Chapter 2

Equations of the First Kind
with a Difference Kernel

In this chapter we consider again the equation

Sf= ddz /f(t)s(x —t)dt = p(z). (2.0.1)

0

The operator S is now not assumed to be invertible. An important particular case
of (2.0.1) is the equation of the first kind

w

Sf= /f(t)k(m —t)dt = p(x), k(z)€ L(—w,w). (2.0.2)

0

Equations of the form (2.0.2) play an essential role in a number of applied
problems [101]. There are, however, few rigorous results in the theory of such
equations. The regularization method is not adaptable to a calculation of the
difference structure of the kernel of (2.0.1) and (2.0.2). In this chapter we develop
a method that takes into account the specific character of the kernels of (2.0.1)
and (2.0.2). As in Chapter 1, a solution of (2.0.1) can be expressed in terms of the
particular solutions

SNy =M, SNy=1. (2.0.3)

The general results are illustrated and made more precise in the classical
examples when the kernel k(x) in (2.0.2) is one of the following functions:

A

1
"ol

lz|™" (-1 < h<1), e ?l(v>0). (2.0.4)

Operators with kernels (2.0.4), or similar ones, have been the object of study
of a number of authors (Carleman [12], Krein [38], Gakhov [17], Zadeh and Ragazz-
ini [113]).
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32 Chapter 2. Equations of the First Kind with a Difference Kernel

2.1 Equations of the first kind with
a special right-hand side

1. Let S be a bounded operator of the form

Sf = d(i/f(t)s(m—t)dt, s(x) € L7 (—w,w), (2.1.1)

0
in the space LP(0,w) (1 < p < 2), where 1/p+ 1/q = 1. The main equalities from

Chapter 1 for S and S* acting in L?(0,w) are also valid for S and S* acting in
LP(0,w). We note that the operators

Af:i/f(t) dt, A*f:—i/f(t)dt (2.1.2)
0 T

are considered in LP(0,w) (1 < p < 2) and, therefore, when 1 < p < 2 they are
not adjoint to each other.

Proposition 2.1.1. Let S be a bounded operator of the form (2.1.1) acting in
LP(0,w). Then the operator identity (1.1.10), where M and N are given in (1.1.11),
is valid. Formulas (1.2.2) and (1.2.3) hold for L, given by (1.2.1). The operator
S is bounded in all the spaces L"(0,w) (p < r < q) and the adjoint operator S*
acting in the spaces L™ (0,w) (7 =1r/(r — 1)) is given by the equality

S*=USU, Uf=f(w—ux). (2.1.3)

The statements of the proposition above are proved similar to the corre-
sponding statements in Chapter 1 and we prove here only the following lemma.

Lemma 2.1.2. If f € LP(0,w) and Sf € LI(0,w), then

(SF,Uf) = (f,5°Uf). (2.1.4)

Proof. Since Sf € L(0,w), it follows from (2.1.3) that S*U f € L(0,w). Hence,
both sides of (2.1.4) are well defined. Now (2.1.4) is obtained directly from the
following property of an involution:

(f1. f2) ={Uf2,Uf1), f1€LI0,w), f2€LP(0,w). (2.1.5)
O

2. Theorem 1.3.1 from Chapter 1 can be modified for the case of the equations of
the first kind as follows.
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Theorem 2.1.3. Suppose that an operator S of the form (2.1.1) is bounded in
LP(0,w) (1 < p < 2) and that there are functions Ni(x) and Na(z) in LP(0,w)
satisfying (2.0.3). Then

SB.(x,\) = e, )\7&—,1, (2.1.6)
1y
where
1
= (SN Ny) — (N1, S*UN- B = B 2.1.
v <S 13U 2> < 1,SU 2>a ’Y(‘ra)‘) 1)\7_~_1 (I7>\)a ( 7)

and B(z, \) belongs to LP(0,w) and is defined by (1.3.4)—(1.3.6).

Proof. According to Proposition 2.1.1, the identity (1.1.10) and the recurrence
formula (1.2.3) remain valid for S acting in L?(0,w). Since N(x) € L%(0,w) and
(1.2.3) holds, it follows that for a certain C' we have

[Lmtillp < Cml|Lnllp < C™Fimd (2.1.8)

Here || f||p is the norm in the space LP(0,w). By virtue of (2.1.8) the series

= M
converges for |\| < C~1. Consequently,
SB.(x,\) =™, |\ <CO7h (2.1.9)
Using (1.2.2) we deduce that
By (x,A) = uy(z, X)) — i)\/Bw(t,)\) dt, (2.1.10)
where
Uy (2, A) = ay(AN) N1 () + by (A)Na(), (2.1.11)
ay(A) = i)\/B,Y(t, A)dt, by(A) =1 —|—i)\/Bw(t,/\)N(t) dt. (2.1.12)
0 0

Solving the integral equation (2.1.10) we derive

By (2, ) = uy(z,\) —i)\/ei(””_t)’\uy(t, ) dt. (2.1.13)
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Next we write the functions a~ () and a(X) in the following form:
ay(\) = iA(By (2, ), STUN2),  a(A) = iA(SB,(x, \), UN,). (2.1.14)
Then from (2.1.4), (2.1.11), and (2.1.13), we obtain
a(N) = ay () (1+iNy), (2.1.15)

where 7 is defined by the first formula (2.1.7).
Writing b, () and b(X) in the form

by(N) =1+ i>\<Bw,S*U(]1 - N1)>, b(A) =1+ i>\<SB7, UL — N1)>,
we derive a relation analogous to (2.1.15):
b(A) = by(A) (1 +iNy). (2.1.16)
From (2.1.15) and (2.1.16) it follows that

u(x, \)

_ _ B(z,))
RERE B (z, \)

= M <ot
iy M

Uy (2, A)

that is, the theorem is true for |A\| < C~1. Since B(z,\) and e** are analytic in
A, the theorem follows. Il

We introduce the function
p(A, ) = /Bw(aﬁ7 Al dz. (2.1.17)
0

A formula analogous to (1.3.12) can be deduced from Theorem 2.1.3:

e a(\)b(—p) — b(\)a(—p)

- 2.1.18
idvy+1 A4 p ( )

P\, ) =

2.2 Solutions of equations of the first kind

Let S be an operator with a difference kernel that is bounded in LP(0,w) and
suppose that there are functions Ny (z) and Na(z) satisfying (2.0.3). A solution of
(2.0.1) for the particular right-hand side ¢(x) = e*** was given in Theorem 2.1.3.

Using this result we construct a solution of (2.0.1) for the class ¢(x) from WIEQ).
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1. We introduce the function
r(z,t) = Na(w — t)N1(z) — N1(z — t) Na(x). (2.2.1)

From
r(z,t) = —r(w—tw—1x) (2.2.2)
there follows the relation

w

/ / flx—t+s)r(t,s)dsdt =0, (2.2.3)
0

x

x

where f(z) is an arbitrary function in LI(—w,w).
We denote by W,Sl) the set of functions ¢(x) such that ¢®(z) € LP(0,w).
We define an operator 7" on WZEQ) by

w

To = /(p’(t)r(:c, t)dt + p(w)Na(x) — /(p’(:l: —t 4 w)Na(t)dt

€T

0
- / / o"(x —t+ s)r(t,s)dsdt. (2.2.4)

It is easy to see that 7' maps WZEQ) into L?(0,w). Taking into account (2.2.3),
from (1.3.4)—(1.3.6) we obtain

B(x,\) = Te*?, (2.2.5)
If ¥ = 0 then (2.1.6) and (2.2.5) imply that
STe™ = el TSB(x,)\) = B(x, \). (2.2.6)

Using the first of the relations (2.2.6) we prove the following theorem.

Theorem 2.2.1. Suppose that the conditions of Theorem 2.1.3 are fulfilled and that
~v = 0. Then the operator T defined by (2.2.4) is a right inverse of S, that is,

STp=¢, @E€ WZEQ). (2.2.7)

Thus, for v =0 and ¢ € WZEQ) the function f(x) = Ty is a solution of (2.0.1).
2. We introduce a simpler formula for T'. To do this we need the identity

w W w w

/ / flx—t+s)r(t,s)dsdt = / / flz—t+ s)r(t,s)dsdt, (2.2.8)

T t—x T w—=x
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which follows from (2.2.3) if we put f(u) =0 for —w < u < 0. Further, in view of
(2.2.2) we get

w

/r(t, t—a)dt =0. (2.2.9)
Taking (2.2.8) and (2.2.9) into account we rewrite (2.2.4) in the following form:
_ // vt s)r(t,s)dsdt— /w (2 —t+w)Na(t) dt. (2.2.10)
To= = dp s)r(t,s)ds g | @ w) N . (2.2.
Substituting the variables s = v+t —z and t = v 2 " Wwe obtain the
form
1 d w 2w—|z—u| N N
_ vtr—u v+u—=x ,
To = Qdm/ / r( ) ) ) )dv @' (u) du
0 x+u
d w
d No(t)o(x —t +w)dt (2.2.11)
x

As in Chapter 1 we put

Qz, 1) = No(w — )N, (z) + (1 ~ Ni(w— t))Ng(m),

2w—|z—t| (2212)
1 s+r—t s—x+t o

Then the equality
Q(z,t) = r(x,t) + No(x) (2.2.13)
holds. A direct calculation shows that

2w—|z—u|

7 vtu—z , d i
) dx / / Ng( ) ) dv | ¢'(u)du e /Ng(t)g@(m t+ w)dt
0 T

T+u
= @(0) N2 (). (2.2.14)

From (2.2.11), (2.2.13)—(2.2.14) we deduce the final formula for T"

T<p:—ddm /@(m e () dt + 0(0)Ns (). (2.2.15)
0
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3. Now, let us consider the case where
v = (SN1,UNz) — (N1, S*UN3) # 0. (2.2.16)

We put A\g = —1/i7y. Comparing the residues of both sides of (2.1.6) at Ao,
we see that
SB(z, ) = 0. (2.2.17)

We rewrite (2.1.6) as follows:
S(B(x, ) — Bz, A0)> / (m + 1) = oire, (2.2.18)

We introduce the operators

x

1 .
Cyp = / ety T, =TC,. (2.2.19)
K 0
It is easy to see that
o o ei/\x _ ei/\ox
e _ 2.2.20
7° Ny + 1 (2.2.20)
By (2.2.5), (2.2.19), and (2.2.20),
B -B ‘
(2, %) = Bl@, do) _ T, e, (2.2.21)

iMvy+1
From (2.2.15) and (2.2.19) we see that T maps Wzgl) into LP(0,w) and can be
written in the form

w

t
/ ©(t) +iXo / @(u)ePo =W dy, | ®(z, t) dt. (2.2.22)
0

d

1
T.p=—
i v dx

The relations (2.2.18) and (2.2.21) show that ST,e"* = ¢**. Thus, we have the
following theorem.

Theorem 2.2.2. Suppose that the conditions of Theorem 2.1.3 are fulfilled and that
v # 0. Then the operator T, defined by (2.2.22) is a right inverse of S, that is,
STyp =, @(x) e Wb, (2.2.23)

4. The problem of constructing the operators T' and T, cf. (2.2.19), is simplified if

w

R= /Ng(t) dt # 0. (2.2.24)

0
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Then it follows from (1.2.2) for m = 1 that

Ny(z) = ; / No(t)dt + Lo(z) + aNo(z) |, a=— / Na(E)N (1) dt.
0

(2.2.25)
When we now put
Q1 (2,1) = ;(M (10— 1) £a(x) — L (w — 1) N(a)) (2.2.26)
1 w w—t
Q2 (z,t) = Ny(w—1t) | Na(s)ds+ [ Na(s)dsNa(z) |, (2.2.27)
(o frions

we deduce from (2.2.12) and (2.2.25)—(2.2.27) that
Q(z,t) = Q1(z,t) + Qa2(z,t). (2.2.28)

The corresponding function ®(z,t) has the form

O(z,t) = Oy (x,t) + Doz, t), (2.2.29)
where
2w—|z—t|
1 — _
Qulat) =, / Qx (”; b ;”) ds (k=1,2).  (2.2.30)

x4+t

Using (2.2.15), (2.2.29), and (2.2.30) we represent T as follows:

d

T<p:—d /<p()<I>1 z,t)dt + /<p w —t)dt Na(x). (2.2.31)
x
0 0

Thus, under the condition (2.2.24), it is enough to know the two functions £;(x)
and Lqo(x) in order to construct the operator 7.
It follows from (2.2.24) and (2.2.25) that formula (2.1.7) for v can be written

in the form
w

v = ; 0/ (tﬁl(w —t) - ,Cg(t)> dt. (2.2.32)

5. We note that (2.2.26)—(2.2.31) also hold when S has a bounded inverse T in
L?(0,w). In this case T" admits the representation

ddx /( D4 (z,t) ) o(t) dt—’_;{ /Ng(w —t)p(t)dt Na(z).  (2.2.33)
0 0
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6. Under certain conditions, Theorems 2.2.1 and 2.2.2 provide a procedure to con-
struct solutions of (2.0.1). The description of the whole set of solutions and also
the question of uniqueness of the solution leads, as usual, to the study of the
equation

Sf=0. (2.2.34)
Here Hg stands for the set of solutions of (2.2.34) belonging to LP(0,w). If
dim Hg > 1, then the following theorem is useful.

Theorem 2.2.3. Let S be an operator with a difference kernel that is bounded in
LP0,w) (1 < p <2)andl < dimHs < n < oco. Then Hg has a basis fi
(0 <k <n-—1) such that

feri=A"fr, 0<k<n-2 (2.2.35)
where A and A* are defined by (2.1.2).

Proof. Since the operator A* has no finite-dimensional invariant subspaces, the
inequality A*Hg # Hg is valid. According to (1.1.10), the operator S maps
A*Hg into the subspace spanned on M (z) and 1. This subspace cannot be two-
dimensional, because in that case there would exist absolutely continuous func-
tions N7 and Ns, and by virtue of Theorem 1.4.3, S would be invertible. Thus,
dim SA*Hg = 1. Hence, the subspace A* Hg has a common part H{ of dimension
n — 1 with Hg. Similarly we derive that

A*Hg # H§, dim SA*HE < 1. (2.2.36)
Putting HZ = A*HL N Hg, we deduce from (2.2.36) that
dim HZ >n — 2. (2.2.37)

It is easy to see that H2 C H, and so we have the equality in (2.2.37). Repeating
this process we obtain subspaces HE = A*Hg_1 NHs 2<k<n-—1), and

Hs D Hi>---DH', dimHE=n—k. (2.2.38)
Thus, there exists a function fy € Hg such that
fo= A e HE (1<k<n—1), |foll, 0. (2.2.39)
The system of functions f1, fo,..., fn_1 is linearly independent, because from
(Oéo + OélA* —+ -4 Ozn_lA*n_l>f0 =0, (2240)
it follows that ap = @3 = -+- = @,,—1 = 0. Thus, the functions f; (0 <k <n—1)
form a basis of Hg and satisfy (2.2.35). This proves the theorem. O

A similar fact was proved by M.G. Krein (verbal communication) for opera-
tors of the form

Sf=f(z) —l—/f(t)k:(w —t)dt, k(z) € L(~w,w). (2.2.41)
0
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7. Under the assumption that Nj(x) and Na(z) exist, the following theorem
is true.

Theorem 2.2.4. Suppose that an operator S of the form (2.1.1) is bounded in
LP(0,w) and that there are functions Ni(z) and Na(z) in LP(0,w) satisfying
(2.0.3).

I If f € Hs and || f||p #0, then f ¢ LI(0,w).

II. If p=2, then dim Hg = 0.
III. The inequality dim Hs < 1 is valid.
IV. If vy # 1 then dim Hg = 1.

Proof. Assume that f € L9(0,w). By Theorem 2.1.3,

<ei“, Uf> - <SB,Y(£ZJ, ), Uf>. (2.2.42)

Using (2.1.3) we deduce from (2.2.42) that
<em:>\7 Uf> —0,

that is, f(z) = 0, which contradicts the condition | f]|, # 0. This proves the first
assertion. Assertion II is immediate from the first assertion. It also follows from
the first assertion that A*Hg and Hg do not have common non-trivial elements.
On the other hand, similar to the proof of Theorem 2.2.3, we deduce that

dim SA*Hg < 1.

Hence, we have dim A* Hg < 1, from which we derive III.
Now we consider the case, where v # 0. We prove that

1B, Ao)llp # 0. (2.2.43)
Let us assume that
| B(z, Xo)|lp = 0. (2.2.44)
From (1.3.4), (1.3.5) and (2.2.44) it follows that
a(Ao)Ni(z) + b(Ao)Na(x) = 0. (2.2.45)
From (1.3.6) and (2.2.45) we deduce, that
a(Xo) = b(Ag) = 0. (2.2.46)
Putting
up(z) = a’(Ao)N1(x) + b (No) Na(z), (2.2.47)

By(z) = ug(x) — iXo / 0@y (4) dt, (2.2.48)

x
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we deduce from (2.1.6) that
1 .
. SBo(z) = eo®. (2.2.49)
1y
Using the notation (2.1.17) and formula (2.2.49), we have
1<SB()UB( A = e (A, —A 2.2.50
l’y o\T), v\, =€ p(a 0)' ( )
Now, in view of (2.2.46), (2.2.50), and (2.1.18), we obtain
<SBO(93), UB,Y(:C,)\)> ~0.
Hence, taking into account (2.1.4), we see that
(a’()\o)b()\) - b’()\o)a()\))'y + <Bo(m), S*UB, (x, )\)> —0. (2.2.51)

Formulas (2.1.3) and (2.1.6) yield
<Bo(m),S*UB,Y(m, /\)> - /Bo(m)ei(“f”)*dx. (2.2.52)
0

The formulas (2.2.48) and (2.2.52) lead to

a' (o) (b(A) +elow eiw) — ¥ (Mo)a(N)

<B0(33)7S UBW(x7>\)> - G0 X (2.2.53)
We substitute the right-hand side of (2.2.53) in (2.2.51):
(@' (0)b(0) = ¥ (Ao)a(n) (v - ) 00T 0 22
iAo —A) i(Ao — A) S

Taking (2.2.46) into account we pass in (2.2.54) to the limit as A — Ao:
a'(A\o) = 0. (2.2.55)
It follows from (2.2.54) and (2.2.55) that

b (Ao)a(\) (vwol_ A)) = 0.

b (No) = 0. (2.2.56)
The equations (2.2.55) and (2.2.56) indicate that [|ug(x)||, = 0. Then, by
(2.2.47), ||Bo(z)|l, = 0, which contradicts (2.2.49). Hence, (2.2.44) does not hold

and || B(z, Ao)|lp # 0. Now IV follows from III and (2.2.17). This proves the theo-
rem. O

Hence,
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8. The following result is useful for the study of various concrete examples.

Theorem 2.2.5. Suppose that an operator S is defined by (2.0.2) and that there
are functions N1(z) and Na(z) in LP(0,w) (1 < p < 2) satisfying (2.0.3). If the

functions
w

(@) = [ INn (O] Ko~ O] dt (m
0
belong to L1(0,w), then v =0 and dim Hg = 0.

Proof. The operator S* has the form

S f = /f(t)k(t —x)dt
0

Then

N1,S*UNo ) = [ Ni(z) | N w—t)kt—:c dtdz.
( )=/ 0/( (t-2)

(2.2.57)

Under the conditions of the theorem, the integral on the right-hand side of
(2.2.57) converges absolutely. Hence, by Fubini’s theorem we can change the order

of integration:

<N1,S*UN2>_]]N1 k(t — ) da Ny (w — t) t:<SN1,UN2>. (2.2.58)
0 0

By (2.1.7) and (2.2.58),
v =0.
Similarly,
<5Nm,Uf> - <Nm,s*Uf>
if

ferLP0,w), S*UfelLi0,w).

From Theorem 2.1.3 we obtain
SB(x,\) =

Using (2.2.59)—(2.2.61) we deduce that

<eiM,Uf> - <SB(:Z:, /\),Uf> - <B(m,)\),S*Uf>.

(2.2.59)

(2.2.60)

(2.2.61)

(2.2.62)

If f € Hg then (™ Uf) = 0, by (2.1.3) and (2.2.62), that is, || f||, = 0. This

proves the theorem.

O
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2.3 Generalized solutions

In many cases, equation (2.0.2) has only generalized functions as solutions. This
situation is typical for equations connected with optimal problems of automatic
control [101]. Under certain assumptions the results of Sections 2.1, 2.2 can be
extended to this case.

1. We denote by © the set of generalized functions of the form
f(x) = ad(z) + Bé(w — x) + fi(z), (2.3.1)

where f1(x) € L(0,w) and §(x) is the delta function.
We say that g(x) belongs to the basic space K, if g(x) is bounded on [0, w]
and is continuous at 0 and w.

As usual (see [18, Chap. 1]) a generalized function f is a linear functional
on K:

(9.5) = (£.9) = [ 9l f(a) . (2:32)
By definition, O )
(9.) = ag(0) + 89() + [ 9(a)f1(2) . (2:33)
We introduce the operator O

Sf:/f(t)k(m—t) dt, (2.3.4)

where k(x) is a continuous function on [—w,w|. The operator S maps functions
from ® into continuous functions on [0, w]. Operators A and A* on D are defined by

Af =i [ f(t)dt =ia+i | fi(t)dt, (2.3.5)
[rowsvn
ATf = —i/f(t) dt = —iﬁ—i/fl(t) dt. (2.3.6)

Theorem 2.3.1. For any function f in ®

(AS — SA%)f = i/f(t) (M(as) + N(t)) dt, (2.3.7)
0
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where

M(z) = / k(t)dt, N(z)=— / k(t) dt. (2.3.8)
0 0

Proof. From (2.3.4)-(2.3.6) and (2.3.8) it follows that

x

(AS — S5A4%) é(z) = i/k(t) dt = i/w(M(x) + N(t))é(t) dt, (2.3.9)

(AS — SA*) §(w —x) :i/ dt+1/k (z—t) (2.3.10)
0 0

Comparing (2.3.8) and (2.3.10) we have

(AS—SA*) §(w—x) :i(M( )+ N (w )) i/(M(:c)+N(t)>6(w—t) dt. (2.3.11)
0

In view of (2.3.9) and (2.3.11), the equality (2.3.7) holds for f(z) = §(z) and
f(z) = §(w — z). The fact that (2.3.7) holds for f(z) = fi(x) € L(0,w) is proved
in a way which is similar to the proof of Theorem 1.1.3. Thus, (2.3.7) is valid for
f € ®. This proves the theorem. O

Now, together with the operator S we consider the operator

St f = /k;(x—t)f(t) at (2.3.12)
0

which maps the functions from ® into the functions which are continuous on the
segment [0, w]. Let us prove that for any pair of the functions f(z) and g(z) from
® the following equality holds:

(Sf,9)=(f.5"g). (2.3.13)
Indeed, we put
f(x) = ad(x) + Bo(w =) + fi(z), g(z) =70(x) +vi(w—2)+ (),
where fi(x),g1(x) € L(0,w). By (2.3.4) and (2.3.12) we obtain

Sf=ak(z)+ pk(z —w)+ [ k(x—1t)f1(t)dt

Ot~

S*g =vk(—x)+ vk(w —z) + / k(t — 2)g1(t) dt.
0
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After some calculations we see that the left-hand side of (2.3.13) equals the
right-hand side.

2. Theorem 2.3.1 and relations (2.3.13) allow us to modify the results from Section
2.1 for the present case.

Theorem 2.3.2. Suppose that S has the form (2.3.4) and that there exist functions
N; and Ns satisfying (2.0.3). Then the function B(x,\) defined by (1.3.4)~(1.3.6)
belongs to © and

SB(x,)\) = e, (2.3.14)

Proof. For a function f of the form (2.3.1) we introduce the norm
1710 = lal + 181+ [ 1@
0

Since N(z) is bounded on [0, w], it follows from (1.2.2) that for some ¢

m+1m|

[£mirllo < eml[Lmlo < ¢

Hence, the series

B(z,\) =Y (ijn)!m L1

m=0

converges for |A| < ¢7!. We also see that B(z,\) € D and
SB(x,)\) = e, (2.3.15)

As in Theorem 1.3.1 we pass to the integral equation

Bla, \) = u(w, \) — in / B(t, ) dt, (2.3.16)

x

where u(z, \) is defined by (1.3.5) and (1.3.6).
To solve (2.3.16) we use the rule for changing the order of integration:

7]f(v)g(v7t) dvdt = /wf(v)/vg(v,t) dt do, (2.3.17)

x

where f(z) € D, and g(x,t) is a continuous function of z and ¢ (0 < z,t < w).
We easily check that (2.3.17) holds for f(z) = é(x) and f(z) = é(w — ).
It is known that formula (2.3.17) holds also for f(z) € L(0,w). Taking into ac-
count (2.3.17) we solve (2.3.16) by the method of successive approximations. This
completes the proof of our assertion. 0
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Now, we introduce the function
p(A, p) = /B(m,)\)ei‘“” dz. (2.3.18)
0

From Theorem 2.3.2 and (2.3.17) we derive that

a(M)b(=p) = b(Na(—p) (2.3.19)

A 1) = —ielH
p(A, p) = —i Nt

3. The set of functions ¢(x), which have continuous second derivatives on [0, w]
is denoted by C'?). Like in Section 2.2, the operator 7' is introduced by formulas
(2.2.1) and (2.2.4). This operator maps functions o(z) from C®) into functions
from ©.

Theorem 2.3.3. Suppose that the conditions of Theorem 2.3.2 are satisfied. If ¢ €
C®@) | then the equation (of the first kind)

Sf=o (2.3.20)
has a unique solution f(z) =Ty in D.

Proof. The relation (2.2.3) remains valid for N1, No € ©. Using Theorem 2.3.2
and formulas (2.2.1), (2.2.3), and (2.2.4) we deduce that Te** = B(x, \). Hence,

STe™ = ™ thatis, ST =¢p, ¢eC?.

Thus, the generalized function f(x) = Ty is a solution of (2.3.20). Suppose that
this equation has more than one solution. Then there is a non-trivial solution of

Sf=0. (2.3.21)
It follows from (2.3.12) and (2.3.21) that
S*Uf =0, where Uf = f(w— x).
Using Theorem 2.3.2, we have
("N Uf) = (SB(z,\),Uf).
When we now take into account (2.3.10), we obtain
(" Uf)=0, thatis, f=0.

This proves the theorem. O
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4. We consider the equation

w

Sf= /e’”'x’“f(t) dt = ¢(z), v>0. (2.3.22)

0

After direct substitution we see that

Ni(z) = —i 5(a), (2.3.23)
No(z) = ; (v + () + 6w~ 2)). (2.3.24)

Thus, according to (2.2.1), (2.2.4), (2.3.23), (2.3.24), for ¢ € C®| the equation
(2.3.22) has one and only one solution in D.

2.4 On the behavior of solutions

Let us consider a bounded operator

d [ 11
_ _ a(— —1 41
Sf e /s(x t)f(x)dt, s(z) € LI (—w,w), p+q (2.4.1)
0
acting in the space LP(0,w) (1 < p < 2).
We study the equation
Sf=¢ (2.4.2)

and obtain conditions of the boundedness of f(x) We also describe the behavior of
f(z) at the ends of the segment [0, w]. Such questions arise in a number of applied
problems [1, 37, 101]. Separately we study the equations of the form (2.4.2), the
solutions of which are in the class of generalized functions.

1. Let the conditions of Theorem 2.1.3 be fulfilled and the equation S f = 0 has in
L?(0,w) only one solution.
Then the equation (2.4.2) has one and only one solution

f(@) =Ty, (2.4.3)
where the operator T is defined by (2.2.4).
We put
Pip= [ Nafw - 000 (0dt, Pal) = pl) ~ [ Matw - (0) .
0 0

From (2.2.4) and (2.4.3) we have the assertions [60]:
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Proposition 2.4.1. The solution f(x) of the equation (2.4.2) has the form
f(@) = Pi(p)Ni(z) + Pa(p)N2(2) + O(1), 0<z<w. (2.4.4)

Proposition 2.4.2. If any non-trivial linear combination Ni(x) and Na(z) is an
unbounded function, then for the boundedness of the solution of (2.4.2) it is nec-
essary and sufficient that the equations

Pi(p) =0, Pp)=0 (2.4.5)

be fulfilled.

Proposition 2.4.3. If the relations (2.4.5) are fulfilled, then the solution of the
equation (2.4.2) is a function continuous on the segment [0,w] where

f(0) = f(w)=0. (2.4.6)

2. The length w of the segment [0,w], on which the integral equation (2.4.2) is
considered, is physically meaningful in a number of problems. For instance, in the
contact theory of elasticity [1] the value w coincides with the length of the region
of the contact. In the theory of optimum synthesis, w is the value of the apparatus
memory [113]. Thus, the choice of w is determined by the corresponding physical
requirements.

Problem 2.4.4. Let the kernel s(x) be defined on the segment —Q < x < Q and let
the set of the functions ¢, () (0 < x <w < Q) be given. Find such a value w that
the solution of the equation

Sfo=¢u(®), 0<z<w (2.4.7)
is continuous on the segment [0,w], and
fw(o) = fw(w) =0.

By Proposition 2.4.3 the solutions of Problem 2.4.4 coincide with the roots
of the system of the transcendental equations

Pi(p,) =0, Pa(pw) =0, (2.4.8)

Problem 2.4.4 is not always solvable. For example, for ¢, (x) = 1, the system
(2.4.8) has no solution.

3. Let the invertible operator

Sf=f(z) + /k(x ) f() dt (2.4.9)
0
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act in L(0,w). Then the functions Ny (x), Nao(x) are absolutely continuous and (see
Section 1.4)

N1 (w)N2(0) — No(w) (Nl(()) - 1) ~ 1 (2.4.10)

From (2.4.10) it follows that Na(z) does not map into zero simultaneously at both
ends of the segment [0, w].

Using the absolute continuity of Ni(z) and Na(x) we write the functionals
Py(p) and Py(p) in the form

w

Pi(¢) = Na(0)p(w) — Na(w)p(0) + / NA(t)p(w — £) dt, (2.4.11)
0
Py(p) = (1 - N1(0)><p(w) + N1 (w)e(0) — /N{(t)go(w —t)dt. (2.4.12)
0

In the case of the operator S in the form (2.4.9), it is possible to weaken the
condition ¢ € LP(0,w) replacing it by the demand of the continuity of ¢(x). In
this case the following assertion holds (see (2.4.11), (2.4.12)).

Proposition 2.4.5. Relation (2.4.5) is a necessary and sufficient condition under
which (2.4.6) holds.

4. Now we consider the equations
Sf= /k(m —O)f(t)dt = o(z), @(z) e CP (2.4.13)
0

where k() is continuous on the segment [—w, w]. Let Ny(z), Na(z) € ©. Then by
Theorem 2.3.3 the equation (2.4.13) has one and only one solution f(z) = T,
where the operator T is defined by (2.2.4). Using (2.2.4) we obtain the following
assertion.

Proposition 2.4.6. Let N1, No € © and the equation (2.4.5) hold. Then the solution
f(z) of the equation (2.4.13) is a continuous function.

5. In the theory of optimal synthesis the following problem is essential.

Problem 2.4.7. Let the continuous kernel k(x) be defined on the segment —§) <
t < Q and a set of the function @, (x) be given. Find such a value w that the
solution of the equation

Sfu = / bz = ) fu(t)dt = pu (@), pul(z) € CP
0

is continuous on the segment [0,w].



50 Chapter 2. Equations of the First Kind with a Difference Kernel

According to Proposition 2.4.6 the solutions of Problem 2.4.7 coincide with
the roots of the system of equations (2.4.8). If ¢, (z) = 1, then Problem 2.4.7 has
no solution.

2.5 On a class of integro-differential equations

1. Let the operator S act in L(—a,a) and let it be defined by the equality

a

S = uf(x) + /k(:c _ O dt (2.5.1)

and k(x) € L(—a,a). We introduce the operator
d ,d
S

= — 2.5.2

Af dr  dx / ( )

where A is acting in the domain © 4 of the functions f satisfying the conditions
" (z) € L(—a,a), f(—a)= f(a)=0. (2.5.3)

A number of problems of the Lévy processes theory lead to the equations of
the form (see [30, 33, 97])

Af =¢, ¢ € L(—a,a). (2.5.4)

The integro-differential equations of this kind arise in some problems of
diffraction theory [24]. This section is dedicated to the investigation of the equa-
tion (2.5.4), the solution of which, in fact, reduces to the inversion of the operator
S with a difference kernel.

2. Let us show that the following equality (see [21, 100]) holds:

S ( ddmf> - ddm (Sf) =k(z — a)f(a) — k(z + a) f(—a), (2.5.5)

where f/(z) € L(—a, a). Integrating by parts, we have

S ( ddx f) = ,Uf/(x) + / k/(m —t)f(t)dt+ k(x —a)f(a) —k(z —a)f(—a). (2.5.6)

—a

From (2.5.6) and the equality

a

dsp =) + / Kz —t)f(t)dt

—a

it follows that (2.5.5) holds in the case of smooth k(z).
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We can prove that (2.5.5) is true in the general case approximating non-
smooth kernels by smooth ones. If f”(z) € L(—a,a), then from (2.5.5) we have

@ d S d f=kx—a)f(a)— f(—a)k(z + a). (2.5.7)

S _
dz?2 dz dzx

From (2.5.7) we deduce that Af € L(—a,a) when f” € L(—a,a).

We say that the operator S of the form (2.5.1) is a regular one, if the following
conditions are fulfilled:

1) The equation
Sf=0 (2.5.8)

has in L(—a, a) only a trivial solution.

2) In L(—a,a) there exist functions L (z) (k = 1,2) such that

SLy=aF1 k=12 (2.5.9)
and
R /El(m) dz £ 0, (2.5.10)

We remark that when p # 0, the invertibility of the operator S follows from
the condition of regularity. We introduce the operator

o= [eendWart , [Lensmatie. s
where
) 2a—|z—y|
Ox,y) =, / Q(‘Hz_y,s_zﬂ/) ds, (2.5.12)
Tty
Qz,y) = ; (£1(—y)£2(x) - £2(—y)£1($)>. (2.5.13)

Taking into account the transition from the segment [0,w] to the segment
[—a, a], we deduce from Theorem 2.2.1 the following assertion.

Proposition 2.5.1. If the operator S is regular and if p(z) € WZEQ) (1<p<2),
then Ty € LP(—a,a) and the equality ST = ¢ is true.
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3. In order to estimate the kernel ®(z,y) we introduce the function

/ ‘Q(u,u—v)‘dm 0<v<2a,
hiz) =¢""% v=x—y.
/ |Q(u—&—v,u)|du7 —2a <v <0,

—v—a

From (2.5.12), (2.5.13) we have

2a
|®(z,y)| < h(z—y), / h(v)dv < co. (2.5.14)
—2a
It means that the operator
By = /<I>(af, Y)p(y) dy (2.5.15)

is bounded in L(—a, a).

Theorem 2.5.2. If the operator S of the form (2.5.1) is reqular and o(x) € L(—a,a),
then equation (2.5.4) has one and only one solution f = By which satisfies condi-
tion (2.5.3).

Proof. The equation (2.5.4) is equivalent to the relation

x

~Sf = /w(y) dy + C,

—a

where C' is a constant. Using (2.5.1) and (2.5.11) we obtain:

)= (Be) - o / / o) du+C | Lo(—y)dyLa(x).  (2.5.16)

Since ®(+a,y) = 0, from (2.5.16) and the requirement f(+a) = 0, we derive
f(z) = Bp. Hence, the assertion of the theorem follows. O
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