Chapter 2
Differential Flatness Theory
and Flatness-Based Control

2.1 Introduction

First, the chapter analyzes flatness-based control for lumped parameter systems,
that is systems which are described by ordinary differential equations. The chapter
overviews the definition and properties of differential flatness and presents basic
classes of differentially flat systems. It is explained that all dynamical systems which
satisfy differential flatness properties can be transformed through a change of vari-
ables into the linear canonical form. The first section of the chapter presents examples
of single-input dynamical systems which are written into the linear canonical form by
using the differential flatness theory diffeomorphism and the design of the associated
feedback control loop is explained. The case of MIMO differentially flat dynamical
system is also examined. It is shown that differentially flat systems which admit static
feedback linearization can be transformed into the linear canonical form. Moreover, it
is shown that for MIMO differentially flat systems, that admit only dynamic feedback
linearization, it is again possible to succeed transformation to the linear canonical
form and subsequently to design state feedback controllers.

Next, the chapter examines flatness-based control for distributed parameter sys-
tems, that is, systems which are described by partial differential equations. Unlike
control of lumped parameter systems, distributed parameter systems control has been
less investigated. Such systems are described by partial differential equations and
the associated boundary conditions and play a critical role in several engineering
problems, such as vibrating structures, flexible-link robots, waveguides and optical
fibers, heat conduction, etc. Differential flatness theory enables the solution of such
control problems. A flatness-based control method for distributed parameter systems
proposes the decomposition of the desirable trajectory into a series of a reference flat
output and its derivatives, and enables to compute control commands that succeed
trajectory tracking. One can also consider flatness-based control for PDE systems
which are based on the transformation of the PDE model into a finite differences
models and the associated state-space description in a canonical form. The chapter
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48 2 Differential Flatness Theory and Flatness-Based Control

overviews main findings and methods on flatness-based control of systems exhibiting
a spatiotemporal (2D) dynamics.

2.2 Definition of Differentially Flat Systems

2.2.1 The Background of Differential Flatness Theory

Differential flatness theory and flatness-based control were introduced in the late
1980s by Michel Fliess and coresearchers and since then they keep on being devel-
oped and on providing efficient solutions to advanced control and state estimation
problems [153].

The definition of a differentially flat system is as follows: A system x = f(x, u)
with state vector x € R", input vector u € R™ where f is a smooth vector field, is
differentially flat if there exists a vector y € R™ in the form

y=nh,ui,...,u") 2.1)
such that

x=¢,y,....yD)
. 2.2
u:oc(y,y,...,y(q)) (22)

where &, ¢ and « are smooth functions. This means that the new system’s description
is given by the m algebraic variables y;, i = 1,2, ..., m. The definition of the flat
output given above was y = h(x, u, i, ..., u™). If the flat output is exclusively a
function of the state vector x then the system is a O-flat one. However, there may be
a need to express the flat output as a function of not only the state vector x but also
as a function of the control u# and of its derivatives. For instance, the latter holds in
the case of dynamic feedback linearization and in the application of the so-called
dynamic extension. This means that the state vector of the system is extended by
considering as additional state variables the control inputs and its derivatives.

Equation (2.2) shows that the state vector of the differentially flat system and its
control inputs can be expressed as function of the flat output and of the flat output’s
derivatives. The basic question that arises in the study of differential flatness is
whether, given the differential equations that describe the nonlinear system dynamics
X = f(x, u), there exists a function y = i() givenby y = h(x, u, u, ..., 1), such
that the state vector of the system x and the control input u can be expressed as
functions of y and of its derivatives, as in Eq.(2.2).

This problem was initially set by D. Hilbertin 1912, for the second-order Monge’s
equation

d’y dy dz

— =Fx,y,z, —, — 2.3
dx? (xyzdx dx 23
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which is an underdetermined differential equation system (there is one differential
equation with respect to x, connecting two functions of x, namely y(x) and z(x)).
Hilbert speaks about a solution that is not based on the computation of integrals.
He has shown that this problem is related to the classification of underdetermined
differential equation systems through a group of transformations called “invertible
without integral.”

Soon afterwards, Elie Cartan, reworks on the question set by Hilbert and shows
how the calculations on the Pfaff systems, permit to classify second-order Monge
equations which admit a solution without integral. He deduced an explicit description
for all curves in the Euclidean space R> for which the curvature ratio and the torsion
are constant. The results of Elie Cartan are complete for Pfaff systems of codimension
2, which are underdetermined differential equation systems of codimension 1, i.e.,
systems in which only one arbitrary function intervenes (otherwise stated, systems
having only one control input). Elie Cartan also suggested the notion of absolute
equivalence; however, he did not define it with precision. He also noted that for
Pfaff systems of codimension equal or greater than 2 (which means systems having
at least two control inputs) the solution of the above problem becomes extremely
complicated.

Next a formal definition will be given about the analogy in terms of the con-
trol theory, of what was described above as underdetermined differential equation
systems which can be solved without integration.

2.2.2 Differential Flatness for Finite Dimensional Systems

As noted in Egs.(2.1) and (2.2) differential flatness is a structural property of a
class of nonlinear dynamical systems, denoting that all system variables (such as
state vector elements and control inputs) can be written in terms of a set of specific
variables (the so-called flat outputs) and their derivatives. The following nonlinear
system is considered:

X(@) = f(x(0), u()) (2.4)

The time variableis ¢t € R, the state vectoris x(¢) € R" withinitial conditions x (0) =
X0, and the input variable is u(t) € R™. Next, the main principles of differentially
flat systems are given [465, 535]:

The finite dimensional system of Eq. (2.4) can be written in the general form of an
ordinary differential equation (ODE), i.e., S;(w, w, W, ..., w¥), i =1,2,...,q.
The entity w is a generic notation for the system variables (these variables are,
for instance, the elements of the system’s state vector x(¢) and the elements of
the control input u(¢)) while wh i =1,2,..., q are the associated derivatives.
Such a system is said to be differentially flat if there is a collection of m functions
y = (31,..., ym) of the system variables and of their time derivatives, i.e., y; =
dw, w,w, ..., w@y i =1,...,m satisfying the following two conditions [152,
340, 362, 364, 422]:



50 2 Differential Flatness Theory and Flatness-Based Control

1. There does not exist any differential relation of the form R(y, y, ..., y#) =0
which implies that the derivatives of the flat output are not coupled in the sense of an
ODE, or equivalently it can be said that the flat output is differentially independent.
2. All system variables (i.e., the elements of the system’s state vector w and the
control input) can be expressed using only the flat output y and its time derivatives
wi =iy, v, ..., y(V")), i = 1,...,s. An equivalent definition of differentially
flat systems is as follows:

Definition: The system x = f(x,u), x € R", u € R™ is differentially flat if there
exist relations

h: R" x (Rmy+! - Rm,
¢: (R™)" — R"and (2.5)
1![ . (Rm)r+l s RmM

such that

y=h(x,u,u,..., u(’)),
x=¢G,y, ...,y D), and (2.6)
=9,y ...,y y0),

This means that all system dynamics can be expressed as a function of the flat output
and its derivatives; therefore, the state vector and the control input can be written as

x(t) = ¢, y(®), ...,y " V()), and

u(6) = (@), 50). ...y 1) @7

Next, an example is given to explain the design of a differentially flat controller for
finite dimensional systems of known parameters.

Example I: Flatness-based control for a nonlinear system of known parameters [263].
Consider the following model:

X1 = X3 — Xou
Xo=—xp+u (2.8)
X3 =x2 — x1 + 2x2(u — x2)

2
The flat output is chosen to be y; = x1 + %2 Thus one gets:

2

Y1 =X1+%2

Y2 =91 = (x3 — x2u) + x2(u — x2) = X3 — X3 (2.9)
y3i=y2 =¥ =x2 —x1 +2x2(u — x2) — 2x2(u — x2) = —x1 + x2
V=513=yf3)=—X3+x2u—x2+u=—xz—X3+u(1+x2)

It can be verified that property (1) holds, i.e., there does not exist any differential
relation of the form R(y, y, ..., y(ﬁ)) = 0, and this implies that the derivatives of
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the flat output are not coupled. Moreover, it can be shown that property (2) also
holds i.e., the components w of the system (elements of the system’s state vector and
control input) can be expressed using only the flat output y and its time derivatives
wi =iy, v, .. YY) i =10, ...,
For instance to calculate x| with respect to yy, y1, ¥1 and yf) the relation of y is
used, i.e.,
X+ 204§+ F7 - 231 =0 (2.10)

from which two possible solutions are derived, i.e., x| = —(14+y1—+/1 + 2(y1 + y1))
and x; = —(1+ ¥ + /1 4+ 2(y1 + ¥1)). Keeping the biggest out of these two solu-

tions one obtains:
x;p == +5)+/1+201 + 1)
X2 =y + X1
x3=5)1+'y’f+2xlj}1+x12 @2.11)

oy 20 B
- I+x1+1

u

The computation of the equivalent model of the system in the linear canonical form
is summarized as follows: By finding the derivatives of the flat output one gets a
set of equations which can be solved with respect to the state variables and the
control input of the initial state-space description of the system. First, the binomial
of variable x; givenin Eq. (2.10) is solved providing x; as a function of the flat output
and its derivatives. Next, using the expression for x| and Eq. (2.11), state variable
X7 is also written as a function of the flat output and its derivatives. Finally, using
the expressions for both x; and x; and Eq.(2.11), state variable x3 is written as a
function of the flat output and its derivatives. Thus one can finally express the state
vector elements and the control input as function of the flat output and its derivatives,
which completes the proof about differential flatness of the system.

From Eq.(2.11) it can be concluded that the initial system of Eq.(2.8) is indeed
differentially flat. Using the flat output and its derivatives, the system of Eq. (2.8) can
be written in Brunovsky (canonical) form:

4 [ 010\ /v 0
2= 001 yw|+({0]v (2.12)
"\y, 000/ \y; 1

where the new control inputis v = f(x) + g(x)u. Therefore, a transformation of the
system into a linear equivalent description is obtained and then it is straightforward to
design a controller based on linear control theory. Thus, given the reference trajectory
[x], x3, x;‘]T, one can find the transformed reference trajectory [yj, y{, j?i"]T and
select the appropriate control input v that succeeds tracking of the reference setpoints.
Knowing v, the control u of the initial system can be found. Knowing v the control
input that is actually applied to the system is u = g~ (x)[v — f(x)].
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It is noted that for linear systems, the property of differential flatness is equivalent
to that of controllability. Next, two examples of differentially flat MIMO dynamical
systems are given. It is shown that the definition of the differential flat outputs also
enables to transform the system into the Brunovksy (canonical) form:

Example 2: Differential flatness of a nonlinear spring—damper—mass system which
consists of two masses.

The spring—damper—-mass model is described in Fig.2.1. The dynamic equations
of the model are given by [89]

Mljél = _fK1 ()C) - f31 ()C)+
+ K> (X) 4 fBy(x) +uy +0.2us

(2.13)
Myiy = — fg, (x) — fB,(x) +0.25u; + uz
where M| and M, are the masses of the system, x(¢) = [x1, X1, x2, %217 is the state

vector which has as elements the positions and the velocities of the two masses, and
Sk, (x) and fk, (x) are spring forces defined by the following equations

fri () = K10+ AKx3

2.14
fir (6) = Kag + AK (x2 — x1)? @14
fB,(x) and fp,(x) are friction forces which are defined as
. .2
B, (x) = brox1 + Abyx; 2.15)

I8, (x) = by (2 — %1) + Aby(iz — %1)?

Fig. 2.1 A spring—damper— Y 4
mass system consisting of
two masses
X1 Xy
k ky
Uu
M ug Mz N 2
B B,
:| SB, ] /3,
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The following flat outputs are defined
YI=X1 2 =Xx2 (2.16)

Obviously, it holds
N=In =00 2.17)
X1 =Yy1 X2 =2
Thus, it is observed that the state variables of the spring-damper-mass model can be
expressed as functions of the flat outputs and of the associated derivatives. Moreover,
the following relations can be obtained about the control inputs of the model

Mx| =
—(Kiox1 + AK1x7) — (biox1 + Abiif)+ (2.18)
+(Kao(x2 — x1) + AK2(x2 — x1)°)+ ’
+ (b (2 — %1) + Aby (2 — £1)%) + uy + 0.2up

Mrixp =

—(K20(x2 — x1) + AK2(x2 — x1)?) — (bao (2 — X1)+ (2.19)

Aby (%2 — x1)% + 0.25u1 + us

Using the definition of the flat outputs in Egs. (2.18) and (2.19), one obtains

My, =
—(K10y1 + AK1y}) — (101 + AbiyH)+ (2.20)
+(K20(y2 — y1) + AK2(y2 — y1))+ '
+(b20(2 — 1) + Ab2 (32 — §1)?) + u1 4 0.2uy

My =

—(K20(y2 — y1) + AK2(y2 — y1)°) — (bao (32 — 31+ (2.21)

+Aby(y2 — y1)* 4 0.25u1 + us
or equivalently

M1 + (Kioyt + AK1yY) + (broyi+
+Ab13}) — (K2o(v2 — y1) + AK2 (32 — y1)¥)— (2.22)
—(ba0 (32 — ¥1) + Aby (32 — ¥1)?) = u1 +0.2us

Mo§s + (Ka0(y2 — y1) + AK2(v2 — y) )+
+(br (32 — 31) + Abr(y2 — y1)? = (2.23)
=0.25u1 + up
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Defining the matrix of the coefficients of the control inputs and its inverse as

(1 02\, _ (10526 —0.2105
A= (0.25 1 ) A= (—0.2632 1.0526) 224

one obtains the following relation about the control inputs and the flat outputs defined
in Eq.(2.16)
ury _ [ 1.0526 —0.2105Y\ (qi
(Mz) B (—0.2632 1.0526 ) (q2 (2.25)

where g1 = Mi§ + (kioy1 + AK1y3) + (bioy1 + Abi3}) + (Kao(y2 — y1) +
AKy(y2 — y1)*) + (b2 (32 — 31) + Aba (32 — 31)?) and g2 = M3 + (Kao(y2 —
Y1) + AK2(y2 = y1)?) + (b2o(32 = J1) + Aba (32 = 31)?).

The previous relation between the state variables of the system and the flat outputs
enables to write the system in the Brunovsky (canonical) form

yi =
i (= (Kioy1 + AK1y]) = (bioy1 + Abi i)+ (2.26)
(K202 = y1) + AK2 (y2 — y1)¥)+ '
+b2 (2 — y1) + Aba (2 — ¥D)} + M%ul + O.ZMLluz
o =
ML{—(Kzo(yz — 1) + AK2(y2 — y1)P)— 2.27)
2 . . . © N2 1 1
—(b20(y2 = y1) + Ab2(y2 = Y1)} 4 0.2537u1 + qu2
Consequently, one has
V1= filt. y1. 2, y2) + gni(x)uy + gr2(x)uz (2.28)
V2 = fa(y1, V1, y2. ¥2) + g21(0)u1 + g2 (x)uz (2.29)
with ) )
S1O1, Y15 y2, 32) = filx) =
@{—(Kmyl + AK1y}) — (b1031 + Ab13D)}+ 230)
3 (K20 (v2 = y1) + AKa(y2 — y) )+
+b20(32 — $1) + Aby (52 — y1)?}
g, yi, 32, 32) = g12(0) = 3
o (2.31)

g12(y1, 1. y2, y2) = g12(x) = 37
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L0131 y2, 02) = falx) =
35 (= (Kao(2 — y1)) + AK2 (32 — 1) (2.32)
—(b20(32 = J1) + Ab2 (32 — y1)))

g1 (1, ¥, y2, $2) = g1 () = §2

Y : (2.33)
g22(¥1, Y1, y2, y2) = g22(x) = MLz

Thus, one obtains the following canonical form description for the nonlinear system

X1 0100 X1 00
| [oo000)[x 10| (v
i T looor]|x] oo (V2) (2.34)
X4 0000 X4 01
where
vi = f1i(x) + gri(®ur + gra(x)uz (2.35)
va = fo(x) + g2a1(®X)u1 + gaa(x)uz ’
or equivalently
v=Fx)+ Gx)u (2.36)
where
Vi ui fi(x)
= s = s F = s
(2.37)

G — (g“(x) glz(x))
821(x) g22(x)

Example 3: Differential flatness of the VTOL aircraft (vertically take-off and landing
aircraft).

The dynamic model of the vertically take-off and landing aircraft (Fig.2.2) is
described by the following set of equations [561]

X =u1sin(0) — eupcos(9)
7= uwos(@) + eupsin(@) — 1 (2.38)
0 =un
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Fig. 2.2 The vertically
take-off and landing aircraft
model

where ¢ is a small parameter. Defining y; and y, two smooth functions satisfying
the condition §? + (32 + 1)? # 0, e.g., y1 = x — &sin(8), y2 = z + ecos ()

ey

X=y — =,
I+ 1)2

__ghtl (2.39)

Z=y2— ,
VG2 +1)2

_ —1,_J
0 =tan (y2+1

Since all state variables are expressed as functions of the flat outputs and their deriv-
atives, one can also write the control inputs # and u as functions of the flat outputs
and their derivatives. This confirms that the model of the vertically take-off and
landing aircraft is differentially flat. The system can be written in the Brunovsky
form

YW =y, 3 =, (2.40)

where the control inputs v and v, are defined as

Vi = masin(®) + 2n6cos(0)+
+niuzcos(0) — mézsin(é’)
(2.41)
Vo = fpcos(9) — 2nrBsin(0)—
—niussin(0) — mézcos(G)

with variables n; and 7, being defined as

nmo=u — 6%, m =1 (2.42)
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The previous Brunovsky-form model of the vertically take-off and landing aircraft
can be also written using state-space equations

Vi1 01000000\ [y 00

V12 00100000 [ yi2 00

V1.3 00010000 |13 00

yial 100000000 | via 10] (v

1| = looooo100f ]| o0 (W> 243)
2,2 00000010/ ] y22 00

2,3 00000001 |y23 00

V2.4 00000000/ \y24 01

2.3 Properties of Differentially Flat Systems

2.3.1 Equivalence and Differential Flatness

2.3.1.1 Representation of System Dynamics as Vector Fields of Infinite
Dimension

A basic property of differentially flat systems is that through a change of variables
(diffeomorphism) they can be transformed to an equivalent description, which is
the linear canonical (Brunovsky) form. This is analyzed next and stands for the
Lie-Backliind isomorphism to equivalence and differential flatness [153].

First a dynamical system of the form

¥=f(x)xe X CR" (2.44)

is considered. This is described by the couple (X, f), where X is defined in R" and
f is a vector field on X. A trajectory is considered to be the function — x(¢) such
that X (1) = f(x(¢t)) Yt > 0. One can consider also the output mapping x — h(x)
for which holds

dh —dh 't—dh t V>0 2.45
m (x(t))—E(x(t))w()—E(x( N fx@) Ve = (2.45)

Equation (2.45) gives the total derivative, i.e., fi—}t’(x (1)) - f(x(2)) is also called time
derivative of the function £, and is noted by h.

Next, the notions of the total derivative and of the time derivative of function &
can be generalized to the case of a nonlinear system with control input

%= f(x,u) (2.46)
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where X x U € R" x R™. Here, f is no longer a vector field but is an infinite
collection of vector fields parameterized by u. Actually, for every u the function
x — fu(x) = f(x,u) is a vector field on X. One can also consider the case of
dynamic feedback in which the system’s state vector is extended by defining as state
vector element the control input (and its derivatives), while the equations describing
the system’s dynamics are extended as follows:

x=flxu (2.47)
w=v

In the latter case, in place of the state-space X one has the state-space X x U.
Assume now that the solution of x = f(x, u) is the function t — (x(¢, u(¢))) which
has values in X x U, such that x(t) = f(x(¢),u(t)) Vt > 0. Moreover, one can
consider the infinite function

t— E(t) = (x(t), u(t), i(t), ...) (2.48)

which takes values in X x U x R}’, where R” = R™ x R™ x --- represents an
infinite product formed by vectors defined in R™. A point of R’ is of the form
u® 4@ withu! € R™, using that x = f(x, u). This function also satisfies the
relation

E() = (f(x(®), u(®)), (1), ii(t),..) ¥t >0 (2.49)
and this can be interpreted as a trajectory of an infinite vectors field
Cou,u®, )= Foou,uV, )= (Fouw), u®,u®, .. ) (2.50)

According to the above, the dynamical system x = f(x, u) is defined by the space
X x U x R;? and an infinite number of vector fields F on that space. As in the case
of an autonomous dynamical system x = f(x), for the nonautonomous dynamical
system X = f(x,u) one can also define the time derivative of the smooth output
function (x, u, ud D) — hix,u, u® u(k)), which is written as

fz(x u,uM, . u(k‘H)) =Dh-F =
= axf( u) + u(l) + 3 ah Db y@ 4. @31
If h() depends on a finite number of variables then the above sum becomes finite
too. For the above type of functions, one can define the so-called Fréchet topology
which implies computations on smooth functions which are defined in k copies of
R™, for k being sufficiently large.

After a change of variables, a differentially flat system is written in the canonical
Brunovsky form. Thus, it becomes equivalent to the trivial system R>’, F,, with
coordinates y, y(', y@ ... and the vector fields

OGN,y ¥y ) = Fu(y,y, y?, ) (2.52)
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which describes systems composed by m chains of integrators (this is the canonical
Brunovsky form for linear controllable systems).

2.3.1.2 Equivalence of Systems

Two dynamical systems are considered to be equivalents if there exists an invertible
relationship which exchanges their trajectories. The definition of equivalent systems
is as follows:

Definition: Two systems (M, F) and (N, G) (notation referring to state vector and
vector field, respectively) are equivalent in (p, q) € (M, N), if and only if, there
exists an endogenous transformation from a neighborhood of p to a neighborhood
of g. The two systems (M, F) and (N, G) are equivalent if the equivalence holds
for all pairs of points (p, g) of the space M x N.

Using coordinates, the previous notions are expressed as follows: Considering the
two systems (X x U x Ry°, F)and (Y x V x R{°, G) describing the initial system
dynamics

X = f(x,u)with (x,u) € X x U C R" x R" (2.53)

and the equivalent system dynamics
y=g(y,v) with (y,v) €Y x VC R xR’ (2.54)
The vector fields F, G are defined as

FGo,u,u®, ) = (fee,u), uM u@ )

Gy, v, vV, .. ) = (g(y,v), v, v® ) (2.55)

If the two systems are equivalent, the endogenous transformation takes the form

wix,u,uV,. ) = Wx, a), Bx, ), Bx, i), ...) (2.56)

where u is the abbreviated notation iz = (u, u®, u(k)). Similarly, one can define
the inverse endogenous transformation

@y, v vV ) = (0GP, a(y, V), &y, D), ...) (2.57)
Since @ and ¥ are inverse to each other, one has

V(@ V), a(y,v) =y and ¢ (¥ (x, &), B(x, i) = x 2.58)
B(p(y. V), a(y,v)) =v and a(¥(x, &), B(x, i) = u '
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About vector fields F' and G which are related to the derivatives of x and y, respec-
tively, one has

F@(y.v),a(y,v)) = Do(y.v) - g(y. V) (2.59)

where g corresponds to (g, v v(k))
W (x, i), B(x, @) = DY (x, it) - f(x, it) (2.60)
where f corresponds to (f, u® u(k)). Additionally, it can be stated that if the

trajectory of the first system is denoted as
1 — (x(1), u(t)) (2.61)
then the trajectory of the second system becomes

1= (@), v(1) = (Y x (@), u(0)), B(x(1), u(r))) (2.62)

Example I: The VTOL aircraft (Vertical Take-off and Landing Aircraft) studied in
Sect.2.2.2 is revisited. State-space transformation for the VTOL model provides an
example of equivalence between dynamical systems descriptions.

The initial dynamic model of the VTOL aircraft is given by

X = —uysin(0) + cuzcos(0)
7= uwos(@) + eupsin(@) — 1 (2.63)

0 =un

This system is first shown to be globally equivalent to the transformed model

V1 = —ésin(0)
Vo =E&cos(®) — 1 (2.64)
6 = u,

where £ and 6 stand for the new control inputs. Indeed, choosing
X :=(x,2,2,2,60,0) and Y := (y1, ¥2, Y1, Y2) (2.65)

U = (u1, uz) V=0

and with the abbreviated notations given above one can define the functions of the

transformed state vector and of the transformed control input ¥ = ¢ (X, U) and

V =8(X,U),as

x —esin(0)
| z+ecos(9) - fuy —£6?
Y(X,U) = i — ebeos(®) and (X, U) = ( 0 ) (2.66)

z — elsin(0)
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which finally enable to obtain the endogenous transformation ¥. The inverse trans-
formation @ is given by X = ¢ (Y, V) and U = «(Y, V) according to the following

y1 + esin(0)
y1 — ecos(0)
- n+ ebcos(0) - (& + €62
oY, V)= S, — efsin(0) and (Y, V) = ( i ) (2.67)
0
6

Continuing with the vertical take-off and landing aircraft (VTOL) and using the
dynamics of the aircraft which has been defined in Eq. (2.63), it is found that this
system admits as flat output

y = (x —esin(0),z + ecos(0)) (2.68)

To express the state variables and the control input as functions of the flat output and
its derivatives (this enables to find also the elements of the inverse transformation of
@, thatis X = ¢(y) and U = «(y)), the following implicit relations are used:

=0+ n-2>=¢
1 =x)G2+ D2 —2)¥1 =0 (2.69)
(32 + 1)sin(0) 4 Ji1cos(@) =0

Solving the above set of equations with respect to x, z, and 6, one gets

Wi

X = y|te—r——
JITHGa+1D?
G +1)
7 = yte—=— (2.70)
VIEHGa+1)?
0 =tan~' (5> + yll)

One has simply to differentiate so as to obtain x, z, 6, and u as functions of the deriv-
atives of the flat output y. Singularity of the system is avoided if yl2 +(Ga+ 12 #£0.

Next, the system is transformed to the linear canonical form described in Eq. (2.43)
through dynamic feedback linearization. The feedback control consists of the fol-
lowing elements
£ = —visin(0) + vacos(0) + £62

up =& + 6> (2.71)

Uy = —%(Vlcos(e) + vosin(0) + 2£(0))
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which transforms the system into the linear canonical form

y(4) =V
%4) (2.72)
Yo =02

Thus, now one has the change of coordinates
(x,2,0,%,2,6,8 ) — (v, 9, 5,57 (2.73)

The only singularity which may appear in this feedback control loop is when & = 0
that is yf + (32 4+ 1)? = 0 (which practically means that the aircraft is in free fall).

Example 2: The underactuated vessel dynamics. The model of an autonomous hov-
ercraft provides another example about equivalence between an initial complicated
nonlinear description of its dynamics and the linear canonical (Brunovsky form)
[461].

The hovercraft model is obtained from the generic ship’s model, after setting
specific values for the elements of the inertia and Coriolis matrix and after reducing
the number of the available control inputs. The state-space equation of the nonlinear
underactuated hovercraft model (Fig.2.3) is given by

X =ucos(y) —vsin(yr)
y = usin(y) + veos(¥)

y=r
U=v-r+1 (2.74)
v=—u-r—pv

F =71

Fig. 2.3 Diagram of the o4
underactuated hovercraft’s
kinematic model
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where x and y are the cartesian coordinates of the vessel, ¥ is the orientation angle,
u is the surge velocity, v is the sway velocity, and r is the yaw rate. Coefficient
is a function of elements of the inertia matrix and hydrodynamic damping matrix
of the vessel. The control inputs are the surge force 7, and the yaw torque 7. The
hovercraft’s model is also written in the matrix form:

X ucos(Y) — vsin(yr) 00

):1 usin(yr) + veos (yr) 00

vl _ r 00| [,

il = - tlio (1:) 275
Y —ur — Bv 00

F 0 01

or equivalently, one has the description
=@ +g®v (2.76)

The system’s state vector is denoted as X = [x, y, ¥, u, v, 7, f(x) e R*! and
g(x) = [g4, 8pl € R®*Z while the control input is the vector v = [1,,, 717,

The system’s state vector can be extended by including as additional state variables
the control input 7, and its first derivative 7,,. These are denoted as z; = 1, and
z2 = 1,. The extended state-space description of the system becomes

X ucos(y) — vsin(yr) 00
):1 usin(yr) 4+ vcos () 00
v r 00
u | vr + 24 00] (7
i |~ —ur—pv [T ]oo (rr) @77
F 0 01
21 k&) 00
22 0 10
or equivalently, one has the description
z=f(z)+g@v (2.78)

The extended system’s state vectoris denoted as z = [x, y, ¥, u, v, 1, 21, 2217 . More-
over, one has f(z) € R¥!, and g(z) = [gu., g»] € R®*?, while the control input is
the vector ¥ = [%y, 7,17 .

It can be proven that the model of the underactuated vessel given in Eq. (2.74) is a
differentially flat one. This means that all its state variables and the control inputs can
be written as functions of a single variable, which is the flat output. In the hovercraft’s
case, the flat output is the vector of the vessel’s cartesian coordinates, that is

y =1yl =[xyl (2.79)
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It holds that

£ = dicos() —u-sin(y) - —isin(p) —v-cos@F o0
§ = isin(y) + 1 - cos (W) - v + vcos() — v - cos (Y '

Moreover, it holds that

X+ Bx = cos(Y) (@ — v + Pu) + sin(Y)(—uyr — v — Bv)

.. . . : . S 2.81
§ 4 By = cosG +uis + ) +sin() vl +i+ puy  ZED
Using Eqgs. (2.81) and (6.166), and after computing that
mﬁ.—i—\'/+ﬁv=u-r—ur—ﬂv+ﬂv=0 (2.82)
u—vy+Bu=vr+t1,—vr+ Bu=r1,+ Bu '
one obtains
y+By _ cos(y)0+sin(y)(tu+pu)
X+Bx T cos(y)(tu+Bu)—sin(¥)0
(2.83)

iigz =tan(y) — ¥ = atan_l(xx—ig)y&)

Thus, through Eq. (2.83) it is proven that the state variable ¢ (heading angle of the
vessel) is a function of the flat output and of its derivatives.
From Eq. (2.81) one also has that

(4 BX)? + (J + BY)? = (tu + Bu)? (2.84)
Moreover, it holds that

X(X + Bx) = (ucos(y) — vsin(y))cos(¥)(ty + Pu)

Yy + By) = (usin(yr) +vcos(y))sin(y)(t, + Pu) (2.85)

while using Eq. (2.84) and after intermediate computations one finally obtains
XX+ Bx) + 3y + By) = u(ty + Bu) (2.86)

Dividing Eq. (2.86) with the square root of Eq. (2.84) one obtains

FEHBHHIGHB)  _ um+Bu)
VB Gy (A

(2.87)

which finally give

SN R (288)
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It also holds that

yiX — &y = (usin(y) + veos(¥)) (iicos () — usin(y )y — ‘
—vsin(¥) — veos(Y)¥r) — (ucos(yr) — vsin(lﬂ))(dsin(w) + ucos(Y)yr+
+veos(Y) — vsin(Y)y)
(2.89)

which after intermediate computations and substitution of the derivative variables
from Eq. (2.75) give
yx —xy =v(Bu+ 1) (2.90)

From Egs. (2.90) and (2.84) one obtains

v = X %) (2.91)
VGE+ B2+ 5+ B3)?
From the state-space equations it holds that
r=1 (2.92)
where from Eq. (2.83) one has that
4By
V¥ = atan 1().yc. - f;yc) (2.93)

which means that r is also a function of the flat output and of its derivatives. This
can be also confirmed analytically. Indeed from Eq. (2.93) it holds that

cos? ()Y +sin* ()Y _ P+ BY)E + pi) — ( + NP + )

cos*(¥) (¥ + i)?
(2.94)
which also gives
g O+ BNGE+ B — 5+ B + BE) 2.95)
cos®(y) (& + Bi)? ‘
while using that
2
oy tan“(y) + 1 (2.96)
one obtains that . .
cos> ¥ = (4 A1) (2.97)

(X + B>+ (¥ + By)?
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Thus, from Eqgs. (2.95) and (2.92) one has that

0P + BY)E + Bx) — (5 + ) (x® + i)

r= 1// =>r = cosz(l/f) G + ;‘3)'6)2

(2.98)

which after intermediate operations gives

_YIGE+ BR) — x4 By) — BTG — X)
S . N . N (299)
X+ BxX)"+ G+ By)

Equivalently, from the state-space equations one has that

- d | _xGE+B0)+YG+BY)
T, =U—V 7V =T, = &+ e For § —
! v [ <ﬁe+ﬁfc)2+®+ﬁy>2]
(2.100)
_ yi—i§ YPGB —x D (G489 A (Y —id)
VEHBD2HG+B5)? F+HBO2+(+83)
which after intermediate operations gives
FEHBD+HIG+BY)
T = TR

! G+BD2+(+B)> (2.101)

Finally, for the control input 7, it holds that t, = 7 and using Eq. (2.99) this implies
that 7, is also a function of the flat output and of its derivatives. This can be also
shown analytically according to the following:

‘[r:}:‘:>‘[’.:

Y)W (47 +B( Vi D §) -2 Dy -y )
(57 ()7 (2.102)
_p VP~ (G+5) =2 (Fy—FO)]
[(E+B1)2+(5+B)?1?
G+ B D + B3) + (F + NG + )

Through Eq. (2.102) it is confirmed that that all state variables and the control input
of the hovercraft’s model can be written as functions of the flat output and of its
derivatives. Consequently, the vessel’s model is a differential flat one.

Next, it will be shown that a flatness-based controller can be developed for the
hovercraft’s model. It has been shown that it holds

¥ = dcos(Y) — usin(Y)y — vsin(Y) — veos(Y)¥ — ¥ = (vr + 1,)cos(Y) —
usin(Y)r — (—ur — pv)sin(y) — vecos(Y)r — X = tycos(¥) + Bvsin(y)
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By differentiating once more with respect to time and after intermediate operations
one finally obtains
x® = t,cos(¥) — tusin(Y)r+

+B(—ur — Bv)sin(yr) + Bvcos(Y)r (2.103)

Similarly one has

y = usin(yr) + ucos(1ﬁ)¢ + veos(Y) — vsin(1//)1;ﬁ — y = (vr + )sin(y) +
ucos(Y)r + (—ur — Bvycos(Y) —vsin(Y)r — y = gysin(y) — Bvcos(yr)

As explained in Eq. (2.104), the state vector of the system is extended so as to include
as new state variables the control input 7, and its first derivative 7,. The new state
variables are denoted as z; = 7, and 7| = 7. Using that the extended state-space
description of the system is

X ucos(Yr) — vsin(yr) 00
):1 usin(yr) 4+ vcos () 00
v r 00
7 vr 421 00| (%,
[T —wr—pr |00 (r) (2.104)
r 0 01
21 22 00
22 0 10
or equivalently, one has the description
= f@+g@v (2.105)

The system’s state vector is again denoted as z = [x, y, ¥, u, v, r, 21, 217, f2) €
R¥! and g(z) = [ga4,g»] € R®*2, while the control input is the vector v =
[Tu, Tr]T-

The extended state-space description of the system given in Eq.(2.104) or in its
compact form described by Eq.(2.105), is used. By differentiating once more with
respect to time and after intermediate operations one finally obtains

¥y = zosin(y) + zicos (Y)r + Burcos(Y)+

+B%vcos(Y) + Bvsin(Y)r (2.106)

It can be noticed that in the equations of the third-order derivatives for both x and
y only the control input 7, and its derivative 7, appear, while the control input 7,
is missing. Therefore, differentiation of x® once more with respect to time is per-
formed. This gives


http://dx.doi.org/10.1007/978-3-319-16420-5_2
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x@ = Fcos(Y) — 2zasin(Y)r — zicos(Y)r? — zisin(Y)T — Pvrisin(y) —
Bzirsin(y) — But,sin(yr) — ,Burzcos(tﬁ) + ﬂzursin(l//) — ﬂ3vsin(1ﬁ) — ﬂzvrcos
(W) — Bur®cos(¥) + B2vrcos(y) — Bvrisin(y) + Bvcos(Y) T,

while after substituting the time derivative according to Eq. (2.74) and after regroup-
ing terms one obtains a description of the form

x® = [2zsin(Y)r — zicos(W)r? — Bvrsin(y) — Bzirsin(¥) — Burcos(Y)+
—|—,32ursin(1ﬁ) — ,33vsin(1//) - ﬁ2vrcos(l//) — ﬁurzcos(lp) + ﬂzvrcos(w)—
—Bvrisiny] + [cos (Y)]Ey + [—z15in(Y) — Busin(¥) + Bvcos(Y)]t,

(2.107)
Consequently, the fourth derivative of x is finally written in the form
X =Ly + Lo, Lyyiu + Lg, Lyyi7, (2.108)

where

Lyyi = =2zsin()r — zicos(Y)r? — BvrPsin(y) — Bzirsin(y)—
—Bur?cos(Y) + BPursin(y) — Bvsin(¥) — B2vrcos(W) — Bur’cos(Y)+
+B%vrcos(Y) — Bvrisiny

(2.109)
Lg, L y1 = cos(yr) (2.110)
LghL;yl = —z18in(Y) — Busin(yr) + Bvcos(Yr) (2.111)

In a similar manner, differentiating once more with respect to time the expression
about y® one gets

y® = zicos(Y)r — zisin()Pr + zicos (Y)i—
—Bvrsin(y) — Bvr sin(yr) — Bvrcos (W) —
—Burcos(y) — Burcos(Yr) + ﬁursin(w)tﬁ—i— (2.112)
+B%vcos(Y) — Bvsinyry+
+iasin(¥) + z2cos (Y)Y

while after substituting the time derivative according to Eq. (6.166) and after regroup-
ing terms one obtains a description of the form

y(4) = [zorcos(¢¥) — zlr2sin(1/f) + ,Burzsin(llf) + ﬁzvrsin(lﬂ) — ﬁvrzcos(l/f)]—
—ﬂvrzcas(llf) — Bzircos(yr) + ﬁurzsin(w) — Burcos(y) + /32116‘05‘(1/[)—
—B2vrsin(Y) + zarcos(Y)] + [sin(Y)1%, + [z1cos(¥) — Bvsin(y) — Bucos(y) ]z,

(2.113)


http://dx.doi.org/10.1007/978-3-319-16420-5_6
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Thus y® can be also written in the form

Y = LYyy + Lo, Lyyaty + Lg, L7, (2.114)

Liy2 = [zarcos(Y) — zir?sin() + pursin(y) — BPvrsin(y) — pvricos(y)]—

ﬁvr cos(Y) — Bzircos(¥r) + ,Bur sin(Yr) — Burcos(Y) + ﬁzvcos(w)—
—ﬂzvrsin(w) + zorcos ()]

(2.115)

and
Ly, L}y2 = sin(y) (2.116)
Lg Lfyz = z1cos(Y) — Bvsin(Yr) — Bucos(yr) 2.117)

Consequently, the aggregate input—output linearized description of the system

becomes ;. 3
x® = L‘}yl + Lo, Lyy1Ty + Lg, Ly y1 7,

2.118
Y = Liys + L, Lyyatu + Lo, Lyt ( )

while by defining the new control inputs
V1 = fy1+Lg(,L Vi Tu +LghL Y1Tr (2.119)

fyZ + Lg,,Lfy277u + Lg, Lfy27:r
the following description for the input—output linearized hovercraft model is obtained

@ —
x =y
2.120
y(4) =y ( )
For the dynamics of the linearized equivalent model of the system, the following
new state variables can be defined

a=xzip=%z13=%z14=2x
- s E ey 2.121)
DI=YD2=Y03=Y04=Yy

and the state-space description of the system becomes

z=Az+ Bv

s (2.122)



70 2 Differential Flatness Theory and Flatness-Based Control

or equivalently

21,1 01000000\ [z 00
212 00100000 |zi2 00
21,3 00010000 |z13 00
Z14] 100000000 [z14 10] (v
s | T 00000100 [z |00 (vz) (2.123)
222 00000010 | 222 00
22,3 00000001 223 00
22,4 00000000/ \z24 01
while the associated measurement equation is
21,1
21,2
21,3
2"y _(10000000Y | z14
(1’2") - (0 0001000/ | z21 (2.124)
22,2
22,3
22,4

This completes Example 2.
An important property of the endogenous transformations is that the number of
control inputs in the initial and the final description of the system remains the same.

Theorem: If the two systems (X x U x R;°, F)and Y x V x R°, G are equivalent,
then they will have the same number of control inputs, that is m = s.

Proof: Consider the truncation @, of ® on X x U x (R™)*

D, X x U x (R"hH — ¥ x V x (R )* 2125

Coyuyuly o uk Y S (@, a) (2.125)
which means the first i + 2 blocks of the components of ¥, while w is a sufficiently
large entity. Since ¥ is invertible, ¥, is a submersion for all i. Thus the dimension
of the space from which ¥ has emanated is superior or equal to the dimension of the
space of arrival. This is written as

n+mk+u+1)>s(u+1)Vu >0 (2.126)

This implies m > s. In a similar manner, it is shown that with the mapping ¥ it
holds s > m. Consequently, one finally has m = s which means that the number of
control inputs in the two descriptions remains the same.

This definition of the equivalence is adapted to the equivalence between two so-
called diffieties. As it will be explained in detail in Sect. 2.6, the concept of a diffiety
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is as follows: Variable (X, t,) comprising the state vector of the nonlinear system
and its successive derivatives with respect to time, as well as the Lie derivatives of
the mapping transformation along a vector field defined by the state vector elements
and their derivatives is called a manifold of jets or a diffiety.

Given two diffieties (M, CTM) and (N, CTN) it is said that a function ¥ from
M to N is Lie-Backliind or a C-morphism, if the tangent (projection) function 7Y
satisfies T@ (CTM) C CTN. Moreover, if ¥ has an inverse function @, such that
TY(CTN) C CTM, then ¥ is a Lie-Backliind isomorphism or a C isomorphism.
When such an isomorphism exists, the diffieties are called equivalent. Therefore,
an endogenous transformation is a special type of a Lie-Bakcliind transformation
which preserves the parametrization in time of the integral curves. It is also possible
to introduce a more general concept which is the orbital equivalence, about the Lie-
Bakcliind isomorphisms which preserve only the geometric locus of the integral
curves.

2.3.1.3 Differentially Flat Systems and Equivalence to the Trivial System

Definition: The dynamical system (M, F) where M: is the state vector and F: is a
vector field, is differentially flat in p (or respectively flat), if and only if it is equivalent
in p (respectively equivalent) with the trivial system (therefore it can be described
in the Brunovsky canonical form, as shown in the examples of Sect.2.2.2).

The definition of equivalent systems can be used, and one can consider a differ-
entially flat system (X x U x R°, F) associated with

X = f(x,u) where (x,u) € X x U C R" x R" (2.127)

By definition, the above system is equivalent to the trivial system R,°, F, where the
endogenous transformation ¥ takes the form

Wi, u,uV, . ) = (h(x,u), h(x, u), h(x,u),...) (2.128)

In other terms, ¥ is the infinite extension of function /(). The inverse transformation
of ¥ is denoted as @ and holds

w(§) = W), BA. BG) ... (2.129)
Since @ and ¥ are inverse applications it holds that
¢ (h(x,i)) =x and a(h(x,ii)) = u (2.130)
Moreover, t — y(t) is a trajectory of y = v and
t— (x(1), u(®) = (Y@ 0), B 1)) (2.131)

is a trajectory of X = f(x, u).
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Definition: Assume that {M, F} is a system and that ¥ is the transformation that
brings it to the canonical form. The first component of ¥ is considered to be the flat
output.

Another important property of differentially flat systems is that the dimension of
the flat output is equal to the number of the control inputs (and thus linearization
and decoupling is succeeded). However, it is noted that the flat output is not unique.
If y is a flat output, then y(y) is also a flat output, provided that y is a smooth
diffeomorphism. For single-input systems, the flat output is a scalar s = m = 1.
It is easy to show that one can pass from one flat output to another by using only
a static change of variables. The multivariable case is clearly more complicated.
For example, for s = m = 2 it is easy to see that if y;, y, is a flat output then
i, 2 + y(yfr))) is also a flat output, provided that ¢ () is smooth function and
r > 0. Since the flat output of a system is not unique, it is preferable to select the flat
output which leads to simple computation for the linearization of the system and the
design of the feedback controller.

2.3.2 Differential Flatness and Trajectory Planning

2.3.2.1 Applications of Differential Flatness in Trajectory Planning

Next, it will be shown how differential flatness can be used to solve the problem
of trajectory planning (setpoints definition) for dynamical systems control. Assume
the following nonlinear system in which the control input # does not implement
feedback control

x=f(x,u), x€R" ueR" (2.132)

with flat output y = h(x,u,u,..., u(’)). In such a manner, the system’s trajec-
tories (x(¢), u(t)) are written as a function of the flat output y and its derivatives
x=¢U, V,....,yD)yandu = a(y, y, ..., y'?). The trajectory planning problem
contains a start and an arrival state. It is assumed that the flat output is a vector with
elements y; which are written as

yi0) =2 Aijhj(0) (2.133)
where A, j = 1,..., N are basis functions. The problem of definition of the flat

output components y; becomes equivalent to finding its projections in the space
spanned by the basis functions A;.



2.3 Properties of Differentially Flat Systems 73

Next, it is assumed that the initial state of the system is xq at 7y, while the final
state of the system is x s at 7. The coefficients A;; should satisfy the following

yi(to) = 22 Aijhj (1) Yilty) =2 Aijhj(ts)
(2.134)
W00 = 34500 10) 3P =340 p)

Without loss of generality it assumed that the vector of the flat output is of dimension
i = 1, thatis y = [y] (these results can be also generalized to the multidimensional
case). The following vectors are defined

o= (@) -, ¥\”(w0))
Fr= 1), .\ V(1)) (2.135)
y = (5o, yf)

Using Eqgs. (2.135) and (2.134) one has that

- (A, _
y= (A(‘L'j)) A=AA (2.136)

The elements of A should satisfy Eq. (2.136). The only condition for Eq.(2.136) to
have a solution, is that matrix A is a full rank one. This means that the space of
functions A; has to be sufficiently rich. It can be concluded that the path planning
problem for the case of differentially flat systems ends up to linear algebra theory.

2.3.2.2 Planning Under Constraints

In this case, the objective is to find a trajectory going from point a to point b, which
will satisfy the constraints K (x, u, ..., u(’)) < 0 at each time instant. In the flat
coordinates, this consists in finding 7 > 0 and a function [0, T] > t — y(¢) with
vy .eon, y(q)) to be given at t = 0 and T and to verify that V¢ € [0, T'] the constraint
K(y,..., y(V))(t) < 0 will hold, for a certain v and a specific function K, obtained
from k, ¢, and o, where k is the constraint condition and ¢, « are the previously
defined mappings X = ¢(y,v) and u = «(y, V). The difficulty of this problem
increases when g = v = 0.

Next, it is simply assumed that the initial state Yy and the final state Yy are equi-
libria. It is also assumed that the motion from the initial to the final state satisfies the
following constraint: there exists a path [0, 1] > o0 — Y (o) such that Y (0) and Y (1)
correspond to start and arrival equilibria, forall o € [0, 1], K(Y(6),0,...,0) < 0.
Therefore, there exists 7 > 0 and [0, T] > + — y(¢) which is a solution to the
problem. It suffices to take Y (n(¢#/T)) where T is sufficiently large, and with 7 to be
a smooth increasing function [0, 1] 5 s — n(s) € [0, 1] with n(0) = 0, n(1) = 1,
and% =0fori =1,...,max(q,v).
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The problem becomes more complicated in the case of trajectory planning for
systems subjected to nonholonomic constraints.

2.3.2.3 Planning of Trajectories with Singularities
With the previous analysis it has been shown that the endogenous transformation
wix,u,uV, . ) = (h(x, i), hix, i), h(x, i),...) (2.137)

associated with the flat output y = h(x, u) is defined everywhere, is smooth and
invertible in a manner that always enables state variable x and control input u to be
expressed as functions of the flat output and its derivatives

DYoo ¥V = () = (3, 3, .., YD) (2.138)

However, a point of singularity may exist in the area of the state-space into which
the control tries to bring the system’s state vector (y is no longer invertible and
Eq. (2.138)) cannot be solved. As function ¢ cannot be defined in such a point, the
previous computations become meaningless. A manner to circumvent this problem
and to avoid the singularity is to choose a trajectory for the system

t— o), (1), ...,y V) (2.139)

such that the point of potential singularity is bypassed. This procedure is depicted in
the following example:

Example: The following system with differentially flat dynamics is considered:
X1 = Uy Xo = upuj X3 = Xpu| (2.140)

where the flat output is defined as y = (x1, x3). In case that #; = 0 it holds that
X1 = y1 = 0 and a singularity arises because it holds

0 3.9 2 s ) = (yl, 2, w) (2.141)

and the inverse transformation ¢ is not defined at the points of singularity. However,
if one considers trajectories of the following form ¢t — y(¢) := (o (¢), p(o(2))),
with o and 7 being smooth functions he obtains that

»@ _ pe®)
i) 0@

(2.142)

@) @) -5
@ o (1)

(2.143)
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and

g d’p 1) - 63t
Jad —$id2 _ &’ ("_(3)) o " (2.144)
¥ o(1)

Therefore, one can extend t — ¢ (y(t), y(¢), ¥(¢)) everywhere in time using

dp Lo dPp
t—> \o@), —(@), pla(r),o(t), —(o(1)) (2.145)
do do
Trajectory planning is performed in a similar manner as before: actually, functions
o and p and their derivatives are constrained at the start and at the arrival point of
the trajectory, while elsewhere they are free. In this example, the avoidance of the
singularity is internally related with a symmetry of the system. Equations

X1 =uy, X = uouy, X3 = XU (2.146)

are linear in u;. The transformation, t — f = o (¢) and u; — ii] = %, where only
the time ¢ and the control input u change, leaves the equations invariants.

2.3.3 Differential Flatness, Feedback Control
and Equivalence

2.3.3.1 Closed-Loop Systems Under State Feedback Control
and Equivalence

The analysis of Sect.2.3.2 referred to a system’s dynamics X = f(x, «) in which
u was not specifically implementing a feedback control action. Next, the notion of
equivalence will be extended to the case of closed-loop control. To this end, the
initial system dynamics X = f(x, u) and its equivalent description y = g(y, v) are
considered

x = f(x,u), (x,u)e X xU C R" x R" (2.147)
y=g,v), ,v)eYxV CR xR? )
These correspond to the systems (X x U x R’, F)and (Y x V x R, G), where
F and G are defined by

FOo,u,ul, .. )= (f(x,u) u® 4@ ..
) U, ) s u), , ) 2,148
Gy, v, vV . )= (g(y,v),v D v@ ) ( )

Considering that these systems are equivalent, they have the same trajectories. A
question that arises is if a transition is possible from the system x = f(x, u) to the
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system y = g(y, v) by a feedback loop (primarily dynamic or alternatively static),
or inversely. For the transformed state vectors z and control inputs v one has

. q
z=ua(x,z,v) z€ZCR (2.149)
u=r«(x,z,v)

Next, the following theorem is introduced [338]:

Theorem: Assume that the systems x = f(x,u) and y = g(y, v) are equivalent.
Thus X = f(x, u) can be transformed by a dynamic loop and change of coordinates
(dynamic feedback linearization) into

y=gy,v), v=yD, 0 =, 50—y, (2.150)
for an entity u being sufficiently large. Inversely, y = g(y, v) can be transformed by
a feedback loop (dynamic) and change of coordinates into

@ o1 (@)

i=gow), a=ul il =u®, . 0® =w (2.151)

for an entity v being sufficiently large.

Proof: The notations F and G are used for the infinite dimensional vector fields
which represent the two systems. The equivalence shows that there exists an invertible
function

P(y,v) = (@, V), aly,v),a(y,v),...) (2.152)

such that
F(®(y,v)) = D®(y,v)-G(y, V) (2.153)
Next, one sets j = (y, v, v(D, ..., v(®) and w = v*+D_ For 1 sufficiently large,

it holds that ¢ (respectively «) depends exclusively on y (respectively on y and w).
With these notations @ is written as

PG, w) = (@), a(y, w), a(y,w),...) (2.154)
and Eq. (2.153) implies in particular that
F @G, aly,w) = Do (g, w) (2.155)

where g := (g, vV, ..., v(®). Since @ is invertible, and ¢ is of full rank it can thus
be completed by a function 7 to obtain a change of coordinates

y— o) = (@@, 7)) (2.156)
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Considering now the dynamic feedback, one has

u=oalp (x,2),w)

i = Dr(d (v 2) - 3@ (v, 2) W) 2.157)

which transforms x = f(x, u) into

7 - fx, @@~ (x, 2, w) )
(5) = 7z = (o S5 it o (2139

Using the previous example one has
c o~ v, a(y, Doy \ -, -~ O
F@G,w) = (@(ﬁg) ‘f‘éy@f”fv)))) = ( Dﬂ"’((yy))) 2. W) = DPG) - §G.w)

(2.159)

Thus, f and g are ¢-conjugates which complete the proof.

A generic remark is that a differentially flat system is equivalent to a system in
the linear canonical (Brunovsky) form, and thus one arrives immediately at the fol-
lowing conclusion: A flat dynamics is linearizable by dynamic feedback and change
of coordinates.

2.3.3.2 Closed-Loop Systems and Equivalence Under Endogenous
Feedback

The dynamical system x = f(x, u) is considered. The feedback loop

u=«k(x,z,w)
. 2.160
z=a(x,z,w) ( )
is called endogenous since the system’s dynamics in open loop x = f(x,u) is
equivalent to the dynamics of the system in closed loop, the latter given by

x=fl,klx,z,w
z=a(x,z,w)
The term endogenous has the meaning that variables z and w are not included in the
state vector of the system (case also known as “zero dynamics”). Using the above one
arrives at a more refined definition of equivalence between systems and differential
flatness.
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Theorem: Two dynamics x = f(x, u) and y = g(y, v) are equivalent, if and only if,
X = f(x, u) can be transformed by endogenous feedback and change of coordinates.

Corollary 1: A dynamics is flat, if and only if it is linearizable by dynamic endoge-
nous feedback and change of coordinates.

Corollary 2: Consider the system description

X = f(x,k(x,z,w))

. 2.162

z=oalx,z,w) ( )
where the constituents of the dynamic endogenous feedback are

u=«(x,z,w)

. 2.163

z=a(x,z,w) ( )
This system can be transformed by endogenous feedback into

%= f(x,u), where =u'V, ... 0™ =w (2.164)

for u sufficiently large (thus finally the system’s control input contains multiple inte-
gral terms). This shows clearly the properties which are preserved by equivalence.
The property which is maintained by introducing integral terms and change of coor-
dinates is controllability. An endogenous feedback is actually reversible to the effect
of multiple integrators.

2.3.3.3 Trajectory Tracking in Feedback Control of Differentially
Flat Systems

The problem of trajectory tracking for the system x = f(x, ) consists in finding a
controller # which will permit to the system state variables to track the reference set-
pointt — (x,(t), ur(¢)). It is convenient to add to the open loop control a correction
term Au, which is a function of the state vector error Ax = x — x,.. For differen-
tially flat systems, there is a systematic method to calculate Au from the tracking
error Ax.

If the dynamics admits as flat output y = h(x, i), one can use the corollary
that a differentially flat system is linearizable by (dynamic) feedback and change of
coordinates, into the linear canonical form y#+1 = . For the linearized equivalent
model, the control input is defined as yr(” H_ga y, where K is a gains vector and
Ay is a vector having as elements the flat output tracking error and its derivatives
up to order w. By applying such a feedback control input, the tracking error dynamics
becomes

Ayt = _K A5 (2.165)
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where y, (t) := (x,(t), u,(t))and y := (y, y, ..., y*), and Ay represents the vector
of the flat output tracking error. Such a feedback control law assures asymptotic
tracking. There exists an invertible transformation

2(y) = (@), a(y), a(y),...) (2.166)

which connects the infinite vector fields F(x,u) = (f(x,u),u,uV,...) and
Gy = (O, y(l), ...). From the proof of the theorem on the equivalence of two
systems (theorem given in Sect.2.3.3.1), the above means that for the state vector
one has
x=¢0r1)+Ay) =
=¢(r (1) + Ry(yr (1), AY)Ay = (2.167)
= xr (1) + Ry (3 (1), Ay) Ay

and for the control input one has

u=a )+ A4y, —KAy) =
~ ind A~
= (5 (1)) + Re (V1) AF) (_KyAy) - (2.168)

3 - A
= (1) + RaGr (). y" V(0. A5, Aw) (—KyAi

where the following classical result of factorization has been used

Ry(Y, AY) := [} DS(Y + 1 AY)d1

1 (2.169)
Ry (Y, w, AY, Aw) := [y Da(Y +1AY, w + 1t Aw)dt

Since Ay — 0 for t — o0, this means that x — x,(t) and u — u,(¢).

2.4 Flatness-Based Control and State Feedback for Systems
with Model Uncertainties

Up to now, for the systems used for analyzing differential flatness properties and
flatness-based control it has been assumed that an exact dynamic model was avail-
able. Flatness-based control can be also applied to systems characterized by model
uncertainties and exogenous disturbances. Denoting the coefficients vector of the
system as 6 € R?, the generalized system dynamics of Eq.(2.170) is written as

x(@) = f@,x@),u)) (2.170)
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In the generic case, the system’s coefficients 6 are subject to uncertainty, i.e.,
6=600+6,6 €[6,,6,i=1,....p (2.171)

where 6y is the nominal value of the parameter vector. In Eq.(2.170) the vector
field f : R? x R" x R™ — R" is smooth. Denoting the flat output y(t) € R
and parameters vector 6, the definition of differential flatness given in Sect.2.2.2 is
rewritten as [189, 190]
y=h,x,u,i,... u")
x=¢0,y,¥,....y"D) (2.172)
w=yO,y,y,....y")

where /1, ¢, and ¥ are smooth functions defining mappings & : R? x R" x (R™)" ! —
R™, ¢ : RP x (R™)" — R"and ¥ : R? x (Rmy 1 . Rm, respectively. It is also
assumed that the flat output y(¢) is independent of the coefficients (parameters) vector
0. Equation (2.172) shows that for every given trajectory of the flat output  — y(z)
the evolution of all other variables of the system ¢t — x(¢) and ¢t — u(¢) are given
without integration of any differential equation. Moreover, for a sufficiently smooth
desired trajectory of the flat output t — y*(¢) Eq.(2.172) can be used to design the
corresponding feed-forward control u* () directly for the nominal system parameters
0. The trajectory y™* is called the nominal trajectory, while the trajectory u™ is called
the nominal control. Thus, knowing the desirable system’s output, one can also find
the associated flat output y* and subsequently the control input that makes the system
track the desirable trajectory is given by

W () = Y00, y* (1), 37 @), ... y* " () (2.173)

which means that for each admissible nominal trajectory y*(¢) there is a nominal
control input u*. The initial condition of the desired trajectory of the flat output
t — y*(t) is defined as the vector y; = [y*(0), y*(0), ..., y*(’_l)(O)]T. The sys-
tem is consistent with respect to the initial conditions xo if xo = ¢ (0, y;). The
following theorem has been proven [189]:

Theorem: If the desired trajectory of the flat output is consistent with the initial con-
dition xg and 6 = 6y, then when applying the nominal control input of Eq.(2.173)
the system becomes equivalent, by a change of coordinates, to a linear system in
Brunovksy (canonical) form.

Without loss of generality, a single-input single-output flat system is considered.

It is easy to show that such a flat system can be represented as follows: Setting

y=0 ...,y DT =[y1, y2,..., yu]7 the system can be transformed via the
diffeomorphism

y=~h@,x) (2.174)
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where i = ¢! with ¢ defined in Eq.(2.172), into the control normal (canonical)
form Vi () (niefl 1}
yi(t) =yir1f) 1 €l,...,n—
5 (1) = (8, y(1). u(1)) @179
where y® is the i — 1th order derivative of the flat output. From the second row of
Eq.(2.175), one can see that the nth order derivative of the flat output is finally written
as a nonlinear function of the parameters vector 6, of the flat output’s vector y(¢) and
of the control input u (). The system in canonical form described by Eq. (2.175) and
the system of Egs. (2.170), (2.172), and (2.173) have the same solution t — y(¢).
Defining the new control input v(#) = «(0, y(¢), u(t)), the Brunovsky form of
the transformed initial system is written as

Vi) =y ie{l,....,n—1}

. 2.176
5n(0) = v(1) =170
Once the system has been written in the Brunovksy (canonical) form of Eq. (2.176),
a control input that can assure tracking of any desirable trajectory y;' is given by

v=y 4+ KTe (2.177)

where the term K T ¢ corresponds to an error feedback controller with an integral term
and thus processes the augmented error vector e = [fotel (t)drt, ey, ey, ...,e,]. The
feedback control term can be also of the form of a proportional-derivative controller
and in the latter case processes the error vector e = [ey, €2, .. ., €,], thus taking the
form

n
KTe=— Zk,,+1_iei(z), kpi1—i >0 (2.178)

i=1

Thus, in case that the exact values of the model’s parameters 0 are known and these
are equal to the nominal values 6y, and no integration of the flat output error is
used in the feedback loop, i.e. the feedback control signal is of the form K7e =
— > kng1—iei(1), the closed-loop system error vector dynamics become

)'711:":>)"n:)};:"i'KTe:>
.)}n = y: — kper —ky—1e24+ - —kie, =
Vo — Yy = —kner —ky_1e2+--- —kie, =
e™ 4+ ke D £ kpe™D 4.+ ky 16+ kpe=0

(2.179)
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where ¢; = y; — yF = ya=b — y(i_l)*. The dynamics of the flat output tracking
error can be also written in a matrix form

el 0 1 0 0 el

() 0 0 1 - 0 ()
=1... ... e e (2.180)

0 0 0 1

én —kn —kp—1 —kn—2 --- —ky €n

In case of the error dynamics of Eq. (2.180) to succeed elimination of the tracking
error it suffices to select the controller gains ki, k2, ..., k, so as the polynomial
e 4 k1e® D 4 ke 4 ... 4 k,_1é + kye = 0 to be a Hurwitz one.

When that the model’s parameters 6 are not precisely known, or have deviated
from their nominal values 6, one can apply again a control input of the form described
in Egs. (2.177) and (2.178), and for specific magnitude of the exogenous disturbances
or parametric uncertainties can expect again satisfactory tracking of the reference
trajectory. In such a case, the robustness features of the closed loop can be analyzed
with the use of results from interval polynomial stability theory (e.g. Kharitonov’s
theory) or other results on interval polynomial analysis (e.g. see [431]). The problem
of robustness of a flatness-based controller in case of parametric uncertainties or
exogenous perturbations has been studied in [189, 190, 433, 443].

2.5 Classification of Types of Differentially Flat Systems

2.5.1 Criteria About the Differential Flatness of a System

2.5.1.1 Definition of 0-Flat Systems

The existence of a computable criterion so as to decide if the dynamical system
X = f(x,u), x € R", u € R™ is differentially flat remains open. This means that
there is no systematic method to construct a flat output. This situation is somehow
equivalent to the definition of Lyapunov functions for nonlinear dynamical systems.
For even though Lyapunov functions are both theoretically and practically important
for the study of the stability features of nonlinear dynamical systems, there is no
systematic manner to define them.

The main difficulty in the computation of the flat output y = h(x, u, ..., y®)
remains in its dependence to the derivatives of the control input u, up to order r
which can be arbitrarily large. To know if the order of r admits an upper bound
(which can be dependent on n and m) remains a question. It is not known if for a
certain dimension of the state vector and for a certain dimension of the control inputs
vector such a finite boundary exists. In the following it will be noted that a dynamical
system is r-flat if it admits a flat output depending up to the rth order derivative of
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the control input. Equivalently, in a 0-flat system its flat output depends exclusively
on the elements of the system’s state vector.

The next example shows that such an upper bound should depend, in the best
case, linearly to the dimension of the state vector. Consider the dynamical system

X =y X oy b = (2.181)

The flat output is taken to be
yi=x34+ 20 (=D ul Yy = (2.182)

This system is r-flat, with r = min(a1, o) — 1. There is no flat output depending
on the derivatives of u which has an order equal or less than r — 1.

2.5.1.2 Systems Which Can Be Linearized Static and Dynamic State
Feedback

It has been shown that dynamical systems which can be linearized with static state
feedback can be also transformed to the linear canonical (Brunovsky) form. Thus,
such systems are differentially flat, with the flat outputs to be exclusively functions
of the state vector x (0-flat system). It is noted that a differentially flat system is
not always a system which can be linearized with static state feedback. There exist
systems which can be linearized through dynamic feedback linearization, that is their
state vector is extended by including as additional state variables the control inputs
and their derivatives (see previous examples on the linearization of the VTOL and
the hovercraft model, given in Sect.2.2.2). Such systems can be also written in the
linear canonical form, and thus are also differentially flat.

2.5.1.3 Systems with Only One Control Input
Single-input dynamical systems, that is
Xx=f(x,u)xeR", ueR (2.183)

can be linearized with static state feedback linearization and can be finally written
in the linear canonical form. Such systems are differentially flat.

2.5.1.4 Systems Affine-in-the-Input of Codimension 1

A system of the form

X = fox) + Z’;;igj(x)uj xeR" (2.184)
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that is systems in which the number of control inputs is by one less than the dimen-
sion of the system’s state vector, are O-flat, as long as they are controllable (strongly
accessible in x). The problem becomes more complicated when the system is not an
affine-in-the-input one. However, the latter systems can be finally transformed into
affine-in-the-input ones too.

2.5.1.5 Systems Without Drift Term

These are systems of the form x = >, f; (x)u;. Within this class of systems, one
can distinguish several cases. The following theorem holds [340]

Theorem I: Systems without drift and with two control inputs
X = fiur + fr(x)ur (2.185)

are flat if and only if, the generic rank of Ej isequal to k + 2,fork =0, ...,n — 2,
where Eg = {f1, f2} and Ex+1 = {Ek, [Ek, Ex]}, k > 0. A dynamical system
without drift and with two control inputs is always O-flat. Such a system can be
written in the chained form (which is a precursor of the linear canonical form),
through static state feedback and a change of variables. For example, for a system
of the form

X] = Ul Xp =Up X3 =XpU]| -+ Xp = Xp_1U]| (2.186)

is a differentially flat one and the flat output is y = (x1, x,,).

2.5.1.6 Systems in Triangular Form
The state-space description of systems in triangular form is as follows:
X1 = filx1) + g1(x1)x2

X2 = folxy, x2) + g2(x1, x2)x3
X3 = f3(x1, x2, x3) + g3(x1, X2, X3)X4

. 2.187

X = fi(x1,x2, ..., %) + gi(x1, x2, ..., Xi)Xiq1 ( )
X1 = fuo1 (X1, X2, o, Xn1) + 8n1 (X1, X2, ..o, Xn—1)Xn

Xn = fu(X1, X2, .., X0) + gn(X1, X2, ..., Xp)U

The flat output for such systems is y = x7.
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Theorem 2: Driftless systems with a state vector of dimension n and n — 2 control
inputs. The system of the form

&= Z:—f f(0us (2.188)

is a differentially flat one if it is controllable (strongly accessible for almost all x).
More precisely, such a system is O-flat is 7 is an odd number and is a 1-flat one if
is an even number.

2.5.2 A Sufficient Condition for Showing
that a System Is Not Differentially Flat

The following theorem provides a sufficient condition for showing that dynamical
systems are not differentially flat [340]:

Theorem: The criterion of the regulated variety. Assume that the dynamical system
X = f(x,u) is a differentially flat one. Then, the projection to the p-dimensional
space of its state-space equation p = f(x, u) is a subvariety regulated for all x.

This criterion signifies that the elimination of the control input # from the n
equations X = f(x, u) leads to n — m equations of the form F(x, x) = 0 with the
following property: For all (x, p) such that F(x, p) = O there exists« € R", o0 # 0
such that

VAieR F(x,p+Xxa)=0 (2.189)

Proof: Consider (x, u, p) such that p = f(x, u). Generally, f is of the order m =
dim(u) with respect to u. If x is removed from the state-space description then one
arrives at n —m equations which are based exclusively on x and p, thatis F'(x, p) = 0.
Thus one has the constraint about the trajectory around (x, i) : F(x, x) = 0. If the
system is differentially flat it holds that

x=¢, v, ...,y (2.190)

where variable y is the flat output. Thus, there exists (y, ¥V, ..., 9D) such that ¥ =
¢, y, ..., D). Then, the following identity holds

F@G. 3. 70 5 + 55+ + b0y ™) =0 (2.191)
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Taking now that the derivatives of function y at ¢t = 0 up to order g are given by
y"(0) =3y r=0,...,q and y*(0) = y¢ + & where £ is an arbitrary vector in
R, one has the following identity for all £ € R"

F(, X+ ¢pé) =0 (2.192)

with ¢>§q) to be evaluated at 7, y, ..., y?). From the point (X, p) of F(x, p) = 0
passes the affine space which is parallel to the image of ¢, that is a space of
dimension at most equal to m and at least equal to 1.

Therefore by showing that there does not exist any flat output with derivatives
which are not coupled in the sense of an ODE (or equivalently it can be said that
there does not exist a flat output being differentially independent), one can prove
that a dynamical system is not differentially flat. This result is particularly simple.
It stands, however, for an efficient method to show that certain multi-input systems
are not differentially flat.

Example I: The system
X1 =uy, Xy =ua, k3 = (u1)? + (u2)? (2.193)

is not a differentially flat one. This is because the subvariety p3 = p% + p% is not a
regulated one. There does not exist an & € R>, o # 0 such that

VA € R p3+iez=(pi+ra)?+ (p2+ ran)’ (2.194)

Actually, the cubic term implies that o = 0 and the quadratic term implies that
o1 = 0 and thus one has a3z = 0.

2.5.3 Liouvillian and Nondifferentially Flat Systems

There are some nonflat systems which do not satisfy differential flatness properties.
Such systems cannot be linearized by state feedback (neither by static feedback
linearization nor by dynamic feedback linearization). For such cases, the notion
of Liouvillian systems has been introduced, which can be seen as an extension of
differentially flat systems.

Nonflat systems are algebraically characterized by an integer called the defect.
This integer is well defined by introducing the notion of maximal linearizing output.
Using an informal definition, a set of variables y = (yi,..., y;) iS a maximal
linearizing output if the number of system variables which can be expressed as a
differential function of y is maximal. Therefore, the maximal linearizing output
characterizes the largest subsystem which satisfies the differential flatness property.
This largest subsystem is called a flat subsystem.
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The defect represents the number of the system’s variables which do not belong
to the flat subsystem. A nonlinear system is said to be Liouvillian or integrable by
quadratures if the elements which do not belong to the flat subsystem can be obtained
by elementary integrations of the elements of the flat subsystem. In the following
examples, the notion of integrability by quadratures and that of Liouvillian systems
is explained [340]

Example I:
X =x24+x3, % =x3, X3 =u (2.195)

This system is not linearizable by static or dynamic state feedback. The system is of
defect equal to 1 and is found to be Liouvillian (there is a state variable which does
not belong to the flat subsystem). A maximum linearizing output is given by y = x3
and x; is the only variable that does not belong to the flat subsystem. However, x
can be obtained from the integration x; = [y + y2, that is x; is given by a pure
integral of a differential function of y.

Example 2: The following dynamic model is considered
X1 =uy, X2 = U, X3 = XU — XoU|, X4 = X3U| X5 = X3U2 (2.196)

This system is nilpotent and completely controllable since it is driftless and sat-
isfies the Lie algebra rank condition. However, the system is not flat and can-
not be transformed into the canonical form. Nevertheless, there is a subsystem
within it defined by the first four equations, which is differentially flat and con-
sequently the system’s defect is equal to 1. The maximal linearizing output of
the system is given by y = (y1, y2), where y; = x; and y» = (zx1 — x4)/3,
with z to be defined by z = (x1x2 — x3)/2. Indeed z = y2/yi, thus x4 =
yiz = 3y2 = a(y1, Y1, ¥2, y2), X3 = Xa/y1 = b(y1, y1, V1, y2, ¥2, ¥2), X2 =
2z + x3)/y1 = c(y1, Y1, V1, y2, Y2, ¥2), U2 = X2 = q(y1, -~-,yf3), y2, - --,y§3))-
Since x5 = [x3u2 = [b(y1, ..., g1, - ., y§3)) one gets that the above system
of Eq.(2.196) is a Liouvillian one.

2.6 Elaborated Criteria for Checking Differential Flatness

2.6.1 Implicit Control Systems on Manifolds of Jets

Up to now the Lie-Backliind approach to equivalence and flatness of nonlinear
dynamical systems has been used. The Lie-Backliind approach states that a sys-
tem is differentially flat if and only if it is equivalent to (it can be transformed to)
the trivial system, that is to a system in the linear canonical Brunovsky form. There
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are elaborated criteria that enable to determine if a system is differential flat [286].
These state that flatness is equivalent to the property of strong closedness of the ideal
1-form representing the differentials of all possible trivializations.

For a nonlinear dynamical system X = f(x, ) (that is a system in the explicit
form) which is described by a set of ordinary differential equations, its implicit
description is obtained after eliminating the control input from the state-space model.
This takes the form:

Fx,x)=0 (2.197)

Next, a manifold description is introduced. Considering the solutions of Eq.(2.197)
the infinite dimensional manifold is considered: X = X x R’ or equivalently X =
X X R" x R"---R". It is assumed that the infinite set of global coordinates X is
given by

X = (V1 ey Xy Kl ey s Ely ey s e 200, x) (2.198)

Moreover, the so-called Cartan vector field is defined

G+bh_9
SRV I @199
while also the Lie derivative of function ¢ € C*°(X, R) along vector field tx is

introduced 8(]5
(+D
— =Ly = Z,—lz,>o T (2.200)

l

Since it holds that %xiu ) = LTXxi(J ) = )'ci(j ) = xi(] +1), the Cartan vector field acts
on coordinates as a shift to the right. Variable (X, tx), comprising the state vector
of the nonlinear system and its successive derivatives with respect to time, as well
as the Lie derivatives of the mapping transformation function ¢ along a vector field
defined by the state vector elements and their derivatives is called manifold of jets of
infinite order or diffiety.

Thus, in regular implicit control systems, one has no longer the description of the
system in the state-space form but uses a description based on the state vector and
its derivatives, as well as the derivatives of the mapping ¢. Next, the definition of a
regular implicit control system is given:

Definition: A regular implicit control system is defined as a triple (X, tx, F') with
X = X x RZ,, tx is the trivial Cartan field on Xand F € C*°(TX; R"~™), satisfying

rank(% = n — m) in a suitable open dense subset of TX.
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2.6.2 The Lie-Backliind Equivalence for Implicit Systems

The notion of the Lie-Backliind equivalence for explicit control systems is now
extended to implicit control systems (systems described by manifolds of jets or
diffieties). Two regular implicit control systems are defined [286].

Definition 1: Let X, tx, F and Y, Ty, G be two regular implicit systems. These are
Lie-Backliind equivalent at (xo, yo) € Xo X Yo if and only if

(1) There exist neighborhoods Xy of xo € Xp and yp € Yy and a one-to-one map-
ping @ = (¢o, P1,...) € C®(Yy; Xo) with C°(Yy; Xo) inverse ¥, satisfying
@ (y9) = xo and such that the restrictions of the trivial Cartan fields tyjy, are
@-related, namely @ * Ty|y, = Tx|x,

(i) The C*°(Yyp|Xp) inverse mapping ¥ = (¥, V1, ...) is such that ¥ (xg) = yo
and ¥ % TX|xg = TYlyg-

The mappings @ and ¥ are called mutually inverse Lie-Backliind isomorphisms at
(x0, Y0)-

It holds that two explicit control systems are Lie-Backliind equivalent if and
only if the associated implicit control systems are Lie-Backliind equivalent. This is
analytically stated as follows:

Two implicit systems (X, tx, F) and (Y, ty, G) are given and two vector fields f
and g compatible with (X, tx, F) and Y, ty, G, respectively are defined. The corre-
sponding explicit systems X = f(x, u) and y = g(y, v) are differentially equivalent
or Lie-Backliind equivalent at the pair (xo, uo, i), . .., and (yo, vo, Vo), - . . (With ug
such that xo = f (xo, ug) and v such that yo = g(xo, vo)), if and only if (X, tx, F)
and (Y, ty, G) are Lie-Backliind equivalent in accordance to the previous Definition
1, at (xq, X, - ..) and (yo, Yo, - - .)-

Next, it is pointed out once more that an explicit system is flat, if and only if, it
is equivalent to the trivial system (linear canonical Brunovsky form). This enables
to define also necessary and sufficient condition for implicit systems to be differen-
tially flat.

Definition 2: The implicit system (X, tx, F) is flat at xo if and only if there exists
Yo € RZ, such that (X, tx, F) is Lie-Backliind equivalent at (xXo, yo) € Xo x R%,
to the m-dimensional trivial implicit system (R, T, 0). In this case, the mutually
inverse Lie-Backliind isomorphisms @ and ¥ are called inverse trivializations.
Having denoted the implicit system as F (x, X), its differential can be defined next

n (0F; OF .\ .
dF:Zj:l (Wjdxﬁgjdxj) i=1,....n—m (2.201)

Moreover, one defines the smooth mapping @ of the 1-form (vector) w to X as
follows:

g
P0G = > jw;(qb(w))ai(;)(w)dy,i” (2.202)
i i, N
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where it holds that ¢ij W) = xi(j ) Then the following theorem holds about the
differential flatness of the implicit system

Theorem: The implicit system (X, tx, F) is flat at xo, with xo € Xp if and only if
there exists yo € R and a local Lie-Backliind isomorphism @ from R, to X
satisfying @ (39) = xo and such that @* - dF = 0.

2.6.3 Conditions for Differential Flatness of Implicit Systems

To formulate necessary and sufficient conditions for the differential flatness of
implicit systems some preliminary definitions on polynomial matrices are used.
The following polynomial matrices are introduced where the indeterminate is the
differential operator %

_OF | 0F d 0y _ 5 0rd(¢”) 3¢° ai
P(F) =50+ 4t 4 PO =X7" 5507 (2.203)

with P(F) (respectively P(q’)o)) to be of size (n — m) x n (respectively n x m).
Next, the following theorem about the Smith decomposition (or diagonal reduction)
of matrices is given [286]:

Theorem: Given a matrix M € M p,q[%] (the module of p x ¢ matrices over E)'t[g—t]),
there exist matrices V € U p[%], such that

VMU = (Ap,0,4-p)if p < g

VMU = Aq ) ifp>gqg
0p—q.9

(2.204)

where 0, ;- (respectively 0,4 4) is the ¢ x (g — p) (respectively (p — gq) X gq)
matrix with entries that are all zeros, and with A, a p x p (respectively A, ag X q)
diagonal matrix with elements §y, ..., 84,0, ..., 0 are such that §; is a nonzero j—t
polynomial fori =1, ..., 0 andis divisor of §; for all forall o > j > i. Moreover,
A, (respectively Ag) is unique up to multiplication by a regular diagonal matrix in
NP>P (respectively NT>7).

Since matrix P(F) of the differential description P(F) € Mn_m,n[%] of the
implicit system admits the Smith decomposition, it can be written as

VP(F)U = (A, Op—.m) (2.205)

Moreover, the definition of hyper-regular matrices is given:

Definition: Given a matrix M € M p,q[j—t], it is said that M is hyper-regular if and
only if its Smith decomposition gives (A, 0, 4—p) = (Ip, 0y 4—p) if p < g and
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( Aq ):( Iy )iprq (2.206)
OP—fI"I Op—q,q

Other definitions associated with the Smith decomposition of the differential matrix
P(F) of the implicit system F'(x, x) are as follows:

Itholds that VP(F)U = (A, 0,—u.m) and matrix U is denoted as R-Smith(P (F)).
Next one denotes

U=U (O”’"*’") (2.207)
Ly,

Moreover, there exists matrix Qg defined as

00 = (Om,n_m I )U—l e L — Smith(D) (2.208)

) f— On—m,m

and the associated matrices which satisfy
QO = (Im Om,n—m) (2.209)

00 = On—m.m> In—m) Qo0 (2.210)

Next, it is considered that U is the right matrix in the Smith decomposition of the
implicit system’s differential matrix P (F), thatis U € R — Smith(P (F)). Then the
following m-dimensional vector 1-form w is defined

w1 (%) ) Y001 (DY x,
w@ = - | = Qodxlx, = o (2.211)
W (X) Z?zlzaon{n,a(i)dx?|Xo

Using the above one arrives at a criterion for defining flat outputs.

Definition: Variational flat outputs. The vector 1-form @ = Qodx| X,» defined in
Eq.(2.211), using matrices Qg and Qo defined in Egs. (2.229) and (2.210), respec-
tively, is a flat output of the variational system.

The following relations are defined next:

Definition: It is said that the ?ﬁ[%]-ideal T generated by 71, .. ., T is strongly closed,
if there exists a matrix M € Um[%] such that d(M;) = 0.

Theorem: A necessary and sufficient condition for systems X, tx, F' to be flat at
(X0, yo) (over the class of meromc)l;phic fungtions) is that there exist U € R —
Smith(P(F)) and Q € L = Smith(U), with U to be given by

U=U (0”’”"") (2.212)
Ilﬂ
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such that the i)’t[%]—ideal £2 which is generated by the 1-forms wy, ..., w, defined
in Eq. (2.211) to be strongly closed in Xj.
The following operator is defined

D(H)x = d(Hk) — Hdx (2.213)

for all m-dimensional vector p-form « in A?((X))",all p > l andall H € Um[%].
Then, the following theorem holds [286]:

Theorem: The .‘R[%]-ideal £2 generated by the components of the vector 1-form w
defined in Eq. (2.211) is strongly closed in Xy, or equivalently the system (X, tx, F)
is flat, if and only if, there exists u € L{(A((X))™) and a matrix M € Um[%] such
that

dw = pw D(un) = ,uz DM)=—-Mpn 2.214)

The condition given in Eq. (2.214) may be seen as a generalization in the framework
of manifolds of jets of infinite order of the well-known moving frame structure

equations. Furthermore, the general matrix solution . = (ul )ik=1,..m of do = o,
with w defined in Eq. (2.211) is given by

= S 1o A 4 (2.215)

j=14—a,=0 iap T Ofﬂw dfﬁ '
with
k .
zjaﬂ ﬂVl]k—l .omNa,B=0,...,0rd(n), a« #pPorj#k
o arbitrary Vi, k =1,... ., mVYa =0---ord(u)

(2.216)

the integer ord(u) being arbitrary but otherwise finite and satisfying ord(n) >
ord(I"), the I}’ ;3 being given by the following relation

L Nordan) 0@ A o®
dw; _Za’ﬂ ()ij 1 ,aﬁ Aoy (2.217)

and where vljo’: ﬂ’s are meromorphic functions depending on successive derivatives
of x.

Moreover, the following hold:

The .‘R[%]-ideal §2 generated by the components of the vector 1-form w defined
in Eq.(2.211) is strongly closed in Xy, or equivalently the system (X, tx, F) is flat,
if and only if, there exists © € Li(A(X)™), and two matrices M € Mm,m[g%] and

N e Mm,m[%], such that

dw = pw, D(w) = 2, D(M) = —Mu, DIN) = uN, MN=NM =1 (2.218)
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The procedure for testing if a system is differentially flat and for computing the
associated flat outputs is:

1. Write the system in the implicit form F(x, x) by eliminating the control input
from its state-space equations.

Compute the differential matrix of the system P (F).

Perform Smith decomposition of P (F) and retain the R-Smith matrix U.
Compute matrix U from Eq.(2.228).

Compute matrices Qg and Qo from Egs.(2.210) and (2.231), respectively.
Compute the vector 1-form that is described in Eq.(2.211). The elements of the
w vector are the flat outputs of the system.

SAINAR N

If for some ord (), the algorithm produces an invertible M, a flat output is obtained
by integration of dy = Mw, which is possible since d(Mw) = 0. In the opposite
case, the system is not differentially flat.

2.6.4 Example of Elaborated Differential Flatness Criteria
to Nonlinear Systems

An example is given next, about the application of elaborated differential flatness
criteria for implicit systems.

The unicycle robot: The kinematic model of the unicycle robot is considered [286]:
X =
y =vsin(0) (2.219)
="

I

The system is written in implicit form F(x, x) = 0. It has n = 3 states and m = 2
inputs, with n — m = 1 and thus it is equivalent to a single implicit equation which
is obtained

F(x,y,0,x,y, 0) = xsin(0) — yeos(0) =0 (2.220)

Next, one computes

=53

oF oF d OF dF d OF oF d
P(F)=<a_x+_xE —,+ﬁa 8_+_'d_t):>

D
53

(2.221)
P(F) = (sin(0)4%, —cos(0) %, icos(0) + Vsin(9))

Setting E = xcos(0) + ysin(0) one applied the Smith decomposition algorithm to
vector P. The Smith decomposition (or diagonal reduction) of a polynomial matrix
is as follows:
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Given a ux > polynomial matrix A over the noncumulative ring ER[%], there
exist matrices V € Uy,[4] and U € Us[4], such that VAU = (A,0) if u>>
where A is a u x pu (respectively > x 3) diagonal matrix, with diagonal elements
81,...,0,4,0,...,0 such that §; is a nonzero j—[—polynomial fori =1,...,0 and is
divisor of §; forallo > j > 1.

VAU = (g) (2.222)

if > >, where A is a u x p (respectively > x 3) diagonal matrix, whose diagonal
elements §q, ..., 8,,0, ..., 0 are such that §; is a nonzero % polynomial

Moving the last column (of degree zero) to the first place by permutation with the
two others one gets

P(F)Uy = (E, —cos(0) %, sin(0)4) (2.223)
with
001
Us=[010 (2.224)
100

and next by right-multiplying P (F)Uy with U where

1 cos@®@) d _ sin(®) d
E E dt E dt
Ur=1|0 1 0 (2.225)
0 0 1
finally gives
P(F)U = (100) (2.226)
with matrix U to be computed by
0 0 1
U=UyU =|0 1 0 (2.227)
1 cos@) d _ sin®) d
E E di E dr

It also holds that vector P (F) is hyper-regular and that

0 1

O—u (01,2) - 1 0 (2.228)
1) cos®) d _sin(0) d
—E

dt E dt
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with I, being the identity matrix in R?. Next by defining matrix Q( as

Qo = Omn—m  Im )U‘ € L — Smith(0) (2.229)
Ly—m On—m,m
and matrices Qy, Qo as y
Q0 = (In Om.n—m) Qo (2.230)
QO = (Onfm Infm) QO (2231)
one has
0 1 0
Qo = 1 0 0 (2.232)
sin(0) d _ cos(®) d 1
L dr L di
~ 010
Qo = (1 0 O) (2.233)

Multiplying Q¢ by the vector dX = [dx,dy,d6]" the last line of this product
becomes

QodX = +(sin(0)dx — cos(0)dV + (cos(0) + Yrsin(0)do)) =
QodX = Ld(ksin(0) — ycos(9)) = (2.234)
QodX =0

which comes from using Eq. (2.220) about the implicit system dynamics. Next matrix

Qo is defined as ~
Qo = (I, Om,nfm)QO (2.235)

and by multiplying Q¢ with vector dX = [dx, dy, d6]" one gets
_[dx »
Q0| dy]| = ( 1) (2.236)

which finally gives w; = dy and wp = dx. Thus, the ideal §2 that is generated by
£21, §2, is trivially strongly closed with M = I5. Consequently, one finally concludes
that the flat output of the system is y; = y and y, = x.
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2.7 Distributed Parameter Systems and Their
Transformation into the Canonical Form

Up to now the analysis on differential flatness properties was focused on lumped
parameter systems, that is systems described by ordinary differential equations. By
applying differential flatness theory it is also possible to transform into the canonical
form distributed parameter systems which are described by nonlinear partial differ-
ential equations of the parabolic, elliptic and hyperbolic type. This is particularly
significant for developing efficient nonlinear control and filtering methods for such
a type of systems. To demonstrate this, the model of nonlinear heat diffusion PDE
will be used as an example.

2.7.1 State-Space Description of a Heat Diffusion Dynamics

The following nonlinear heat diffusion equation is considered, describing the spa-
tiotemporal variations of temperature in a surface

2
%‘f — K—¢ + f(@) + ulx, 1) (2.237)

Using the approximation for the partial derivative in the partial differential equation
given in Eq. (12.38) one has

¢ sl —2¢i + i

ax2 T Ax?

(2.238)

and considering spatial measurements of variable ¢ along axis x at points xo +
iAx, i =1,2,..., N one has

b K 2K K
ETER Git1 — 2 ¢i + Ax2¢i—l + f(@i) + u(xi, 1) (2.239)
By considering the associated samples of ¢ given by ¢q, ¢1, ..., N, ¢n+1 One has
Wi— Koy~ 2K g4 Koo+ f(d1) +ulxr 1)
%zﬁw Ax2¢2+A 3¢1 + f(¢2) +ulx2, 1)
W= gt Gt 2 (@) +uta.n (2.240)
SNt — %qﬁN - %qﬁzvq + E¢N—2 + f(dn-1) tulxy—1,1)

W = Kopnn — 2on + Eson i+ Flow) +uten, 1)
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By defining the following state vector

= (¢1.¢2, ..., dn) (2.241)

one obtains the state-space description

i = %xz — 2K+ o+ fO0) Fut)
Xy = 79X3 — 4 iy Ag Az X1+ fx2) +ux)
= B K
B3 = S — 25x + o+ () + u(x) (2.242)
K 2K
XN-1 = Asz Asz1+Asz 2+ flan—1) +ulxy-1)
Xy = sz¢N+1 %XN + 3 XN 1+ f(n) +ulxy)
Next, the following state variables are defined
YLi =2 (2.243)
Y2,i = Xi
and the state-space description of the system becomes as follows:
Y= A§2)’1 v+ Lo+ fOr10) +ulyin)
V2 = %zyl 3Ty Ky + A zyl 1+ fO12) +u(yi2)
VI3 = 3 V14 — szmer y12+f(y1 3) +u(y3)
(2.244)

Yl,N—lZﬁyl,N A 2K yin- 1+ 7 le 2+ fO1,n-1)
+u(yi,N—1)

VLN = Za®N+ — VN F A + f L) FuOiw)

N =3 730N+1 = $3VIN + A7 VIN- YI,N YI,N

The dynamical system described in Eq.(13.52) is a differentially flat one with flat
output defined as the vector y = [y1.1, y1.2, - . -, y1,n5]- Indeed all state variables can
be written as functions of the flat output and its derivatives. Moreover, by defining
the new control inputs

Vi = 2o+ f10) +ulyin)
v2 = f(y1,2) +u(yi2)

=f (y1 3) +u(y13) (2.245)

VN— 1—f(y11v 1)+u(y11v 1
VN = 23N+t + FOLN) + uyiN)


http://dx.doi.org/10.1007/978-3-319-16420-5_13
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the following state-space description is obtained

2K K
' —y A_i‘%( 2 0O ---0 0 0 0
YL AT TmI A 0O ---0 O 0 0 Y11
Y12 K 32K K_ 0 0 0 0 1.2
— Ax? X2 Ax2 +
YIN-1 ' K oK K YILN-1
V1N 0 0 0 0 0 A ﬁ—xz A?If( YI,N
0 0 0 0 0 yveliimbyye
100---00 Vi
010---00 1%
ol ROt I I
000---10 VN—1
000---01 VN
(2.246)
Assuming that all measurements from the set of points x; j € [1,2,...,m] are
available, the associated observation (measurement) equation becomes
100---00 11
<l 010---00 1,2
.Z.Z. R y13 (2.247)
000---10
Zm OOO"‘O] yl,N—l
JI,N

Thus, in matrix form one has the following state-space description of the system

y=Ay+ By (2.248)
z=Cy
Moreover, denoting a = Dsz and b = —[2)—;(2, the initial description of the system

given in Eq. (13.54) is rewritten as follows


http://dx.doi.org/10.1007/978-3-319-16420-5_13
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ba000---000000

e aba00---000000 yi1
y12 _ OOaba-- 000000 y12
LN 0000000 --- abao YI,N-1
LN 0000000"-00ab YI,N

100---00 Vi
010---00 V2

L] 0000 (2.249)

000 ---10 VN—-1
000---01 VN

2.7.2 Differential Flatness of the Nonlinear
Heat Diffusion PDE

The previously defined state vector of the PDE model is considered without the effect
of the external control input u(x, 7).

3 32
WokZl s (2.250)
The state vector is again Y = [yi.1,y12,---,¥1, 0, ..., y1,N—1, Y1,§], Where y; 1 =

Vi,yie=Va,...,y1.i=Vi,...,y1.n—1 = Vy—1 and y1 y = Vy. It will be shown
in a different manner that the state-space description of the nonlinear PDE dynamics,
which has as control input only the boundary condition ¢y is a differentially flat one.
One has

. K K
yr=-—Zgvat o 2¢0+f(Y11)+ —3)12 (2.251)
2= o o o)+ (2.252)
V12 = — Vet e y1,2) + =513 .
V13 = 2K + K + f( ) —l— K (2.253)
Y13 = Ax2)’1,3 Ax 2Y12 y1,3 y14 .

. 2K K K

Y1i == gV + a2 i + fOi) + A2 Lit (2.254)

y _ 2K + K + f( )+ K (2.255)
YLN-1 = =5 VLN-1 F 25 VI,N-2 YLN=1) F 2 5 VLN :
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LN = N g O (2256)
YILN = szyl,N sz)’I,N—l YILN Ap2 PN+ .

The flat output is considered to be the state variable y; n, which is denoted as
y = y1,n- Next, it is shown that all state variables which stand also for virtual
control inputs of the system «; = y; y—i, can be written as functions of the flat
output y = y1,n§

From Eq. (13.62) and considering that ¢4 is constant one obtains

VILN-1 =01 = m[)’l,z\f + 2N — s ne — F(1N)]

. (2.257)
=YILN-1=h1(y,y,--)
and following a similar procedure, from Eq.(13.61) one gets
YIN-2 =02 = W[)}LN—I + 2yinat = oy = fON-1] (2.258)
:>y1,N72 =h2(y7yv)
Continuing in a similar manner, from Eq. (13.60) one obtains
V0i—1 = ON—i4] = m[)}l,i + 250 — sha i — FO)] (2.259)
=Vi-1 =hy—it1(y,y,")
From Eq. (13.59) one obtains
V2 =0N-2 = m[)}m + 23— Eavia— FO19)] (2.260)
=y12=hn-2(y, ¥, )
From Eq. (13.58) one obtains
Yi1=aN-1 = m[y'm + 25—y - fOi)] (2.261)
=yi1=hn-1(y,¥,")
Finally, From Eq. (13.57) one obtains
o =oay = W[j’m + 2= - ol (2.262)
The above procedure confirms that all state variables of the model
yriyr2 yizoo oo (2.263)

Yii =+ YIL,N—1 YI,N
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and the control input which is the boundary condition ¢y can be written as functions of
the flat output y = y;,x and of the flat output’s derivatives. Consequently, differential
flatness for the heat PDE is shown.

Additionally, one can consider decomposition of the PDE state-space equation
into submodels, where at each submodel the virtual control input is «; = y1 y—;

Vi = —axa Vi + Faviiot+ fOL) + Faviic (2.264)

and with local flat output y; ; one can confirm that all subsystems are differentially
flat.



2 Springer
http://www.springer.com/978-3-319-16419-9

Monlinear Control and Filtering Using Differential
Flatness Approaches

Applications to Electromechanical Systems
Rigatos, G,

2015, XXX, 736 p. 375 illus., 319 illus. in color.,
Hardcover

ISBM: 978-3-319-16415-9



	2 Differential Flatness Theory  and Flatness-Based Control
	2.1 Introduction
	2.2 Definition of Differentially Flat Systems
	2.2.1 The Background of Differential Flatness Theory
	2.2.2 Differential Flatness for Finite Dimensional Systems

	2.3 Properties of Differentially Flat Systems
	2.3.1 Equivalence and Differential Flatness
	2.3.2 Differential Flatness and Trajectory Planning
	2.3.3 Differential Flatness, Feedback Control  and Equivalence

	2.4 Flatness-Based Control and State Feedback for Systems �
	2.5 Classification of Types of Differentially Flat Systems
	2.5.1 Criteria About the Differential Flatness of a System
	2.5.2 A Sufficient Condition for Showing  that a System Is Not Differentially Flat
	2.5.3 Liouvillian and Nondifferentially Flat Systems

	2.6 Elaborated Criteria for Checking Differential Flatness
	2.6.1 Implicit Control Systems on Manifolds of Jets
	2.6.2 The Lie-Backlünd Equivalence for Implicit Systems
	2.6.3 Conditions for Differential Flatness of Implicit Systems
	2.6.4 Example of Elaborated Differential Flatness Criteria  to Nonlinear Systems

	2.7 Distributed Parameter Systems and Their Transformation �
	2.7.1 State-Space Description of a Heat Diffusion Dynamics
	2.7.2 Differential Flatness of the Nonlinear  Heat Diffusion PDE



