Chapter 2
Chiral Tensor Power Spectrum
from Quantum Gravity

Quantum fluctuations that are produced during inflation freeze out after leaving the
horizon and can survive until today, as was described in Sect. 1.2.5. These fluctua-
tions, having been produced in the very early universe, might carry some information
about the quantum nature of gravity. The theory of loop quantum gravity does not
use the metric as its fundamental gravitational variable, but a (generally) complex
connection. Therefore, deriving the power spectrum of tensor perturbations in this
framework, which was done in Sect. 1.2.5 in the standard second order formalism,
could lead to a different result. Considering new variables to describe spacetime is
always interesting from a quantum mechanical point of view, as different quantum
theories can give rise to equivalent classical theories [1]. We cannot know from first
principles which description is the correct one, and experiments that involve quantum
mechanical observables like power spectra might be the only way of finding out.

I will first outline general principles of the canonical quantization of gravity in
Sect.2.1, starting with the usual approach taken in quantum field theory, and then
describing the framework of loop quantum gravity. I will finish by comparing the
canonical and covariant approaches to quantization.

In the Sect.2.2, I will describe different formalisms used in general relativity. In
particular, the tetrad formalism, the first order formalism which results in the Palatini
action, and the Ashtekar formalism which forms the basis of loop quantum gravity
will be discussed.

Section?2.3 is based on work that has been published in [2, 3]. T will describe
how using the Ashtekar variables instead of the standard metric variables to find a
perturbed gravitational action during inflation leads to a chirality in the tensor power
spectrum, which could leave an observable signature in the CMB. Even though
the Ashtekar variables are motivated by loop quantum gravity, they are interesting
to study regardless of the success of the theory. If we were to observe a chiral
tensor spectrum, it might not necessarily mean that LQG is the correct description
of quantum gravity, but it would definitely give us insight into the quantum nature
of spacetime.
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2.1 Canonical Quantization of Gravity

In this section, I will briefly discuss the main aspects of quantum field theory (QFT),
especially regarding the quantization of gravity, before giving some background
on loop quantum gravity, highlighting its successes and shortcomings. I will finish
by stressing why it might be interesting for Cosmology to consider the Ashtekar
variables, which are motivated by the canonical theory of LQG, as the fundamental
variables describing spacetime.

2.1.1 Quantum Field Theory

Quantum field theory is the union of quantum mechanics and special relativity, where
instead of considering single particle states, we consider fields which are quantized
over a (typically) flat, Minkowski background [4].

When one first studies QFT as an undergraduate, one probably learns how to quan-
tize a scalar field canonically, i.e. using the formalism of Sect. 1.2.4. The canonical
quantization procedure [5] has been very successful in the context of QFT, and is
used in particular to build the theory of quantum electrodynamics (QED), which has
made experimentally verified predictions with astonishing accuracy [6]. One con-
ceptual problem with the approach is the lack of manifest Lorentz invariance due to
the splitting of space and time, although the Feynman rules one derives to describe
interactions obey the Lorentz symmetry [4].

An alternative approach to quantization is the path integral formalism [7], which
uses the Lorentz invariant Lagrangian as its central dynamical variable. It also pre-
serves all other symmetries of the theory and is therefore more suited to treating
non-Abelian gauge theories like quantum chromodynamics (QCD) [6].

Although the two approaches lead to equivalent results, depending on the situation,
one might be more suitable than the other [4], although the path integral formalism
is usually the method of choice for the most developed theory of quantum gravity to
date, string theory [1, 8].

In all realistic field theories, ultraviolet divergences arise; which means that at
very high energies certain quantities of interest become infinite. Using the procedure
of renormalization, we can deal with these divergences and arrive at a physically
meaningful theory [4, 6]. It is a well known fact that this procedure fails in the
case of gravity: When one tries to quantize the graviton field by treating it as a
perturbation around flat spacetime [4], divergences arise that cannot be renormalized.
This is probably not surprising; most field theories are effective in the sense that their
regime of validity does not extend to the highest energy scales [4]. For gravity itself,
it seems we cannot simply cut off the highest energy modes and ignore the nature of
spacetime at the Planck scale.
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2.1.2 Loop Quantum Gravity

Loop Quantum gravity is an attempt to find a quantum theory of gravity in the most
“conservative” [9] way: Its aim is to quantize gravity in a background independent
(as the background itself is quantized), non-perturbative manner, without resorting
to new physics like higher dimensions, supersymmetry or trying to arrive at a unified
description of all fundamental forces. This is in contrast to string theory, which
incorporates all these aspects and is also based on the standard QFT approach of
quantizing over a fixed, flat background spacetime. LQG, on the other hand, uses a
canonical quantization method.

In LQG, we do not want to consider gravitons propagating on a fixed background
as one would do in standard QFT, but rather define operators corresponding to space-
time itself. Therefore, the canonical variables should describe spacetime, and indeed
the metric was chosen as the central gravitational variable (with its conjugate being
related to the extrinsic curvature) in the first attempt of defining a canonical quantum
theory of gravity, the ADM formalism [10].

In all canonical theories of GR we need to satisfy a number of constraints, which
correspond to the quantum Einstein equations [11] and incorporate diffeomorphism
invariance. Appendix A.2 gives some background on Hamiltonian constrained sys-
tems, and the specific constraints arising in LQG are given in Sect.2.3.2. In particular,
the Hamiltonian constraint, which corresponds to invariance under time translations,
on a quantum level leads to the Wheeler-DeWitt equation H|W) = 0 [12], where
the quantum Hamiltonian 7 acts on the “wave function of the universe” |W). It is
constrained to vanish to reflect the fact that there is no global time variable in GR (this
is simply the analogue of the Schrodinger equation in canonical quantum gravity).

Within the ADM formalism, it was very difficult to solve this constraint with
the chosen quantum operators. In 1986, Ashtekhar introduced a set of new variables
[13, 14], discussed in Sect. 2.2.3, where the central canonical variable is a connection,
and its conjugate a (densitised) metric field. Further work by [15, 16] led to the
definition of the loop representation (hence the name LQG): The actual variables
promoted to field operators were the holonomy (parallel transport around a closed
loop) of the connection, and a flux of the densitised metric [11]. Like the creation
and annihilation operators of particle states in Sect. 1.2.4, these operators create and
destroy “loop states”, quantum excitations of spacetime along a single loop [9] (the
idea of a loop basis was also used in the context of Yang Mills theory in terms of the
Wilson loop [17]).

This approach greatly simplified solving the constraint equations [18], especially
after work by Thiemann [19]. The Hilbert space these loop states live in has a basis in
terms of spin network states [20, 21]. Itis possible to define area and volume operators
acting on these spin networks (which can be regarded as building blocks of spacetime
[9]) with discrete spectra [22, 23], showing that spacetime is fundamentally discrete
in LQG.

Kinematically, the theory is well developed: There exists a well defined scalar
product [24, 25] and matter can be coupled to the theory [26, 27]. Progress has also
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recently been made on identifying n-point functions [28], and therefore an expression
for the graviton propagator can be obtained [29]. However, the dynamics of the theory
are still not well understood and the low-energy limit that should yield GR has not
been established [30].

LQG also has some applications to other areas of physics. It provides a way
to calculate the Bekenstein-Hawking entropy [31] and has also spawned the field
of loop quantum Cosmology [32, 33]. Loop quantum Cosmology contains some
interesting results, including a possible mechanism for driving inflation [34], the
absence of singularities [35] and the replacement of the Big Bang by a Big Bounce
[36]. However, the approach I will take below is not comparable; I will only be using
the Ashtekhar variables, not the loop representation which is the foundation of the
LQG formalism.

2.1.3 Different Approaches in Quantum Gravity

In canonical quantum gravity spacetime has to be foliated into spacelike slices evolv-
ing in time to be able to define the canonical variables [10]. This introduces an
explicit time dependence which manifestly breaks Lorentz invariance. The initial
lack of covariance (invariance under general coordinate transformations) and the
related problem of defining dynamics are the main criticisms faced by this approach.

Although a path integral formulation of LQG now exists using spinfoams
[37, 38], it is still in its infancy and work remains to be done trying to link the
different formalisms [30]. Arguably the most successful attempt at trying to find a
fundamental theory of quantum gravity to date is string theory [1, 8], which is a
covariant approach and therefore does not suffer from the same problems as LQG
(although proponents of the latter theory will claim that on the other hand, string
theory does not address the principle of background independence in GR, needing
to define a fixed background [9]).

Of course, there are many other approaches to tackling the problem of quantum
gravity, for example causal dynamical triangulation [39] (which is similar in nature
to the spinfoam formalism) or causal set theory [40, 41], where the causal structure
of spacetime is taken as the most important physical ingredient.

While a mathematically consistent theory of quantum gravity would obviously
be a major breakthrough in theoretical physics, any consistent theory will suffer
from the problem that it seems impossible with current technology to make testable
predictions: The energy scales at which quantum gravity effects play a role are far
too high to be probed directly by experiment. Indirect evidence seems to be the
best we can hope for at the moment, and Cosmology is a great candidate to provide
just that. Clearly, the conditions right after the Big Bang were such that quantum
gravity effects must have played a central role, and they might have left an imprint
in the CMB through inflation, which explicitly describes how quantum fluctuations
become classical observables. Deriving the spectrum of tensor perturbations using
the Ashtekar formalism would provide a test for the predictive power of the theory.
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2.2 Different Formalisms for General Relativity

Usually, the protagonist of GR is the metric g,,,,, and the dynamics are defined by the
Einstein-Hilbert action (1.8). However, we can also describe gravitational degrees
of freedom using a formulation in terms of tetrads (which requires introducing the
language of differential forms), as described in Sect.2.2.1. The content of this section
is based on section 2.9 and Appendix J of [42]. I will continue by introducing the first
order formalismin 2.2.2, where the metric and connection are taken to be independent
initially, giving the Palatini action. Combining both of these ingredients makes it
possible to define the Ashtekar formalism in Sect.2.2.3.

2.2.1 The Tetrad Formalism

It is sometimes useful, especially when trying to treat GR as a gauge theory, to use
a non-coordinate basis as opposed to the standard basis vectors dx*, 0,,. Motivated
by the fact that you can always define a local inertial frame in GR which looks flat,
consider the tetrad basis e/, I = 1...4, that satisfies ds®> = n;sele’, where 1y
is the Minkowski metric. / is an “internal” index and transforms under the vector
representation of the Lorentz group SO(3,1) [43]. We can write the basis vectors el
in terms of the old coordinate basis as

el = e[#dx“ , 2.1

so the defining condition for the tetrad basis can be written in components as
uv = TIIJeI/J,eJV . (2.2)
The spacetime indices, denoted by Greek letters, can be raised and lowered using
the metric g,,,, and transform by general coordinate transformations, while the inter-
nal indices, denoted by capital Latin letters, can be raised and lowered using the

Minkowski metric 777y and transform by local Lorentz transformations. The compo-
nents satisfy orthogonality conditions,

elue”’J = (5§ . etyel, = ob. (2.3)
We can also use the components e’ u of the tetrad basis to relate the components of
a vector V in each basis:

vi=el, v (2.4)

To be able to use covariant derivatives in this formalism, we need to define the
spin connection wul 7. The covariant derivative of some tensor A’ ; is then given by

VAl =0,AT  +w kAR —w, K AT (2.5)
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To obtain the defining relations for the spin connection and the curvature in the
tetrad basis, it helps to simplify expressions if we use the language of differential
forms. Let me define them and list some of their properties.

A differential p-formis a (0, p) antisymmetric tensor (i.e. a 0-form is a scalar, and
a one-form is a dual vector w = w,dx"). The (components of the) wedge product
between a p-form A and g-form B is an antisymmetrised tensor product,

_(p+q!

(A A B)Hl~~'up+t] - p’q'

[p1eepep Bl¢[)+l~~ﬂp+t]] . (26)

A basis for p-forms can be written using the wedge product as %dx’” Ao ANdxPr,
A p-form A is then given by

1 1 I
A= FA/“'"Hde A oAndxtr 2.7)
where the components A, ., , are totally antisymmetric.
We will also need the exterior derivative which is an antisymmetrised partial

derivative that maps a p-form into a p 4+ 1-form [42]:

(dA),u,l.A./Lerl = (P + 1)8[;1,1A/1,2.4./1p+q]- (28)

Specifically, for zero and one-forms, i.e. a scalar ¢ and vector w = w,dx", the
exterior derivative is

(d@) = Oupdx’, (dw) = duwiydx’ A dx" . (2.9)

Since partial derivatives commute, and the exterior derivative is antisymmetric, we
have d(dA) = d>A = 0 for any p-form A.

An important property of the exterior derivative is its action on the wedge product
of two forms. If A is a p-form,

d(AANB)=dAAB+ (—1)’ANdB. (2.10)

Finally, one can use n-forms w in n dimensions to define integration on the man-
ifold, specifically [ w = [ woi23d"x. As differential forms are completely antisym-
metrised, there is only one independent component for an n-form in n dimensions.

We can write the tetrad basis and the spin-connection as one-forms e’ and w ; by
suppressing their spacetime indices. The Cartan equations provide defining relations
for the torsion and the Riemann tensor in the tetrad basis:

T! =de' +w'y ne’, (2.11)

Rly=duw';+wg nwky. (2.12)
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Note that R! J is a two-form; it specifies the entire Riemann tensor (not the Ricci
tensor). It can be regarded as the field strength of the spin-connection [43]. The
Christoffel connection, Eq. (1.5), that is commonly used in GR is torsion-free and
ensures V,g,,, = 0. The first property leads to Eq. (2.11) being zero, which gives a
condition for the spin connection in terms of the tetrad, and the second implies that
the spin connection must be antisymmetric, w},; = —w,.

The tetrad formalism actually makes calculating metric components, spin con-
nection and Riemann tensor a lot simpler than the usual coordinate approach. As we
will make use of them in Sect. 2.3, I will derive a tetrad basis and the associated spin
connection for a flat Friedmann background (see also Appendix J of [42]).

For a flat FRW metric (1.12) using conformal time, we have g,,, = a? (no sum),
with all off-diagonal components zero. We need to satisfy Eq. (2.2), and clearly the

choice €% = el| = €%, = ¢33 = a does the job (any other choice will be related
to this by a local Lorentz transformation [42]). The four tetrad forms el = e{tdx“,
I = 0, i, can then be written as
e’ =adn, (2.13)
¢ =adx'. (2.14)

I

We can derive the components of the spin connection w'; using the torsion free

condition (2.11). First though, due to the antisymmetry w;; = —wj, we see that
W =0, (2.15)
wo,- = wio, (2.16)
wij = —wj,- , 2.17)

where we had to raise and lower indices with the Minkowski metric.

Let us solve Eq.(2.11) separately for the / = 0 and I = i components (which all
have the same form) using the solutions for the tetrad. To take the exterior derivatives,
regard the forms in Egs. (2.13) and (2.14) as a product of a scalar and a one-form
and then use the product rule in Eq. (2.10) to obtain (remembering that d* = 0)
de® = a'dn Adn=0andde’ = a'dn A dx'. For I =0, the torsion free condition
then gives

a’; Adx' =0, (2.18)

where T used w%) = 0. For I = i, we obtain
d'dn ndx' +aw'o Adn+aw'j Adx) =0. (2.19)
The only solution compatible with the antisymmetry of the spin connection is to set

w'; = 0 as well, with the only non-zero component being w'o = (a’/a)dx’ = He'
[42]. This clearly solves the torsion free conditions, Egs. (2.18) and (2.19).
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2.2.2 The Palatini Formalism

We can rewrite the Einstein-Hilbert action (1.8) using tetrads (remember integration
over 4-forms is well defined in four dimensions). The result is [43]

1
Sen (g (e)) = 3 / ersrre’ nel A RKL (w(e)) . (2.20)

This makes the internal gauge symmetry under local Lorentz transformation more
apparent [43]. Now, consider the following change in viewpoint: Instead of thinking
of the action as a function of the tetrad e/ only, we can initially regard it as a function
of both ¢! and w!;, and keep metric and connection independent. The resulting

action,
1

Sex (cht’) = 3 / erkie’ Ael ARFEW), (221)

is called the Palatini-Kibble action [19]. Varying it with respect to the metric gives
the usual Einstein equations, and varying with respect to w’ ; shows that it is indeed
the spin connection w(e) we defined, i.e. it satisfies the torsion-free Cartan equation
(2.11) and it is manifestly antisymmetric. This is also known as the first order for-
malism [44] as the equations of motion only contain first derivatives of metric and
connection, while the second order formalism of the Einstein-Hilbert action contains
second derivatives of g,

2.2.3 The Ashtekar Formalism

We can make a further generalization of the Palatini action and add a term 67 g e/ A
el ARKL (W), where 6y = 0 11k 9117 - This term is compatible with the symmetries
and vanishes on-shell, when we use the equation of motion for the spin connection
w(e) [43]. This gives the Holst action [45]

1 1
SH (e,{tv W;{J) = (—GIJKL + —511KL) / e nel ARME (W), (2.22)
2 g

where the coupling constant introduces the Immirzi parameter . This parameter will
not appear in the classical theory; however, it does play a role in the quantum theory
as we will show later in Sect. 2.3, and also appears in the black hole entropy formula
derived for LQG [31].

The Holst action is the fundamental action of loop quantum gravity and can be
used to derive the new set of canonical variables in terms of a connection A and
its conjugate E, which is related to the metric. This choice greatly simplified the
constraint algebra [30] compared to the old ADM formalism [10]. We can write
Eq.(2.22) as [43]
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2
ay _ Mpi 4 [ ji pa i a
S(A,E,N,N%) = —/d x[ALES - A5G - NH = NH,| . 223)
v

where (A, E) are the canonically conjugated variables, and AL N and N¢ are
Lagrange multipliers for the first class constraints (see appendix A.2 for details on
constrained systems). The Hamiltonian H and the space diffeomorphism constraint
H*? encode the invariance of the action under time translations and spatial diffeo-
morphisms, and the Gauss constraint G; generates SU(2) gauge transformations. As
we have made a specific choice for the time coordinate, the local Lorentz symmetry
is broken to a local SO(3)~SU(2) symmetry transforming the objects E{" and Al
The canonical variables satisfy commutation relations [43]

(X —y). (2.24)

i b Y b

Pl

Specifically, E corresponds to the densitized inverse triad
Ef = det (] ef (2.25)

where i = 1, 2, 3 is an internal index, and a = 1, 2, 3 a spatial index; and A to the
SU(2) connection (as opposed to a Lorentz connection) [43]

Al = —Ee”kw]ka + 'yw()la , (2.26)
1

where w’ j is the spin connection satisfying the torsion-free condition. Defining a
mapping (see [19], p.127)

. 1 ... .
w' = —Eeljkwjk , (2.27)
the connection can also be written as
Al = 4 (2.28)

The original variables chosen by Ashtekar [13] were defined for an Immirzi parameter
~v = =i. They are special in the sense that the symmetry group of the connection can
be identified with the self dual (SD) SU(2) subgroup of the Lorentz symmetry for y =
i, and the anti-self dual (ASD) SU(2) for v = —i [43]. These subgroups correspond
to the isomorphism between the complexified Lorentz group and SU(2)xSU(2).
Hence, I will refer to A’ as the SD connection if v =i, and as the ASD connection
if v = —i.



62 2 Chiral Tensor Power Spectrum from Quantum Gravity

2.3 Spectrum of Tensor Perturbations Using Ashtekar
Variables

In this section I will study the tensor perturbations and calculate their power spectrum
within the Ashtekar formalism. First, I will identify the canonical variables, perturbed
to first order to describe metric perturbations, in Sect.2.3.1.

The Hamiltonian description is discussed in 2.3.2: The constraints arising in the
Ashtekar formalism will be discussed and Hamilton’s equations will be derived for
the full and the perturbed variables. Finally, I will derive the second order Hamiltonian
describing the dynamics of gravitons (and therefore encoding tensor perturbations).
Although classically it reduces to the well-known result presented in Sect. 1.2.5, it is
still very instructive to carry out the calculation explicitly as a number of subtleties
need to be taken into account which had not been previously identified in the literature.

In Sect.2.3.3, I will expand the perturbation variables in Fourier space. As the
connection is complex, there will be separate positive and negative frequency modes
corresponding to gravitons and anti-gravitons, which are related by reality conditions.
I will end the section by deriving the commutation relations for the modes.

The quantum theory can then be discussed in Sect. 2.3.4. The Fourier space Hamil-
tonian can be written in terms of graviton creation and annihilation operators which
are linear combinations of the metric and connection. Having identified these opera-
tors, we can set up a Hilbert space of graviton states. The states with negative energy
are not normalisable under the chosen inner product, which is fixed by the reality
conditions. Therefore, half of the graviton operators are unphysical and should be
removed, after which we are left with the usual two graviton polarizations. I will
show that after normal ordering, we obtain a chiral vacuum energy, the first real
novelty compared to standard perturbation theory.

The chirality will be explored in more detail in Sect.2.3.5 where I will derive the
main result: The power spectrum of tensor perturbations in the Ashtekar formalism
is chiral, if the Immirzi parameter v has an imaginary part. This would lead to a
non-zero TB correlator in the CMB and therefore potentially be observable.

I will finish by discussing the case of a purely real v in Sect.2.3.6 before
concluding. Note that in the following, in general a complex value of « will be
considered, which can be split into a real and imaginary part,

Y=7Rr+ivr. (2.29)

It will sometimes be instructive to focus on the SD/ASD connection for which v =
=i, or a purely imaginary -y, as these cases exhibit special behaviour. The case
of a purely real «, which renders the connection real, will not be considered until
Sect.2.3.6.
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2.3.1 The Canonical Variables

To study the tensor perturbations during inflation within the Ashtekar formalism, we
will consider the metric

ds® = a*[—dn* + (Bup + hap)dx®dx?], (2.30)

where a = — % for a de Sitter background and we have omitted the TT superscript
in the perturbation h,j. Note that we will use the following index convention: I and
w refer to 4D internal and space-time indices, respectively, while i, j, ... and a, b, ...
denote the corresponding 3D indices.

We need to express the perturbations in the tetrad basis to relate it to the Ashtekar
variables. To zeroth order, the metric is given by (see Sect.2.2.1) ei(o) = aéfb and

the non-zero spin connection forms are wio O = He,

Now consider a tetrad basis of the spacetime (2.30) including perturbations, e
e!® 4 §e! . Clearly, the time component is not perturbed, so we only care about the
triads e’ . A solution for the triad components that satisfies the defining relation (2.2)
to first order (i.e. ignoring second order perturbations) is

I:

e, = a(&fl + zh;) . (2.31)

Instead of referring to the metric perturbation /4,5, we will simply write the pertur-
bation in the triad as ' ‘ .
e, = ad, + de,, . (2.32)

The inverse triad, which needs to satisfy Eq. (2.3) to first order is then given by

1 1
e? = Eéla — a—zée? . (233)

If we remember that 6e2 is defined as the perturbation in the triad (2.32), we do not
need to distinguish between i and a indices and can simply raise and lower them with
the Kronecker delta. Although this mixes internal group and spatial indices, we can
always unambiguously recover the initial perturbation § eé. We will therefore refer to
the perturbed triad as de;; (and simply call it the metric), and the perturbed Ashtekar
connection as a; ;. Note that with this convention de;; will turn out to be proportional
to the variable 4" used in Sect. 1.2.5, whose mode functions v obeyed Eq. (1.62).
Like the unperturbed spin connection, its perturbation dw?! ; must satisfy the con-
ditions (2.15), (2.16) and (2.17) due to antisymmetry. We need to expand the torsion
free equation (2.11) to first order in terms of éw? ;, de’ ; and the unperturbed quan-

tities w’ J(O) and e/ (JO). For I = 0, we have to solve

wOi(O) Adel + 5w0l~ Aet® = 0, (2.34)
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where we only kept non-zero spin connection terms and used de® = 0. Similarly, for
I = i, we obtain . . ‘ _
dée’ +3wig ne®Q 6w Ael @ =0. (2.35)

Using the rules in Sect.2.2.1, after some algebra we find

1 .
0w = —dej; dx | (2.36)
a
2 k
(5wij = —;6”(56]‘]/{ dx s (2.37)

where we lowered spatial indices with the Kronecker delta.
We can now define the Ashteker variables perturbed to first order, Eqs. (2.25)
and (2.28). Using the background solutions for the triad and spin connection, the

definition of the perturbed triad in Eq. (2.33) and noting that det (e,f) = a3, we

obtain
E® = a5 — ade? (2.38)
i

Al = yHadl, + % . (2.39)

The classical solution for the perturbed connection @/, is given by the perturbed spin
connections, (2.36) and (2.37):

aij = €ix1Okdej + ydej; . (2.40)

Note that this condition is only supposed to be satisfied on-shell, as initially we treat
metric and connection as separate variables according to the first order formalism.

To obtain the Poisson brackets for the perturbation variables (which will be pro-
moted to commutators when quantizing), we simply need to plug in expressions
(2.38) and (2.39) into the full Poisson brackets (2.24). This results in four Poisson
bracket terms of which only the last one is non-zero, which determines the Poisson
bracket for fluctuations as

{a}, (). 6e2(y)) = ——5-06%6(x — ) . (2.41)
mp)

2.3.2 Hamiltonian Formalism

As we know that the Holst action (2.22) is classically equivalent to the ordinary
Einstein-Hilbert action (1.8), the perturbed Ashtekar variables must lead to an equa-
tion of motion for the tensor perturbations that is identical to the one you would obtain
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in the second order formalism. The triad satisfies de;; = ah;; /2, which has the same

form as the field redefinition of the tensor modes in Sect. 1.2.5, le’( = %mplhf(, uptoa
factor of mp. It should therefore also obey the mode equation (1.62). We can obtain
the equation of motion for the perturbation de;; from Hamilton’s equations (derived
for the full Ashtekar variables) by keeping only the first order part. Later in this
section I will derive the same equations from a perturbed Hamiltonian instead.

The Hamiltonian constraint in the Ashtekar formalism for a general + is given by
[19]:

m2 . .
H= %/d%NE?E? [eijk(Fé‘b + H2eupe ES) — 2(1 + 72)K[’aKé]] . Q42

Let me define the new quantities appearing in (2.42): The field strength F i of the
Ashtekar connection A’ is given by

Fi = 0,AL — 9,AL + ik Al Ak (2.43)
K' is the extrinsic curvature of the spatial surfaces,

Ay — wh(E)
Y

Kl =

a

(2.44)

(on shell this becomes K! ~ w9) and N = 1/a? is the lapse density. For a SD/ASD
connection, v = =i, the term involving the extrinsic curvature vanishes, greatly
simplifying the constraint.

We also need to take into account a Hamiltonian boundary term [46—48],

Hpr = —mlz;.l/dEaNéijkEiaE?Abk . (2.45)

Although the boundary term is often ignored by imposing fall-off condition at infinity
[48, 49], this cannot be done in general, e.g. when using a plane wave expansion.
Therefore, it will turn out to be essential to include the boundary term in order to
recover the correct classical solution.

The full Hamiltonian has two other constraints [19] [as was shown in the Holst
action (2.22)], the Gauss constraint

Gi = DyE = 0,E¢ + eij AJEL ~ 0, (2.46)

and the vector constraint _
Vy =E{F,, =0, (2.47)

which is a linear combination of the Gauss and diffeomorphism constraint. Both
constraints are satisfied by the background solution. It can be checked that they are
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also satisfied to first order using the perturbed variables (2.38) and (2.39). We will
usually not be concerned with these constraints, as they do not encode the dynamics of
the theory, but I will comment on their significance when perturbing the Hamiltonian
to second order later.

2.3.2.1 Hamilton’s Equations

To derive Hamilton’s equations for the full Ashtekar variables, we need to make use
the Poisson brackets in Eq. (2.24) and remember the rule {A, BC} = {A, B}C +
B{A, C}. Hamilton’s equations for v = =i (where the terms proportional to (1 +~2)
in Eq. (2.42) can be ignored) take a fairly concise form:

. . 3
Al = (ALY = YNeij B (Fjb + EhﬂeabcE,g) : (2.48)
E{ = {E{ M} = —7¢;ju Dy(NEYED) | (2.49)

where D, is the covariant derivative taken with the connection A’. We can obtain
evolution equations for the perturbations by plugging Eqgs. (2.38) and (2.39) into
(2.48) and (2.49) and expanding to first order. This gives the Hamilton equations for
the perturbations,

al{./' = 2’7H2a25el-j — Y€inmOnamj » (2.50)

1
(56;7 = ;(aij - 6inman(semj) . (2.51)

Hamilton’s equation for de;; is the same as (2.40), i.e. it simply encodes the torsion
free condition which must be satisfied on shell. Taking the derivative of (2.51), and
eliminating the time derivative of the perturbed connection through (2.50), makes it
possible to obtain a second order equation for de;;, independent of the connection:

2
dej; — (V2 + F)cse,- i =0. (2.52)

This is the same as Eq. (1.62) in real space, proving that classically, the standard for-
malism of cosmological perturbation theory and the Ashtekar framework are equiv-
alent, at least for the case v = %i. Note that  has dropped out of the equation, as it
should not affect any classical results.

The Hamiltonian (2.42) of the Ashtekar formalism has been chosen such that it
can be related to the ordinary Einstein-Hilbert action by a change of variables, for
any choice of ~y. Therefore we know that Eq. (2.52) needs to hold in the general case
as well. This will help us in deriving Hamilton’s equations for the perturbations. For
a general v, Hamilton’s equations, derived for the full Ashtekar variables, are a lot
more complicated than in the SD/ASD case. Taking the Poisson brackets with the
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Hamiltonian (2.42), we obtain the same expression as in Egs. (2.48) and (2.49), plus
additional terms proportional to (1 + ~2):

A, = vNeijkEf(Fakb + EHzﬁabcEli) — (1 +)NEV(K] KL — KIK})
—mpy(1+4%) / d*yN E? E{{AL (x), wiwi) (2.53)

E{! = —yeijx Dy(NEYED) + (1 + Y)N(E{E? — EYE))K] . (2.54)
The Poisson bracket {A, w(E)} is a very long and messy expression, so the last term
of Eq. (2.53) is left unexpanded. As for the case v = =i, we can obtain the evolution
equations for the perturbations by substituting the definition of the Ashtekar variables
into (2.53) and (2.54) and expanding to first order.

In the case of the triad, this yields the same expression as before, Eq. (2.51).
We would like to avoid having to work out Hamilton’s equation for a;; explicitly
as it would involve having to compute the unexpanded Poisson bracket in (2.53).
As we know that e;; needs to satisfy the equation of motion (2.52), we can actually
avoid doing the explicit calculation and simply use Egs. (2.51) and (2.52) to deduce
Hamilton’s equation for the connection. It should contain the terms on the RHS of
Eq. (2.50) plus additional terms proportional to (1 + +2), such that it reduces to
the old expression for v = +i. Carrying out these manipulations, we finally obtain
Hamilton’s equations for the perturbations for a general value of :

1447
az{j = 2'71'1292631'/' — Y€inmOnGmj + Temma" (amj — emriOkderj) ,  (2.55)

5el{j = %(aij — einma,,éemj) . (2.56)
At first glance, it might seem odd that these expressions yield the same equation of
motion for the triad [Eq. (2.52)] as in the case v = =i, considering the connection
equation has acquired an additional term in 1 4~2 compared to Eq. (2.50). However,
this is necessary as terms proportional to 1 +~? do actually appear in the derivation
of the result for the v = =i case, where they can be set to zero. These terms must
be present in the case of general .

2.3.2.2 Second Order Hamiltonian

We have found the equations of motion for the perturbations by perturbing the full
Hamilton equations. However, to be able to quantize the theory, we need to identify
the perturbed Hamiltonian. This exercise is not trivial; as we will see in the following,
a fair number of subtleties need to be taken into account before arriving at the correct
result.

The perturbed Hamiltonian should contain tensor perturbations and encode the
dynamics of gravitons. Therefore, we know that the constraint H =~ 0, which
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demonstrates the lack of dynamics, cannot apply to the perturbative Hamiltonian
which we would like to quantize. Let us think about the Hamiltonian to different
orders in the perturbative expansion.

The first order Hamiltonian is trivially zero (once the other constraints are used).
The second order Hamiltonian, on the other hand, includes two terms,

H=H+3H, (2.57)

where %H contains products of first order perturbations, and %'H is linear in sec-
ond order perturbations in the triad and connection. Only the sum of these terms
vanishes on shell, 2H = 0. We can therefore identify the first term, %H, with the
dynamical Hamiltonian to second order, while the second term %H simply encodes
the backreaction or compensation due to the non-linearity of the gravitational field,
which ensures that the Hamiltonian constraint is satisfied. Therefore, we will need
to calculate %H to understand graviton dynamics.

Let me also stress that in the Ashtekar formulation, off-shell, the Hamiltonian
is not real, due to the presence of the complex Immirzi parameter . Of course,
imposing the constraints, the Hamiltonian becomes weakly zero and is therefore
manifestly real. However, as the constraint does not apply to the dynamical second
order Hamiltonian, %H is indeed complex. The complexity of %H will have an effect
on perturbation theory, and the novelties I will describe can be traced back to this
fact. Even though a complex Hamiltonian might seem strange, the quantum theory
we set up later (Sect.2.3.4) will still be well defined. All classical results can be
recovered and the quantum Hamiltonian will turn out to be hermitian after fixing the
inner product.

Before proceeding, note that the other constraints are also not zero when con-
sidering only the second order part that is quadratic in first order perturbations.
Specifically, for the Gauss constraint we get

3G = —eijraldel £0. (2.58)

When deriving (2.42) from the usual ADM action, the Gauss constraint and the
torsion free condition are used [19]. Therefore, non-zero terms proportional to %Gi
and %T“ will appear in the expression for %H. However, it can be checked that these
additional terms result in a full divergence and can therefore be ignored.

By expanding the Hamiltonian (2.42) to second order we obtain:

2 .
m 1
%H = % / d3x{¥a,’ja,’j + 26ijk(5€[iajak[ — 2H26125€,'j6eij

1++°

2
+;Ha5e,-ja,-j -2 Haéeije,«kl(akéelj)

1++2
- 727 [Gikz (Okdej)aij + €ikaij(Okde;) — Gikzéjmn((9k(5e/j)(3m(5€ni)]} ,(2.59)
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where we kept the ordering as it appeared in the calculation, as it will affect the
quantization. Only the first four terms survive for v = =+i. This expression is not
the correct perturbative Hamiltonian, however: it does not reduce to the Hamiltonian
(1.59) obtained for tensor perturbations in the second order formalism on shell, i.e.
when using the torsion free condition (2.40). This is due to two reasons.

First, we have not yet included the boundary term (2.45) at the same order and
level in perturbation theory (second order terms quadratic in first order variables). It
is given by

THpr = m}%‘l/dxifijkéeljalk~ (2.60)

To make this into a volume instead of a surface integral, we use Stokes’ theorem [50]
which introduces a divergence,

2
m
iHpr = Tm d>x 2¢€;10; Segjar) | (2.61)

where we introduced factors of two to obtain the same pre-factor as in (2.59). The
derivative term can be split into two contributions, one of which cancels the second
term of Eq. (2.59) and the other is —2¢;;x (0 desi)a;.

The second issue is more subtle and related to the terms proportional to H in (2.59).
There should not be any terms linear in the Hubble rate, as we want to rederive the
Hamiltonian for ordinary tensor perturbations, Eq. (1.59), where the only explicitly
time dependent term is a”/a, which in de Sitter is given by 2/1? = 2a*H? and is
therefore quadratic in H.

To understand what has gone wrong, recall the perturbed expression for the triad
and connection:

i
Al = yHadl + %2 (2.62)
a

E® = a0 — adel . (2.63)
Instead of thinking of this as a zero order part plus a perturbation, you can also
regard it as a canonical transformation [51]: we have replaced variables (A, E ? )

with variables (a;, 56? ), which have the same symplectic structure as the original
variables (the fact that the Poisson brackets (2.41) have a minus sign compared to
(2.24) is related to the fact that we defined the perturbation de® in the densitized
triad, not its inverse, initially. We could also absorb the minus sign into a field redef-
inition of the triad perturbation). Such a transformation can always be performed for
canonical systems, regardless of whether the new variables are small perturbations.
In this viewpoint, instead of “freezing” the background and considering spacetime
perturbations around it, we regard the perturbed variables as equivalent to the full
Ashtekar variables.
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If the canonical transformation is explicitly time dependent (which it is as a is a
function of time), the Hamiltonian in terms of the new variables, denoted by /C, is
related to the old Hamiltonian by a generating function F [51]:

K=H+ B_F . (2.64)
on

To obtain the correct Hamiltonian, in principal we therefore need to compute the
generating function. However, again it is possible to “cheat” slightly by using consis-
tency arguments instead of performing explicit calculations. We know that it should
be possible to derive Hamilton’s equations for the perturbations by taking the Poisson
brackets (2.41) with the (correct) perturbed Hamiltonian to second order. By demand-
ing consistency with Eqgs. (2.55) and (2.56), which were obtained from perturbing
the full Hamilton’s equations, we find that the appropriate generating function must
be

2
8F__@

—_— = d3H5,“ i — (1 2,‘85'.
i 7/ x ae‘,[aj (+’Y)€klkel/]

Adding this term to the Hamiltonian in (2.59) eliminates the second line, i.e. the
terms proportional to H. The final expression, taking the boundary term (2.61) into
account, is therefore:

2
m 1 1
Heff = % de[?aija,-j - 2H2a2(56[j5€,'j + (1 - ¥> e,-kg(ak(ie;j)a,-j

1 1
- (1 + ¥> €iriaij (Order;) + (1 + ?) Eik/ejmn(3k5e/j)(3m5eni)] . (2.65)

This corresponds to the effective perturbative Hamiltonian, which can be used to
quantize the theory in terms of graviton states.

By using the on-shell condition (2.40), we can derive the Hamiltonian in terms of
the triad only, remembering 2a>H> = a” /a:

m2 a’
Hefflon—shell = % /d3x |:5e,’-j56,’-j + (3k5€ij)2 - ;561']‘561']‘:| ) (2.66)

After identifying the two physical polarizations of the triad by using appropriate
mode expansions in the next section, it will be clear that this is exactly the same as
expression as (1.59), the second order Hamiltonian for tensor modes derived in the
second order formalism.
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2.3.3 Fourier Space Expansion

To be able to quantize the theory, we need to expand the perturbed variables in terms
of Fourier modes. However, we need to be careful that we perform this expansion
correctly, by taking into account two separate, but related points.

Firstly, note that in the Ashtekar formalism, the connection is initially complex
and we are not enforcing any reality conditions before quantizing. Therefore, we
must have graviton and anti-graviton modes in the expansion. This means that the
negative and positive frequencies in the field expansion are initially independent (so
compared to Eq. (1.45), we should have a different operator b associated with the
second term). Secondly, we will make the common field theory choice stipulating
that the spatial vector k points in the direction of propagation for both positive and
negative frequency terms. The reality conditions will then identify gravitons and
anti-gravitons moving in the same direction, not in opposite directions.

This choice not always been made in previous literature on the subject, where non-
physical couplings between k and —k modes appeared in the physical Hamiltonian
inside the horizon [49, 52]. These should only be present outside the horizon, where
they represent the production of particle pairs by the gravitational field (with the
particles in each pair moving in opposite directions) [53].

We therefore make the following Fourier expansion:

dk , '
Oeij = / S e 0E 4 (k™ + M08, e,
eni 4 -

A3k , .
ayj = / S 0 (6, e 4 140G, e KT (2.67)
@} 4

where &,,(k, ) = e, (K)W(k,n) and d,p(k, 1) = ar,(K)¥," (k, n), and ¢f; are
polarization tensors. In a frame where the direction i = 1 is aligned with k, they are
given by [54]:

00 O

eg)zi 01 +i ). (2.68)
V2 \0+i—1

Equation (2.67) has the same form as the mode expansion for tensor perturbations
(1.57) performed in Sect. 1.2.5, but now with an additional negative frequency term
which is independent of the first, as required. The amplitudes a,, (k) and e, (k) have
two indices (in contrast with some of the previous literature [49, 52]): r = %1 forright
(R) and left (L) helicities, and p for graviton (p = 1) and anti-graviton (p = —1)
modes (which were not present in Eq. (1.57), where the tensor perturbations were
manifestly real).

We can assume that the amplitudes a,,, and e,,, which will correspond to anni-
hilation operators upon quantization, are equal, and the differences can be absorbed
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into the mode functions ¥, and ¥,. Imposing the on-shell condition we will find
that while W, is independent of helicity and graviton states, the mode functions for
the connection, ¥, (k, ), must carry an r, p dependence.

2.3.3.1 Mode Functions

As we have seen that the Ashtekar formalism is equivalent to the second order
formalism of Sect. 1.2.5, we know that the mode functions of the triad will satisfy
the equation of motion (1.62)

2
w4 (k2 - ﬁ)we =0, (2.69)

where ' denotes differentiation with respect to conformal time. This has the Bunch-
Davies solution given in Eq. (1.62),

W, = e (1 ‘ ) (2.70)
‘T avk kn) " '

The boundary condition in the far past, |kn| > 1, is
Wk, n) ~ e (2.71)

This shows that k can be regarded as the direction of propagation of the wave as the
exponentials in which k appears can be written in four-vector form as e ~/¥7¢/kx —
ek [k kit = 0.

Let us find an expression for the mode functions of the connection on-shell. We
need to plug the Fourier space expansion (2.67) into the classical solution of the
connection derived from the torsion free condition, Eq. (2.40). Making use of the
identity

einlknel(;) = —irkeg;) , (2.72)
we find
V" = (yg + py) V. + rk W, . (2.73)

This expression can be simplified inside the horizon (k|n| > 1), when the boundary
condition (2.71) holds:

Vo = Wk (r —ivr + py1) (2.74)

There is only a dependence on p if  has an imaginary part and for a purely real +,
W’ would be the same for gravitons and anti-gravitons. This is to be expected, as
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Table 2.1 Relationship between helicity and duality states

r=+ [R] r=— [L]
p=+ [G] SD ASD
p=— [G] ASD SD

for a manifestly real theory we would not have needed to expand in terms of two
different operators a,4 and a,_, but just a single a,.

Before carrying on with the quantization of the perturbations, let us briefly inves-
tigate the relationship between the helicity states, labelled by r, and the duality states,
defined by v = =i. In this case, Eq. (2.74) becomes

v, = (r —ipy)kV¥, . (2.75)

For an SD connection, iy = —1, and the quantity in brackets is simply (r + p).
This is clearly zero if » and p have different signs. Therefore, the only components
of the connection that survive in the self dual case are the right handed (r = 1)
positive frequency of the graviton (p = 1) and the left handed (r = —1) negative
frequency of the anti-graviton (p = —1). The ASD connection has iy = +1 and
therefore contains the remaining degrees of freedom, right handed anti-graviton and
left-handed graviton. The split of the states into SD and ASD parts is summarized in
Table2.1.

This analysis shows that helicity modes and duality modes do not align, i.e. the
SD connection carries both right and left-handed helicity states and similarly for the
ASD connection. This point has been highlighted in [55], but it requires performing
the correct Fourier space expansion including graviton and anti-gravitons states and
was therefore missed in [49, 52].

2.3.3.2 Reality Conditions

When we set up the Hilbert space of quantum states in Sect.2.3.4, we will need
to impose reality conditions to relate graviton and anti-graviton states (and their
Hermitian conjugates), which will enable us to obtain the physical degrees of free-
dom. The reality conditions will eventually be used to fix the inner product, but it is
instructive to obtain the corresponding conditions on the operators.

The metric is real, de;; = de; j- Imposing this on the Fourier expansion, we find

ert (k) = e (k) . (2.76)
Therefore, graviton and anti-graviton are identified for each polarization and each

mode k. This is a good check that the expansion in Eq. (2.67) is physically sensible,
as we do not get relations between different polarizations or wavevectors k and —k.
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On-shell, the triad therefore only needs one set of creation and annihilation operators
in its Fourier expansion.

For the connection, the torsion free condition and the reality condition are linked:
Although the connection can be complex, it must satisfy the torsion-free condition,
which will ensure that the metric is real. From the defining expression for the Ashtekar
connection, Eq. (2.28), we know that

RA" = W' + v, (2.77)
JAT = ;0 (2.78)
There are two reality conditions for the connection, but we only need to impose one
as a constraint, as the dynamical evolution (described by Hamilton’s equations) will
make sure that the second condition is satisfied. Let us see what this implies for the

perturbations a;;. Using the solutions for the perturbed spin connection components,
Egs. (2.36) and (2.37), we obtain

ajj +aij =2a (5wij + 7R5w?j) = 2¢;uOkderj + 2yr0e]; (2.79)
aij — ajj = 2ai’y[6w?j = 2ivrde;; . (2.80)
Using the expansion (2.67), in Fourier space this becomes

ar+ (K, 1) + ar—(k, n) = 2rké;4 (K, 1) + 27r& (K, 1) , (2.81)
ary (k,m) — a,—(k, n) = 2iv&., (k1) , (2.82)

where arp, = a,p WP and érp = e;pW,. The reality condition for the connection we
want to impose as a constraint should be non-dynamical, so let us eliminate the time
derivative of the metric by combining Egs. (2.81) and (2.82):

iy ary(k,n) —iva,—(k,n) =2rkyre (K, n) . (2.83)

Its Hermitian conjugate is:
—ia) (k) +iv*al_ (k) = 2rkv;&_(k,7) | (2.84)

where we have used Eq. (2.76) to turn p = 1 into p = —1 on the RHS. This shows
that for each r and k there are two independent conditions upon the four operators
arp(K) and e, (k). We will use them later when we define the inner product.

On shell, we can use the full torsion-free conditions, Eq. (2.73), which can be
written as a weak identity on the operators:

ar—(k,n) ~ rke, + e, — e, (r —iv"k, (2.85)
ar+ (K, n) =~ rke, + 'y'é; — e (r —ivk, (2.86)
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where the latter expression is valid in the limit k|| > 1, c.f. Eq. (2.74). These
identities will be useful later when deriving the graviton operators for this theory, as
they will show that one of the graviton modes is unphysical.

2.3.3.3 Commutation Relations

Before we can set up a quantum theory in terms of graviton operators we need to
define the commutation relations for the modes. To do this, we first promote the
Poisson brackets (2.24) and (2.41) of the connection and metric in position space to
commutators:

[0, E20)]

1—253(5;5(;( -y, (2.87)

—1—5”& SxX—y). (2.88)
Pl

[} 0. 5¢2 )]

Note that these commutators have been derived from the fundamental Poisson brack-
ets of the Ashtekar variables and hence have not been gauge fixed yet, i.e. the TT
projection has not been carried out and we therefore have not identified the two
physical polarizations of tensor perturbations. The Fourier expansion (2.67), on the
other hand, assumed by construction that there are only two helicity states r = +1.
It was shown in [56] that the appropriate form of the commutator (2.88), taking care
of the gauge fixing, is

[aij (), dexr ()] = —i—5 Py (x — ¥) | (2.89)
mp)

where the delta function is replaced by a function P;jz;(x) which takes care of the
TT projection and is given by

dk ,
P = [ eI (2.90)

To obtain the equivalent of Eq. (2.89) for modes, let us first consider the unpro-
jected commutator (2.88) again. Dropping the indices, we can split the metric and
connection into separate positive and negative frequency parts, de = de™ + de~,
a = a* + a~, which are given by

+ dgk + ikx
deT(x,7) =/ e (k,me™ ™, 2.91)
(2m)2
’%
Se™ (x, 1) = / LE o, x| (2.92)
(2m)?2

and similarly for a.
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Therefore there are four terms in the commutator and, as is standard in QFT
[6], the only non-vanishing equal-time commutators must be given by positive and
negative frequency parts,

[a*(x), de™ ()] = [a~(x), de™ (y)] = —i272 o(x—y). (2.93)

MMpy

For the modes, this implies

_;Or+ pivn)

2
Mpy

[a™(k), e T (k)] = [a~ (k), e (k)] = Sk—Kk), (294

Taking expression (2.89) for the TT projected position space commutators into
account, we see that the operators we have defined in the Fourier expansion (2.67)
have commutation relation

l.('YR + pivr)

[arp (k). &), (k)] = — e}

8r50pg0(k —K') (2.95)

where g = —q.

The dependence on d,5 shows that we only get non-vanishing commutators when
considering the positive frequency of one variable and the negative frequency of the
other. As before, when we considered the mode functions of the connection, there
is no p dependence if 7v; = 0, as for a real field there is no distinction between
gravitons and anti-gravitons.

2.3.4 Quantum Hamiltonian

We now have all the ingredients to set up the Hamiltonian in Fourier space which
will be the starting point for the quantum theory. We want to express it in the standard
form where it just reduces to a creation times an annihilation operator, counting the
number of states, c.f. Eq. (1.44). In our case, these states will be graviton states and the
operators will create and annihilate gravitons. As we have not imposed the torsion-
free condition yet, the graviton operators will be linear combinations of the metric
and connection, and only reduce to metric variables on-shell. Due to the complexity
of the Hamiltonian, this exercise is non-trivial. We will find twice as many particle
states as expected as well as unphysical particle production terms. However, once
the correct inner product has been identified, we will reproduce the expected form
of the Hamiltonian.

Note that from now on we will consider the inside horizon limit kn >> 1 for
which terms in H can be neglected, as we are not interested in the behaviour of
tensor perturbations outside the horizon where they freeze out.
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Inserting the expansion (2.67) into (2.65) and making use of the relations
e?j (k)ef;(k) =20"", G?j(—k) = eyf(k) , (2.96)

we obtain a lengthy expression for the Fourier space Hamiltonian:

Herr = mlzal/d3kz%[
[12 (72 +1) .00 = kr (12 + 1) 1. 00) [+ (—K)

+[k2 (72 ¥ 1) & (k) — kr ('72 n 1) 5,+(k)]éj_ (k)

+:k2 ('y +1) & (k) — kr (72+1)a (k)]e,+(k)

+:k2 (72 1) (k) — kr (72+1)aj' (k)] (—K)

o (4% = 1) &4 0 + G4 00 Jars (k)

o (v = 1) s + ar+(k>] )

o (= 1) a0 +3_00 a0

+:kr (72—1)51 &) +a (k)] (k)] (2.97)

2.3.4.1 Hamiltonian for v = +i
Before trying to make sense of this monstrosity, it is instructive to study the case of a

SD/ASD connection for which v> = —1. In this case, Eq. (2.97) reduces to a much
more tractable form:

Herr = mpy / kD" gr- (K grs (—K) + gr— (K)g,_(K)

0 (0 g+ ) + gl gl _(—k) (2.98)
where
gr+(K) = &r+(k) (2.99)
9 (k) = —a_ (k) + 2kré_(K), (2.100)
gr—(K) = —a,4 (k) + 2kre, (k) , (2.101)

gk =a_(k), (2.102)
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which can be identified as the the gllraviton (p = 1) and anti-graviton (p = —1)
creation and annihilation operators g, »» grp- Note that the creation and annihilation
operators for each index r, p are only hermitian conjugates of each after the reality
conditions (2.83) and (2.84) have been imposed.

Their commutation relations can be derived from Eq. (2.95):

9 (), g1, (K)] = =2 (pr)k6ysSpg 0k — K') . (2.103)

mpy

The Hamiltonian (2.98) has some unusual features. Firstly, for each k we find four
independent modes (r = £1 and p = =+ 1), instead of two as would be expected for
tensor perturbations. Half of these states have negative energy (those with iy = pr,
which leads to a minus sign in the commutator instead of the usual plus sign). For
example, for the SD connection v = i the left “graviton” (r = —1 and p = 1) and
the right “anti-graviton” (r = 1 and p = —1) carry negative energy. Secondly, there
are unphysical production terms in the Hamiltonian (2.98) which couple k and —k
modes. These pump terms represent pair production [53], and should not be present
in the subhorizon limit k|| >3> 1 where spacetime is approximately flat.

Both of these pathological features are not present for classical solutions, as they
vanish on-shell when imposing the conditions (2.85) and (2.86). For example, for
v = i, the on-shell conditions imply ag— ~ 0 and ar 4+ ~ 0. When also imposing the
reality conditions such that we can consider the creation and annihilation operators as
hermitian conjugates of one another, gj,, = (grp) T, we find that two of the operators

are eliminated. Only g}; 4 gz_, which create positive energy states, are non-zero.
Thus, the negative energy modes do not exist classically and you can check that the
pump terms also vanish.

As mentioned previously, quantum mechanically we do not want to treat the reality
conditions as operator conditions but impose them on the inner product, which should
also remove the unphysical states from the Hilbert space. We will use a holomorphic
representation where we consider the states as analytic functions over the complex
domain as introduced by Bargmann [57].

As mentioned above, the reality conditions simply ensure that g;fp is indeed the
hermitian conjugate of g,,. This condition is sufficient to fix the inner product [49,
58, 59]. A holomorphic representation for wavefunctions ® = (z|®) is defined as
one which diagonalises gl-p [57]:

(2lg),|®) = z,p(2|®) (2.104)

where z,,(K) are complex eigenvalues. Similarly to the case of deriving the action
of the momentum operator on states when working in the usual position space rep-
resentation, we can derive the action of g,, from the commutator (2.103):

(21grp | ®) = —i —(pr)k o (z]®) . (2.105)

Mp| Ozrp
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We want to define an inner product in this representation. The decomposition of the
unity operator for the complex eigenvectors |z) is given by [59]

1= / dzdzeM®? (2.106)

where e/ is a positive integration measure (for the normal position representation
with eigenstates |x), it is just equal to 1). The inner product can then be written as

(®1]®s) = / dzd7e" DB, (3)Ds(2) . (2.107)

The defining condition of the hermitian conjugate of an operator is (P | g:p|<D2) =
(®21grp|P1), which can be used to derive an expression for the measure. Using
the defining relations for the creation and annihilation operators, Eqgs. (2.104) and
(2.105), and the definition of the inner product (2.107), we obtain a differential
equation for pu(z, z):

i 9
L (prk— =z, (2.108)
mp; 0Zrp

This can be integrated to give
_ m]%] pr -
w(z,2) = dk_k rzp _l.Perp(k)er(k) ; (2.109)

which fixes (®|®;). The vacuum of this representation is defined by g,,®o = 0
which gives
Do = (z]0) =1, (2.110)

and particle states are monomials in the respective variables,
P, = (zln) o (g],)" Wo = 2!, - 2.111)

These states are not normalisable for iy = pr, as in this case the measure is positive
and the exponential in (2.107) blows up. Hence, these states should be removed
from the physical Hilbert space and therefore their associated operators g, should
not appear in the Hamiltonian. For v = i, this only leaves two physical modes
98 = grrand g} = g .

For the SD connection we therefore obtain the physical Hamiltonian

h n pht nt ph
Hers “’"l%l/dk (97 97" +9% 9r)- 2.112)

This looks like the standard Hamiltonian for a harmonic oscillator, with the difference
that only the left handed graviton needs to be normal ordered and produces a vacuum
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energy. For the ASD connection only the right handed graviton produces vacuum
energy. Left and right handed gravitons are not on the same footing, and the theory is
chiral. We will explore this chirality in more detail after finding the graviton operators
for general ~.

2.3.4.2 Hamiltonian for Complex Values of ~

Let us focus on the general Hamiltonian (inside the horizon) in terms of modes again,
Eq. (2.97). We need to identify linear combinations of metric and connection that
can act as graviton operators, equivalent to g,, and g;fp for v = +i. We want to end
up with two physical operators corresponding to the two independent polarizations,
however initially there should be four different operators. Two of them will be zero
on-shell, representing the unphysical modes, while the other two should commute
with them [c.f. Eq. (2.103)] and reduce to metric variables on-shell.

To find the general expression, consider the graviton operators for v = =i and
find linear combinations of them that satisfy these conditions. After some algebraic
manipulations that make use of the on-shell conditions (2.85) and (2.86), we can
identify suitable operators:

r—iMgr+— @ +ivgr-

G,p, = o , (2.113)
Gp = (r+ l’Y)grt gvir —i7)gr— , 2.114)

where the new index P = Py, P_ labels physical and non-physical modes. This
notation is used to avoid confusions with p = %1 used for positive and negative fre-
quencies, and except for the cases of v = i, the two indices do not align. Using the
on-shell conditions, we find that G,p_ ~ 0 and G,p, ~ 2rke, as required, and you
can check that their commutator is zero. The index P = P4 = 1 therefore denotes
physical modes, which reduce to the metric classically (and quantum mechanically
will have positive energy and norm), and P = P_ = —1 denotes modes that vanish
on-shell (and quantum mechanically will have negative energy and norm).

We can use the expressions in Egs. (2.99) to (2.102) to write the new operators
G ,p interms of metric and connection variables. We can find expressions for the cre-
ation operators by demanding that they are hermitian conjugates of the annihilation
operators once the reality conditions (2.81) and (2.82) are imposed. The operators
and their commutators are listed in Table2.2.

The Hamiltonian (2.97) can be written in terms of the new graviton operators as

2
Heff = % /d3k Z —(1+ l.’Yr)GrP+ (k)Gr'P_ (k) —(1- inr)Grp_ (k)GrP+(_k)

+(1+iv1)Gyp, WG (k) + (1= iy1)Glp Gyp, ()
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+(1 =i G,p_KGlp, K) + (1+i9r)Glp K)G,p_ (K)

—(1- mr)GIP+ ®G'p (k) — (1 +iyr)Glpy (k)GjP+(—k) . (2.115)

This is the generalization of Eq. (2.98). As before, there are too many graviton states
as well as unphysical pair production terms. They all vanish on shell where the
operator corresponding to P_ is zero. We can now set up the Hilbert space, fixing
the inner product by requiring that the operators in Table2.2 are indeed hermitian
conjugates of one another.

Again, we use a holomorphic representation which diagonalises Gip, ie.:

(2|Glp|®) = z,p(2|D) . (2.116)

The commutation relations in Table2.2 determine the action of the annihilation
operators,

<Z|Gr7>|<1>>=7’i23—<zl®) : (2.117)
Mpy 92rp
This is formally very similar to the case v = =i, but note that the variables z,p are
not the same as before. Using the definition of the inner product Eq. (2.107), and the
same formal condition (®; |GIP|<I>2) = (P7]|G,p|D1), we arrive at an expression
for the measure:

2
m
Wz, ) = / dk—PL>" Pz, pK)Zp(K) . (2.118)
k
rP
The vacuum state
Dy =(z0) =1, (2.119)

and the particle states
@, = (zln) o (G| p)"Wo = 2/'p . (2.120)

have the same form as before (but are defined in terms of new variables z,p). The
measure implies that states with P = P_ = —1 are not normalisable and the

Table 2.2 Physical and unphysical graviton modes

Physical P = P =1 Unphysical P = P_ = —1

Grp, = (e — k(r +i7)24) Grp_ = T (e — k(r — i7)ery)

Glp, =E£@_ —k(r—ive) Glp =L@ —kir+imel)

(G 10, Gl ()] = brsdk—K) | [Grp (0, Glp ()] = — kb8 K




82 2 Chiral Tensor Power Spectrum from Quantum Gravity

operators corresponding to P_ should be removed from the Hamiltonian. The
physical Hamiltonian for a general value of + is therefore:

2

h m h h . hi h .

MY, ~ % dk D GG (1 +iry) + GPYGE 1 —irp]. @121)
r

where GP" = G,p,.

2.3.4.3 Vacuum Energy

Only the first term in the physical Hamiltonian (2.121) needs to be normal ordered,
using the commutation relation in Table 2.2. This leads to a chiral (r-dependent) term
corresponding to the vacuum energy, V, o 1 4 ir~y. The asymmetry in the vacuum
energy between the right- and left-handed gravitons is given by

Vg —V,
R L gy (2.122)
Vr + VL

This equation is valid for any complex . There are a few points of interest to note.
If ~v is purely imaginary and |y| > 1, the vacuum energy V, o« 1 4 irvy of one
of the modes becomes negative. Negative vacuum energy is often associated with
fermionic degrees of freedom [60], but this will not be investigated further here.

More importantly, if v has a real part the VE for each r is complex. When right
and left helicities are added together, however, we simply obtain Vg + V o« 1 +
iv 4+ 1 —ivy = 2, so the total vacuum energy is indeed real.

The reason we obtain a chiral, complex vacuum energy is because the Hamiltonian
is not hermitian before normal ordering: Although it is real on-shell for any value
of v (which does not appear in any on-shell expressions) and the graviton operators
themselves are hermitian, unless -~y is imaginary, taking the hermitian conjugate of
the perturbative physical Hamiltonian (2.121) does not yield H' = H.

Hermiticity is restored after normal ordering, when ~ drops out of the Hamiltonian
and is only present in the vacuum energy term. As the latter is not physically measur-
able (and when coupled to the Einstein equations, we need to consider the total which
is indeed real), this result might not be too concerning. However it might also imply
that it is more physical to consider only a purely imaginary  or that we should use a
symmetric ordering for the Hamiltonian: When we first defined the Hamiltonian in
Eq. (2.42), we picked an ordering of the form E E F (the field strength contains con-
nection terms, which do not commute with metric terms). Knowing which ordering
in quantum mechanics is “correct” is an issue which can ultimately only be resolved
by experiment. It can be checked that using an E F E or % (EEF + FEE) ordering
would satisfy H = H' on and off-shell, for any value of ~. In this case there would
be no chirality in the vacuum energy. However, note that we would obtain the same
graviton operators regardless of ordering, and as will see now, chirality will still be
present in the vacuum fluctuations.
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2.3.5 Chiral Vacuum Fluctuations

The central gravitational variable in the Ashtekar formalism is the connection, not the
metric, which can be seen from the Holst action (2.22). Therefore, the power spectrum
of tensor perturbations should be derived from the (TT-projected) perturbations of the
connection as opposed to the metric. As in the second order formalism, the Ashtekar
tensor perturbations will have an effect on the CMB fluctuations, especially on the
polarization. We will not need to worry about the exact normalization of the tensor
fluctuations, as we are mainly interested to see whether the complex nature of the
connection will play a role.
The analogous expression to the tensor power spectrum (1.65) is given by

(01A](K) A, (K)|0) = P (K)o (k —K) , (2.123)
where A, (K) represents Fourier space connection variables with handedness r, i.e.
Ar(K) = @ (Ke * 4 al (kyelFr (2.124)

Note that we could have picked a different ordering in the 2-point function (2.123),
so in general we have to consider

ATA > aATA + BAAT (2.125)

witha+ (3 = 1 and «, 8 > 0. As opposed to the vacuum energy, we will see that the
power spectrum (2.123), being a measurable variance, is always real and positive.

To compute the physical power spectrum, we need to relate the connection vari-
ables to the physical graviton modes labelled by P in Table2.2. As we need to go
on-shell to define physical states, we can use conditions (2.85) and (2.86) to express
the metric variables in terms of the connection:

~ ar+ ~F Zl:f

L . 2.126
T ke —iv T T ke +iv) (2.126)

These relations can be subsituted into the equations for GjPJr, G,p, in Table2.2,

which gives expressions for the physical connection modes afjf and affT. The
remaining modes can be obtained by taking hermitian conjugates (as we are on-
shell, the reality conditions have been imposed). We find

ph T —I7

aff = =Grp.. (2.127)
phi T +iy* 4
afy' =Gl (2.128)
— 7 *
" =" G, (2.129)

= 2r
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phi _ T 1Y
4 =— GrP+ . (2.130)
We can see that the physical connection modes depend solely on the graviton oper-
ators, so they will be the same for any ordering of the Hamiltonian. Plugging these
expressions into (2.124) we obtain for the two connection helicity states:

h r—iy ik r+iy -
A7 (k) = Gyp, ()™ + ——G,p (W),
phi o T =" ik r+iv* s ik
AP (k) = G,p, (ke " + 5 Gp, ®)e'“.

This means that the power spectrum (2.123) is given by (using G,p, (k')|0) = 0)

h h
(1AL () A" (K)10) = P-(1)(0IG,p, ()G (K)IO) . (2.131)
We could eliminate the expectation value of graviton operators by using their com-

mutator to give us an expression in terms of delta functions. However, we are only
interested in the chiral dependence of the power spectrum P,, which is given by

r+iNe—iv*) _1=2yr+h

P = 2.132
r(7) 7 1 ( )
If y;r < 0, P (7y) is obviously positive. Otherwise,
2 2 _ 2 2
Pr(y) o1 =2yl +77 +9r = A = 1vD" + 7k (2.133)

which is also positive for any complex . Therefore, the 2-point function is indeed
always real and positive, as required. The chiral asymmetry in the power spectrum
can be written as

Pr— P 2
KoL S (2.134)
Pr + Pr. 1+ |y
or, for a general ordering of the 2-point function as in (2.125),
Pr— P 2(68 —
R—PL 20— 2.135)

Pr+Pp 1+ |y?

The chirality in the power spectrum of tensor fluctuations is the main new result of
this work, and a big difference to the standard second order formalism described
in Sect. 1.2.5 (which corresponds to the limit |y] — oo, for which the Holst action
reduces to the Palatini action).

We can see that if v was purely real there would be no asymmetry in the vacuum
fluctuations for right and left gravitons. The chirality is related to the fact that for a
v with an imaginary part the connection is a complex field and therefore we must
expand it in terms of graviton and anti-graviton modes. Note, however, that a real
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Fig. 2.1 Power spectrum Pa-R
asymmetry as a function of a
generally complex Immirzi
parameter -y

P+ P,

part in the Immirzi parameter does affect the absolute value of the asymmetry due
to the factor || in the denominator of (2.134). We can also see that for a completely
symmetric ordering of the 2-point function, o = (3, the RHS of Eq. (2.135) is zero.
Hence, even if the Ashtekar formalism was the correct description of gravity, we
would not obtain a chiral power spectrum if v was real or the ordering symmetric.
Not measuring chirality would therefore not be able to rule out the theory.

We can plot the power spectrum asymmetry (2.134) against the real and imaginary
parts of -, see Fig.2.1. It is obviously antisymmetric in 77, and the minimum and
maximum are at v = =i respectively which are the values that correspond to a
SD/ASD connection. They display the maximum chirality because the Palatini action
can naturally be split into a SD and ASD part [19]. The axis v; = 0 corresponds to
areal v and therefore displays no asymmetry.

2.3.5.1 Measuring a Chiral Tensor Spectrum

As was mentioned in Sect. 1.3.2, in the absence of parity violation, the T B power
spectrum of the CMB would be zero. In the situation we have just considered, the
chirality of the power spectrum (2.134) breaks parity. The effect of parity violation on
the CMB power spectra was investigated in [61]. It was found that the ratio between
the quadrupole of the T B correlator (zero in standard cosmological approaches) and

the B B correlator is given by
CTB

55~ fonaa. (2.136)
2

where ap ~ 200 parametrises the relative strength between the 7 B and B B spectra

and fpg =2 ﬁﬁ ;iﬁ is the parity breaking parameter, which is zero if no chirality is

present. In our case, we therefore find

CTB _
2 %SOO(ﬁ a)vi

: 2.137
c® 1+ P 13
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for the ratio of tensor induced 7B and BB quadrupole modes. Not only would
chirality render the 7 B correlator non-zero, it would also be easier to detect T B
rather than BB correlation (CzTB > C?B ) for a wide range of values of v, given
approximately by

1
_ , 2.1
sop < 1 <800 (2.138)

BICEP2 has recently detected B-modes [62] that might have arisen due to tensor
perturbations from inflation, however we do not yet have tensor power spectra over
a large number of multipoles as the experiment only took data from a small patch of
sky. Although there was no hint of parity violation in their analysis so far, this might
change once the full power spectrum becomes available. It will therefore be possible
in the near future to constrain the model I have described. If the T'B correlator is
consistent with zero, we know that for Ashtekar gravity to be correct, v must be
either quite far from the range in Eq. (2.138) or real. If a chirality was detected, on
the other hand, it could indeed have originated from this mechanism.

2.3.6 A Purely Real ~

Before I conclude, let us quickly consider the case of a purely real theory for which
() = 0. Although it will turn out that we can take the limit J(y) — 0 in all of our
main results to obtain the answer in the real theory, it is not initially obvious why this
would work, as a real theory is very different from a complex one. I will describe the
main differences and show why our results are still well defined in the real case.

A purely real theory would require Fourier mode expansions using operators a,
and e, without a p index, as there is no need to consider separate sets of creation and
annihilation operators. We therefore would only get two modes for each k and r as
usual in the second order theory. As we ignore the p index, what used to be reality
conditions in the complex theory, where we related modes with different p, are now
just operator conditions, ¢,+ = ¢é,— and d,4 = a,—. Similarly, the commutation
relations (2.95) have one less index and must be replaced by

[, (), & (K)] = —i —5-6,,6(k — K) . (2.139)
2mp,
The Hamiltonian, on the other hand, will still have the same form, as p = —1

modes always appear with a dagger and p = +1 modes without, see Eq. (2.97). This
enables us to define the same physical and unphysical graviton operators as before,
however without a p index on the RHS, e.g.

Grp, =+ =k +i)2) (2.140)
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Note that as opposed to the complex case, were the graviton operators were only
hermitian conjugates of each other after the reality conditions had been imposed,
for the real theory the reality conditions are satisfied by the metric and connection
operators. Therefore, G,p and G:p are automatically conjugates of one another,
which can be trivially seen from their definitions.

We still have a non-physical mode, however, which can be eliminated by imposing
the torsion free condition which relates a, to e,. As before, we can define a holo-
morphic representations and an inner product, which will show that the non-physical
modes have negative energy and should therefore be excluded. Our Hamiltonian and
Hilbert space will therefore have the same structure as for a general complex ~.
Hence, the real theory can be viewed as the limit J(y) — 0 in the sections above.

2.4 Conclusions

I have shown that using the Ashtekar formalism in cosmological perturbation theory
leads to a number of interesting results.

Classically, rederiving the second order Hamiltonian corresponding to tensor per-
turbations is far from trivial. We saw that we need to take boundary terms into account,
as well as regard the change from the full Ashtekar variables to the perturbations as
a canonical transformation in order to arrive at the correct form of the Hamiltonian.
I was then able to reproduce the standard result for the equation of motion of tensor
modes, as obtained in the second order formalism.

On the quantum mechanical front there were several novelties. First of all, the fact
that the connection is complex makes the exercise a lot more involved than in the
usual case. We need to expand the fields in terms of positive and negative frequency
operators, which are related by reality conditions. These are not supposed to be
imposed on the operators, but only at the very end when choosing the inner product
of the Hilbert space. We can write the Hamiltonian in terms of graviton creation
and annhilation operators, which are linear combinations of metric and connection.
When fixing the inner product, we find that half of the operators are unphysical,
demonstrated by them being zero-on shell, when the torsion free condition relating
metric and connection is imposed. This also gets rid of unphysical coupling terms
between k and —k in the Hamiltonian.

As the connection is complex, so is the dynamical, perturbed Hamiltonian. This is
not a problem as we ensure actual observables are real by requiring the Hamiltonian
to be hermitian through the choice of inner product, at least after normal ordering.
The complexity of the Hamiltonian is, however, the origin of the chiral effects we
observe.

Before normal ordering, if yg # 0, the Hamiltonian is not hermitian, which results
in an imaginary vacuum energy for each helicity. Non-hermitian Hamiltonians have
been studied before [63] and are not necessarily regarded as problematic. In our case,
the total vacuum energy for both helicities is real, and therefore the non-hermitian
nature might not be physically significant.
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The main result of this chapter is the chiral power spectrum of tensor perturba-
tions, which is described in terms of perturbed connection variables. This chirality is
present as long as y is not purely real, and the strongest effect occurs for the SD/ASD
connection for which v = =i. The chirality in the power spectrum is a novelty com-
pared to the standard second order formalism, and demonstrates that using different
variables to describe spacetime does not necessarily lead to equivalent results.

A chiral graviton would break parity and therefore lead to a non-zero 7 B corre-
lator, which can be probed by CMB measurements. As the Planck collaboration will
release their polarization results later this year, it is only a matter of time until the
full power spectrum can be obtained, which will enable us to constrain the value of
the Immirzi parameter.

Although gravitational chirality can be produced in other ways [60, 64, 65], the
mechanism presented here is by far the simplest. If a chiral tensor power spectrum was
to be observed, it would hint at the Ashtekar formalism being the correct fundamental
description of gravity.
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