Parametric Estimation Problem for a Time
Periodic Signal in a Periodic Noise

Khalil E1 Waled

1 Introduction

Consider the following periodic signal plus periodic noise model
dg = f(t,0)dt + o (t)dW, (1)

where f(-,-) :Rx ® +— R, o0(-) : R — R are continuous functions and periodic
in ¢ with the same period P, o (-) is positive, 8 € ® is an unknown parameter; &
is a compact of R, {W;} is a Brownian motion defined over a complete probability
space (£2, %, P).

As an application, let {&,t > 0} be the time-dependent geometric Brownian
motion which verifies the following linear stochastic differential equation

dé§ = f()édt + o (1)&dW;. (2)
The connection between these processes is given by

dé;
g = —.
‘i &

Such types of processes appear in many domains, for instance, in finance [13]
(Black—Scholes—Merton model), mechanics ([8, 12]) and in biology [1, 9].

The problem of parameter estimation when the process is continuously observed
has been studied by many others (see for instance [15, 16]...). Ibragimov and
Has minskil ([11], Sect. 5 in Chap. 3) have considered the general model

dX.(t) = Se(t,0) + db(1).
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Although model (1) can be reduced to the well-known model X.(¢), we prefer
to deal with the first case and we are interested in its properties that are driven by
the periodicity of f(-,-) and o (-). These properties will enable us to establish the
convergence almost sure, to give an explicit expression of the Fisher information and
to prove simply the efficiency of the MLE.

Since in practice it is difficult to obtain a complete continuous time observation of
the sample path of a process. So the problem of discretization has to be considered.

Kasonga [14] has used the least square method to show the consistency of the
estimators based on the discrete schemas. The case of stationary diffusion models is
studied in [3, 5].

Using maximum contrast, and for small variance diffusion models [6], has shown
under some classical assumptions, asymptotic results. Harison [7] has used this
method to estimate the drift parameter for some one-dimensional nonstationary
Gaussian diffusion models.

This paper is organized as follows: First, in Sect.2 we study the parametric esti-
mation problem of 6 from a continuous time observation. We prove the existence of
an estimator that converges in probability. When f (¢, 8) = 6f(¢) we get the mean
square convergence, the asymptotic normality of this estimator and the asymptotic
efficiency.

In the Sect. 3 we assume that the observations have been done at discrete moments.
We compute the likelihood function and we propose an estimator of the unknown
parameter 6 then we establish its convergence in probability. When f (¢, 0) = 0f(¢)
we show the mean square convergence and the asymptotic normality property as well
as the asymptotic efficiency.

For an easier reading of the paper proofs which are long are put in the appendix.

2 Drift Estimation from a Continuous Time Observation

2.1 Likelihood

In the continuous time observation context to estimate the unknown parameter 6
we can use the method of the maximum of likelihood. To compute the likelihood
function of this model we apply Theorem 7.18 in [16] and Corollary which follows
it to the next two processes (see also Theorem 6.10 in [10])

del = ft,0)dt + o (1)dW;, (3)

These two processes satisfy the four conditions of Theorem 7.18 in [16]. So ug ~ T,

where

wl=2l, 0<t<1), v =20, 0<t<T).
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In addition, the conditions of the corollary which follows this Theorem 7.18 are
satisfied and we have Py-a.s.

d ] 1 [T
MG ——L% = (/ Ps.6) 4 del — —/ pz(s,e)ds) (5)
o o(s) 0

where p(s, 6) := f(s( ?) Remark that o () is positive continuous so inf;¢[o, pj o (1) >
0 and p(-) is well defined and continuous.

To simplify the computation we take 7 = n P. Assuming that the real value of
the unknown parameter 9 is 6, the likelihood function is given by

nP nP
Ly (6) = exp ( / PO gen 1 / p2<s,0>ds) (6)
o ols) 2 Jo

Thanks to the continuity of f (-, -) and o (-) and the compactness of @ there exists
9 such that

6, = arg sup L, (0).
0e®

Maximizing L, (6) in 6 is identical to maximizing the function U, (6) given by

nP nP
_ 1 ps.0) o 1 )
U, (6) = / = Dagh - /O 22(s. 0)ds. o

In the following we need the next separability condition:
(S) Assume that for each 8 # 6y there exists an s such that f (s, 8) % f(s, 6p).

2.2 Consistency of the Estimator

Here we prove the consistency of the MLE 6,,. To establish this result we first check
that U, (+) is a contrast process in the sense of [2] (Definition 3.2.7).

Lemma 1 Under the continuity and the periodicity of f(-,-) and o (-) in addition
to the separability condition (S), U, (-) is a contrast process.

Proof We show that U,(#) converges in Py, to the nonrandom contrast function
K (6, 6p) where

1 [P 1 [P
K(8,60) = _ﬁ/o (p(s,eo)—p(s,e)>2ds+§/o p*(s,80)ds.  (8)

Recall that

dc = f(s, 0p)ds + o (s)dW.
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So from the periodicity of f(-,-) and o (-) we have
1 [F 1 rF
Un(0) = ;/0 p (s, 00)p(s, 0)ds — ﬁ/o p* (s, 0)ds
=N (kP)
+EZF/0 p(s. 0)dW,
k=0
1 [P ) 1P,
= —— ,9 — ,9 d sy 79 d
2P/o (0(s,60) — p(s,0)) S+2P/0 p~ (s, 6o)ds

+l§ii/yp@9mww”
nk:0P0 ’ $

where W) = Wi iip — Wip.
Since the random variables % fOP p(s, O)dWS(kP), {k=0,...,n— 1} areiid then
thanks to the Strong Law of Large Numbers

124 P
lim _ZF/O ,O(S,G)dWS(kP) =0 Py, —as.
k=0

n—oo n

Therefore U, (8) converges almost surely to K (6, 6p), so in probability.
Thanks to the fact that for each 6 # 6 there exists an s such that f(s, ) #
f (s, ) the function 6 — K (0, 6p) has a strict maximum when 6 = 6 and

1 P
M%m=ﬁép%%m

This achieves the proof of the lemma.

Theorem 1 Assume that f (-, -) and o (-) are continuous and periodic in t, f (-, -) is
continuously differentiable in 6 and the separability condition (S) is satisfied. Then
the MLE 6, is consistent.

2.3 Consistency and Efficiency When f(t,0) = 0f(¢)

The choice of the case f(r,0) = 6f(¢) is justified by its linearity which makes it
relevant. The modele (1), in this case, is given as d¢; = 0f (¢t)dt + o(t)dW;. In
the continuous case, the non-parametric estimation of the function f(-) was studied
[4, 11]. For the parametric estimation, thanks to (6), the likelihood is defined as
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2 nP
L,(6) =exp (9/ P(s) dg — 9_/ p2(s)ds).
0o o(s) 2 Jo

The score function is equal to

_dInL,6) p(S) e

This implies that the MLE 6, is equal to

- jO"P E8agl [T 220 f (s)ds + o ()W)
! 2(s)d 2(s)d
7 p)ds Jy" p2)ds
So we can write én as:
. Vy
911 = 90 + Ea

where
nP nP
Vi :=/ o(s)dWs, I, :=/ 02(s)ds.
0 0

Then 6, is unbiased. Moreover, we are going to state the almost sure convergence,
mean square convergence, the asymptotic normality and the asymptotic efficiency.

2.3.1 Almost Sure Convergence, Mean Square Convergence,
Asymptotic Normality

Theorem 2 6, converges almost surely to 0.

Remark 1 Noticing that [, is the quadratic variation of the martingale V,, we can
directly deduce from the martingale convergence the strong convergence of 6,,.

Since

"’ P A P p(s)dWy
Z / p()dWs ) =N O,/ p°(s)ds | and 6, — ) = =————,
0 0 Jo" p2(s)ds
we deduce that
.,Sf(é,, —90) =JV(O, 1,;‘). )

So we obtain the mean square convergence as well as the asymptotic normality.
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Theorem 3 én converges in mean square to 6y, and 0, = Jn (én — 0) is asymptot-
ically normal: 0, ~ JV(O, 1_1), where I = fOP pz(s)ds is the Fisher information.

2.3.2 Asymptotic Efficiency of 0A,,

To justify the relevance of this estimator we are going to establish that it is asymptot-
ically efficient. For this purpose we use the Hijek-Le Cam inequality (see [15, 17]
for further details).

We show first that the family (Pé’l))ge@ is locally asymptotically normal (see
Definition 1.2.1 in [15]).

Proposition 1 Using the notations of Definition 1.2.1 in [15] (Pén))ge@ is locally
asymptotically normal at 6y for any 6.

Theorem 4 The estimator 0, is asymptotically efficient for the square error (see
Definition 1.2.2 in [15]).

Proof From (9)
E [In(é,, — 90)2] =1

Hence 6, is asymptotically efficient.

3 Drift Estimation from a Discrete Time Observation

In the second section we have assumed that the process is observed continuously
throughout the interval [0, T'], however it is difficult to record numerically a contin-
uous time process, and the observations generally take place at discrete moments.
Hence the motivation of this section.

Recall the model of signal plus noise type that we consider

dg = f(@t,0)dt +o(t)dW; t € [0, T]. (10)

The goal of this section is the estimation of the parameter 6.
Thanks to the simplicity of this model we are able to compute its likelihood.
Assume that the observations take place at the instants ¢; :==iA,,i €0...n — 1
of the interval [0, T'], where A, = % Assume also that T = nA,, = N, P and that
T =nA,, - oo and A,, - 0 whenn — o00. So N, - o0 whenn — oo.

To simplify the representation denote

Lit1
Y? :=/ p(s,0)ds + Wy, — W,,. (11)
ti
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Hence
Liy1
v? ~ JV(/ o(s, 0)ds, An). (12)
1

Therefore, the log-likelihood is given by

n—1 . 2
1 fi+1
4,0) =D | -In(v/274,) — — (YﬁO —/ o(s, e)ds) (13)
i=0 24 fi
1 n-l litl
= —% In(2w A,) — A Z (Yl_902 _ 2Yi90/ p(s, G)dS)
"i=0 fi
TR liy1 2
~3A Z (/ p(s, G)ds)
n t;

i=0

where 6y is the true value of the unknown parameter 6. Thanks to the continuity of
f(-,-) and o (-) and the compactness of @ there exists 6, such that

én = arg sup A, ().
0e®

Since 6 does not depend on the observation Yie(’ then

é,, = arg sup U, (0),
6e®

where

n—1 2

1 =l o [ 1 litl
U, (6) := e >y, i o(s, 0)ds — il > i o(s,O)ds) . (14)
i=0 J i=0 i

3.1 Consistency of the Estimator

As in the continuous case, to prove the convergence in Py, of 6,, to the true value of the
parameter 6y we check that U,, (0) is a contrast process in the sense of [2] (Definition
3.2.7) and then we apply a version of (Theorem 3.2.4, [2], see also Theorem 5.7 of
van der Vaart [17]).

Proposition 2 Under the continuity and the periodicity of f (-, -) and o (-) and under
the separability condition (S), U,(0) is a contrast process.

Theorem 5 In addition to the conditions of Proposition 2 assume that p(s, 0) is
continuously differentiable, then 6,, converges in probability to the real parameter 6.
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3.2 Study of the Case f(t,0) = 0f(t)

Now we consider the case f(z,0) = 0f(t) where f(-) is a continuous and periodic
function with same period as o () and 6 is unknown parameter. In this case the
expression of the estimator 6, is explicit and we show that its estimator converges in
mean square and it is asymptotically normal.

From (13) the log-likelihood is given by

n—1 2

tit1
A, 0) = —g In2r A,) — 2; Z (Yigo - 9/ p(S)ds) , (15)
n 1

i=0

where p(s) = g 8;, Yie is given by (11). Hence the score function S(0) is

1 n—1

tiy lit+
SO) = A Z/ 1 p(s)ds (Yi@0 — 9/ 1 p(s)ds) .
m =0l fi

So we get the expression of the MLE

; z:l:_ol Yieo t:i+1 p(s)ds , Z::(} tf_"“ o(s)ds (Wt,-+, - Wn)

n = =90

>0 (S po)ds) S (7 ptors)”

Then 6,, is unbiased estimator. Furthermore, we are going to show that it converges
in mean square and it is asymptotically normal.

3.2.1 Mean Square Convergence, Asymptotic Normality

Theorem 6 6, converges in mean square to 6y, furthermore we have the rate of this
convergence

P —1
Tim Eg, men(én —eoﬂ ~ (1 /0 p2<s>ds) .

P

Since

2
nAs;

vV nAn(én —60) ~A|0,
n—1 tit1 2
> (ftl ,o(s)ds)
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We deduce that
R 1 [P -
lim g(\/mn(en —90)) = o, (—/ ,oz(s)ds) .
n—00 P J
Therefore

Theorem 7 /nA, (é,, — 6o) is asymptotically normal.

3.2.2 Asymptotic Efficiency of 0A,,

Here as in the continuous case we show that the estimator 6, is asymptotically

efficient. We establish first that the family (Pén))(;e@ is locally asymptotically normal
(see Definition 1.2.1 in [15]).

Proposition 3 (Pé"))g co Is locally asymptotically normal at 0 for any 6.

Theorem 8 The estimator 6, is also asymptotically efficient for the square error
(see Definition 1.2.2 in [15]).

Proof According to (26)

27;(; sz-l p(s)ds(W,iH - Wff)
n—1 tit1 2
S50 (it s

E Uq)‘l(é ) ))2] — ¢2F
Oo n n 0 - %n 0o

A
=2 " -
>z (S pts)ds)
-2 52
= ®ﬂ ¢I’l
=1.

Hence 6, is asymptotically efficient.

4 Simulation

As an example we illustrate this estimator QA” with different values of 6y, 6p = O,
fp=1and 0 = —4.

Assume that the sample size T = nP = 1000, the period P = 1. First, we
consider the next model

dg = 0cos(2mt) + dWy, ie. f(t) = cosQmt), o(t) =1,

and the discretization step 6 .
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| | |
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Fig. 1 Boxplot of the values of the estimator @, from 100 repetitions
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|
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-0.10

Fig. 2 Boxplot of the values of the estimator 6, from 1000 repetitions

For6y =0,6 = 10~2in Figs. 1 and 2 we see that all the values are around 0 and
the interquartile range is less than 0.2.

For 6y = 1,8 = 1073 in Fig. 3 we see the importance of the step of discretization
8, the median is equal to 1 and the interquartile range is equal to 0.1.

Now we illustrate this estimator with another model (Fig.4):

F(t) = cos2rt), o(t) =2+ sin(2n1), g = —4, § = 107°.
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Fig. 3 Boxplot of the values of the estimator 6, from 1000 repetitions
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Fig. 4 Boxplot of the values of the estimator 6, from 1000 repetitions

As we can see the median of the 1000 values is —4 and the interquartile range is
around 0.1.

When f(t) = o(¢t) = 1,0 = 1, Fig.5 shows that all the values are next to 1.
In the previous cases although the dispersion around the median is not very big, the
degradation with respect to the case f(#) = o () = 1 is due to the variations of f(¢)
and o (1).
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Fig. 5 Boxplot of the values of the estimator 6, from 1000 repetitions
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Fig. 6 Histogram 6, 6y = 0 from 1000 repetitions

Now we check the asymptotic normality property. From the Theorem 3

On = /16y — o). lim £ (ﬁ(é" - 9‘))) - ‘/V(O’ f’gﬁ)
o P(s)ds

In Figs. 6, 7 and 8 we note that the histograms obtained by the 1000 repetitions of
the simulations fit to the Gaussian distribution.
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Fig. 7 Histogram of 0,, 6y = 1 from 1000 repetitions
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Fig. 8 Histogram of 6,, 6y = —4 from 1000 repetitions
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5 Conclusion

We have considered a model of type signal plus noise given by
d¢ = f(t,0)dt + o (t)dW;.

From a continuous time observation throughout the interval [0, 7] we have built
an estimator 6, of the unknown parameter 6, using the method of maximum like-
lihood. We have established that this estimator converges in probability. When
f(t,0) = 0f(t), wehave given the expression of én and we have established its mean
square convergence, almost sure convergence, asymptotic normality and asymptotic
efficiency. From a discrete time observation on [0, 7] we have computed the likeli-
hood function and we have shown the same convergences as in the continuous case
except the strong consistency convergence.

As a prospect I am going to consider model (1) but with o (-) which can take the
value 0. I plan also to study the estimation of the parameters 6; from the observations
of ¢; following the model

d§ = 01 /1 (1) + 02 /2(t) ... 0, fn (1)) dt + o (£)dW;.

Acknowledgments I would like to thank the region of Brittany for funding my Ph.D. scholarship.

Appendix

Proof Theorem 1

We apply (Theorem 3.2.4, [2]) which gives the convergence in probability of the
maximum of the contrast process U, (0). See also (Theorem 5.7 of van der Vaart
2005). For this purpose we need to show the two following conditions:

(1) ® is a compact of R, the functions 8 +— U, (9), 8 — K (0, 8y) are continuous.

(ii) for all ¢ > 0, there exists n > 0 such that

lim Pg{ sup |U,(0)—U,(0")| >¢)=0.
n—oo |6_9/|<n

The first condition is readily obtained from the hypothesis on f (-, -), o (-) and ©,
and from the definitions of U, (-) and K (-, -).
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Below we prove the second condition

nP

1
Un(0) = Un(®) = 5 (0. 0) =G, 0") (2p(s,60) — p(s,0) — p(s,6") ds

1 nP
+ */ (p(s,0) — p(s,0"))dWs
nP Jo

P
=35 J, (060 =p(.69) (20600 = p(5.0) = p(5.0)) ds

P
+ L/ (p(s,0) — p(s, 6")dWs
nP Jo

= A100,0") + A20,0") (16)

where A (0, 0") is the nonrandom term of this equality and A, (6, ') is the random
term.

The absolute value of the nonrandom term of this equality is bounded by a multiple
of n where |6 — 6’| < n and the second term converges in mean to 0 when n —
oo. Indeed

As p(-, -) is continuously differentiable then

p(s,0) = p(s,0") = (0 —0)0'(s,61), 61 €[6,6'],

where p’(-, -) is the derivative of p(-, -) with respect to 6. Denote

Co:= sup ]p’(s, 9)| .
fed, sel0,P]
Thus
sup [20(s,00) — p(5.0) — p(s,0")| =2 sup lo(s, 00) — p(s, 6)]
0,0'e®, s€[0,P] 0e€d, sel0,P]

< Cy sup |6y — 0|
0e®
<cC

where C is positive constant because @ is a compact. So for the nonrandom part

/ 6-01 [° 9
sup |A1(0,0)| < sup Cds < —n (17)
10—6"|<n —6'<n 2P Jo 2

Now show that the random part converges in mean to 0. First

1 [P "1 P
A2(0,0") = —/ (p(s,0) — p(s, 0")dW; =/ —/ o' (s, u)dWy du.
nP Jo g nPJo
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du}

The set ® being compact

6/
Egy | sup |A2(0.0")|| <Eg | sup /
[0—0"|<n |0—0"|<n /O

1
B0
e

1 P
’
/ o (s, u)dWs
0

nP
du]

P
—/ p' (s, u)dWy
0
/ 90[ i|du
©

nP
27\ 2
1 nP %
=/ / ,0/2(s,u)ds du
o \n*P% Jo

1

1 1, 2
:«/ﬁ . P A P (s, u)ds ) du.

IA
T

IA

o5

1/P (s, W)W,
nP 0 ps’u N

1 P
< E/o o' (s, u)dW;

T

Then

lim E90|: sup ]A2(9,9’)|:| =0. (18)

n—0o0 16—0"|1<n

According to the equality (16) we have for all ¢ > 0

Poo [ sup [U.0) = Un0)] > e ) <Po sup |Ai16.0)]> 2
10—6'|<n 10—8/|<n 2
+Po( sup |A20.09)] > 2
10—6'I<n 2
Since
lim Egy | sup |A200,60)|| =0
n— 00 10— <n
then

lim P, [ sup 420,09 > 2 ) =0.
=00 T\ jo—o'l<n 2



35

Parametric Estimation Problem for a Time Periodic Signal in a Periodic Noise

Thanks to (17) is suffice, for all ¢ > 0, to take n = % to have

sup |A10,0))] < £,
19—6'|<n 2
So for all ¢ > 0, there exists 7 > 0 such that
sup  |Un(0) — U, (8)| > 8) =0.

lim P90 (

n—oo ‘9_0/|<n

Therefore, the second condition is fulfilled. So the MLE én is consistent.

Proof Theorem 2
Recall that f(-) and o (-) are continuous and periodic with the same period P > 0.

On one hand
nP P
I, =/ p2(s)ds=n/ pz(s)ds.
0 0
So
. Iy Py
lim — = p(s)ds.
n—-oo n 0

On the other hand
(k+1)P n—l .p
P, =3 [ psrawit.
0
k=0

n—1

As
p=oep P
lim — Z/ p(s)dWHD) = By [/ p(s)dvv§kP)i| =0 Py —a.s
we deduce that
A s - aVa
lim 6, — 6y = lim 6, — 6y = lim &— =0 Py, —a.s.
n— oo n— oo n— oo ﬁln

Proof Proposition 1
Denote
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1 nP
A (%) = 1,7/ p(s)dWs.
0

According to (6) we have

L, (6p + ®,u)

Z =
) L, (60)

nP [ 1e)) 2 92

= exp q)nu/ @dé‘?o _ 6o + DPpu) Oln
o o(s) ~ 2
nP ¢2 2

— exp q)nu/ PE) yeto _ Pat g,
o o(s) 2

Since
del = 0o f(0)dt + o (1)aw,

then we have

_1 _1 pnP 1 1
Zn(u) = exp (Gouln 2, +ul, ? / o(s)dW; + 5”2 - eoul,f)
0

1 nP 1
= exp (uln 2 / p(s)dWs — —uz)
0 2

= exp (uAn(;") - %uz) . (19)

nP
3(/ P(S)dWs) = A (0, In)
0

then we have
L{ 2Py} = A0, 1).

So from (19) the family (Pé") )oce 1s locally asymptotically normal at 6 for every 6.

Proof Proposition 2 We show that U, (9) converges in Py, to the contrast function
K (0, 6p) defined by (8). To do this we use the next lemma

Lemma 2 For the continuous and periodic function p(-,-) and A, — 0 when
n — oo we have

2

n—1

t; t;
lim Z(/ Toso- [ p(s,eo))
t; t;

n—00 ZnA% =

1 P
ds = ﬁ/o (p(s.60) — p(s, 0))* ds.
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tiyl 2 1 P 2
Jim 2nA2 (/ ,O(S,Qo)ds) = ﬁ/o p~(s, bo)ds.

lim

We continue the proof of Proposition 2, recall that
P tit1
Y = / p(s, 00)ds + Wy, — W,,.
1

So

n—1

tig1 2
(/ p(s, Q)ds)
14

1 "il g [l 4
Un0) = —5 DY, / p(s, 0)
" nA,% s ! t;

ni=0

Z/ i+1 n-l litl 2
p(s, H)ds/ (/ p(s,@)ds)
"0} i=0 i ni=0
— Z / p(s,0)ds Wy, — Wr,)
A i=0

2

: i (/ (20)
=—— p(s,9)—/ p(s,ﬁo)) ds
ZnA,% ico Vo 1
-1 . n—1
1 n Lit1
+ s,00)ds) + —=
n a2 g“) (/t, p (s, 00) )

To complete the proof and thanks to Lemma 2 it remains to establish the convergence
in Py, probability of the last part of (20). For this purpose we show the convergence
in mean square.

From the independence of the increment of the Brownian motion W;,,, — W;, we
can write

lit1
/ p(s, Ods(Wi .y — Wr).
fi

2
i+l

-1
1
Eoy | |=—7 2 / p(s, 0)ds(Wy,., — W)
na; i=0 1l

i 2|

1 fit+1
=2 Z(/ pes. 9)ds>)

=0

1 1 - tit1
= — ,0)d
nAy, nA% = (/t, p(s.0) S)

i+1
/ IO(SV e)dS(Wti+1 - Wt,‘)
ti

|

2
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Thanks to (20) we deduce that

2

lim Eg, =0.

n—oQ

tit1
AZZ / p(s, 0)ds(Wy,,, — Wi,)

So the contrast process U,(0) converges in mean square to the contrast function
K (0, 6p) which has a strict maximum when 6 = 6

1 P
K (6o, 00) = ﬁ/o 0> (s, 00)ds.

This achieves the proof of Proposition 2.

Proof Theorem 5
As in Theorem 1 we apply (Theorem 3.2.4 in [2]). By their definitions, U, (9) and

K (0, 6p) satisfy the first condition
For the second condition

Un(0) — Un(8) @1)
R /’IH fit1 = fi 2
=— pGou00)ds [ (p(5.0) = pGs.6ds — s ( [ o em)
nA% g(; t 1 2nA% g(; 4
1 n—1 flig 2 1 n—1 "l
s 9/ d _— R 9) — , 9’ ds(W,. — W,
ty ;(/t p(s,0) s) tom ;/t (p(s,60) — p(s,0))ds(W,., — Wy)

1 = tit lit1
= 2naz E / (p(s,0) — p(s, 0/))dS/ (2p(s, 60) — p(s,0) — p(s,0"))ds
na i 1 ti

n—1

A2 Z / (p(s,0) = p(s,0))ds(Wy,,, — Wy,)
i= ti
= B1(0,6' ) + B2(6,6) (22)

As in the continuous case we can establish that the absolute value of the nonrandom
part By (0, ") is bounded by a multiple of # and the random part B, (6, 6") converges
in mean to 0. Hence we have the second condition.

So

N PHO
911 — 9()
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Proof Theorem 6

2
S0 [ p(syds (W, — W)

12 (e o)’
nA,Eg, [‘Z i=0 ttH—] p(s)ds (le+1 W’i)
_ 2\?
(Z?;& (=" pis)as) )
nA2 >, ( fit1 p(s)ds)2

(Z?;ol (i p(s)ds)2)2

2
nA;

N 2
Eg, U‘/M"(e" _ 90)( ] — nA,Eg,

]

) 2°
>0 (S pts)ds)
From equality (20) with f (s, 8) = 6f(s) we have
2

-1 Liy1 1 P 2
Jim nA : (/ ,o(s)ds) ZF/O p(s)ds.

=0

So
. ; S LN
Tim_Eg, men(en — )| } - (; /0 p <s>ds) .

Proof Proposition 3
Denote

1

n—1 liy1 2\ ?
Dy = /Ay (Z ( / p(s)ds) ) : (23)
1

i=0

D, li+1
An(g?) = A—Z ( / p($)ds(Wy,, — W,,->). (24)
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According to (12) and (13) we have

Ly (0 + Puu)

Z,(u) =
! Ly (6)
n—1 1 . O tit1 2
IT'= T P | o Y0 — (6p + Ppu) fli o(s)ds
[ ﬂ,l,—An exp (—ﬁn (Yieo — 6 [ p(S)dS) )
n—-1 1 4 lit1 lit 2
= Hexp - Y; °<D,,u/ p($)ds — 6P u (/ p(s)ds)
i=0 An l li l
nl 1 iyl 2
X H exp A q),%uz (/ ,o(s)ds)
i=0 " fi
Since

lit+1
Y =6 / p(s)ds + Wy, — Wy,
t

then thanks to (23) and (24) we have

n—1 . ) t 2
ud lit1 u<d i+1
Zn(u) = Hexp( . / s (Wi = Wy) = = ( / p(s)ds) )
i=0 noJi n t
-1 . 2 .2 n—1 I 2
ud, /t1+1 uld i+1
=exp | — p(s)ds(Wy,,, — Wy,) — n / p(s)ds

= exp (“An(fe) - %Lﬂ) (25)
From the independence of the increments Wy, — W;,,i =0,...,n — 1 and (23)
nolegg nol lit 2
z(> / p()ds(Wi, — Wi) ) = (0.4, ( / p(s)ds)
i=0 i j=0 i

= (o, @;ZAﬁ) . (26)
So from (24)
L{ 2Py} = A (0, 1).

Hence from (25) the family (Pé"))ge@ is locally asymptotically normal at 6y for
every 6.
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