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The scope of these lecture notes is to provide an introduction to modern statistical
physics mean-field methods for the study of phase transitions and optimization
problems over random structures. We first give a brief introduction to the field using
as tutorial example the percolation problem in random graphs. Next we describe
the so called cavity method and the related message-passing algorithms (Belief
Propagation and variants) which can be used to analyze and solve optimization
problems over random structures.

1 Statistical Physics and Optimization

Equilibrium statistical mechanics and combinatorial optimization have common
roots. Phase transitions are mathematical phenomena which are not limited to
physical systems but are typical of many combinatorial problems, one famous
example being the percolation transition in random graphs. Similarly, the under-
standing of relevant physical problems, such as three dimensional lattice statistics
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or two dimensional quantum statistical mechanics problems, is strictly related to
the question of purely combinatorial origin of solving counting problems over non
planar lattices. Most of the tools and concepts which have allowed to solve problems
in one field have a natural counterpart in the other. While the possibility of solving
exactly physical models is related to the presence of algebraic properties which
guarantee integrability, in the combinatorial approach the emphasis is more on
algorithms that can be applied to specific problem instances.

Many interesting combinatorial optimization problems are NP-hard, implying
that there is no known polynomial algorithm that is able to solve any instance of
the problem. However, there is no a priori reason to assume that instances with real-
world relevance will be specially hard, so the recent years have seen an upsurge
of interest in the theory of typical-case complexity. In practice, hardness can still
be present in random ensembles and one may try to identify those ensembles of
optimization problems which are hard to solve, and the reason for this difficulty.

Combinatorial problems are usually written as Constraint Satisfaction Problems
(CSP): N discrete variables are given which have to satisfy M constraints, all at
the same time. Each constraint can take different forms depending on the problem
under study. Well known examples are the K-Satisfiability (K-SAT) problem in
which constraints are an ‘OR’ function of K variables in the ensemble (or their
negations) and the Graph Q-coloring problem in which constraints simply enforce
the condition that the end points of the edges in the graph must not have the
same color (among the Q possible ones). A generic CSP can be written as the
problem of finding a zero energy ground state of an appropriate energy function
and its analysis amounts at performing a zero temperature statistical physics study.
Hard combinatorial problems correspond to physical model systems with competing
interaction, also called frustrated models.

In these lectures notes we will focus on two tutorial topics. The first one is to
provide a brief introduction to statistical mechanics by showing how it can be used
to study percolation in random graphs. The second is to give an introduction to the
main statistical physics techniques which are used to study optimization problems
over random structures.

2 Elements of Statistical Physics

The objective of statistical physics is to provide a probabilistic description of
the macroscopic behaviour of a system at equilibrium from the knowledge of its
microscopic components.

The implementation of this idea has required the introduction of revolutionary
concepts and the interested reader can consult textbooks e.g. [1-3]. We shall adopt
an operative approach and start from the following postulate.

A configuration C of the system, e.g. the specification of the N particle positions
{r j}, has a probability p (C) to be realized at any time when the system is in
equilibrium. In other words, the probability of observing the system in configuration
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C is given by!

1 1
P(© = en(-5 E©). m

In the above expression, T is the temperature and E is the energy of the system (a
real-valued function over the set of configurations). The partition function Z ensures
the correct normalization of the probability distribution p,

Z = Zexp (—% E (C)) . )
C

The role of the temperature can be understood by considering two limiting
cases:

1. infinite temperature T = oo: the probability p (C) becomes independent of C
and all configurations are equiprobable. The system is said to be in a “disordered”
phase (physically one may think to a gas or to a paramagnet).

2. zero temperature T = 0: the probability p (C) is concentrated on the minimum
of the energy function E, called the ground state.

The connection with combinatorics is easily understood by observing that the
normalization factor Z is nothing but the generating function of the configuration
energies.

We may rewrite the partition function (2) as

Z =) N(E)exp(-BE), 3)
E

where N (E) is the number of configurations C having energies E (C) precisely
equal to £ and § = % If we set x = exp (—p) then Z (x) becomes simply the
generating function of the coefficients N (E) as usually defined in combinatorics
Z =Y N(E) xt.

For any configuration C, the entropy is defined as S (E(C)) =logN (E (C)).
This quantity is in general very hard to compute, but in the large size limit N > 1,
and in most cases of interest in statistical physics E is sharply peaked around its
thermal average (E);, and therefore one can compute the average entropy S =~
e S (EWC)p(C)~ S ({E)7), which turns out to be equivalent to the Shannon
entropy of the probability distribution p, as usually defined in information theory,

I'Throughout this chapter, we will omit for simplicity the Boltzmann’s constant k; this is always
possible by choosing appropriate measurement units, such that k = 1.
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and which is known as the Gibbs entropy in statistical physics:
1
==Y p(©ogp(©) =~ (F(T)—<E>T), @
C

where
F(T)=-TlogZ(T) 5)

is called the free-energy of the system. Therefore, it is usual to refer to S simply as
the entropy of the system.

The entropy is an increasing function of temperature, which can be readily
verified by computing the derivative of (4). At zero temperature, it corresponds to
the logarithm of the number of absolute minima of the energy function £ (C).

The fact that § ~ S ({E)y) is an instance of a more general phenomenon: for
common statistical physics models, intensive statistical quantities such as the energy
density E/N and the entropy density S /N become essentially fixed, when N is
large, at any given value of 7' (except at most at phase transition boundaries, where
discontinuities may appear): their probability distribution over the measure p (C)
tends exponentially to a Dirac delta distribution as N — oo. This property (known
as concentration of measure in probability theory) allows to study e.g. the entropy
as a function of the energy (by varying 7'), the phase transitions of the system, the
structure of the ground states etc. A rigorous treatment of this subject can be found
e.g.in [4].

3 Statistical Physics Approach to Percolation in Random
Graphs

We shall attempt to familiarize with the statistical mechanics approach by describing
its application to the analysis of the famous percolation problem in random graphs
[5, 6]. Consider the complete graph K over N vertices. Gy, y, is the set of graphs
obtained by taking only Ny = y N/2 among the (];') edges of Ky in all possible
different ways. A randomly chosen element of Gy, y, with the flat measure is called
a random graph.

The alternative procedure of deleting edges from Ky with probability 1 — y/N
lead to similar family of random graphs. In the large N limit, both families share
common properties and we shall highlight the differences only when necessary.

The connected components of a given graph G are called clusters. Their size
is the number of vertices they contain (e.g. isolated vertices are clusters of size
one). We denote by C (G) the number of connected components of G and by ¢ (G)
their fractional number, ¢ (G) = % When c is small, the random graph G is
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characterized by few large clusters whereas for ¢ approaching unity there are many
clusters of small size.

Percolation theory is concerned with the study of the relationship between the
probability p of two vertices being connected with the typical value of ¢ in the
N — oo limit.

In what follows we show how such a relationship can be analysed by the study
of a statistical mechanics model, the so called Potts model, through a saddle-point
technique.

We denote with P (G) the probability of generating a random graph G through
the deletion process from the complete graph Ky . Given that the edge deletions are
statistically independent, this probability depends on the number of edges N, only,
and factorizes as

N(N—D _
P(G) = pM DU —p)—z N9, (6)

where | — p =1 — % is the probability of edge deletion. We want to study the
probability density p (c) of generating a random graph with c clusters,

pc) =Y P(G) §(c—c(G)), )
G

where § indicates the Dirac distribution.
We can introduce a generating function of the cluster probability by

1
F(q)z/o dep()g"

:/Idchf 3 PGS (c—c(G))
0

GCKy

NWN=D
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with ¢ being a formal parameter.

In the large size limit, p (c) is expected to be highly concentrated around some
value ¢ (y) equal to the typical fraction of clusters per vertex and depending only
the average degree of y. Random graphs whose ¢ (G) differs enough from ¢ (y) will
be exponentially rare in N. Therefore, the quantity

1
w(c) = lim - logp(c) ©)

should vanish for ¢ = ¢ (y) and be strictly negative otherwise. In the following, we
shall compute @ (c) and thus obtain information not only on the typical number of
clusters but also on the large deviations.
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Defining the logarithm f (g) of the cluster generating function as

1
fq) = Jim NlogF(q), (10)

we obtain from a saddle-point calculation on ¢, see (8), (9),
f(q): max [c logq+a)(c)i|. (11
0<c<l

f and @ are conjugated Legendre transforms and it will turn out that a direct
computation of f is easier.

3.1 The Potts Model Representation

We proceed by computing the properties of random graphs by using a mapping of
the generating function of the cluster probability to the so-called Potts model.

The Potts model [7] is defined in terms of an energy function which depends
on N discrete variables o; (called spins in the physics jargon), one for each vertex
of the complete graph Ky, which take ¢ distinct values 0; = 0,1,...,g — 1. The
energy function is written as

El{oi}] = =) 8(0i.0). (12)

i<j

where 6 (a, b) is the Kronecker delta function: § (a,b) = 1ifa = b and § (a,b) =
0 if a # b. The partition function of the Potts model can be written by summing
over all gV configurations

Zews= ), exp|B) 8(0i0)) (13)

{0:=0,..q—1} i<j

where 8 = 1/T is the inverse temperature.
In order to identify the mapping we need to compare the expansion of Zp,,, to
the definition of the cluster generating function F (g) of the random graphs.
Following Kasteleyn and Fortuin [8], we start by rewriting Zp,;; as a dichromatic
polynomial. Upon posing

v=1ef -1, (14)
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one can easily check that (13) can be written in the form

Zpows = Y _[[[1 4 v8 (0i.05)]. (15)

{oi}i<Jj

When o; and o; take the same value there appears a factor (1 4 v) in the product
(corresponding to a term ef in (13)); on the contrary, whenever o; and 0 are
different the product remains unaltered. The expansion of the above product reads

ZPom‘:Z 1—}-1}28(0}',0—}')

{oi} i<j

+ 2 Z 8 (0i.0;)8 (oK. 0) 4+ | . (16)
i<jk<l/G,j)# K]

We obtain 25" terms each of which composed by two factors, the first one given
by v raised to a power equal to the number of §s composing the second factor. It
follows that each term corresponds to a possible subset of edges on Ky, each edge
weighted by a factor v. There is a one-to-one correspondence between each term
of the sum and the sub-graphs G of Ky. The edge structure of each sub-graph is
encoded in the product of the §s. This fact allows to reinterpret the partition function
as a sum over sub-graphs

L(G)

Zos =y, »_ |9 1"[ (010 (17)

{oi} GEKN

where L (G) is the number of edges in the sub-graph G and iy, ji are the vertices
connected by the kth edge of the sub-graph. The order of the summations can be
exchanged to perform the sum over the configurations first. Given a sub-graph
G with L links and C clusters (isolated vertices included), the sum over spins
configurations will give zero unless all the os belonging to a cluster of G have
the same value (cfr. the § functions). In such a cluster, one can set the o's to any of
the ¢ different values and hence the final form of the partition function reads

Zps = Y, vM9q. (18)
GCKy



34 C. Baldassi et al.

By making the identification p = 1—e™# = v/ (1 + v), we can rewrite the partition
function as

» L(G)
Zpous = Z (m) (]C(G)

GCKy

_N(V—1) NN—D _
=(U-p = Y pHYU0-p T HY¢9D 9
GCKy

By extracting the prefactor on the r.h.s. of (19), we thus find Zp,,s = e¥ F (q), at
the leading exponential order in N. The large N behaviour of the cluster probability
w (c) is therefore related to the Potts free-energy,

. 1
fPottx (61) = — Nh—I>noo ﬂ_N 1Og ZPottw (20)
through
— 2 frons (@) = max (¢ logg + (©)). 21
2 0<c<l

We are interested in finding the value c* (¢) which maximizes the r.h.s. in (21);
since
dw (¢)
dc

= —loggq (22)
c*(q)

it follows that @ takes its maximum value for ¢ = 1. Differentiating Eq. (21) with
respect to ¢, we have

_ df Potts
dq

d 0 0
=—(c logg +w(c)) = — (c logg —i—w(c))—c—i—E, (23)
dq dc g q

which, in virtue of Eq. (22) becomes:

d 0tts
(@) =—q qu ). (24)

We have thus shown that the typical fraction of clusters per site, c* (g = 1), can
be obtained, at a given connectivity y, by computing the Potts free-energy in the
vicinity of g = 1. Since the Potts model is originally defined for integer values of
¢, an analytic continuation to real values of g will be necessary.



Statistical Physics and Network Optimization Problems 35

A straightforward examination of the energy function (12) shows that the latter
depends on the configurations only through the fractions x (o7; {0;}) of variables o;
in the gth state (0 = 0,1,...,g — 1) [9],

|
X(G:{ai})=NZ8(a,-,o), (c=0,1,...,qg-1). (25)

i=1

Of course, ), x (0;{0;}) = 1.
Using these fractions, the energy (12) may be rewritten as

2 4~1

Elto] = 5 Lo +a 26)

Note that the last term on the r.h.s. of (26) can be neglected with respect to the first
term whose order of magnitude is O (N 2).
The partition function (13) at inverse temperature 8 = /N now becomes

q—1
Z pous = Z exp (—g N Z x (0,{0; })2)
q—1} o=0

{o;=0.1,...,
(Norm) NI
= NY ') — M
{x0=0§/:N ..... 1 o ( Z g ) (1) [Nx (o)]!
1 (Norm)
= /0 197! dx (0) exp (=Nf [ix (0)}) @

to the leading order in N. The superscript (Norm) indicates that the sum or the
integral must be restricted to the normalized subspace ZZ;IO x (o) = 1. The “free-
energy” density functional f appearing in (27) is

q—1

flx@n =Y { — L@ +x (@) logx (o) - (28)

o=0

In the limit of large N, the integral in (27) may be evaluated by the saddle-point
method and the Potts free-energy (20) can be evaluated as

Spons (q) = é?}i‘}}f [{x (0)}]. (29)

From the definition of the problem, each possible value of o plays the same
role and f is invariant under the permutation symmetry of the different ¢ values.
However, we should keep in mind that such a symmetry could be broken in a given
minimum. Depending on the value of the connectivity y, the permutation symmetry
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may or may not be broken, leading to a phase transition in the problem which
coincides with the birth a giant component in the associated random graph.

3.1.1 Symmetric Saddle-Point

Consider first the symmetric candidate for an extremum of f,
, 1
X" (o) = —, Vo =0,...,q— 1. (30)
q

We have

sym )/

Pons (@) = —logq — 2% 3D
Taking the Legendre transform of this free-energy, see (21) and (24), we get for the
logarithm of the cluster distribution density

W™ () = _% —(1=c¢)(1+1logy —log[2(1=c)]). (32)

™™ (c) is maximal and null at ¢™ (y) = 1 — %, a result that cannot be true for
connectivities larger than two and must break down somewhere below. Comparison
with the rigorous derivation in random graph theory indicates that the symmetric
result is exact as long as y < y. = 1 and is false above the percolation threshold
¥c. The failure of the symmetric extremum in the presence of a giant component
coincides with the appearance of symmetry broken saddle points.

To understand the mechanism responsible for the symmetry breaking, one may
look at the local stability of the symmetric saddle-point (30) and compute the
eigenvalues of the Hessian matrix. One finds a non degenerate eigenvalue Ao =
q (¢ — y) and another eigenvalue A; = g — y with multiplicity ¢ — 2. The analytic
continuation of the eigenvalues to real ¢ — 1 lead to the single value A = 1 — y
which changes sign at the percolation threshold y,. Therefore, the symmetric saddle-
point is not a local minimum of f above y., showing that a more complicated
saddle-point has to be found.

3.1.2 Symmetry Broken Saddle-Point

The simplest way to break the symmetry of the problem is to look for solutions in
which one among the ¢ values appears more frequently than the others. Therefore
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one can look for a saddle-point of the form
x(0)=—[1+(1-q)s]

x(o)=—-[l—=s]., (o=1,....9—1). 33)

Q= Q| =

The symmetric case can be recovered by setting s = 0. The free-energy of the Potts
model is obtained by plugging the fractions (33) into (28). In the limit ¢ — 1 of
interest,

fUx @) ==3 +@=1 fruns s.7) + 0 (0= 1)) (34)
with
4 1,
fPorrs(S,)’)ZE(l—ES)—1+S+(1—S)10g(1—s) (35)

Minimization of fp,,s (s, y) with respect to the order parameter s shows that for
y < 1 the symmetric solution s = 0 is recovered, whereas for y > 1 there exists a
non vanishing optimal value s* () of s that is solution of the implicit equation

1—s*=exp(—ys*). (36)

The stability analysis shows that the solution is stable for any value of y.

The interpretation of s* (y) is straightforward: s* is the fraction of vertices
belonging to the giant cluster. The average fraction of connected components ¢ (y)
equals — fpous (8™ () , ¥), see (24), in perfect agreement with exact results by ErdSs
and Rényi.

Further results on the properties of random graphs can be extracted from the
previous type of calculation, such as the scaling behaviour at the percolation point
and large deviations. We refer to [10] for details.

4 Statistical Physics Methods for More Complex Problems

More advanced mean-field methods can be used to analyze and solve problems
defined not only over Ky as in the previous example but on sparser graphs.
Optimization and constraint satisfaction problems over finite connectivity random
networks are the chief examples [11]. The functional mean field techniques which
are used to study these problems are known as cavity methods with different levels
of possible symmetry breaking. The story of these mathematical approaches is quite
old [12, 13] and they have been rediscovered many times within different disciplines.



38 C. Baldassi et al.

However it is only in the last decade that their algorithmic power has started to be
fully appreciated.

In order to provide a concise presentation we introduce a notation which will
used throughout the rest of this chapter for generic constraint satisfaction problems
and Statistical physics models.

We will denote by s the set of N discrete variables over which the problem is
defined, and use by convention the letters i, j, k,... to denote variable indices.
Each variable s; can in general take values in a different set X;, thus s =
{s; € X;|li =1,..., N}, but it is often the case that X; = X is common to all
variables.

We will denote by C the set of M hard constraints which characterize the
problem, and use by convention the letters a, b, . .. to denote hard constraint indices;
therefore C = {C,la = 1, ..., M'}. We also use the notation da to indicate the set of
all variable indices involved in the ath constraint (and by s3, the corresponding set
of variables), and di to denote the set of all constraint indices which involve the ith
variable. So to each given constraint C, we associate the indicator function I, (s3,)
which is 1 if the constraint is satisfied, 0 otherwise.

A constraint satisfaction problem can thus be mapped onto a bipartite graph
(factor graph), with variable nodes representing the variables s; and factor nodes
representing the constraints C,; the edges of the graph always connect nodes
of different types and encode the structure of the problem (i.e. the sets da, or
equivalently di ). We denote with (ai) an edge from the factor node a to the variable
node i. We denote the set of all edges of the graph by &.

The problem is deemed satisfiable (SAT) as long as there is a solution satisfying
all the hard constraints, otherwise it is unsatisfiable (UNSAT).

We also introduce soft constraints, associated with either node type, denoted
as E; (s;) for the variable nodes and E, (sy,) for the factor nodes. Together, they
provide the energy function £ = ), E; (s;) + >_, Ea (s34), which allows to
differentiate between valid configurations s by favouring those configurations which
have the lowest energy. An external parameter 8, which has the role of an inverse
temperature, controls the relative weight of the valid configurations as a function of
their energy; in the limit of 8 — 0, all configurations are equally weighted, while
in the zero-temperature limit 8 — oo the soft constraints become equivalent to
hard constraints and only the configurations which realize the minima of the energy
(ground states) are allowed.

This formalism allows us to map any constraint satisfaction problem onto a
statistical physics model defined by the following partition function:

7 = Z 1_[ L, (s30) e—ﬂ[Zi Ei (5))+ X4 Ea(532)] (37)
S a
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which corresponds to the following probability measure:

1 — . (85 S
we) = — [ [ (saa) e B[i EiGsi)+ X4 Ealsoa)] (38)

As we already noted in Sect. 2, in most common cases intensive statistical
quantities such as the energy density are essentially fixed for almost any given
value of the problem’s parameters, when N > 1. Furthermore, CSPs and
statistical physics models are often considered at the level of ensembles (families) of
problems, where the parameters which describe each problem (the structure of the
factor graph and of the constraints) are extracted from some probability distribution.
A realization of the parameters constitutes the so-called quenched disorder of the
system. When the probability distribution of some quantity, with respect to the
quenched disorder (consider e.g. the thermal average of the energy density as a
function of the model’s parameters) is also peaked around its mean, the quantity
is called self-averaging. This implies that any random instance of a problem is
representative of the whole family, and, conversely, that studying the problem at the
ensemble level is informative about almost all individual instances of the problem.
The percolation transition discussed above is an example of this phenomenon. The
self-averaging property of a given quantity may need to be assessed on a case-by-
case basis, but in some important cases general results can be used (e.g. Talagrand’s
concentration inequality [14], which applies to Lipschitz-continuous functions).

Following are some examples of how some common problems can be mapped
on this formalism:

* In a spin glass (a prototypical problem in statistical physics of disordered
systems) the variables are binary, s; € {—1,+1}, and all constraints involve
only two distinct variables, so if da = {i, j} we can make the identification
a = (ij); hard constraints are moot,Vi, j : L) (s,-, K} j) = 1, and soft constraints
are described by local fields 4; and interactions Jj;, extracted from some random
distribution: E' = — 3", hisi — 3 j)eg JiSi5;-

¢ In the g-coloring problem the interactions are again pair-wise, a = (ij), but
the graph structure is typically non-trivial (e.g. may be random), each variable
can take one of ¢ states, s; € {0,...,q — 1}, and all constraints are hard:
Lijy (si.87) = 1 — 8., (where & is the Kronecker symbol).

* In the maximum weight independent set problem the variables are binary, s; €
{0, 1}, the interaction are pair-wise, @ = (i ), and defined on a non-trivial graph,
and we have both hard and soft constraints: I;;) (si .S j) = 8y5;0 and E; (s;) =
—Si.

* In the p-spin model (an extension of the spin glass model) variables are binary,
s; € {—1, 41}, but each interaction involves p variables, a = (il, .. .,ip), and
we have soft constraints £ = — Z(il...ip)eé‘ Jiy.iy ]_[;L1 Si;. When B — oo, it
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becomes equivalent to the problem known as p-XORSAT in computer science,
with each energy term corresponding to an XOR hard constraint enforcing the
condition

mod 2 39)

Zp: (1+s1) _ (1 + sign (Jiy..i, )
2 2
=1
In the K-SAT problem the variables are binary, s; € {—1, +1}, and each hard
constraint C, involves K variables: I, (s3,) = 1 — ]_[1K=1 (1 — Jai, si,), with J,; €
{_17 +1}'

Bethe Approximation and Message Passing Algorithms

5.1 Belief Propagation

Solving a model described by (37) is in general a hard problem. However, a general
solution is possible when the underlying factor graph structure has no loops, in
which case it is called a tree.”

5.1.1 Marginals

Let us define the local marginals

piGs)= Y p(s) (40)
{S./}j;éi

Ma (S3a) = Z w(s). (41)
{Sj}j¢z>u

We will show that, on a tree, (38) can be written in terms of the above marginals, in
one of the two equivalent forms:

Ma (Sa)
n(s) = l_[ wi (si) 1_[ n,eaa “Bl (1) (42)
=T mi '™ ] bt (s20) - (43)

2When the graph does not form a single connected component it is often called a forest, but this
distinction is moot four our purposes.
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The marginals (40) and (41) can be obtained by the so-called Belief Propagation
(or Bethe-Peierls) equations. The procedure consists of writing marginals for a
graph in which either a variable or some factor nodes are removed, as functions
of analogous marginals. These marginals are called cavity marginals, and Belief
Propagation is an example of a cavity method. The resulting system of equations
is then solved by an iterative procedure, and the desired, non-cavity marginals are
finally computed. We indicate with the subscript i — a the cavity marginals for
variable i when the factor node a is removed from the graph, and with the subscript
a — i the cavity marginal for variable i when all factor nodes b € di \ a are
removed.

The Belief Propagation (BP) equations for the cavity marginals are written as:

|
Pisa (5:) = ——ePEO T i (s1) (44)
1—a bedi\a
1 —BE. (s
Masi (51) = —— > Lo (s0a) e PE) TT pjma (s7) (45)
Za—i . .
Sda\i j€da\i

where z;, and z,-»; are normalization constants. These equations are exact on
tree graphs, since, when removing a factor node, all the variables involved in
that node become independent from each other, and their probability distribution
factorizes. They can be solved iteratively by starting from the leaves of the graph
(nodes of connectivity 0 or 1), where their expression becomes trivial, and iterating
inwards; therefore, the time required is at worst of order MK qK , where K is the
maximum degree of the function nodes, and ¢ is the maximum number of states
which a variable can take. The term ¢X can in some common cases be improved by
exploiting the structure of the functions I, and E,,.

The cavity marginals are also often called messages, and the iterative procedure
message passing.

It is also useful to introduce the non-normalized message passing equations,
which define the cavity partition functions:

Zisa (si) = e PO TT Zposi (s0) (46)
bedi\a
Zamsi (1) = Y T (s0a) e PEC) T Zjma (s7). (47)
Sda\i j€da\i

Using these, we can express the marginals (40) and (41) as:

| R
pi (s1) = —e PEGO TT Zawsi (s0) (48)
a€adi
1 ,
a (s10) = — Lo (s5a) e P T Zia (s1). (49)

i€da
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These allow us to write the constraints as functions of the marginals and the
cavity partition functions; introducing them back into Eq. (38) allows us to prove
the relation (42).

It is easy to see that the marginals (40) and (41) can also be written in terms of
the cavity marginals as:

|
pi (51) = —ePEOD T passi (1) (50)
< a€di
1 _BE (s
Ma (S3a) = Z_]Ia (s90) € PEatsaa) l_[ Wi—sa (i) (5D
a i€da

where again z; and z, are normalization constants.
Another useful relationship which immediately follows is:

Wi (i) X fhi—sq (8i) fa—i (si) Va € 0i. (52)

5.1.2 Free Energy

The cavity partition functions also allow us to express the total free energy and
partition function by:

e =2 =" P[] Zowi (1) Vi (53)
Si

a€di

We can decompose the total free energy as the sum of local contributions expressed
in terms of the cavity messages. Let us define the cavity free energies and free energy
shifts by:

e Plime =" Zia (s1) (54)
si

e PFa—i — Z Zasi (8i) (55)

e—ﬂAFi—m — e_ﬁ(Fi—m_ZbE‘()i\u Fpsi) = Ziq (56)

e_ﬂAFa%i — e_lg(Fa—n'_Zjeaa\i Fj—a) = Zysi (57)

and analogously for the non-cavity free energy shifts:

e P =4 (58)
e PAfe = 7. (59)
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Using the BP equations it is easy to see that:

AF, ., = AF; — AF, (60)
AF,5; = AF, — AF, (61)

with [cfr. Eq. (52)]

Zi

e =3 i (50) o (51) =

S

(62)

Zi—a

With these, we can rewrite the free energy as:
F=) AF+) AF,—) AF, (63)
i a (ia)
or as:
FzZ(AFa—i—ZAF,-_M)—Z(|8i|—1)AE. (64)
a i€da i

The free energy can also be written in terms of the local marginals p; (s;) and
Wa (Saa), as:

F=3 Fo—) (il-DF (65)

where
1
Fu= ) Ea (s00) pa (20) = D ha (520 In s (s2a) (66)
S9a Sda
1
Fi= B () = g 3w (s Inpu (s1). (67)

In the above equations, we adopted the convention that x logx = 0 if x = 0.

5.1.3 Graphs with Loops

The above equations are only exact if the factor graph is a tree. When that is not
the case, expression (42), known as the Bethe approximation, can still provide good
results in a wide range of cases, and even become asymptotically exact in the limit
of large N.
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Preliminarily, we shall note that, on graphs with loops, the procedure for solving
the BP equations must be slightly modified: for example, one could initialize the
cavity messages at random, or uniformly, and update them by using Eqgs. (44) and
(45) in random order, until a fixed point for the whole set is eventually found.

With regard to the approximation estimate, the crucial observation is that the
property which was used in the derivation of the BP equations is that the cavity
marginals factorize, i.e. that the connected correlations between any two variables
involved in an interaction a vanish when the interaction a is removed: this is
commonly called the clustering property.

In a graph with loops, the clustering property does not hold in general, but
the correlations which one neglects by assuming that it does (i.e. that the joint
probability of the variables sy, can be factorized if a is removed) can become
asymptotically small as the problem size grows: one common example where this
may happen is that of random graphs in which the typical size of the loops tends to
diverge with the size of the graph. This kind of graphs are called locally tree-like:
removing any factor node a means that the distance along the graph of the variables
in s, diverges, and we may expect that they become uncorrelated. This is often,
but now always, the case, since there is one additional, more subtle, condition: in
the above derivation, we assumed that the BP equations only have a single solution:
this is always true on trees, but when loops are present there may be no solution at
all, or more than one, even on locally tree-like graphs (see Sect. 5.4). In both cases,
the observed effect is that the iterative procedure does not converge, or that some
normalization constants z; s, or z,—; become 0 during the iteration.

In many cases, the BP equations provide reasonable estimates even when the
clustering property doesn’t hold; in particular, they can be exploited to identify
“good” configurations (i.e. low-energy, SAT configurations) for a given instance
of a problem, even when optimality is not strictly guaranteed, as we shall see in
Sect. 5.3.

5.2 The B — oo Limit: Minsum Algorithm

The BP equations (44) and (45) can be studied in the limit 8 — oo, assuming that
the messages scale as jt; q (s;) oc e PMi—a6) and p,_; (s;) oc e PMa=i() In this
way we obtain:

Moy (s) = Ei (s))+ Y My (si) — Cisg (68)
bedi\a
Mesi(s) = min _ JE;(s.)+ Y Mjoa(s;)p — Casi.  (69)

da\i “la(594)=1
Sda\i 4 (S9a) jeaa\i
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These are the so called minsum equations. The constants C;_,, and C,—,; enforce
the conditions miny, M, (s;) = min,, M,—; (s;) = 0, which are the analogous to
the normalization of the BP messages.

When applied to tree graphs, the resulting minsum algorithm can be ascribed to
the family of dynamic programming algorithms.

The minsum messages can be used to obtain an estimate of the minimum energy
by taking the limit 8 — oo of the Bethe free energy (63):

Eo=lim F=Y AE +Y AE,—Y AE, (70)
0 B—o00 21: Xu: (1241):
where
AE; = lim AF, =min{ E; (si) + Y Mas; (5i) (71)
p=oo N a€di

AE, = lim AF, = min E; (s3a) + E M; S; 72

a poo a soa:o (5aa) =1 a( Ba) P z—>a( 1)} ( )

AE,‘“ = lim AFM = min {Mu—>i (Si) + Mi—m (Si)} (73)
B—o00 Si

If the ground state is unique, it can be found from the expression of the marginal
(50):

s; = argmin,, (Ei (si) + Z Mgi (Si)) . (74)

a€di

However, as for the BP equations, this is only guaranteed to be correct on a tree. The
condition of uniqueness of the ground state can be ensured by adding a small noise
perturbation to single site energetic terms E;. On graphs with loops, the iteration
often fail to converge. A general strategy both to deal with this situation and to find
solutions of CSP at non-zero temperature is presented in the next section.

5.3 Finding a Solution: Decimation and Reinforcement
Algorithms

Suppose we want to find a solution of a constraint satisfaction problem described by
(38), and that we are able to compute (perhaps approximately) the local marginals
Wi (s;). We will introduce two heuristic approaches based on message passing:
decimation and reinforcement.
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5.3.1 Decimation

A decimation algorithm works as follows.

1. Compute the p; (s;) (via BP, or minsum, or another algorithm).

2. Fix the most biased® variable i,y according to the local marginal: in,x =
argmax; (maxg; i; (s;) —sndmaxg, i; (s;)), where sndmax is the second max-
imum function: sndmax, f (x) = MAaXy£argmax, £ (y) f (x). Fixing a variable
reduces the problem to a new problem with N — 1 variables.

3. Repeat the above steps until all variables are fixed.

Note that as long as we can compute the local marginals exactly the above
decimation algorithm will end up with the optimal solution, if one solution exists. If
the marginals are approximate, this is not guaranteed, and the actual results depend
on the problem.

An easy modification which can speed up the algorithm is to fix a small fraction
of the variables at a time in step 2, rather than only one.

5.3.2 Reinforcement

Another similar approach is to fix the variables smoothly, by introducing a rein-
forcement field which changes during the iterative message passing propagation.
Let us consider the iterative BP algorithm where messages are initialized at random
(or uniformly) and updated in succession according to Egs. (44) and (45), and let us
denote with 7 the iterative step.* The reinforced BP equations read:

1 (o) —BE (s .
Mfi; (si) = I_-‘rlehi (i) p—=PEi (1) l_[ wi s (s) (75)
i—a bedi\a
T 1 - AP T
Womni (1) = —— YTy (s50) e PEt) TT i, (s7) (76)
Zai Sda\i j€da\i

where we introduced the reinforcement field hi’:
hi (si) =r () Inpf (s;) 77

T 1 T(si) ,—PBE;i (s;i T
Mi_H (si) — ZTTehl (")6 BE; (s;) l_[ I (si)- (78)

4 a€di

3Using the most biased variable is a simple and reasonable heuristic which works well in practice,
but other strategies may be considered.

“One step may correspond to one update of all messages (synchronous update scheme), or more
often to the update of the messages associated to one randomly chosen variable or function node
(asynchronous update scheme).
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Here, r (7) is the reinforcement parameter: it is initialized as 7 (0) = 0 and increased
slowly, until the algorithm converges to a single solution of the problem, i.e. until
wi(si) =~ 8&.3;. The underlying idea is to use the approximate marginals obtained
after t iterations, and use them to bias the problem in the following iterations: rather
like decimation, but in an ongoing fashion. Compared to decimation, this reinforced
iterative scheme has the advantage of being potentially quicker [this depends on the
growth rate of r(7)], and of being applicable in some cases even when the standard
BP equations don’t admit a single fixed point.

The reinforcement scheme can be straightforwardly extended to the minsum
algorithm of Sect. 5.2 by taking the limit § — oo.

5.4 Replica Symmetry Breaking and Higher Levels of BP

The multiple-BP-fixed-points situation mentioned at the end of Sect. 5.1 may occur
e.g. when the space of solutions is fragmented in clusters, each one corresponding
to a different fixed point of the BP equations (the clustering property is valid within
each cluster, but not globally). In the context of the statistical physics of disordered
systems, this phenomenon is known under the name of replica symmetry breaking
(RSB), while the situation where the space of solutions forms a single connected
cluster is indicated as replica symmetric (RS). These names originate from the
studies on the typical structure of the phase space in disordered models via the so-
called replica method; the computations are carried over by using the saddle point
method, and the structure of said saddle point is described in terms of its level of
symmetry breaking, with the symmetric solution being called RS and the successive
levels 1RSB, 2RSB, etc., up to full-RSB. When the correct level of RSB is not taken
into account properly, the estimates of the order parameters are only approximate.
The underlying theory (see [12] for a full exposition) is not rigorously proven yet,
but has been highly successful: as yet, its results on a wide class of models (called
mean-field models) have always been in agreement with rigorous theoretical results
(whenever available), and with numerical experiments. Note that the last statement
does not contain a precise conjecture and is somehow tautological, as it is customary
to define mean-field models as the ones that can be resolved by this theory.

The BP equations are apt to describe problems at the RS level, and thus fail to
give correct results when RSB occurs. The cavity method approach is nonetheless
still applicable: for example, a correct description at the 1RSB level can be
obtained by propagating messages which describe probability distributions over BP
messages. Higher levels of RSB can in principle be dealt with in the same way, by
using distributions over distributions of messages, and so on. The detailed procedure
can be in general described as follows: given a constraint satisfaction problem, write
the corresponding BP equations; then, consider the BP messages as the variables of
anew problem, and the BP equations as its constraints over such variables, and write
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higher-level BP equations for this new meta-model.’ Iterate this procedure for the
desired level of symmetry breaking.

More formally, a 1RSB description is obtained by studying the model described
by the following partition function:

Zigsp = Y _ e PP TTI; (uai) | [ Ta (o) (79
3 i a

where

o i = {fimala € 0i} U {a—i|a € di}, and analogous for p1y,;

e [; and I, enforce the BP equations (44) and (45);

e F (uai, Maq) is the Bethe free energy (63);

e m is the so-called Parisi parameter, which can be used to control how the
different clusters of configurations are weighted with respect to each other. The
RS solution corresponds to m = 1, while in the RSB phase m < 1. Setting
m = 0 with § finite amounts at weighting all clusters equally. The limit m — 0,
B — oo with y = mp finite can be used to weight each cluster @ according to
its average energy E¢, as e VE".

The procedure as sketched above can of course have prohibitive computational
costs, but not necessarily: for example, hard instances of the random K-SAT
problem, where 1-step symmetry breaking occurs, can be efficiently solved by using
the so-called Survey Propagation algorithm, which is equivalent to a simplified
version of a 2-level BP, with a decimation procedure used to identify a solution
(see [15, 16]).
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