Chapter 2
Green’s Functions for Laplace
and Wave Equations

This chapter shows the solution method for Green’s functions of 1, 2 and 3D
Laplace and wave equations. Lengthy and detailed explanations are given in order
to instruct the basic technique of the integral transform. Especially, Fourier
inversion integral for the time-harmonic Green’s function is discussed in detail, and
three evaluation techniques are introduced in Sect. 2.5.

2.1 1D Impulsive Source

We start from the simplest wave equation that has two variables: a single space
variable x and the time 7,

82_¢:l62_¢’,p5(x)5(,) (2.1.1)

The nonhomogeneous term represents a wave source with magnitude P. The two
Dirac’s delta functions, 6(x) and 6(¢), show the location and the impulsive nature of
the source. The Green’s function is a particular solution of the differential equation
corresponding to the impulsive source. The Green’s function is sought under the
quiescent condition at an initial time,

¢
=—" =0 2.1.2
¢|r:0 ot -0 ( )
and the convergence condition at infinity,
9¢
I =0 (2.1.3)
* Ox |,y

To obtain the particular solution of the wave equation (2.1.1), we apply the
integral transforms and reduce the differential equation to an algebraic equation in
the transformed domain. Since the unknown function ¢ (x, 7) has two variables, we
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34 2 Green’s Functions for Laplace and Wave Equations

apply the double transform: Laplace transform with respect to the time variable #:
0<t< + 00,

+o0

77(6) = L) = [ 50y exp(-sni (2.14)

0

and Fourier transform with respect to the space variable x: —oo <x < + o0,
+00 | +00
= [ etz =5 [ A exn-izdz @13

Firstly, we multiply the kernel of the Laplace transform exp(—st) to both sides of
the differential equation (2.1.1),

]c <82_¢ SELLE P5(x)5(f)> exp(—st)dt (2.1.6)
0

oxr 2o

and perform the Laplace transform integral term by term. The order of integration
and differentiation are interchanged for the first term in the left hand side of the
equation. The first term in the right hand side is left in its order and then integrated
by parts. The last nonhomogeneous term, which has the delta function, is evaluated
by using the formula (1.2.3). Then, Eq. (2.1.6) is rewritten as

dx?
0

—/q§ exp(—st)d :—2/3— p(—st)dt — Po(x /5 exp(—st)dt (2.1.7)
0 0

We define the Laplace transform of the unknown function as

/ exp(— (2.1.8)
0
The time-derivative term is integrated by parts,
X 1—00
/—¢ — = @exp(—st) + [s¢p exp(—st)] 2o+ s /qS exp(—st)dt = s*¢*
o ot —0
0

(2.1.9)
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where the quiescent condition at the initial time is incorporated. To the last non-
homogeneous term, the simple integration formula for the delta function,

o0
/5 exp(—st)dt =1 (2.1.10)
0

is applied. Then, we have the ordinary differential equation for the function ¢* in
the transformed domain,

dzd)* _ 2 % S

prea (s/c) " — Pd(x) (2.1.11)
It is possible to obtain the exact solution for the above ordinary differential equation
by the elementary method. However, in order to demonstrate the integral transform
technique, we further apply Fourier transform to the ordinary differential equa-
tion (2.1.11). The Fourier transform defined by Eq. (2.1.5) is applied to
Eq. (2.1.11),

7 i (d;g = (s/e)’¢" =P 5(x)) exp(+ifx)dx (2.1.12)

—00

The Fourier transform integral is applied to each term as

+00 e +0o +0o
/ 4 ¢ exp(+iéx)dx = (s/c)? / ¢* exp(+iéx)dx — P / d(x) exp(+iéx)dx

dx?
(2.1.13)
The convergence condition is also transformed, as
i o9 * do*
/ <¢|x4>:too Ox i =0 eXp(—st)dt = d) |xe:too = E N =0
0
(2.1.14)

Defining the Fourier transform of the Laplace transformed unknown function,

+00

= / ¢" exp(+ilx)dx (2.1.15)

—00
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the transform of the space-derivative in Eq. (2.1.13) is carried out with the aid of the
convergence condition,

o 2 gk * xX—+00 oo
[ entizga= [entrio] et ezl 3-8 [ o ewrion
_ 752&*
(2.1.16)
The integration formula for the delta function
+00
/ o(x) exp(+iéx)dx = 1 (2.1.17)

is also used for evaluating the last term. The Fourier transform of the ordinary
differential equation (2.1.12) becomes a simple algebraic equation for the double
transformed unknown function ¢*,

_52¢* =2¢"—P (2.1.18)

Then we have the exact expression for the double transformed function ¢*,

. P

= (2.1.19)

&+ (s/c)

The unknown function has just been determined explicitly in the transformed
domain. We shall carry out two inverse transforms successively. As the first
inversion, we apply the Fourier inversion integral which is defined by the second of
Eq. (2.1.5). The formal Fourier inversion is given by the integral

. 7i +o<:L ;.
¢ _2n£ 5z+(s/c)zexp( Ex)d¢ (2.1.20)

Due to the symmetric nature of the integrand, the integral is reduced to the simpler
semi-infinite integral,

Y= ;cos X
¢ = /52+(S/C)2 (Ex)dé (2.1.21)
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This is a simple integral and the integration formula (Erdélyi 1954, vol. I, pp. 8, 11),

+00

1
/ mCOS(X)’)dX = %exp(_ab)‘) (2122)
0

can be applied. Then, Eq. (2.1.21) gives

o = exp(—sl|x|/c) (2.1.23)

P
2(s/c)

The next step is to carry out the Laplace inversion. The symbolical form of the
Laplace inversion is given by

¢=L"[¢p"] = %L’l Eexp(—s|x|/c)} (2.1.24)

Fortunately, we have the Laplace inversion formula (Erdélyi 1954, vol. I, pp. 241, 1),

L [iexp(—as)] _ { 10; I~ Hi—a) (2.1.25)

where H(.) is Heaviside’s unit step function. Applying this formula to Eq. (2.1.24),
the solution for the non-homogeneous 1D wave equation is obtained as

b =3 H ~Wl/e) = Hiet — x) (2.1.26)

This solution shows an expanding (or out-going) 1D wave with the uniform
amplitude cP/2 and with the velocity ¢ as shown in Fig. 2.1. Consequently, we get
the Green’s function for the 1D wave equation,

Pd 1

CE=SSR P = dli) = %H(ct ) (2.1.27)

Fig. 2.1 1D expanding wave
from a source point
P P2
<1 —> X
—>
ct
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2.2 1D Time-Harmonic Source

When the source is time-harmonic, the nonhomogeneous term in Eq. (2.1.1) is
replaced with a harmonic function, but the source location is unchanged. Thus, the
wave equation with a time-harmonic source is given by

Pp  10°¢ .
where Q is the source magnitude and « the frequency of the time-harmonic
vibration. We assume that its solution satisfies the convergence condition at infinity,
ie.

9¢

x—+o0

As the first step of the solution method, we assume that the solution is also time-
harmonic,

G(x,1) = ¢ (x) exp(+iwt) (2.2.3)

where db# is called the “amplitude function.” Due to this assumption, the conver-
gence condition (2.2.2) is rewritten for the amplitude function,

d¢*
# — —
| L= i =0 (2.2.4)

Substituting the time-harmonic assumption of Eq. (2.2.3) into the wave equa-
tion (2.2.1), we have the ordinary differential equation for the amplitude function,

2 #
T+ (wfePe* =05 (225)

The exact solution of this ordinary differential equation can also be obtained by the
elementary method. However, in order to demonstrate the integral transform
technique, we apply the Fourier transform, which is defined by Eq. (2.1.5), to the
ordinary differential equation (2.2.5),

+o00 e
/ (ddfz +(/c)’¢" = —Q5(X)> exp(+ix)dx (2.2.6)
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Defining the Fourier transform of the amplitude function as

+o0
ot = / o exp(+iéx)dx (2.2.7)
the space derivative term in Eq. (2.2.6) is integrated by parts as
+00
2ot do? e . \qrotoo
dfz exp(+i§x)dx:{ :Zc exp(+i§x)] —ié [qb# exp(Jrigx)])HfOO

e (2.2.8)
+00
—62/ qﬁ#exp(+iéx)dx

We apply the convergence condition of Eq. (2.2.4) and the definition of the Fourier
transform (2.2.7) to the above equation. The Fourier transform of the double
derivative is then reduced to

+00 d2¢# B
/ 7 oxp(Hidx)dx = —E¢* (2.2.9)

—00

The nonhomogeneous term is evaluated as
+0o0
-0 / o(x) exp(+iéx)dx = —Q (2.2.10)

Then, Eq. (2.2.6) gives a simple algebraic equation for the Fourier transformed
amplitude function,

—E9" + (0/c)'d" = -0 (2.2.11)

The Fourier transformed amplitude is determined completely,
-2 2.2.12
= -

Our next task is to invert the transformed amplitude. Applying the formal Fourier
inversion integral to Eq. (2.2.12), we get
+00

—00
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Im($)

+w/c +00

>—0 > >—> Re(d)

Fig. 2.2 Possible deformations of the integration path around the pole

Inspecting the integrand, we see that it has two simple poles at & = +(w/c), that is
to say, the poles are located on the integration path (real axis in the complex
£-plane). Since the integration cannot be performed through these singular points,
we have to distort the integration path around the poles. There are two ways of
deforming the path. One is through an upper semi-circle, another is through a lower
semi-circle as shown in Fig. 2.2. We have to determine which semi-circle is suit-
able. Discussing the nature of the initial wave equation (2.2.1), we learn that the
wave will expand to the outer region from the source point, i.e. wave radiation from
the source. Therefore, we have to choose the path so that the inversion integral
results in a radiating (out-going) wave from the source.

Still, it is somewhat complicated to explain the path selection. To aid the
understanding, two integrals with complex frequency are considered. After dis-
cussing the wave nature derived from each integral, we will determine and
understand the path distortion.

Let us introduce and add a small imaginary number ¢ to the frequency in
Eq. (2.2.13) so that the poles are shifted from the real axis and are not on the
integration path. The complex frequency is considered in two ways, positive and
negative imaginary parts, @ — o = ie. Employing the complex frequency w, we
consider the complex integral,

1 P
O=— [ ——exp(—iéx)d 2.2.14
2nc/(,;z_(u_j/c)z p(—icx)de (22.14)

where the integrand is the same as that in the Fourier inversion integral (2.2.13), but
the frequency is complex, @ = w =+ ie. The integration loop C for the two cases of
complex frequency, with positive and negative imaginary parts, is discussed
separately.

(1) Small positive imaginary part: @ = w + ie

When the frequency has a small positive imaginary part, the poles are shifted
from the real axis. The integration path C is chosen so that the integrand vanishes
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on the large semi-circle with infinite radius. We employ the lower closed loop C(-)
in the case of positive x and the upper loop C*) in that of negative x as shown in

Fig. 2.3a.

Fig. 2.3 Integration loop for
the complex integral ® in the
case of a the positive
imaginary part of the
frequency, b the negative
imaginary part of the
frequency

(a) m($)
C(+)
x<0
(w+ig)/c
.®
Re(¢)
./,,
—(w+ie)/c
x>0
C(*)
(b) Re($)
C(+)
x<0
—(w—-ie)lc
.‘\
—>
Im(¢)
o
(w—ie)lc
x>0
C(*)
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Applying Cauchy’s integral theorem (Jordan’s lemma) to the complex integral @
with the loop C(~) in Fig. 2.3a, the integral along the real axis is evaluated as the

residue at the lower pole ¢ = —w/c = —(w + ig)/c,
| » i o)
VeI PR /L
_ﬂ_ mexp(—z@c)dc =5 Péz — (w/c)zexp( iéx) . (2.2.15)

Rewriting the above equation, and taking the limit ¢ — 0, we have in the case of
positive x,

+00

/ WF;)/C)QGXP(_ZEX)‘M = %exp(—kiwx/c); x>0 (22.16)

—00

1
2n

On the other hand, when x < 0, we employ the upper loop C(*) for the complex
integral ® and have

+00
1 P . ., 2mi E—w/c .
271:4 WCXP(*KX)CK Tn Pmexp(flfx) (2217)

t=w/c

Then, we take the limit ¢ — O,

1 p . iP .
_/ Wexp(—l@ddfZmexp(—zwx/c); x<0 (2.2.18)

Unifying the two Egs. (2.2.16) and (2.2.18), we have for the Fourier inversion
integral, where the positive imaginary part of the complex frequency tends to zero,
ie.
+00
S
21

P i *L X iwlx|/c); i
/ mexp(—zgx)di = 2(w/c)e p(+iolx|/c); w+ie, ., (2.2.19)

—00

(2) Small negative imaginary part: @ = @ — i¢

When the imaginary part of the complex frequency is negative, the poles are also
shifted from the real axis as shown in Fig. 2.3b. In order to guarantee the con-
vergence on the large semi-circle, the lower loop C(~) is employed in the case of
positive x, and the upper C*) in that of negative x.
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When x > 0, we employ the loop C(~) and apply Jordan’s lemma to the complex
integral @ in Eq. (2.2.14). The integral along the real axis is converted to the residue
at the lower pole, ¢ = w(= w — ig)/c,

2mi E—w/c ..
2n/ 7o exp( lfx)df— mexp(—zgx) (2.2.20)

é=w/c
Rewriting the above and taking the limit ¢ — 0, we have in the case of positive x,

+o00

1 P . iP ,
2”4 B (yep TP = T g e/l x>0 (2:221)

Similarly, when we employ the upper loop C*) in the case of x <0,

+oo
1 P . . 2mi E+w/c .
7 | T g a2

(=—a/c

Taking the limit ¢ — 0, the Fourier inversion integral is evaluated as

2n/ 7 exp( iéx)déz—z(clf/c)exp(qtiwx/c); x<0 (2.2.23)

Unifying two Egs. (2.2.21) and (2.2.23), we have the unified expression when the
negative imaginary part of the frequency approached to zero,

1 r ' = - ip Xp(—iw|x|/c); w —ie
2n / me’m(—'@f)df = 3w SP(TiORI/€) o (2.2.24)

(3) Selection of the imaginary part

Two expressions are obtained for the single Fourier inversion integral. They are
Egs. (2.2.19) and (2.2.24) and are summarized as

s exp(—io/c); @ idl, o
o = (2.2.25)
oyt sexp(Hioll/c); o -+id, g

w/c
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The wave nature of the two expressions is discussed by multiplying the time factor,

sbgexp{+io(t— /o)) i,
¢ = (2.2.26)
b exp{tio( + [X/0)); o+ i,
Inspecting the argument of the exponential function in the above equation, the
upper solution shows an out-going (radiation) wave from the source, since the
argument of the exponential function is 7 — |x|/c. On the other hand, the lower
includes 7 + |x|/c and shows an incoming wave, coming from infinity. Since the
suitable solution must be the out-going wave, we employ the upper formula in
Egs. (2.2.25) and (2.2.26). Thus, the complex frequency with the negative imagi-
nary part is the right assumption. Then, the suitable integration contour for the
Fourier inversion integral is that of Fig. 2.3b and the final result for the time-
harmonic response is given by

> 2 1
Tt L0t osemtion = 6=~ optrio - /o)
(2.2.27)

We have just learned that the right selection for the complex frequency is
@ =  — ig, i.e. negative imaginary part, and the suitable integration loop is C*) in
Fig. 2.3b. If we do not introduce the small imaginary part and keep the integration
path on the real axis, the poles is on the real axis and the integration path around the
pole must be deformed by a small semi-circle shown in Fig. 2.4a. This deformation
is valid only in the case of the positive time factor, exp(+iwt). If we assume the
negative time factor exp(—iwt), the integration path on the real axis is deformed as
that shown in Fig. 2.4b. Thus, the selection of the deformed path around the pole
depends on the sign of the imaginary part of the complex frequency. Therefore, we
could answer to the initial question about the deformation of the integration path for
the Fourier inversion integral.

2.3 2D Static Source

Let us consider Green’s function for a typical partial differential equation, the so-
called Laplace equation. The Laplace equation with a source S is the nonhomo-
geneous differential equation,

¢ o
a—x‘f+a—y‘f) = —S5(x)d(y) (2.3.1)
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(a)

Positive time factor Im(¢)

exp(+iwt)

N -
—00
> @ > (0] >—> Re(&)

Negative time factor

(b)

Im($)

exp(—iwt)

—o0 m +w/c +o0
> [0 > [0 >—> Re(¢)
-w/c u

Fig. 2.4 Path deformation for the inversion integral. a Positive time factor, b Negative time factor

The product of two delta functions in the nonhomogeneous term shows the location
of the source, i.e. the source S is placed at the coordinate origin (0, 0) in (x, y)-plane.
The convergence condition at infinity,

¢

d)‘ x2+y2~>oc: Ox

9¢

=% =0 (2.3.2)

x24+y2—00 ‘ X242 —00
is also imposed.

Now, we apply the integral transforms to Eq. (2.3.1). Since the unknown
function ¢ has two space variables, we apply the double Fourier transform defined
by

$(&) = / $(x) exp(+icx)dx, qﬁ(x):%/ d(&) exp(—iéx)dé (2.3.3)

b= [ westrimas, o) =5 [ dmew(-imdn (234)
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to the differential equation (2.3.1) successively, as

+o00 +00

2 2
/ / <%+%:—Sé(x)5(y)> exp(+iéx)dx | exp(+iny)dy (2.3.5)

—00 —00

With the aid of the convergence condition (2.3.2), each term is transformed as
follows:

+00 +oo
0 N
/ / 3—$CXP(+i5X)dx exp(+iny)dy = —&*¢
743‘000 7~OF000
0’ . , ,=
/ / Gyz SXP(HiEx)dx) exp(Hiny)dy = "¢ (2.3.6)
erO ;oc
[ | [ s enstsico] exptimas = s

Then, we have the simple algebraic equation —(&* + nz)qzﬁ = —S for the double
transformed function and its solution is given by

= S
¢=—— 2.3.7
&+ 237
The reader will find that the partial differential equation (2.3.1) is transformed to
the simple algebraic equation. There is thus no need of solving the differential
equation directly. The subsequent inversion process is however crucial for the

solution in the actual space. The formal Fourier inversion integral with respect to
the parameter #,

oo

+oo
- 1 S S 1
_ imdn =2 [ -1 d 23.8
¢ 2n/ 52+n2exp( iny)dn ”0/52+nzcos(ny) n (2.3.8)

is evaluated with the aid of the formula (2.1.22) and yields

S
2[¢]

¢ = 5zrexp(— €]yl (2.3.9)
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The next inversion is to evaluate the Fourier inversion integral with respect to the
parameter &,

+o0
= 2i | srexe-lelbhexn(-izoaz (23.10)

Inspecting the integrand, the singular point at & = 0 lies on the real axis, i.e. on the
integration path. It is impossible to evaluate the integral in the regular sense. So, we
have to deform the integration path around the pole as that in the previous section.
But it was somewhat complicated to determine the path deformation. In order to
avoid this troublesome work, we employ a simpler way for evaluating the integral.

Since the trouble stems from the singular point at £ = 0, in order to avoid the
trouble, we differentiate equation (2.3.10) with respect to the space variables, x and
y, respectively,

.
d s
a—f ~in mGXP(—\iIIyDeXp(—zéx) ¢ (2.3.11)
8(1) S +00
oy = " 27°e0) / exp(—[¢][y]) exp(—icx)d¢ (2.3.12)

where sgn(.) is the sign function defined by

+1; >0
sgn(y) = { Tl yy<0 (2.3.13)

Using the symmetry of the integrand in Eqgs. (2.3.11) and (2.3.12), the integrals are
reduced to the real valued semi-infinite integrals,

P s . .
= [ expl-ehsinenac (23.14)
0

%: - S O/exp —¢ly|) cos(éx)dé (2.3.15)
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The two integrals in the above equations are well-known from Calculus and we
have the formulas,

y
/exp —&y) sin(éx)dé = 2 erz? / exp(—£&y) cos(éx)dé = Tyz (2.3.16)
0 0
Then, Egs. (2.3.14) and (2.3.15) are evaluated as
O¢ S x 0 Sy
kP = 2.3.17
Ox 2nx? 4y’ Oy 2nx? + y? ( )

The derivative of ¢ is completely determined. We integrate the above two equations
with respect to x and y, respectively. This integration leads to two expressions for
the single function ¢ as

% = ¢:7%10g(x2+y2)+c'(y)
5 7 (23.18)
o = ¢= —Elog(x2 +7) +"(x)

Since the above two equations must be equal, two constant terms should be
identical,

(y) ="(x) (2.3.19)

This condition is satisfied only when the two terms are pure constant and do not
include any space variable:

d(y) = ¢"(x) = constant (2.3.20)
Then, we have Green’s function for the Laplace equation,

¢ 0 S , .
o2 + 5 = -S5(x)0(y) = o= —Elog (% +»?) + arbitrary constant

(2.3.21)
This Green’s function does not satisfy the convergence condition at infinity, since it

has the constant. This is because we could not carry out the Fourier inversion
integral of Eq. (2.3.10) directly.
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2.4 2D Impulsive Source

The 2D wave equation with an impulsive source is given by

Pp Py 1P
a—)f+a—y¢ %a—f—Pa( )3()8(1) (24.1)

The nonhomogeneous term states that the source with magnitude P is placed at the
coordinate origin and is impulsive in time. The quiescent condition at an initial
time,

o¢
=—| =0 242
d)'t:O ot o ( )
and the convergence condition at infinity,
9] 0
M a¢ _ a_d)‘ —0 (2.4.3)
y X1/ —00 Y1\ /4200

are also employed. As the wave equation (2.4.1) has two space variables x and y,
and one time variable ¢, the triple integral transform is applied to the differential
equation (2.4.1): the Laplace transform with respect to the time variable,

/ (1) exp(—st)dt (2.4.4)
0
and the double Fourier transform with respect to the space variables,

/d) x) exp(+iéx)dx, ¢(x /d) Yexp(—iéx)dé  (2.4.5)

= [ ewexptrimas. o) =5 [ dlmexp(-imdn (240

Applying this triple integral transform with the quiescent and convergence condi-
tions, the original differential equation (2.4.1) is transformed to the simple algebraic

equation for the unknown function (F,

—3¢ — ¢ = (s/c)’d - P (2.4.7)
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Then, the exact expression for (?)* in the transformed domain is given by
x P
&+ + (s/e)’

-

(2.4.8)

For the inversion, three inversion integrals must be carried out successively. The
first one is the Fourier inversion integral with respect to the parameter . This is
reduced to the semi-infinite integral as

+00

1 P cos
e | f—L
“oo ) 0 P H\/E 4 (s/c)

(2.4.9)

The integral on the far right side is easily evaluated by applying the formula
(2.1.22). Then, the first Fourier inversion integral in Eq. (2.4.9) yields

P
= —exp{—lyl &+ (S/c)z} (2.4.10)
24/ + (s/c)2
Secondly, we apply the inversion integral with respect to the parameter &,
1 +o00 p
— > ZCXP{_b’ &+ (S/c)z} exp(—iéx)d¢ (2.4.11)
e 24/ &+ (s/c)

The above integral is also reduced to the semi-infinite integral, as

o &+ (s/c)

and we apply the integration formula (Erdélyi 1954, vol. 1, pp. 17, 27)

24 (s/c)2} cos(&x)dé (2.4.12)

X2+ a?

/ ! exp cx/)c2 + az) cos(bx)dx = Ky (a\/ b2+ cz) (2.4.13)
0

where Kj(.) is the zeroth order modified Bessel function of the second kind. Then,
Eq. (2.4.12) takes the compact form

P = %Ko (g VX2 +y2) (2.4.14)
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The last inversion is the Laplace inversion. The Laplace inversion is symboli-
cally expressed as

b= [Ko (E Vet yZ)} (2.4.15)

2n

We have the suitable inversion formula (Erdélyi 1954, vol. I, pp. 277, 8),

- H(t—a 0; t<a
L I[K()(as)] = \/% = { 1 - t>a (2416)
— 22’

Applying this formula to Eq. (2.4.15), the simple expression for ¢ is obtained as

_ 0; ct<r
¢_C_PM_CP{ L asr (2.4.17)
V (ct)"=r

2n (ct)z—rz 2n

where H(.) is Heaviside’s unit step function and the radial distance r from the
source is defined by

r=/x*+y? (2.4.18)

Consequently, we have the exact expression for Green’s function of the 2D wave
equation as

P P6_1P  psvsmor) =

c¢P H(ct—r)
o oy 2 or T2

T (2.4.19)

2.5 2D Time-Harmonic Source

When the source is vibrating harmonically, the nonhomogeneous 2D wave equation
is given by

Pp Pp 1%

el 8—))2 =20r Q0(x)4(y) exp(+iawr) (2.5.1)

where Q and o are the magnitude and the frequency of the source, respectively. We
assume that its Green’s function satisfies the convergence condition at infinity,

M o o -2
2y =oo P Oy

=0 (25.2)

X242 —00 X242 —00
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As the standard technique for the time-harmonic response, the Green’s function
is assumed as the product

o(x,y,1) = ¢#(x, y) exp(+iwt) (2.5.3)

where (]S#(X,y) is an amplitude function to be determined. Substituting this
assumption into the nonhomogeneous wave equation (2.5.1), we have the reduced

wave equation (so-called Helmholtz equation) for the amplitude function qﬁ#(x7 y),

ot 2 o #
ot P
Ox? 0y?

+(@/c)*¢" = —05(x)3(y) (2.5.4)

The convergence condition (2.5.2) is also rewritten for the amplitude function as

_ 99"

X200 Gy

_o9*

o] -3 =0 (2.5.5)

X242 —00 ‘ x2+y2—00
The double Fourier transform with respect to two space variables as defined by
Egs. (2.4.5) and (2.4.6) is applied to the nonhomogeneous Helmholtz
equation (2.5.4),

+oo +o0 02¢# 82¢# .
J 1] (G5 + 5% = —w/ere* - 05wt ) exoleicaian explrimas

(2.5.6)
Defining the double transform of the amplitude function as
+00 +00
o7 = / / ¢ (x,y) exp(4iéx)dx| exp(+iny)dy (2.5.7)
—00 —00

Equation (2.5.6) is transformed into the algebraic equation for the unknown

amplitude function 3)# ,

~2¢" — 1" = ~(w/c)¢" — 0 (2.5.8)

Then, the explicit expression for the amplitude function in the transformed domain
is given by

. 0
&+ = (w]c)

-1

(2.5.9)
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As the first inversion, we apply the Fourier inversion integral with respect to the
parameter #. Its formal inversion integral is simplified as

+00

0
# _ _
"o Fra— (e PN

Pl\tO

cos(ny)
e
0 P +4/E = (/)

(2.5.10)

The far right integral is evaluated with the aid of the formula (2.1.22) and yields

Q
2/& — (0]c)’

where the real part of the square root function \/ & — (w/ c)2 must be positive in

o = exp{—|y| 2 (w/c)z} @.5.11)

order to guarantee the convergence at infinity |y| — oo, i.e.

Re( — (w/c)z) >0 (2.5.12)

The second Fourier inversion integral with respect to the parameter ¢ is given by
400 |
P == / 72exp{—|y| — (w/c)z} exp(—iéx)d¢ (2.5.13)

The integrand in the above inversion integral has two branch points at ¢ = tw/c
which are on the integration path, and the square root function (radical)

& —(w/ c)2 changes its sign around the branch point. Thus, we have to discuss

the path deformation around the branch point as was done in the case of the 1D
time-harmonic problem in Sect. 2.2. However, the singular point for the 1D
problem was the simple pole, but that for the present 2D problem is the branch point
for the square root function. Therefore, we have to discuss the introduction of the
branch cut in the complex plane. As the detailed discussion for the introduction of
branch cuts has been carried out in Sect. 1.3.2 in Chap. 1, we do not repeat, but, we
cite here its result. If the reader needs more about the introduction of the branch cut,
please return to Sect. 1.3 in Chap. 1.

In order to evaluate the inversion integral of Eq. (2.5.13), we define the integral I as

I (w/c)z}df (2.5.14)

- /DO %exp{—i«:x ~
(ESRVERES
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and consider the complex integral having the same integrand as that in the above
equation,

S D

In the subsequent analysis, it should be understood that the real and imaginary parts
of the complex variable { are ¢ and 5, i.e. { = ¢ + in. The square root function

{—sz— N/ <w/c>2}dc (2.5.15)

¢? — (w/c)* has two branch points at { = +m/c, and the corresponding two

branch cuts must be introduced in the complex {-plane, in order to make the radical
be single-valued and to guarantee the convergence condition,

Re< - (a)/c)2> >0 (2.5.16)

The discussion on the branch cut for the square root function in Sect. 1.3.2
shows two ways to consider the complex frequency: one is the complex frequency
with a small positive imaginary part and the other with a small negative imaginary
part. As the shape of the branch cut depends on the sign of the imaginary part, we
evaluate the integral I for these two cases of the complex frequency, separately, and
then determine the suitable imaginary part.

(1) Complex frequency with the negative imaginary part

If we add a small negative imaginary part to the frequency, the branch points are
shifted from the real axis and then two branch cuts are introduced along the
hyperbola in the second and the fourth quadrants in the complex {-plane as shown
in Figs. 1.7 and 1.8 in Chap. 1. When the imaginary part of the frequency tends to
zero as the limit, the branch cut lies on the real and imaginary axes as shown by the
thick lines in Fig. 1.8a. Therefore, we take the closed loop C for our complex
integral of Eq. (2.5.15) as shown in Fig. 2.5. We have two closed loops for C: one is
the upper closed loop C(*) and the other is the lower loop C(~). The selection of the
two loops depends on the convergence of the integrands at the infinity |{| — oo.
The lower loop is employed when the parameter (space variable) x is positive, and
the upper loop is employed when x <0. The following evaluation is carried out for
the case of the positive space variable, x > 0.

When x > 0, the loop for the complex integral is C(~) as shown in Fig. 2.5
where the integration path is the straight line AOB on the real axis. In order to
exclude the lower branch cut, the path along the branch cut is introduced. The path
is composed of two lines, CDE and FGH along the branch cut, and a small circle EF
around the branch point. It should be understood that the radius of the small circle

vanishes as the limit. Two edges of the straight line AOB are connected to the edges
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Fig. 2.5 Closed loop C for the complex integral @ in Eq. (2.5.15) (the negative imaginary part of
the complex frequency vanished)

- — n n
of the path CDE and FGH through two quarter circles, AC and BH, respectively. It
is also understood that the radius of the quarter circle tends to infinity as the limit.

Then, the closed loop C(7) is the sum of the integrals along these paths. In the
clockwise direction, the closed loop is

N n SN n n
C~) . AOB + BH+HGF + FE +EDC + CA (2.5.17)

The complex integral of Eq. (2.5.15) is decomposed into the integrals along the
path segments as

SRRy Ry Y e

: (w/c

exp{fiCx — /¢ - (w/c)z}dC
AOB BH HGF F EDC Ch

(2.5.18)

N
The integral along the small circle FE around the branch point vanishes as its radius

N N
tends to zero. The two integrals along the large arcs BH and CA also vanish as the
radius tends to infinity due to the convergence condition of Eq. (2.5.16). Thus, since
no singular point is included in the closed loop and the total value of the complex
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integral vanishes, i.e. @ = 0, the integral along the real axis AOB is converted to
the integrals along the branch cut,

%A_)(ég mexp{—iix—lyl C2—(w/c)2}dg
/ / w/c)zeXp{‘iCx—|y| 52—(w/c)2}dc

(2.5.19)

where the directions of paths CDE and FGH are inverse of the paths EDC and HGF,
respectively. Equation (2.5.19) states that it is enough to consider the integrals

along the branch cut to evaluate the integral on the real axis. The line paths CDE

and FGH are further decomposed into the line segments along the real and imag-
inary axes. They are

—— —_— = — — —
CDE = CD + DE, FGH = FG + GH (2.5.20)

The argument and value of the square root function have already been determined
in Sect. 1.3.2(2) in Chap. 1 and are tabulated in Table 2.1 with the integration
variable along each line segment. Applying these results, the integral along each
path is given by

1 1 .
m / z_zeXP{—sz— [yl
58 V& = (@/c)

£- (w/c)z}dc

B (2.5.21)
1 1

= / —exp{iny| w/Cz}dC

2n
D m (2.5.22)

17 1
%/ﬁexp{nxiﬂ n* + (w/c) 2}d17
o 1+ (w/c)


http://dx.doi.org/10.1007/978-3-319-17455-6_1

2.5 2D Time-Harmonic Source 57

Table 2.1

Value and Path 2 Variable { and its range
argument of the square root & —(w/c)

2
(
function on the integration - B 5 t=¢
path in Fig. 2.5 AOB V& —(w/c)

—o<é< +

cD FivJ + (wfe? L=

0<n<oo

n
DE e /(w/cz—éz {=+¢
(

2+ (

)

0<é<w/c

FG . 2 o {=+<L
(@) =< 0<é<w/c

O<n<oo

& and 7 are positive real, except BOA

1 1 .
ED_é mexp{—léx—lyl Cz—(w/c)2}dc
o (2.5.23)
‘i/ ﬁexp{—i& —ily[\/ (w/c) - éz}dé
0 w/c)” —
o ;ex —ifx — 2 (w/c)?
2nF_ém p{C yly/¢ (/)}dc
. o (2.5.24)
77%/ ﬁexp{iéx+i|y| (w/c)zﬁz}dg
0 w/c)” —
1 1 . .
3 e S G
o (2.5.25)

P (w/6)2}dn

1 1
27t/26XP{—I’]9C‘|‘Z.|y|
o+ (w/c)
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Substituting the above equations into Eq. (2.5.19) with the path decomposition of
Eq. (2.5.20), we have for the integral I,

=5 Z éz_l(wexp{—izxm «:2—<w/c>2}d:

- %/OC;fxp(—nx) cos{y\/ n + (w/C)Z}d’?
0

7+ (w/c)
wle (2.5.26)
2! ;Sin X) cos w/c)? — & Yd¢
/ ——in) {iorer - e
w/c

_%0/ mcos(fx)cos{y (w/C)Z—fz}df

The Fourier inversion integral has just been converted to three real-valued integrals.
Fortunately, we can evaluate these integrals with the aid of integration formulas.
Two integration formulas (Gradshteyn and Ryzhik 1980, pp. 755, 6.677, No. 4)*

00

T (o

/ cos( bV a? +x2> exp(—cx)dx —
T1 2

J a” +x

ey

Jﬁcos(!pﬁ) sin(cx)dx (2.527)

and (Erdélyi 1954, vol. I, pp. 28, 42)

/ﬁcos (b\/a2 - x2) cos(cx)dx = g]o (a\/ b* + c2) (2.5.28)
0

are applied to the right hand side of Eq. (2.5.26) and the Hankel function (Watson
1966, p. 73) is introduced. Then, Eq. (2.5.26) is simplified as

+00
! ! exp{—iéx _ph/2 - <w/c>2}d<

Ly (? \/m) B %Jo (g \/m) (2.5.29)
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where Jy(.) and Yy (.) are Bessel functions of the first and second kind, respectively,

and Hankel function of the second kind is defined by H((f)(.) =Jo(.) — i¥o ().
Finally, we have the simple expression for the Fourier inversion integral . That is

% 7 mexp{@ M/ & - (w/C)z}dé

__lp® (% (eI yz) (2.5.30)

2

It is easily understood that the above equation is also valid for the negative space
variable, x <0, since Eq. (2.5.30) is the even function of the space variable x. So, if
we perform the complex integral with the upper closed loop C*) in Fig. 2.5, we can
obtain the same expression for the negative space variable. However, the result in
Eq. (2.5.30) is valid only when the negative imaginary part of the complex fre-
quency tends to zero.

(2) Complex frequency with the positive imaginary part

If we assume that the imaginary part of the complex frequency approaches to
zero from the positive, the branch cuts corresponding to two branch points are
introduced in the first and the third quadrants in the complex plane as was discussed
in Sect. 1.3.2 in Chap. 1 and are shown in Fig. 1.11 as its zero limit. Thus, the

n=Im({)
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x<0 \\\
N
\
7 N
// \
/ \
/ \
/ ‘\
,’ -w/c \
h \
A 0 e J B
1 T F I
i ”: G I &=Re(()
\ D +w/c !
\ I
\ /
\ /
\ /
\ /
\ /
\\ /7
\\ (=)
So _ Loop C
\\\\\__C' _}_I,,—’// x>0

Fig. 2.6 Closed loop C for the complex integral @ in Eq. (2.5.15) (the positive imaginary part of
the complex frequency vanished)
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Table 2.2 Value and ) Path 2 2 Variable { and its range
argument of the root function & —(w/c)
along the integration path in — 5 2 (=¢
Fig. 2.6 AOB &~ (@/c) << oo
D’ 4 /’12 4 (CU/C)Z (= -
0<n<oo
DE' +iy/(w/c)? - & (==¢
0<é<w/c
FG _i (a)/c)z - 52 (=-¢
0<é<w/c
G'H i /’12 + (w/c)z &= —in
O<n<oo

& and 7 are positive real, except BOA

closed loop for the complex integral ® is taken as C*) in the complex {-plane as
shown in Fig. 2.6 and the value and argument of the square root function are listed
in Table 2.2. We can apply the same evaluation procedure as that in the previous
subsection. The analysis is carried out for the case of the positive space variable,
x > 0. The integral on the real axis, i.e. the integral I, is given by

1 1
[=— —_— eX
2”A_>(43 VG = (/) ’
17 1 .
e S G

and the integrals along the branch cut are

o \/ﬁexp{iéxlyl &~ (/o s

D
(2.5.32)

exp{—nx iyt <w/c>2}dn

N N S
_2”0/ i+ (]c)
1 / ;exp
2 J e (wfe?

D'E’

w/c

I
B 2“0/ J@w/er - &

{mite= b2 = (e fa

(2.5.31)

{—icx e - <w/c>2}dc
(2.5.33)
exp{+i¢x — b/ (w/? - 62}d£
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{—iCx — /& - (w/c)Z}dc

1 1

— ————eXp
ZnF/él /Cz—(w/c)Z
(2.5.34)

w/c

= o
2 / \/—w/CeXp{—sz—lyl Cz—(w/c)z}dC

/
GH (2.5.35)

:i ﬁ e il (/) b
o V1T lw/e

Since no singular point is included in the closed loop, ® = 0. Thus, the integral I on
the real axis is given by

tigx+ iy (/) - 62}dé

1

2n 00 \/7/3)(1){1@( |y|
(w/c)
_! oc;exp(—nx) coss y\/ 1% + (o/c) v
-/ 2 v
0

& - (w/C)z}di

n* + (w/c)
e (2.5.36)
1 1 . 2 2l .
—— | ——=sin(éx)cosqyy\/ (w/c)” — & ;d¢
] e |
w/c

i 1 2 2
+— | —————cos(éx) cos (w/c)” =& dé
/ (ofe) ~ & v }

The above equation can be simplified by applying the formulas (2.5.27) and
(2.5.28). We have

o
—+3 Hél)(c sz +7) (2.5.37)

2

where Hankel function of the first kind is defined by H(()l)(.) =Jo(.) +iYo(.).
*Derivation of formula (2.5.27).
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We have the integration formula (Gradshteyn and Ryzhik 1980, pp. 755, 6.677),

1 : ( 2 2.

00 ——=—=sin| z/« —ﬁ), f<a
Yoo/ x% + 22 ) cos(fx)dx = 2 = p

o/ ( ) —7[321 zexp<—zvﬁ2—a2>; p>o
VB —ua

(2.5.38)

If we consider the above as the Fourier cosine transform with respect to the
transform parameter f3, its inverse cosine transform is given by

;Yo (oc X+ z / \/_.__~s1n (zv o? — /32) cos(Bx)dp
- / ﬁexp (zx/ B — oc2> cos(Bx)dp

Making the change of variable, u = /> — o2, for the second integral in the right
hand side, the formula (2.5.27) is obtained as

> YO (oc X%+ z / \/7$1n (Z\/ o? — ﬁ2> cos(Bx)dp

(2.5.39)

(2.5.40)

1
- / ﬁexp(—zu) COS(X\/ u> + ocz)du
u? +o
0

(3) Selection of the branch cut and the integration loop

The Fourier inversion integral I has just been evaluated in two ways of the
branch cut and we get two expressions for the single integral I as

1

EZO \/ﬁexp{—i@c — v/ & - (w/c)z}df

: (2.5.41)
—%H(gz)(wr/c); o= o — i

e—0

—|—%Hél>(wr/c); o= o+ i

e—0

where the radial distance r from the source point is defined by
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r=/x*+y? (2.5.42)

In order to determine the correct evaluation, we multiply the time factor exp(+iwt)
and replace the Hankel functions with their asymptotic forms (Watson 1966, p. 198)
as

H Q)| Zepl-it - /4)
gz . 2o 00 (2.5.43)
H(()2> (2) ~ \/;exp{+i(z —n/4)}

The asymptotic form of the integral / yields to

exp(+iwt) b 1 ‘ ;
w | e

i

> . _ . (2.5.4)
> %exp(+nz/4) exp{+io(t—r/c)}; o=ow—ig,,

i 2c . . .
—&—5 \/@exp(—m/@ exp{+io(t+r/c)}; o=ow+ig,,

It is clear that the asymptotic form in the upper line shows the out-going wave from
the source point » = 0, and that in the lower line does the in-coming wave from the
infinity. Thus, the right evaluation for the integral [ is

i

;_E_ZO \/ﬁexp{—i@c — Py & - (w/C)z}d5 2

HY (r/c)

(2.5.45)

and the correct introduction of the branch cut and the integration loop are shown in
Fig. 2.5 for our positive time factor exp(+iwt). However, if we employ the negative
time factor exp(—iwt), the branch cut and the loop in Fig. 2.6 are the right choices,
needless to say.

Anyway, we could evaluate the infinite integral of the Fourier inversion and
obtained the amplitude function in the closed form as

oF = —%H((f)(wr/C); r=/x%+? (2.5.46)

Thus, the 2D Green’s function for the time-harmonic source is given by
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Pp Pp 1 iQ

W W = ZW — Qé(x) ( )eXp(+lCUt) = ¢ = — —H (a)r/c) eXp(+iCUt>
(2.5.47)

When the time factor is negative, we have

PP 0*p 10°¢ . i0 (1) .

et - 2er 00(x)d(y) exp(—iwt) = ¢ = Jr?HO (wr/c)exp(—iwt)

(2.5.48)

(4) Convolution integral

The solution of Eq. (2.5.47) can be obtained directly by applying the convolu-
tion integral of the impulsive solution which is given by Eq. (2.4.19). Let us
consider its convolution. The convolution integral for the Laplace transform is
defined by

b,y 1) = / S (. 3. Y exp{-io(t — )}’ (2.5.49)
0

where ¢™P) is the solution for the impulsive source. We substitute the impulsive
Green’s function of Eq. (2.4.19) with the source magnitude Q into Eq. (2.5.49),

P(x,y,1) = /%%exp{—kiw(r— )}t (2.5.50)
0

and examine the supporting region for the step function. We have

—————exp(—iwt)d (2.5.51)

cQ
O (x,y,1) = —exp(+iw)H(t — r/c) /
2n e v/ (ct") 22

As we are considering the steady-state response, the time in the upper integration
limit and that in the step function can be set to be infinite as

exp —iot')dt (2.5.52)

Q
O(x,y,1) = C—exp(+zwt) hm H(t—r/c) /
o rfc \/ Cﬂ
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Taking the limit for the time, we have

Q —exp(+iwt

o(x,y,1) = 2 exp(—iwu/c)du (2.5.53)

g

This is just the integral representation for the Hankel function of the second kind
(Watson 1966, p. 170),

(2) 2 / 1
H, — exp(—ixu)du 2.5.54
. o p(—ixu) ( )

Thus, we have

P(x,y,1) = —%eXp(Hwt)Héz)(rw/c) (2.5.55)

(5) Direct evaluation

In the former subsection (1) and (2), the Fourier inversion is carried out by
applying the Cauchy complex integral. It was lengthy troublesome work. Without
applying the Cauchy theorem, we can evaluate the integral ,

- (w/c)2}d€ (2.5.56)

_ L /DO %exp{—i«:x — |
M)\ )E — (wfe)

Firstly, we reduce the infinite integral to the semi-infinite integral,

+00

! 2
I:_/ mCOS(éx) exp{—|)’| 52 —(w/c) }dé (2.5.57)

I

In the complex &-plane, the integration path for this integral is just on the real axis

and two branch cuts for the radical 1/¢> — (w/c)? are introduced on the real and
imaginary axes as was discussed in Sect. 1.3.2 in Chap. 1. The slightly shifted
branch cuts are shown in Fig. 2.7 where the integration path for the semi-infinite
integral is OP. The integration path in the region 0 < ¢ <w/c is slightly up from the
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Im(&)
branch cut

; +w/c
Q % o P
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0 5 ‘o  Re(d)

-w/c
branch cut

Fig. 2.7 Branch cuts and integration path for the inversion integral of Eq. (2.5.57)

lower branch cut. When the cut approaches to the real axis as was discussed in
Sect. 1.3.2 (2), the argument of the square root function in the integrand yields to
+7/2, i.e.

VE = (/) = +iy/(0/ef - & |d<ofc (2.5.58)

In the other positive region ¢ > w/c on the real axis, the root function is positive
real. Then, the semi-infinite integral is decomposed into two integrals in the regions,
O0<é<w/cand & > w/c, as

w/c

1 1
I=— cos(éx) expd —ily|y/ (w/c)? — & vdé
)/ (+i)y/ (@/e)® =& { }

+00
1 1
) o

The above integral / is further decomposed into the real and imaginary parts,

(2.5.59)
cos(x) exp{—|y| 2 <w/c>2}dé
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/ 2cos(!jx) sin{|y (w/e) — 62}516

cos(&x) exp{—y| — (w/c)z}df (2.5.60)

_EO/ mcos(éx}cos{y (co/c)z—fz}df

We make the change of variable for the first and second integrals in the above
equation. The changes are defined by

— Vet -2, =\ —p, ae=——1__ (s

(w/c)® =1

for the first integral, and

— /2~ (w/e), S+ (e, di=—1M___ (256

”+ (o/c)

for the second integral. Equation (2.5.60) yields to

=1 / %{ (/e = }sinla)an

/) =1
/ \/7/009{)“/172 + (w/c) }exp(—|y|n)d7] (2.5.63)

w/c

"/JT

Then, we apply the formula of Eq. (2.5.27) to the first two integrals and the formula
of Eq. (2.5.28) to the third integral. The integral [ is exactly evaluated as

1= AR T - () s

This is just the same as Eqgs. (2.5.30) and (2.5.45) for the integral I.

cos(&x) cos{ (w/c)* — éz}dé
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2.6 3D Static Source

The static 3D Green’s function for the Laplace equation is a particular solution of
the nonhomogeneous differential equation,

2 2 2
et G+ oy = 8030002 261)

where § is the magnitude of the source which is placed at the coordinate origin
(0, 0, 0). The convergence condition at infinity,

99 _9 _9

.. - - ~0
FhrtEoc Ox VX2 +y?+72—00 dy VX2 +y?+z2—00 0z VX2 +y?+72—00

(2.6.2)

is applied to the Green’s function ¢.
The Green’s function is obtained by the method of integral transform. For three
space variables, the triple Fourier transform defined by

P(8) = / ¢ (x) exp(+ix)dx, d)(x):i/ (&) exp(—iéx)dé  (2.6.3)
b= [ ewexpirimas, o) =5 [ dlexp(-imdn (264

+00 +00
P(0) = / ¢ (2) exp(+ilz)dz, qﬁ(z):%/ P exp(—itz)dl  (2.6.5)

is applied to Eq. (2.6.1),

40 g oo [ R R
/ < / { / {%JF%JF% = 755()‘)5()’)5(2)} eXp(Jriéx)d% exp(+iny)dy> exp(+ilz)dz

—00 —00 —00

(2.6.6)

Applying the convergence condition (2.6.2), the above Eq. (2.6.6) is transformed to

the algebraic equation for the triple transformed function ¢,

%5+f+5@=—5 (2.6.7)
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The transformed function is determined explicitly,

_ S
Erp+ 2

<1

(2.6.8)

The first Fourier inversion integral with respect to the parameter ( is

oo

cos({z)d¢ (2.6.9)

+
~ 1 S
= — —1 d = —
d’zl ++c xp(~ilz)dC /¢+m

The above integral is easily evaluated with the aid of the formula (2.1.22). It yields

<

(2.6.10)

_ S 2 2
—meXp(—IZI ¢ +7I>

The second inversion integral with respect to the parameter # is reduced to the semi-
infinite integral as

S 2
————exp| —|zg[\/¢ +112> exp(—iny)dn
) 2/E (
- (2.6.11)

o0
S 1 ) )
%/52—+1726XP<Z| &+ )005(71)’)0"7
0

The latter semi-infinite integral can be evaluated by using the formula (2.4.13). It
follows that

:_Ko(mm) (2.6.12)

The last inversion integral with respect to the parameter ¢ is also reduced to the
semi-infinite integral,

4’:%/ Ko(|f|\/y +z>exp (—iéx)d

B (2.6.13)

%/xl(o(ém) cos(éx)d
0
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Fortunately, we have the suitable integration formula, (Erdélyi 1954, vol. I, pp. 49, 40)

e T
0/ Ko(a€) cos(bé)dE = W/ (2.6.14)

Applying this formula to Eq. (2.6.13), the last inversion integral is exactly evaluated
as

S

d):—
4m/x% + Y2 4 2

Consequently, we have the static 3D Green’s function for the Laplace equation,

(2.6.15)

& 0? 0?
Gt e gy = -SI0E > d=pn (2610

where R is the 3D radial distance from the source,

R= /x> +y*+7 (2.6.17)

2.7 3D Impulsive Source

Green’s function for the 3D wave equation is discussed. The wave equation with an
impulsive point source located at the coordinate origin is given by

P Py PP 15
Gt Gt g = g — PO (27.1)

where P is the magnitude of the source. The quiescent condition at an initial time,

9¢
=1 =0 272
d)‘t:O 8t o ( )
and the convergence condition at infinity,
¢ _o¢ _9¢

=0 (2.73)
/e

| [P 42 -0 Oy /——_—vszrszrzZA»oci Ay /———x2+y2+zzﬂooi 0z
are also imposed.

Our dynamic Green’s function has four variables: three space and one time
variables. Laplace transform with respect to the time,
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+00
P (s) = / (1) exp(—st)dt (2.7.4)
0
and the triple Fourier transform with respect to three space variables,
400 1 +0o0
§O= [ dwenricnas o) =5 [ dOew(-iendz (275

b= [ swexotrimir, o0) =5 [ dmexs(-imly (27.6)

b(0) = / $(z) exp(+ilz)dz, (l)(z):% / () exp(—ilz)de  (2.7.7)

are applied to the nonhomogeneous wave equation (2.7.1). With the aid of the
quiescent and convergence conditions, the wave equation is transformed to the

2%

simple algebraic equation for the multi-transformed unknown function ¢ ,

{0+ + s/} =P (2.7.8)
The inversion starts from the transformed function,

£ P
4+ P+ (s)c)?

-1

(2.7.9)

As the first inversion, the Fourier inversion integral with respect to the parameter {

+00
=% 1 P .
" 2n / 52 + 12+ C2 + (S/C)2 exp(—ite)d:
;’C (2.7.10)
P cos({z)

T 2
0 CH\E+n+(s/c)
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is carried out by applying the formula (2.1.22). It follows that
* P

B 20/E + 2 + (s/c)’

The second inversion is the integral with respect to the parameter #,

-1

exp{—|z| E+r+ (s/c)z} (2.7.11)

+00
P = 2L / P eXp{—IZI E+n?+ (S/C)z} exp(—iny)dn
T 2 E P+ (s)e)
P exp{—|z| 2t <s/c>2} cos(my)dn

_ P 1
_277:0/ /§2+112+(s/c)2

The latter semi-infinite integral is also evaluated by applying the formula (2.4.13). It

yields
¥ =k + (0P VTR 27.13)

The third inversion integral with respect to the parameter ¢ is

+00
0 =g [ K(VE 61T explicnas

o (2.7.14)

— 222/001{0 <\/ &+ (S/C)Z\/m> cos(&x)d¢

0

(2.7.12)

The integration formula (Erdélyi 1954, vol. I, pp. 56, 43)

T
0/ Ko (a\ /& 4 b2) cos(cé)dé = Wexp(fb a? + c2) (2.7.15)

c

is very helpful for our task. Then, applying the above formula to the last integral in
Eq. (2.7.14), we have

P K
" =—+r—"—&ex (—— x2—|—y2+zz) 2.7.16
Py oV ( )
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The last is the Laplace inversion. Its symbolical form is

P
¢ = ﬁL’1 [exp(—E Va2 +yr 4 22)} (2.7.17)
T/ X+ y~+2 ¢

[7PxL)

The transform parameter “s” is included only in the argument of the exponential
function. We remember the simple Laplace inversion formula for the delta function,

L '[exp(—as)] = 6(t — a) (2.7.18)

Thus, applying this inversion formula, Eq. (2.7.17) is fully inverted as

P
¢ =1 20l —R/) (2.7.19)

where the radial distance R from the source is defined by Eq. (2.6.17). Finally, we
have the 3D Green’s function for the wave equation with the impulsive point
source,

? &? o? 1 9%
Gt et oy = gy — POWINISEI) = b = 70— R

(2.7.20)

This is the very simple expression in spite of the 3D nature!

2.8 3D Time-Harmonic Source

This section derives the 3D Green’s function for a time-harmonic source. It is the
convolution integral of the impulsive Green’s function obtained in the previous
section. The wave equation with the time-harmonic source is given by

Fp ¢ 02 10%°¢ .
et G e = 5 e — QO30 exp(ion) (28.1)

where Q is the magnitude of the source and o the frequency of the time-harmonic
vibration. The convergence condition at infinity,

9¢ _9¢ _9¢

- =27 = = =0 2.8.2
¢“/x2+y2+z-~>oc ox \/m—m)c Oy \/x—zﬁ——yzrz?—wo OZ \/‘m_@o ( )

is also imposed.
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The standard multiple integral transform technique is available for getting the
time-harmonic Green’s function. However, as shown in the case of 2D Green’s
function in Sect. 2.5 (4), we take a very simple way, i.e. the convolution integral of
the impulsive Green’s function.

In the previous section we get the Green’s function for the impulsive source.
Replacing the source magnitude with unit 1, the Green function is given by

Po Pp P 18¢

a2 T taz T @ar  OWIDRI) = ¢ = ot —Rfe) (2.8.3)

4nR

Employing the time-harmonic source with the frequency w and the magnitude Q

0 exp{+ion(t—1)} (2.8.4)

the convolution integral for the Laplace transform is given by
¢ = /—5 (I — R/c) exp{+im(t — ') }dr (2.8.5)

It is very easy to evaluate the above integral, since the integrand includes Dirac’s
delta function and we can apply the simple integration formula (1.2.3) in Sect. 1.2,

b
/f(x)a(x—c)dx: {f(c)? a<c<b (2.8.6)

0; c<aorb<c

Then, we can evaluate the integral in Eq. (2.8.5) and have for ¢

0 .
¢ :mH(t—R/c) exp{+io(t —R/c)} (2.8.7)

The step function ahead of the equation means that Eq. (2.8.7) is the transient
response to the time-harmonic source and the disturbance starts from the wave
arrival + = R/c. When sufficient long time has passed and the response becomes
steady, the step function is meaningless. Then, we have the steady-state time-
harmonic response as

6= M%exp{—l—iw(l —R/e)} (2.8.8)

Therefore, the 3D Green’s function for the wave equation with the time-harmonic
source is given by


http://dx.doi.org/10.1007/978-3-319-17455-6_1
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2.8 3D Time-Harmonic Source

ZHE+ N =y {0y - NorFidxett = (124 (1017)dxa (2)(€)0(x) 0D
2+ =y )y —1)e% = (12 )¢ (B)e(2)e()e(x)ed oomog — ¥ = §4+ 55+ 55
24t =y B (2 ()e(€)e()es omos— =5+ 35+55|  ac
At N =1 oi—)dxe ?\xsv:vtg = (1€)9 (1o1—)dxa (€)9(x) 00D
£+ N =1 (ot )dxe (0/40) SHE — = (114 ¢ (1014)dxa (€)9(¥)0D
A GVI|NTNAM S = (g (Be()e®)ed oommog — FE5 = §4+ 55
A+ x /N =a aueisuoo Areniqre + (4 vwE = (dX)¢ (©)o(x)es 0INoS— = Wﬂm + PNM az
{(o/ ] = NorFidxa Gl + = (10)p (1017 )dxo (x)00
(M= »)E =029 (t)ewed 2m0s — 5 =50 ar
uonouny s, UdIN) 90IN0S uonenbd [enuULIAPI

suonenba oaep pue doede] 1oy uonouny s, ULAID €7 AqeL
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0? ? o? 92
axf 8y¢ aj) Clza—,(zﬁ—Qé(X)(S(y)@(Z) exp(+iwr)

= ¢ = —exp{+za)(t —R/c)}

(2.8.9)

Exercise

(2.1) Using the impulsive response (2.1.27) for 1D wave equation, derive the
time-harmonic Green’s function through the convolution integral and
compare it with the time-harmonic Green’s function (2.2.27).

Appendix

See Table 2.3.
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