f0g/[..a; t/�f1g/ 2 Bx then, for the points
p D .a; 1/ and q D .t; 1/ we have .p; q/lo D U which shows that U 2 � for any
U 2 Bx. Analogously, if x D .t; 1/ and U D .Œt; a/ � f1g/ [ ..t; a/ � f0g/ 2 Bx
then, for the points p D .t; 0/ and q D .a; 0/ we have .p; q/lo D U ; so U 2 �.
This proves that B D SfBx W x 2 Xg � � and hence �.X/ � �.

Now assume that x D .t; 0/ 2 X and 0 < t < 1. The intervals .p; q/lo such that
p < x < q form a local base in .T; �/ at x; fix p; q 2 X with p < x < q. Let
q0 D .t; 1/ and a D �.p/; if p0 D .a; 1/ then we have the inequalities p � p0 <
x < q0 � q and .p0; q0/lo D ..a; t 
 � f0g/[ ..a; t/ � f1g/ 2 Bx.

Thus, for anyp; q 2 X such that x 2 .p; q/lo there isU 2 Bx withU � .p; q/lo.
The same is true if x D .t; 1/ for some t with 0 < t < 1: the proof is analogous.

Now, if x D .0; 1/ 2 X then x is the minimal element of the space X and hence
the family fŒx; p/lo W p 2 X and x < pg is a local base of .T; �/ at x. Take any
p > x; if a D �.p/ and p0 D .a; 0/ then x < p0 � p; so Œx; p0/lo � Œx; p/lo and
Œx; p0/lo D .Œ0; a/�f1g/[ ..0; a/�f0g/ 2 Bx. The proof for the point x D .1; 0/ 2
X being analogous, we have established that

(1) for any x 2 X and V 2 � with x 2 V there is U 2 Bx such that U � V .

The property (1) says that B is a base for � and hence � � �.X/. We already
showed that �.X/ � �; so � D �.X/, i.e., the topology of X is generated by the
lexicographical order of X . Fact 1 is proved.

Returning to our solution observe that the double arrow space X is compact,
zero-dimensional and linearly ordered by Fact 1; therefore X is extendial by
Problem 470. It also follows from Fact 1 that X is perfectly normal, hereditarily
separable and non-metrizable; so X is the required example and hence our solution
is complete.

U.472. Give an example of an extendial compact space X such that X � X is not
t-extendial.
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Solution. Let T D ..0; 1
 � f0g/[ .Œ0; 1/ � f1g/ � R
2. If z D .t; 0/ 2 T , then

Bz D f..a; t 
 � f0g/[ ..a; t/ � f1g/ W 0 < a < tg:

Now if z D .t; 1/ 2 T , let Bz D f.Œt; a/ � f1g/ [ ..t; a/ � f0g/ W t < a <

1g. Let � be the topology generated by the families fBz W z 2 T g as local bases.
The space X D .T; �/ is called two arrows (or double arrow) space. By Fact 1 of
U.471 the space X is compact, linearly ordered and zero-dimensional. ThereforeX
is extendial by Problem 470.

Let T1 D Œ0; 1/� f1g; given any x D .t; 1/ 2 T1 the family Cx D fU \ T1 W U 2
Bxg is a local base at x in the space T1 with the topology induced fromX . It is easy
to see that Cx D fŒt; a/ � f1g W t < a < 1g. Let � W T1 ! Œ0; 1/ be the projection
in the plane, i.e., �..r; 1// D r for any .r; 1/ 2 T1. The map � is a bijection and it
is easy to see that it is a homeomorphism if we consider Œ0; 1/ with the topology �
induced from the Sorgenfrey line (see TFS-165). Denote by S the space .Œ0; 1/; �/;
then the map ��1 embeds S in X .

Consider the setD D f.t; 1�t/ W t 2 .0; 1/g � S�S ; for any d D .t; 1 � t/ 2 D
take numbers a; b with t < a < 1 and 1 � t < b < 1; then the set U D Œt; a/ �
Œ1� t; b/ is open in S �S and U \D D fd g which shows that the setD is discrete.
Therefore s.S � S/ � jDj > !; we already saw that S embeds in X ; so S � S
embeds in X �X and therefore s.X �X/ > !. It was proved in TFS-384 that X is
hereditarily separable and hence separable. This implies thatX�X is also separable;
so p.X � X/ D !. If X � X is t-extendial then we can apply Problem 455 to see
that s.X �X/ D ! which is a contradiction. Thus X is an example of an extendial
compact space such that X �X is not t-extendial.

U.473. Show that there exist extendial compact spaces of uncountable tightness.

Solution. The space X D !1 C 1 is compact, linearly ordered and zero-
dimensional; so it is extendial by Problem 470. The point !1 2 X is in the closure
of the set A D Xnf!1g but no countable subset of A contains !1 in its closure. Thus
X is a compact extendial space of uncountable tightness.

U.474. Give an example of a non-linearly orderable extendial compact space.

Solution. Let X D A.!1/; then X D !1 [ fag is a compact space with the unique
non-isolated point a. To see that X is extendial suppose that F is a closed subset of
X . If a … F then F is finite and open in X . It is an easy exercise that any clopen
subset of X is a retract of X ; so F is a retract of X .

Now, if a 2 F then let f .x/ D x for x 2 F and f .x/ D a for all x 2 XnF .
Then f W X ! F and f .x/ D x for any x 2 F . To see that f is continuous
we must only establish continuity at the point a, so take any U 2 �.a;X/; there
is a finite K � !1 such that U D XnK . If x 2 F \ U then f .x/ D x 2 U ; if
x 2 U nF then f .x/ D a 2 U which shows that f .U / � U . Since f .a/ D a, the
set U witnesses continuity of f at the point a. Thus f is a retraction and hence we
proved that every closed F � X is a retract of X . This shows that X is extendial
(see Problem 465).
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If the space X is linearly orderable then it follows from t.X/ D ! (see TFS-
129) that 	.X/ � ! (see TFS-303) which is false because  .a;X/ D !1. This
contradiction shows that X is an extendial non-linearly orderable compact space.

U.475. Prove that every t-extral (and hence every extral) space X is compact and
every uncountable regular cardinal is a caliber of X .

Solution. Let � D w.X/; there is no loss of generality to consider that � � !.
Choose disjoint sets P;Q � �C such that jP j D jQj D �C and P [Q D �C. In
the Tychonoff cube I

�C

consider the subspace E D fx 2 I
�C W x.˛/ D 1 for any

˛ 2 P g. It is evident that E ' I
Q ' I

�C

; so the space X can be embedded in E
and hence we can assume, without loss of generality, that X � E .

For any A � �C let uA 2 I
A be the “zero point” of IA defined by uA.˛/ D 0 for

all ˛ 2 A. The subspace S D fx 2 I
�C W jx�1.Inf0g/j � �g � I

�C

is dense in I
�C

and has the following property:

(1) if Y � S and jY j � � then clS.Y / is compact.

Indeed, the set C DSfy�1.Inf0g/ W y 2 Y g has cardinality at most �; so the set
F D I

C � fu�CnC g is contained in S . It is straightforward that Y � F and hence
clS.Y / D clF .Y / is a compact space because so is F ; this settles (1).

For any x 2 X let e.x/.f / D f .x/ for any f 2 Cp.X/; this defines an
embedding e W X ! Cp.Cp.X// (see TFS-167). Let T D S[X ; thenX is closed in

T becauseE is a closed subset of I�
C

such thatE\S D ; and thereforeX D E\T .
The spaceX being t-extral there exists a continuous map ' W T ! Cp.Cp.X// such
that 'jX D e (see Problem 449); let T 0 D '.T /. Since S is dense in T , the set S 0 D
'.S/ is dense in T 0; it follows from nw.S 0/ � nw.Cp.Cp.X/// D nw.X/ � � that
we can find a dense Y 0 � S 0 with jY 0j � �.

Choose Y � S such that jY j � � and '.Y / D Y 0; then K D clS.Y / is compact
by (1) and the compact set K 0 D '.K/ is dense in T 0 because K 0 � Y 0 and Y 0
is dense in T 0. An immediate consequence is that K 0 D T 0, i.e., the space T 0 is
compact. The set e.X/ � T 0 is closed in Cp.Cp.X// (this was also proved in TFS-
167), so it has to be closed in T 0; this implies that e.X/ is compact and hence X is
compact as well being homeomorphic to e.X/.

Finally take an uncountable regular cardinal �. The space X can be embedded
in I

� ; so we can assume that X � I
� . Since X compact, it is closed and hence t-

embedded in I
� . The cardinal � being a caliber of I� (see SFFS-282) it has to be a

caliber of X by Problem 453. Thus every uncountable regular cardinal is a caliber
of X .

U.476. Prove that X is t-extral if and only if it can be t-embedded in I
� for some

cardinal �.

Solution. If X is t-extral then it is compact by Problem 475 so, for � D w.X/, it
can be embedded in I

� as a closed subspace. It follows from t-extrality of X that
this embedding is automatically a t-embedding in I

� . This proves necessity.
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Now assume that X is t-embedded in I
� for some cardinal �. Then X is

compact because it has to be closed in I
� (see Problem 450). Suppose that X is

embedded in some space Y ; denote by X 0 the respective copy of X in Y and fix a
homeomorphism � W X 0 ! X . Then ��1 W X ! X 0 is a homeomorphism as well
an hence its dual map � D .��1/� W Cp.X 0/! Cp.X/ defined by �.f / D f ı ��1
for any f 2 Cp.X 0/ is also a homeomorphism (see TFS-163).

For any ˛ 2 � let �˛ W I� ! I be the natural projection of I� onto its factor
determined by ˛. Any compact subspace of Y is C -embedded in Y by Fact 1 of
T.218; so X 0 is C -embedded in Y . Therefore there exists a continuous function
˚˛ W Y ! I such that �˛ ı � D ˚˛ for all ˛ < �. Then ˚ D �˛<�˚˛ W Y ! I

�

and ˚ jX 0 D �; besides, the set X is contained in Y 0 D ˚.Y /.
Since the space X is t-embedded in I

�, there exists a continuous extender ' W
Cp.X/! Cp.I

�/. The restriction map � W Cp.I�/! Cp.Y
0/ being continuous, the

map ' 0 D � ı ' W Cp.X/! Cp.Y
0/ is continuous as well and it is straightforward

that ' 0 is an extender.
Finally let ˚� W Cp.Y 0/! Cp.Y / be the dual map of ˚ defined by the equality

˚�.f / D f ı˚ for any f 2 Cp.Y 0/. Since ˚� is continuous by TFS-163, the map
� D ˚� ı ' 0 ı � W Cp.X 0/ ! Cp.Y / is also continuous; let us check that � is an
extender.

Fix f 0 2 Cp.X 0/; x0 2 X 0 and let f D �.f 0/; x D �.x0/. Since ' 0 is an
extender, we have ' 0.f /.x/ D f .x/. Now, ˚�.' 0.f //.x0/ D .' 0.f //.˚.x0// D
f .x/ because ˚.x0/ D �.x0/ D x. Thus �.f 0/.x0/ D f .x/ D f 0.��1.x// D
f 0.x0/; since x0 2 X 0 was chosen arbitrarily, we proved that �.f 0/jX 0 D f 0, i.e.,
� is a continuous extender and hence X 0 is t-embedded in Y . This shows that X is
t-extral and settles sufficiency.

U.477. Prove that any retract of a t-extral space is a t-extral space.

Solution. Suppose that X is a t-extral space and r W X ! Y is a retraction; we can
consider that X � I

� for some cardinal �. It follows from t-extrality of X that there
exists a continuous extender ' W Cp.X/! Cp.I

�/.
The dual map r� W Cp.Y /! Cp.X/ of the retraction r , is continuous (see TFS-

163); so the map � D ' ı r� W Cp.Y /! Cp.I
�/ is continuous as well.

Given any function f 2 Cp.Y / and y 2 Y the equality r.y/ D y implies that
�.f /.y/ D '.f ı r/.y/ D .f ı r/.y/ D f .r.y// D f .y/ (we also applied the fact
that ' is an extender and hence '.f ı r/jX D f ı r). Therefore �.f /.y/ D f .y/

for any y 2 Y , i.e., �.f /jY D f which shows that � is a continuous extender. As a
result, the space Y is t-embedded in I

� ; so it is t-extral by Problem 476.

U.478. Let X be a t-extral space such that w.X/ � c. Prove that X is separable.

Solution. It follows from w.X/ � c that the spaceX is embeddable in I
c; so we can

consider that X � I
c. Since X is t-extral, it is t-embedded in I

c and hence Cp.X/
embeds in Cp.Ic/ (see Problem 448). The space I

c being separable (see TFS-108),
we have iw.Cp.X// � iw.Cp.Ic// D d.Ic/ D ! which, together with TFS-173,
shows that X is separable.
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U.479. Suppose that an !-monolithic space X is t-extral and has countable
tightness. Prove that X is metrizable.

Solution. The space X being compact (see Problem 475), it follows from t.X/ D
! that there exists a point-countable �-base B in X . Since !1 is a caliber of X
(this was also proved in Problem 475), the family B must be countable which shows
that �w.X/ � !. Thus X is separable; so it follows from !-monolithity of X that
w.X/ D nw.X/ D ! (see Fact 4 of S.307) and hence X is metrizable.

U.480. Prove that a t-extral space X is metrizable whenever Cp.X/ is Lindelöf.

Solution. We can consider thatX � I
� for some infinite cardinal �. It follows from

t-extrality of X that X is t-embedded in I
� and therefore Cp.X/ embeds in Cp.I�/

(see Problem 448). The compact space I� being dyadic (see Fact 2 of T.298), we can
apply Problem 086 to conclude that nw.Cp.X// D ! and hence w.X/ D nw.X/ D
! (see Fact 4 of S.307); so X is metrizable.

U.481. Give an example of a t-extral space which is not extral.

Solution. Given a space Z and f 2 C �.Z/ let jjf jjZ D supfjf .x/j W x 2 Zg; if
the space Z is clear we will write jjf jj instead of jjf jjZ . For a subspace Y � Z

a map e W �.Y / ! �.Z/ is an extender of open sets if e.U / \ Y D U for any
U 2 �.Y /. Given a natural n � 2 a subspace Y � Z is Kn-embedded in Z if there
exists an extender of open sets e W �.Y / ! �.Z/ such that, for any disjoint family
fU0; : : : ; Un�1g � �.Y / we have e.U0/\ : : :\ e.Un�1/ D ;; in this case the map e
is called a Kn-extender.

If X is a space and f0; : : : ; fn�1 are functions on X then, as usual, the functions
m D min.f0; : : : ; fn�1/ and M D max.f0; : : : ; fn�1/ are defined by the equalities
m.x/ D minffi.x/ W i < ng andM.x/ D maxffi.x/ W i < ng for any x 2 X .

Fact 1. Given compact spaces X and Y suppose that ' W Cp.X/ ! Cp.Y / is a
continuous linear map. Then the map ' W Cu.X/! Cu.Y / is continuous as well.

Proof. Recall that the topology of Cu.X/ is generated by the metric d defined by
the equality d.f; g/ D jjf � gjjX for any f; g 2 Cp.X/ (see Problem 344); this
metric is complete; so Cu.X/ is a Čech-complete space by TFS-269.

It follows from �.Cp.X// � �.Cu.X// that the map ' W Cu.X/ ! Cp.Y /

is continuous; so we can apply Problem 347 to see that ' W Cu.X/ ! Cu.Y / is
continuous at some point f 2 Cu.X/. For any function g 2 Cu.X/ let L.g/ D
g � f ; then L W Cu.X/ ! Cu.X/ is a homeomorphism (see Fact 2 of T.241). If u
is the function which is identically zero onX then L.f / D u. By linearity of ', the
function v D '.u/ is identically zero on Y . Take an arbitrary set V 2 �.v; Cu.Y //.
By Fact 2 of T.104, there is W 2 �.f; Cu.X// such that '.g/ � '.f / 2 V for any
g 2 W . Since L is a homeomorphism and U D L.W / 3 u, the set U is an open
neighbourhood of u in Cu.X/.

For any h 2 U , there is g 2 W with L.g/ D g � f D h; recall that v is
identically zero on Y ; so '.h/ � '.u/ D '.g � f / � v D '.g/ � '.f / 2 V .
Therefore we can apply Fact 2 of T.104 again to see that ' is continuous at u. Finally
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apply Fact 1 of T.105 and Fact 2 of S.496 to conclude that ' W Cu.X/ ! Cu.Y / is
continuous and hence Fact 1 is proved.

Fact 2. Given a compact space X if a set Y � X is l-embedded in X then there
exists a natural n � 2 such that Y is Kn-embedded in X .

Proof. The set Y is compact being closed in X (see Problem 450); fix a linear
continuous extender ' W Cp.Y / ! Cp.X/. For any r > 0 let Br D ff 2 Cp.Y / W
jjf jjY < rg be the ball of radius r centered at zero; the map ' W Cu.Y /! Cu.X/ is
continuous by Fact 1; so there is r > 0 such that jj'.f /jjX < 1 for any f 2 Br .

Let S D ff 2 Cp.Y / W jjf jjY � 1g; for any f 2 S , the point g D r
2
f belongs

to Br and therefore r
2
jj'.f /jjX D jj'.g/jjX < 1; this proves that jj'.f /jjX � 2

r
for

any f 2 S . Choose a natural n � maxf2; 4
r
g; then

(1) jj'.f /jjX � n
2

for any f 2 S .

Given a set U 2 �.Y / let SU D ff 2 S W f .Y nU / � f0gg; then the set
e.U / D Sf'.f /�1..1 � 1

n
;C1// W f 2 SU g is open in X and e.U / \ Y � U .

If U D ; then the unique element of SU is the function which is identically zero on
Y . The map ' being linear, the function '.f / is identically zero onX ; so e.U / D ;
and hence e.U /\ Y D U . If U ¤ ; then, for any x 2 U there is f 2 SU such that
f .x/ D 1. The function '.f / extends f ; so '.f /.x/ D 1 and '.f /.Y nU / � f0g
which shows that x 2 '.f /�1..1� 1

n
;C1// � e.U /; this proves that e.U /\ Y D

U ; so e is an extender of open sets.
Suppose that U D fU0; : : : ; Un�1g is a disjoint family of open subsets of Y such

that E D e.U0/ \ : : : \ e.Un�1/ ¤ ;. Fix a point y 2 E; there are functions
f0; : : : ; fn�1 2 S such that fi 2 SUi and '.fi /.y/ > 1� 1

n
for any i < n. It follows

from disjointness of U that f D f0 C : : : C fn�1 2 S which, together with (1),
implies that jj'.f /jjX � n

2
and therefore j'.f /.y/j � n

2
� n � 1. The map '

being linear, we have j'.f /.y/j D jPi<n '.fi /.y/j > n.1 � 1
n
/ D n � 1. This

contradiction shows that e is, indeed, a Kn-extender; so Fact 2 is proved.

Recall that, for any infinite cardinal �, the space A.�/ D � [fag is the one-point
compactification of the discrete space D.�/ with the underlying set � and a … � is
the unique non-isolated point of A.�/. We will call the space A.�/ supersequence
with the limit a.

Fact 3. Suppose that A is a set and p 2 I
A. Assume that, for some n 2 N,

we have subspaces K0; : : : ; Kn�1 � I
A such that every Ki is homeomorphic to

A.!1/ and p is the unique non-isolated point of Ki ; let Di D Finfpg. Then, for
any family fU0; : : : ; Un�1g � �.IA/ such that Di � Ui for all i < n, we have
U0 \ : : : \ Un�1 ¤ ;.

Proof. Given a set B � A the map �B W IA ! I
B is the projection of IA onto its

face I
B . It suffices to prove by induction on n, that, in our situation, the point p

belongs to the closure of the set U0 \ : : : \ Un�1. The case of n D 1 being evident,
assume that n 2 N and the respective statement Sk was proved for any k � n.
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To see that the statement SnC1 is true take any supersequencesK0; : : : ; Kn with
the common limit p and suppose that we are given sets U0; : : : ; Un 2 �.IA/ such
that Ui \Ki D Di D Kinfpg for any i � n. For the set V D U0 \ : : : \ Un�1 the
induction hypothesis shows that p 2 V . There exists a countable B � A such that
��1
B .�B.V // D V (see Fact 6 of T.298).

The space I
B being second countable, ��1

B �B.p/ is a Gı-subset of Kn which
contains the point p. An immediate consequence is that jKnn��1

B �B.p/j D ! and
hence p belongs to the closure of the set E D .Kn \ ��1

B �B.p//nfpg. It follows
from �B.p/ 2 �B.V /, that E � V and therefore E � Un \ V . Recalling that we
have Un \ V D U D U0 \ : : :\Un we conclude that p 2 U ; this accomplishes the
induction step and shows that Fact 3 is proved.

Fact 4. Given a space X suppose that F � X is C �-embedded in X and f W F !
I
A is a continuous map for some A. Then there exists a continuous map g W X ! I

A

such that gjF D f . In particular, if the space X is normal and F is closed in X
then any continuous map from F to a Tychonoff cube can be continuously extended
to the whole space X .

Proof. For any a 2 A let �a W IA ! I be the natural projection of I
A onto its

factor determined by a; then ga D �a ı f W F ! I is continuous. Since F is C �-
embedded in X , there is a continuous function ga W X ! I such that gajF D fa for
any a 2 A. Let g D �fga W a 2 Ag W X ! I

A be the diagonal product of the family
fga W a 2 Ag (recall that g is defined by g.x/.a/ D ga.x/ for any a 2 A). The map
g is continuous; given x 2 F we have g.x/.a/ D ga.x/ D fa.x/ D f .x/.a/ for
any a 2 A and hence g.x/ D f .x/. Thus gjF D f and Fact 4 is proved.

Fact 5. Suppose that Y is a compact space and K � Y is a closed subspace of Y
such that K D K0 [ : : : [ Kn�1, every Ki is homeomorphic to some Tychonoff
cube I

�i and there is a point a 2 Y such that Ki \ Kj D fag for any distinct
i; j < n. Then there exists a continuous extender ' W Cp.K/ ! Cp.Y / such that
jj'.f /jjY � 5jjf jjK for any f 2 Cp.K/.
Proof. Given a function f 2 Cp.Y / let f C D fCjf j

2
and f � D f�jf j

2
; define

maps �C; �� W Cp.Y / ! Cp.Y / by �C.f / D f C and ��.f / D f � for any
f 2 Cp.Y /. It is an easy exercise that both maps �C and �� are continuous. It is
straightforward that f C.x/ D f .x/ if f .x/ � 0 and f C.x/ D 0 if f .x/ < 0.
Analogously, f�.x/ D f .x/ if f .x/ � 0 while f�.x/ D 0 if f .x/ > 0. We also
have the inequalities jjf CjjY � jjf jjY and jjf �jjY � jjf jjY . Let ri W K ! Ki be
the map defined by ri .x/ D a for all x 2 KnKi and r.x/ D x whenever x 2 Ki ; it
is clear that ri is a retraction for any i < n.

Apply Fact 4 to find a continuous map si W Y ! Ki such that si jK D ri
for any i < n. Let �i .f / D .f jKi/ ı si for any i < n and f 2 Cp.K/. It is
straightforward that every �i W Cp.K/ ! Cp.Y / is a continuous map such that
jj�i.f /jjY � jjf jjK and �i.f /jKi D f jKi for any f 2 Cp.K/. Let �0.f / D
max.�0.f /C; : : : ; �n�1.f /C/ and �1.f / D min.�0.f /�; : : : ; �n�1.f /�/ for any
f 2 Cp.K/.
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We leave it to the reader to verify that then map �i W Cp.K/ ! Cp.Y / is
continuous and jj�i .f /jjY � jjf jjK for any f 2 Cp.K/ and i 2 D. Therefore
the map � D �0C �1 W Cp.K/! Cp.Y / is continuous and jj�.f /jjY � 2jjf jjK for
any f 2 Cp.K/.

Let '.f / D �.f � f .a// C f .a/ for any f 2 Cp.K/. It follows easily from
continuity of � that the map ' W Cp.K/ ! Cp.Y / is continuous. For any f 2
Cp.K/ we have jjf �f .a/jjK � 2jjf jjK ; so jj�.f �f .a//jjY � 2jjf �f .a/jjK �
4jjf jjK . Therefore jj'.f /jjY � jj�.f � f .a//jjY C jf .a/j � 5jjf jjK for each
f 2 Cp.K/.

To finally see that the map ' is an extender take any f 2 Cp.K/ and x 2 K;
let g D f � f .a/ and fix a number i < n with x 2 Ki . Then �j .g/.x/ D 0 and
hence �j .g/C.x/ D �j .g/

�.x/ D 0 for all j ¤ i . Suppose first that g.x/ > 0;
then �i.g/C.x/ D g.x/ which implies �0.g/.x/ D g.x/ and �1.g/.x/ D 0. As
a consequence, �.g/.x/ D g.x/ and therefore '.f /.x/ D g.x/ C f .a/ D f .x/.
Analogously, if g.x/ � 0 then �i.g/�.x/ D g.x/ which implies �1.g/.x/ D
g.x/ and �0.g/.x/ D 0. Consequently, �.g/.x/ D g.x/ and therefore '.f /.x/ D
g.x/C f .a/ D f .x/. We conclude that the extender ' has all promised properties;
so Fact 5 is proved.

Fact 6. Let U D fUn W n 2 !g be disjoint family of non-empty open subsets of
a space Z. Assume that fn 2 C �.Z/ and fn.ZnUn/ � f0g for all n 2 !. If,
additionally, the sequence fjjfnjj W n 2 !g converges to zero then the function
f DP

n2! fn is continuous on Z.

Proof. Let rn D jjfnjj and gn D f0 C : : : C fn for any n 2 !. Given " > 0 there
is m 2 ! such that rn < "

2
for all n � m. The family U being disjoint, for any set

A � !, we have the inequality jjPffi W i 2 Agjj � supfri W i 2 Ag. In particular,
jjf �gnjj � supfrn W n � mg � "

2
< " which shows that the sequence fgn W n 2 !g

of continuous functions on Z converges uniformly to f . Therefore f is continuous
(see TFS-029); so Fact 6 is proved.

Returning to our solution, fix a number n 2 N and let In D Œ0; 1
nC1 
 � I. It is

easy to find a disjoint family An D fAn0; : : : ; Ann�1g of subsets of !1 such that
jAni j D !1 for any i < n and

S
An D !1. The set Kn

i D fx 2 .In/!1 W x.˛/ D 0

for any ˛ 2 !1nAni g is homeomorphic to I
!1 for any i < n. Let u 2 I

!1 be the
zero point of I!1 , i.e., u.˛/ D 0 for all ˛ 2 !1. It is evident that Kn

i \ Kn
j D fug

for any i ¤ j (observe that we consider that In � I and hence .In/!1 � I
!1 ); let

Kn D Kn
0 [ : : : [ Kn

n�1. It is easy to find a discrete subspace Di � Kn
i nfug such

that Ei D Di [ fug is homeomorphic to A.!1/ for any i < n.
In the space I � I

!1 consider the set X D f.0; u/g [ .Sff 1
n
g �Kn W n 2 Ng/; it

is straightforward that any U 2 �..0; u/; I � I
!1/ contains the set Ln D f 1ng � Kn

for all but finitely many n 2 N so the space X is compact. Let v0 D .0; u/ and
vn D . 1n ; u/ for any n 2 N.

If X is l-embedded in I � I
!1 then there is a natural n � 2 such that X is

Kn-embedded in I � I
!1 (see Fact 2); let e W �.X/ ! �.I � I

!1/ be the respective
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Kn-extender. The set Ui D f 1ng � .Kn
i nfug/ is open in X for any i < n and the

family fUi W i < ng is disjoint. Consequently,
T
i<n e.Ui / D ;.

On the other hand, E0; : : : ; En�1 are supersequences with the common limit vn,
such that e.Ui/ � Ui � Di for every i < n; so we can apply Fact 3 to see thatT
i<n e.Ui/ ¤ ; which is a contradiction. Thus X is not l-embedded in I � I

!1 and
hence the space X is not extral.

Now take a disjoint family O D fOn W n 2 Ng of open subsets of the space
Q D I� I!1 such that v0 … S

O and Ln � On for each n 2 N; choose a continuous
function hn W Q! Œ0; 1
 such that hn.Ln/ D 1 and hn.x/ D 0 for every x 2 QnOn.
Every space Ln satisfies the assumptions of Fact 5; so we can take a continuous
extender �n W Cp.Ln/ ! Cp.Q/ such that jj�n.f /jjQ � 5jjf jjLn for any f 2
Cp.Ln/. Given n 2 N, let 'n.f / D �n.f / � hn for any f 2 Cp.Ln/. It is easy to see
that

(2) every 'n W Cp.Ln/ ! Cp.Q/ is a continuous extender with 'n.f /.QnOn/ D
f0g and jj'n.f /jjQ � 5jjf jjLn for any f 2 Cp.Ln/.

Fix a f 2 Cp.X/ and let '.f / D Pf'n..f � f .v0//jLn/ W n 2 Ng C f .v0/.
Then '.f / is a real-valued function on Q. If gn D .f � f .v0//jLn for any
n 2 N then the sequence fjjgnjjLn W n 2 Ng converges to zero and hence so
does the sequence fjj'n.gn/jjQ W n 2 Ng by the property (2). This makes it
possible to apply Fact 6 to see that '.f / is a continuous function on Q and hence
' W Cp.X/! Cp.Q/.

It follows from the property (2) that 'n.gn/.v0/ D 0 for all n 2 ! and therefore
'.f /.v0/ D f .v0/. If x 2 Xnfv0g then there is a unique n 2 N such that x 2 Ln;
the map 'n being an extender, we have 'n..f � f .v0//jLn/.x/ D f .x/ � f .v0/.
Besides, 'm.gm/.x/ D 0 for any m ¤ n; so '.f /.x/ D f .x/ � f .v0/C f .v0/ D
f .x/. Thus '.f /.x/ D f .x/ for any x 2 X ; so ' is an extender.

To see that ' is continuous take any x 2 Q and let �x W Cp.Q/ ! R be the
projection of Cp.Q/ onto the factor of RQ determined by x. Recall that �x.f / D
f .x/ for any f 2 Cp.Q/. If x 2 X then .�x ı '/.f / D f .x/ D �x.f / because '
is an extender so �x ı ' coincides with the projection of Cp.X/ onto the factor of
R
X determined by the point x and hence �x ı ' is continuous.
If x 2 Qn.SO/ then �x ı ' is continuous being identically zero on the space

Cp.X/. Now, if x 2 S
O then there is a unique n 2 N such that x 2 On and hence

'm.f �f .v0//.x/ D 0 for anym ¤ n. Thus '.f /.x/ D 'n.f �f .v0//.x/Cf .v0/
for any f 2 Cp.X/; so the map �x ı ' is continuous because so is 'n.

This shows that �x ı ' is a continuous map for any x 2 Q and hence ' is a
continuous extender (see TFS-102) and, in particular, X is t-embedded in Q. The
space Q being homeomorphic to I

!1 we can apply Problem 476 to conclude that
X is t-extral. Therefore X is an example of a t-extral space which is not extral and
hence our solution is complete.

U.482. Prove that every metrizable compact space is extral.

Solution. If X is a metrizable compact space and X � Y then X is l-embedded in
Y : this was proved in Fact 1 of U.216. ThereforeX is extral.
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U.483. Prove that X is extral if and only if it can be l-embedded in I
� for some

cardinal �.

Solution. If X is extral then it is compact by Problem 475 so, for � D w.X/, it
can be embedded in I

� as a closed subspace. It follows from extrality of X that this
embedding is automatically an l-embedding in I

� . This proves necessity.
Now assume that X is l-embedded in I

� for some cardinal �. Then X is
compact because it has to be closed in I

� (see Problem 450). Suppose that X is
embedded in some space Y ; denote by X 0 the respective copy of X in Y and fix a
homeomorphism � W X 0 ! X . Then ��1 W X ! X 0 is a homeomorphism as well
an hence its dual map � D .��1/� W Cp.X 0/! Cp.X/ defined by �.f / D f ı ��1
for any f 2 Cp.X 0/ is a linear homeomorphism (see TFS-163).

Any compact subspace of Y is C -embedded in Y by Fact 1 of T.218; so X 0 is
C -embedded in Y . Therefore there exists a continuous function ˚ W Y ! I

� such
that ˚ jX 0 D � (see Fact 4 of U.481); besides, the set X is contained in Y 0 D ˚.Y /.

Since the space X is l-embedded in I
�, there exists a linear continuous extender

' W Cp.X/ ! Cp.I
�/. The restriction map � W Cp.I�/ ! Cp.Y

0/ being linear and
continuous, the map ' 0 D � ı ' W Cp.X/ ! Cp.Y

0/ is linear and continuous as
well; it is straightforward that ' 0 is an extender.

Finally let ˚� W Cp.Y 0/! Cp.Y / be the dual map of ˚ defined by the equality
˚�.f / D f ı ˚ for any f 2 Cp.Y 0/. Since ˚� is linear and continuous by TFS-
163, the map � D ˚� ı ' 0 ı� W Cp.X 0/! Cp.Y / is also linear and continuous; let
us check that � is an extender.

Fix f 0 2 Cp.X 0/; x0 2 X 0 and let f D �.f 0/; x D �.x0/. Since ' 0 is an
extender, we have ' 0.f /.x/ D f .x/. Now, ˚�.' 0.f //.x0/ D .' 0.f //.˚.x0// D
f .x/ because ˚.x0/ D �.x0/ D x. Thus �.f 0/.x0/ D f .x/ D f 0.��1.x// D
f 0.x0/; since x0 2 X 0 was chosen arbitrarily, we proved that �.f 0/jX 0 D f 0, i.e., �
is a linear continuous extender and hence X 0 is l-embedded in Y . This shows that
X is l-extral and settles sufficiency.

U.484. Prove that any retract of an extral space is an extral space.

Solution. Suppose that X is an extral space and r W X ! Y is a retraction; we can
consider that X � I

� for some cardinal �. It follows from extrality of the space X
that there exists a linear continuous extender ' W Cp.X/ ! Cp.I

�/. The dual map
r� W Cp.Y /! Cp.X/ of the retraction r is linear and continuous (see TFS-163); so
the map � D ' ı r� W Cp.Y /! Cp.I

�/ is linear and continuous as well.
Given any function f 2 Cp.Y / and y 2 Y the equality r.y/ D y implies that

�.f /.y/ D '.f ı r/.y/ D .f ı r/.y/ D f .r.y// D f .y/ (we also applied the fact
that ' is an extender and hence '.f ı r/jX D f ı r). Therefore �.f /.y/ D f .y/

for any y 2 Y , i.e., �.f /jY D f which shows that � is a linear continuous extender.
As a result, the space Y is l-embedded in I

� ; so it is extral by Problem 483.

U.485. Given an extral space X and an infinite cardinal � prove that w.X/ > �

implies that D�
C

embeds in X .



2 Solutions of Problems 001–500 445

Solution. If we are given sets A;B � R then A � B D fab W a 2 A and b 2 Bg;
if, additionally, A � Rnf0g then A�1 D fr�1 W r 2 Ag. Given a space Z let
ez.f / D f .z/ for any z 2 Z and f 2 Cp.Z/. Then ez W Cp.Z/ ! R is a linear
continuous functional (see TFS-196) and the map e W Z ! Cp.Cp.Z// defined
by e.z/ D ez for each z 2 Z, is a closed embedding (see TFS-167). This makes it
possible to identify every z 2 Z with ez and consider that Z is a closed subspace of
Cp.Cp.Z//. ThenZ � Lp.Z/ andZ is a closed Hamel basis in Lp.Z/ (see Fact 5
of S.489). For any sets A � R and H � Lp.Z/ let A � H D fa � u W a 2 A and
u 2 H g.

If 0 2 Lp.Z/ is the zero functional then we let l.0/ D 0. If u 2 Lp.Z/nf0g
then there exist �1; : : : ; �n 2 Rnf0g and distinct points z1; : : : ; zn 2 Z such that
u D �1z1C: : :C�nzn; let l.z/ D n. This representation of u will be called canonical;
the canonical representation is unique up to a permutation in the sense that, for any
distinct y1; : : : ; yk 2 Z and �1; : : : ; �k 2 Rnf0g such that u D �1y1 C : : :C�kyk
we have n D k and there exists a permutation fi1; : : : ; ing of the set f1; : : : ; ng such
that yij D zj and �ij D �j for any j 2 f1; : : : ; ng.
Fact 1. For any space Z and n 2 ! the set Lnp.Z/ D fu 2 Lp.Z/ W l.u/ � ng is
closed in Lp.Z/.

Proof. Take any u 2 Lp.Z/nLnp.Z/; then there is k > n, distinct points
z1; : : : ; zk 2 Z and �1; : : : ; �k 2 Rnf0g such that u D �1z1 C : : :C �kzk .

Choose disjoint sets U1; : : : ; Uk 2 �.Z/ and functions f1; : : : ; fk 2 Cp.Z/ such
that zi 2 Ui while fi .zi / D 1 and fi .ZnUi/ � f0g for every i � k. The set
Oi D fv 2 Lp.Z/ W v.fi / ¤ 0g is open in Lp.Z/ for any i � k; letO D T

i�k Oi .
Observe that u.fi / D �i for any i � k; so O 2 �.u; Lp.Z//. Given any point
v 2 O let v D �1y1 C : : : C �mym be a canonical representation of v. It follows
from v.fi / D �1fi .y1/ C : : : C �mfi .ym/ ¤ 0 that there is ri � m such that
fi .yri / ¤ 0 and therefore yri 2 Ui for any i � k. The family fU1; : : : ; Ukg being
disjoint the points yri and yrj are distinct if i ¤ j . An immediate consequence is
that m � k > n; this proves that l.v/ > n for any v 2 O , so O \ Lnp.Z/ D ;.

Thus every point u 2 Lp.Z/nLnp.Z/ has a neighbourhood which does not meet
Lnp.Z/ and hence Lnp.Z/ is closed in Lp.Z/. Fact 1 is proved.

Fact 2. Given an arbitrary space Z suppose that, for some number n 2 N, we
are given a disjoint family U D fU1; : : : ; Ung � ��.Z/ and sets O1; : : : ; On 2
��.Rnf0g/. Then G D O1 � U1 C : : :COn � Un � Lnp.Z/nLn�1

p .Z/ and G is open
in Lnp.Z/.

Proof. Take any element u 2 G. By definition of G there exist y1; : : : ; yn 2 Z and
�1; : : : ; �n 2 R such that yi 2 Ui ; �i 2 Oi for all i � n and u D �1y1 C : : : C
�nyn. We have yi ¤ yj whenever i ¤ j because the family U is disjoint. It follows
from �i 2 Oi that �i ¤ 0 for every i � n; so the equality u D �1y1 C : : : C
�nyn gives a canonical representation of u. This shows that l.u/ D n and hence
u 2 Lnp.Z/nLn�1

p .Z/. The point u 2 G was chosen arbitrarily; so we proved that
G � Lnp.Z/nLn�1

p .Z/.
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To see that G is open in Lnp.Z/ take any u 2 G. There are �i 2 Oi and zi 2 Ui
for any i � n such that u D �1z1 C : : : C �nzn; as before, it is easy to see that
the last equality is the canonical representation of u. For any i � n fix a function
fi 2 Cp.Z/ such that fi .zi / D ��1

i and fi .ZnUi/ � f0g.
The multiplication and taking the inverse are continuous operations in R; so it

follows from the equality 1 � .��1
i /

�1 D �i that

(1) for every i � n, there exist sets Pi ;Qi 2 �.Rnf0g/ such that 1 2 Pi ; ��1
i 2 Qi

and Pi � .Qi /
�1 � Oi .

It follows from (1) that zi 2 Wi D f �1
i .Qi /; so we can find a function gi 2

Cp.Z/ such that gi .zi / D 1 and gi .ZnWi/ � f0g for all i � n. The set Hi D
fv 2 Lp.Z/ W v.fi / 2 Pi and v.gi / ¤ 0g is open in Lp.Z/; furthermore, u.fi / D
�ifi .zi / D 1 and u.gi / D �igi .zi / D �i ¤ 0 (we used the fact that U is disjoint
andWi � Ui ); so u 2 Hi for every i � n. ThereforeH DT

i�n Hi 2 �.u; Lp.Z//.
Suppose that v 2 H \Lnp.Z/ and hence l.v/ D k � n; let �1y1C : : :C�kyk be

the canonical representation of v. Since v.fi / D �1fi .y1/C : : :C �kfi .yk/ ¤ 0,
there is mi � k such that fi .ymi / ¤ 0 and hence ymi 2 Ui . The family U being
disjoint, the points ym1; : : : ; ymn have to be distinct; so k D n and we can change
the order of summation if necessary to be able to assume, without loss of generality,
that v D �1y1 C : : :C �nyn and yi 2 Ui for all i � n.

Now, v.gi / D �igi .yi / ¤ 0 implies that gi .yi / ¤ 0 and hence yi 2 Wi ; an
immediate consequence is that fi .yi / 2 Qi . Since we also have v.fi / D �if .yi / 2
Pi , we conclude that �i 2 Pi �Q�1

i � Oi for any i � n. Thus v 2 G which shows
that any point u 2 G has a neighbourhoodH in Lp.Z/ such thatH \Lnp.Z/ � G;
an immediate consequence is that G is open in Lnp.Z/ and hence Fact 2 is proved.

Fact 3. Suppose that Z is a space and we have distinct points z1; : : : ; zn 2 Z. Then
for any �1; : : : ; �n 2 Rnf0g the family B D fO1 � U1 C : : : C On � Un W the sets
U1; : : : ; Un are disjoint while Oi 2 �.�i ;Rnf0g/ and Ui 2 �.zi ; Z/ for any i � ng
is a local base of the point u D �1z1 C : : :C �nzn in Lnp.Z/.

Proof. All elements ofB are open inLnp.Z/ by Fact 2 and it is evident that u 2T
B.

Consider the map 'n W Rn�Zn ! Lnp.Z/ defined by 'n.�; y/ D �1y1C: : :C�nyn
for any � D .�1; : : : ; �n/ 2 R

n and y D .y1; : : : ; yn/ 2 Zn. Since Lnp.Z/ is
a subspace of Cp.Cp.Z// where the sum and the multiplication by a number are
continuous operations, the map 'n is continuous.

Thus for any set G 2 �.u; Lnp.Z// we can choose, for any number i � n, some
Qi 2 �.�i ;R/ and Vi 2 �.zi ; Z/ such that 'n.Q; V / � G whereQ D Q1�: : :�Qn

and V D V1 � : : : � Vn. It is clear that there exists a disjoint family fU1; : : : ; Ung �
�.Z/ and a collection fO1; : : : ; Ong � �.Rnf0g/ such that zi 2 Ui � Vi and �i 2
Oi � Qi for any i � n. Then, for the setsO D O1�: : :�On andU D U1�: : :�Un
we haveH D O1 �U1C : : :COn �Un D 'n.O;U / � 'n.Q; V / � G which implies
that u 2 H � G; since H 2 B, this shows that B is a local base at u in the space
Lnp.Z/; so Fact 3 is proved.
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Fact 4. Given a space Z and n 2 N consider the map 'n W Rn � Zn ! Lnp.Z/

defined by 'n.�; y/ D �1y1 C : : :C �nyn for any points � D .�1; : : : ; �n/ 2 R
n

and y D .y1; : : : ; yn/ 2 Zn. Say that a set Q � R
n �Zn is canonical if there exist

O1; : : : ; On 2 ��.Rnf0g/ and disjoint U1; : : : ; Un 2 ��.Z/ such that, for the sets
O D O1�: : :�On andU D U1�: : :�Un, we haveQ D O�U . Then the map 'njQ
is an embedding for any canonical set Q � R

n � Zn. As a consequence, for every
u 2 Lnp.Z/nLn�1

p .Z/ the family B D fG 2 �.u; Lnp.Z//: G is homeomorphic to a
canonical subset of Rn �Zng is a local base at the point u in Lnp.Z/.

Proof. Fix an arbitrary canonical set Q D O � U where O D O1 � : : : � On
for some sets O1; : : : ; On 2 ��.Rnf0g/ and U D U1 � : : : � Un for some disjoint
collection U D fU1; : : : ; Ung � ��.Z/. Since Lnp.Z/ is a subspace of Cp.Cp.Z//
where the sum and the multiplication by a number are continuous operations, the
map 'n is continuous.

Suppose that u; v 2 Q and 'n.u/ D 'n.v/. For any i � n there are points yi ; zi 2
Ui and �i ; �i 2 Oi such that u D .�; z/ and v D .�; y/ where � D .�1; : : : ; �n/

and � D .�1; : : : ; �n/ while z D .z1; : : : ; zn/ and y D .y1; : : : ; yn/. The set Z
being a Hamel basis in Lp.Z/ (see Fact 5 of S.489), it follows from the equalityP

i�n �iyi D
P

i�n �i zi that, for any i � n there is ji � n such that yi D zji .
Since U is disjoint, we have ji D i and hence yi D zi for any i � n. Thus we
have the equality

P
i�n.�i � �i /yi D 0 which, together with linear independence

of the set fy1; : : : ; yng shows that �i D �i for all i � n and hence u D v. Therefore
the map � D 'njQ is an injection; let P D �.Q/.

It is easy to see that canonical subsets of Q form a base Q in the space Q;
besides, the set �.Q0/ D 'n.Q

0/ is open in Lnp.Z/ and hence in P (see Fact 2) for
any Q0 2 Q. An immediate consequence is that the map � is a homeomorphism
being open and bijective. This shows that 'njQ is an embedding.

Finally, take any point u D Lnp.Z/nLn�1
p .Z/; there are distinct z1; : : : ; zn 2 Z

and �1; : : : ; �n 2 Rnf0g such that u D �1z1 C : : :C �nzn. Then z D .z1; : : : ; zn/ 2
Zn and � D .�1; : : : ; �n/ 2 R

n while 'n.�; z/ D u. Choose disjoint sets
U1; : : : ; Un 2 �.Z/ such that zi 2 Ui for all i � n and letU D U1�: : :�Un. The set
Q D .Rnf0g/n �U is canonical; so 'n.Q/ 2 �.u; Lnp.Z//. Since canonical subsets
of Q constitute a local base at the point .�; z/ in R

n � Zn, their (homeomorphic)
images under 'n constitute a local base in Lnp.Z/ at the point u. Fact 4 is proved.

Returning to our solution suppose that X is an extral space with w.X/ > �. We
can assume thatX is a subspace of I� for some cardinal �. ThusX is l-embedded in
I
� and hence there exists a continuous map ' W I� ! Lp.X/ such that '.x/ D x for

any x 2 X (see Problem 467). The compact space K D '.I�/ is dyadic (see Fact 2
of T.298) andX � K; so w.K/ � w.X/ > �. This makes it possible to apply Fact 3
of U.086 to conclude that there is a set E � K such that E ' D

�C

.
The set En D E \ Lnp.X/ is closed in E for any n 2 ! (see Fact 1) and E DS
n2! En. By the Baire property ofE , there is a number n 2 ! such that IntE.En/ ¤
;. Let m D minfn 2 ! W IntE.En/ ¤ ;g. Then there exists a set U 2 ��.E/ with
U � Lmp .X/nLm�1

p .X/. It is easy to see that D�
C

embeds into any non-empty open
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subset of D�
C

, so E embeds in the space Lmp .X/nLm�1
p .X/; thus we can consider

that E � Lmp .X/nLm�1
p .X/. Take a point u 2 E and apply Fact 4 to see that there

is W 2 �.u; Lmp .X// which is homeomorphic to a subspace of Rm � Xm. The set
W 0 D W \ E is non-empty and open in E; so E embeds in W 0 and hence in
R
m �Xm.
To simplify the notation we are going to consider that E is a subspace of the

space R
m � Xm; let � W Rm � Xm ! R

m and q W Rm � Xm ! Xm be the
projections. Since E � �.E/ � q.E/ and w.�.E// D ! � �, we must have
w.q.E// > �. Thus L D q.E/ is a dyadic compact space with w.L/ > �. Let
pi W Xm ! X be the natural projection of Xm onto its i -th factor for any i � m.
We have L � p1.L/ � : : : � pm.L/; so all spaces pi .L/ cannot have weight � �.
Thus there is i � m for which w.pi .L// > �; the space pi .L/ being dyadic, we can
apply Fact 3 of U.086 again to see that D�

C

embeds in pi .L/. Of course, the same
map embeds D�

C

in X ; so our solution is complete.

U.486. Let X be an extral space. Prove that w.X/ D t.X/ D 	.X/.
Solution. Since the inequalities t.Z/ � 	.Z/ � w.Z/ hold for any space Z, it
suffices to show that w.X/ � t.X/; let � D t.X/. If w.X/ > � then D

�C

embeds
in X by Problem 485 and hence t.D�

C

/ � �. The space Y D �C C 1 is zero-
dimensional and w.Y / � �C; by Fact 2 of U.003, there is an embedding of Y
in D

�C

. On the one hand, the point �C 2 Y is non-isolated in Y and, for any
A � Y nf�Cg with jAj � �, we have �C … A. This implies t.Y / � �C. The space
Y being embeddable in D

�C

, we must have t.Y / � t.D�C

/ � �; this contradiction
shows that w.X/ � � D t.X/ and hence w.X/ D 	.X/ D t.X/.
U.487. Assuming that c < 2!1 prove that any extral space X with jX j � c is
metrizable.

Solution. If X is not metrizable then w.X/ > ! and hence D
!1 embeds in X by

Problem 485. Therefore c < 2!1 D jD!1 j � jX j � c which is a contradiction.

U.488. Prove that every extral t-extendial space is metrizable.

Solution. The space X is compact and !1 is a caliber of X by Problem 475.
It follows from Problem 459 that X is hereditarily separable. If X is not metrizable
then w.X/ > ! and hence D

!1 embeds in X by Problem 485. Therefore D
!1 is

hereditarily separable which is easily seen to be a contradiction.

U.489. Suppose that every closed subspace of a space X is extral. Prove that X is
metrizable.

Solution. Since X is closed in X , the space X is extral. Given a closed F � X

it follows from extrality of F that F is l-embedded in X ; this proves that X is l-
extendial and hence t-extendial; so we can apply Problem 488 to conclude that X is
metrizable.

U.490. Prove that any extral linearly orderable space is metrizable.
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Solution. The main tool of this solution is the following fact.

Fact 1. The space A.!1/ does not embed in a linearly ordered space.

Proof. Recall that A.!1/ D !1 [ fag is a compact space and a is the unique non-
isolated point of A.!1/. Suppose that .X;	/ is a linearly ordered space and A.!1/
embeds in X ; to simplify the notation, we will assume that A.!1/ � X . For any
ordinal ˛ 2 !1 either ˛ 	 a or a 	 ˛. Thus, for the sets La D fy 2 X W y 	 ag
and Ra D fy 2 X W a 	 yg either j!1 \ Laj > ! or j!1 \Raj > !.

Suppose first that C D !1 \ La is uncountable and choose a countably infinite
D � C . In the space A.!1/ every infinite subset contains a in its closure; so a 2 D.
For any d 2 D the set .d; a
 D fy 2 X W d 	 y 
 ag is open in La [ fag; so
.d; a
 \ .C [ fag/ is open in C [ fag. The space C [ fag being compact with the
unique non-isolated point a, the set Cn.d; a
 must be finite for any d 2 D.

On the other hand, for any c 2 C the set .c; a
 is an open neighbourhood of a
in La [ fag; so it follows from a 2 D that there is d 2 D \ .c; a
; this, evidently,
implies that c … .d; a
. Consequently, C \ .Tf.d; a
 W d 2 Dg/ D ; and hence
C �SfCn.d; a
 W d 2 Dg; so the set C is countable which is a contradiction.

In the case of j!1\Raj > ! the contradiction is obtained analogously; so A.!1/
cannot be embedded in X and hence Fact 1 is proved.

Returning to our solution assume that X is an extral linearly ordered space. If X
is not metrizable then w.X/ > ! and hence D!1 embeds in X by Problem 485. It is
an easy exercise thatA.!1/ embeds in D

!1 ; so A.!1/ embeds in our linearly ordered
space X which is a contradiction with Fact 1. ThereforeX has to be metrizable.

U.491. Give an example of an extral space which is not dyadic.

Solution. If Z is a space and f 2 C �.Z/ then jjf jjZ D supfjf .z/j W z 2 Zg.
Recall that AD.Z/ is the Alexandroff double of Z whose underlying set is Z � D;
for any z 2 Z let u0.z/ D .z; 0/ and u1.z/ D .z; 1/. Then AD.Z/ D u0.Z/[ u1.Z/
and the points of u1.Z/ are isolated while, for any a D .z; 0/ 2 AD.Z/, the base
at a is formed by the sets u0.V / [ .u1.V /nfu1.z/g/ where V runs over the open
neighbourhoods of z.

The space Y D AD.I!1/ is compact (see TFS-364); the projection � W Y ! I
!1

defined by �.x; i/ D x for any x 2 I
!1 and i 2 D is easily seen to be continuous.

Let Yi D I
!1 � fig for every i 2 D; it is evident that �jY0 W Y0 ! I

!1 is
a homeomorphism and Y1 is discrete. As above, let ui W I!1 ! Y be defined
by ui .x/ D .x; i/ for any i 2 D and x 2 I

!1 . Then u0 W I!1 ! Y0 is the
homeomorphism inverse to �jY0.

Apply TFS-108 to fix a countable dense setQ � I
!1 and letQ1 D Q�f1g � Y1.

The set X D Y0 [Q1 is closed in Y its complement being a subspace of the set of
isolated points of Y ; therefore X is compact. Besides, X is not metrizable because
Y0 ' I

!1 is a non-metrizable subspace of X . Observe that Q1 is dense in X ; so
X has a dense set of points of countable character which, together with TFS-360,
shows that X is not dyadic.
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Consider the map r W X ! Y0 defined by r.x; i/ D .x; 0/ for any .x; i/ 2 X .
The equality r D u0ı� implies that r is continuous. Since r.y/ D y for any y 2 Y0,
the map r is a retraction. Let fqn W n 2 !g be a faithful enumeration of the set Q1.
To show that X is extral assume that X � Z for some space Z.

It is easy to see thatE D ff 2 Cp.X/ W f .Y0/ D f0gg is a closed linear subspace
of Cp.X/. Our first step is to show that

(1) there exists a linear continuous extender '0 W E ! Cp.Z/.

Apply Fact 1 of S.369 to find a disjoint family U D fUn W n 2 !g � �.Z/ such
that qn 2 Un and Un \ Y0 D ;; fix a continuous function gn W Z ! Œ0; 1
 such that
gn.qn/ D 1 and gn.ZnUn/ D f0g for any n 2 !. For any f 2 E and " > 0, the
set f �1.Rn.�"; "// is closed in X and contained in Q1; therefore it is finite being
compact and discrete. This shows that

(2) the sequence ff .qn/ W n 2 !g converges to zero for any f 2 E .

For any f 2 E let '0.f / D P
n2! f .qn/ � gn; then jjf .qn/ � gnjjZ � jf .qn/j

for every n 2 !; so it follows from (2) that we can apply Fact 6 of U.481 to see
that '0.f / is continuous on Z. Thus '0 W E ! Cp.Z/ and it is straightforward
that '0 is a linear map. Given f 2 Cp.X/ it follows from disjointness of U that
'0.f /.qn/ D f .qn/ � g.qn/ D f .qn/ for any n 2 !; since

S
U does not meet Y0,

we have '0.f /.x/ D 0 for any x 2 Y0. Therefore '0.f /jX D f for any f 2 E ,
i.e., '0 is a linear extender.

For any z 2 Z let �z W Cp.Z/ ! R be the natural projection onto the factor of
the product RZ determined by z. If z …S

U then .�z ı '0/.f / D 0 for any f 2 E;
so the map �z ı '0 is continuous. If z 2 S

U then there is n 2 ! such that z 2 Un
and hence .�z ı '0/.f / D f .qn/ � gn.z/ for any f 2 E which shows that �z ı '0 is
continuous being the product of a constant gn.z/ and the evaluation function at qn
(see TFS-166). Therefore we proved that �z ı ' is continuous for any z 2 Z; as a
consequence, '0 is continuous by TFS-102 and (1) is proved.

The space X is compact; so it is C -embedded in Z by Fact 1 of T.218 and hence
we can apply Fact 4 of U.481 to see that there exists a continuous map s W Z ! Y0
such that sjX D r ; it is clear that s is a retraction of Z onto Y0. Take any function
f 2 Cp.X/; then f .x/ D f .r.x// for any x 2 Y0 and hence �.f / D f �f ır 2 E .
Let e.f / D '0.�.f //Cf ı s; it is immediate that e.f / is continuous on Z for any
f 2 Cp.X/. The map '0 being linear it is straightforward that e is linear as well;
let us check that e is an extender.

If x 2 X then e.f /.x/ D �.f /.x/Cf .s.x// because the map '0 is an extender.
Consequently, e.f /.x/ D f .x/ � f .r.x// C f .s.x// D f .x/; this follows from
sjX D r . Therefore e.f /.x/ D f .x/ for any x 2 X , i.e., e is, indeed, an
extender. Finally, to see that e is continuous, observe that � W Cp.X/ ! Cp.X/

is continuous (this is an easy exercise which we leave to the reader) and the map

 W Cp.X/! Cp.Z/ defined by 
.f / D f ı s is continuous being the composition
of the restriction to Y0 and the dual map of s (see TFS-163). Thus e is a continuous
linear extender and therefore X is l-embedded in Z. The space Z was chosen
arbitrarily; so we established that X is an extral non-dyadic space and hence our
solution is complete.
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U.492. Give an example of an extral space X such that some continuous image of
X is not extral.

Solution. In the Tychonoff cube I
!1 let a be the point whose all coordinates are

equal to zero. If an.˛/ D 2�n for any ˛ < !1 then an 2 I
!1 for any n 2 ! and the

sequence fan W n 2 !g converges to a; let S D fag [ fan W n 2 !g. The set S is
compact and hence closed in the normal space I!1 ; letX be the space obtained from
I
!1 by collapsing S to a point (see Fact 2 of T.245). Recall thatX D .I!1nS/[fSg;

let �.x/ D x for any x 2 I
!1nS and �.x/ D S for any x 2 S . Then � W I!1 ! X is

a continuous onto map (this was also proved in Fact 2 of T.245); in particular,X is a
continuous image of I!1 . To avoid confusion denote by s the point ofX represented
by the set S ; then �.x/ D s for any x 2 S .

Given a number n 2 ! and an ordinal ˛ such that 0 < ˛ < !1 let pn˛.˛/ D 0

and pn˛.ˇ/ D 2�n for any ˇ ¤ ˛. It is clear that pn˛ 2 I
!1 whenever n 2 ! and 0 <

˛ < !1; besides, the subspace Ln D fang [ fpn˛ W 0 < ˛ < !1g is homeomorphic
to one-point compactification A.!1/ of a discrete space of cardinality !1 while an
is the unique non-isolated point of Ln and Ln \ S D fang for any n 2 !.

Fix a disjoint family fOn W n 2 !g of open subsets of Inf0g such that 2�n 2 On
for any n 2 !. The set Un D fx 2 I

!1 W x ¤ an and x.0/ 2 Ong is open in I
!1

while Un\S D ; and Lnnfang � Un for any n 2 !. It is easy to see that the family
U D fUn W n 2 !g is disjoint.

The map � is injective on the compact space Ln; therefore Kn D �.Ln/ is still
homeomorphic to A.!1/ and s is the unique non-isolated point of Kn for every
n 2 !. The set Vn D �.Un/ is open in X and Knnfsg � Vn for any n 2 !. Since �
is injective on the set I!1nS �S

U , the family V D fVn W n 2 !g is disjoint.
Now assume thatX is an extral space; as any Tychonoff space it can be embedded

in a Tychonoff cube I
� for some cardinal �; so let us consider that X � I

� . It
follows from extrality of X that X is l-embedded in I

� . By Fact 2 of U.481, there
exists n 2 ! for which the set X is Kn-embedded in I

� , i.e., we can find a map e W
�.X/! �.I�/ such that e.W / \ X D W for any W 2 �.X/ and

T
i<n e.Wi / D ;

for any disjoint family fW0; : : : ;Wn�1g � �.X/.
The family V being disjoint, we have e.V0/ \ : : : \ e.Vn�1/ D ;. However, it

follows from Kinfsg � Vi that Kinfsg � e.Vi/ for any i < n; so we can apply
Fact 3 of U.481 to conclude that e.V0/ \ : : : \ e.Vn�1/ ¤ ;. This contradiction
shows that the space X is not l-embedded in I

� and hence X is not extral. Since I!1

is extral (see Problem 483), our space X is an example of a continuous non-extral
image of an extral space.

U.493. Prove that any zero-dimensional extral space is metrizable.

Solution. If Z is a space say that a subspace A � Z is non-trivial if A ¤ ;
and A ¤ Z. A space is called connected if it has no non-trivial clopen subspaces.
Given a space Z let ez.f / D f .z/ for any z 2 Z and f 2 Cp.Z/. Then ez W
Cp.Z/! R is a linear continuous functional (see TFS-196) and the map e W Z !
Cp.Cp.Z// defined by e.z/ D ez for each z 2 Z, is a closed embedding (see TFS-
167). This makes it possible to identify every z 2 Z with ez and consider that Z is
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a closed subspace of Cp.Cp.Z//. Then Z � Lp.Z/ and Z is a closed Hamel basis
in Lp.Z/ (see Fact 5 of S.489).

If 0 2 Lp.Z/ is the zero functional then we let l.0/ D 0. If u 2 Lp.Z/nf0g
then there exist �1; : : : ; �n 2 Rnf0g and distinct points z1; : : : ; zn 2 Z such that
u D �1z1C: : :C�nzn; let l.z/ D n. This representation of u will be called canonical;
the canonical representation is unique up to a permutation in the sense that, for any
distinct y1; : : : ; yk 2 Z and �1; : : : ; �k 2 Rnf0g such that u D �1y1 C : : :C�kyk
we have n D k and there exists a permutation fi1; : : : ; ing of the set f1; : : : ; ng such
that yij D zj and �ij D �j for any j 2 f1; : : : ; ng. Let Lnp.Z/ D fu 2 Lp.Z/ W
l.u/ � ng for any n 2 !.

Fact 1. For any set A both spaces RA and I
A are connected.

Proof. The set �.A/ D fx 2 R
A W x�1.Rnf0g/ is finiteg is dense in R

A and
connected by Fact 2 of T.312. Therefore R

A is connected by Fact 1 of T.312.
The space .�1; 1/A is dense in I

A and homeomorphic to R
A; thus I

A has a dense
connected subspace; so we can apply Fact 1 of T.312 again to conclude that IA is
also connected and finish the proof of Fact 1.

Fact 2. Any continuous image of a connected space is connected. As a conse-
quence, if X is connected, Y is zero-dimensional and f W X ! Y is a continuous
map then f .X/ is a singleton.

Proof. Suppose that X is a connected space and f W X ! Z is a continuous
onto map. If Z is not connected then there is a non-trivial clopen U � Z; it
is straightforward that f �1.U / is a non-trivial clopen subset of X which is a
contradiction with connectedness of X . ThereforeZ has to be connected.

Finally, assume that X is connected, Y is zero-dimensional and f W X ! Y is
a continuous map. The space f .X/ is connected and zero-dimensional (see SFFS-
301); so jf .X/j > 1 gives a contradiction with Fact 1 of T.312 (where it was proved
that a connected space which has more than one point cannot be zero-dimensional).
Therefore f .X/ has to be a singleton and hence Fact 2 is proved.

Returning to our solution suppose that X is a zero-dimensional extral space;
we can assume, without loss of generality, that X � I

� for some cardinal �
and therefore X is l-embedded in I

� . Assume that X is not metrizable and apply
Problem 467 to take a continuous map ' W I� ! Lp.X/ such that '.x/ D x for any
x 2 X . Say that a space Z is thick if Z is a non-metrizable image of a Tychonoff
cube. It follows from Fact 2 of T.298 that every thick space is dyadic.

The space K D '.I�/ is thick because X is a non-metrizable subspace of K .
It follows from TFS-360 that the set P D fx 2 K W 	.x;K/ � !g cannot be dense
in K; so take U 2 ��.K/ such that U \ P D ;. If Pn D U \ Lnp.X/ then Pn is
closed in U (see Fact 1 of U.485) for any n 2 ! and U D S

n2! Pn. The space
U being locally compact, it has the Baire property; so some Pn has a non-empty
interior in U . If m D minfn 2 ! W IntU .Pn/ ¤ ;g then there is V 2 ��.U / such
that V � Sm D Lmp .X/nLm�1

p .X/.
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Choose W 2 ��.K/ such that W � V ; it is evident that the compact space
F D W is not metrizable. Let F1 D '�1.F / and suppose first that for every x 2 F1
there is Ox 2 �.x; I�/ such that nw.'.Ox// � !. The set F1 being compact, there
is a finite A � F1 such that F1 � SfOx W x 2 Ag. Then F � Sf'.Ox/ W x 2 Ag
and therefore nw.F / � ! (it is an easy exercise that a finite union of spaces with
a countable network has a countable network); so F is metrizable (see Fact 4 of
S.307) which is a contradiction.

So, fix a point x 2 F1 such that nw.'.O// > ! for any O 2 �.x; I� / and let
y D '.x/. Since y 2 Sm, we can apply Fact 4 of U.485 to find a set G 2 �.y; Sm/
which is homeomorphic to a subspace of Rm � Xm. It follows from V � Sm and
V 2 �.y;K/ thatG0 D G \V 2 �.y;K/. By continuity of ' there exists a set O 2
�.x; I�/ such that '.O/ � G0 and O D QfO˛ W ˛ < �g where O˛ D .a˛; b˛/ \ I

for some a˛; b˛ 2 R with a˛ < b˛ (and only finitely manyO˛’s are distinct from I,
but we won’t need that). Then Q˛ D O˛ is a non-trivial closed subinterval of I for
any ˛ < � and hence the set Q D QfQ˛ W ˛ < �g is homeomorphic to I

� . The set
O being dense in Q, we have '.Q/ � '.O/ � G0.

Observe that the compact space E D '.Q/ is not metrizable because '.O/ is a
non-metrizable subspace ofE; being a subspace ofG0 the spaceE is homeomorphic
to someE 0 � R

m�Xm. Let q0 W E 0 ! R
m and q1 W E 0 ! Xm be the restrictions of

the projections of the productRm�Xm onto its factors Rm andXm respectively. The
spaceE 0 is connected being homeomorphic to a continuous imageE of a Tychonoff
cube (see Fact 1 and Fact 2); the space Xm is zero-dimensional by SFFS-302; so
q1.E

0/ is singleton by Fact 2. Now, it follows from E 0 � q0.E
0/ � q1.E 0/ that

w.E 0/ � !; this contradiction with the set E 0 being thick shows that the space X
has to be metrizable and hence our solution is complete.

U.494. Prove that any continuous image of a t-dyadic space is a t-dyadic space.

Solution. Given an arbitrary space Z let ez.f / D f .z/ for any z 2 Z and f 2
Cp.Z/. Then ez W Cp.Z/! R is a linear continuous functional (see TFS-196) and
the map e W Z ! Cp.Cp.Z// defined by e.z/ D ez for each z 2 Z, is a closed
embedding (see TFS-167). This makes it possible to identify every z 2 Z with ez

and consider that Z is a closed subspace of Cp.Cp.Z//.
Suppose that X is a t-dyadic space and hence we can consider that there is a

dyadic space D such that X is t-embedded in D. By Problem 449 there exists a
continuous map ' W D ! Cp.Cp.X// such that '.x/ D x for any x 2 X ; then
D0 D '.D/ � Cp.Cp.X// is a dyadic space.

Now, if we have a continuous onto map q W X ! Y of the space X onto a
space Y then there exists a continuous map 'q W Cp.Cp.X// ! Cp.Cp.Y // such
that 'q.x/ D q.x/ for any x 2 X (see SFFS-467). The space E D 'q.D

0/ �
Cp.Cp.Y // is dyadic and it follows from X � D0 that Y � E . Letting ı.x/ D x

for any x 2 E we obtain a continuous map ı W E ! Cp.Cp.Y // which shows
that Problem 449 is applicable to conclude that Y is t-embedded in E . The space E
being dyadic, Y is a t-dyadic space.

U.495. Prove that any continuous image of an l-dyadic space is an l-dyadic space.
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Solution. Given an arbitrary space Z let ez.f / D f .z/ for any z 2 Z and f 2
Cp.Z/. Then ez W Cp.Z/! R is a linear continuous functional (see TFS-196) and
the map e W Z ! Cp.Cp.Z// defined by e.z/ D ez for each z 2 Z, is a closed
embedding (see TFS-167). This makes it possible to identify every z 2 Z with ez

and consider that Z is a closed subspace of Cp.Cp.Z// which is, at the same time,
a closed Hamel basis in Lp.Z/ (see Fact 5 of S.489).

Suppose that X is an l-dyadic space and hence we can consider that there is
a dyadic space D such that X is l-embedded in D. By Problem 467 there exists
a continuous map ' W D ! Lp.X/ such that '.x/ D x for any x 2 X ; then
D0 D '.D/ � Lp.X/ is a dyadic space.

Now, if we have a continuous onto map q W X ! Y of the space X onto a space
Y then there exists a linear continuous map 'q W Cp.Cp.X// ! Cp.Cp.Y // such
that 'q.x/ D q.x/ for any x 2 X (see SFFS-467). Take any u 2 Lp.X/; since
X is a basis in Lp.X/, there exist x1; : : : ; xn 2 X and �1; : : : ; �n 2 R such that
u D �1x1 C : : : C �nxn. Then 'q.u/ D �1q.x1/ C : : : C �nq.xn/ 2 Lp.Y /. This
proves that 'q.Lp.X// � Lp.Y /.

The space E D 'q.D
0/ � 'q.Lp.X// � Lp.Y / is dyadic and it follows from

X � D0 that Y � E . Letting ı.x/ D x for any point x 2 E we obtain a continuous
map ı W E ! Lp.Y / which shows that Problem 467 is applicable to conclude that
Y is l-embedded in E . The space E being dyadic, Y is an l-dyadic space.

U.496. Given an l-dyadic space X prove that, for any infinite cardinal � such that
� < w.X/, the space D�

C

embeds in X .

Solution. Given an arbitrary space Z let ez.f / D f .z/ for any z 2 Z and f 2
Cp.Z/. Then ez W Cp.Z/! R is a linear continuous functional (see TFS-196) and
the map e W Z ! Cp.Cp.Z// defined by e.z/ D ez for each z 2 Z, is a closed
embedding (see TFS-167). This makes it possible to identify every z 2 Z with ez

and consider that Z is a closed subspace of Cp.Cp.Z//. Then Z � Lp.Z/ and Z
is a closed Hamel basis in Lp.Z/ (see Fact 5 of S.489).

If 0 2 Lp.Z/ is the zero functional then we let l.0/ D 0. If u 2 Lp.Z/nf0g
then there exist �1; : : : ; �n 2 Rnf0g and distinct points z1; : : : ; zn 2 Z such that
u D �1z1C: : :C�nzn; let l.z/ D n. This representation of u will be called canonical;
the canonical representation is unique up to a permutation in the sense that, for any
distinct y1; : : : ; yk 2 Z and �1; : : : ; �k 2 Rnf0g such that u D �1y1 C : : :C�kyk
we have n D k and there exists a permutation fi1; : : : ; ing of the set f1; : : : ; ng such
that yij D zj and �ij D �j for any j 2 f1; : : : ; ng. Let Lnp.Z/ D fu 2 Lp.Z/ W
l.u/ � ng for any n 2 !.

Suppose that X is an l-dyadic space with w.X/ > � and fix a dyadic space D
such that X is l-embedded in D. There exists a continuous map ' W D ! Lp.X/

such that '.x/ D x for any x 2 X (see Problem 467). The compact space K D
'.D/ is dyadic and X � K; so w.K/ � w.X/ > �. This makes it possible to apply
Fact 3 of U.086 to conclude that there is a set E � K such that E ' D

�C

.
The set En D E \ Lnp.X/ is closed in E for any n 2 ! (see Fact 1 of U.485)

and E D S
n2! En. By the Baire property of the space E , there is n 2 ! such
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that IntE.En/ ¤ ;. Let m D minfn 2 ! W IntE.En/ ¤ ;g. Then there is a set
U 2 ��.E/ with U � Lmp .X/nLm�1

p .X/. It is easy to see that D�
C

embeds into

any non-empty open subset of D
�C

, so E embeds in Lmp .X/nLm�1
p .X/; thus we

can consider that E � Lmp .X/nLm�1
p .X/. Take a point u 2 E and apply Fact 4 of

U.485 to see that there is W 2 �.u; Lmp .X// which is homeomorphic to a subspace
of Rm � Xm. The set W 0 D W \ E is non-empty and open in E; so E embeds in
W 0 and hence in R

m �Xm.
To simplify the notation we will consider that E is a subspace of R

m � Xm;
let � W Rm � Xm ! R

m and q W Rm � Xm ! Xm be the respective natural
projections. Since E � �.E/ � q.E/ and w.�.E// D ! � �, we must have
w.q.E// > �. Thus L D q.E/ is a dyadic compact space with w.L/ > �. Let
pi W Xm ! X be the natural projection of Xm onto its i -th factor for any i � m.
We have L � p1.L/ � : : : � pm.L/; so all spaces pi .L/ cannot have weight � �.
Thus there is i � m for which w.pi .L// > �; the space pi .L/ being dyadic, we can
apply Fact 3 of U.086 again to see that D�

C

embeds in pi .L/. Of course, the same
map embeds D�

C

in X ; so our solution is complete.

U.497. Prove that, if ˇX is an l-dyadic space then X is pseudocompact.

Solution. If the space X is not pseudocompact then there exists a discrete family
fUn W n 2 !g � ��.X/; choose a point xn 2 Un for any n 2 ! and let fqn W n 2 !g
be an enumeration of Q. The space D D fxn W n 2 !g is discrete so the map
f W D ! R defined by f .xn/ D qn for every n 2 !, is continuous. It follows
from Fact 5 of T.132 that D is C -embedded in X ; so there is a continuous map
g W X ! R such that gjD D f and hence g.X/ � Q is dense in R. We can consider
that g W X ! ˇR and therefore there exists a continuous map h W ˇX ! ˇR such
that hjX D g; as a consequence, the set h.ˇX/ � g.X/ is dense in ˇR, which,
together with compactness of h.ˇX/ implies that h.ˇX/ D ˇR. This proves that
ˇR is a continuous image of ˇX and hence ˇR is l-dyadic by Problem 494.

Fact 1. If Z is a space and Y is a dense locally compact subspace of Z then Y is
open in Z.

Proof. Given a point y 2 Y there is U 2 �.y; Y / such that the set K D clY .U / is
compact and hence closed in Z. Take a set V 2 �.Z/ such that V \ Y D U ; then
U is dense in V and hence V � clZ.V / D clZ.U / � K � Y which shows that
V � Y and hence U D V , i.e., U is open in Z. This proves that, for any y 2 Y
there is U 2 �.y;Z/ with U � Y ; thus Y is open in Z and hence Fact 1 is proved.

Fact 2. The space ˇR is not metrizable and there are no non-trivial convergent
sequences in ˇRnR.

Proof. The space ! is closed in R; by normality of R the closure of ! in ˇR is
homeomorphic to ˇ! (see Fact 2 of S.451); so ˇ! is a non-metrizable subspace of
ˇR (apply TFS-368 to see that ˇ! is not metrizable). Thus ˇR is not metrizable
either.
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To prove the second statement of our Fact suppose that we have a faithfully
indexed sequence S D fan W n 2 !g � ˇRnR which converges to some a 2 ˇRnS .
The space R being locally compact, it is open in ˇR by Fact 1; so ˇRnR is closed
in ˇR and hence a 2 ˇRnR. It is easy to see that S is a discrete subspace of ˇR;
so there exists a disjoint family fOn W n 2 !g � �.ˇR/ such that an 2 On for any
n 2 ! (see Fact 1 of S.369).

The space Ln D Œ�n; n
 � R is compact and an … Ln; so we can choose a set
Wn 2 �.an; ˇR/ such that W n � OnnLn; then Gn D Wn \ R is a non-empty open
subset of R for any n 2 !.

Fix a point r 2 R and take n 2 ! with jr j < n. We have Gm \ Œ�m;m
 D ;
and hence Gm \ Œ�n; n
 D ; for any m � n. Therefore the set W D .�n; n/ 2
�.r;R/ meets at most n elements of the family G D fGi W i 2 !g. Since the family
G0 D fclR.Gi / W i < ng is disjoint, there is W 0 2 �.r;R/ such that W 0 meets at
most one element of G0. It is immediate that the set W \ W 0 2 �.r;R/ meets at
most one element of G; so the family G is discrete in R. As a consequence, the sets
A D clR.

SfG2i W i 2 !g/ and B D clR.
SfG2iC1 W i 2 !g/ are disjoint and closed

in R. By normality of R there is a continuous function ' W R ! Œ0; 1
 such that
'.A/ D f0g and '.B/ D f1g.

There exists a continuous function ˚ W ˇR ! Œ0; 1
 such that ˚ jR D '. The
set Gn is dense in Wn; so an 2 Gn for any n 2 !. Besides, ˚.G2i / D f0g because
G2i � A; this, together with continuity of ˚ , implies that ˚.a2i / D 0 for any
i 2 !. Analogously, it follows from G2iC1 � B that ˚.G2iC1/ D f1g and therefore
˚.a2iC1/ D 1 for any i 2 !. Thus the sequence f˚.an/ W n 2 !g is not convergent
which, together with an ! a, contradicts continuity of ˚ . Thus, there are no non-
trivial convergent sequences in ˇRnR so Fact 2 is proved.

Returning to our solution observe that l-dyadicity and non-metrizability of ˇR
(see Fact 2) imply that D!1 embeds in ˇR (see Problem 496); so take a set E � ˇR
with E ' D

!1 . The set R is dense and open in ˇR; so R \ E is a second
countable open subset of E . It is easy to see that E embeds in any U 2 ��.E/;
so there are no non-empty open second countable subsets of E; this proves that
R \ E D ; and hence E � ˇRnR. It is an easy exercise that D

!1 has non-
trivial convergent sequences; therefore there are non-trivial convergent sequences
in ˇRnR; this contradiction with Fact 2 shows that ˇR is not l-dyadic. This final
contradiction (recall that we proved that non-pseudocompactness of X implies that
ˇR is l-dyadic) shows that X is pseudocompact and completes our solution.

U.498. Prove that any hereditarily normal l-dyadic space is metrizable.

Solution. Suppose that X is a hereditarily normal l-dyadic space. If X is not
metrizable then D

!1 embeds in X (see Problem 496) and hence D
!1 is hereditarily

normal. Since D
!1 is also dyadic, we can apply TFS-361 to conclude that D!1 is

metrizable. This contradiction shows that X is metrizable.

U.499. Prove that any radial l-dyadic space is metrizable.
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Solution. Suppose thatX is a radial l-dyadic space. IfX is not metrizable then D
!1

embeds in X (see Problem 496) and hence D
!1 is radial. Since D

!1 is also dyadic,
we can apply Problem 069 to conclude that D!1 is metrizable. This contradiction
shows that X is metrizable.

U.500. Give an example of an l-dyadic space which is not extral.

Solution. It was proved in Problem 492 that there exists an extral space X such
that, for some continuous onto map f W X ! Y , the space Y is not extral. The
space X is, evidently, l-dyadic and hence so is Y by Problem 495. Therefore Y is
an example of an l-dyadic space which is not extral.
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