Chapter 2
Graded Algebra

Since our approach to structures over valued fields relies in a fundamental way
on filtrations and associated graded structures, our arguments often require
information that is specific to graded modules. We collect in this chapter the
basic definitions and results on graded algebras and modules that will be of
constant use in subsequent chapters.

Because of the intended applications to valuation theory, we are interested
only in graded structures where the grade group is abelian and torsion-free.
With this restriction, the structure theory of graded algebras closely paral-
lels the classical Wedderburn theory of algebras, provided that homogeneity
conditions are imposed. We emphasize the analogy by using suggestive termi-
nology: A commutative graded ring is said to be a graded field if its nonzero
homogeneous elements are invertible (even when the ring is not a field), and
graded modules over graded fields are called graded vector spaces. In §2.1 we
lay the groundwork for linear algebra over graded fields, discussing graded
vector spaces over graded division rings, their homomorphisms, and their ten-
sor products. We next develop in §2.2 the graded analogue of the Wedderburn
structure theory of semisimple algebras, showing that semisimple graded al-
gebras are direct products of endomorphism algebras of graded vector spaces
over graded division rings. We also establish in that section graded versions
of the Double Centralizer Theorem (Th. 2.35) and of the Skolem-Noether
Theorem (Th. 2.37). Finally, in §2.3 special attention is directed toward the
degree zero component of simple graded algebras, which is a key part of their
structure. This component is semisimple but usually not simple, and it car-
ries a canonical action of the grade group. In the structures associated to
algebras over valued fields, it plays the role of the residue algebra.

None of the results in this chapter is particularly deep. A major tool,
introduced in §2.2.1, is the central quotients construction, which often allows
us to reduce statements about graded algebras to corresponding statements
on ungraded algebras. A deeper study of graded structures will unfold in
subsequent chapters, to match our needs for the investigation of algebras
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34 2 Graded Algebra

over valued fields: See Ch. 5 for the ramification theory and Galois theory of
graded field extensions, Ch. 6 for the Brauer group of graded fields, Ch. 7 for
the description of totally ramified graded division algebras, Ch. 8 for further
discussion of graded division algebras, and Ch. 11 for the calculation of their
S K, groups.

2.1 Graded linear algebra

This section gives the definitions and basic results concerning linear alge-
bra over graded rings. We successively discuss graded rings (§2.1.1), graded
modules (§2.1.2), homomorphisms (§2.1.3), and tensor products (§2.1.4).
Throughout this section (and actually throughout the chapter), we let T’ de-
note a torsion-free abelian group, written additively, which will contain the
set of degrees of all the graded objects we consider. The restriction to torsion-
free abelian grade groups entails significant simplifications, which make the
graded linear algebra a close analogue of the theory of vector spaces over
division rings.

2.1.1 Graded rings

Let R be a I'-graded ring, i.e., a ring with direct sum decomposition
R= @,YGF R, where each R, is an additive abelian group and R, -Rs € R4
for all v, § € T'. Thus, every r € R is uniquely expressible as r = Zwer Ty
with each r, € R, and at most finitely many 7., nonzero. The 7, are called the
homogeneous components of r. The grade set of R is the subset of I' defined
by
I'r = {WEI‘|R77£{O}}.
Note that I'r need not be a subgroup of the torsion-free abelian group I
The homogeneous elements of R are the elements of U’yeF Ry.If a € R, and
a # 0, we say that v is the degree of a and write v = deg a. We assume always
that a ring has a 1. For the graded ring R we have Ry is a subring of R, as
Ro - Ro C Ry, and it is easy to check that 1 € Ry. Let R* denote the group of
units of R. Define
'y = {vyeTr|RyNR* #£ o} (2.1)

Thus, I'g is the set of degrees of homogeneous units of R. Clearly, I'g is a
subgroup of T' (but it may not be the largest subgroup of T lying in T'g; see
Ex. 2.46 below).

The ring R with the grading forgotten is denoted by RY. In other words,
RY is the underlying ungraded ring of R.

A graded ring D is called a graded division ring if 1 # 0 in D and every
nonzero homogeneous element of D is a unit. Commutative graded division
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rings are called graded fields. For example, if D is a graded division ring, then
its center Z(D) is a graded field. The ungraded ring D! of a graded division
ring D is never a division algebra unless I'p = {0}, by Prop. 2.3(iii) below.

Example 2.1. Let Dy be an arbitrary division ring and let £: I' — Aut(Dy)
be a group homomorphism. The twisted group ring Do (I'; &) consists of the
finite formal sums Ewer ay with a,, € Dy for all v (and a, # 0 for finitely
many 7’s only). Multiplication in Dy(T;¢) is defined by

ay-bd = ae(y)(d) (v +9) for a, b € Dy and v, § € T,

and a I'-grading is defined by Dy(I';¢), = Dy for v € I'. More general ex-
amples can be obtained by considering factor sets of I' in Dy. See Exercise 5.1
for an example of a graded division ring that is not obtained by a group ring
construction.

Remark 2.2. Although we do not need to fix an ordering on I' in this chap-
ter, note that the torsion-free abelian group I' carries total orderings making
it into an ordered abelian group: Let H(T') denote the divisible hull of T,

HT) =T®zQ = lim ;T

We may choose a total ordering on a Q-base of H(T') and use it to build a
lexicographical ordering on H(T"). The group I then inherits an ordering from
its embedding into H(T).

Basic properties of graded division rings are collected in the following
proposition:

Proposition 2.3. Let D = 69761“ D, be a graded division ring.

(i) D has no zero divisors.
(ii) Fora, b € D\{0}, if ab is homogeneous, then a and b are homogeneous.
(iii) D* consists of the nonzero homogeneous elements of D, and the degree
map
deg: D* — T
is a group homomorphism.
(iv) I'p = I'5, which is a group.
(v) Do is a division ring.
(vi) Each nonzero D is a 1-dimensional left and right Do-vector space.

Proof. (i) and (ii): Choose a total ordering on I' compatible with the addition
(see Remark 2.2), and take nonzero a, b € D. Write @ = ay + ... + a; with
ai, ..., ar homogeneous of increasing degrees; likewise write b = by +. ..+ by.
Then a;1b; is the homogeneous component of degree deg(a) + deg(by) of ab,
and ai1by # 0 since a; and b; are homogeneous, hence invertible. There-
fore, ab # 0, showing that D has no zero divisors. Likewise, the highest
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degree homogeneous component of ab is axby. If ab is homogeneous, we must
have deg(a1) + deg(b1) = deg(ay) + deg(bs), hence deg(a;) = deg(ax) and
deg(b1) = deg(by), which means that a and b are homogeneous.

(iii): This is immediate from (ii).

(iv): This is clear since every nonzero homogeneous element of D is a unit.

(v): We noted above that Dy is a ring since D is a graded ring. The nonzero
elements in Dy form the kernel of deg: D* — I, which is a group. Therefore,
Dy is a division ring.

(vi): If D,, # {0}, take any nonzero a € D.,. Then D,a~! is a nonzero left
Dg-subspace of Dg, hence DA,a_1 = Dg. Thus, D, = Dga, which is a 1-dimen-
sional left Dg-vector space. Likewise, D, = aDy. O

From this we obtain a convenient characterization of graded division rings:

Proposition 2.4. Let R be a graded ring with 1 # 0. Then, R is a graded
division ring if and only if Ry is a division ring and I'y = I'r.

Proof. Suppose Ry is a division ring and I'; = I'r. Take any 6 € I'r = I'g
and any b € Rs N R*. Write b= = > nerg ¢ Where each ¢, € R,. The
equation 1 =0b"1b= ZweFR cyb with each ¢,b € Ry4s and 1 € Ry im-
plies that c,b = 0 for v# —4d. Hence, c_sb = 1; likewise bc_s = 1,
showing that b=' = c_; € R_s. Therefore, b"'Rs C R_s - Rs C Ry, so that
Rs = bb~'Rs C bRg. Thus,

Rs \ {0} € b(Ro \ {0}) € R*,

as Ry is a division ring. Therefore, every nonzero homogeneous element of R
is a unit; so, R is a graded division ring. This proves one implication of the
proposition, and the converse is given in Prop. 2.3(iv) and (v). O

A graded subring of a graded ring R is a subring S C R such that
S= G},Yer(R7 NS). This decomposition defines a grading on S. As a special
case, note that the center Z(R)of R is a graded subring. Its 0-component Z(R)g
satisfies

Z(R)o = Z(R)NRo € Z(Ro).

A graded subring that is also a graded division ring (resp. a graded field) is
called a graded sub-division ring (resp. graded subfield).

2.1.2 Graded modules

Let R be a graded ring. A right module M over RE equipped with a decom-
position M = 69761" M, where each M, is an additive subgroup of M and
M, - Rs € My4s for v, § € I, is called a right graded R-module. Left graded
modules are defined likewise. The grade set I'y is defined by

Tw = {yeT | M, #{0}}.
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A graded submodule of a graded R-module M is an Ri-submodule N C M such
that N = @, (M, N N). This decomposition defines a graded R-module

structure on N. Just as for graded rings, we let M? denote the underlying
ungraded R¥-module of M.

For the rest of this subsection, we focus on the case where the base graded
ring is a graded division ring D. Graded modules over a graded division ring
are called graded vector spaces, because they are free modules: see Prop. 2.5
below. Note that if V is a graded (left or right) D-vector space, then each
homogeneous component V., is a Dg-vector space. The grade set I'v need not
be a group, but it is a union of cosets of the group I'p. We denote by |I'v:I'p|
the number of these cosets (which may be infinite). Let I'v = ], I'; be the
decomposition of T'y into disjoint cosets of I'p; there is a corresponding direct
sum decomposition of V into graded subspaces:

V=@V where V;, = @ V, foriel. (2.2)
i€l vel;

We call (2.2) the canonical decomposition of V.

Proposition 2.5. Fvery graded vector space over a graded division ring is
a free module with a homogeneous base. More precisely, let V be a right
graded vector space over the graded division ring D, with canonical decompo-
sition (2.2). For i € I, fix some v; € I'; and some Dg-base (ei;)jcy, of V.
Then (eij)jes, is a homogeneous D-base of V;, and (ei;)icr, jes, i a homoge-
neous D-base of V. Moreover, every homogeneous D-base of V has cardinality
> ier dimp, V...

Proof. The decomposition V., = EBjGJi ei;Do yields Vo, 15 = @jeh ei;Ds
for all § € T, hence
V,L' = @ eijD,
JEJ;
proving that (e;;);es, is a D-base of V. In view of the canonical decomposi-
tion, it follows that (e;;)icr, jes, is a D-base of V.

Assume now that V is a right graded D-vector space. Let (by)rex be any
homogeneous D-base of V. For i € I, let K; = {k € K | deg(by) € T';}.
Since I'; = 7; + I'p, for each k € K; there is a nonzero dx € D, _geg(v,);
80, brdr € V,,. Then, (bydy)rex is a homogeneous D-base of V. Hence, for
each i € I, (bgdk)rek, must be a homogeneous D-base of V;, and hence also
a Do-base of V.. Thus, |K|=3,.;|K;| =>,.; dimp, V,. O
Corollary 2.6. Every graded subspace of a graded vector space has a com-
plementary graded subspace.

Proof. Let V be a right graded vector space over a graded division ring D and
let U C V be a graded subspace. We claim that there is a graded subspace
W C V such that V = U @& W. Consider the canonical decomposition of V as
in (2.2) above: let T'y = [[,.; T and V = @,.;V; where V; = P \%

i€l i€l yer; Vv
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for i € I. Since U C V is a graded subspace, we also have a canonical decom-
position of U: there is a subset Iy C I such that T'y =[] I'; and, for each
t € Iy, there is a Dg-subspace U, C V., such that

U= 6 U; where U; = @ U, foriely.
i€ly vyel;

iely

For i € Iy, fix some ~; € I'; and some Dg-subspace U’%, C V,, such that
V"/i = U'Yi EB U{YI

By combining a Dg-base B of U,, with a Dg-base B’ of U'%_, we obtain a Dg-
base of V,,, which is a D-base of V; by Prop. 2.5. Likewise, B is a D-base
of U;. Therefore, letting U, be the D-span of B, we obtain

V; = U; @ U; for i € Iy.

Therefore, the following is a complementary subspace of U in V:

w=(@u)e( ® Vi) 0
i€ly ieI\Iy
The rank of a graded vector space V over a graded division ring D, which is
the number of elements in any homogeneous base, is also called its dimension,
and is denoted by dimp V or [V:D]. Proposition 2.5 shows that

dimD V = Z dimD Vl = Z dimDO V%.7 (23)
iel i€l
where I is a set with |T'v:I'p| elements and {v;}icr is a set of coset rep-
resentatives of I'y modulo I'p. In particular, if dimpV = d < oo, then
II'v:I'p| < d < oo and dimp, V, < d < oo for every v € T
In one important case the dimensions dimp,V,, are all equal, and the
sum above can therefore be rewritten as a product: suppose D is a graded
sub-division ring of another graded division ring E = @wer E,. We may
then consider E as a left (resp. right) graded D-vector space. We write [E:D],
(resp. [E:D],.) for its dimension.! Clearly Dg is a subring of Eq and I'p is a
subgroup of T'g.

Corollary 2.7. With the notation abowve,
[E:D]; = [E0:Dol¢|T'e:I'n| and [E:D], = [Eg:Do). |I'e:I'p].

Proof. Consider E as a left graded D-vector space. For all v € I'g, the homo-
geneous component E, is a 1-dimensional Eg-vector space; hence,

dimp, (E,) = [Eo:Do]e.

By Prop. 2.5, it follows that dimp(E) = [Eg:Doj¢ |Te:T'nl|, proving the left
equality. The proof of the right equation is analogous. O

1 When the dimensions as left and right vector spaces coincide—e.g., when D lies in the
center of E—we write simply [E:D].
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2.1.3 Homomorphisms

Let M= My and N =P, r
ring R, and let Homg: (M?, Nf) be the group of Ri-linear maps (i.e., R"-module
homomorphisms) from the ungraded module M? to N¥; so Homg: (M#, N%) is
a module over Z(R%). For v € T', we denote by Homg(M,N).,, the group of
R-linear maps that shift the degree by ~,

Homg(M,N), = {f € Homgs(M* N%) | f(Ms) C Ngy, for all § € T'}.

N, be right graded modules over a graded

Thus, Homg(M, N)g consists of the (degree-preserving) graded homomor-
phisms from M to N, which are the morphisms in the category of graded
R-modules. If there is an isomorphism in Homg(M,N)g, we write M =, N
to emphasize that M and N are isomorphic as graded modules (i.e., by a
degree-preserving isomorphism), not simply as Rf-modules.

For v # 0, homomorphisms in Homg(M, N), can also be viewed as degree-
preserving maps after changing the grading on M (or N, or both). For any
right graded R-module M and any v € T, we define the shifted®> graded
module M(7): it is the R:-module M? with a grading defined by shifting the
grading of M, so that for § € T,

M(7)s = Myis.
Thus, I'm(y) = =7 + I'm, and we may identify
Homg(M,N)., = Homg(M(—7),N)y = HomR(M,N(fy))O
(= Homg(M(e),N(v +¢)), for all e € T).
More generally, for all v, §, ¢ € I' we may identify
Homg (M(v), N((S))E = Homg(M, N)s_+e. (2.4)

Proposition 2.8. If M? is a finitely generated R*-module, then

Homg: (M*,N*) = @ Homg(M,N),,.
~yel
With this decomposition, Homgs(M# N%) is a graded Z(R)-module denoted
by Homg(M,N). For all v, § € T' we have an identification of graded Z(R)-

modules
Homg (M(7),N(8)) = Homg(M,N)(8 — 7). (2.5)

Proof. The sum »__ . Homg(M,N), is clearly direct, so it suffices to show
that this sum is all of Homg:(M?, N) to establish the first part. By decom-
posing generators of M? into homogeneous components, we may find a gen-
erating set {m;}!, consisting of homogeneous elements. Let §; = degm;

2 The shift construction is also classically known as the twist construction. We will avoid
this terminology because it may be confusing in a noncommutative context.
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and let f € Homgs(M* Nf). For i = 1, ..., n, let y; , be the homogeneous
component of degree v of f(m;), so
fmi) = 32 iy
~el

We claim that for each v € I there exists an f, € Homgs(M%, N¥) such that
fy(ms) = Yiv+s, fori=1,...,n.

It is clear that f, € Homg(M,N), and f = Z'yer f, hence the first part of
the proposition follows.

To prove the claim, it suffices to show that if aq,...,a, € R satisfy
St ma; =0, then Y1 | y; 4s,a; = 0 for all 4 € T; for then the map f, is
well-defined by

n n
fv<z miai) = > Yin+s,0i for at, ..., a, € R.
i=1 i=1

Suppose Y.~ m;a; = 0, and let a; , denote the homogeneous component
of degree v of a;. For all § € T', the homogeneous component of degree §
of mja; is m;a; 5—s,, so we have Y. m;a; 5s—s, = 0. By applying f, we obtain
> f(mi)ais—s, = 0 for all 6 € I'. Now, for any v € T, the homogeneous com-
ponent of degree v+ of f(m;)a;s—s, S Yiy+5,@i,6-5,,50 D _; Yiy+6,0i,6—5, = 0
for all v, ¢ € I'. Summing over ¢, we obtain ), y; y4s,a; = 0 for all v € T,
proving the claim.

If f € Homg(M,N), and z € Z(R)s, then clearly zf € Homg(M,N),4s,
hence Homg(M, N) is a graded Z(R)-module. Equation (2.5) follows immedi-
ately from (2.4). O

If ME is a finitely generated Ri-module, we set Endg M = Homg (M, M). The
grading on Endgr M is compatible with the composition of maps, so Endg M has
a natural graded ring structure. We next represent this graded ring as a
graded matrix ring, assuming M is a free graded module.

For any positive integer n, the n x n matrix ring M, (R) has an obvious
grading, where for each v € T,

M, (R)y = ST I (2.6)
R,...R,

But other gradings, as follows, arise naturally: Take any d1,...,d, € I'. Let
M,.(R)(61,...,6,) denote M, (R?) as a ring, but graded so that

R R(6 —8)...R(8, — bn)
RO2—61) R ...R(0y—d)

Ry —01) RO, —82) ... R
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Thus, for any v € I' the component of degree 7 is

Ry Rytsi—6 -~ Rytsi-s,

Ryt5,—5 R oo Ryts,-6,
Mo(R)(O1, .. 00)y = | o ] [

R’Y+5n—51 R’Y+5n—52 R’Y

Let T = M, (R)(d1,...,d,). Since additively T is a direct sum of copies of R
and for any 6 € I' we have R = @, .p R(0), clearly T = @, . T,. More-
over, if A= (a;;) € T, and B = (b;;) € T., then each a;; € Ryy5,_5, and
bir € Reys,—5,, 80 aijbj € Ryqs,4c-5, = R(0i — Ox)y4e. This yields that
AB € TA,;E, verifying that T is a graded ring.

Proposition 2.9. Let R be a graded ring, let N be a finitely generated right
graded R-module, and let E = Endg N. For any 61,...,6, € T,

Endg (N((Sl) B...P N((Sn)) =, Mp(E)(61,...,0n),
a graded ring isomorphism.

Proof. For i =1, ..., n, consider the canonical maps

To each endomorphism f of N(d1) @ ... ® N(4,) we associate the matrix
(fij)?,jzl where

Thus, we have

Endr (N(61) & ... & N(3,)) =

Homg (N(81), N(61)) Homg (N(62),N(81)) ... Homg (N(6,,), N(61))
Homg (N(61),N(d2)) Homg (N(62),N(d2)) ... Homg (N(6,), N

Homg (N(81), N(5,)) Homg (N(32), N(6,)) - . Homg (N(5,), N(5..))

This is a ring isomorphism, which is compatible with the gradings on each
side. For the ¢j-entry on the right, Prop. 2.8 yields

HomR (N(éj), N(él)) %"g (EndR N)(5z — (5j),
which is the ij-entry of M, (E)(d1,...,d,). The result follows. O

The “left” version of Prop. 2.9 says that if M is a finitely generated left
graded R-module and B = Endg M, then

Endg (M('Yl) b...0 M(’Yn)) =y Mu(B) (=71, -+, —7n)-
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Indeed, endomorphisms of left modules act on the right of their argu-
ment, hence their composition is in the reverse order as compared to the
previous case. Thus, the matrix representation of an endomorphism f of
M(71) @ ... @& M(yn) is (fij)i ;=1 Where

fij = qio fopj: M(vi) — M(y;).
To see that Prop. 2.9 applies in particular to endomorphism rings of graded

vector spaces, we rephrase Prop. 2.5 as follows:

Corollary 2.10. Every graded vector space over a graded division ring D is
isomorphic to a direct sum of shifted 1-dimensional spaces D(7).

Proof. In the notation of Prop. 2.5 and its proof, let D(*) for i € I denote the
graded vector space of |J;|-tuples (d;);ecs, such that d; # 0 for only a finite
number of j € J;. This graded vector space is a direct sum of copies of D
and the map (dj)jes; — >jcy, €ijd; is a graded vector space isomorphism

Do) (—v;) 22, V;. Therefore,
=, @ D(—)". U

i€l

Let V, W be finite-dimensional right graded vector spaces over a graded
division ring D. Consider decompositions of V and W as direct sums of shifted
1-dimensional graded vector spaces as in Cor. 2.10:

V2 Dn)@...0D0m), W=, D(61)®...HD(0m)

for some 71, ..., 6, € T.
We have Endp D = D. Therefore, arguing as in Prop. 2.9, we obtain

Homp (V, W) =,

HomDE (y 1),D(61)g HomDED(yg),D(él)g HomDED(Vn),D((Sl))
HomD D(’}/l),D((SQ) HOI’T'ID D(’}/Q),D(52) . HomD D

Homp (D(71), D(6)) Homp (D(12), D(6)) - . Homo (D (1), D(31n))

D(51 —71) D(51 - ’72) D(51 —%)
D(02 — 1) D(d2 —72) ... D(d2 —yn)

Il

Consequently, we have

Chompviw) = U (0i =7 +Tp) = {6 —7v |0 eTlw, vy eI}

2]

In particular, when V =W we obtain:
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Corollary 2.11. Let V be a finite-dimensional graded vector space over a
graded division ring D. If V 22, D(71) @ ... ® D(yn) for some v, ..., Yn,
then

EndpV =, M,(D)(71,..-,7) and Tengpv = Ui =75 +Tb).

,J

2.1.4 Tensor products

Let M = @, M, be a right graded module and let N = P N, be a
left graded module over the graded ring R. Letting P, =3 5. . Ms ®z N,
for v € T', we have a grading on the Z-module M ®z N:

M®zN = @ P,.
yel’
The tensor product M ®g N is the quotient of M ®z N by the submodule Q
spanned by the elements of the form (mr) @ n —m ® (rn) for m € M, n € N
and r € R. By decomposing m, n, and r into homogeneous components,
we see that Q is also spanned by elements of this form with m, n, and r
homogeneous. Therefore, Q is a graded submodule of M ®z N, and it follows
that M ®g N inherits the grading of M ®z N. For v € T', the homogeneous
component (M ®g N), is the additive subgroup generated by the products
ms ®@ne with ms € Mg, n. € N, and §+¢ = v. Therefore, I'mgen € I'm+I'n.
Note that this grading provides M®gN with a graded Z(R)-module structure.

The graded tensor product construction will be used mostly in the case
where R is a graded division ring D and M, N are graded D-vector spaces
V, W. For §, ¢ € I' we have a canonical map Vs ®p, W, = V ®p W. This
map is injective since any Dg-base of Vs (resp. W, ) is D-linearly independent
in V (resp. W), see Prop. 2.5. Therefore, we may identify Vs ®p, W, with a
subgroup of V ®p W, and we have for v € T’

(V ®p W),Y = 5 > (V5 XDy Ws). (2.8)
+e=y

Note however that for vs € V5, w. € W,, and dy € Dy, the elements
(U(sd,\) ®@we € V1) ®p, We and vs ® (d,\we) € Vs ®p, Wite
are identified in V ®p W. Thus, the sum on the right in (2.8) is not a direct

sum.

Proposition 2.12. Let V be a right graded vector space and W a left graded
vector space over a graded division ring D. Let (v;)icr be a collection of
representatives in I' of the cosets of I'v N T'w modulo T'p, so that

I'vnTw = [[(vi +To).
icl
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Then I'yvgow =T'v +'w and, for 6 € I'y, e € I'wy,

(V@b W)sye = @(V(H'vi @D, st'yi)~
i€l
Proof. The equality I'vgw = I'v + I'w is clear from (2.8). Now, fix 6 € T'y
and ¢ € T'w. If A € Ty and p € Dw satisfy A + p = § + ¢, then
A—d=¢e—puelyNTw; hence, we may find i € I and d € D* such that

A= =e—pu =+ deg(d).
For vy € V) and w, € W,, we have in V ®p W
n@w, = nd ' ®dw, € Viiy, Opy We—r, .

Thus, for all A, u € I' such that A + ¢ = 0 + ¢, the image of V) ®p, W,
in V®p W lies in the image of } . ;(Vs1, ®p, We_n,).

The latter sum is direct because for ¢ € I the Vsi,,’s lie in different
summands of the canonical decomposition (2.2) of V. More explicitly, for
every coset A =~ + I'p in 'y consider the projection

DA V — @ V.
A€A

This map is D-linear; it yields a Z(D)-linear map

pA®idw:Vep W — (@ V)\) ®p W.
AEA
The restriction of this map to Vs4, ®p, We—+, is the identity if § +; € A; it
is the 0 map otherwise. Therefore, if ), ; x; = 0 with x; € Vs, ®p, W,
for i € I, then by applying psi, +1, ® idw we obtain z; = 0. O

2.2 Wedderburn structure theory

In this section, we develop the analogue for graded rings of the Wedderburn
structure theory of semisimple algebras, with a view toward its application to
the definition of gauges in the next chapter. It turns out that, under the ap-
propriate restrictions to homogeneous ideals and graded modules, the whole
theory can be carried out in the graded case. The arguments we use should
make this point clear; they are slight variations on the most classical proofs
(dealing with finite-dimensional algebras). The only special feature of the
graded case is that the classification of simple graded algebras up to isomor-
phism involves a collection of elements in the grade group I'; see Prop. 2.27.

Throughout the section, we fix a base graded field F with torsion-free
abelian grade group I'. The group I' contains the degrees of all the graded
structures we consider in this section. We let F? denote F with its grading
forgotten, i.e., F? is the underlying ungraded ring of F. Proposition 2.3 shows
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that F% is an integral domain; hence, we may consider its quotient field, for
which we use the notation ¢(F):

q(F) = Quot(Fh).

We start with the basic definitions, then we show in §2.2.2 that semisimple
graded algebras are direct products of simple graded algebras. In §2.2.3, we
show that simple graded algebras are algebras of endomorphisms of graded
vector spaces over graded division rings, and we discuss tensor products of
graded algebras and analogues of the Double Centralizer Theorem and the
Skolem—Noether Theorem in §2.2.4.

2.2.1 Semisimple graded algebras and central quotients

Mimicking the classical (ungraded) theory, we define a graded F-algebra as
a graded ring A with 1 that is also a graded F-vector space, in which the
multiplication and the scalar multiplication are related by

(Aa)b = A(ab) = a(Ab) for A€ F and a, b € A.

We identify F with a graded subring of A by mapping A € F to A1 € A and
we say that the graded F-algebra A is central if its center Z(A) is F. If A is
also a graded division ring, we call it a graded division algebra. If A and B
are graded F-algebras, we define a grading on the direct product A x B by

AxB = @ (A, xB,).
yel

Homogeneous left (resp. right) ideals in a graded algebra A are simply
the graded submodules of A for its structure of left (resp. right) module.
A finite-dimensional graded algebra A is said to be semisimple® if {0} is
its only homogeneous two-sided nilpotent ideal. Then {0} is also the only
homogeneous left nilpotent ideal and the only homogeneous right nilpotent
ideal because for any left (resp. right) ideal J C A the two-sided ideal JA
(resp. AJ) satisfies for every integer n > 1,

JA™ = JAD"'A = J"A (resp. (AN)™ = A(JA)" ') = AJ™).

Clearly, a finite direct product of semisimple graded algebras is again graded
semisimple.

When A has enough homogeneous units, we can verify the graded simplic-
ity of A by examining Ag. For this, let

I'x = {deg(a) | a € A* and a is homogeneous} C Ta.

3 We sometimes call such a graded algebra graded semisimple, for emphasis.
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Lemma 2.13. Let A be a graded algebra over a graded field F. If Ay is semi-
simple and I'x =T'a, then A is graded semisimple.

Proof. Suppose A is not graded semisimple. Then, there is a nonzero nilpotent
homogeneous ideal N of A. Take v € T'4 with N, # {0}. By hypothesis, there
isaue A*NA,. Then, {0} G u~'N, C Ng. Hence, Ny is a nonzero nilpotent
ideal of Ag. This cannot occur since Ag is assumed semisimple. Hence, A must
be graded semisimple. O

The converse of Lemma 2.13 also holds, without the hypothesis on T'.
See Cor. 2.42 below.

A simple graded F-algebra is a finite-dimensional graded F-algebra A # {0}
in which {0} and A are the only homogeneous two-sided ideals. To prove
that a graded algebra is simple, it suffices to extend scalars to the quotient
field ¢(F), as the next lemma shows:

Lemma 2.14. Let A be a graded algebra over a graded field F and let
gr(A) = A% @ g(F),
which we consider as an algebra over q(F). We have
lar(A):q(F)] = [A:F] and  Z(qr(A)) = Z(A) @ q(F) (= ar(Z(A))).

Moreover, if ge(A) is simple, then A is graded simple. If A is a finite-dimen-
sional graded division algebra, then gg(A) is a division algebra.

Note that the converse of these last statements also holds: see Prop. 2.28
below.

Proof. Every element of gr(A) has the form 3, a; ® A;! for some a; € A and
some nonzero \; € F. Reducing to the common denominator A = [], A;, we
may rewrite the element in the form a ® A™!, where a = Y, («; [T M)
Therefore, it is easy to see that any F-base of A is a ¢(F)-base of ¢r(A), and
that the center of gr(A) is gr (Z(A)).

Now, let I € A be a nonzero homogeneous two-sided ideal. By Cor. 2.6,
there is a graded F-subspace W C A such that A = 1®W. The tensor product
|* @¢: ¢(F) is a nonzero two-sided ideal of gr(A), and we have

gr(A) = (" @r: q(F)) & (W @ (F)).
Therefore, if gr(A) is simple we must have 1° ®p: ¢(F) = gr(A), hence
W8 ®¢; (F) = {0}, and therefore W = {0}. It follows that | = A. Thus,
A is graded simple.
If A is a finite-dimensional graded division algebra, then Prop. 2.3 shows

that A% has no zero divisors. Then gr(A) is a finite-dimensional ¢(F)-algebra
without zero divisors; hence, it is a division algebra. ]

The ¢(F)-algebra gr(A) = A" @py q(F) is less dependent on F than its
definition suggests, as we see by relating it to the ring of central quotients



2.2 Wedderburn structure theory 47

of Al Recall that if R is a commutative ring and N is its set of non-zero-
divisors, then the total quotient ring of R is its localization

q(R) = Ry = {rs ' |r€ R, s e N}

The set N is the largest multiplicatively closed subset S of R\ {0} such that
R embeds in the localization Rg. If B is a noncommutative ring, then the
ring of central quotients of B is

q(B) = B®gwm) q(Z(B)),

where Z(B) is the center of B. The canonical map B — ¢(B), b — b® 1,
need not be injective, however, since a non-zero-divisor of Z(B) could become
a zero-divisor in B. (See Exercise 2.3 below for an example.) For a graded
F-algebra A, we write q(A) for ¢(A?). The next lemma shows that for the
graded F-algebras usually considered in this book, ¢e(A) and ¢(A) coincide.

Lemma 2.15. Let A be a graded algebra over a graded field F. Then,
AP C gr(A). If Z(A)! is integral over F' (e.g., if [A:F] < 00), then

ar(A) = q(A).

Proof. Let ¢: A" = ¢g(A) be the canonical map given by a + a ® 1. If there
is an a € ker ¢ with a # 0, choose s € F\ {0} with sa = 0. Let < be some
total ordering on the torsion-free abelian group I', and let s, (resp. as) be
the nonzero homogeneous component of s (resp. a) of lowest degree. Then
syas must vanish, since it is a homogeneous component of sa. But s, € F*,
so a; = 0, a contradiction. Hence, ¢ is injective, and we identify A% with its
image ¢(A%) in gr(A).

Let A be the set of non-zero-divisors of Z(A)%. We have just shown that
F\ {0} C NV. Hence, there is a canonical monomorphism

¥: Z(A)* @ q(F) — q(Z(A))

given by z ® (bt=1) s (2b)t~! for all z € Z(A), b € F, t € F\ {0}. Suppose
that Z(A)! is integral over Ff. To see that 1) is surjective, take any t € N;
let f=c, X™+...4¢o € F[X] be a nonzero polynomial of minimal degree
such that f(t) = 0. Then, ¢ # 0 as ¢,t" "' +... + ¢ # 0 and ¢ is not a zero
divisor. Hence, ¢t~ = —c5 ' (c,t" ™t + ... + ¢1) € im1. Since {7 |t € N}
generates the ring ¢(Z(A)) over Z(A), the map ¢ is an isomorphism. Thus,
Z(A)® @4 q(F) = q(Z(A)), and hence,

ar(A) = A" @ps q(F) 2 A @) (Z(A)F @rs 4(F))
=~ A @z ¢(Z(A)) = q(A).
We use these canonical isomorphisms to identify gr(A) with g(A). O

We conclude this subsection with examples of simple graded algebras. The
easiest ones are obtained by scalar extension from Fy. For any Fyp-algebra A,
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the F-algebra A ®f, F has an obvious grading, for which A ®g, F, is the
homogeneous component of degree ~, for any v € T'.

Proposition 2.16. For any finite-dimensional simple algebra A over Fq, the
graded F-algebra A @, F is graded simple, and Z(A ®¢, F) = Z(A) ®r, F. If
A is a division algebra, then A ®g, F is a graded division algebra.

Proof. Suppose first A is a division algebra. Let v € I". The homogeneous
component of degree v in A®g, F is A® A for any A € F* homogeneous of de-
gree . It is clear that each nonzero element in this homogeneous component
is invertible, hence A ®f, F is a graded division algebra.

When A is assumed only to be simple (and finite-dimensional), the pre-
ceding argument applies to Z(A), and shows that Z(A) ®f, F is a graded
field, hence ¢(Z(A) ®r, F) is a field. The equality Z(A ®f, F) = Z(A) ®F, F
is clear. Since [A ®f,F : F] = [A:Fo] < 00, we have ¢r(A ®F, F) = ¢(A ®§, F)
by Lemma 2.15, hence

ar(A®F,F) = (A®F,F)®z(a)0r, FU(Z(A)®FF) = A®z(4)q(Z(A)®F,F).

It follows that gr(A®r, F) is simple (see Draxl [63, Cor. 3, p. 30] or Pierce [178,
Prop. b, p. 226]). Therefore, Lemma 2.14 shows that A®f, F is graded simple.
O

The following examples turn out to be typical of all simple graded F-
algebras by Th. 2.26 below.

Proposition 2.17. Let D be a (finite-dimensional) graded division algebra
over F and let V be a finite-dimensional right graded D-vector space. The
graded F-algebra Endp V is graded simple. Its center consists of scalar multi-
plications by elements in the center of D, so Z(Endp V) = Z(D).

Proof. Using a homogeneous base of V, we may identify Endp V with a graded
matrix ring (see Cor. 2.11), so (Endp V)! = M,,(D?) for some integer n. It
follows that gg(Endp V) = M, (ge(D)). The latter is a simple g(F)-algebra,
since Lemma 2.14 shows that gr(D) is a division algebra over ¢(F). Therefore,
it follows from Lemma 2.14 that EndpV is a simple graded algebra. The
equality Z(Endp V) = Z(D) is easily proved using a matrix representation
of Endp V. O

The graded symbol algebras that we define next are explicit examples of
central simple graded algebras; such symbol algebras will occur frequently in
the sequel (see for example §7.2.2).

Definition 2.18. Let F be a graded field and n > 2 an integer such that
Fo contains a primitive n-th root of unity w (in particular, char Fo { n). For
any homogeneous elements a, b € F*, consider the ¢(F)-algebra A generated
by two elements ¢, j subject to the following relations:

" =a, "t =0b  ij = wji
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This algebra is a symbol algebra as defined in Draxl* [63, §11] or Gille-
Szamuely [84, p. 36]; it is a central simple algebra of degree n (i.e., dimen-
sion n?) over ¢(F), and we have
n—1
A= @ qF)t.
k=0

For this algebra we use the symbol algebra notation
A = (a,b/q(F)), or (a,b/q(F)), ..
n—1

Since i", j® € F, the Fi-submodule of A spanned by (ika)kl:o is an Fi-
algebra. We provide it with a grading extending the grading on F by declaring
i and j to be homogeneous of degree + deg a and + deg b respectively. Thus,
for any v € I', we let

S, = Z,;io Fe(yhni®j® where e(v,k,0) = v — £ dega — £ degb,

and we define .
ne
S= @ Fi*j* = @5s,.
k=0 yel
Easy calculations show that S, - S5 C S5 for all v, § € I'; hence, S is a
graded F-algebra in which S, is the homogeneous component of degree .
Note that since the powers of ¢ and j are units of S, we have

I's = T$ = (Ldega,Ldegb)+TF. (2.9)

The graded algebra S is said to be a graded symbol algebra of degree n over F;
we use the following notation:

S = (a,b/F)n or (a,b/F) (2.10)

w,n’
Graded symbol algebras of degree 2 are also called graded quaternion algebras.

Proposition 2.19. FEvery graded symbol algebra of degree n over F is a cen-

tral simple graded F-algebra of dimension n2.

Proof. Tt is clear from the construction of graded symbol algebras that ex-
tending scalars to the quotient field yields an (ungraded) symbol algebra

over q(F):

qF((a,b/F)n) = (a,b/q(F))n.
Symbol algebras over ¢(F) are known to be central simple: see Draxl [63,
Th. 1, p. 78] or Gille-Szamuely [84, Cor. 2.5.5]. Therefore, the proposition
follows from Lemma 2.14. O

As further examples of graded simple algebras, graded analogues of cyclic
and crossed product algebras will be defined in §6.1.2.

4 Draxl uses the term “power norm residue algebra.”
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2.2.2 The structure of semisimple graded algebras

Our goal in this subsection is to show that every semisimple graded algebra
is a direct product of simple graded algebras; see Th. 2.23. Our arguments
also yield information on graded modules over semisimple graded algebras.
Defining a simple graded module over a graded algebra to be a graded module
M # {0} in which {0} and M are the only graded submodules, we show in
Prop. 2.24 that every finitely generated graded module over a semisimple
graded algebra is a direct sum of simple graded submodules.

Lemma 2.20. Every minimal homogeneous left ideal J in a semisimple
graded F-algebra A is generated by a homogeneous idempotent.

Proof. Since J? # {0}, there exists an a € J such that Ja # {0}, and we may
choose a to be homogeneous. Then Ja is a homogeneous left ideal contained
in J; hence Ja = J. Therefore, there exists an e € J such that ea = a. By
substituting for e its homogeneous component of degree 0, we may assume
that e is homogeneous of degree 0. By multiplying by e we obtain e?a = ea;
hence

e —e € {rel|ra=0}

The set on the right is a homogeneous left ideal contained in J; it is not J since
Ja # {0}, hence it is {0} and therefore € — e = 0; i.e., e is an idempotent.
Since e € J we have J = Ae. O

Note that in a graded algebra every nonzero homogeneous idempotent has
degree 0.

Proposition 2.21. Let J be a nonzero homogeneous left ideal in a semisimple

graded F-algebra A. There are nonzero homogeneous idempotents ey, ..., €.
such that

ce1, ..., e are pasrwise orthogonal, i.e., e;e; =0 fori # j;

- Ae; is a minimal homogeneous left ideal for alli=1, ..., r, and

J=Ae1®...DAe, =Aler +...+ep).

In particular, e1 + ... + e, is an idempotent that generates J.

Proof. We argue by induction on dimg J. If J is minimal, the proposition
readily follows from the lemma. Otherwise, let J; C J be a minimal homoge-
neous left ideal. Lemma 2.20 yields a homogeneous idempotent e; such that
J1 = Aeq. We have e = e% € Jey; hence Je; is a nonzero homogeneous left
ideal contained in Jy. Therefore, Je; = J;. We have

J = Jey @J(l —61) = Ae; @J(l —61) (211)

and J(1 — ey) is a homogeneous left ideal since 1 — ey is homogeneous. By
induction, there are pairwise orthogonal nonzero homogeneous idempotents
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eh, ..., el such that Ae} is a minimal homogeneous left ideal for i =2, ..., r,
and
J1—e1) = Aehb®d...DAel. (2.12)

r

Since e} € J(1 — e1), we have
eieg =0 fori=2,...,1 (2.13)
Fori=2,...,7, let e, = (1 —e1)e}. Then e; € Ae} and, by (2.13)

2
eie; = ei(1—e1)e = e)” = e

i i i fori=2,...,7r

Hence € € Ae; and it follows that Ae; = Ae} for i = 2, ..., r. Therefore,
by (2.11) and (2.12), we have

J=Aei1 B Aes ®... B Ae,.
Moreover, for i = 2, ..., r we have e;e; = 0 by (2.13), and
ere; = e1(1—ep)e; = 0.
Using (2.13) again, we have also for ¢, j € {2,...,r} with i # j
eiej = (I—er)e;(1—er)e; = (1 —er)eje; = 0.

Finally, e; is an idempotent for : =2, ..., r since

12

e? = (1—ey)ei(l—er)el = (1 —ep)el” = (1 —ep)el.

Thus, ey, ..., e, satisfy all the requirements, and it remains only to show
that J is generated by e; + ...+ e,.
To complete the proof, observe that

e; =eler+...+e.) € Aler+...+e) fori=1,...,
hence
Aer @...®Ae, C Aler+...+ep).
The reverse inclusion is obvious, and it follows that J = A(e; +...+e¢,.). O

Corollary 2.22. Every two-sided homogeneous ideal J in a semisimple graded
algebra A is generated by a homogeneous central idempotent.

Proof. By Prop. 2.21 we have J = Ae for some homogeneous idempotent
e € J. Since J is two-sided, we have ex € J for all x € A, hence ex = exe. It
follows that (1 — e)Ae is a homogeneous right ideal of A. This ideal satisfies
(1- e)Ae)2 = {0} since e is idempotent, hence (1 — e)Ae = {0} since A is
graded semisimple. Therefore, we have (1 — e)ze = 0 for all x € A, hence
xe = exe. Thus, for all x € A we have

re — exre = ex,

which shows that e is a central idempotent. O
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Theorem 2.23. Fvery semisimple graded algebra A is a direct product of
simple graded algebras, which are uniquely determined. Its center Z(A) is a
direct product of graded fields.

Proof. The center of a simple graded algebra is a graded field, since any
nonzero central homogeneous element that is not invertible generates a non-
trivial two-sided ideal. Therefore, the theorem is clear if A is graded simple.
If it is not, Cor. 2.22 yields a homogeneous central idempotent e # 0, 1. Then

A=AedA(l—e) =, Ae xA(l—e),

and Ae, A(1 — e) are semisimple graded algebras. Arguing by induction on
dimension, we may assume that each of these algebras is a direct product of
simple graded algebras, hence A also is such a product. If

A=, Al xL XA,
with Ay, ..., A, simple graded algebras, then the center Z(A) satisfies
Z(A) =2, Z(A1) x ... x Z(A,).
Since each Z(A;) is a graded field, it follows that Z(A) is a direct product

of graded fields. Moreover, the simple graded components Ay, ..., A, are
isomorphic to Aey, ..., Ae, for ey, ..., e, the primitive idempotents of Z(A),
hence they are uniquely determined. O

By applying Prop. 2.21 to the left ideal J = A, we obtain a decomposition
of A into a direct sum of minimal homogeneous left ideals

A=Ae1 ®...DAe,. (2.14)

There is a similar decomposition for every finitely generated left graded A-
module, as the next proposition shows.

Proposition 2.24. Fvery finitely generated left graded module over a semi-
simple graded algebra A is a direct sum of simple left graded A-submodules.

Proof. Let g1, ..., g, be homogeneous generators of some left graded A-
module M. From (2.14) it follows that

T n

M = Z Z Aeigj.
i=1j=1
Each summand Ae;g; is either {0} or a simple graded submodule of M since
for any graded submodule N C Ae;g; the set {x € Ae; | zg; € N} is a homoge-
neous left ideal contained in the minimal homogeneous left ideal Ae;. There-
fore, M is a sum of finitely many simple graded submodules M = ., M;.
Pick a maximal subset J C T such that the sum jed M; is direct. For each

i €I\ J we have
M; N (@MJ‘) # {0},
j
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otherwise J would not be maximal. But this intersection is a graded sub-
module of the simple graded module M;, hence it equals M;; therefore,
M; € @D;c; M;. Thus, it follows that >, ; M; = @,c;M;, hence M is a
direct sum of simple graded submodules. O

2.2.3 The Wedderburn Theorem for simple graded
algebras

We start our discussion of the graded analogue of Wedderburn’s Theorem
with the graded version of Schur’s Lemma:

Lemma 2.25. If M and N are simple graded modules over a graded algebra A,
then every graded homomorphism f: M — N is either 0 or an isomorphism.
In particular, Enda M is a graded division ring for the grading induced by the
grading on M (see Prop. 2.8).

Proof. This readily follows from the observation that the kernel and the image
of any graded A-module homomorphism M — N are graded submodules of
M and N respectively. O

Now, let A be a simple graded algebra over F. Since [A:F] is finite, there
is a minimal nonzero homogeneous left ideal J C A. Let D = Enda J (acting
on J on the right). Since J is a finite-dimensional graded F-vector space, the
F-algebra D is graded and finite-dimensional. Moreover, J carries a right D-
module structure, and multiplication on the left by elements of A defines a
canonical graded F-algebra homomorphism

p: A — Endp J.

Theorem 2.26. The F-algebra D is a graded division F-algebra and the
map p is an isomorphism of graded F-algebras. So,

A %g Endp J.

Moreover, every simple left graded A-module S is isomorphic to some shift J(v)
of J for some v € I', and Enda S =24 D as graded F-algebras.

As a consequence, the graded division algebra D is uniquely determined
by A up to graded isomorphism, independent of the choice of J. (This is
also shown in Prop. 2.27 below.) This D is called the graded division algebra
associated to A.

Proof. Since J is a simple graded module, D is a graded division algebra by
the graded analogue of Schur’s Lemma, see Lemma 2.25. Therefore, J is a
graded D-vector space. If a € A, z € J, and f € D are homogeneous, then by
the definition of deg f we have whenever az/ # 0,

deg(az’) = dega + degx + deg f.
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Thus, the map p is a homomorphism of graded algebras. It is therefore injec-
tive since A is graded simple. To show that p is surjective, it suffices to show
that its image is a left ideal in Endp J, since this image contains the identity.
Since A is graded simple and J - A is a two-sided homogeneous ideal in A, we
have J - A = A; hence p(J) - p(A) = p(A) and therefore

(Endp J) - p(A) = (Endp J) - p(J) - p(A).
We claim that (Endp J) - p(J) C p(J); it then follows that
(Endp J) - p(A) € p(J) - p(A) € p(A),

which shows that p(A) is a left ideal in Endp J. Thus, to prove the claim
it suffices to show that p is an isomorphism. Note that for x, y € J we
have zy € J, hence multiplication on the right by y defines an element in
D = Enda J. Therefore, for g € Endp J we have g(zy) = g(x)y, which means
that
gop(x) = p(9(z)) € p(J).

The claim is thus proved.

Now, let S be a simple left graded A-module. The set {z € A | 25 = {0}}
is a two-sided homogeneous ideal of A, hence it is {0}. Therefore, J-S # {0}
and we may find a homogeneous element s € S such that J-s # {0}. The map
T — xs is a nonzero homomorphism of left graded A-modules J — S. Since
J and S are graded simple, this homomorphism is bijective, and it identifies S
with the shift J(— deg s). Since Enda(J(v)) = EndaJ for all v € T', we have
EndaS =, D. O

Another way to view a central simple graded algebra A is as a matrix ring
with a shifted grading. Using the notation of Th. 2.26, we fix a decomposition
of the right graded D-vector space J into 1-dimensional vector spaces as in
Cor. 2.10:

J =, D(61)®...&D(d,). (2.15)

By Th. 2.26 and Prop. 2.9, we have a matrix representation of A as in
Cor. 2.11:

A =, EndpJ =, M, (D)(d1,...,d,). (2.16)

If we let A%, D denote the F-algebras A and D with their grading forgotten,
we thus have A = M, (DF).

With the notation above, we have:

Proposition 2.27. Let V be a finite-dimensional right graded vector space
over some graded division F-algebra E and let A be as in (2.16). There is a
graded algebra isomorphism A =4 Endg V if and only if the following condi-
tions hold:

(i) E=, D, and
(ii) there exists a vy € T such that V=4 E(y+ 1) @ ... D E(y + 0n).
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Proof. Suppose there is an isomorphism A =, Endg V. We use it as an iden-
tification. The grading on V gives it a left graded A-module structure since
by definition of the grading on Endg V we have for all homogeneous elements
a € A, v €V such that a(v) #0

deg(a(v)) = dega+ degv.

It is clear that V is a simple graded A-module since for every nonzero ho-
mogeneous element v € V we have A - v = V. Therefore, Th. 2.26 shows
that there is an isomorphism of graded A-modules V 22, J() for some v € T,
and an isomorphism of graded F-algebras D =, Enda V. On the other hand,
we claim that Enda V consists of scalar multiplications by elements in E, so
D =, E. To prove the claim, choose a homogeneous E-base (v;)I; of V, and

fori, j =1, ..., nlet ;5 € A be the linear transformation of V satisfying
6"(’[))_ (% 1fk‘=],
TR 0 itk £

Suppose g € Enda V and let

n
vf = 3 viey; for j=1,...,n, with ¢;; € E.
i=1
For k, £ =1, ..., n we have
g . .
vy ifl=j
ere(v) = wvpey; and epe(v)9 =k ’
ke(vy) = viey; ke (v5) 0 0]
But e (v]) = epe(v;)? since g is A-linear, hence
e;;j = 0if£#7 and o] = vpe;; forall j, k=1,..., n
Therefore, e11 = ... = ey, and g is scalar multiplication by e, which proves

the claim that EndaV = E, hence D =, E.
By counting dimensions over F, we see that dimg V = n, and condition (ii)
follows from the isomorphism V =, J(y). Thus, conditions (i) and (ii) hold.
Conversely, suppose (i) and (i) hold. Since (y+ ;) — (v + ;) = &; — J;,
by Prop. 2.9 the matrix representation of Endg V is

EndeV 22, M, (E)(61,...,0n).

In view of (2.16), it follows that any isomorphism D 22/ E induces an isomor-
phism A =, Endg V. ]

As a consequence of Th. 2.26, we can now prove the converse of the last
statement of Lemma 2.14, relating properties of a finite-dimensional graded F-
algebra A to properties of its associated ¢(F)-algebra q(A) =g (A) = A* @g: ¢(F)
(see Lemma 2.15).
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Proposition 2.28. Let A be a finite-dimensional graded F-algebra.

(i) A is a graded division algebra if and only if q(A) is a division algebra.
(ii) A is a simple graded algebra if and only if q(A) is a simple algebra.
(iii) A is a semisimple graded algebra if and only if q(A) is a semisimple

algebra.
Proof. Lemma 2.14 shows that ¢(A) is finite-dimensional; it also establishes
the “only if” part of (i) and the “if” part of (ii). If ¢(A) is a division algebra,
the “if” part of (ii) shows that A is graded simple. Moreover, A has no zero
divisors, so in a representation of A as in (2.16) above we must have n = 1,
hence A is a graded division algebra. This completes the proof of (i).

For (ii), it remains only to prove the “only if” part. Assume A is a central

simple graded algebra, and fix a representation as in (2.16) above:

A=, M,(D)(d1,...,0n)
where D is a graded division algebra. Then,
q(A) = M, (q(D)).

By (i), we know that ¢(D) is a division algebra; hence, ¢(A) is a simple algebra.
For (iii), first assume that A is semisimple. Then, by Th. 2.23,

A=B;x...xB,

for some simple graded algebras B;. Hence,
q(A) = q(B1) x ... x q(Bn),

and each ¢(B;) is simple by (ii). Thus, ¢(A) is semisimple. On the other hand,
if A is not semisimple, then it has a nonzero nilpotent homogeneous ideal N.
Then, Nf ®g: ¢(F) is a nonzero nilpotent ideal of ¢(A). Hence, q(A) is not
semisimple. ]

Corollary 2.29. If A is a central simple graded F-algebra, then [A:F] = d?
for some integer d.

Proof. By Lemma 2.14 and Prop. 2.28(ii), the g(F)-algebra ¢(A) = ¢r(A)
is central simple, hence there is an integer d such that [q(A):q(F)] = d?.
(The integer d is the degree of the central simple ¢(F)-algebra ¢(A).) By
Lemma 2.14, we also have d? = [A:F]. O

The integer d > 1 as in Cor. 2.29 is called the degree of the central simple
graded algebra A. We use the notation deg A for the degree of A; thus

deg A = degq(A).
Note that this definition is consistent with the definition of a graded symbol
algebra of degree n, see Prop. 2.19. We also define the (Schur) index of

a central simple graded algebra A as the degree of the division algebra D
associated to A by Wedderburn’s Theorem. Thus (see Th. 2.26),

indA = degD (= degq(D) = indq(A)).
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2.2.4 Centralizers and simple subalgebras

For arbitrary graded F-algebras A, B the tensor product A ®f B carries a
grading defined in §2.1.4, which is compatible with the multiplication. Thus,
A ®g B is a graded F-algebra. It contains as graded subalgebras A ® 1 and
1® B, which we identify with A and B. In this subsection, we determine when
a tensor product of semisimple graded algebras is graded semisimple. We then
prove graded analogues of two essential tools for the study of subalgebras of
central simple algebras: the Double Centralizer Theorem and the Skolem-—
Noether Theorem. We start with some general remarks on centralizers.

If A’ C Ais a graded subalgebra, we let Ca(A’) denote the centralizer of A’
in A, ie.,

Ca(A") = {a€A|ad =daforalla €A}
It is a graded subalgebra of A.

Proposition 2.30. If A’ C A and B’ C B are graded subalgebras of arbitrary
graded F-algebras A, B, then

Cazes(A" ®F B') = Ca(A") ®F Cp(B').

Proof. Let © € Cag.s(A’ ®F B’). For some F-base (a;)icr of A, write
T = ZiEI a; ® x; with each x; € B. Since z centralizes 1 ® B/, we must have
z; € Cg(B’) for all i € I. Rewriting x = 37, ;u; ® b; where (b;)jes is
an F-base of Cg(B’), we have u; € Ca(A’) for all j € J since z central-
izes A’ ® 1. Therefore, z lies in Ca(A’) ®¢ Cg(B’), and we have proved
Cagrs(A’ @ B') C Ca(A') ®F Cg(B’). The reverse inclusion is obvious. O

The particular case where A’ = A and B’ = B determines the center
of A ®¢ B:

Corollary 2.31. Z(A®¢ B) = Z(A) ®F Z(B).

We now study the semisimplicity of tensor products, in the special case
where one of the factors is graded simple with center F.

Proposition 2.32. Let A be a central simple graded F-algebra, and let B be
a (possibly infinite-dimensional) graded F-algebra with Z(B) integral over F.
The graded Z(B)-algebra A ®¢ B is graded simple (resp. graded semisimple)
if and only if B is a graded simple (resp. graded semisimple) Z(B)-algebra.

Proof. If B is not graded simple, then any nontrivial two-sided homogeneous
ideal J C B yields a nontrivial two-sided homogeneous ideal A®g J C AR B.
Similarly, if B is not graded semisimple, we may take for J a nontrivial homo-
geneous nilpotent ideal in B and obtain a nontrivial homogeneous nilpotent
ideal in A ® B. The “only if” part of the proposition is thus clear.

Now, suppose B is graded simple, so finite-dimensional over the graded
field Z(B). Then ¢(B) is simple by Prop. 2.28; similarly, ¢(A) is central simple
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over q(F). Hence, q(A) ®,(r) ¢(B) is a simple algebra (see Draxl [63, Cor. 3,
p. 30] or Pierce [178, Prop. b, p. 226]). Now, Z(A®gB) = F®F Z(B) = Z(B),
which is integral over F by hypothesis. Hence, by Lemma 2.15,

q(A®FB) = qr(A®F B) = gr(A4) ®qr) ¢r(B) = q(A) ®qcr) q(B).

It therefore follows from Prop. 2.28 (or Lemma 2.14) that A ®f B is graded
simple.

If B is graded semisimple, we have B =, By x ... x B, for some simple
graded F-algebras By, ..., B, by Th. 2.23. Then,

A®e B gg (A@FBl)X...X(A®FBT).

Each direct factor is graded simple, hence A ®¢ B is graded semisimple. O

As a corollary, we obtain a criterion for the graded semisimplicity of the
tensor product of semisimple graded algebras:

Corollary 2.33. Let A, B be semisimple graded F-algebras. The graded al-
gebra A @ B is graded semisimple if and only if Z(A) ®¢ Z(B) is graded
semisimple.

Proof. Suppose first A and B are graded simple. Since
A®rB = A®zn) (Z(A) ®F B),

Prop. 2.32 shows that A ®¢ B is graded semisimple if and only if Z(A) ®¢ B is
semisimple. But

Z(A)®r B = (Z(A) ®F Z(B)) @) B;

so, one more application of Prop. 2.32 shows that this condition holds if and
only if Z(A) ®¢ Z(B) is graded semisimple. The corollary is thus proved if
A and B are simple.

In the general case of semisimple graded algebras A, B, we use Th. 2.23 to
decompose A and B into direct products of simple algebras. Let

A=A x...xA, and B=B;x...xB,,
where Aq,...,A, and Bq,...,B,, are simple graded F-algebras. We have
AReEB = HAi ®F B; and Z(A) ®FZ(B) = HZ(/—\Z')@)FZ(BJ').
L i

i,
Since a direct product of graded algebras is graded semisimple if and only if
each factor is graded semisimple, A ®¢ B is graded semisimple if and only if
A; ®F B; is graded semisimple for all ¢, j. Likewise, Z(A) ®f Z(B) is graded
semisimple if and only if Z(A;) ®F Z(B;) is graded semisimple for all 4, j. The
special case of simple graded algebras considered above shows that A; ®F B;
is graded semisimple if and only if Z(A;) ®¢ Z(B;) is graded semisimple. The
corollary follows. ]
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Since a semisimple graded F-algebra is a direct product of simple graded
F-algebras and the center of a simple graded F-algebra is a graded field,
Cor. 2.33 reduces the question of semisimplicity of A®g B to consideration of
tensor products of graded fields. We will see below in Prop. 5.21 that if L is
a finite-degree separable (= étale) graded field extension of F and K is any
graded field extension of F, then L ®f K is a semisimple K-algebra.

Proposition 2.34. Let A be a simple graded F-algebra with center Z. Let N be
a finitely generated left graded A-module. Let E = Enda N (acting on N on the
right) Then, E is graded simple with Z(E) = Z and

[A:F] - [E:F] = (dimg N)% (2.17)
Moreover, Ende N =, A and A ®z E°® =, Endz N.

Proof. Let J be a minimal nonzero homogeneous left ideal of A, and let
D = Enda J. Asin §2.2.3, we write J =, D(01)®...®D(d,); then, as in (2.16),

A =y Mu(D)(01, - -, n);

so Z(A) = Z(D). By Prop. 2.24 and Th. 2.26 we have N 22, @% | J(\;) for
suitable \; in I'. Hence, by the “left version” of Prop. 2.9,

E gg Mk‘(D)(_)‘l) B _Ak)
Let P = @le D(—A\;) viewed as a right graded D-vector space. By Prop. 2.9,
Endp P 22, My(D)(=A1,...,~\) &, E

Hence, by Prop. 2.17, E is graded simple and Z(E) = Z(D) = Z(A). Let
d = [D:F]. Then, [A:F] = n%d, [E:F] = k%d, and dimg N = k dimg J = knd.
These equalities yield formula (2.17).

Let B = Endg N (acting on N on the left). The map p: A — B given by
pla)(x) = ax for a € A, x € N is a graded F-algebra homomorphism, which
is injective, as A is graded simple. Because E is graded simple, formula (2.17)
applies with E (resp. B) replacing A (resp. E), showing that

[E:F] - [B:F] = (dimg N)? = [A:F] - [E:F].

Therefore, [B:F] = [A:F], so p is a graded isomorphism. The last isomorphism
of the proposition is proved similarly: the module actions of A and E on N
give graded F-algebra homomorphisms A — Endz N and E°® — Endz N whose
images commute. Moreover, the elements of Z in A have the same action
on N as their images in E. Hence, there is a graded F-algebra homomorphism
7: A ®z E°® — Endz N. This 7 is injective, as A ®z E°P is graded simple by
Prop. 2.32. Then 7 is also surjective, since by (2.17),

[A®z E®:Z] = [A:Z] - [E:Z] = [A:F]- [E:F]/[Z:F]?
= (dimg N)?/[Z:F]*> = [Endz N :Z]. O
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Theorem 2.35 (Double Centralizer Theorem). Let A be a central sim-
ple graded F-algebra, let B be a simple graded F-subalgebra of A, and let
C = Ca(B). Then,

(i) C is a simple graded F-algebra with Z(C) = Z(B), and Ca(C) = B.
(ii) [C:F] - [B:F] = [A:F].
(iii) B®z(g) C =y Ca(Z(B)). In particular, if Z(B) = F, then B®p C =, A.

Proof. By using the multiplication in A, we may view A as a left graded B-
module and a right graded A-module. Since the multiplication is associative,
A is a graded B-A-bimodule, or, equivalently, a right graded B°P ®¢ A-module.
The module action is given by

t- (Zb?p®ai) = Zbitai fort € A, b; € B, a; € A.
Let T = B°? ®¢ A. Since A is graded central simple over F and B°P is graded
simple, Prop. 2.32 shows that T is graded simple with Z(T) = Z(B°P) = Z(B).
Let Enda A denote the graded endomorphism ring of A as a right graded
A-module. With Enda A acting on A on the left, we have the graded ring iso-
morphism n: Enda A — A given by n(f) = f(1). The inverse map is given by
n~(a)(y) = ay for all a,y € A. Now, Endt A is the graded subring of Enda A

consisting of those A-endomorphisms of A that also commute with the action
of B on A. That is,

n(EndrA) = {a € A|aby =bay for allb € B, y € A} = C.

Thus, C 2, Endt A. By Prop. 2.34, Endt A, hence also C, is graded simple,
with center Z(C) = Z(Endt A) = Z(T) = Z(B). Furthermore, formula (2.17)
gives

[A:F]2 = [T:F] - [Endt A:F] = [B:F] - [A:F] - [C:F],

which yields (ii). Clearly B C Ca(C). But since C is graded simple, part (ii)
applies with C replacing B. Thus,
[CA(C):F] - [C:F] = [A:F] = [C:F]-[B:F],

which yields Ca(C) = B by dimension count. This proves (i).

For (iii), the inclusions B < A and C < A with images that commute yield
a graded ring homomorphism o: B®zg)C — A given by > b; ® ¢; — > bic;.
Let B - C denote im(c), which is the graded subalgebra of A generated by B
and C. So, using (i),

Ca(B-C) = Ca(B)NCA(C) = Ca(B)NB = Z(B).
Since B ®z(p) C is graded simple by Prop. 2.32, o is injective, so
B-C =, Bgp,)C.
This isomorphism shows that B - C is graded simple, and hence, by (i),
B-C = Ca(Ca(B-Q)) = Ca(Z(B)).
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Thus, B®z@) C =y B-C= Ca(Z(B)), which is the first isomorphism of (iii).
The second isomorphism of (iii) is a special case of the first, as Ca(F) = A.
O

The graded Double Centralizer Theorem gives an upper bound on the
dimensions of graded subfields of a graded simple algebra:

Corollary 2.36. Let A be a central simple graded F-algebra, and let K be a
graded subfield of A with F C K. Then,

(i) [K:F] | deg A;
(ii) If A is a graded division algebra, then K is a maximal graded subfield
of A if and only if [K:F] = deg A.

Proof. Let C = Ca(K) 2 K. By Th. 2.35(ii),
[K:F]? | [K:F] - [C:F] = [A:F] = (deg A)*. (2.18)

This yields (i), and it shows that if [K:F] = deg A, then K is a maximal subfield
of A. (This could also be proved by passing to ¢(F) and invoking Lemma 2.14.)
For the other implication in (ii), assume A is a graded division algebra and
suppose [K:F] < degA. Then, (2.18) shows that [C:F] > degA > [K:F];
hence, C 2 K. Therefore, there is a nonzero homogeneous ¢ € C\ K. The
commutative graded subalgebra K|c| of A has no zero divisors, since A has
none, and K]¢] is finite-dimensional over F. Hence, K]c] is a graded subfield
of A strictly containing K, showing that K is not a maximal graded subfield
of A. O

The graded version of the Skolem—Noether Theorem is more delicate than
its ungraded counterpart. Graded isomorphisms of simple graded subalgebras
of a central simple graded algebra A will be shown always to be induced by
an inner automorphism of A. But what is really desired is a graded inner
automorphism of A, which is only assured if one conjugates by a homogeneous
unit of A. This is not always possible, but we will clarify exactly when it can
be done. Thus, part (i) of the next theorem is general, but of little value.
Parts (ii) and (iii) are the useful analogues of the Skolem—Noether Theorem
in the graded setting.

Theorem 2.37. Let A be a central simple graded F-algebra. Let B be a simple
graded subalgebra of A, let C = Ca(B) and Z = Z(B). Let f: B — A be a
graded F-algebra homomorphism. Then,

(i) There is a t € AX with f(b) =tbt~* for all b € B.
(ii) If C is a graded division ring, then the t of part (1) can be chosen to be
homogeneous in A.
(iii) The t in part (i) can be chosen to be homogeneous if and only if there
is a graded homomorphism g: C — A such that g|z = f|z and g(C) cen-
tralizes f(B) in A.
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Proof. Let T = B ® A°P, which is a simple graded algebra by Prop. 2.32.
We have two ways to view A as a graded B-A-bimodule, hence a left graded
T-module. The first action is given, as usual, by (3 b; ® a;¥) -y =3 biya;.
The second is given by (3 b; ® a;®) -y = > f(b;)ya;. To distinguish these
two module structures, we let A denote A with the first T-action and write A’
for A with the second T-action. Let S be a simple left graded T-module. By
Prop. 2.24 and Th. 2.26,

k
A @S amd A, @)

for some 71, ...,7, 01, ...0¢ € I'. Clearly £ = k by dimension count. As usual,
we write T9 for T with its grading ignored, and likewise A%, A%, S for A, A’.'S
with gradings suppressed. Then, as T%modules we have A% = @le Sh~ Al
Let h: A" — A’ be a Tf-module isomorphism. This means

h(bya) = f(b)h(y)a for all b € B, y,a € A. (2.19)

Let t = h(1) and s = h™1(1). By setting b = a = 1 in (2.19), we obtain
h(a) = ta for all a € A. Using this, then setting a = y = 1 in (2.19), we have

th = h(b) = h(b-1-1) = f(b)t  for all b€ B. (2.20)

Now, 1 = h(s) = st. Also, h(ts — 1) = tst —t = t(st — 1) = 0. Since h is
injective, this shows ts = 1. Thus, t € AX and s = ¢t~ 1. Formula (2.20) yields
f(b) =tbt=1 for all b € B, proving (i).
For (ii), suppose C is a graded division ring. Since s = t~1, we have
f(b) = tht™! = s7'bs
for b € B. By combining this with (2.20), we see that
th = f(b)t and bs = sf(b) for all b € B. (2.21)

Since st = 1 # 0 there must be homogeneous components ss of s and ¢, of ¢
with ssty # 0. Let § = degss and v = degty. For any ¢ € I's, take any
b. € B.. Then f(b:) € B, as f is a graded homomorphism. The (y + ¢)-
component in the equation tb. = f(b.)t yields tyb. = f(b:)t,. Since every
b € B is the sum of its homogeneous components, we obtain

tyb = f(b)t, and, likewise, bss = s5f(b) for all b € B. (2.22)

Thus, sstyb = s5f(b)ty = bsst, for all b € B; hence, sst, € Ca(B) = C. Since
s5t, is homogeneous in the graded division ring C, we have s5t, € C* C AX.
Therefore, ¢, € A%, and (2.22) shows f(b) = t,bt;* for all b € B, proving (ii).

(iii): Suppose there is a homogeneous unit t € A* with f(b) = tbt~! for
all b € B. Define g: C — A by g(c) = tct . Because t is homogeneous, g is a
graded homomorphism. For all b € B, ¢ € C, and z € Z, we have

fb)g(e) = tbet™ = tebt™" = g(c) f(b)
and g(z) = f(z). Thus, g has the desired properties.
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Conversely, suppose there is a g: C — A as described in (iii). Then,
there is a well-defined graded homomorphism p: B ®7 C — A given by
p(O2b; @ c;) =3 f(b;)g(c;). By the graded Double Centralizer Theorem 2.35
there is a graded isomorphism

n: BzsC — OA(Z), Zbi®ci o Zblcl

Let f/ = pon=t: Ca(Z) — A, a graded homomorphism. Since B is graded
simple, its center Z is a graded field, so also graded simple. Therefore, the
graded Double Centralizer Theorem 2.35 applied to Z shows that Ca(Z) is
graded simple and Ca(Ca(Z)) = Z. Therefore, by parts (i) and (ii), there
is a homogeneous unit ¢t € AX with f/(y) = tyt~! for all y € Ca(Z). Then,
f(b) =tbt! for all b € B, as f'|g = f. O

Corollary 2.38. Let A be a central simple graded F-algebra. Then every
graded F-automorphism of A has the form int(t) for some homogeneous unit
teAx.

Proof. This is immediate from Th. 2.37(ii) since Ca(A) = F, which is a graded
field. O

The following example illustrates the need for the added conditions in
(ii) and (iii) of Th. 2.37 in order to assure that one can conjugate by a
homogeneous unit.

Example 2.39. Let F be a graded field with I'r = Z. We have the graded
F-vector spaces V = F(0)®F(5), W =V, and W' = F(0)®F(0). It is immediate
from the definitions that F(y) ®f F(0) =, F(y 4+ d) for any ~,d € I'. Hence,
VerW 2, F(0)aF(3)@F(3)@F(1) 2, F(0)aF(3)®F(0)aF (1) 2, VeeW'.
Using Prop. 2.9, let
A = My(F)(0,3,0,%) 2, Endr(V @ W) =, Ende(V ®F W),

9
MQ(F)(()?%) =, EndeV,
C = B 2, Ende W,

C' = My(F)(0,0) =, Endg W',

(SIS

~—

w
Il

Then, C %, C, since I'c = £Z while I'¢ = Z. Note that the F-bilinear map
EndrV x Endg W — Endg(V ®¢ W) given by (g,h) — g ® h induces a well-
defined graded F-algebra homomorphism

¥: EndpV @ Ende W — Endg(V @ W).

This map is injective since its domain is graded simple by Prop. 2.17 and
Prop. 2.32, and it is surjective by dimension count; hence, ¢ is a graded
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isomorphism. Thus, there are graded isomorphisms p: B @ C = A and
n: B®g C' = A which are the compositions

B®rC = EndrV ®F Ende W — Endp(V @ W) = A, and

B®rC 5 EndrV ®f Endg W =5 Endp(V @ W) =5 A.
Now, B is graded simple by Prop. 2.17, so u(B) is a simple graded subalgebra
of A. The graded homomorphism f = nou_1|#(g) : u(B) — A has image 7(B).
Since Cggec(B) = C and Cggc/(B) = C’' by Prop. 2.30, the isomorphisms
p and 7 yield Ca(u(B)) = u(C) and Ca(n(B)) = n(C’). By Th. 2.37(i) there
is at € AX with f(y) = tyt~! for all y € u(B). But there can be no such ¢
that is homogeneous. For, if ¢ were homogeneous, int(t) would be a graded
automorphism of A, which would yield a graded isomorphism of centralizers,
p(C) =4 n(C"). This cannot occur, as pu(C) =, C 2, C" =, n(C').

2.3 Degree zero elements in simple graded algebras

The focus in this section is on the degree zero component of a central simple
graded algebra, which is described explicitly in §2.3.1; see Prop. 2.41. We
also give an explicit description of the group of degrees of invertible homoge-
neous elements, and of its action on the center of the degree zero component;
see Prop. 2.44. As a result, we characterize in Prop. 2.45 the grade group
of the associated graded division algebra. In §2.3.2, we consider in particu-
lar graded algebras obtained by scalar extension from their zero component.
These algebras, which are said to be inertial, have a particularly simple be-
havior under tensor products.

2.3.1 The grade group action

For a central simple graded algebra A, the grade set I'a and the homoge-
neous component Ay of degree zero have special connections, which are made
explicit in this subsection. We start with the case of graded division rings,
which need not be finite-dimensional over any subfield.

For a graded division ring D, any x € D* is homogeneous, hence the inner
automorphism int(x) preserves the grading and induces an automorphism
int(x)o of Dg. This automorphism restricts to an automorphism of Z(Dg)
fixing Z(D)o. The restriction is the identity when x € D{. Since D is the
kernel of the degree homomorphism deg: D* — T'p, we have a well-defined
canonical homomorphism

HDZ I'p — Aut(Z(Do)/Z(D)O) (223)

such that
Op(deg(z)) = int(x)o|z(py) for x € D*.
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The analogy between this canonical homomorphism and the canonical ho-
momorphism (1.1) of a valuation is illustrated in the following proposition
(cf. Prop. 1.5(v)).

Proposition 2.40. Let D be a graded division ring with center F. The
fixed ring of Z(Dg) under the automorphisms in Op(I'p) is Fo. Hence,
if [Do:Fo] < 0o, then Z(Dyg) is abelian Galois over Fo, and im(0p) is the
entire Galois group G(Z(Dy)/Fo).

Proof. By the definition of 0p, every element b of Z(Dg) lying in the fixed
ring of im(fp) commutes with all nonzero homogeneous elements of D. Since
the homogeneous elements additively generate D, we have b € Z(D)g = Fy.
If [Dg:Fo] < oo then [Z(Dg):Fo] < oo, and it follows by Galois theory that
Z(Dy) is Galois over Fo and im(6p) = G(Z(Dy)/Fo). This Galois group is
abelian since it is a homomorphic image of the abelian group I'p. a

Now, let A be a (finite-dimensional) simple graded F-algebra, let J be
a minimal nonzero homogeneous left ideal of A, and let D = Endp J, the
graded division algebra associated to A. In view of Th. 2.26, we identify A
with Endp J. For convenience, assume A is central, i.e., F = Z(A) = Z(D).
We let n = dimp J.

While A is graded simple, Ay need not be simple. The structure of Ay is
determined by the canonical decomposition of J as a right graded D-vector
space, as follows: let I'y, ..., Iy be the distinct cosets of I'p in I'y, and for
each I'; choose a coset representative -y;, so

I'y =TyU0...Ul'y with I's =~ +1Ipb.
Take the canonical decomposition of J as in (2.2),

J=h@...0J, where J = D J,.

veL;
Fori=1,..., k, let
k
r; = dimp J;, so Ji =5 D(y)"™ and Y 1 =n. (2.24)
i=1

The decomposition J = @].C

tion of A = Endp J: -

A g_(] Mn(D)(’Ylw"a,ylv’YQa"'a,)/?,"'arykv"'a’yk:)- (225)
S— —— N———r

71 T2 Tk

1Ji =y @le D(v;)™ yields a matrix representa-

In A = Endp J, let e; be the projection on J; parallel to @#i Jj, so

ey, = idy, and eily; = 0for j #1i.
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Each e; is homogeneous of degree 0 and idempotent. Set

Bi = eiAoei = {f S Ao | f(Jz) Q Ji, and f(JJ) =0 for _] # Z}

1%

Proposition 2.41. The idempotents ey, ..., er are the primitive central
idempotents of Ag, and

A():Bl@...@Bk ngl(Do)X...XMTk(DO).
Therefore,
Z(Ao) = Z(Ao)el@...@Z(Ao)ek = Z(Do)XXZ(Do)

Proof. Note that Ay consists of the grade-preserving endomorphisms of J.
For i # j we have I'y, NIy, =T'; NT'; = @. So, any f € Ag must map each J;
to itself, and hence Ag = @le B;. To see that eq, ..., e, are the primitive
central idempotents in Ag, it now suffices to prove that B; is simple for
each 4. Let (b;;);L, be a Do-base of J,,; it is also a D-base of J; by Prop. 2.5.
Thus, we may identify J; with J,, ®p, D. Any map in Endp(J;)o is degree-
preserving, and hence maps J,, to itself. Thus, there is a ring homomorphism
(Endp Ji)o — Endp,(J;), given by g + g|y, . This has an inverse given by
the map sending h € Endp,(J,,) to h ® idp € Endp(J,, ®p, D). Thus,

(EndD Jt)o = EndDo(J’w) = Mri(D0)7

which shows that B; is simple and yields the isomorphisms of the propo-
sition. (In the matrix representation (2.25), Ag is realized in block diag-
onal form, with i-th block M,,(Dg), because whenever i # j we have
D(vi =)o = Dy,—, = {0}. The idempotent e; is identified with the identity
matrix of the i-th block.) O

Corollary 2.42. Let S be a semisimple graded F-algebra. Then, Sq is semi-
simple.

Proof. Since S is graded semisimple, by Th. 2.23 S = A; x ... x Ay, where
each A; is graded simple. Then Sy is the direct product of the degree-0 parts
of the A;, each of which is semisimple, by Prop. 2.41. Hence, Sy is semisimple.

O

Proposition 2.41 also yields a convenient criterion for when A is a graded
division algebra:

Corollary 2.43. A finite-dimensional simple graded F-algebra A is a graded
division algebra if and only if Ay is a division ring.

Proof. If A is a graded division algebra then Ag is a division ring, as noted in
Prop. 2.3(v). Conversely, suppose Ay is a division ring. Then, in the notation
of Prop. 241, k =1 and ;5 s0 n = ry = 1, and A =, M;(D) =, D, where
D is a graded division ring. O
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We have seen in Prop. 2.40 that there is an action of I'p on Z(Dy) given by
the epimorphism fp: I'p — G(Z(Do)/Fo). We now describe the corresponding
map for the simple graded algebra A. It is more complicated because the ho-
mogeneous elements of A need not all be units and Ag need not be simple. We
continue with the notation preceding Prop. 2.41. Since I'j = Ule(fyi +TIp),
we have as in Cor. 2.11,

Fa =U (v =7 +To), (2:27)
0J
which need not be a group. Recall from (2.1) that
I'x = {deg(a) | a € A* and a is homogeneous}. (2.28)
Clearly, I'x is a subgroup of I" with
Ip =Ty CTX CTa, and  |IX/Tp| < k* < .

For each homogeneous a € A*, its inner automorphism int(a) preserves the
homogeneous components of A, so is a graded automorphism of A; thus, int(a)
restricts to an automorphism of Ay and of Z(Ay). Define

Oa: TX — Aut(Z(Ag)/Fo) (2.29)
by

Oa(vy) = int(a)|z(a,) for any homogeneous a € A* with deg(a) = 7.
(2.30)
This 6p is a well-defined group homomorphism since homogeneous units of
degree 0 act trivially on Z(Ag) by conjugation. To help understand I'y and 6a,

we partition T'j according to the 7; of (2.24): let 4y, ..., £, be the distinct
values in {ry,...,rc}. For t =1, ..., m, let
St:{iE{l,...,]{i}|’l”i:£t} and X = UFl
1€ES}
Thus,

{1,...,]{3}281U...U5m and I'y=>U...UX,,.

Proposition 2.44.
(i) We have
I = {eel e+ =% for1 <t<m}. (2.31)

Hence, T'x is the largest subgroup of T' such that each ¥y is a union of
cosets of T'x. Also, T'a is a union of cosets of Tx (though I'x need not
be the largest group with this property; see Ex. 2.46 below).

(ii) T acts by translation on the set of cosets T'y/Tp = {T'1,...,Tx}, send-
ing each 3t/T'p to itself. Each coset T'; has stabilizer T'p under this
action, so its orbit has size ‘F: /FD|. The action of FK on the central
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primitive idempotents ey, ..., ex of Z(Ag) via Oa corresponds to its
action on Ty, ..., Ty fore e T and i, j € {1,...,k}, we have

e+Ti =T; ifandonlyif  Oa(e)(ei) = ej.

Proof. Take any ¢ € T'5 and any f € A* N A,; recall that A. = Endp(J)(e).
Take any canonical component J; of J and any nonzero homogeneous z € J;.
Then f(z) is homogeneous and nonzero as f is bijective, say f(z) € J,. Since
e+ degz=deg f(z) €T, we have ¢ + I'; = T';. Thus f, which shifts all
degrees by ¢, maps every homogeneous element of J; to J;; hence, f(J;) C J;.
As f is injective, this yields

r; = dimp J; = dimp f(J;) < dimp J; = r;.

Since f~' € A NA_. and —e + I'; = I';, the same argument shows that
f71(J;) € J; and r; < r;. Therefore, r; = r;, which shows that J; and J; lie
in the same piece ¥; of I'j.

Let 7.: I'/Tp — T'/Tp be the translation-by-¢ map given by v + I'p
€ + v + I'p. Clearly 7. is bijective, and we have just shown that 7. maps
each 3;/I'p into itself; necessarily 7.(X;) = X; as |Zt/FD‘ < o0o. Thus, for
any e € Iy, wehave e+ X, =%, fort =1, ..., m.

Conversely, take any p € I with p+3; = 3, for all ¢. For each t and ¢ € S},
there is some 7(i) € S; such that p +I'; = I';(;). Since i and (i) lie in the
same S;, we have r; = r,(;), hence dimp J; = dimp J; ;). For the p-shift J;(p)
we have

FJi(P) =p+I; = Fﬂ.(i) and dimp Jl(p) = dimp J; = dimp J7r(i)~

Therefore, there is a graded D-vector space isomorphism g;: J;(p) = Jr@).
Thus, g; € Homp(J;, Jx(;))(p) and g; is bijective. Choose such a g; for each J,

and let
k

k
g = (91,...,9x) € Homp (D Js, @Jn(i))(ﬂ)'

i=1
Since the injective translation-by-p map 7, sends I';/Tp = J;~; /T to
itself, 7 is a permutation of {1,...,k}; hence,

k k
@Jm—) =J= @Jl

Therefore, g € Endp(J)(p) = A,. Moreover, g is bijective since each g; is an
isomorphism, hence g € A*. Thus, p € I'x. This proves (2.31), from which it
is immediate that each ¥, is a union of cosets of I'x, and 'y is the largest
group with this property.

For any v € T'a and € € 'y, choose a nonzero h € A, and g € A* NA..
Then 0 # hg € A4, so v + € € I'a. This shows that I'a is a union of cosets
of T'x.

(ii) For each € € I'y we have seen that the translation-by-e map 7. sends
each ¥;/T'p to itself. Clearly, for any v € I', 7.(y +I'p) = v+ I'p if and only
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if ¢ € I'p. Thus, for the group action of I'\ on I';/T'p by translation, each
coset I'; has stabilizer group I'p, so it has orbit size ‘Fﬁ / FD‘.
Take any ¢ € I'y and any h € A* N A.. We have seen that h permutes

Ji, ., Jgifori =1, ..., k there is a j € {1,...,k} such that h(J;) = J;,
where I'; = ¢ + I';. It follows that he; = ejh, hence Oa(c)(e;) = e; when
7.(I';) =T, proving (ii). O

By using the action of I'y on the idempotents of Z(Ao), we can also re-
cover I'p as a subgroup of I'x . For the following statement, fix an isomorphism
of Fy-algebras

@ Z(Ao) L) Z(Do) X ... X Z(Do)

We use ¢ to associate to every o € G(Z(Dy)/Fo) the automorphism d(o)
of Z(Ag) defined by

d(o) (<p_1(z1, e zk)) = @‘1(0(21), .. ,U(Zk)) for z1, ..., 2z € Z(Ao).

Since G(Z(Dg)/Fo) is abelian by Prop. 2.40, the automorphism d(o) does not
depend on the choice of : this is because for any other isomorphism ¢’ we

may find a permutation = of {1,...,k} and 7, ..., 7 € G(Z(Dg)/Fo) such
that

(p/_l(zl, ey Zk) = @_1 (Tl(zﬂ.(l)), e ,Tk<zﬂ(k))) for z1, ..., 2z € Z(AO).
Then

d(o) (30'_1(21, cee zk)) = ! (Tlo(z,r(l)), e 77'k0(2’7r(k)))
(p’_l(U(Zl)v ey O'(Zk)).

Thus, the map
d: G(Z(Dg)/Fo) — Aut(Z(Ag)/Fo), o+ d(o) (2.32)
is a group homomorphism that does not depend on the choice of .

Proposition 2.45. With the same notation as in Prop. 2.41 and 2.44,

() To ={yeTx [6a(V)(er) =er} =... = {y €TX | Oa(7)(ex) = ex}.
(ii) There is a commutative diagram
I'p C : ry

G(Z(Dyo)/Fo) % Aut(Z(Ao)/Fo),
where i: Tp — L'y is the inclusion map and d is the map (2.32).

Proof. Take any e €I'x . From Prop. 2.44(ii), we know that for any i€ {1, ... ,k}
the equation 0a(e)(e;) = e; holds if and only if 7.(T';) = I, if and only if
e € I'p. This proves (i).
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(ii) Take any homogeneous D-vector space base (b1, ...,b,) of J. For ¢ € D,
define f. € A by

fc(;bidi) = ;biCdz’

for d; € D. The map ¢ — f. is an injective graded ring homomorphism D — A.
We identify Z(Dy) with Z(B;) by z — e; f,. For any § € I'p, choose a nonzero
c € Dg; so f. € AXNA;. Then, for 2z € Z(Dy), we have 0p(5)(z) = czc~! while
Oa(0) = int(fc)|z(a,)- Since § € I'p, we have seen in (i) that 0a(5)(e;) = e;
for each 7. So,

Oa(0)(eifz) = eifefofit = €ifezemr = €ifon(s)(2)-

Thus, the diagram in (ii) is commutative. O

Example 2.46. Let D be a graded division algebra with I'p = Z. Consider
the graded D-vector space J =D & D(3). We have I'y = Z U (3 + Z) and J
has canonical components J; =, D and Jy =, D(%); so,I'1 =2%2,T5 = % + Z,
ri =1y =1, and ¥; = T'j. For A = Endp J we have 'y = I'p = Z, since no
larger subgroup of I" translates I'y to itself. But

Th=ZU(E+2)U(-1+72) = 1z,
which is a group strictly containing I'y.
When Aj is simple, the structure is less complicated:

Proposition 2.47. For any central simple graded F-algebra A, the following
conditions are equivalent:

(a) Ap is simple.

(b) Ta =Tp.

(c) dimp, Ag = dimp A.
(d) Z(Ao) is a field.

When these conditions hold, A =, M, (D) with the standard grading on M, (D)
(as in (2.6)), and
AO = Mn(Do), F: = FA = FD, and 0A = 9[).

Proof. Suppose I'; is a single coset v+ I'p of I'p. Then, the canonical decom-
position of J has only one component, J itself, and conditions (a)—(d) hold
by Prop. 2.41 and (2.27). Furthermore, by Prop. 2.9,

A =2, My(D)(7,...,7) =, M (D)(0,...,0),

which is M,, (D) with its standard grading as in (2.6). Since I'n C I'x C T'a,
we must then have I'y =T'a, and 6a = 6p by Prop. 2.45. On the other hand,
if [T;/T'p| > 1, then by Prop. 2.41 and (2.27) none of (a)-(d) holds. o
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We can also identify when I'y = T'a:

Proposition 2.48. For any central simple graded F-algebra A, the following
conditions are equivalent:

(a) F; = PA,

(b) TX acts transitively on the primitive central idempotents of Ag.

(¢) Z(Ao) is a Galois étale Fo-algebra with group im(0a).

(d) Ty is a coset of a group and all the r; are equal. (The group is then T’y .)

When these equivalent conditions hold,
[A:F] = [Ao:Fo] - [[a:T'kl. (2.33)

Proof. We will repeatedly use Prop. 2.44 and 2.45 without specific mention.
(a) = (b) Suppose I'y = T'a. For any two cosets v; + I'p and 7; + I'p
inT;/Tp,let e =~; —~; € I'a (see (2.27)). Then, ¢ € I'y by hypothesis, and
e+ (7 +I'p) =~; + I'p. Hence, I'\ acts transitively by translation on I'y/Tp,
so its equivalent action on the simple components of Z(Ay) is also transitive.
(b) = (c) By using a diagonal embedding of D in A as in the proof of
Prop. 2.45(ii), we have

Z(AO) = Z(A0)61 D...D Z(Ao)ek

with each Z(Ag)e; = Z(Dg). Recall from Prop. 2.40 that the field Z(Dy) is
Galois over Fy with Galois group im(6p). Hence, Z(Ay) is étale over Fy. Let

G = 1m(0A) - AutFU(Z(Ao)).

For Z(Ap) to be G-Galois over Fy we need that |G| = dimr, Z(Ao) and
the fixed ring Z(Ag)“ is Fo (cf. Knus et al. [115, Def. (18.15)]). We have
| im(0p)| = [Z(Do):Fo]. Since I'y acts transitively on {ei,...,e;}, and the
stabilizer of each e; is I'p, we have |I'y:I'p| = k and ker(6a) C I'p. The
diagonal action of I'p on Z(Ag) via @a then shows that ker(fa) = ker(fp).
Thus,

G| = [im(0a)] = [T} :Tp|- | im(fp)| = k[Z(Do):Fo] = dimr, Z(A).

Now take any ejz1 +. .. +epzr € Z(Ag)Y with each z; € Z(Dp). From the di-
agonal action of I'p on Z(Ag) via fa, each z; lies in Z(Dg)™(®) = Fy. Because
of the transitive Fo-linear action of G on {ey,...,ex}, we have z; = ... = z,
)

e1z1+...+epzp = (e1+...+ex)z1 = 21 € Fo.
Thus, Z(A¢)¢ = Fo and Z(Ao) is G-Galois over Fy.

(¢) = (b) Suppose Z(Ap) is Galois over Fg with group im(6a). If the orbit
of e; under the action of T'x is {e;,,...,e;, }, then the nonzero idempotent
ei, + ...+ €, of Z(Ag) is T'5-stable so lies in the field Z(Ag)™(). Hence,
e, +...+e, = 1,50 {i1,...,ig} = {1,...,k}. This shows that I'y acts
transitively on the e;.
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(b) = (d) If 'y acts transitively on the e;, then its corresponding transla-

tion action on the cosets I'1, ..., I'y of I'p is transitive. So, I'y =T U...UT}
must be a single coset of I'X. Since I'y = [[}*, ¥, and each %, is a union of
cosets of I'x, there can be only one X;. Hence 1 = ... = ry.

(d) = (a) Suppose I'; is a coset of a group Q and ;1 = ... = rg. The

equality of the r; implies that there is only one ¥;, which must then be all
of IT';. Hence,
'y ={eel|e+Iy=0y} =Q

So, 'y is a coset of T'x, which shows that 'y = {y—4d | ~,0 € I';} =Ta
(see (2.27)).

Suppose conditions (a)—(d) hold. Then, for each v € T'a = I'5 there is a
¢y € AXNA,. Hence, the map Ag — A, given by a — cya is an Fg-vector
space isomorphism. If ['y = Ule(%‘ +TF) (disjoint union), then by Prop. 2.5,

k
[AF] = Z diHlFo A’y,; = k[AolFo] = ‘FAZFF‘ . [AQSF()]. O
i=1

Note that the equality (2.33) fails to hold in Ex. 2.46 where I'x # T,
[A:F] =4, [Ao:Fo] = 2, and |Ta:T¢| = 3.

2.3.2 Inertial graded algebras

One easy way to build a graded algebra over a graded field F is by scalar ex-
tension from algebras over Fg; we already met this construction in Prop. 2.16
and consider here an important special case.

Lemma 2.49. For a finite-dimensional graded F-algebra A, the following
conditions are equivalent:

(a) A= Ao ®F, F (with each A, = Ao -F,).

(b) [A:F] = [Ag:Fo].

(C) FA = FF.
When they hold, we have T =T'a =TF.

Proof. (a)=(Db) is clear. (b)=(a) Let B = Ag-F = Ag®r, F, which is a graded
F-subalgebra of A with each B, = Ag®g, F, and [B:F] = [Ag:Fg]. If (b) holds,
then [B:F] = [A:F] < oo, which shows that A = B = Ag ®r, F.

(b)<>(c) Write I'a as a disjoint union of I'r-cosets, I'a = J;c; (v +T'F)
with, say, v; = 0. By Prop. 2.5,

[A:F] = [Ag:Fo] + > dimg, A, ,
i#]

with each dimg, A, > 1. Hence, [A:F] = [Ag:F¢] if and only if I'a contains
no other cosets of I'r but I'F itself.

When (c) holds, we have I't € I'x € TI'a = I'r, hence equality holds
throughout. O



2.3 Degree zero elements in simple graded algebras 73

Definition 2.50. Let F be a graded field. A (finite-dimensional) semisim-
ple graded F-algebra A is said to be inertial (over F) if the equivalent
conditions of Lemma 2.49 hold and Z(A) is a separable (= étale) alge-
bra over the field Fo; i.e., Z(Ag) is a direct product of separable field ex-
tensions of Fy. This is an analogue for graded algebras of the notion of an
inertial extension in valuation theory, and it encompasses the finite-dimen-
sional case of inertial graded field extensions that will be considered in §5.1.3.
Corollary 2.42 shows that Ay is a semisimple Fyp-algebra when A is inertial
over F. Then Z(Ag) & Ly X ... X Ly, where each L; is a field finite-dimen-
sional over Fy. The condition that Z(Ap) be separable over Fy is equivalent
to: each field L; is separable over Fg.

Conversely, if A is a finite-dimensional graded F-algebra for which the
conditions in Lemma 2.49 hold, then Lemma 2.13 shows that A is semisimple,
hence inertial over F, if Ay is semisimple and Z(Ap) is separable over Fy.

Remark 2.51. If A is an inertial graded F-algebra, then the graded subal-
gebras B of A all have the form B = By ®f, F, where By is an Fg-subalgebra
of Ag. Note that Z(A) = Z(Ag) ®F, F. Also, A is graded simple if and only if
Ag is simple, if and only if Z(Ap) is a field: see Prop. 2.16 and 2.47.

Proposition 2.52. Let A be a simple graded F-algebra with associated graded
division algebra D. Then A is inertial over F if and only if D is inertial over F
and A =4 M, (D) for some integer n, with the standard grading. When this
occurs, we have

AO = Mn(Do), FA = ].—‘; = FD = FF, and 6‘/_\ = 9D~

Proof. By the graded version of Wedderburn’s Theorem (Th. 2.26), we have
A =, Endp(J) for some right graded D-vector space J. Let n = dimp J. If A is
inertial over F, then

e CTp C Ty CTa =T

hence I'a = I'y = I'p = I'r. Proposition 2.47 then shows that A =, M, (D),
Ao = M,,(Dy), and Oa = Op. It follows that Z (D) = Z(Ap), which is separable
over Fg, hence D is inertial over F. Conversely, if D is inertial over F, then
for A = M, (D) we have Ta = I'p = I'r and Z(Ag) = Z(Dy), so A is inertial
over F. ]

Example 2.53. Let n be a positive integer, and let F be a graded field such
that Fo contains a primitive n-th root of unity w (so charFg is 0 or prime
to n), and let a,b € Fj. Let S be the symbol algebra (a,b/Fp),, a central
simple Fg-algebra of degree n. Then, S ®g, F is the graded symbol algebra
(a,b/F), as in Def. 2.18 above. Thus, (a,b/F),, is an inertial graded F-algebra
with degree 0 component S.

Inertial graded algebras are well-behaved with respect to tensor products
and scalar extensions:
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Proposition 2.54. If A and B are inertial graded F-algebras, then A Qg B is
also inertial over F with (A ®¢ B)o = Ag ®k, Bo.

Proof. We have
A®eB = (Ao ®F, F) ®F (Bo ®, F) = (Ao ®F, Bo) ®F, F. (2.34)
So, (A ®r B)o = Ag ®k, Bo. Let
Z = Z((A®e B)o) = Z(Ao ®F, Bo) = Z(Ag) @k, Z(Bo).

Then, Z is a separable Fg-algebra since Z(Ag) and Z(By) are each sep-
arable Fg-algebras. Say Z = L; x ... x Lg, for fields L1, ..., Lg, each
separable over Fo. Each L; is an algebra over Z(Ag) and over Z(By), and
Ao ®@z(a0) Li @z(B,) Bo is a central simple L;-algebra. So, as

Ao ®F, Bo = Ao @z(a,) (Z(A0) ®F, Z(Bo)) @28, Bo
= Ag®zay) (L1 X ... X Li) ®z(,) Bo

Il

k
1 Ao ®z(ag) Li ®z(8,) Bo,

=1

Ao ®k, Bo is semisimple. Moreover, (2.34) yields Tags = I'r = F:@)B. Hence,
by (2.34) and Lemma 2.49, A ®¢ B is graded semisimple. Thus, A ®¢ B is
inertial over F. ]

Proposition 2.55. Let A be a semisimple graded F-algebra which is inertial
over F, and let K be any graded field extension of F. Then, A Q¢ K is an
inertial K-algebra with (A ®r K)o = Ag ®F, Ko.

Proof. Since A is inertial, we have
A@rK = Ay ®r, K = (Ao ®r, Ko) ®k, K and Tagk = T'k.
Therefore,
(A®r K)o = Ay ®F, Ko and  Z((A®FK)o) = Z(Ag) @k, Ko.

Since Z(Ag) is separable over Fy, it follows that Z((A ®f K)o) is separa-
ble over Ko. Moreover, Ay is semisimple by Cor. 2.42, hence Ay ®¢, Ko is
semisimple. By Lemma 2.13, it follows that A ®f K is semisimple, because
I‘X@)FK = Tagek as Ik C I‘X@)FK C I'agek = k. Therefore, A ®¢ K is inertial
over K. ]

Proposition 2.56. Let A be a central simple graded F-algebra which is iner-
tial over F, and let B be any simple graded F-algebra. Let C = A ®¢ B, which
is a simple graded F-algebra. Then,

Co = Ag QF, By, I'c =T, Z(CO) = Z(BO)7
Fé = Fg, and ec = 93.
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Proof. The graded simplicity of C is given by Prop. 2.32. Since
C=A®B = A)®F F®FB = Ag ®F, B,

we have C, = Ag®F, B,, for each v € I'. Hence, Cy = Ag®F, Bg and I'c = I'g.
Since F = Z(A) = Z(Ay) ®F, F, we must have Z(Ag) = Fo, and hence

Z(Co) = Z(Ao) ®F, Z(Bo) = Z(Bo).

If v € g, then there is some b € B, NB*. Then 1®be C,NC*,s0y e '
and
9(:(’)/) = int(l ®b)|Z(C0) = int(b)|z(30) = 03(’)/)
Hence, I'f CT'¢ and Oc|px = 0g.
B
To prove that I'j =T'Z, it suffices to show that I'¢ C T'g. Let v € I'S. The
homogeneous component C, = Ag ®r, B, then contains an element v that

is invertible in C. Let m = [A:F] = [Ag:Fg]. Note that Ag is central simple
over Fg, by Remark 2.51. Therefore, we have Fyp-algebra isomorphisms

Agp ®F, Ay = EﬂdFO Agp = Mm(Fo).

(Compare Lemma 6.3 for the graded analogue.) By tensoring with Ag®, we
obtain isomorphisms

A ®r, C = A” ®F, Ao ®F, B =y M (Fo) ®F, B = Mu(B),

for the standard grading on M,, (B). Now, 1®u € Aj* ®f, C, = M,,(B).,. This
element is invertible in M,,(B) since u is invertible in C, hence v € F]XWVW(B).
Suppose B =, Endg J for some graded division algebra E and some right
graded E-vector space J. Then M,,(B) =, Endg(J™). Clearly, I'ym =T’ and
if J = @le J; is the canonical decomposition of J determined by the cosets
of I'e in I'y as in (2.2), then the canonical decomposition of J™ is @5:1 J;m.
Since each I'y m =T'j, and dimg J;"" = m dimg J;, I'j» has the same pieces 3;
as I'y in the partition of I'j by the dimensions of the J; as in Prop. 2.44.
Hence, Ffdm(B) =T'j by the characterization in Prop. 2.44(i), and it follows
that v € . Thus, I'¢ C T'5. When combined with the first paragraph
results, this yields ¢ =T and 6c = 0g. O

We now consider scalar extension of central simple graded algebras by
inertial graded field extensions.

Proposition 2.57. Let L be an inertial graded field extension of a graded
field F, and let A be a central simple graded F-algebra. Then,

(A®FL)o = Ao ®F, Lo, Z((A® L)) = Z(Ao) ®F, Lo,

_ X _ X
Fagel = Da, Fage = T'a-
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Moreover, the following diagram commutes:

X X
FA 1_‘A®L

GAJ/ J0A®L

Aut(Z(Ao)/Fo) (% AUt(Z(A &QF L)O/Lo)

where
1) = 7®idy, for 7 € Aut(Z(Ao)/Fo).

Proof. Let T=A®rL =A®F, Lo. It is clear that To = Ag ®F, Lo and hence
Z(To) = Z(Ao) ®r, Lo. Since A is a graded subalgebra of T, we have

IF'an CTI't CTaA+TL =Ta+TF =Ta,

so I't = Ta, and T C T'f. To get equality in the last inclusion, let
B = Endg(L), and view L as a graded F-subalgebra of B by the left regu-
lar representation. Since L is inertial over F, we have L =, F" as graded F-
vector spaces where n = [L:F]. Hence, B is an inertial central simple graded
F-algebra. Therefore, Prop. 2.56 shows that Iy, 5 = I'x. But the inclusions
of graded algebras A C T C BRpAyield 'y CT'F C FX®FB. Hence, I'Y =T}
So, for any v € I' there exists an a € A, NA*. Thena® 1 € T, NT*, so as
Oa(y) = inta(a)|z(ay), We have

O1(vy) = intr(a®1)|z(1,) = (inta(a)|za,)) @ idL, = t(0a(7))-
Thus, 01 = ¢ 0 0. O

Our final result in this section demonstrates how the action of the grade
group of a graded division algebra on the homogeneous component of degree
zero behaves under an inertial graded field extension.

We let D be a central graded division algebra over a graded field F and
consider an inertial graded field extension L of F (possibly of infinite degree).
Recall from Prop. 2.40 that Z(Dy) is a Galois field extension of Foq with abelian
Galois group. Let G = G(Z(Dy)/Fo). With G acting on the left factor, the
étale Lo-algebra Z(Dy) ®F, Lo is G-Galois. Since G is abelian, any element
that fixes any one of the primitive idempotents of Z(Dg) ®f, Lo fixes each of
the idempotents. Let H C G be the subgroup of all such stabilizing elements.
There is a field extension K of Ly such that

Z(Do) ®F0 LO >~ Kx...x K. (235)

The extension K/Lg is Galois with Galois group isomorphic to H. The iso-
morphism H = G(K/Ly) is obtained via the inclusions

H C G C Aut ((Z(Do) ®F, Lo)/Lo))

and the isomorphism (2.35), but it does not depend on the choice of this iso-
morphism: see the discussion preceding Prop. 2.45. The isomorphism (2.35)
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yields Fp-embeddings of Z(Dy) in K. Since Z(Dy) is Galois over Fy, all these
embeddings have the same image, and K can be viewed as the field composi-
tum of Ly and Z(Dy). Since moreover G is abelian, the intersection Z(Dgy)NLg
in K is independent of the choice of embedding Z(Dg) — K, and we have by
Galois theory

H 2 G(K/Ly) = G (Z(Do)/(Z(Dy) L))

Proposition 2.58. Use the notation above, and let E be the graded division
algebra associated to D ®¢ L. Then,

(i) Eo is the associated division algebra of Do ®z(p,) K.
(i) Te = 05" (H) C T'p, and there is a commutative diagram:

FE%FD

| |

G(K/Ly) —— G

where the upper horizontal map is the inclusion and the lower horizontal map
is the composition G(K/Lg) = H — G.

Proof. Proposition 2.41 shows that Ey is the division algebra associated to
each simple factor of the semisimple algebra (D ®g L)g. By Prop. 2.57, we
have

(D®fF L)o = Do ®F, Lo.

By decomposing Do ®F, Lo = Do ®z(p,) (Z(Do) ®F, Lo) and using (2.35), we
obtain
(D ®¢ L)o = (Do ®2z(Dy) K)x...x (Do ®2z(Dy) K).
Therefore, the simple factors of (D ®f L)o are isomorphic to Dy ®z(p,) K.
Assertion (i) follows.
To prove (ii), note that by Prop. 2.57 we have Z((D®¢L)o) = Z(Dg) ®F, Lo
and I'§,, = T'5 = I'p, and the following diagram commutes:

I'o =—"TpaL

9% PD@L (2.36)

G— Aut((Z(Dg) ®¢, Lo)/Lo)

Now, Prop. 2.45 shows that I'e consists of the v € FS®L such that OpgL(y)
fixes the primitive idempotents of Z(Dg) ®f, Lo. Since diagram (2.36) com-
mutes, these  lie in I'p and can also be characterized by the condition that
Op(7y) € H. Moreover, Prop. 2.45 also yields a commutative diagram
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C X
I'e el

GEJ/ J/0D®L

G(K/Ly) —% Aut((Z(Do) @, Lo)/Lo)

Then (ii) follows by combining this diagram with (2.36). O

Exercises

Ezercise 2.1. Let D be a graded division ring.

(i) Let 4, § € T. Show that the shifted right graded D-vector spaces
D(y) and D(d) are isomorphic as graded D-modules if and only if
Y= 1) (HlOd FD).

(ii) Let V be a right graded D-vector space and W a left graded D-vector
space. Establish a canonical isomorphism of graded Z(D)-vector spaces
V() ®p W(5) =4 (V @p W)(y +9).

Exercise 2.2. Let D be a graded division ring and let d1,...,d0,,€1,...,6, € L.
Show that M, (D)(01,...,0n) =4 M, (D)(e1,...,e,) if and only if there is a
permutation o of {1,...,n} and a v € I' such that §; —e,¢;y € v+ I'p for all
1=1,...,n.

Exercise 2.3. Let F be a field, let £ be a commuting indeterminate over F, and
let A= F[t){z,y}, the free algebra in noncommuting indeterminates = and y
over the polynomial ring F[t]. Thus, A has a base as a free F[t]-module
consisting of all words of finite length in = and y. Clearly Z(A) = Ft].
Let I be the two-sided ideal of A generated by tx, and let B = A/I,
which is generated as an F-algebra by the images ¢, 7,7 of ¢, z,y. Show that
Z(B) = F[t] 2 F[t], and T # 0, but ¢T = 0. Thus, q(Z(B)) = F(t), a
rational function field over F', but B does not embed in its ring of central
quotients ¢(B) = B ®zp) ¢(Z(B)) = B @pyy F(t). In fact, ¢(B) = F(1)[7],
a commutative polynomial ring in 7 over the field F'(¢). (Hint: There is a
Z x Z-grading on A given by degree in t and total degree in x and y. Since
I is a homogeneous ideal of A with respect to this grading, there is an induced
grading on B. From this one can determine an F-vector space base of B.)

Ezercise 2.4. This exercise gives the graded version of a standard identity
for symbol algebras, cf. Draxl [63, Lemma 7, p. 81]. Let n = ning for some
relatively prime integers ni, no > 2, and suppose F is a graded field such
that Fy contains a primitive n-th root of unity w. If my, mq, n1,ns € Z satisfy
miny + mans = 1, show that for all homogeneous elements a, b € F*

(a/7 b/F)w’n gg (anlz’ b/F)wn27n1 QF (aﬂll , b/F)wnl g
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Ezercise 2.5. Use the same notation as in the preceding exercise, and let wy,
wo € Fo be primitive roots of unity of order n; and no respectively. Show
that for all homogeneous elements a1, by, as, by € F*

(Cll7 bl/F)wl,’ru XE (GIQ, bg/F) gg (a?2a;1 s b?ﬁbgl/F)

Exercise 2.6. Let F be a graded field, let A be a central simple graded F-
algebra, and let B be an arbitrary graded F-algebra. Show that there is a
bijection between two-sided homogeneous ideals of A ®¢ B and two-sided
homogeneous ideals of B, which maps J C A®B to JN(1®B) CBand KC B
to A ®g K C A ®¢ B. (This result yields an alternative proof of Prop. 2.32.)

w2,Mn2 wiwa,n

Ezercise 2.7. Show that if A and B are finite-dimensional graded algebras
over a graded field F, then A x B is inertial over F if and only if A and B are
each inertial over F.

Ezercise 2.8. Let A and B be (finite-dimensional) central graded division al-
gebras over a graded field F. Assume that I'a N T'g = ['f.

(1) Prove that (A RE B)O = Ag ®F, Bo, PA®FB = P;(@FB =T'a+18
and that Oags: I'a + I's — Aut (Z(A)o ®r, Z(B)o /FO) is given by
v+ 0 QA(’)/) ® 95(5), for all vy € a, 0 €lg.

Let S be a separable closure of Fy. Since Z(A)g (resp. Z(B)o) is Galois over Fo,
we may identify it with its unique Fg-isomorphic copy in S. Then the com-
positum Z(A)g - Z(B)o and the intersection Z(A)g N Z(B)o are well-defined
subfields of S. Moreover, as Z(A)y is abelian Galois over Fg, the identification
of G(Z(A)o/Fo) with the Galois group of the image of Z(A)g in S is indepen-
dent of the choice of Fp-homomorphism Z(A)y < S. Likewise for Z(B)o. See
the remarks preceding Prop. 2.45.

(ii) Let D be the graded division algebra associated to A ®¢ B. Prove that
Z(Dg) =2 Z(A)o - Z(B)o and that Dy is the division algebra associated
to

Ao @z(n), (Z(A)o - Z(B)o) ®z(B), Bo-

Let Z = Z(A)oNZ(B)y C S. Recall (see Pierce [178, Lemma b, p. 256]) that
since Z is Galois over Fg, we have

Z@r 22 [ esZ
oc€G(Z/Fy)

where the primitive idempotents {e, | 0 € G(Z/Fy)} of Z ®¢, Z are charac-
terized by the condition that e,(c ® 1) = e, (1 ® o(c)) for all ¢ € Z.

(iii) Prove that I'p = {y+d | ¥ € Ta, § € I'g, and 0a(y)|z = 0s(9)|z}-
Hence |[Ta 4+ I'g : I'p| = [Z:Fy].
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Notes

Graded rings and modules are a classical topic, which is well-documented
in the literature; see for example Bourbaki [31, § II.11, § IIL.3]. The idea to
consider a graded ring in which nonzero homogeneous elements are invertible
as a “graded field” can be traced back to Nastiasescu [169] in the special case
where the grade group is Z. Elaborating on this idea, it is natural to de-
velop for semisimple graded algebras the analogue of the Wedderburn theory
of semisimple algebras; this was done by Nastiasescu—Van Oystaeyen [170,
§ I1.9] (for I' = Z); see also Boulagouaz [25] and Hwang-Wadsworth [103,
§1]. The graded version of the Skolem—Noether Theorem (Th. 2.37) is due to
Hwang—Wadsworth [103, Prop. 1.6]. The description of the zero-component
of a simple graded algebra in §2.3 comes from Tignol-Wadsworth [246, §2].

Exercise 2.8 is a graded version of Morandi-Wadsworth [163, Cor. 3.12],
which is for valued division algebras.
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