Chapter 2
Vector and Tensor Analysis in Euclidean
Space

2.1 Vector- and Tensor-Valued Functions, Differential
Calculus

In the following we consider a vector-valued function x () and a tensor-valued
function A (¢) of a real variable z. Henceforth, we assume that these functions are
continuous such that

lim [x (1) —x (f))] =0, lm [A({) —A ()] =0 (2.1)
t—1y 1—10

for all #y within the definition domain. The functions x (t) and A (¢) are called
differentiable if the following limits

dx o x(@+s)—x(@ dA Al +s)—A®

— = lim _— — = Iim ———= (22)

dr  s—0 s dr 50 s
exist and are finite. They are referred to as the derivatives of the vector- and tensor-
valued functions x (¢) and A (¢), respectively.

For differentiable vector- and tensor-valued functions the usual rules of differen-
tiation hold.

(1) Product of a scalar function with a vector- or tensor-valued function:

d du dx
a[u(r)x(r)]=ax (f)+u(f)a, (2.3)
d du dA

(2) Mapping of a vector-valued function by a tensor-valued function:
d dA dx
—[AM)x )] =——x@)+A@) —. 25
dt[ (nx )] dtx()+ ()dt (2.5)
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(3) Scalar product of two vector- or tensor-valued functions:

[x - y]==yO+x@)- (2.6)
dA dB
E[A(t).B(t)]: 5 BO+A®: 2.7)

(4) Tensor product of two vector-valued functions:

Shrneyn]l=Eeyn+rn e (2.8)
ar * Y BT . dr’ )

(5) Composition of two tensor-valued functions:

d dA dB
o AOBO]="BO+A@) (2.9)

(6) Chain rule:

d dx du d dA du
ax[u(t)]=@E, T Alu ()]_d—a‘ (2.10)

(7) Chain rule for functions of several arguments:

() ) = 2Zdu  Oxdv @.11)
x winy Oudr  Ovdt’ ’

d OAdu OAdv

_A[U(t) V(t)]_a—E—FEE, (2.12)

where 0/0u denotes the partial derivative. It is defined for vector and tensor
valued functions in the standard manner by

Ox (wy) _ . X (utsy)—x (W{ (2.13)
ou s—0 N

OA (wy) _ o A(usy) —Auy) (2.14)
ou s—0 s

The above differentiation rules can be verified with the aid of elementary differential
calculus. For example, for the derivative of the composition of two second-order
tensors (2.9) we proceed as follows. Let us define two tensor-valued functions by

AG+s)—A@ dA B(+s)-B() dB

, 02(s) =

01 () = s dt s dr’

(2.15)

Bearing the definition of the derivative (2.2) in mind we have

lim 0y (s) =0, lim Oy (s) = 0.
s—0 s—0
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Then,

A+s)B@+s)—A@)B(@)
s

% [A@®B@®)] = Slg)r(l)
5 1 A dA o B dB o
_SE)I});H: (t)+sa+s 1(s)][ (t)—l—sa-l—s 2(s)]
—A(t)B(t)]
dA dB
:hnb“E+01(S)}B(”+A(”[E+O2(S)“

. dA dB dA dB
+ hrr%)s [E + 0y (s):| [E + 02 (s)] = EB ®+A@) @

2.2 Coordinates in Euclidean Space, Tangent Vectors

Definition 2.1 A coordinate system is a one to one correspondence between vectors
in the n-dimensional Euclidean space E" and a set of n real numbers (x R A x™).
These numbers are called coordinates of the corresponding vectors.

Thus, we can write

d=xr & r=r(x1,x2,...,x”), (2.16)
where( IS E” and x’ e R (i =1,2,...,n). Henceforth, we assume that the func-
tions x' = x’ (r)and r = r (x', x2, ..., x") are sufficiently differentiable.

Example 2.1 Cylindrical coordinates in E3. The cylindrical coordinates (Fig.2.1)
are defined by

r=r(p,z,r) =rcospe; +rsinye; + ze3 (2.17)

and

r=\/("-81)2+("-82)2, 7=r-e3,

arccos ifr-e; >0,

SD = r r-e . (218)
27 — arccos ifr-e, <0,

where e; (i = 1,2, 3) form an orthonormal basis in E3.
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Fig. 2.1 Cylindrical coordinates in three-dimensional space
The vector components with respect to a fixed basis, say H = {hy, ho, ..., h,},

obviously represent its coordinates. Indeed, according to Theorem 1.5 of the previous
chapter the following correspondence is one to one

r=xh & x'=r-h, i=12...,n, (2.19)
where r € E" and H' = {h1 Jh%, ., "} is the basis dual to H. The components
x' (2.19), are referred to as the linear coordinates of the vector r.

The Cartesian coordinates result as a special case of the linear coordinates (2.19)
where h; =e; (i =1,2,...,n) so that

r=xiei = xi=r-ei, i=1,2,...,n. (2.20)

Let x' = x' (r) and yi = yi (r)y i=1,2,...,n) be two arbitrary coordinate
systems in [E”. Since their correspondences are one to one, the functions

xizﬁi(y],yz,...,y”) & yizﬁi(xl,xz,...,x”), i=1,2,....,n (221
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are invertible. These functions describe the transformation of the coordinate systems.
Inserting one relation (2.21) into another one yields

yi Z)A}i ()21 (yl’y2’.”’yn)’
%2 (yl,yz,...,y"),...,)?” (yl,yz,...,y")). (2.22)

The further differentiation with respect to y/ delivers with the aid of the chain rule

8_yi o ay! oxk

ay] =0jj = wa—y], L, ] = 1,2, (B (223)

The determinant of the matrix (2.23) takes the form

dyt Oxk oyt | | oxk
dijl=1=|=——|=|=—||=—|. 2.24
’ U‘ Oxk 0yJ Oxk||0y/ (2.24)
The determinant |8yi /Oxk | on the right hand side of (2.24) is referred to as Jacobian
determinant of the coordinate transformation y' = $" (x!,x2,...,x") (i = 1,2,

..., n). Thus, we have proved the following theorem.

Theorem 2.1 If the transformation of the coordinates y' = 3! (xl, X2, ..., x”)
admits an inverse form xi =z (yl, y2, e, y") G=12,...,n)andif J and K
are the Jacobians of these transformations then JK = 1.

One of the important consequences of this theorem is that

ai
JZ‘L

S| %0 (2.25)

Now, we consider an arbitrary curvilinear coordinate system
=0 & r=r(06%...0), (2.26)

where 7 e E" and #' € R (i = 1,2, ..., n). The equations
0" =const, i=1,2,....k—1,k+1,...,n (2.27)
define a curve in E” called #*-coordinate line. The vectors (see Fig.2.2)

9k _ ek
gk=}%r( +S2 r )=%, k=1.2.....n (2.28)

are called the tangent vectors to the corresponding #*-coordinate lines (2.27).
One can verify that the tangent vectors are linearly independent and form thus
a basis of E”. Conversely, let the vectors (2.28) be linearly dependent. Then, there
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Fig. 2.2 Tllustration of the
tangent vectors

are scalars ol e R (i=1,2,...,n), not all zero, such that o/gi = 0. Let further
xt = x'(r) (i=1,2,...,n) be linear coordinates in " with respect to a basis
H= {hl, hz, ey hn} Then,

4 . Or . Or Ox/ Ox/
O=clgi=ogg =500 = “ a5
Since the basis vectors k; (j = 1,2, ..., n) are linearly independent
. Oxd )
a’ﬁzo, j=12,...,n.

This is a homogeneous linear equation system with a non-trivial solution o/ (i =1,2,
ox7 /06! | = 0, which obviously contradicts relation (2.25).

. n) Hence,

Example 2.2 Tangent vectors and metric coefficients of cylindrical coordinates in
E3. By means of (2.17) and (2.28) we obtain

or i
g = = = —rsmye;| + rcosyey,
O
or
= — = e3,
9> oz 3
or .
gz = = cos ey + sin pe;. (2.29)

The metric coefficients take by virtue of (1.24) and (1.25); the form

r200 3 . [r?oo0
los]=lg:-gjl=] 010 |, [¢"]=[a] ' =] 0 10]. @30
001 001
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The dual basis results from (1.21); by
1 1 1 . 1
= —g| = —— sinye| + — cos pey,
r r r

g
9 =g =e,
g g3 = cos peq + sin pe. (2.31)

2.3 Coordinate Transformation. Co-, Contra- and Mixed
Variant Components

Letd = ¢! (r)and 0 = 6t (r) i =1,2,...,n)betwoarbitrary coordinate systems
in E”. It holds

or  or 06/ 96/

If gi is the dual basisto g; (i = 1,2, ..., n), then we can write

, - 00

_i o0

g =g 207 i=1,2,...,n. (2.33)
Indeed,

Y 90\ 4 90" 00"
9795 =\9 a0k ) \50i ) =9 "9\ 6% 90

gi 9! gi Hpk pi
:5}(8—%{8—9): 8—9%, = 8—?, =6, i, j=12,...,n (2.34)
D0k 9p.J o0k opi  0pi

One can observe the difference in the transformation of the dual vectors (2.32) and
(2.33) which results from the change of the coordinate system. The transformation
rules of the form (2.32) and (2.33) and the corresponding variables are referred to as
covariant and contravariant, respectively. Covariant and contravariant variables are
denoted by lower and upper indices, respectively.

The co- and contravariant rules can also be recognized in the transformation of
the components of vectors and tensors if they are related to tangent vectors. Indeed,
let

x=xig =x'g;=x§ =x'g;, (2.35)
A=Ajjgd @9/ =AVg;@g;=Ag;®g
= A5 ®g =A"g, ®g; = Afjgi ®g’. (2.36)
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Then, by means of (1.28), (1.91), (2.32) and (2.33) we obtain

_ _ 00/ 067

xi=x~gi=x~(gjﬁ)=xjﬁ, (2.37)
ii:x~§i:x~(gj%f;):xj§7?;, (2.38)
Aij = g;Ag; = (gkg—gl;) A (91%) = Z—Z%Aku (2.39)
AY — GiAgl = (gkg—gi)A( lgi;) - g—i%w, (2.40)
A =g'Ag, = (gkg_z_]i)A (gl%) = S—Z%Aﬁ. (2.41)

Accordingly, the vector and tensor components x;, A;; and x', A are called covariant
and contravariant, respectively. The tensor components A’ . are referred to as mixed
variant. The transformation rules (2.37)—(2.41) can similarly be written for tensors
of higher orders as well. For example, one obtains for third-order tensors

s 00" 06" 06" ik 00" 067 96F Arst
U 9d 007 ok " =0 o0 o

(2.42)

From the very beginning we have supplied coordinates with upper indices which
imply the contravariant transformation rule. Indeed, let us consider the transformation
of a coordinate system 6’ = 6" (9',62,...,0") (i =1,2,...,n). It holds:

_. o .
d@’:WdH, i=1,2,...,n. (2.43)
Thus, the differentials of the coordinates really transform according to the contravari-
ant law (2.33).

Example 2.3 Transformation of linear coordinates into cylindrical ones (2.17). Let
x' = x' (r) be linear coordinates with respect to an orthonormal basise; (i = 1, 2, 3)
in E3:

xi=r-e o r=x'e. (2.44)
By means of (2.17) one can write

x! =rcos ©®, x?2 = rsin ©, 3=z (2.45)
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and consequently

or!
I

= —rsinp = —x2,

Ox?
e

x3
dp

Ox!

0z

Ox?
0z

ax3
0z

0 Ax1 x!
=V, — = COS = —,
or g r
0 Ox? . x2
=V, — = SIN = —,
or L4 r
) 3

-1, & o
or

45

(2.46)

The reciprocal derivatives can easily be obtained from (2.23) by inverting the matrix
[ 22 9 9 | Tis yields:

Vo _ Lo 9 Lo x 9

Ox! r ¢ r2’ ox2  r 14 r2’ ox3 ’

0z 0z 0z

PRl proial o 247
or x! or . x2 or 0

—— =cosp = — — =sinp = — — =

Ox! L Ox? e ox3

It is seen that these derivatives coincide with the components of the dual vectors
(2.31) with respect to the orthonormal basis. This is in view of (2.33) and due to
the fact that the coordinate transformation is applied to the Cartesian coordinates
xt (i =1,2,3).

2.4 Gradient, Covariant and Contravariant Derivatives

Let @ = ¢(91,¢92,...,9"),x = x(01,92,...,0”) and A = A(01,92,...,9")
be, respectively, a scalar-, a vector- and a tensor-valued differentiable function of the
coordinates &' € R (i = 1,2,...,n). Such functions of coordinates are generally
referred to as fields, as for example, the scalar field, the vector field or the tensor
field. Due to the one to one correspondence (2.26) these fields can alternatively be
represented by

=& (r), x=x(r), A=A(r). (2.48)
In the following we assume that the so-called directional derivatives of the functions
(2.48)
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d o - @
—@ (r + sa) = lim (r +sa) (r)’
ds =0 $—0 s
d _
9 +sa) — lim x(r+sa)—x (r)’
ds =0 s—0 N
d A —A
YA tsa)| =limATTsO=A@ (2.49)
ds s—0 $—0 s

exist foralla € E". Further, one can show that the mappings a — % @ (r +sa) | =0’

a — %x (r+ sa)|Y=0 and a — (%A (r+ sa)|Y=0 are linear with respect to the
vector a. For example, we can write for the directional derivative of the scalar function
D =& (r)

d
= —®[r+sia+sbl| (2.50)

d
—@[r+s(a+b)
s=0 ds s=0

ds

where s and s, are assumed to be functions of s such that s; = s and s, = s. With
the aid of the chain rule this delivers

d
—® [r + s1a + spb]
ds

s=0
0 dSl 0 dS2

=1—09 bl — + —@ bl —

[8s1 [r + s1a + s2b] o5 + D55 [r + s1a + s2b] s ] Y

0 0
= —& (r+sia+ syb) + — @ (r + s1a + s7b)

asl s1=0,52=0 8S2 s1=0,520=0

d d
= —® (r+sa) + — @ (r + sb)

ds s=0 ds s=0

and finally
d d d
—@[r+s(a+b)] = —& (r+sa) + —® (r + sb) 2.51)
ds s=0 ds s=0 ds s=0
for all a, b € E". In a similar fashion we can write
Lo (r + s0a) 4o (¢ +s0a) L
— & (r+saa = —&(r+saa
ds =0 d(as) ds |-
d
=a—®(r+sa) , Va e E", Ya € R. (2.52)
ds s=0
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Representing a with respect to a basis as @ = a’g; we thus obtain

i(b (r+sa)] = icb (r+saig~) =a iqﬁ (r+sg;)
ds s=0 ds l s=0 ds t s=0
d . )
=—@(r+sg;)| 4 - (ajgj) , (2.53)
ds s=0
where gi form the basis dual to g; (i =1,2,...,n). This result can finally be
expressed by
d n
— & (r + sa) =grad® -a, Va e E", (2.54)
ds s=0

where the vector denoted by grad® € E” is referred to as gradient of the function
@ = & (r). According to (2.53) and (2.54) it can be represented by

g (2.55)

d
grad® = &q) (r +sg;) »

Example 2.4 Gradient of the scalar function ||r||. Using the definition of the direc-
tional derivative (2.49) we can write

d d
— |Ir + sa|| = —/(r +sa) - (r +sa)
ds 5s=0 ds s=0
d
= —Vr-r+2s(r-a)+sa-a
ds s=0
1 2(r-a)+2s(a-a) _r-a
2 r r+2s(r-a)+s2(a-a) =0 el
Comparing this result with (2.54) delivers
r
grad |r|| = —. (2.56)

7l

Similarly to (2.54) one defines the gradient of the vector function x = x (r) and the
gradient of the tensor function A = A (r):

d

gx (r + sa) = (gradx)a, Va e E", (2.57)
s=0

d n

aA (r + sa) = (gradA)a, Va e E". (2.58)
s=0

Herein, gradx and gradA represent tensors of second and third order, respectively.
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In order to evaluate the above gradients (2.54), (2.57) and (2.58) we represent the
vectors r and a with respect to the linear coordinates (2.19) as

r = xih,', a = aih,'. (2'59)

With the aid of the chain rule we can further write for the directional derivative of
the function @ = @ (r):

d _ YT+ sa) b,
ds¢ (r +sa) o = ds(p [(x + sa )h,] o
0P d (xi + sai) 0o ;
= = —ua
0 (xi + sai) ds Ox!
s=0

oo, ; od .
—( Z=4i). in. ) = Z=pxi). n
(8xih) (a/n)) (axih) a, VaeE"

Comparing this result with (2.54) and bearing in mind that it holds for all vectors a
we obtain

P .
grad® = 8—.hl. (2.60)
ox?

The representation (2.60) can be rewritten in terms of arbitrary curvilinear coordi-
natesr = r (01, 6%, ..., 0") and the corresponding tangent vectors (2.28). Indeed,
in view of (2.33) and (2.60)

0P i _ 0P 96" 0P

d¢ = —h' = — —h' = —g". 2.61
S = o T ko T oY (260
Comparison of the last result with (2.55) yields
d 0P .
aaﬁ (r—l—sgi) szo:@, i=1,2,...,n. (2.62)

According to the definition (2.54) the gradient is independent of the choice of
the coordinate system. This can also be seen from relation (2.61). Indeed, tak-
ing (2.33) into account we can write for an arbitrary coordinate system 6§ =
o (0", 6%,...,0") (i=1,2,...,n):

oD . 0D 9GP _.
grad® = —g' = = g’. (2.63)

o009 = oai 007 ~ o907

Similarly torelation (2.61) one can express the gradients of the vector-valued function
x = x (r) and the tensor-valued function A = A (r) by

ox oA
8_; ®g., gadd=__-®g" (2.64)

dx = :
gradx 70
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Example 2.5 Deformation gradient and its representation in the case of simple shear.
Let x and X be the position vectors of a material point in the current and reference
configuration, respectively. The deformation gradient F € Lin® is defined as the
gradient of the function x (X) as

F = gradx. (2.65)

For the Cartesian coordinates in E* where x = xie; and X = X'e; we can write by
using (2.64);

ox . Ox! . . .
=W®e1 = We,-@e/ :Ffjei®ef, (2.66)

where the matrix [F’ j] is given by

M ox! ox! ox! 7]
ox! 9x? ox3
[Ffj]z ox? Ox? 0x? | (2.67)
ax' ox2 ox3

ox3 ox3 ox?
L ox1 ox2 ox3

In the case of simple shear it holds (see Fig.2.3)
=X 44x% =X =X (2.68)

A

X2 2? %X_'_i

X2

11
X1 e Xz

Fig. 2.3 Simple shear of a rectangular sheet
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where v denotes the amount of shear. Insertion into (2.67) yields

' 1~v0
[Ffj] —lo10]. (2.69)
001
Henceforth, the derivatives of the functions ® = & (91, 62, L0, x = x(Hl,
0%, ....0") and A = A (0!, 6%, ..., 0") with respect to curvilinear coordinates ¢’

will be denoted shortly by

o ox 0A
¢5i= ﬁ7 X, = ﬁ5 A5l= w‘ (2'70)

They obey the covariant transformation rule (2.32) with respect to the index i since

o 0P 9k ox  ox 968 OA  OA OFF 071
001 9pk 0017 001 9ok 0017 00T 9Pk 0O ’
and represent again a scalar, a vector and a second-order tensor, respectively. The

latter ones can be represented with respect to a basis as

x,i =xig; =xjli g,

A=A g, @9, =AuligF®g = A" g ®d, (2.72)

where (e)|; denotes some differential operator on the components of the vector x
or the tensor A. In view of (2.71) and (2.72) this operator transforms with respect
to the index i according to the covariant rule and is called covariant derivative. The
covariant type of the derivative is accentuated by the lower position of the coordinate
index.

On the basis of the covariant derivative we can also define the contravariant one.
To this end, we formally apply the rule of component transformation (1.98); as
(o) = ¢/ (e)|j. Accordingly,

=g I xlt = g%l
Akli — imAkl A i — imA Ak i i imAk 273
I'=y9 [ kil =g" Axilm, G =g A - (2.73)

For scalar functions the covariant and the contravariant derivative are defined to be
equal to the partial one so that:

P, =P =, . (2.74)
In view of (2.63)-(2.70), (2.72) and (2.74) the gradients of the functions @ =

@067 ...,0"), x =x(01,6%...,0") and A = A(0,6%,...,0") take the
form
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gradd = @|; ¢' = | g;,
gradx =x'|i g, ®g' =xjli g/ ®g' =x'I"g; 09, =x;' g’ ® 9.
gradA =AY} g, ® g, ®g =Auli g* ®g' @9 =A' i gi®g ®d
=A" g, ®g ®g =Aulg"®gd ®g =A" I g.®d ®g;.
(2.75)

2.5 Christoffel Symbols, Representation of the Covariant
Derivative

In the previous section we have introduced the notion of the covariant derivative but
have not so far discussed how it can be taken. Now, we are going to formulate a
procedure constructing the differential operator of the covariant derivative. In other
words, we would like to express the covariant derivative in terms of the vector or
tensor components. To this end, the partial derivatives of the tangent vectors (2.28)
with respect to the coordinates are first needed. Since these derivatives again represent
vectors in [E”, they can be expressed in terms of the tangent vectors g; or dual vectors

gi (i =1,2,...,n) both forming bases of E". Thus, one can write

gij=Ting" =Tfgr. i.j=12,....n, (2.76)
where the components I';j; and Ff. @i, j,k=1,2,...,n) are referred to as the
Christoffel symbols of the first and second kind, respectively. In view of the rela-
tion g¢ = ¢g"g, (k =1,2,...,n) (1.21) these symbols are connected with each
other by

Flkj :gklrij[, i, ],k: 1,2,...,71. (277)

Keeping the definition of tangent vectors (2.28) in mind we further obtain
9ij=T.ij=".ji=§ji i,j=12,...,n. (2.78)
With the aid of (1.28) the Christoffel symbols can thus be expressed by
Uik =Tjik =Gi,j Gk = Gj»i * Gi» (2.79)
rh=r& =g g =gju-d" ijk=12..n (2.80)

For the dual basis g’ (i =1,2,...,n)onefurther gets by differentiating the identities
g -g;= 5;. (1.15):


http://dx.doi.org/10.1007/978-3-319-16342-0_1
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0=(8)k=(9""9;) k=9"k9;+9 9
g9, +g (ri.kgl) =gu-g;+T. i jk=12..n
Hence,
F}k - r,ij =—guw9;=-6. 9 i.jk=12_.n (2.81)
and consequently
9= —F;kgj = —F,ijgj, ik=1,2,...,n. (2.82)

By means of the identities following from (2.79)

gij k= (g; “9j)k=8ik-9;+9i -9k =Titj + Tji (2.83)
where i, j,k =1,2,...,n and in view of (2.77) we finally obtain
1
Lijk = 3 (gkivj + Gkjsi — Gijok ) - (2.84)
1 -
Ffj = Egkl (giivj + qjsi — gijor ), Gjk=12,...,n. (2.85)

Itis seen from (2.84) and (2.85) that all Christoffel symbols identically vanish in the
Cartesian coordinates (2.20). Indeed, in this case

gij=ei-ej =20, i,j=12,....n (2.86)
and hence
Pk =T} =0, i,jk=1,2...n. (2.87)

Example 2.6 Christoffel symbols for cylindrical coordinates in B> (2.17). By
virtue of relation (2.30); we realize that g11,3 = 2r, while all other derivatives
Jiksj (i, j k=12, 3) (2.83) are zero. Thus, Eq. (2.84) delivers

FCizir =T =r, Tz=-r (2.88)

while all other Christoffel symbols of the first kind I';jx (i, j, k =1, 2,3) are
likewise zero. With the aid of (2.77) and (2.30), we further obtain
I =g"iji =r?Tij1. Tf = g”Tijp =Tij.
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By virtue of (2.88) we can further write
1 1 1 3
F;=I3 = — Iy =-r (2.90)

while all remaining Christoffel symbols of the second kind T’ lk] (i, j,k=1,2,3)
(2.85) vanish.

Now, we are in a position to express the covariant derivative in terms of the vector
or tensor components by means of the Christoffel symbols. For the vector-valued
function x = x (6!, 0%, ..., 0") we can write using (2.76)

X, j= (xigi) =X 9 +xgj
=xi,jgi +xil"fjgk = ()Ci,j +xkF,ij) g;, 2.91)
or alternatively using (2.82)
X, = (Xigi) yj = xi,jgi +xz'gi7j
=i, g = xiThg" = (v —url) g (2.92)
Comparing these results with (2.72) yields

Xy =x'+ x5 xilj=x -l ij=12....n (2.93)
Similarly, we treat the tensor-valued function A = A (91, 0%, ..., 0”):
A= (Aijgi ®9j) ok
=AY, g ®g; +AYg; .« ®9g; +Alg, X Gk
=AY g, ®g;+AY (Ff»kgz) ®g;,+A%g; ® (Fﬂ-kgz)
_ (Aii &+ AT 4 A”F{}() 9:®g;. (2.94)
Thus,
Al = AV + AVTE 4 AT 0k =1,2,. 0. (2.95)
By analogy, we further obtain
Aijle = Aijx — AT, — A,ﬂ‘j-k,
Aljle = Al + AT = AT i k=12, 0. (2.96)

Similar expressions for the covariant derivative can also be formulated for tensors of
higher orders.
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From (2.87), (2.93), (2.95) and (2.96) it is seen that the covariant derivative taken
in Cartesian coordinates (2.20) coincides with the partial derivative:

i=xt, xlj=xg,

A= AT 4, Ajjle=Aijor s ALlk= Al k=120 (297)
Formal application of the covariant derivative (2.93) and (2.95), (2.96) to the tangent
vectors (2.28) and metric coefficients (1.93); > yields by virtue of (2.76), (2.77),
(2.82) and (2.84) the following identities referred to as Ricci’s Theorem:

gli=gi;—ali; =0, dl;=d,,+4d'T};, =0, (2.98)

Gijlk = Gijok — 9T — gizri-k =Gij.k —Likj —Tjri =0, (2.99)

9l ="k + 9"Th + ¢"' T = 6" 9" (=gim-k + Uit + Titkm) = 0, (2.100)

where i, j,k = 1,2,...,n. The latter two identities can alternatively be proved
by taking (1.25) into account and using the product rules of differentiation for the
covariant derivative which can be written as (Exercise 2.7)

Ajjlk = ailx bj +aibjlx  for A;; =a;bj, (2.101)
AV =dl|y b/ +d'bl| for AV =a'b/, (2.102)
Ay =d'lebj+a'bjl for Ab=d'bj, i jk=1,2,...n (2.103)

2.6 Applications in Three-Dimensional Space: Divergence
and Curl

Divergence of a tensor field. One defines the divergence of a tensor field S (r) by

1
divS = lim — / SndA, (2.104)
V=0V

A

where the integration is carried out over a closed surface area A with the volume V
and the outer unit normal vector n illustrated in Fig.2.4.

For the integration we consider a curvilinear parallelepiped with the edges formed
by the coordinate lines 8', 62, 63 and ' + AQ', 62 + A6%, 63 + AB? (Fig.2.5). The
infinitesimal surface elements of the parallelepiped can be defined in a vector form by
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v

Fig. 2.4 Definition of the divergence: a closed surface with the area A, volume V and the outer
unit normal vector n

93

s1(0' + ABY)
02

dAM (9 + AGY)

A

01

Fig. 2.5 Derivation of the divergence in three-dimensional space

dA® = + (defgj) x (dakgk) — +gg'doidok, i=1,23, (2.105)

where g = [glg2g3] (1.31) and i, j, k is an even permutation of 1, 2, 3. The corre-
sponding infinitesimal volume element can thus be given by (no summation over i)
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AV = dAa®. (deig,.) - [d&l g, d6%g, d93g3]
= [919293] d0'd6?d0* = gdo'a9*de’. (2.106)
We also need the identities

9.k = [919293] & = T [9:9295] + T [919195] + T [919291]
=T [919295] = Ti9. (2.107)

(99') i=9.19' + 99" =Tligg' — Tii09' =0. (2.108)

following from (1.39), (2.76) and (2.82). With these results in hand, one can express
the divergence (2.104) as follows

1
divS = lim —/SndA
V=0V

VthOVZ/ 9' +A9’)dA(’) (9' +A6’) +S( )dA“') (9)]
=140

Keeping (2.105) and (2.106) in mind and using the abbreviation

N (9i) =S (9i) g (ef) g (9i) L i=1,2,3 (2.109)

we can thus write

3 Of4A 9"9’+A0’
div$ = lim Z / / 91 4 Ao') s (oi)]def'dok
= g

3 OF+A0k 01+ A07 0"+ A0

1 Os’
= li . 1 j 01{
vlinovz_ / / / g 4740’4
= 0 oi
= lim — /—dV (2.110)
V—0 V

where i, j, k is again an even permutation of 1, 2, 3. Assuming continuity of the
integrand in (2.110) and applying (2.108) and (2.109) we obtain

1, 1 . 1 . . .
divS = s’ =~ [Sgg' | i =~ [S.i 99 +S (99) i | =Sug’. @111
g g )
which finally yields by virtue of (2.72);

divS§ =S.,ig' =S/l g/ =5 g;. (2.112)
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Example 2.7 The momentum balance in Cartesian and cylindrical coordinates. Let
us consider a material body or a part of it with a mass m, volume V and outer
surface A. According to the Euler law of motion the vector sum of external volume
forces fdV and surface tractions #d A results in the vector sum of inertia forces Xdm,
where x stands for the position vector of a material element dm and the superposed
dot denotes the material time derivative. Hence,

/x'dm =/tdA+/de. (2.113)
m A Vv

Applying the Cauchy theorem (1.77) to the first integral on the right hand side and
using the identity dm = pdV it further delivers

/p;'c'dv :/andA+/de, (2.114)
\%4 A \%4

where p denotes the density of the material. Dividing this equation by V and con-
sidering the limit case V — 0 we obtain by virtue of (2.104)

p¥ =dive + f. (2.115)
This vector equation is referred to as the momentum balance.

Representing vector and tensor variables with respect to the tangent vectors
g; (i =1,2,3) of an arbitrary curvilinear coordinate system as

i=dg;, o=0'9;®9; f=/fg

and expressing the divergence of the Cauchy stress tensor by (2.112) we obtain the
component form of the momentum balance (2.115) by

pal =ol|;+ f1, i=1,2,3. (2.116)

With the aid of (2.95) the covariant derivative of the Cauchy stress tensor can further
be written by

ol =0 + oTi + o', i g k=1,2,3 2.117)
and thus,
ol)j =o' 40T +0'T), i=1.2.3. (2.118)

By virtue of the expressions for the Christoffel symbols (2.90) and keeping in mind
the symmetry of the Cauchy stress tensors 0"/ = o/' (i # j =1,2,3) we thus
obtain for cylindrical coordinates:
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) 30_31
01]|j = Jll,w + 012,z + 013,r + -

032

21a;,9+0—22,z+0'23»r+ s
r

o2 =0
, o33
O,3J|j _ ‘731’90 to2, 408, —relt 4 T (2.119)
’
The balance equations finally take the form

1 11 12 13 307! 1
pa =o »¢+0- 7Z+U 7F+T+f7

32

21 22 23 g 2
T 0T 0 ,r+7+f s

pa’ =o

33
(o2
pa® =, 4+ 0P 4+ 0B, —roll +7+f3. (2.120)

In Cartesian coordinates, where g; = e; (i = 1, 2, 3), the covariant derivative coin-
cides with the partial one, so that

ol =o' =0y, (2.121)
Thus, the balance equations reduce to

pX1 =o11,1 +012,2 +013,3 + f1,
pXo = 021,1 + 022,02 + 023,3 + f2,
p¥3 = 031,1 + 032.2 + 033.3 + f3, (2.122)

where X; = a; (i = 1, 2, 3).

Divergence and curl of a vector field. Now, we consider a differentiable vec-
tor field ¢ (91, 62, 93). One defines the divergence and curl of ¢ (91, 62, 93) respec-
tively by

1
divt = lim — t-n)dA, 2.123
e = fim [ € @129
A
.1 .1
curlt = lim —/(n x t)dA = — lim —/(t x n)dA, (2.124)
V-0V V=0V
A A

where the integration is again carried out over a closed surface area A with the volume
V and the outer unit normal vector n (see Fig.2.4). Considering (1.66) and (2.104),
the curl can also be represented by

1 /. N
curlt = — lim —/tndA = —divt. (2.125)
v—=0V
A
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Treating the vector field in the same manner as the tensor field we can write

divt =t,; - g' =1'; (2.126)
and in view of (2.75); (see also Exercise 1.45)

divt = tr (grad?) . (2.127)
The same procedure applied to the curl (2.124) leads to

curlt =g’ xt,;. (2.128)

By virtue of (1.36), (2.72)1, (2.80), (2.93); and (1.44) we further obtain (see also
Exercise 2.8)

. . . . 1 1
cutlt =¢4]j g’ xg' =1,;9' xg' = e”kgmj gr = e”kgti,j - (2.129)

With respect to the Cartesian coordinates (2.20) with g; = ¢; (i = 1,2, 3) the
divergence (2.126) and curl (2.129) simplify to

divt =1, =11+ 20+ 3=11,1 + 0,0 +13.3, (2.130)
curlt = ejiktl-,j ek

= (t3,0—Nn,3)e1+ (t1,3 —13,1) e2 + (t2,1 —11,2) e3. (2.131)

Now, we are going to discuss some combined operations with a gradient, divergence,
curl, tensor mapping and products of various types (see also Exercise 2.12).

(1) Curl of a gradient:

curl grad® = 0. (2.132)
(2) Divergence of a curl:

div curlt = 0. (2.133)
(3) Divergence of a vector product:

div (u x v) = v - curlu — u - curly. (2.134)
(4) Gradient of a divergence:

grad divt = div (grads)T, (2.135)
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grad divt = curl curl? 4 div grad¢ = curl curlt 4+ At, (2.136)

where the combined operator
At = div grad¢ (2.137)

is known as the Laplacian.
(5) Laplacian of a gradient and of a curl

A grad® = grad A®@, A curlt = curl At. (2.138)

(6) Skew-symmetric part of a gradient
1 —
skew (gradt) = zcurlt. (2.139)

(7) Divergence of a (left) mapping
div (¢A) = A : gradt + ¢ - divA. (2.140)

(8) Divergence of a product of a scalar-valued function and a vector-valued function

div (@t) =t - grad® + @divt. (2.141)

(9) Divergence of a product of a scalar-valued function and a tensor-valued function

div (@A) = Agrad® + &divA. (2.142)
(10) Curl of a product of a scalar-valued function and a vector-valued function
curl (@t) = —tgrad® + dcurlt. (2.143)

We prove, for example, identity (2.132). To this end, we apply (2.75)1, (2.82) and
(2.128). Thus, we write
curl grad® = g’ x (<P|i gi) =g xg + @9/ xg',;
=g xg' —@.iT;9' x g =0 (2.144)
taking into account that @,;; = @, i, Ffj = Fﬁ.i and ¢' x g/ = —g/ x g’
@#j,i,j=1,2,3).

Example 2.8 Balance of mechanical energy as an integral form of the momentum
balance. Using the above identities we are now able to formulate the balance of
mechanical energy on the basis of the momentum balance (2.115). To this end, we
multiply this vector relation scalarly by the velocity vector v = x
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v-(pX)=v-divo+v- f.

Using (2.140) we can further write
v-(pX)+ o :gradv =div(va) +v- f.

Integrating this relation over the volume of the body V yields

d 1
m (5v~v) dm+/0':gradvdV=/div(vo-)dV+/v-de,
m %4 Vv \%4

where again dm = pdV and m denotes the mass of the body. Keeping in mind
the definition of the divergence (2.104) and applying the Cauchy theorem (1.77)
according to which the Cauchy stress vector is given by ¢ = on, we finally obtain
the relation

d 1
m (EV-V) dm+/o':gradvdV=/v-tdA+/v~de (2.145)
m Vv A \%

expressing the balance of mechanical energy. Indeed, the first and the second integrals
on the left hand side of (2.145) represent the time rate of the kinetic energy and the
stress power, respectively. The right hand side of (2.145) expresses the power of
external forces i.e. external tractions ¢ on the boundary of the body A and external
volume forces f inside of it.

Example 2.9 Axial vector of the spin tensor. The spin tensor is defined as a skew-
symmetric part of the velocity gradient by

w = skew (gradv). (2.146)

By virtue of (1.161) we can represent it in terms of the axial vector

W=, (2.147)
which in view of (2.139) takes the form:

1
w= zcurlv. (2.148)

Example 2.10 Navier-Stokes equations for a linear-viscous fluid in Cartesian and
cylindrical coordinates. A linear-viscous fluid (also called Newton fluid or Navier-
Poisson fluid) is defined by a constitutive equation

o =—pl+2nd+\(trd) 1, (2.149)
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where

1
d = sym (gradv) = 2 [gradv + (gradv)T] (2.150)

denotes the rate of deformation tensor, p is the hydrostatic pressure while 77 and A
represent material constants referred to as shear viscosity and second viscosity coef-
ficient, respectively. Inserting (2.150) into (2.149) and taking (2.127) into account
delivers

oc=—pl+n [gradv n (gradv)T] + A (div) L. (2.151)

Substituting this expression into the momentum balance (2.115) and using (2.135)
and (2.142) we obtain the relation

pv = —gradp + ndiv gradv + (n + A) graddivy + f (2.152)

referred to as the Navier-Stokes equation. By means of (2.136) it can be rewritten as

pv = —gradp + (2n + \) grad divv — ncurl curly + f. (2.153)

For an incompressible fluid characterized by the kinematic condition trd = divv = 0,
the latter two equations simplify to

pv = —gradp +nAv + f, (2.154)

pv = —gradp — ncurlcurly + f. (2.155)
With the aid of the identity Av = v,;| (see Exercise 2.15) we thus can write

pv = —gradp + v, + f. (2.156)
In Cartesian coordinates this relation is thus written out as

pvi =—pi+n0in+vin+viz)+fi, =123 (2.157)
For arbitrary curvilinear coordinates we use the following representation for the
vector Laplacian (see Exercise 2.17)

Ay = ¢/ (vk,ij + 2Flkivl i— Fi’;?vk,m + Flk,-,j v+ FZ/FZ’VI — Fl-jFlkmvl) i

(2.158)

For the cylindrical coordinates it takes by virtue of (2.30) and (2.90) the following
form
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Ay = (772v1,11 +vln vl +3r v s+ 2773V3,1) g1
+ (r_2v2,11 +vi v+ r—1v2’3) g2
+ (r_2v3,11 v v =2 5 - r_2V3) g3

Inserting this resultinto (2.154) and using the representations v = v'g; and f = f'g;
we finally obtain

. . Op Lot 9nt 92t 3ot 200
=7 ‘@”(ﬁa@z T2 T +;W+r—s%)’
0 1 052 93?2 982 1 9v?
Wz:fz‘a—?”(rza@z t oz T o +;5)’
3 3 Op 1053 9% o0nd 200t 19w W
=T _EJF”(TZEW "oz T o ‘;%ﬁﬁ—ﬁ)‘
(2.159)

Example 2.11 Compression and shear waves in an isotropic linear-elastic medium.
The isotropic linear-elastic medium is described by the generalized Hooke’s law
written by (see also (5.92))

o =2Ge+ Mr(e)l, (2.160)
where G and A denote the so-called Lamé constants while € represents the Cauchy

strain tensor. It is defined in terms of the displacement vector w similarly to
(2.150) by

1
€ = sym (gradu) = 3 [gradu + (gradu)T] . (2.161)
Substitution of this expression into (2.160) yields in analogy to (2.151)
c=G [grad'u, n (gradu)T] + A (diva) L. (2.162)

Inserting this result into the momentum balance (2.115) and assuming no volume
forces we further obtain

G G+ )\
U =—Au+ +

P

grad divu (2.163)

taking (2.135), (2.137) and (2.142) into account.
We look for solutions of this equation in the form

u=fm-x—vt)m, (2.164)
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where n and m denote constant unit vectors which define the directions of wave
propagation and polarization, respectively. f is a twice differentiable scalar valued
function of the argument n - x — vt, where v represents the wave speed and ¢ denotes
time. First, we express the directional derivative of f (n - x — vt) as

d d
—fln-(x +sa) —vt] = —f[n-x+sn-a—uvt =f'n-a,
ds $=0 ds §=0
(2.165)

which leads to the identities
gradf = f'n, gradu = f'm @ n. (2.166)
By means of (2.141) and (2.142) one can also write

Au = div grad (fm) = div (f'm @ n)

=men)gradf' = men) f'n=f"m, (2.167)
divu = div(fm) =m - gradf = (m -n) f/, (2.168)
graddivu = grad (m - n f') = (m - n) gradf' = " (m - n) n. (2.169)

Utilizing these equalities by inserting (2.164) into (2.163) we obtain:

A
I/zf//m — Ef”m—k G+
p

f"(m-nyn. (2.170)

We consider non-trivial solutions of this equation if f” # 0. These solutions are
possible if m is either parallel or orthogonal to n. Inserting into (2.170) eitherm = n
for the first case or m - n = 0 for the second one yields the speeds

[2G + X\ |G
v = + , = — 2.171)
P P

of the compression and shear waves, respectively. One can show that the compression
waves do not propagate in an incompressible material characterized by the condition

divu = 0. (2.172)

Indeed, in this case (2.163) reduces to

G
i = —Au, (2.173)
P
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resulting in (2.171),. Inserting further (2.164) into the incompressibility condition
(2.172) yields in view of (2.168) alsom - n = 0.

Alternatively, equation (2.163) can be satisfied by means of the following repre-
sentation for the displacement field

u = grad® + curl¥y, (2.174)

where @ = & (r)and ¥ = v (r) are a scalar and a vector field, respectively.

Inserting this representation into (2.163) and using (2.171) we can write by virtue of
(2.133) and (2.138)

vigrad A® + vicurl AW = gradd 4 curl¥. (2.175)

Keeping in mind that @ and ¥ are independent of each other we obtain the equations
of the form

AP — v 2B =0, AW — v, 2W =0, (2.176)

which yield a nontrivial solution of (2.163) and thus describe propagation of compres-
sion and shear waves in a linear elastic medium. The coefficients of these equations
represent the corresponding wave speeds. Finally, one can show that the solution of
these differential equations in the form

d=gm-x—vit), YW=hn-x—wt)l 2.177)

lead to the same representation (2.164). Indeed, inserting (2.177) into (2.174) yields
by virtue of (2.143) and (2.166),

u=¢gm-x—vin—h' (n-x —wt)l xn. (2.178)

Exercises

2.1 Evaluate tangent vectors, metric coefficients and the dual basis of spherical
coordinates in E? defined by (Fig.2.6)

r (p, ¢, r) = rsinpsin ge; + r cos per + r cos ¢ sin ¢pes. (2.179)

Di
2.2 Evaluate the coefficients 0% (2.43) for the transformation of linear coordinates
in the spherical ones and vice versa.
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A

Fig. 2.6 Spherical coordinates in three-dimensional space

2.3 Evaluate gradients of the following functions of r:

(a) Mb)r-w, (c)rAr, (d)Ar, (&) w x r,

_7
Il
where w and A are some vector and tensor, respectively.

2.4 Evaluate the Christoffel symbols of the first and second kind for spherical coor-
dinates (2.179).

2.5 Verify relations (2.96).
2.6 Prove identities (2.99) and (2.100) by using (1.94).

2.7 Prove the product rules of differentiation for the covariant derivative (2.101)-
(2.103).

2.8 Verify relation (2.129) applying (2.112), (2.125) and using the results of Exercise
1.23.

2.9 Write out the balance equations (2.116) in spherical coordinates (2.179).
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2.10 Evaluate tangent vectors, metric coefficients, the dual basis and Christoffel
symbols for cylindrical surface coordinates defined by

s s
r(r,s,z) =rcos—e| +rsin—ey + ze3. (2.180)
r r

2.11 Write out the balance equations (2.116) in cylindrical surface coordinates
(2.180).

2.12 Prove identities (2.133)—(2.143).

2.13 Write out the gradient, divergence and curl of a vector field ¢ (r) in cylindrical
and spherical coordinates (2.17) and (2.179), respectively.

2.14 Consider a vector field in E3 given by ¢ (r) = e3 x r. Make a sketch of # (r)
and calculate curl# and divt.

2.15 Prove that the Laplacian of a vector-valued function # (r) can be given by
At = t,;|". Specify this identity for Cartesian coordinates.

2.16 Write out the Laplacian A® of a scalar field @ (r) in cylindrical and spherical
coordinates (2.17) and (2.179), respectively.

2.17 Write out the Laplacian of a vector field ¢ (r) in component form in an arbitrary
curvilinear coordinate system. Specify the result for spherical coordinates (2.179).
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