Chapter 1
Period Mappings for Families of Complex
Manifolds

1.1 Introduction

Consider a family of compact complex manifolds f : X — S. Concretely, let X and S
be complex manifolds and f a proper, submersive holomorphic map between them.
Then by Ehresmann’s fibration theorem [1, (8.12), p. 84], f : X — S is a locally
topologically trivial family (as a matter of fact, even a locally ¢’ trivial family).
Recall that this means the following: for every point s € S, there exists an open
neighborhood U of s in S as well as a homeomorphism (or " diffeomorphism)

h:X|p—1@y — U x 7 ({s))

such that 4, composed with the projection to the first factor (i.e., the projection to U),
yields the restriction f|s—1 ). In particular, for every natural number (or else integer)
n, we infer that R"f,(Cyx) is a locally constant sheaf on the topological space Siop,
and that, for all s € S, the topological base change map'

(R"f«(Cx)); — H'(X;, Cx,) =: H'(X;, C)

is a bijection.

Assume that the complex manifold S is simply connected. Then the sheaf
R"f«(Cx) is even a constant sheaf on S, and, for all s € S, the residue map from
the set of global sections of R"f, (Cy) to its stalk (R"f«(Cyx)); at s is one-to-one and
onto. Thus, by passing through the appropriate base change maps as well as through

!Observe that the base of the family changes from S to the one-point space {s}.
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2 1 Period Mappings for Families of Complex Manifolds

the set of global sections of R"f, (Cx), we obtain, for every two elements s, s; € S,
a bijection
P, - H' (X, €) — H'(X;,, €).
Suppose that, for all s € S, the complex manifold X; is of Kéhler type [15, p. 188].

Moreover, fix an element ¢ € S. Then define P!, for any natural number (or else
integer) p, to be the unique function on § such that

Pr(s) = g, [FH"(X))]

holds for all s € S, where FP"H"(X,) denotes the degree-p piece of the Hodge
filtration on the nth cohomology of X;. For sake of clarity, I use square brackets
to denote the set-theoretic image of a set under a function. P} is called a period
mapping for the family f. The following result is a variant of a theorem of
P. Griffiths’s [6, Theorem (1.1)].2

Theorem 1.1.1 Under the above hypotheses, P¥" is a holomorphic mapping from
S to the Grassmannian Gr(H" (X;, C)).

Note that Theorem 1.1.1 comprises the fact that PP is a continuous map from
S to the Grassmannian of H"(X;, C). Specifically, taking into account the topology
of the Grassmannian, we infer that the complex vector spaces F’H"(Xj) are of a
constant finite dimension as s varies through S—a fact which is, in its own right, not
at all obvious to begin with.?

In addition to Theorem 1.1.1, I would like to recall another, closely related
theorem of Griffiths [6, Proposition (1.20) or Theorem (1.22)]. To that end, put
q := n — p and denote by

y : H'(X,, Ox,) — Hom(H’(X,. 2 ). H*T (X,. 24 1))

the morphism of complex vector spaces which is obtained by means of tensor-hom
adjunction from the composition

H'(X;. Ox,) ®c HI(X,. 2 ) — HIT(X,, Ox, ®y, 24 ) — HIT (X, 2

2When you consult Griffiths’s source, you will notice several conceptual differences to the text at
hand. Most prominently, Griffiths works with de Rham and Dolbeault cohomology where I work
with abstract sheaf cohomology. Besides, in his construction of the period mapping, he employs a
¢° diffeomorphism X, — X; directly in order to obtain the isomorphism ¢7,.

3Think about how you would prove it. What theorems do you have to invoke?
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of the evident cup product morphism and the H?*t!(X,, —) of the sheaf-theoretic
contraction morphism

—1
@Xt ®Xz .Q)[;t —_—> ‘ngr .

Since X, is a compact, Kihler type complex manifold, the Frolicher spectral

sequence of X; degenerates at sheet 1 and we have, for any integer v, an induced

morphism of complex vector spaces

v FH(X,) /P HH(X) — H'7V (X, 2%).

In fact, ¥¥ an isomorphism for all v. Define « to be the composition of the quotient
morphism

F’H"(X,) — FPH"(X,)/FPTTH" (X))
and . Dually, define S to be the composition of (¥*~')~! and the morphism
FH(X,)/FPH"(X,) — H'(X,,C)/FPH"(X,)

which is obtained from the inclusion of FP~'H"(X;) in H*(X,, C) by quotienting out
FPH"(X;). Further, denote by

KS : Ts(t) — H'(X,, Ox,)

the Kodaira-Spencer map for the family f with respect to the basepoint ¢ (see
Notation 1.8.3 for an explanation), and write

0 : Torwr x,.c) (FPH" (X)) — Hom(F’H"(X;), H"(X;, C)/F"H"(X,))

for the isomorphism of complex vector spaces which is induced by the canonical
open immersion

Hom(F’H"(X;), E) — Gr(H"(X,, C))
of complex manifolds, where E is a complex vector subspace of H" (X;, C) such that

H"(X;, C) = FPH"(X;) & E (see Construction 1.7.19). Then we are in the position
to formulate the following theorem.
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Theorem 1.1.2 Letf : X — S, n, p, and t be as above and define o, B, y, KS, and 0
accordingly. Then the following diagram commutes in Mod(C):

KS

Ts(0) H' (%, 6x)
l )
T (P07 Hom(HY(X,. 2§ ), HI*1 (X, 25 1)
l Hom(a,8)

Terwr x,.0)) (FPH (X1)) - Hom(F’H"(X,), H"(X,, C)/F’H" (X)) (LD

The objective of this chapter is to state and prove a proposition analogous
to Theorem 1.1.2 (possibly even, in a sense, generalizing Theorem 1.1.2) for
families of not necessarily compact manifolds—that is, for submersive, yet possibly
nonproper, morphisms of complex manifolds f : X — S. Approaching this task in
a naive way, you immediately encounter problems. First of all, together with the
properness of f, you lose Ehresmann’s fibration theorem. Hence, you lose the local
topological triviality of f. In fact, when f is not proper, the cohomology of the fibers
of f may jump wildly when passing from one fiber to the next—the cohomology
might also be infinite dimensional. The sheaf R"f,(Cyx) will typically be far from
locally constant on S. The cure, of course, is to impose conditions on f that ensure
some sort of local triviality. In view of my applications in Chap. 3, however, I do not
want to impose that f be locally topologically trivial. That would be too restrictive.
Instead, I require that f satisfy a certain local cohomological triviality which is
affixed to a given cohomological degree.

Specifically, I am interested in a submersive morphism f : X — S of
complex manifolds such that, for a fixed integer n, the relative algebraic de Rham
cohomology sheaf .7"(f) (which is, per definitionem, R"fx(£27) equipped with
its canonical Js-module structure) is a locally finite free module on S which is
compatible with base change in the sense that, for all s € S, the de Rham base
change map

¢;€13 :C Qs (f%ﬂn(f))s — f%ﬁn(XJ)

is an isomorphism of complex vector spaces. We will observe that the kernel H of
the Gauf3-Manin connection

Vom(f) 1 A (f) —> 25 ®s A (f),

which I define in the spirit of Katz and Oda [11], makes up a locally constant sheaf
of Cs-modules on Si,,. Moreover, the stalks of H are isomorphic to the nth de Rham
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cohomologies of the fibers of f in virtue of the inclusion of H in 5" (f) and the de
Rham base change maps.

In this way, when the complex manifold § is simply connected, I construct, for
any integer p and any basepoint ¢ € S, a period mapping PV (f) by transporting, for
varying s, the Hodge filtered piece F? 7" (X,) from inside 5" (X) to 5" (X,) along
the global sections of H. When I require the relative Hodge filtered piece F” 7" (f)
to be a vector subbundle of 5" (f) on S which is compatible with base change (in
an appropriate sense), the holomorphicity of the period mapping

PPUf) + S —> Gr(H#"(X,))

is basically automatic. Eventually, we learn that certain degeneration properties of
the Frolicher spectral sequences of f and the fibers of f ensure the possibility to
define morphisms « and § such that a diagram similar to the one in Eq.(1.1)—
namely, the one in Eq. (1.65)—commutes in Mod(C).

This chapter is organized as follows. My ultimate results are Theorem 1.8.8
as well as its, hopefully more accessible, corollary Theorem 1.8.10. The chapter’s
sections come in two groups: the final Sects. 1.7 and 1.8 deal with the concept period
mappings, whereas the initial Sects. 1.2-1.6 don’t. The upshot of Sects. 1.2-1.6,
besides establishing constructions and notation—for instance, for the Gau3-Manin
connection—is Theorem 1.6.14. Theorem 1.6.14 is, in turn, a special case of The-
orem 1.5.14, whose proof Sect. 1.5 is consecrated to. Sects. 1.2—1.4 are preparatory
for Sect. 1.5.

The overall point of view that I am adopting here is inspired by works of Nicholas
Katz and Tadao Oda [10, 11]. As a matter of fact, my Sects. 1.2—1.6 are put together
along the very lines of [ 10, Sect. 1]. I recommend that you compare Katz’s and Oda’s
exposition to mine. My view on period mappings and relative connections, which
you can find in Sect. 1.7, is furthermore inspired by Deligne’s well-known lecture
notes [2].

1.2 The A? Construction

For the entire section, let X be a ringed space [7, p. 35, 13, Tag 0091].

In what follows, I introduce a construction which associates to a right exact triple
of modules ¢ on X (see Definitions 1.2.2 and 1.2.3), given some integer p, another
right exact triple of modules on X, denoted by A% ()—see Construction 1.2.8. This
“AP construction” will play a central role in this chapter at least up to (and including)
Sect. 1.6.

The AP construction is closely related to and, in fact, essentially based upon the
following notion of a “Koszul filtration”; cf. [10, (1.2.1.2)].
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Construction 1.2.1 Let p be an integer. Moreover, let « : G — H be a morphism
of modules on X. We define a Z-sequence K by setting, for all i € Z,

m(AP7I(H) o (N e ® A" idy))  when i > 0,
N H when i < 0.

K = (1.2)

Observe that we have

p—i i ip—i
/\G®/\H Na®Nidy /\H®/\HI il /\H

in Mod(X); see Appendix A.6. We refer to K as the Koszul filtration in degree p
induced by o on X.

Let us verify that K is indeed a decreasing filtration of /\” H by submodules on
X. Since K' is obviously a submodule of \” H on X for all integers i, it remains to
show that, for all integers i and j with i < j, we have K C K'.Incasei < 0, this
is clear as then, K' = A’ H. Similarly, when j > p, we know that K’ is the zero
submodule of A’ H, so that K/ C K' is evident. We are left with the case where
0 <i <j < p. To that end, denote by ¢; the composition of the following obvious
morphisms in Mod(X):

i p—i i p—i
X'G.....G.H....H) - TG T (H)— \Go \H

p—i
—>/\H®/\H—>/\H

Then K = im(¢;) since the first and second of the morphisms in Eq.(1.3) are an
isomorphism and an epimorphism in Mod(X), respectively. The same holds for i
replaced by j assuming that we define ¢; accordingly. Thus, our claim is implied by
the easy to verify identity

(1.3)

=¢;o0 ®(1dg,.. Jidg, o, ... o, idy, ..., idy).
J—i p=J
Definition 1.2.2

1. Let C be a category. Then a triple in € is a functor from 3 to C.*
2. A triple of modules on X is a triple in Mod(X) in the sense of item 1.

4For small categories (i.e., sets) C this definition is an actual definition, in the sense that there is
a formula in the language of in the language of Zermelo-Fraenkel set theory expressing it. When
C is large, however, the definition is rather a “definition scheme”—that is, it becomes an actual
definition when spelled out for a particular instance of C.
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When we say thatt : G S H i F is a triple in € (resp. a triple of modules on
X), we mean that ¢ is a triple in € (resp. a triple of modules on X) and that G = 70,
H=t1,F=12,aa = .1, and,B =12.

Definition 1.2.3

1. Let C be an abelian category, t : G S H ﬁ) F a triple in C. Then we call ¢ left
exact (resp. right exact) in € when

O—>Gi>Hi>F (resp.Gi>Hi>F—>O)

is an exact sequence in C. We call ¢ short exact in C when ¢ is both left exact in
C and right exact in C, or equivalently when 0 - G — H — F — 0 is an exact
sequence in C.

2. Let ¢ be a triple of modules on X. Then we call ¢ left exact (resp. right exact,
resp. short exact) on X when ¢ is left exact (resp. right exact, resp. short exact) in
Mod(X) in the sense of item 1.

The upcoming series of results is preparatory for Construction 1.2.8.

Lemma 1.2.4 Let p be an integer, t : G S H ﬁ) F a right exact triple of modules
on X. Then the sequence

p—1 , P , P
G®/\Hi>/\H—>/\F—>O, (1.4)
with
p—1 p
o = A" Hyo(@® /\idH) and B’ = /\,B,
is exact in Mod(X).

Proof When p < 1, the claim is basically evident. So, assume that 1 < p. It is (more
or less) obvious that 8’ oo’ = 0 in Mod(X). Therefore, 8’ factors through coker(c’);
that is, there exists a (unique) morphism ¢ : coker(a’) — B’ in the undercategory
A» u/Mod(X). We are finished when we prove that ¢ is an isomorphism. For that
matter, we construct an inverse of ¢ explicitly.

Here goes a preliminary observation. Let U, V, and V' be open sets of X and

J=Uo - fp-1) € FU) x--- X F(U) = (F x--- x F)(U),

h= (ho,...,hp_l) EH(V)X--~XH(V),
W = (hy,....H,_) € HV') x---x H(V')
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such that V. V' C U and, for all i < p, we have By (h;) = fi|lv and Bv/(h)) = fi|y.
Then, for all i < p, the difference 4.|yny —hi|vay is sent to 0 in F(VNV’) by Byayr.
Thus, since o maps surjectively onto the kernel of B, there exists an open cover U
of V. N V' such that, for all W € 0 and all i < p, there exists g; € G(W) such that
ow(gi) = hilw — hilw. On such a W € U, we have (calculating in A” H(W)):

ho A=Al = ((hg —ho) +ho) A=+ A by,

= (hg—ho) NRy A= AR Fho ARy A A B

=aw(go)) ARy A AR ho Aaw(g) Ao AT 4

+h0/\---/\h[,_2/\Olw(g[,_1) +h0/\"-/\h1,_1.

Thus the difference iy A -+ Ay, —ho A<+ A hp—y (taken in (A" H)(W)) lies in
the image of o'y . In turn, the images of /iy A -+ Ahj,_, and 7o A -++ A hp— in the
cokernel of o’ agree on W. As %0 covers VN V', these images agree in facton VN V.

Now, we define a sheaf map ¥ : F x --- x F — coker(a’) as follows: For U
and f as above we take Yy (f) to be the unique element ¢ of (coker(a’))(U) such
that there exists an open cover Ll of U with the property that, for all V € 4L, there
exist ho, ..., h,—1 € H(V) such that By(h;) = fi|v for all i < p and the image of
hoA---Ah,_y in coker(a’) is equal to c|y. Assume we have two such elements ¢ and
¢’ with corresponding open covers 4l and $’. Then by the preliminary observation,
forall V € Y and all V/ € &', we have c|ynys = c|yay. Thus ¢ = ¢’. This proves
the uniqueness of c. For the existence of ¢ note that since 8 : H — F is surjective,
there exists an open cover Ll of U such that, for all V € il and all i < p, there is
an h; € H(V) such that Sy (h;) = f;|v. For all V € &, any choice of A;’s give rise
to an element in (/\” H)(V) and thus to an element in (coker(a))(V). However,
by the preliminary observation, any two choices of 4;’s define the same element in
coker(a’). Moreover, for any two V, V' € L, the corresponding elements agree on
V N V'. Therefore, there exists ¢ with the desired property.

It is an easy matter to check that ¥ is actually a morphism of sheaves on
Xiop. Moreover, it is straightforward to check that { is Ox-multilinear as well
as alternating. Therefore, by the universal property of the alternating product,
¥ induces a morphism ¢ : APF — coker(a’) of modules on X. Finally,
an easy argument shows that ¥ makes up an inverse of ¢, which was to be
demonstrated. O

Proposition 1.2.5 Let p be an integer, t © G 5 H f) F a right exact triple of
modules on X. Write K = (K')ez for the Koszul filtration in degree p induced by
o : G — H on X. Then the following sequence is exact in Mod(X):

@

c
0 —= K' —= A'H N F 0. (1.5)
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Proof By Lemma 1.2.4, the sequence in Eq.(1.4) is exact in Mod(X). By the
definition of the Koszul filtration, the inclusion morphism K' — A” H is an image
in Mod(X) of the morphism

-~ p—1 p—1 p
l’”Al(H)o(a@/\idy) :G® \H— \H: (1.6)

note that /\1 equals the identity functor on Mod(X) by definition. Hence our claim
follows. O

Corollary 1.2.6 Letp be an integer; t : G A H ﬁ) F a right exact triple of modules
onX. Denote by K = (K')cz the Koszul filtration in degree p inducedby o : G — H
on X.

1. There exists one, and only one, ¥ rendering commutative in Mod(X) the
following diagram:

P

P A P
NH — N'F

(N\'H)/K! (1.7)

2. Let ¥ be such that the diagram in Eq. (1.7) commutes in Mod(X). Then v is an
isomorphism in Mod(X).

Proof Both assertions are immediate consequences of Proposition 1.2.5. In order
to obtain item 1, exploit the fact that the composition of the inclusion morphism
K' — A’ H and A\’ B is a zero morphism in Mod(X). In order to obtain item 2,
make use of the fact that, by the exactness of the sequence in Eq.(1.5), A" 8 is a
cokernel in Mod(X) of the inclusion morphism K' — A” H. O

Proposition 1.2.7 Let p be an integer, t © G 5 H f) F a right exact triple of
modules on X. Denote by K = (K');ez the Koszul filtration in degree p induced by
a:G—>HonX

1. There exists a unique ordered pair (¢o,p) such that the following diagram
commutes in Mod(X):

a® N idy idg®N'"" B
HON'H ~—— GON'H —= GO N'F
AL (H) l [ @
Y Y
/\I’H Kl KI/KZ

5 (1.8)
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2. Let (¢o, @) be an ordered pair such that the diagram in Eq.(1.8) commutes in
Mod(X). Then ¢ is an epimorphism in Mod(X).

Proof Ttem 1. By the definition of the Koszul filtration, the inclusion morphism
K!' — AP H is an image in Mod(X) of the morphism in Eq. (1.6). Therefore, there
exists one, and only one, morphism ¢, making the left-hand square of the diagram
in Eq. (1.8) commute in Mod(X).

By Lemma 1.2.4, we know that the sequence in Eq. (1.4), where we replace p
by p — 1 and define the arrows as indicated in the text of the lemma, is exact in
Mod(X). Tensoring the latter sequence with G on the left, we obtain yet another
exact sequence in Mod(X):

p—2 r—1 p—1
G®(Ge \NH) —Go \H—G® \F—0. (1.9)

The exactness of the sequence in Eq. (1.9) implies that the morphism

p—1 p—1 p—1
ide® \B:Ge NH—G& \F

is a cokernel in Mod(X) of the morphism given by the first arrow in Eq.(1.9).
Besides, the definition of the Koszul filtration implies that the composition

p—2 p—1
G®(G® \H)—Ge \H—K'

of the first arrow in Eq.(1.9) with ¢ maps into K> C K!, whence composing
it further with the quotient morphism K! — K!/K? yields a zero morphism in
Mod(X). Thus, by the universal property of the cokernel, there exists a unique ¢
rendering commutative in Mod(X) the right-hand square in Eq. (1.8).

Item 2. Observe that by the commutativity of the left-hand square in Eq. (1.8),
¢ is a coimage of the morphism in Eq. (1.6), whence an epimorphism in Mod(X).
Moreover, the quotient morphism K' — K'!/K? is an epimorphism in Mod(X).
Thus, the composition of ¢g and K' — K'/K? is an epimorphism in Mod(X). By the
commutativity of the right-hand square in Eq. (1.8), we see that ¢ is an epimorphism
in Mod(X). O

Construction 1.2.8 Let p be an integer. Moreover, let t : G S H i F be a right
exact triple of modules on X. Write K = (K');ez for the Koszul filtration in degree
p induced by o : G — H on X. Recall that K is a decreasing filtration of A” H by
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submodules on X. We define a functor A”(¢) from 3 to Mod(X) by setting, in the
first place,

p—1
(AP @))(0) == G® /\ F, (AP (D)oo = idgg prt p
P
(A7) (1) == (\ H)/K, (AP ()11 = id(pv .
p
(A 0)(2) = /\F. (AP (1)1 = id s p.

Now let ¢ and r be the unique morphisms such that the following diagram commutes
in Mod(X):

K? K! N H

| N

. x (1.10)

By item 1 of Proposition 1.2.7 we know that there exists a unique ordered pair
(¢0, ¢) rendering commutative in Mod(X) the diagram in Eq. (1.8). Likewise, by
item 1 of Corollary 1.2.6, there exists a unique ¥ rendering commutative in Mod(X)
the diagram in Eq. (1.7). We complete our definition of A”(7) by setting:

(AP(1)o1 :=1to ¢, (AP(D)12:=Y om,
(AP(1))o2 := (Y om) o (tog).

It is a straightforward matter to check that the so defined A?(¢) is indeed a functor
from 3 to Mod(X) (i.e., a triple of modules on X).

I claim that A”(¢) is even a right exact triple of modules on X. To see this, observe
that firstly, the bottom row of the diagram in Eq.(1.10) makes up a short exact
triple of modules on X, that secondly, ¥ is an isomorphism in Mod(X) by item 2
of Corollary 1.2.6, and that thirdly, ¢ is an epimorphism in Mod(X) by item 2 of
Proposition 1.2.7. Naturally, the construction of A”(f) depends on the ringed space
X. So, whenever I feel the need to make the reference to the ringed space X explicit,
I resort to writing A% (7) instead of A”(7).

Let us show that the A” construction is nicely compatible with the restriction to
open subspaces.

Proposition 1.2.9 Let U be an open subset of X, p an integer, andt : G — H — F
a right exact triple of modules on X. Then

t|U:: (—|U)OZ‘IG|U—>H|U—>F|U
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is a right exact triple of modules on X|y and we have
(A O)lu = A% (tlv).? (1.1D)

Proof The fact that the triple #|y is right exact on X|y is clear since the restriction
to an open subspace functor —|y : Mod(X) — Mod(X|y) is exact. Denote by K =
(K")iez and K’ = (K"");ez the Koszul filtrations in degree p induced by #o; : G — H
and |y : G|y — H|y on X and X|y, respectively. Then by the presheaf definitions
of the wedge and tensor product, we see that K|, = K’ for all integers i. Now define
¢ and 7 just as in Construction 1.2.8. Similarly, define ¢’ and 7’ using K’ instead of
K and X|y instead of X. Then by the presheaf definition of quotient sheaves, we see
that the following diagram commutes in Mod(X|y):

y 7ly
(K'/KY)|y — (K°/K*)|y — (K°/K"|y

K/l / K/Z KIO / K/2 X K/O / K/l

L g

Defining ¢ and v just as in Construction 1.2.8, and defining ¢’ and ¥’ analogously
for t|y instead of r and X|y instead of X, we deduce that ¢|y = ¢’ and |y = V.
Hence, Eq. (1.11) holds according to the definitions given in Construction 1.2.8. O

The remainder of this section is devoted to the investigation of the A” construc-
tion when applied to a split exact triple of modules on X.

Definition 1.2.10 Let 7 be a triple of modules on X.

1. We say that ¢ is split exact on X when there exist modules F' and G on X such that
t is isomorphic, in the functor category Mod(X)3, to the triple

G—GoF-5F, (1.12)

where ¢ and 7 stand respectively for the coprojection to the first summand and
the projection to the second summand.

2. ¢ is called a right splitting of t on X when ¢ is a morphism of modules on X,
¢ : 12 — t1, such that we have t; 5 o ¢ = idy in Mod(X).

>Note that in order to get a real equality here, as opposed to only a “canonical isomorphism,” you
have to work with the correct sheafification functor.

Thus, a right splitting of # is nothing but a right inverse of the morphism 7,5 : t1 — £2.
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Remark 1.2.11 Let t be a triple of modules on X. Then the following are equiva-
lent:

1. tis split exact on X.
2. tis short exact on X and there exists a right splitting of # on X.
3. tis left exact on X and there exists a right splitting of # on X.

For the proof, assume item 1. Then ¢ is isomorphic to a triple as in Eq.(1.12).
The fact that the triple in Eq. (1.12) is short exact on X can be verified either by
elementary means (i.e., using the concrete definition of the direct sum for sheaves
of modules on X) or by an abstract argument which is valid in any Ab-enriched, or
“preadditive,” category [13, Tag 09QG]. Note that in order to prove that the triple
in Eq. (1.12) is short exact on X, it suffices to prove that ¢ is a kernel of 7 and that,
conversely,  is a cokernel of ¢. A right splitting of the triple in Eq. (1.12) is given
by the coprojection F' — G @ F to the second summand. Since the quality of being
short exact on X as well as the existence of a right splitting on X are invariant under
isomorphism in Mod(X)?, we obtain item 2.

That item 2 implies item 3 is clear, for short exactness implies left exactness per
definitionem. So, assume item 3. Write  : G — H — F and « := 1 ;. Denote by s
the triple in Eq. (1.12). We are going to fabricate a morphism ¢ : s — #in Mod(X)?.
Note that ¥ should be a natural transformation of functors. We set ¥0 := idg and
Y2 := idp. Recall that there exists a right splitting ¢ of # on X. Given ¢, we define
Yl :=a+ ¢ :G®F — H. Then, the validation that v is a natural transformation
s — t of functors from 3 to Mod(X) is straightforward. ¢ : s — ¢ is an isomorphism
in Mod(X)3 due to the snake lemma [13, Tag 010H]. Thus, we infer item 1.

Lemma 1.2.12 Let p be an integer, « : G — H and ¢ : F — H morphisms of
modules on X. Assume that o + ¢ : G @ F — H is an isomorphism in Mod(X).

1. The morphism

p—v p

— v p—v v
YR o (New Ao :PDNGe \NF)— \H

VvEZ VvEZ

is an isomorphism in Mod(X).
2. Denote by K = (K")icz the Koszul filtration in degree p induced by o on X. Then,
for all integers i, we have

—y v p=v
K =im<Z( n H)o(/\a® /\¢))).

v>i

Proof Ttem 1. We take the assertion for granted in case X is not a ringed space, but
an ordinary ring [4, Proposition A2.2c]. Thus, for all open subsets U of X, the map

_ v p—v v p—v V4
S CRHU) o (Naw® N\ ¢ : P\ GW) ® \ FW) — \HO)

VEZ VEZ
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is an isomorphism of Ox(U)-modules. In other words, the morphism in item 1 is
an isomorphism of presheaves of Jx-modules on X;,, when we replace N ®, A,
and €D by their presheaf counterparts. Noting that the actual morphism in item 1 is
isomorphic to the sheafification of its presheaf counterpart, we are finished.”

Item 2. Let i be an integer. Then for all integers v > i, the sheaf morphism

p—v v p—v

- v p
NHo(New No): N\Go \F— \H

clearly maps into K': see Construction 1.2.1. Therefore, the sum over all of these
morphisms maps into K’ as well. Conversely, any section in \” H coming from

i i p—i i p—i P
NEH o (Ne® N\idw): N\Go NH— \H
comes from
v p—v
PBN\Gce \F)

under the given morphism, as you see decomposing /\” ~'H in the form

Iz pi—p p—i
DAce A n=An
1=0
according to item 1 (where you replace p by p —i). O

Proposition 1.2.13 Let p be an integer and t : G S H ﬁ) F a right exact triple of
modules on X.

1. Let ¢ be a right splitting of t on X. Denote by K = (K%);cz, the Koszul filtration
in degree p induced by a : G — H on X and write x : \' H — (\' H)/K?* for
the evident quotient morphism. Then the composition

p p p
ko \¢: \NF— (/\H)/K

is a right splitting of AP (t) on X.
2. When t is split exact on X, then AP(t) is split exact on X.

7In detail, what you have to prove is this: when I and J are two presheaves of modules on X, then
the composition I ® J — I* ® J¥ — I* ® J* is isomorphic to the sheafification of / ® J, where
® denotes the presheaf tensor product.
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Proof Ttem 1. By Construction 1.2.8,

p p
(A2 : (\H)/K>— N\F

is the unique morphism of modules on X which, precomposed with the quotient
morphism «, yields A" 8 : A\’ H — /\” F. Therefore, we have

p P P P P
(A@izoto \Np)= \Bo No=A\Bod)=/\idr=idpr.

Item 2. Write K = (K%);cz for the Koszul filtration in degree p induced by
o« : G — H on X. Then, by the definition of (A”(f))o,; in Construction 1.2.8, the
following diagram commutes in Mod(X):

ide® A" B
GON'H —= G N 'F

AP (H)o (@@ AP~ idy) l l (AP(1)o.1

NH — (\'H)/K?

Since ¢ is a split exact triple of modules on X, there exists a right splitting ¢ of 7 on
X; see Remark 1.2.11. Using the commutativity of the diagram, we deduce that

p—1
(A ()01 = ko (K(H) o @@ /\ $)).

As a matter of fact, the diagram yields the latter equality when precomposed with
ide ® A\’"' B. You may cancel the term idg ® A’~' B on the right, however,
remarking that it is an epimorphism in Mod(X).

Now, by Lemma 1.2.12, we see that the sheaf map (A”(¢))o,1 is injective. Taking
into account that the triple A”(r) is right exact on X (see Construction 1.2.8), we
deduce that A?(¢) is, in fact, short exact on X. Therefore, A”(¢) is split exact on X as
by item 1, there exists a right splitting of A”(f) on X; see Remark 1.2.11 again. O

1.3 Locally Split Exact Triples and Their Extension Classes

For the entire section, let X be a ringed space.

Let p be an integer. In the following, we are going to examine the A” construction
(i-e., Construction 1.2.8) when applied to locally split exact triples of modules on X;
see Definition 1.3.1. So, let 7 be such a triple. Then, as it turns out, A”(¢) is a locally
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split exact triple of modules on X too. Now given that 7 is in particular a short exact
triple of modules on X, we may consider its extension class, which is an element of
Ext!(F,G) writing t : G — H — F. Similarly, the extension class of A”(z) is an
element of Ext' (A’ F,G ® N\’ F).

The decisive result of Sect. 1.3 is Proposition 1.3.12, which tells us how to
compute the extension class of A”(f) from the extension class of ¢ by means of
an interior product morphism,

p—1

P
' (F.G) : #Hom(F.G) — Hom(\ F.G& |\ F).

The latter is to be defined in the realm of Construction 1.3.11. In order to describe the
relationship between the extension classes of # and A”(f) conveniently, I introduce
the device of “locally split extension classes”; see Construction 1.3.3.

First of all, however, let me state local versions of, respectively, Definition 1.2.10
and Proposition 1.2.13.

Definition 1.3.1 Let 7 be a triple of modules on X.

1. tis called locally split exact on X when there exists an open cover  of X, such
that, for all U € &I, the triple 7|y (i.e., the composition of # with the restriction to
an open subspace functor —|y : Mod(X) — Mod(X|y)) is a split exact triple of
modules on X|y.

2. ¢ is called a local right splitting of t on X when ¢ is a function whose domain of
definition, call it 4, is an open cover of X, such that ¢ (U) is a right splitting of
tly on X|y forall U € L.

Proposition 1.3.2 Let p be an integer and t : G S H-—>Fa right exact triple of
modules on X.

1. Let ¢ be a local right splitting of t on X and let ¢’ be a function on i1 := dom(¢)
such that, for all U € Y, we have

p P P
¢'(U) = kluo \@W) : (/\ P)lu — (/\ H)/K)|v.

where k denotes the quotient morphism N\’ H — (\' H)/K* and K = (K')iez
denotes the Koszul filtration in degree p induced by a : G — H on X. Then ¢' is
a local right splitting of AP (1) on X.

2. When t is locally split exact on X, then AP(¢) is locally split exact on X.

Proof Item 1. Let U € 4. Then ¢(U) is a right splitting of ¢/ on X|y. Thus by
item 1 of Proposition 1.2.13 we know that

p p p
o N@ @) : \Flv) — (\HIv)/K"
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is a right splitting of Al;qu(ﬂy) on X|y, where

p p
k"= NHw) — (N\Hw)/K?

denotes the quotient morphism and K’ = (K");cz denotes the Koszul filtration in
degree p induced by «|y : G|y — H|y on X|y. Since (A’ H)|y = N\ (H|y) and
K?|y = K, we have k|y = «’. Therefore, ¢'(U) is a right splitting of A[))flu (t|y) on
X|y. Given that A% (1)|y = A[;(IU (t]v), we deduce that ¢’ is a local right splitting of
AL () on X.

Item 2. Since ¢ is a locally split exact triple of modules on X, there exists an
open cover Y of Xio, such that, for all U € 4, the triple ¢|y is split exact on X|y.
Therefore, by item 2 of Proposition 1.2.13, the triple Ai‘u(ﬂu) is split exact on X|y

forall U € Y. As (AR (0)|v = A‘;‘U(tly) for all U € 4, we infer that A%(7) is a
locally split exact triple of modules on X. O

Construction 1.3.3 Let? : G — H — F be a short exact triple of modules on X
with the property that

Fom(F,t) := Hom(F,—) ot : Hom(F,G) — stom(F,H) — Hom(F,F)

is again a short exact triple of modules on X. Then we write &x(f) for the image of
the identity sheaf morphism idr under the composition of mappings

(Hom(F, F))(X) —5 H(X, #om(F, F)) o (X, #om(F,G)),

where §° stands for the connecting homomorphism in degree 0 associated to the
triple s#€om(F, t) with respect to the functor

I'X,—) : Mod(X) — Mod(Z).

Note that as (Zom(F, F))(X) = Hom(F, F), we have idp € (Jom(F, F))(X), so
that the above definition makes indeed sense. We call £x (¢) the locally split extension
class of t on X. As usual, I write £(¢) instead of £x(f) whenever I feel that the
reference to the ringed space X is clear from the context.

Remark 1.3.4 Lett: G — H i F be a locally split exact triple of modules on X. I
claim that

Ftom(F,1) : Hom(F,G) —> om(F,H) — Hom(F,F)

is a locally split exact triple of modules on X, too. In fact, let ¢ be a local right
splitting of 7 on X. Put &l := dom(¢). Then, for all U € 4, we have

Blu = tizlu = (tlu)i2 : Hlu — Flu,
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and thus

HHom(Fly, Blu) o Hom(F|y,¢(U)) = Hom(F|y, Blu o ¢(U))

= %Om(FhJ’ 1dF‘u) = id%om(F‘u,F‘u)
according to item 2 of Definition 1.3.1 and item 2 of Definition 1.2.10. Since
Homy(F, B)|lu = Homx,,(F|u, Blu)

for all U € 4, the assignment U +— sZom(F|y, ¢(U)), for U varying through &1,
constitutes a local right splitting of .7Zom(F, t) on X. Moreover, since the functor

Ftom(F, —) : Mod(X) — Mod(X)

is left exact and the triple ¢ is short exact on X, the triple sZom(F, 1) is left exact
on X. In conclusion, we see that the triple J#€om(F,t) is locally split exact on X, as
claimed.

Specifically, s#om(F,t) is a short exact triple of modules on X. In view of
Construction 1.3.3 this tells us that any locally split exact triple of modules on X
possesses a locally split extension class on X.

The following remark explains briefly how our newly coined notion of a locally
split extension class relates to the customary extension class of a short exact triple
(i.e., a short exact sequence) on X. Let me point out that, though interesting, the
contents of Remark 1.3.5 are dispensable for the subsequent exposition.

Remark 1.3.5 Lett: G — H — F be a short exact triple of modules on X. Recall
that the extension class of t on X is, by definition, the image of the identity sheaf
morphism idr under the composition of mappings

Hom(F, F) =% (R°Hom(F, —))(F) R (R'Hom(F, —))(G) =: Ext'(F, G),

where § = (8™),ez stands for the sequence of connecting homomorphisms for the
triple # with respect to the right derived functor of

Hom(F, —) : Mod(X) —> Mod(Z).

Observe that the following diagram of categories and functors commutes:

Fom(F,—)
Mod(X) — > Mod(X)

Hom(Fk /1"(X =)

Mod(Z)
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Combined with the fact that, for all injective modules 7 on X, the module SZom(F, I)
is a flasque sheaf on X, whence an acyclic object for the functor

I'X,—) : Mod(X) — Mod(Z),
this induces a sequence T = (77)4ez of natural transformations
4 : HY(X, —) o Hom(F,—) — Ext!(F,—)

of functors from Mod(X) to Mod(Z). The sequence t has the property that when
Ftom(F, 1) is a short exact triple of modules on X and § = (§"),ez denotes the
sequence of connecting homomorphisms for the triple JZom(F, ) with respect to
the right derived functor of I'(X, —) : Mod(X) — Mod(Z), then, for any integer ¢,
the following diagram commutes in Mod(Z):

4(F)
HY(X, s##om(F,F)) —— > Exti(F,F)

84 l l 84

HIT (X, #om(F,G)) —— Ext"(F,G)
pran (G)

Moreover, the following diagram commutes in Mod(Z):

(Hom(F.F))(X) —— = Hom(F. F)

can. l l can.

HO(X, #om(F,F)) —— Ext’(F,F)
(F)

Hence, we see that the function t!(G) maps the locally split extension class
&(t) of t to the (usual) extension class of 7. In addition, by means of general
homological algebra—namely, the Grothendieck spectral sequence—you can show
that the mapping t!(G) is one-to-one. Therefore, £(7) is the unique element of
H!(X, #om(F, G)) which is mapped to the extension class of ¢ by the function
(G).

I think that Remark 1.3.5 justifies our referring to £(z) as the “locally split
extension class” of # on X.

The next couple of results are aimed at deriving, for ¢ a locally split exact triple of
modules on X, from a local right splitting of 7, a Cech representation of the locally
split extension class £(¢). Since the definition of Cech cohomology tends to vary
from source to source, let us settle once and for all on the following conventions.



20 1 Period Mappings for Families of Complex Manifolds

Remark 1.3.6 Let 4 be an open cover of Xi,, and n a natural number. An n-simplex
of 4l is an ordered (n + 1)-tuple of elements of L(; that is,

u=(up, ... uy) €Yt!

such that ug N --- N u, # @. When u = (up,...,u,) is an n-simplex of i, the
intersection ug N - - - N u,, is called the support of u and denoted by |u|.

Let F be a (pre)sheaf of modules on X. Then a Cech n-cochain of $1 with
coefficients in F is a function ¢ defined on the set S of n-simplices of Ll such that,
for all u € S, we have c(u) € F(|ul); in other words, c is an element of [, <, F(|u]).
We denote by

C (Y, —) : Mod(X) —> Mod(Z)

the Cech n-cochain functor, so that é;‘( (4, F) is the set of Cech n-cochains of ${ with
coefficients in F equipped with the obvious addition and Z-scalar multiplication.
Similarly, we denote by

C3(8l, —) : Mod(X) — Com(Z)

the Cech complex functor, so that é;((il F) is the habitual Cech complex of § with
coefficients in .. We write

78 (4, =), BL(8L, —), HA (4, —) : Mod(X) —> Mod(Z)

for the functors obtained by composing the functor é;((il, —) with the n-cocycle,
-coboundary, and -cohomology functors for complexes over Mod(Z), respectively.
In any of the expressions (VZ;(, éﬁ, Z}’(, 1§3’(, and H;, we suppress the subscript “X”
whenever we feel that the correct ringed space can be guessed unambiguously from
the context.

In Proposition 1.3.10 as well as in the proof of Proposition 1.3.12, we will make
use of the familiar sequence v = (79) ez of natural transformations

¢ HY(4, —) — HY(X, —)
of functors from Mod(X) to Mod(Z). The sequence t is obtained considering
the Cech resolution functors Gl —) : Mod(X) — Com(X) together with
Lemma A.3.6; in fact, the suggested construction yields a natural transformation

C* U, —) = T(X,—) 0o €° (1, —) — RI'(X, —)

of functors from Mod(X) to K*(Z), from which one derives 7%, for any ¢ € Z, by
applying the gth cohomology functor H? : K¥(Z) — Mod(Z).
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Construction 1.3.7 Let7: G > H ﬁ) F be a short exact triple of modules on X
and ¢ alocal right splitting of  on X. For the time being, fix a 1-simplex u = (uo, u;)
of 4 := dom(¢). Set v := |u| for better readability. Then, calculating in Mod(X|,),
we have:

Blo o ()l =P wo)l) = (Blu)lv © @)y = (Blug)lv © P (o)l
= (Bl 0 ¢ = (Bluy © ¢ (u0)) v
= idp‘ul IU - idﬂuo |v

= idF\U — idF\U =0.

Since the triple 7 is short exact on X, we deduce that «|, : G|, — H]|, is a kernel
of 8|, : H|, — F|, in Mod(X|,). So, there exists one, and only one, morphism
c(u) : Fl, = G|, in Mod(X|,) such that

aly o c(u) = ¢ (ur)]y — P (uo)ly.

Abandoning our fixation of u, we define c to be the function on the set of 1-simplices
of 4 which is given by the assignment u — c(u). We call ¢ the right splitting Cech
1-cochain of (t,¢) on X.

By definition, for all 1-simplices u of {{, we know that c¢(x) is a morphism F|,] —
G|y of modules on X|,; that is, c(u) € (J€om(F, G))(|u|). Thus,

¢ € CL(YU, SHom(F, G)).
In this regard, we define ¢ to be the residue class of ¢ in the quotient module
CL (L, Hom(F, G))/BL (L, Hom(F, G)).
We call ¢ the right splitting Cech 1-class of (, ¢) on X.

Lemma 1.3.8 Lett: G — H i F be a short exact triple of modules on X and 3\
an open cover of Xop.

1. Let n € N. Then C" (8, 7) is a short exact triple in Mod(Z) if and only if, for all
n-simplices u of U, the mapping B, : H(|u|) — F(|u|) is surjective.

2. C* (8L, 1) is a short exact triple in Com(Z) if and only if, for all nonempty, finite
subsets 0 of U such that V := (U # @, the mapping By : H(V) — F(V) is
surjective.

3. Let ¢ be a local right splitting of t on X such that 31 = dom(¢). Then c* 1) is
a short exact triple in Com(Z).
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Proof Ttem 1. We denote the set of n-simplices of 4l by S and write I" = (1},)ues
for the family of section functors

I, := Tx(|u],—) : Mod(X) — Mod(Z).

Then C" (4, —) equals, by definition, the composition of functors

Mod(X) -2 Mod(X)’ 15 Mod(Z)® = Mod(Z),

where Ag denotes the S-fold diagonal functor associated to the category Mod(Z),
Ty denotes the (canonical) S-fold product functor of Mod(Z), and [ | I denotes the
functor which arises as the (external) product of the family of functors I'; more
elaborately, [ [ I" = [[,es [

We formulate a sublemma. Let C be any category of modules and (M; — N; —
P;)ie; a family of triples in €. Then the sequence [[M; — [|N; — [] P; (taking
the /-fold product within C) is exact in € if and only if, for all i € I, the sequence
M; — N; — P; is exact C. The proof of this sublemma is clear.

Employing the sublemma in our situation, we obtain that since, for all u € S,
the functor I, is left exact, the functor cr (M, —) is left exact, too. Thus with ¢ being
short exact, the triple Cn (4, 7) is left exact. Hence, the triple cn (44, 7) is short exact if
and only if Cr(y, H) — C"(U, F ) — 0 is exact. By the sublemma this is equivalent
to saying that I',(H) — [ ,(F) — Oisexactforallu € S,but I',(H) > [ ,(F) - 0
is exact if and only if H(|u|) — F(|u|) is surjective.

Item 2. A triple of complexes of modules is short exact if and only if, for all
integers n, the triple of modules in degree n is short exact. Since the triple of
complexes é’(ﬂ, t) is trivial in negative degrees, we see that é’(ﬂ, t) is a short
exact triple in Com(Z) if and only if, for all n € N, the triple cr (&, ¢) is short exact
in Mod(Z), which by item 1 is the case if and only if, for all nonempty, finite subsets
YW C Uwith V := (U # @, the mapping H(V) — F(V) is surjective.

Item 3. Let 0 be a nonempty, finite subset of 4l such that V := (0 # @. Then
there exists an element U in . By assumption, ¢ (U) : F|y — H|y is a morphism
of modules on X|y such that 8|y o ¢(U) = idpy,. Thus, given that V C U, we have
Bvog(U)y = idp(v), which entails that By : H(V) — F(V) is surjective. Therefore,
C* (4, #) is a short exact triple in Com(Z) by means of item 2. O

Proposition 1.3.9 Lett : G 5 H ﬁ) F be a short exact triple of modules on X
and ¢ a local right splitting of t on X. Put 3 := dom(¢) and denote by c (resp. c)
the right splitting Cech 1-cochain (resp. right splitting Cech 1-class) of (t, ¢) on X.
Then the following assertions hold:

1. The triple c* M, Hom(F,1)) :

C* (U, Hom(F, G)) —> C* (8, #om(F, H)) —> C* (U, #Hom(F,F))
(1.13)

is a short exact triple in Com(Z).
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o

We have ¢ € Zl(ﬂ, Htom(F,G)) and ¢ € I:II(il, FHtom(F,QG)).

3. When § = (8")nez denotes the sequence of connecting homomorphisms associ-
ated to the triple C* (U, Hom(F, 1)) of complexes over Mod(Z) and e denotes the
image of the identity sheaf map idr under the canonical function

(Som(F, F))(X) — H°(8, #om(F, F)),
then §°(e) = ¢.
Proof Item 1. By Remark 1.3.4, the function on 4 given by the assignment

> U+ Hom(F|y, p(U))

constitutes a local right splitting of S#om(F, ) on X. Moreover, the triple SZom(F, t)
is a short exact triple of modules on X. Thus c* (M, om(F, 1)) is a short exact triple
in Com(Z) by item 3 of Lemma 1.3.8.

Item 2. Observe that since ¢ is a local right splitting of # on X and {{ = dom(¢),
we have ¢ € co M, Hom(F,H)). Furthermore, writing d = (d"),ez for the
sequence of differentials of the complex C* (U, Hom(F, H)), the mapping

C' (YU, Hom(F,a)) : C'(Hom(F,G)) — C' (U, #Hom(F,H))
sends ¢ to d°(¢) since, for all 1-simplices u = (ug, u;) of 4,
(@ (@) (@) = ¢ )] — P o)1
and c(u) is, by definition, the unique morphism F|,; — G|}, such that
alj o c(u) = ¢ ()l — ¢ uo)lju-

Denote the sequence of differentials of the complex c* W, Hom(F,G)) by d’ =
(d"™)nez. Then we have

C2(U, Hom(F,a)) od" = d' o C' (U, #Hom(F,)).
So, since the mapping éz(il, Hom(F,)) is one-to-one and d'(d(¢)) = 0, we
see that d"!(c) = 0, which implies that ¢ € Z! (4, #om(F, G)) and, in turn, that

¢ € H' (YU, Hom(F,G)).
Item 3. Write e for the image of idr under the canonical function

(Som(F, F))(X) — CO(U, Hom(F, F)).
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Note that ¢ gives rise to an element é of Co (4, #om(F, H)). Explicitly, ¢ is given
requiring ¢ (1) = ¢ (up) for all O-simplices u of LI; observe that |u| = u, here. Since,
for all U € i, we have:

Hom(F, B)u(¢(U)) = Blu o ¢(U) = idp, = e(UV),
we see that ¢ is sent to e by the mapping
CO(WU, Hom(F, B)) : CO (8, Hom(F, H)) —> C°(W, Hom(F, F)).

Combined with the fact that ¢ is sent to d°(¢) by C! M, Hom(F,a)), we find that
8°() = ¢ by the elementary definition of connecting homomorphisms for short
exact triples of complexes of modules. O

Proposition 1.3.10 Lett : G — H — F be a short exact triple of modules on X, ¢
a local right splitting of t on X, and ¢ the right splitting Cech 1-class of (t, ¢) on X.
Put 31 := dom(¢). Then the canonical mapping

H' (4, #om(F, G)) — H' (X, #om(F, G)) (1.14)

sends c to the locally split extension class of t on X.

Proof By item 1 of Proposition 1.3.9 the triple é'(ﬂ, Ftom(F, 1)) (see Eq. (1.13))is
a short exact triple in Com(Z). So, denote by § = (6"),ecz the associated sequence
of connecting homomorphisms. Likewise, denote by 8’ = (6"),ez the sequence
of connecting homomorphisms for the triple sZom(F,t) with respect to the right
derived functor of the functor I' (X, —) : Mod(X) — Mod(Z) (note that this makes
sense as .7Zom(F, t) is a short exact triple of modules on X; see Remark 1.3.4). Then
the following diagram commutes in Mod(Z), where the unlabeled arrows stand for
the respective canonical morphisms:

(Hom(F.F))(X) ——= T'(X. Hom(F.F))

| |

HO(Y, #om(F,F)) — H(X, #om(F,F))

.| l .

H'(U, Hom(F, G) — H'(X, Hom(F,G)) (1.15)

By item 3 of Proposition 1.3.9 the identity sheaf morphism idr is sent to ¢ by
the composition of the two downwards arrows on the left in Eq. (1.15). Moreover,
the identity sheaf morphism idp is sent to £(f) by the composition of the two
downwards arrows on the right in Eq. (1.15); see Construction 1.3.3. Therefore, by
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the commutativity of the diagram in Eq.(1.15), ¢ is sent to £(¢) by the canonical
mapping in Eq. (1.14). O

Construction 1.3.11 Let p be an integer. Moreover, let F and G be modules on X.
We define a morphism of modules on X,

r p—1
&(F.G) : Hom(F.G) — Hom(/\ F.G® |\ F).

called interior product morphism in degree p for F and G on X, as follows: When
p < 0, we define L[;( (F, G) to be the zero morphism (note that we do not actually have
a choice here). Assume p > 0 now. Let U be an open set of X and ¢ an element of
(s€om(F, G))(U)—that is, a morphism F|y — G|y of modules on X|y. Then there
is one, and only one, morphism

P p—1
v (\Plv— G® \Ply

of modules on X|y such that for all open sets V of X|y and all p-tuples (xo, ..., x,—1)
of elements of F(V), we have:

Yy (o Ao AXp) = D (=D u(n) @ (o A AR A Axp).

v<p

We let (4(F, G))y be the function on (#om(F, G))(U) given by the assignment
@ > ¥, where ¢ varies. We let & (F, G) be the function on the set of open sets of X
obtained by varying U.

Then, as you readily verify, % (F,G) is a morphism of modules on X from
Hom(F,G) to Hom(N\'F.G ® N'~'F). As usual, I write *(F,G) instead of
% (F, G) whenever I feel the ringed space X is clear from the context.

Proposition 1.3.12 Lett : G — H — F be a locally split exact triple of modules
on X and p an integer. Then the map

p p—1
H' (X, #(F, G)) : H'(X, #om(F, G)) — H' (X, #om( /\ F.G® [\ F)

sends £(t) to E(AP(1)).

Proof First of all, we note that since ¢ is a locally split exact triple of modules on
X, the triple ¢ := AP(¢) is a locally split exact triple of modules on X by item 2 of
Proposition 1.3.2, whence it makes sense to speak of £(¢'). When p < 0, we know
that Aom(\’ F,G ® N’~' F) = 0 in Mod(X) and thus

p—1

p
H' (X, #Hom(/\ F.G& [\ F)) =0

in Mod(Z), so that our assertion is true in this case.
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So, from now on, we assume that p is a natural number different from 0. As 7 is
a locally split exact triple of modules on X, there exists a local right splitting ¢ of
t on X. Put & := dom(¢). Let ¢ € él(ﬂ, om(F, G)) be the right splitting Cech
1-cochain associated to (z, ¢) (see Construction 1.3.7) and denote by K = (K');ez
the Koszul filtration in degree p induced by « := 7y : G — H on X. Define ¢’ to
be the unique function on Ll such that, for all U € &I, we have

p P P
¢'(U) = kluo \@W) : (/\ Plu — (/\ H)/K)v.

where « denotes the quotient morphism of sheaves A\” H — (A’ H)/K?. Then ¢’
is a local right splitting of # by item 1 of Proposition 1.3.2. Write ¢’ for the right
splitting Cech 1-cochain associated to (¢, ¢’) and abbreviate % (F, G) to t. I claim
that c is sent to ¢’ by the mapping

p—1

P
C'(4L0) : C' WL Hom(F, G)) — C'(&L, Aom(/\ F.G & |\ F)).

In order to check this, let u be a 1-simplex of £l and V an open set of X which is
contained in |u| = uoNu;. Observe that when hy, . .., h,—; are elements of H(V) and
go and g are elements of G(V) such that iy = ay(go) and by = ay(g1) (specifically,
p > 1), we have

Kv(ho/\"'/\hp_l) =0 (116)

in (A H)/K?)(V) by the definition of the Koszul filtration. Further, observe that
writing o’ for t(’),l and B for t », the following diagram commutes in Mod(X) by the
definition of ¢’ in the A” construction:

ids® """ B
GOIN'H —= GON'F
AP Hyo(@@ N idp) l l o

J 4 2
N'H ——— (N"H)/K (1.17)

Let fo, ...,f,—1 be elements of F(V). Then, on the one hand, we have

ay (@ (fo N Afpm1) = (@ |l o @)v(fo A=+ Afypo1)

= (¢ ) = @' @) [u))v(fo A -+ A1)

= (9" )y — ¢'wo)v) (fo A+ Afyp—1)

= kv (P @)v(fo) A==+ A @u)v(fp—1) — ¢ uo)v(fo) A -+ A P (uo)v(fp—1))
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= v (@ WV (o) + @y = P} ) (fo)) A -+
A (B )y (fp-1) + (@ )y = d(uo)v) (fp-1))
— PV (o) A+ A D)y (fym))
= v (($ G (o) + v (cv(fod) A+
A @@V (1) + ey (©@y(fy-1)) = $ @0}y () A -+ A dluo)v(fy-1))

(L16) Ky (Z(—l)iav(c(”)v(fi)) A (uo)v(fo) A+

i<p
A ¢ (uo)v (fi) /\"'/\¢(uo)v(fp—1))

= (koA 0 @@ idj1y))

(Z(—l)"c(u)v(m ® (P u)v(fo) A+ A Pua)y(F) A= A ¢(M0)V(fp—1)))

i<p

p—1
(1 (o/ o (idg ® /\ ﬂ)) (...)

\%4

= o (Z(—l)"c(u)v(ﬁ) ® (fon- A A A fp_l))

On the other hand,
(CHU D) @) = ty(c(w).
meaning that
(€@ @), (oA Afym1) = (@) (o A+ Afymr)
=Y (=D c@)v(£) & (fo A=+ AF A=+ Afpr).

i<p

Thus, using that the function e, is injective, we see that (él (44, 0)(c))(u) and ¢’ (u)
agree as sheaf morphisms

14 p—1
(APl — G® \ F)lu-



28 1 Period Mappings for Families of Complex Manifolds

whence as elements of (#om(N\'F,.G ® N'~' F))(|u]). In turn, as u was an
arbitrary 1-simplex of 4, we have

(€' )(e) = ¢ (1.18)

as claimed.

Write ¢/ as ¥ : G’ — H' — F’. Then the following diagram, where the horizontal
arrows altogether stand for the respective canonical morphisms, commutes in
Mod(Z):

7', Hom(F,G)) — H(, #om(F,G)) — H'(X, #om(F,G))

71 (0 l HI(8L.0) l l H!(X.0)

7\, Hom(F ,G')) — H'W, Hom(F',G)) —= H'(X, #om(F',G'))
(1.19)

By Proposition 1.3.10, we know that ¢ (resp. ¢’) is sent to &(7) (resp. £(¢')) by the
composition of arrows in the upper (resp. lower) row of the diagram in Eq. (1.19).
By Eq. (1.18), we have (Z' (4, 1))(c) = ¢’. Hence,

H'(X,0)(E@) = §()

by the commutativity of the diagram in Eq. (1.19). O

1.4 Connecting Homomorphisms

Letf : X — Y be a morphism of ringed spaces, ¢ a locally split exact triple of
modules on X, and p an integer. In the following, I intend to employ the results
of Sect. 1.3—Proposition 1.3.12 specifically—in order to interpret the connecting
homomorphisms for the triple A”(f) (which is short exact on X by means of
Proposition 1.3.2) with respect to the right derived functor of f..

The first pivotal outcome of this section will be Proposition 1.4.10. Observe
that Proposition 1.3.12 (i.e., the upshot of Sect.1.3) enters the proof of Propo-
sition 1.4.10 via Corollary 1.4.4. The ultimate aim of Sect. 1.4, however, is
Proposition 1.4.21, which interprets the connecting homomorphisms for A?(7) in
terms of a “cup and contraction” with the Kodaira-Spencer class—at least, when
the triple 7 is of the form

t:f*G—H—F
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where F and G are locally finite free modules on X and Y, respectively. The Kodaira-
Spencer class I use here (see Construction 1.4.19) presents an abstract prototype of
what will later—namely, in Sect. 1.6—become the familiar Kodaira-Spencer class.

To begin with, I introduce a relative version of the notion of a locally split
extension class; see Construction 1.3.3.

Construction 1.4.1 Letf : X — Y be a morphism of ringed spaces and t : G —
H — F ashort exact triple of modules on X such that the triple

Hom(F,t) = Hom(F,—)ot: #om(F,G) — #om(F,H) — Hom(F,F)
is again short exact on X. Write
€ : Oy — fx(Hom(F,F))

for the unique morphism of modules on Y sending the 1 of Oy(Y) to the identity
sheaf map idp : F — F, which is, as you note, an element of (fi (5€om(F, F))) (Y)
since

(f«(Flom(F, F)))(Y) = (om(F, F))(X) = Hom(F, F).

Then, define £ (f) to be the composition of the following morphisms of modules
onY:

can.

Oy — fu(Hom(F. F)) = ROL(Hom(F. F)) —> Rl (Hom(F. G)),

where §° = 8]9 (#om(F, 1)) denotes the connecting homomorphism in degree 0 for
the triple JZom(F, t) with respect to the right derived functor of fi. We call & (¢) the
relative locally split extension class of t with respect to f.

Remark 1.4.2 Say we are in the situation of Construction 1.4.1; thatis, f : X — Y
and r be given. Then Construction 1.3.3 generates an element £x(f)—namely, the
locally split extension class of £ on X—in
H!(X, #om(F,G)) = (R'T' (X, —))(Hom(F, G)).
Observe that, in the sense of large functors, we have
I'X,—)=T(,-) ofx : Mod(X) — Mod(Z).

Hence, we dispose of a sequence 7 = (77),¢z of natural transformations,

7 :RIT(X,—) =RIUT(Y,—) ofx) — ['(Y,—) o R,
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of functors going from Mod(X) to Mod(Z); see Constructions B.1.1 and B.1.3.
Specifically, we obtain a mapping

T};%m(F,G) : R'T (X, —))(Hom(F,G)) — T'(Y.R'fu(Hom(F,G))).
Comparing Constructions 1.3.3 and 1.4.1, you detect that
& (1) : Oy —> R!fi(Hom(F, G))

is the unique morphism of modules on Y such that the map (£/(¢))|y| sends the 1 of
the ring Oy(|Y]) to &x (7).

Proposition 1.4.3 Letf : X — Y and g : Y — Z be morphisms of ringed spaces
andt : G — H — F a short exact triple of modules on X such that the triple
Ftom(F,t) is again short exact on X. Then, setting h := gof, the following diagram
commutes in Mod(Z):

&n(t)
Oy R'h.(Hom(F, G))

‘| |-

2+(O) g« (R'fx(Hom(F, G)))
gx (1) (1.20)

Proof Write € : Oy — fi(Hom(F,F)) for the unique morphism of modules on
Y sending the 1 of the ring Oy(Y) to the identity sheaf map idr. Similarly, write
¢ O7 — hy(Hom(F, F)) for the unique morphism of modules on Z sending the 1
of the ring 07(Z) to the identity sheaf map idr. Then, clearly, the following diagram
commutes in Mod(Z):

Oy hy(F€om(F, F))

g+Oy — gufsx(Hom(F,F))

gx(€)

Denote by §° and 6" the Oth connecting homomorphisms for the triple .#om(F, t)
with respect to the derived functors of fi. and h., respectively. Then by the
compatibility of the base change morphisms with the connecting homomorphisms
and the compatibility of the base change morphisms in degree 0 with the natural
transformations i, — R°h, and fi — R of functors from, respectively, Mod(X)
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to Mod(Z) and Mod(X) to Mod(Y), we see that the following diagram commutes in
Mod(Z2):

0/0

hy«(Fom(F, F)) . Rhy (Som(F,F)) —— R'h,(Hom(F,G))

.| | B

gufs(Hom(F,F)) —— g«R%i(Hom(F,F)) —— g«R'fi(Hom(F,F))
g« (can.) 24 (8%)

Now, the commutativity of the diagram in Eq. (1.20) follows readily taking into
account the definitions of & (¢) and &,(f); see Construction 1.4.1. O

Corollary 1.4.4 Letf : X — Y be a morphism of ringed spaces,t : G — H — F a
locally split exact triple of modules on X, and p an integer. Sett' := AP(t) and write
t"ast : G — H — F'. Then the following diagram commutes in Mod(Y):

Oy

R!fi(Som(F, G)) R!fi (Som(F',G"))
RIf (P (F.G)) (1.21)

Proof Define Z to be the distinguished terminal ringed space. Then there exists
a unique morphism g from Y to Z. The composition 4 := g o f is the unique
morphism from X to Z. Thus the commutativity of the diagram in Eq. (1.21) follows
from Proposition 1.4.3 (applied twice, once for ¢, once for ) in conjunction with
Proposition 1.3.12. O

Many results of this section rely, in their formulation and proof, on the device of
the cup product for higher direct image sheaves. For that matter, I curtly review this
concept and state several of its properties.

Construction 1.4.5 Let f : X — Y be a morphism of ringed spaces and p and ¢
integers. Let F and G be modules on X. Then we denote by

—PU(F,G) : Rf+(F) ®y RUi(G) — RV (F ®x G)

the cup product morphism in bidegree (p, g) relative f for F and G.

For the definition of the cup product I suggest considering the Godement
resolutions & : F — Land 8 : G — M of F and G, respectively, on X. Besides, let
pr  F — Ip, pg : G — Ig, and prgg : F ® G — Irgc be the canonical injective
resolutions of F, G, and F ® G, respectively, on X. Then by Lemma A.3.6, there
exists one, and only one, morphism ¢ : L — Ir (resp. n : M — I) in K(X) such
that we have (o = pp (resp. no B = pg) in K(X). Since the Godement resolutions
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are flasque, whence acyclic for the functor f., we see that

HY (i) : B (fil) — H'(filF),
H(fin) : HY(fuM) — HI(filc)

are isomorphisms in Mod(Y). Thus, we derive an isomorphism
H(f«L) @ HY(fuM) — H'(filr) ® HY(filc). (1.22)
Moreover, since the Godement resolutions are pointwise homotopically trivial,
a®R®B  FRG—LQM

is a resolution of F ® G on X. So, again by Lemma A.3.6, there exists one, and only
one, morphism 6 : L ® M — Irg¢ in K(X) such that we have 6 o (¢ ® B) = prec
in K(X). Thus, by the compatibility of f. with the respective tensor products on X
and Y, we obtain the composition

fx0
SL ® fiM —> fi (L ® M) — filrec
in K*(Y), which in turn yields a composition
HY (foL) ® H(fuM) — HIY(fil ® fuM) —> H'V(fulrgo) (1.23)

in Mod(Y). Now the composition of the inverse of Eq. (1.22) with the morphism in
Eq. (1.23) is the cup product —/(F, G).

Note that the above construction is principally due to Godement [5, II, 6.6],
although Godement restricts himself to applying global section functors (with
supports) instead of the more general direct image functors. Also note that
Grothendieck [8, (12.2.2)] defines his cup product in the relative situationf : X — Y
by localizing Godement’s construction over the base. Our cup product here agrees
with Grothendieck’s (though I won’t prove this).

Proposition 1.4.6 Letf : X — Y be a morphism of ringed spaces and p, q, and r
integers.

1. (Naturality) v}”q is a natural transformation
<11 (= ®r =) o (Rfu x RUf) —> RV o (— @x —)
of functors from Mod(X) x Mod(X) to Mod(Y).
2. (Connecting homomorphisms) Ler ¢ : F”' — F — F' be a short exact triple of

modules on X and G a module on X such that

IRG: F'®G—FQRG—F &G
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is again a short exact triple of modules on X. Then the following diagram
commutes in Mod(Y):

—PA(F,G)
RPf(F') ® R, (G) —————— R (F ® G)

5 (VBRI (G) l l 5786)

RP+1f* (F//) ® qu* (G) - @ 9 Rp+q+1f* (F// ® G)
v1l>+1<61(1|:”.(;)

3. (Units) Let G be a module on X. Then the following diagram commutes in

Mod(Y), where ¢ denotes the canonical morphism of sheaves on Yiop from fix Ox
to R, (Ox):

Ay (R (G))
Oy ®y R (G) R (G)
(¢of)®id l T R4 (Ax(G))
Rof*(ﬁx) ®Y qu*(G) qu*(ﬁx ®X G)
—04(0x.G)

4. (Associativity) Let F, G, and H be modules on X. Then the following diagram
commutes in Mod(Y):

VP-&-q-r(F@G,H)
RIHf(F ® G) @ R'f«(H) RV ((F® G) ® H)
v1’+f/(pig)®id l R1’+’/+’f*(ax)
(RPf(F) ® R+ (G)) ® R'fi(H) RIHHE(F ® (G ® H))
ay T P4t (F GRH)

R (F) ® (R4(G) ® R'fi (H)) werGH R’ (F) ® R, (G ® H)

Proof 1 refrain from giving details here. Instead, let me refer you to Godement’s
summary of properties of the cross product [5, II, 6.5] and let me remark that these
properties carry over to the cup product almost word by word—as, by the way,
Godement [5, 11, 6.6] himself points out. |

Construction 1.4.7 Let X be a ringed space. Let F and G be modules on X. Then
we write

ex(F,G) : ZHom(F,G) @ F — G

for the familiar evaluation morphism.
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When U is an open set of X, and ¢ : F|y — G|y is a morphism of sheaves of
modules on X|y (i.e., an element of (Zom(F, G))(U)), and s € F(U), then

(ex(F,G)u(¢ ® ) = du(s).

Varying G, we may view ex(F, —) as a function on the class of modules on X. That
way, €x(F, —) is a natural transformation

ex(F,—) : (= ® F) o Hom(F,—) —> idmod(x)
of endofunctors on Mod(X). We will write ¢ instead of ex when we feel that the

ringed space X is clear from the context.

Proposition 1.4.8 Letf : X — Y be a morphism of ringed spaces, t : G —- H — F
a locally split exact triple of modules on X, and q an integer. Then the following
diagram commutes in Mod(Y):

EH0)
RIf, (F) ! RO, (G)

& (D®idrayy. () i T RITIf(e(F.G))

R!f. (Hom(F,G)) @ Rif(F) — RITf (AHom(F,G) @ F)
L Hom(F,G),F) (1.24)

Proof Since t is a locally split exact triple of modules on X, we know that the triples
FHtom(F,t) : Hom(F,G) — Hom(F,H) — Hom(F,F)
as well as
Htom(F,t)  F : stom(F,G) ® F — stom(F,H) @ F — stom(F,F) ®Q F

are locally split exact triples of modules on X; see Remark 1.3.4. Thus, by item 2 of
Proposition 1.4.6 the following diagram commutes in Mod(Y):

N9 om(F,F).F)
R%fx (A om(F, F)) ® RUf,(F)

Rifx(Som(F,F) ® F)
80 (Aom(F 1) @RSy (F) l l 81 (Aom(F 1) ®F)
R'f. (Som(F,G)) ® Rify(F) ————— RITf, (SHom(F,G) @ F)

L4 (om(F.G).F)
(1.25)
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By the naturality of the evaluation morphism (see Construction 1.4.7) the compo-
sition €(F, —) o tp—recall that 7y denotes the object function of the functor r—is a
morphism

e(F,—)oty: Hom(F,t)QF — t

of triples of modules on X (i.e., a natural transformation of functors from 3 to
Mod(X)). In consequence, by the naturality of 5;’ , the following diagram commutes
in Mod(Y):

RYfs (e(F.F)
RIf, (#Hom(F,F) ® F) —— = RIf(F)

81 (Aom(F 1) ®F) l l 81

Rt (AHom(F,G) @ F) RIT1£(G)

RITIf (e(F.G)) (1.26)

Denote by ¢ the composition
Oy —> fo(Hom(F,F)) —> R, (Hom(F,F))

of morphisms in Mod(Y), where the first arrow stands for the unique morphism of
modules on Y which sends the 1 of Oy (Y) to the identity sheaf map idr in

(f.(Hom(F, F))) (Y) = Hom(F, F).

Then from the commutativity of the diagrams in Eqgs. (1.25) and (1.26) as well as
from the definition of & (¢) (see Construction 1.4.1), we deduce that

R (e(F, G) o (Hom(F. G). F) o (&) ® idur. )
= 8/(1) oRYx(e(F.F)) o Y AHom(F. F). F) o (¢ ® idpig.(r)) 0 AR (F))™!
in Mod(Y). In addition, using item 3 of Proposition 1.4.6, you show that
Rfa(e(F. F)) o “(Hom(F . F). F) o (¢ ® idr(r)) = AR (F)).

Hence, we see that the diagram in Eq. (1.24) commutes in Mod(Y). O

Construction 1.4.9 Let X be a ringed space. Let p be an integer and F and G
modules on X. Then by means of the adjunction between the functors — ® A’ F
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and om(/\' F,—), both going from Mod(X) to Mod(X), the interior product
morphism

r p—1
& (F.G) : Hom(F.G) — Hom(/\ F.G® |\ F)

of Construction 1.3.11 corresponds to a morphism

r p—1
R(F.G): Hom(F.G)® \F — G& [\ F

of modules on X. The latter, I christen the adjoint interior product in degree p for F
and G on X. Explicitly, this means that 75 (F, G) equals the composition

p p—1
e(/\F.G® /\F)o (&(F.G)®idprp):

p—1 14 p—1

p p
Hom(F.G)® [\ F — Hom(/\F.G® \F)® \F — G® |\ F.

Just as I did with & (F, G), among others, I omit the subscript “X” in expressions
like 7 (F, G) whenever I feel this is expedient.

Proposition 1.4.10 Let f : X — Y be a morphism of ringed spaces, t : G —
H — F alocally split exact triple of modules on X, and p and q integers. Then the
Sfollowing diagram commutes in Mod(Y):

81(AP (1)
RIf (N F) RGN F)

gf.(t)®idRq/*(/\PF) \L T R’I"rlf*(?’(F.G))

RIfs (Hom(F, G)) @ RUfu(\' F) — R (Hom(F.G) ® \'F)
L4 (AHom(F.G),\' F)
(1.27)

Proof Sett := AP(r) and write ¢’ as
/:G —H —F.

By the definition of i (F, G) via tensor-hom adjunction (see Construction 1.4.9) we
know that

?(F,G) = e(F,G) o (*(F,G) ® idp) (1.28)
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holds in Mod(X). Due to the naturality of the cup product relative f (see item 1 of
Proposition 1.4.6), the following diagram commutes in Mod(Y):

L4 (#om(F.G).F')
Rf(Hom(F, G)) ®y Rifi(F)) —— RI*fy(Hom(F,G) @x F)

R!fs (P (F,G)) ®R s (id ) l l RITIf (P (F,G)®idpr)

RIfu(Hom(F'.G")) @y RUf(F) —— RITIf(Hom(F'.G') @x F')
A (AHom(F'.G').F')
(1.29)

By Proposition 1.3.2, we know that since 7 is a locally split exact triple of modules
on X, the triple 7 is locally split exact on X, too. Thus, it makes sense to speak of the
relative locally split extension class of # with respect to f; see Construction 1.4.1.
By Corollary 1.4.4, the following diagram commutes in Mod(Y):

Oy

Rf (Som(F, G)) Rf(Hom(F', G"))
RSy (P (F,G)) (1.30)

By Proposition 1.4.8, the following diagram commutes in Mod(Y):

57
RIf(F') RI*If(G')

& (1) ®idray, () l T RITIf (e(F.G))

R!fi(Hom(F',G')) @ Rify(F') —— RITIf (Som(F',G') @ F')
A AHom(F',G'),F') (1.31)

All in all, we obtain

(13D)

§9() "2V RIVL (e(F, G)) 0 L Aom(F, G). F') o (,(1) ® idres, )

"2 R (e(F'. G)) o E(Hom(F . G). F)

o RY((F, G)) ® RUi(idp)) o (§(1) ® idrag, (7))
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(2R (e(F, G)) o R (P(F.G) ® idp)

o (Hom(F.G), F') o (£(t) ® idgay, )

(29 RIT @ (F, G)) 0 “U(Hom(F, G), F') o ((t) ® idray, (7))

This yields precisely the commutativity, in Mod(Y), of the diagram in Eq. (1.27).
|

Construction 1.4.11 Let X be a ringed space, F' a module on X. We set

p—1 14 p—1
VyR(F) := Ax(/\ F) o Tu(F. Ox) : F¥ ® \F — \ F.

where we view O as a module on X. We call y%(F) the contraction morphism in
degree p for F on X.

Construction 1.4.12 Let X be a ringed space. Moreover, let F and G be modules
on X. We define a morphism

ux(F,G): G FY — s#om(F,G)

of modules on X by requiring that, for all open sets U of X, all § € (F¥)(U), and all
y € G(U), the function (ux(F,G))y send y® 6 € (G ® FY)(U) to the composition

I//O@ZFIU—>ﬁx|U—>GIU

of morphisms of modules on X|y, where 1 denotes the unique morphism of modules
on X|y from Ox|y to G|y mapping the 1 of (Ox|y)(U) toy € G(U).

It is an easy matter to check that one, and only one, such morphism ux(F, G)
exists. When the ringed space X is clear from the context, we shall occasionally
write u instead of py.

Proposition 1.4.13 Let X be a ringed space, p an integer, and F and G modules on
X. Then the following diagram commutes in Mod(X):

WF.G)®idp
(GOF ) N'F Hom(F,G) @ N\'F
a(G,FY N\ F) l l ™ (F,G)
G® (FYQ N'F) G N 'F
idg®y”’(F)

Proof Forp < 0 the assertion is clear since G® /\” “'F~0in Mod(X). So, assume
that p > 0. Then for all open sets U of X, all p-tuples x = (xo, ..., x,—1) of elements
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of F(U), all morphisms 6 : F|y — Ox|y of modules on X|y (i.e., 6 € (FY)(U)),
and all elements y € G(U), you verify easily, given the definitions of u, i, and y?,
that

P
O®O)® (oA Ax-1) € (GRFY) & [\ F)(U)

is mapped to one and the same element of (G ® /\p—1 F)(U) by either of the two
paths from the upper left to the lower right corner in the above diagram. Therefore,
the diagram commutes in Mod(X) by the universal property of the sheaf associated
to a presheaf. O

Construction 1.4.14 Let n be an integer and f : X — Y a morphism of ringed
spaces. Moreover, let F and G be modules on X and Y, respectively. Then we define
the nth projection morphism relative f for F and G, denoted

7/ (G, F) : GQRfu(F) — R" «(ffGRF),
to be the morphism of modules on Y which is obtained by first going along the
composition
G —> fu(f*G) = RU(f*G)

(here the first arrow stands for the familiar adjunction morphism for G with respect
to f), tensored on the right with the identity of R"f, (F), and then applying the cup
product morphism

%f(f*G’ F) : RY%.(f*G) @ R"fu(F) —> R (f*G ® F).

Observe that this construction is suggested by Grothendieck [8, (12.2.3)].

Letting F' and G vary, we may view 7/ as a function defined on the class of
objects of the product category Mod(Y) x Mod(X). That way, it follows essentially
from item 1 of Proposition 1.4.6—that s, the naturality of the cup product—that 7
is a natural transformation

(— ®y —) o (idmoa(r) X R"fx) —> R"fx 0 (— ®x —) o (f* x idmoacx))

of functors from Mod(Y) x Mod(X) to Mod(Y). As usual, I will write " instead of
7/ when I think this is appropriate.

Proposition 1.4.15 Let n be an integer, f : X — Y a morphism of ringed spaces,
F a module on X, and G a locally finite free module on Y. Then the projection
morphism

/(G F): GORfu(F) — R (f*G®F)

is an isomorphism in Mod(Y).

Proof See [8, (12.2.3)]. O



40 1 Period Mappings for Families of Complex Manifolds

Proposition 1.4.16 Let f : X — Y be a morphism of ringed spaces. Let q and q' be
integers, F and F' modules on X, and G a module on Y. Then the following diagram
commutes in Mod(Y):

/7
~19 (f*GOF.F')

RY,(f*G® F) ® RV f4(F') — R L ((F*GR®F) ® F)

n}’(G.F)@idRq/‘ e T l RITY £, (ax (f* G.F.F))
(G ® R (F)) ® RYfi(F') RITE (G R (F® F'))
ay (GRI: (F).RY fi.(F)) l T i @rer)

G ® RY:(F) ® R (F')) —— GRRMIf(FQ F)
id0®vf’4"/'(F,F’)

Proof This follows with ease from the associativity of the cup product as stated in
item 4 of Proposition 1.4.6. O

Remark 1.4.17 Let C, D, and € be categoriesand S : € - Eand T : D — &
functors. Then, the fiber product category of € and D over € with respect to S
and T—most of the time denoted ambiguously(!) by € x¢ D—is by definition the
subcategory of the ordinary product category C x D whose class of objects is given
by the ordered pairs (x, y) that satisfy Sx = Ty. Moreover, for two such ordered pairs
(x,y) and (', ') a (x',y’) a morphism

(Ol, :3) . ()C, y) — (X/,y/)
in € x D is a morphism in € x¢ D if and only if So = T.
Two easy observations show that, for one, for all objects (x,y) of C xg D, the

identity id¢,) : (x,y) — (x,y) in € x D is a morphism in € x¢ D and that, for
another, for all objects (x,y), (x',y’), and (x”,y”) and morphisms

(@.B): (x.y) — (),
@, B (d.Y) — ")

of € x¢ D, the composition

@, p)o(p): (xy) — (".y")

in € x D is again a morphism in € x¢g D.
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Definition 1.4.18 Letf : X — Y be a morphism of ringed spaces, and consider the
functors

f* :Mod(Y) — Mod(X) and po : Mod(X)? — Mod(X),

where py stands for the “projection to 0”’; that is, py takes an object ¢ of Mod(X)?3 to
#(0) and a morphism « : t — ¢ in Mod(X)? to «(0). Then, define Trip(f) to be the
fiber product category of Mod(Y) and Mod(X)? over Mod(X) with respect to f* and
po. In symbols,

Trip(f) := Mod(Y) Xmoa(x) Mod(X)3.

Construction 1.4.19 Letf : X — Y be a morphism of ringed spaces and (G, f) an
object of Trip(f) such that ¢ is a short exact triple of modules on X and F := 12 and
G are locally finite free modules on X and Y, respectively. We associate to (G, ) a
morphism

Eks (G, 1) : Oy — G QR'fu(FY)

in Mod(Y), henceforth called the Kodaira-Spencer class relative f of (G, t).

For the definition of §ks s(G, f), we remark, to begin with, that since F is a locally
finite free module on X, the triple # is not only short exact, but locally split exact on
X. Thus, we may consider its relative locally split extension class with respect to f,

&) : Oy — Rlfy (Hom(F,f*G));
see Construction 1.4.1. Set
p= ux(F.f*G) : f*G ® F¥ — Hom(F.f*G);
see Construction 1.4.12. Then, again by the local finite freeness of F' on X, we know
that u is an isomorphism in Mod(X). Given that G is a locally finite free module on
Y, the projection morphism

m:=1}(G.F'): GQR'[u(F') — R'f(f*GRF")

is an isomorphism in Mod(Y) by means of Proposition 1.4.15. Composing, we
obtain an isomorphism in Mod(Y),

Rfx(n) o : G @RI (FY) — Rlfy(Hom(F,f*G)).
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Therefore, there exists a unique £ks (G, f) rendering commutative in Mod(Y) the

following diagram:
Oy
EKS,/(G/ w

G ®RIfx(FY) ——— R!fu(Hom(F,[*G))
R/ ()0

Construction 1.4.20 We proceed in the situation of Construction 1.4.19; that is, we
assume that a morphism of ringed spaces f : X — Y as well as an object (G, r) of
Trip(f) be given such that ¢ is a short exact triple of modules on X and F := 2 and
G are locally finite free modules on X and Y, respectively. Additionally, let us fix
two integers p and g. Then we write yﬁ’s"f(G, 1) for the composition of the following
morphisms in Mod(Y):

p

AR (N F)~! b
R (N F) D Oy @ RYL(/\ F)

EKSJ’(GJ)®idRLIf* (NP F)

p
(GRR'L(FY) @ RY(/\ F)

a(GR i (FV) Rifx (N F))

p
G ® R'AH(FY) @ R (\ F))

. l.q p
idg®Z(FV N\’ F
% G®Rq+lf*(Fv®/\F)

—1
id®RTT L (/7 (F)) LT
— 7 G®Rq+f*(/\F).

The resulting morphism of modules on Y,

P p—1
Vker(G.0 R (/\F) — GORTIL(/\ F).

goes by the name of cup and contraction with the Kodaira-Spencer class in bidegree
(p, q) relative f for (G,r). The name should be self-explanatory looking at the
definition of yl’é’s'{f (G, 1) above: first, we tensor on the left with the Kodaira-Spencer
class ks (G, ), then we take the cup product, then we contract.

Proposition 1.4.21 Let f : X — Y be a morphism of ringed spaces and (G, t) an
object of Trip(f) such that t is a short exact triple of modules on X and F := 12 and
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G are locally finite free modules on X and Y, respectively. Moreover, let p and q be
integers. Then we have

p—1

814" () = 7 TG, /\ F) o yid(G.1). (1.32)
In other words, the following diagram commutes in Mod(Y):

5.;((/\’) ([)) ”;H_l (G,/\p—l F)
Rq+lf*(f*G ® /\l’—l F)

R (N F) GRS (N F)

ke (G.0)

Proof Set u := ux(F,f*G) (see Construction 1.4.12) and consider the diagram in
Fig. 1.1, where we have abstained from further specifying the cup products — !¢, the
associators oy and ay for the tensor product, as well as the identity morphisms id.
We show that the subdiagrams labeled D—® commute in Mod(Y) (this is indeed
equivalent to saying that the diagram commutes as such in Mod(Y), but we will use
merely the commutativity of the mentioned subdiagrams afterwards).

We know that the triple ¢ is locally split exact on X. Hence the commutativity of
@ is implied by Proposition 1.4.10. The commutativity of Q) follows immediately
from the definition of the Kodaira-Spencer class £ks #(G, 1); see Construction 1.4.19.

§9(AP (1))

R+ (N F) RITI(FFG® N7 F)

£(®id @ R @ (F.*G))

_lq

o (Hom(F,f*G)) @ RUL(N'F) > RIFIL, (Hom(F,f*G) @ N HenTn

&sG®id Q) R (@R (id) ® RHL (1 ®id) @RI f4 (1@ (F))
—la

RY(f*G® F¥) @ R (N'F) — RITY(F*GRFY)® N'F GRITL (N F)

71(G.FY)®id RIT1f (ax)

®

1 2 r —+1 * v Vd
GORAF)ORLN'F) O RHLFG® (F ® \'F) .

ay TG FY QN F)

G® R'fx(FY) ® R (\'F)) ——= GORITf(F¥ ® \'F)
id®—14

Fig. 1.1 A diagram for the proof of Proposition 1.4.21
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(@ commutes by the naturality of the cup product—that is, by item 1 of Proposi-
tion 1.4.6. The commutativity of @ follows from Proposition 1.4.13 coupled with
the fact that R7t!f, is a functor from Mod(X) to Mod(Y). & commutes due to
Proposition 1.4.16. Last but not least, the commutativity of @ follows from the fact
that Jrfq *1is a natural transformation

(= ®y =) o (idmoar) X R7Ffx) —> RITIfy 0 (= @x =) o (f* X idwoacr))

of functors from Mod(Y) x Mod(X) to Mod(Y); see Construction 1.4.14.
Recalling the definition of the cup and contraction with the Kodaira-Spencer
class from Construction 1.4.20, we see that the commutativity of (D-® implies
that Eq. (1.32) holds in Mod(Y). You simply go through the subdiagrams one by
one in the given order. O

1.5 Frameworks for the GauBB-Manin Connection

This section makes up the technical heart of this chapter. In fact, Theorem 1.6.14
of Sect. 1.6, which turns out to be crucial in view of our aspired study of period
mappings in Sect. 1.8, is a mere special case of Theorem 1.5.14 to be proven here.
The results of Sect. 1.5 are all based upon Definition 1.5.3. Let me note that I am well
aware that Definition 1.5.3 might seem odd at first sight. Yet, looking at Sect. 1.6,
you will see that it is just the right thing to consider.

Throughout Sects. 1.5 and 1.6 we frequently encounter the situation where two
modules, say F and G, on a ringed space X are given together with a sheaf map
o : F — G which is not, however, a morphism of modules on X. The map « usually
satisfies a weaker linearity property. For instance, when X is a complex space, o
might not be Ox-linear, but merely Cx-linear, where the Cx-module structures of
F and G are obtained relaxing their Ox-module structures along the morphism of
sheaves of rings from Cy to Oy that the complex space is equipped with. In this
regard, the following device comes in handy.

Definition 1.5.1 Let f : X — S be a morphism of ringed spaces. Then we write
Mod(f) for the relative linear category with respect to f.

By definition, the class of objects of Mod(f) is simply the class of modules on
X; that is, the class of objects of Mod( f) agrees with the class of objects of Mod(X).
For an ordered pair (F, G) of modules on X, a morphism from F to G in Mod(f) is
a morphism of sheaves of f ~1 ¢s-modules on Xiop from F to G, where F and G stand
respectively for the sheaves of f~! &s-modules on X, which are obtained from F
and G by relaxing the scalar multiplications via the morphism of sheaves of rings
f* 1 f105 — Ox on X,op. The identity of an object F of Mod(f) is just the identity
sheaf map idp. The composition in Mod(f) is given by the composition of sheaf
maps on Xiop. I omit the verification that Mod(f) is a (large) category.
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Note that Mod(X) is a subcategory of Mod(f). In fact, the classes of objects of
Mod(X) and Mod(f) agree. Yet, the hom-sets of Mod(f) are generally larger than
the hom-sets of Mod(X).

Defining additions on the hom-sets of Mod(f) as usual, Mod(f) becomes an
additive category. Thus, we can speak of complexes over Mod(f). We set

Com(f) := Com(Mod(f)) and Com™(f):= Com™*(Mod(f)).

Remark 1.5.2 Letf : X — Sand g : S — T be two morphisms of ringed spaces,
h := g o f. Then Mod(f) is a subcategory of Mod(%). Indeed, the classes of objects
of Mod(f) and Mod(h) agree—namely, both with the class of modules on X. For
two modules F and G on X, I contend that

(Mod(f))1(F.G) C (Mod(h)): (F, G).

As a matter of fact, you observe that the morphism of sheaves of rings h* going
from h~' O to Oy factors over the morphism of sheaves of rings f* : f~' 05 — Ox
on Xyop; that is, there is a morphism ¢ : h™'0r — f~1 05 such that h* = f* o ¢.
Therefore, the linearity of a sheaf map « : F — G with respect to f~! 05 will
always imply the linearity of & with respect to /™! &7. Hence, my claim follows as
the composition in Mod(/) restricts to the composition of Mod( f), and the identities
in Mod(f) are the identities in Mod ().

Now here goes the main notion of this section.

Definition 1.5.3 A framework for the Gauf-Manin connection is a quintuple
(f, g, G,t,1) such that the following assertions hold.

1. (f, g) is a composable pair in the category of ringed spaces.

2. (G,?) is an object of Trip(f) (see Definition 1.4.18) such that the triple ¢ is short
exact on X := dom(f) and #2 and G are locally finite free modules on X and
S := cod(f), respectively.

3. lis a triple in Com(%), where h := g o f, such that K := [2 and L := [0 are
objects of Com(f) and, for all integers p, we have

P = A1), (1.33)

where /7 stands for the triple in Mod(k) that is obtained extracting the degree-p
part from the triple of complexes /.
Note that Mod(f) is a subcategory of Mod(k) by Remark 1.5.2. Morally,
requiring that Eq.(1.33) holds for all integers p means that the only new
information when passing from (G, ) to [ lies in the differentials of the complexes
I0=L,Il,and 2 =K.

4. The sequence y := (y”)pez is a morphism of complexes of modules on X,

y 1[G ®y (K[-1])) — L,
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where we employ the following notation.

a. X denotes the ringed space Xop- f~1O).

b. f : X — S denotes the morphism of ringed spaces which is given by Jiop ON
topological spaces and by the adjunction morphism from & to (fiop)«f ' O
on structure sheaves.

c. K and L denote the complexes of modules on X that are obtained, respectively,
by relaxing the module multiplication of the terms of the complexes K and L
via the morphism of sheaves of rings fu :f'0s — Ox on Xiop-

d. For any integer p, the map y” is the f~! Os-linear sheaf map

G ®16, KV —> (Ox @16, 'G) ®py K7

that sends 0 ® 7 to (1 ® o) ® 7, precomposed, in the first factor of the tensor
product, with the map

G=f"0s®-14,f"'G—f'G,

which is induced by the f~! Os-scalar multiplication of f~'G.

Note that, for all integers p, we have
I = (I0y = P(0) = (A4(0)(0) = *G ®x (A} ' (1)(2)
=/'Gex I () =f"Ge )" =f" Gy K" (1.34)

on the account of items 2 and 3 and the definition of the A” construction (see
Construction 1.2.8).

In order to formulate Lemma 1.5.7, I introduce the auxiliary device of what I
have christened “augmented triples.” These are triples of bounded below complexes
of modules equipped with a little extra information. They come about with special
“augmented” connecting homomorphisms.

Definition 1.5.4 Let b : X — X’ be a morphism of ringed spaces. Temporarily,
denote by D the category of short exact triples of bounded below complexes
of modules on X’. Note that D is a full subcategory of the functor category
(Com™ (X’))3. Consider the following diagram of categories and functors:
- = bxXbx D

Com™ (X) x Com™* (X) Z2%% Com™ (X') x Com™* (x') &%, (1.35)
where p, signifies the “projection to 2”—that is, p»(f) = #(2) for all objects ¢ of D
and (p2(t,7))(a) = «(2) for all morphisms « : t — ¢ in D. Similarly, py signifies
the “projection to 0.” Now, define Aug(b) to be the fiber product category over the
diagram in Eq. (1.35)—that is,

Aug(b) := (Com™ (X) x Com™ (X)) X com+ x/yxcom™ vy D>

see Remark 1.4.17.
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We refer to Aug(b) as the category of augmented triples with respect to b. An
object I+ of Aug(b) is called an augmented triple with respect to b. Note that an
augmented triple with respect to b can always be written in the form ((K, L), ),
where K and L are bounded below complexes of modules on X and / is a triple of
bounded below complexes of modules on X’ such that //(0) = b«(L) and I'(2) =
b«(K).

Construction 1.5.5 Suppose we are given a commutative square in the category of
ringed spaces:

X —= X

1l

S —— ¢
¢ (1.36)
Assume that by,p = id)-(mp and cyop = ids,,,—in particular, this means that Xop =

)_(lop and (8’ )iop = Stop- Then the functors b, and c4« are exact. Fix an integer n, and
denote by

k™ : R'f. o by —> cx o R'fi

the natural transformation of functors from Com™ (X) to Mod(S’) which we have
associated to the square in Eq.(1.36) in virtue of Construction B.1.4. Since the
functors b4« and c, are exact, we know that, for all F € C0m+(X), the morphism

K" (F) : RUf; (b« (F)) —> cx(R'fi(F))

is an isomorphism in Mod(S’). That is, " is a natural equivalence between the
aforementioned functors.

Let Iy = ((K,L),!') be an augmented triple with respect to b (i.e., an object
of Aug(b); see Definition 1.5.4). We define ¢’ (/+) to be the composition of the
following morphisms of modules on S’

o (K _ 811 _
e R (K)) 55 R (ba(R)) —— R (b (D)

(Km+1([_,))71 a7 o7
D RTE(D). (1.37)

Note that /'(2) = b«(K) and I'(0) = bx«(L), so that the composition in Eq. (1.37)
makes indeed sense. Thus, 8"} (/+) is a morphism

84 (I+) : R'x(K) — R (D)

in the relative linear category Mod(c); see Definition 1.5.1.
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Letting /. vary, we obtain a function &, (in the class sense) defined on the class
of objects of Aug(b). We call &, the nth augmented connecting homomorphism
associated to the square in Eq.(1.36). Since £, §7,, and (k"T1~! are altogether
natural transformations (of appropriate functors between appropriate categories),
we infer that 6"} is a natural transformation

81 . Rnf* oqy —> Rn+1f* 0 qi

of functors from Aug(b) to Mod(c), where go (resp. g;) stands for the functor
from Aug(b) to Com™ (X) which is given as the composition of the projection from
Aug(b) to Com™ (X) x Com™ (X), coming from the definition of Aug(b) as a fiber
product category, and the projection from Com™ (X) x Com™ (X) to the first (resp.
second) factor.

Notation 1.5.6 Let § be a framework for the GauB3-Manin connection. Denote the
components of § by f, g, G, t, and [. Moreover, define X, S, K, L, )_(, I_(, Z, and y as
in Definition 1.5.3.

Observe that due to item 3 of Definition 1.5.3, K and L are bounded below
complexes of modules on X. For any integer p, define

Y= f*G ®5 (0P 'K)[~1]) — o=L

to be the morphism in Com™ (X) which is given by Y’ in degree p’ for all integers
p’ > p and by the zero morphism in degrees < p. Similarly, for any integer p, define

y 7 G eg (07 R)-1) — oL

to be the morphism in Com™ (X) which is given by y” in degree p and the zero
morphism in degrees different from p.
Put T := cod(g). Moreover, put

X = Xopof (€7 01)., b= (idy.f' (€ f (g Or) — f705).
S = (Siop, g Or), ¢ = (idjs, g" : 7' O — O%),

and

f/ = (lfls r’g_llﬁf : g_l ﬁT — (ﬁOP)"‘f_l(g_l ﬁT))’

where 71 denotes the adjunction morphism for sheaves of sets on S, with respect to
Jiop- Then the diagram in Eq. (1.36) commutes in the category of ringed spaces and
we have by, = id)-(mp as well as ¢iop = idsmp. For any integer n, we let S’jL signify the
nth augmented connecting homomorphism with respect to the square in Eq. (1.36),
as disposed of in Construction 1.5.5.
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Define I’ to be the triple of complexes of modules on X’ which is obtained by
relaxing the module multiplication of the terms of / via the composition

Fof e (g Or) — 05— Ox

of morphisms of sheaves of rings on X,,. Furthermore, set /[, := (K.L),T).
Observe that, for all integers p, the triple ” is short exact on X by item 3 of
Definition 1.5.3 and item 2 of Proposition 1.3.2. Moreover, for p < 0, the triple
of modules / is trivial. Thus, ' is a short exact triple of bounded below complexes
of modules on X’. Therefore, [+ is an augmented triple with respect to b (i.e., an
object of Aug(b)).

Finally, denote by u the morphism of ringed spaces from X to X which is given by
the identity on topological spaces and by f* on structure sheaves. Then the diagram

X X
1)
S —— S

idg (1.38)
commutes in the category of ringed spaces. For any integer n, we denote by

u
——

K" R"f* oux —> (idg)« o R"fx = R

the natural transformation of functors from Com™ (X) to Mod(S) which we have
associated to the square in Eq. (1.38) in virtue of Construction B.1.4. The definition
of « here is similar to the definition of k¥’ in Construction 1.5.5.

The following lemma is the key step towards proving Theorem 1.5.14.

Lemma 1.5.7 Let § be a framework for the Gauf-Manin connection. Adopt
Notation 1.5.6. Then, for all integers n and p, the diagram in Fig. 1.2 commutes
in Mod(g).

Proof Fix n,p € Z. The commutativity of the diagram in Fig. 1.2 is equivalent to
the commutativity of its subdiagrams (D—@®). We treat the subdiagrams case by case.
The subdiagrams (D and @) commute, for

81 . Rnf* oqy —> Rn+lf* 0 qi

is a natural transformation of functors from Aug(b) to Mod(c); see Construc-
tion 1.5.5. Additionally, one should point out that the projection functors g and q;
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commute with the stupid filtration functors 6=” and o= as well as with the natural
transformations /=" and j=P. In particular, we have

q0(0=" (1)) = 0% (qo(I+)) = =K, qo(i*" (1+)) = iZP(qo(l+)) = iV (K),
0107 (14)) = 0% (q1(I4)) = 0L,  qi(i*(14)) = (g1 (1)) = i*(L),

and

qo(0="(14)) = qo(6="0>(I3)) = 00 (qo(l4)) = 07K,

0107 (14)) = 1007 (14)) = 0F0 (q(11)) = 0/,
and

WG @11)) = (@00 14)) = [ (@ (@o(14)) =/ (@>K),
0= 0711)) = ¥ (@1(0714)) = [ 07 (q1(1+) = ('),

The commutativity of @ follows now from the identity
iZP(L) oy =y o (f*idg ® '~ (K)[-1])

in Mod(_}_(), which is checked degree-wise, and the fact that R, is a functor from
Com™ (X) to Mod(S). Similarly, the commutativity of @ follows from the identity

JP@ZP(L)) 0 =P =y o (Fridg ® j=~ (o=~ (K))[-1]).

Let me note that for all objects F and all morphisms o of Com™ (X), we have
R (F[-1]) = R'/u(F),
R fi(@[-1]) = R"x(a).

The subdiagrams ) and ® commute as
77 (= ®s =) o (idwmodrs) X R'fx) — R'fx 0 (= ®5 =) o (f* X ideopt 1)
is a natural transformation of functors from Mod(S) x Com™ (X) to Mod(S); see
Construction 1.4.14.

Moving on to subdiagram (7), we first remark that

R'P£, (K?) = R™£. (K*[0]) = R, (K’ [0)[~p]) = R"fs(0="K)
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and, in a similar fashion,
Rn—p+1f>|< (Lp) — Rn+1f>|< (O'=‘DL).

Moreover, 0 ="K (resp. 0 ="L) is an object of Com™ (X) and we have u.(0="K) =
0=PK (resp. ux(0="L) = o="(L)). Thus, we see that the domains and codomains
which are given for the morphisms «"(c="K) and «"*!(c=PL) in the diagram are
the correct ones. We need two additional pieces of notation. For one, define «” as in
Construction 1.5.5. For another, define «” for the commutative square

bou
X — X

P

S —— ¢
coidg

just as «” was defined for the square in Eq.(1.36). Notice that the latter square is
obtained by composing the squares in Eqs. (1.36) and (1.38) horizontally. I contend
that the following diagram commutes in Mod(S’):

B P (6=PK)
R, (b« (07PK)) c«(Rfx (07PK))
wjﬂ ex (K" (6=PK)
8 @=r1) cx(R"fu (07 K)) G

e (@ (@714))

R fL (b (0=L)) ex(R™fi(077L))
K/t o=PL)
cx (R f (07PL)) (1.39)

Indeed, the upper and lower triangles in Eq.(1.39) commute due to Proposi-
tion B.1.6—that is, due to the functoriality of Construction B.1.4, out of which
Kk, k', and k" arise. The background rectangle in Eq.(1.39) commutes due to the
compatibility of the base change «” with the connecting homomorphisms noting
that

(bou)x(c™P) =Pl
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The left foreground rectangle (or “parallelogram”) in Eq.(1.39) commutes by
the very definition of the augmented connecting homomorphism ¢’} noticing that
the triple underlying o=?I is nothing but 0="/’; see Construction 1.5.5. Since
k"™(0=PL) is a monomorphism—in fact, it is an isomorphism—we obtain the
commutativity of the right foreground rectangle (or “parallelogram”) of Eq. (1.39).
This, in turn, implies the commutativity of (7)) in Mod(S) since the functor ¢, from
Mod(S) to Mod(S’) is faithful and we have o=?1 = (I[0])[—p], whence

8 (=Pl = sp((P[OD[=p]) = & "(’[0]) = &; " ().
We are left with ). To this end, define
¢ :f*G® (0"'K) — (0~FL)[1]

to be the morphism in Com™ (§) which is given by the identity in degree p— 1 (recall
Eq. (1.34)) and by the zero morphism in all other degrees. In addition, define

¥ fG® (0 K) =" G® ux(0™'K) — uu(f*G ® (677 'K))

to be the evident base extension morphism in Com™ (X). We consider the auxiliary
diagram in Fig. 1.3. By the definition of the projection morphism (see Construc-
tion 1.4.14) we have

m PG RPTY = R (gl — 1) o PTG KT [0])

= R"fx(¢) o 7/ (G, (K~ OD[=(p — D]
= R"x(¢) o 7/ (G, o="71K).

R (y=) 7GR
R'HIF, (6=PL) R'%(F*GQ® 6=""'K) < G® Ry (6=""'K)
o="L) Ry (us (f*G ® 0=P71K)) idg k" (0="""K)

KGR ™"K))
er—p-‘,-lf)k (Lp) G® R”_p+1f* (Kp—l)

AT Gk
R/ (9) %

R”f* (f*G ® O.=p—lK)

Fig. 1.3 An auxiliary diagram for the proof of Lemma 1.5.7
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Hence, the bottom triangle of the diagram in Fig. 1.3 commutes. Taking into account
that «"t!1(6=PL) = k"((c=PL)[1]), we see that the left foreground rectangle (or
“parallelogram”) commutes, for

K" R”]_‘* oux —> (idg)« o R"fx = R

is a natural transformation of functors going from Com™(X) to Mod(S). The
pentagon in the right foreground commutes by the compatibility of the projection
morphisms with base change. The top triangle commutes since firstly, we have

Y] = ux(p) o Y,

in Com™ (X), as is easily checked degree-wise, secondly, R"f, is a functor going
from Com(X) to Mod(S), and thirdly, R"*'f, (y=") = R"f.(y="[1]). Therefore, we
have established the commutativity of rectangle in the background of Fig. 1.3, which
is, however, nothing but ®. O

Proposition 1.5.8 Let 0 : B — A be a morphism of rings, M and N modules over
A and B, respectively. Then the B-linear map

N®BM—>(A®BN)®AM

sending y ® x to (1 ® y) ® x is an isomorphism of modules over B.
Proof See [4, Proposition A2.1d]. O

Notation 1.5.9 Let § be a framework for the GauB3-Manin connection. Adopt
Notation 1.5.6. Then, for all integers p,

)/p f*G ®)_{ kp—l N Zp

is an isomorphism in Mod(X) due to Proposition 1.5.8 (for the definition of y” see
item 4d of Definition 1.5.3). In turn,

Y f*G ®5 (K[-1]) — L
is an isomorphism in Com™ (X) and, for all integers p,
y=" J*G 85 (0= R)-1) — o>7L,
Y= G ®z (0" 'K)[-1]) — o™

are isomorphisms in Com™ (X). Furthermore, as G is a locally finite free module on
S, Proposition 1.4.15 implies that, for all integers n,

(G, =) 1 (G® —) o R, — R o (G ® —)
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is a natural equivalence of functors from Com™ (X) to Mod(S) . Thus, for all integers
n and p, it makes sense to define

V"= (17(G. K)o R™IA(y) ™ 0 8 (1), (1.40)

VE = (1 (G.o= K)o R (yE) T 0 8L (07 1y). (141
and
V== (n;(G,cr:P—li())—l o R (™) o8t (0™Ply),  (1.42)

where we compose in Mod(g) = Mod(c). Observe that Egs. (1.40)—(1.42) corre-
spond to the first, second, and third left-to-right horizontal row of arrows in the
diagram in Fig. 1.2, respectively.

Notation 1.5.10 Letf : X — S be a morphism of ringed spaces, K an object of
Com™ (X). For integers n and p we set

FP" = img(R"f« (i%K) : R (07 K) —> R"f+(K)).
Moreover, we write
"(p) 1 FP" — R+ (K)

for the corresponding inclusion morphism of sheaves on Sip, and we write A" (p)
for the unique morphism such that the following diagram commutes in Mod(S):

- _ R (ZPK) N
R'fu(0P'K) ————— Rfu(K)

M) /(p)

Frn

For all n € Z, the sequence (F¥"),cz clearly constitutes a descending sequence of
submodules of R"fx(K) on S. In more formal terms, we may express this observation
by saying that, for all integers n, p, and p’ such that p < p’, there exists a unique
morphism " (p, p’) in Mod(S) such that the following diagram commutes in Mod(S):

R"fx(K)
N
FPM <o Fr'n

Mpp')
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Proposition 1.5.11 Let § be a framework for the Gauf3-Manin connection and
adopt Notations 1.5.6, 1.5.9, and 1.5.10. Let n and p be integers. Then there exists
one, and only one, ¢ such that the following diagram commutes in Mod(g):

- - v - -
R (K) — G ®Rfi(K)
() T T idg®" (p—1)

FPI s > G Fr-in
¢ (1.43)

Proof Comparing Eqs. (1.40) and (1.41) with the diagram in Fig. 1.2, we detect that
Lemma 1.5.7 implies the following identity in Mod(g):

V" o R (iZPK) = (idg ® R (ZP'K)) o V=P, (1.44)
Now since G is a locally finite free, and hence flat, module on S, the functor
G ® — : Mod(S) —> Mod(S)
is exact. Thus, in particular, it transforms images into images. Specifically, the

morphism idg ® ¢"(p — 1) is an image of ids ® R"f«(iZ*~'K) in Mod(S). This
in mind, the claim follows readily from Eq. (1.44). O

Proposition 1.5.12 Let § be a framework for the Gauf3-Manin connection and
adopt Notations 1.5.6, 1.5.9, and 1.5.10. Let n and p be integers, { such that the
diagram in Eq. (1.43) commutes in Mod(g). Then there exists one, and only one, {
rendering commutative in Mod(g) the following diagram:

Fp,n G ® Fp—l,n
coker(!" (p.p+1)) l l idg®@coker (" (p—1.,p))

Fp.n/Fp-i-l.n ........... > G® (Fp—l,n/Fp,ﬂ)
¢ (1.45)

Proof By Proposition 1.5.11, there exists ¢’ such that the upper foreground trape-
zoid in the following diagram commutes in Mod(g):
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R7.(K) —~ G®R7(K)

M(p+1) idg®"(p)
"(p) ¢
FP L >~ G ® FP"
idg® (p—1)

Mpp+1) idg®!" (p—1,p)

Fp,n G ® Fp—l n

¢ (1.46)

I claim that the diagram in Eq.(1.46) commutes in Mod(g) as such. In fact,
the left and right triangles commute by the very definitions of *(p,p + 1) and
"(p — 1, p), respectively. The background square commutes by our assumption
on {; see Eq.(1.43). The lower trapezoid commutes as a consequence of the
already established commutativities taking into account that idg ® ("(p — 1) is a
monomorphism, which is due to the flatness of G.

Using the commutativity of the lower trapezoid in Eq. (1.46), we obtain

((idg ® coker(t"(p = 1.p))) o &) o " (p.p + 1)

= (idg ® coker(i"(p — 1,p))) o (idg ® ("(p — 1,p)) o ¢’ = 0.
Hence, there exists one, and only one, é_‘ rendering the diagram in Eq.(1.45)
commutative in Mod(g). O

Proposition 1.5.13 Let § be a framework for the Gauf3-Manin connection and
adopt Notations 1.5.6, 1.5.9, and 1.5.10. Let n and p be integers, { and é_' such that
the diagrams in Egs. (1.43) and (1.45) commute in Mod(g), and ¥” and P~ such
that the following diagram commutes in Mod(S) forv € {p,p — 1}:

At(v) _ _
Fv.n Rnf* (UZvK)

coker(!" (v,v+1)) l \L R”_f'*(jf" (0ZVK))

Fv,11/FU+1Jl .......... > R"j_f*(o-=ul_()
y (1.47)

Then the following diagram commutes in Mod(g):
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¢
Fpnpptin > G® (Fr=tn/Frm)

4 l l idg@yP™!

K07 o GO R0 (148)

Proof We proceed in three steps. In each step we derive the commutativity of a
certain square-shaped (or maybe better “trapezoid-shaped”) diagram by means of
what I call a “prism diagram argument.” To begin with, consider the following
diagram (“prism”):
- - A -
Rfu(K) ——— GOR(K)
" (p) idg®" (p—1)
R/, ((ZPK)

FpPn G® Fp—l,n

| _
idG®R"fx (iZP7'K)

A" (p) idg®A" (p—1)

R'f4x(0ZPK) ——— G Q@ R'fx(0Z7'K)
vzpn (1.49)

The above diagram is, in fact, commutative: the left and right triangles commute
according to the definitions of A"(p) and A"(p — 1), respectively. The back square
(or rectangle) commutes due to Lemma 1.5.7. The upper trapezoid commutes by
our assumption on ¢; see Eq. (1.43). Therefore, the lower trapezoid commutes too,
taking into account that idg ® " (p — 1) is a monomorphism, which is due to the fact
that G is a flat module on S.

Next, I claim that the diagram

- _ v - _
R'f,(02PK) ——> G ® R'fu(62""'K)
A"(p) idg®A" (p—1)

R =107 0)

FpPn G® Fp—l,n
|

idG @Ry (=~ (0=~ K)

Ry (0=PK) ————= G Q Ry (c=""'K
Jol0™R) —— Fu ) 50
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commutes in Mod(g), where
@' = y" ocoker(t"(v,v + 1))

for v € {p — 1,p}. The left and right triangles commute according to the
commutativity of Eq.(1.47) for v = p and v = p — 1, respectively. The back
square commutes by means of Lemma 1.5.7. The upper trapezoid commutes by
the commutativity of the lower trapezoid of the diagram in Eq. (1.49). Therefore,
the lower trapezoid of the diagram in Eq. (1.50) commutes taking into account that
A"(p) is an epimorphism.

Finally, we deduce the commutativity of:

¢
Fpn G ® Fp—l.n
coker(!" (p.p+1)) idg ®coker(!" (p,p—1))
o’ _
| ¢
Fp'n/Fp+l'n G® Fp—l,n/Fp,n
|
idg®pr~!
4 idg@y?!

R"fx(0=PK) — G ® R (6="7'K)
(1.51)

Here, the left and right triangles commute by the definitions of ¢” and ¢”~!, respec-
tively. The back square commutes by the commutativity of the lower trapezoid of the
diagram in Eq. (1.50). The upper trapezoid of the diagram in Eq. (1.51) commutes
by our assumption on ; see Eq. (1.45). Therefore, the lower trapezoid, which is
nothing but Eq. (1.48), commutes taking into account that coker(:"(p, p + 1)) is an
epimorphism. O

Theorem 1.5.14 Let § be a framework for the Gauf3-Manin connection and adopt
Notations 1.5.6, 1.5.9, and 1.5.10. Let n and p be integers, { and { such that the
diagrams in Egs. (1.43) and 1.48) commute in Mod(g), and P and y"~" such that
the diagram in Eq. (1.47) commutes in Mod(S) for v € {p, p—1}. Then the following
diagram commutes in Mod(g):

¢
Fp,n/Fp+1,n > GC® (FP_1~"/FP~")
K"(0=PK)oy? l l ide® (" (0 =P~ K)oyP ™)

R'"7f,(KP) ——— GQR" 7S (KP™)
p.n—p

Yksy (G.D) (1 52)
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Proof By Proposition 1.5.13, we know that the diagram in Eq. (1.48) commutes in
Mod(g); that is,

(idg @ YP™ ol = VP o yP.
We too know that
K" Ry 0ty —> (ids)x o R"fx = R'fx
is a natural equivalence of functors from Com™ (X) to Mod(S). Proposition 1.4.15
implies that the projection morphism Jr;l -’ +1(G, KP~') is an isomorphism in

Mod(S). Hence, by Lemma 1.5.7, specifically the commutativity of subdiagram
in Fig. 1.2, we have

(ide ® k(™' K)) 0 VI = (P (G KPP 0 k(0 (K)).

By Proposition 1.4.21, recalling that 7 = A% (r), the following identity holds in
Mod(S):

Vs (G 1) = (TG KT T o 87T ().
In conclusion, we obtain the chain of equalities
(ide ® (k"(@=P'K) o yP™ ")) o ¢
= (idg ® k" (0" 'K)) o (idg ® Y7 ") 0 ¢
= (idg ® k"(6™"7'K)) o V=" 0 yy?
= (TG KT T o8 TP o k(0T (K)) 0 Y
= Yiss (G, 1) o (k"(077K) oY),

which was to be demonstrated. O

1.6 The Gauf3-Manin Connection

In what follows, we basically apply the results established in Sect. 1.5 in a more
concrete and geometric situation. Our predominant goal is to prove Theorem 1.6.14,
which corresponds to the former Theorem 1.5.14.

“Geometric,” for one thing, means the we are dealing with complex spaces.

Notation 1.6.1 Let (f,g) be a composable pair in the category of complex
spaces—that is, an ordered pair of morphisms such that the codomain of f equals the
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domain of g. Put i := gof. Then we denote by 2 (f, g) the triple of 1-differentials,
* 0 1 ¢ 0 1 B 0 1
f g 7 Sen T ey

which we have associated to the pair (f, g) [9, Sect.2]. Observe that 2!(f, g) is a
triple of modules on X := dom(f). Moreover, observe that the pair (.le, 2(f.9)
is an object of Trip(f); see Definition 1.4.18.

We know that the triple $2'(f,g) is right exact on X [9, Corollaire 4.5].
Furthermore, £2'(f, g) is short exact on X whenever the morphism f is submersive
[9, Remarque 4.6].

Definition 1.6.2 When f : X — S is a morphism of complex spaces, we denote by
O the (relative) tangent sheaf of f; that is,

("Df = jfomx(.Qfl, ﬁx)

As a special case we set Oy = 6,,, where ay : X — e denotes the unique
morphism of complex spaces from X to the distinguished one-point complex space.

Definition 1.6.3 Let (f, g) be a composable pair in the category of submersive
complex spaces. Write f : X — S. Then (2!, 2'(f.g)) is an object of Trip(f)
and 2'(f, g) is a short exact triple of modules on X. Besides, (£2'(f,£))(2) = £/
and .le are locally finite free modules on X and S, respectively. Therefore, it makes
sense to define

Exs(f,8) := Exsp (220, 2'(f, 9)).

where the right-hand side is understood in the sense of Construction 1.4.19. Observe
that, by definition, &ks(f, g) is a morphism

Eks(f.8) 1 Os — 2, ®sR'fi(O))

of modules on S.

Furthermore, in case a single submersive morphism of complex spaces f with
smooth S = cod(f) is given, we set £ks(f) := &ks(f, as), where ag : S — e denotes
the unique morphism from S to the distinguished one-point complex space and the
&ks on the right-hand side is understood in the already defined sense. Observe that
the previous definition can be applied since, with S being smooth, the morphism
of complex spaces ag is submersive. We call &s(f, g) (resp. &ks(f)) the Kodaira-
Spencer class of (f, g) (resp. f).

Definition 1.6.4 Let again (f, g) be a composable pair in the category of submer-
sive complex spaces. Moreover, let p and ¢ be integers. Then we define

VR(f.8) = vk (2L 2 (/. 9).
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where we interpret the right-hand side in the sense of Construction 1.4.20. Thus,
Yk (f. &) is a morphism

VRd(f.8) 1 RIL(20) — 2} @5 RITIL (207

of modules on S := cod(f) = dom(g).

Just like in Definition 1.6.3, we define ypd(f) := yre(f.as) as a special
case when only a single submersive morphism of complex spaces f with smooth
codomain is given. We call ygd (1. g) (resp. yie(f)) the cup and contraction with
the Kodaira-Spencer class in bidegree (p, q) for (f, g) (resp. f).

Proposition 1.6.5 Let (f, g) be a composable pair in the category of submersive
complex spaces, p and q integers. Then the following identity holds in Mod(S),
where we write f : X — S:

5 (AR (R'(f.9) = 7T (). 2 o ykd(£.9).

Proof Apply Proposition 1.4.21 to the morphism of ringed spaces f and the object
(£2;.22'(f, 8)) of Trip(f). o

Construction 1.6.6 Letf : X — Sand g : S — T be morphisms of complex
spaces. Set h := g o f. I intend to construct a functor

2°(f,g) :3—> Com™(h)

(i.e., a triple of bounded below complexes over Mod(#)), which we call the riple
of de Rham complexes associated to (f, g). In order to simplify the notation, we
shorten £2°(f, g) to £2° in what follows.

To begin with, we define the object function of the functor £2°. Recall that the
set of objects of the category 3 is the set 3 = {0, 1,2}. We define £2°(0) to be the
unique complex over Mod(f) such that, for all integers p, firstly, we have

(2°0)) =12, ®x 2,

and, secondly, the following diagram commutes in Mod(X):

idz al ®d/'f-_1
_ =1 T r o
yP l l Vp+l
u*(f*gé Rx Q){"_l) ................. > u*(f*,Q; Rx AQ;‘,)
o

2°0)
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Here, X denotes the ringed space Xiop. S~ O), and f : X — S denotes the
morphism of ringed spaces that is given by f,,, on topological spaces and by the
adjunction morphism from s to (fiop)«f ' Os on structure sheaves. u : X — X
stands for the morphism of ringed spaces that is given by idy,,, on topological spaces
and by

fHifT 05 — Ox = (idy,,)« Ox

on structure sheaves. Moreover, .Qj}’ = u*(.Q]}’ ) for all integers v. Observe that
since u is the identity on topological spaces, [_Zf” and §2; agree as abelian sheaves—

only their module structure differs. In fact, the module structure of [_Zf” is obtained
from the module structure of §2; by relaxing the latter via the morphism of sheaves

of rings u* = f* : f7'05 — Ox. Finally, y”, for any integer v, signifies the
composition of the following morphisms in Mod(X):

[, @3 277 — unW'f*2,) ®x un(2;7)
— ue (R} ®x 277" — un(fF 2 ®x 2/ 7).

In order to define £2°(1), denote by K? = (KP');cz the Koszul filtration in degree
p induced by

@', )1 72} — 2}

on X. Then, for all integers p and i, you verify easily that the differential d}, of the
complex £27 maps K? into KP!. Thus, we dispose of a quotient complex

2°(1) == 25 /K.
To finish the definition of the object function of £2°, we set
2°(2) := 2.

The morphism function of §2° is defined so that, for all ordered pairs (x,y) of
objects of 3 (i.e., all elements (x,y) € 3 x 3) with x <y, we have

(2%, = (A3(2'(f.9)),,

for all integers p. To verify that the so defined £2° is a functor from 3 to Com™ (h),
you have to check essentially that (£2%)¢; (resp. (£2*);2) constitutes a morphism of
complexes over Mod(#) from £2°(0) to £2°(1) (resp. from £2°(1) to £2°(2)). This
amounts to checking that the morphisms defined by the A? construction commute
with the differentials of the respective complexes §2°(x), for x € 3, that we have
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introduced here. In case of (£2°), , the desired commutativity is rather obvious since
the wedge powers of the morphism

(R'(f.2: 2 — 2

form a morphism of complexes over Mod(h) from §2; to £27. In case of (£2°)o,1
the compatibility is harder to establish as the definition of (A”(f))o, for some
right exact triple ¢ of modules on X, is more involved (see Construction 1.2.8).
Nevertheless, I omit these details.

Proposition 1.6.7 Let (f, g) be a composable pair in the category of submersive
complex spaces. Then

3(f.8) = (f.8.92;.2'(f.8).2°(f.2))

is a framework for the Gauf3-Manin connection, where the f and g in the first
and second component of the quintuple stand for the morphisms of ringed spaces
obtained from the original f and g applying the forgetful functor An — Sp.

Proof Letf : X — Sand g : S — T be submersive morphisms of complex spaces.
By abuse of notation, we denote by f and g, too, the morphisms of ringed spaces
obtained respectively from f and g applying the forgetful functor from the category
of complex spaces to the category of ringed spaces. Set G := 9; andt:= 2'(f. g);
see Notation 1.6.1. Then clearly, (G, f) is an object of Trip(f); see Definition 1.4.18.
As f is a submersive morphism of complex spaces, we know that 12 = .Qfl is a
locally finite free module on X and ¢ is a short exact triple of modules on X. Since g
is a submersive morphism of complex spaces, G is a locally finite free module on S.

Set ] := £2°(f, g) (see Construction 1.6.6). Then/: L —- M — K is a triple in
Com™ (h), where i := g o f, and K and L are objects of Com™ (f). Moreover, for
all integers p, we have » = A%(r), where I stands for the triple in Mod(h) which
is obtained extracting the degree-p part from the triple of complexes /. Define y,
f:X — S, K, and L just as in Definition 1.5.3. Then y is a morphism in Com™ (X),

y "G ®y (K[-1])) — L,

by the very definition of the differentials of the complex L = 1(0) = (£2°(f, £))(0);
see Construction 1.6.6. All in all, we see that with the morphisms of ringed spaces
f and g, with (G, t), and with [, we are in the situation of Definition 1.5.3. |

Definition 1.6.8

1. Let (f, g) be a composable pair in the category of submersive complex spaces, n
an integer. Then we define

Vem(f.8) == V",
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with V", for § = §(f, g), as in Notation 1.5.9. Note that this makes sense due to
Proposition 1.6.7. We call V{,,(f, g) the nth Gauf3-Manin connection of (f, g).

2. Letf : X — S be a submersive morphism of complex spaces such that the
complex space S is smooth. Let n be an integer. Then we set

Vem(f) == Veu(f, as),

where as : S — e denotes the unique morphism of complex spaces from S to the
distinguished one-point complex space. Observe that it makes sense to employ
item 1 on the right-hand side since, given that the complex space S is smooth, the
morphism of complex spaces ag is submersive. We call V§,,(f) the nth Gauf3-
Manin connection of f.

Definition 1.6.9 Let f be a morphism of complex spaces, n an integer. Then we
define

H(f) 1= RF(82)),

where f and S_2f' have the same meaning as in Construction 1.6.6. We call JZ"(f)
the nth algebraic de Rham module of f.

Construction 1.6.10 Let f : X — S be a morphism of complex spaces and n an
integer. Then, for any integer p, we set

FA(f) = imgRF (7 2) : R0 2F) — RFu(2)),
in the sense that F* 77" (f) is a submodule of 57" (f) on S. Moreover, we write
iy (p) : B A(f) — H(f)
for the corresponding inclusion morphism of sheaves on Sy, (note that 77" (f) =
R"f,(§27) according to Definition 1.6.9). Furthermore, for any integer p, we denote
by A}’ (p) the unique morphism such that the following diagram commutes in

Mod(S):

R (2 9)

R (0253}) R.(2))
Mo s /f;(m

F 2" (f)

Obviously, the sequence (F.¢"(f))yez makes up a descending sequence of
submodules of 77" (f) on S. In more formal terms, we may express this observation
by saying that, for all integers p, p’ such that p < p/, there exists a unique morphism
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g’f’(p, p’) such that the following diagram commutes in Mod(S):

%&n (f)
’V \W)
FPAON(f) <o ' 7 (f)
F(p.p")

Proposition 1.6.11 Let (f, g) be a composable pair in the category of submersive
complex spaces, n and p integers. Then there exists one, and only one, ordered pair
(¢, &) such that, abbreviating F* " (f) to F" for integers v, the following diagram
commutes in Mod(g):

Vem(f.8)
" (f) 2} @ A"(f)

& (p) id9}®t}l(p—l)

¢
FP oo >~ _Q; ® Fr—1
coker(tf (p.p+1)) id ! ®coker(tf (p—1,p))

Fb/Fp+l e ‘le R (Fp—l/Fp)

¢ (1.53)

Proof This is an immediate consequence of Propositions 1.6.7, 1.5.11, and 1.5.12.
O

Definition 1.6.12 Let (f, g) be a composable pair in the category of submersive
complex spaces, n and p integers. Then we define

Vem(f.8) = ¢,

where (¢, E ) is the unique ordered pair such that the diagram in Eq.(1.53)—we
abbreviate F* 7" (f) to F” for integers v again—commutes in Mod(g). Note that
this definition makes sense due to Proposition 1.6.11.

Definition 1.6.13 Let f be a morphism of complex spaces, p and g integers. Then
we put

HPI(f) = RIL(2D).

We call 5#P4(f) the Hodge module in bidegree (p, g) of f.
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Theorem 1.6.14 Let (f,g) be a composable pair in the category of submersive
complex spaces, n and p integers, F* = FF7"(f) for all integers . Let YP and
YP~! be such that the following diagram commutes in Mod(S) for v € {p,p — 1}:

_ _ Af(v)
R'i(0%'2)) —— F"

R”_f'*(jf"(oz”éf.)) l \ coker(¢f (v.v+1))

R'l]?*(()-:vfzf-) I F”/F”‘H
" (1.54)

Then the following diagram commutes in Mod(S):

Vom(r-g)
PP/t ——————— QI @ (F'~'/FP)

a0y l l 4y @07 2oy

Ar(f)

1 —1,n—p—+1
- ele )
.8 (1.55)

p.n
YKs

Proof According to Proposition 1.6.7, §(f, g) is a framework for the Gau3-Manin
connection. By Proposition 1.6.11, there exists an ordered pair (¢, E ) such that the
diagram in Eq. (1.53) commutes in Mod(g). Therefore, Theorem 1.5.14 implies that
the diagram in Eq. (1.55) commutes in Mod(g), for we have V’g;{ (f.g) = Cinvirtue
of Definition 1.6.12. O

1.7 Generalities on Period Mappings

This section, as well as the next, are devoted to the study of period mappings—
namely, in a very broad sense of the word. Construction 1.7.3 captures the common
basis for any sort of period mapping that we are going consider.

I like the idea of defining a period map in the situation where a representation

o I (X) — Mod(A)

of the fundamental groupoid of some topological space X is given, A being some
ring. Typically, people define period mappings in the situation where an A-local
system on X (i.e., a certain locally constant sheaf of Ax-modules on X) is given.
The reason for my preferring representations over locally constant sheaves is of
technical nature. When working with local systems in the sense of sheaves, you are
bound to use a stalk of the given sheaf as the reference space for the period mapping.
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When working with representations of the fundamental groupoid, however, you
are at liberty to choose the reference space at will (where “at will” means up to
isomorphism). The more familiar setting of working with locally constant sheaves
becomes a special case of the representation setting by Construction 1.7.4 and
Remark 1.7.5.

Eventually, I am interested in holomorphic period mappings. These arise from
Construction 1.7.11, where the underlying local system comes about as the module
of horizontal sections associated to a flat vector bundle. Lemma 1.7.20 will give
a preliminary conceptual interpretation of the tangent morphism of such a period
mapping. This interpretation will be exploited in Sect. 1.8 in order to derive, from
Theorem 1.6.14, the concluding theorems of this chapter.

Construction 1.7.1 Let X be a topological space. Then we denote by I1(X) the
Sfundamental groupoid of X [12, Chap.2, §5]. Recall that I[1(X) is a category
satisfying the following properties.

1. The set of objects of I7(X) is |X|—that is, the set underlying X.

2. For any two elements x and y of X (i.e., of |X]), the set of morphisms from x to y
in [1(X) is the set of continuous maps y : I — X with y(0) = x and y(1) =y,
modulo endpoint preserving homotopy. Here, I signifies the unit interval [0, 1]
endowed with its Euclidean topology.

3. When [y] : x — yand [§] : y — z are morphisms in [1(X), then we have
[6] o [y] = [§ * y] for the composition in [1(X), where § * y stands for the
habitual concatenation of paths.

4. The identities in [1(X) are the residue classes of the constant maps to X.

Definition 1.7.2 Let A be a ring and G a groupoid (or just any category for that
matter).

1. We say that p is an A-representation of G when p is a functor from G to Mod(A).

2. Let p be an A-representation of G. Then F is called an A-distribution in p when F
is a function whose domain of definition equals dom(py) (which, in turn, equals
Go—that is, the set of objects of the category G) such that F'(s) is an A-submodule
of py(s) for all s € dom(py).

Construction 1.7.3 Let A be aring, S a simply connected topological space, p an
A-representation of [1(S), F' an A-distribution in p, and ¢ € S. Since S is simply
connected, we know that, for all s € S, there exists a unique morphism a;; from s to
tin I1(S); that is, ay, is the unique element of (I1(S)); (s, 7). We define PA(S, p, F)
to be the unique function on |S| such that, for all s € S, we have

(PAS, p, F))(s) = ((p1(s, D) (@) [F(s)],

where I use square brackets to refer to the set-theoretic image of a set under a
function. (S, p, F) is called the A-period mapping on S with basepoint  associated
topand F.
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To make this definition somewhat clearer, observe the following. For all s € S,
we know that p;(s,1)(as,) is an element of Homy (p(s), p(f))—that is, an A-linear
map from p(s) to p(7). As a matter of fact, since ay, is an isomorphism in 7(S),
the mapping p; (s, 7)(a,,) constitutes an isomorphism from p(s) to p(f) in Mod(A).
Moreover, F(s) is nothing but an A-linear subset of p(s). Hence, the value of the
period mapping at s is nothing but an isomorphic image of F(s) in the reference
module p(z) sitting over the basepoint.

Construction 1.7.4 Let A be a ring and X a connected topological space. Let F' be
a constant sheaf of Ay-modules on X. We define a functor

p: I[1(X) — Mod(A)

as follows: In the first place, we let py be the unique function on (I71(X))o (= |X|)
such that, for all x € X, we have

,OO(X) =F,,

where the stalk F is understood to be equipped with its induced A-module structure.
In the second place, we observe that, for all x € X, the residue map

b, : F(X) —> F,

is a bijection since F' is a constant sheaf on X and the topological space X is
connected. For all ordered pairs (x, y) of elements of |X|, we define p; (x, y) to be the
constant function on (171(X)); (x,y) with value 6, o (6,)~'; that is, for all morphisms
a:x — yin I1(X) we have

(p1(x,y)(a) = 6,0 (6,)".

Observe that the latter is an A-linear map from Fy to F,,. Now set p := (po, p1).
Then clearly, p is a functor from I7(X) to Mod(A).

Remark 1.7.5 Construction 1.7.4 is a special case of a more general construction
which associates—given a ring A and an arbitrary topological space X—to a locally
constant sheaf F of Ax-modules on X an A-representation p of the fundamental
groupoid of X. I briefly sketch how this can be achieved.

The object function of p is defined just as before; that is, we set po(x) := Fy
for all x € X. The morphism function of p, however, is harder to define when F
is not a constant sheaf but only a locally constant sheaf on X. Let x,y € X and
a € (I1(X))1(x,y). Let y € a; thatis, y : I — X is a path in X representing a, where
I stands for the Euclidean topologized unit interval [0, 1]. Then y*F is a constant
sheaf on I. Therefore, one obtains a mapping (y*F)o — (y*F); in the same fashion
as in Construction 1.7.4 by passing through the set of global sections of y*F on I.
Plugging in the canonical bijections (y*F)o — Fy and (y*F); — F,, we arrive at a
function Fy — F). After checking that the latter function F; — F) is independent of
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the choice y in a, we may define (p;(x, y))(a) accordingly. As you might imagine,
verifying that (p; (x, y))(a) is independent of y is a little tedious, hence I omit it.

Next, you have to verify that the so defined p is a functor from I7(X) to
Mod(A). This, again, turns out to be a little less obvious than in the “baby case” of
Construction 1.7.4. Finally, you should convince yourself that in case F is a constant
sheaf on X and X is a connected topological space, the p defined here agrees with
the p of Construction 1.7.4.

Definition 1.7.6 Let S be a complex space and .7 a module on S.
1. Letg : S — T be a morphism of complex spaces. Then V is called a g-connection
on .77 when V is a morphism in Mod(g),
Vit — 2, Qs H,

such that for all open sets U of S, all A € Os(U), and all o € 7 (U) the Leibniz
rule holds:

Vy(rh-0) = (dy)u(A) ® 0 + A - Vy(0).

2. Vis called an S-connection on /¢ when V is a ag-connection on # in the sense
of item 1, where ag : S — e denotes the unique morphism of complex spaces
from S to the distinguished one-point complex space.

Construction 1.7.7 Let g : S — T be a morphism of complex spaces, 7 a module
on S, and V a g-connection on #. Put S’ := (Sip, g~ ' Or) and let ¢ : § — S’ be the
morphism of ringed spaces given by

(idys, &" : g7 Or — O).

Then V is a morphism of modules on §" from ¢ (%) to c« (.le ®s ). Thus, it
makes sense to set

Hory (57, V) :=kerg (V : cx () — c*(.Qgl Qs H)).

Note that by definition, Hor,(7¢, V) is a module on S’. We call Hor, (77, V) the
module of horizontal sections of (7, V) relative g.

When instead of g : S — T merely a single complex space S is given, and V is
an S-connection on .77, we set

Horg(57, V) := Hor, (7€, V),

where the right-hand side is understood in the already defined sense. Hors(57, V)
is then called the module of horizontal sections of (7, V) on S.

Definition 1.7.8 Let ¢ : S — T be a morphism of complex spaces, .7 a module
on S, and V a g-connection on 7. Let p be a natural number. Then there exists a
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unique morphism
VP b @ — Y @

in Mod(g) such that for all open sets U of S, all @ € £27(U), and all o € S#°(U), we
have

(VP)u(a ® 0) = (d))u(@) ® 0 + (1)’ Ay(a ® Vy(0)),
where A stands for the composition of the following morphisms in Mod(S):

AR ®id

—1
1 o p 1 +1
(2, H) — (20 ®R,)® A QT ® .

The existence of V” is not completely obvious [2, 2.10], yet we take it for granted
here. We say that V is flat as a g-connection on ¢ when the composition

VeVt — 2; @ M

is a zero morphism in Mod(g).
Definition 1.7.9 Let S be a complex space.

1. By a vector bundle on S we understand a locally finite free module on S.

2. A flat vector bundle on S is an ordered pair (7, V) such that .7 is a vector
bundle on S and V is a flat S-connection on 7.

3. Let 57 be a vector bundle on S. Then .% is a vector subbundle of 7 on S when
Z is alocally finite free submodule of .7 on S such that for all s € S the function

t(s) : F(s) — FH(s)

is one-to-one, where ¢ : # — J¢ denotes the inclusion morphism.

Proposition 1.7.10 Let S be a complex manifold and (¢, V) a flat vector bundle
on S. Then:

1. H := Horg(s2, V) is a locally constant sheaf of Cs-modules on Siop.
2. The sheaf map
Os ®cs H— Os @cg 7 —> A
induced by the inclusion H C 7 and the Og-scalar multiplication of 7 is an
isomorphism of modules on S.
Proof This is implied by Deligne [2, Théoreme 2.17]. O

Construction 1.7.11 Let S be a simply connected complex manifold, (77, V) a flat
vector bundle on S, .% a submodule of 2Z on S, and ¢t € S. Put H := Horg(7, V).
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Then by Proposition 1.7.10, H is a locally constant sheaf of Cg-modules on Sip.
As the topological space S, is simply connected, H is even a constant sheaf of Cg-
modules on Sy,,. Thus, by means of Construction 1.7.4, we obtain a C-representation
p of I1(S):

p: I1(S) — Mod(C).

Forall s € S, we set J2(s) := C®g;, S (considered as a C-module) and denote by
Yy Hy —> J(s)

the evident morphism of C-modules. We define a functor

o : I(S) — Mod(C)
by composing p with the family (v;);es; explicitly, this means we set

ph(s) i= A (s)
forall s € S and
(01 9))(@) = Yy 0 (pi1(x. ) (@) 0 (Y) ™"

for all x,y € S and all morphisms a : x — y in [1(S). You will validate without

effort that the so declared o’ is in fact a functor from I7(S) to Mod(C).
Next, define F to be the unique function on |S| such that, for all s € S, we have

F(s) = im(t(s) : F(s) — F(s)),

where .Z(s) := C ®g,, -%s and ((s) stands for the morphism derived from the
inclusion morphism .% — J#. Then clearly, F is a C-distribution in p’ (see item 2
of Definition 1.7.2). Therefore, it makes sense to set

j)l‘(Sv (%’ V)Ngz) = (PS(Slopa /OlvF)v

where the right-hand side is to be understood in the sense of Construction 1.7.3.

Notation 1.7.12 Let V be a finite dimensional C-vector space. Then Gr(V) denotes
the Grassmannian of V, regarded as a complex space. Let me amplify this a little.

First of all, set-theoretically, Gr(V) is nothing but the set of all C-linear subsets
(i.e., C-vector subspaces) of V; that is,

|Gr(V)| = {W : Wis a C-linear subset of V}.
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Note that many authors look only at subspaces W of V which are of a certain
prescribed dimension—I look at subspaces of all dimensions at once. Secondly,
you define a topology as well as a complex structure on |Gr(V)| by means of charts
[14, Proposition 10.5]. I refrain from explaining the details. Lastly, as a technicality,
you transform the obtained manifold into a complex space by means of the standard
procedure; that is, Ogy(y) is the sheaf of holomorphic (in the chart sense) functions,
and the morphism of ringed spaces Gr(V) — e identifies the constant maps from
|Gr(V)| to C.

Proposition 1.7.13 Let S be a simply connected complex manifold, (¢,V) a flat
vector bundle on S, ¥ a vector subbundle of 7 on S, and t € S. Then P =
P.(S, (A, V), F) is a holomorphic map from S to Gr(F(t)).

Proof Set H := Horg(7, V). Then H is a locally constant sheaf of Cg-modules on
S by item 1 of Proposition 1.7.10. Since S is simply connected, there exists thus a
natural number r as well as an isomorphism (Cs5)®" — H of Cs-modules on Stop-
Denote by e = (ey, . . ., ¢,—1) the thereby induced ordered C-basis of H(S). Let sy be
an arbitrary element of S. Then, as .% is a locally finite free module on S, there exist
an open neighborhood U of s¢ in S, a natural number d, as well as an isomorphism

¢ : (Os|n)® — Fly

of modules on S|y. Denote, for any j < d, by o; the image of the jth unit vector in
(Os|)®)(U) = (Os(U))®? under the function ¢y. Then exploiting the fact that,
by item 2 of Proposition 1.7.10, the canonical sheaf map

ﬁS®CsH_)%

is an isomorphism of modules on S, we see that there exists an r xd-matrix A = (4;))
with values in O(U) such that, for all j < d, we have

0j = ZM’ “(eilv),

where we add and multiply in the &s(U)-module 57 (U). Clearly, for all s € U, the
d-tuple (0¢(s),...,04—1(s)) makes up an ordered C-basis for .% (s). Since .7 is a
vector subbundle of 7 on S, we know that, for all s € S, the map

t(s) : F(s) — FH(s)

is one-to-one, where ¢ : % — 7 stands for the inclusion morphism. Thus, for all
s € U, the d-tuple given by the association

Jr— Y Ais) - eis)

i<r
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constitutes a C-basis of
F(s) := im(c(s) : F(s) —> H(s)).
Define
L:U—C™  L(s) = (Aj(5))i<rj<c-

Then, for all s € U, the columns of the matrix L(s) are linearly independent. In
particular, without loss of generality, we may assume that the matrix L(so)|yxg iS
invertible. Since the functions s +— A;;(s) are altogether continuous (from U to C),
the set U’ of elements s of U such that L(s)|sx is invertible, is an open neighborhood
of 5o in S. We define

LU — C™, L'(s) = L(s) - (L(5)]axa) "

Then, for all s € U’, the space P(s) is the linear span in 7 () of the elements

60+ D L)y e, j<d.

d<i<r

In other words, setting ¢ := r — d and
L// . U/ N CCXd, (L”(S))L/ — (L/(s))i+dJ',

when £ signifies the mapping which associates to a matrix M € C*“ the linear span
in JZ(t) of the elements

ej(?) + ZMU ceiva(t), j<d,
i<c

the following diagram commutes in the category of sets:

UI
L”/ \\:ZU’

C* —— Gr(J(1))
h

Since the tuple (eo(),...,e—1(f)) forms a C-basis of JZ(r), we find that % is
one-to-one, and ! composed with the canonical function Cxd 5 € g a
holomorphic chart on the Grassmannian Gr(# (7)) (see Notation 1.7.12). Moreover,
the components of L” are holomorphic functions on S|y. This shows that Py is a
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holomorphic map from S|;7 to Gr(7#(f)). Since sp was an arbitrary element of S,

we infer that P is a holomorphic map from S to Gr(J2(¢)). O

Remark 1.7.14 Let S be a simply connected complex manifold, (77, V) a flat
vector bundle on S, % a vector subbundle of Z on S, and t+ € S. Then
Proposition 1.7.13 implies that P,(S, (¢, V), F) is a holomorphic map from S to
Gr(s2(t)). Therefore, since the complex space S is reduced, there exists one, and
only one, morphism of complex spaces

Pt .S — Gr(A#(1)

such that the function underlying P* is precisely P,(S, (##,V),.#). We agree
on denoting Pt again by P;(S, (47, V),.Z). Observe that, in view of Construc-
tion 1.7.11, this notation is somewhat ambiguous. In fact, P,(S, (7, V), %) may
refer to a morphism of complex spaces as well as to its underlying function now. I
am confident, however, that you are not irritated by this sloppiness.

Construction 1.7.15 Let S be a complex space and ¢ € S. Moreover, let F and H
be two modules on S. We intend to fabricate a mapping

ns.(F,H) : Homg(F, .Qsl ® H) — Homc(Ts(¢), Hom(F(¢), H(?))).
For that matter, let
¢ F— Q0H
be a morphism of modules on S. Then consider the composition

e(21,05)®idy A(H)
Oy F 527, O ® (21 ® H) “ S Os@2)9H " G H S5 H

in Mod(S). By means of tensor-hom adjunction on S (with respect to the modules
Oy, F, and H) the latter morphism corresponds to a morphism

Os —> Hom(F,H)
in Mod(S). Evaluating at t and composing the result with the canonical map
(s€om(F, H))(f) — Hom(F (), H(?)),
we obtain a morphism of complex vector spaces
Os(t) — Hom(F (¢), H(1)).
Precomposing the latter with the inverse of the canonical isomorphism

Os(1) — Ts(1),
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we end up with a morphism
Ts(r) — Hom(F (1), H(1))

in Mod(C). The latter, we define to be the image of ¢ under ng,(F, H). This yields
our aspired function ng,(F, H). Letting (F, H) vary, we may view 7s, as a function,
in the class sense, defined on the class of pairs of modules on S.

Proposition 1.7.16 Let S be a complex space, t € S. Then
ns. : Homs(—, 25 ® —) — Homc(Ts(1), Hom(=(2), —(1))).

is a natural transformation of functors from Mod(S)°P x Mod(S) fo Set.

Proof You verify that the individual steps taken in Construction 1.7.15 are alto-
gether natural transformations between appropriate functors from Mod(S)°P x
Mod(S) to Set. I dare omit the details. O

Remark 1.7.17 1 would like to give a more down-to-earth interpretation of Propo-
sition 1.7.16. So, let S be a complex space and 7 € S. Let (F, H) and (F’, H') be two
ordered pairs of modules on S, and let

(a,y): (F,H) — (F',H)
be a morphism in Mod(S)°? x Mod(S); thatis, « : F/ — Fandy : H — H’ are

morphisms in Mod(S). Moreover, let ¢ and ¢’ be such that the following diagram
commutes in Mod(S):

¢
F—— QloH

o ] l id9;®y

FF—— QloH
¢/

Then ¢’ is the image of ¢ under the function
Homg(a,idg) ® y) : Homg(F, 25 ® H) —> Homg(F', 24 @ H').

Therefore, by Proposition 1.7.16, (ns,(F’, H'))(¢') is the image of (ns,(F,H))(¢)
under the function

Homc (Ts(2), Hom(a (7)., y (1)) :
Homc(Ts(¢), Hom(F (¢), H(t))) —> Homc(Ts(¢), Hom(F' (1), H'(1))).
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This in turn translates as the commutativity, in Mod(C), of the following diagram:

idrg()

Ts(l) Ts (l)

(ns.+(F.H))(¢) l l (ns4(F" .H"))(¢")

Hom(F(¢), H(t)) ———— Hom(F'(z), H'(1))
Hom(e(1),y(1))

This line of reasoning will be exploited heavily in the proof of Proposition 1.8.7
in the upcoming Sect. 1.8.

Proposition 1.7.18 Let S be a complex space, v © F — & a morphism of modules
on S, and V an S-connection on €. Then

V. := (idg; ® coker(1)) o V o (1.56)
is a morphism
V:F — Q4 (H|F)

in Mod(S).

Proof To begin with, V, is a morphism from .# to £2§ ® (/%) in Mod(as).
That V, is a morphism in Mod(S) is equivalent to saying that it is compatible with
the Os-scalar multiplications of .7 and £2§ ® (¢ /.%). Let U be an open set of S,
o € Z(U),and A € Os(U). Then we have

(Voyu-0) =Vy@-iw(o)) =dy(d) @ w(o) + - Vuly(0)).
where d is short for the differential d} : 05 — 4. Thus,
VJu(-0) = A-(V)u(o).

which proves our claim. O

Construction 1.7.19 Let V be a finite dimensional C-vector space and F a C-linear
subset of V (i.e., F € Gr(V)). Then we write

Q(V, F) . TGr(V)(F) —> Hom(F, V/F)

for the typical interpretation of the tangent space of the Grassmannian [14, Lemme
10.7].
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Let me indicate how you define 6(V, F). For that matter, let E be a C-vector
subspace of V such that V = F @ E. Then there exists a morphism of complex
spaces

ge : Hom(F, E) — Gr(V)

with the property that gg sends a homomorphism « : F — E to the image of the
function o’ : F — V, &/(x) := x + a(x). In fact, gg is an open immersion which
maps the 0 of Hom(F, E) to F in Gr(V). Hence, the tangent map

To(gk) : Trom(r.£)(0) —> Tar(v)(F)
is an isomorphism in Mod(C). Moreover, we have a canonical isomorphism
Tom(r,£)(0) — Hom(F, E),
as well as the morphism
Hom(F, E) —> Hom(F,V/F)

which is induced by the restriction of the quotient mapping V. — V/F to E.

Lemma 1.7.20 Let S be a simply connected complex manifold, (3¢, V) a flat vector
bundle on S, ¥ a vector subbundle of 7€ on S, and t € S. Set

P = Pu(S, (A, V), F)

and define V, by Eq. (1.56), where 1 : F — J denotes the inclusion morphism.
Moreover, set

F(1) :=im(u (1) : F (1) — H(1)),
and write
o: @) — F(1),
T HW/F@) — () F))

for the evident mappings. Then o and t are isomorphisms in Mod(C) and the
Sfollowing diagram commutes in Mod(C):

1s.:(F A/ F)(V)
Ts(2) Hom(Z (1). (/. F)(1))

T(P) l T Hom(o,7)

Tar( ) (F(t)) ———— Hom(F (1), #(t)/F (1))
0(F(1),F(1)) (1.57)
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Proof The fact that o and t are isomorphisms is pretty obvious: Since .% is a vector
subbundle of 77 on S, we know that o is injective. o is surjective by the definition of
F(t). T is an isomorphism since both S (t) — 2 (t)/F(t) and S (t) — (I | F)(t)
are cokernels in Mod(C) of «(¢) : F(t) — (), where we take into account in
particular the right exactness of the evaluation functor “—(z)”.

Set H := Horg(77, V). Then by the same method as in the proof of Proposi-
tion 1.7.13, we deduce that there exist an ordered C-basis ¢’ = (e, ...,e,_,) for
H(S), an open neighborhood U of ¢ in S, as well as a ¢ x d-matrix A’ with values in
Os(U) such that the d-tuple ¢ = (o, . . ., ¢g—1) given by

o = ey + ZM, (€pilv)

i<c

for all j < d, where we sum and multiply within the Og(U)-module 2 (U),
trivializes the module .% on S over U—that is, the unique morphism (&) ®¢ —
Z|u of modules on S|y which sends the standard basis of (Os(U))® to « is an
isomorphism. Define a c-tuple e and a d-tuple f by setting

e/
i -= Catir

fri=e+ Y M) ey,

i<c
forall i < ¢ andj < d, respectively. Moreover, define a ¢ X d-matrix A by
Aj = A;j — A;j(t)
for all (i,j) € ¢ x d. Then the concatenated tuple

(f()? .. 7fd—ls €0, ... 7ec—l)

is an ordered C-basis for H(S), and
o = filu+ D Ay (eilv)
i<c

for all j < d. Thus, for all s € U, the space P(s) equals the C-linear span of the
elements

£O+ Y Ai(s)-e(). j<d,

i<c
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in 2 (t). Specifically, as A;(f) = 0 for all (i,j) € ¢ x d, we see that F(t) equals
the C-linear span of fy(?), ..., fs—1(¢) in JZ(¢). Define E to be the C-linear span of
eo(t),...,e—1(t) in F(t). Let

g : Hom(F(¢), E) — Gr(J(t))

be the morphism of complex spaces which sends an element ¢ € Hom(F(¢), E) to
the range of the homomorphism idpq) + ¢ : F(t) — J2(¢). Let

P : S|y —> Hom(F(¢), E)

be the morphism of complex spaces which sends s to the homomorphism F(t) — E
which is represented by the ¢ x d-matrix

(,)) = A;(5)
with respect to the bases (fo(),...,fa—1(f)) and (eo(?),...,e.—1(¢)) of F(¢) and

E, respectively. Then the following diagram commutes in the category of complex
spaces:

Slu

Gr (1)
Hom(F (1), E)

Let v be an arbitrary element of Tg(f). Then by the explicit description of P, we see
that the image of v under the composition

can. o T,(P) : Ts(t) —> Trom(r(.5)(0) —> Hom(F (), E)
is represented by the matrix
cxd>s (i,j) — v < (ds)u(Ay) (1.58)

with respect to the bases (fy(?), .. . ,fs—1(¢)) and (eo(?), . . . , ec—1(?)), where, for any
w € 24(U),

v o= v(w().
Note that v is a C-linear functional on 2}(r) = C ®g;, £2§ . By the definition of

6 in Construction 1.7.19, when 7 : 7 (t) — #(t)/F(t) denotes the residue class
mapping, the following diagram commutes in Mod(C):
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can.
Thom(F().£)(0) ————— Hom(F(?), E)
To(g) l i Hom(idg(). 7 |E)

Tar(se @) (F(t)) W Hom(F(t), 7 (t)/F (1))

Hence, the image of v under the composition
0(A (1), F(1)) o Ti(P)

is represented by the matrix in Eq. (1.58) with respect to the bases (fy(?), . . . , fa—1(?))
and ((ep(?)), ..., m(e.—1(¢))). On the other hand, for all j < d, we have

Vu(e) =Y (ds)u(ry) ® (eilv).
i<c
whence
(Vouley) = Y ([ds)u(dy) ® &,
i<c
where ¢; denotes the image of ¢;|y under the mapping 5 (U) — (¢ /.%)(U). Put
A = s (F,/.F)(V,). Then by Construction 1.7.15, we have
Av(@;(1) = ) (v < [ds)u(Ay)) - éi0).
i<c
Evidently, for all j < d, the mapping ¢(¢) : % (t) — 5 (t) sends ;() (evaluation in
Z here) to
(D) =) + D Ai0) - eilt) = £(0)
i<c

(evaluation in ). Thus, o(e;(¢)) = fj(t). Likewise, for all i < ¢, the mapping
(cokert)(2) : (1) — (/. F)(t) sends e;(t) to &;(r). Thus, t(7z(e;(2))) = é:i(t).
This proves the commutativity of the diagram in Eq. (1.57). O

1.8 Period Mappings of Hodge-de Rham Type

After the ground-laying work of the Sect. 1.7, we are now in the position to analyze
period mappings of “Hodge-de Rham type”’; the concept will be made precise in the
realm of Notation 1.8.2 below. As a preparation we need the following result.
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Proposition 1.8.1 Let n be an integer.

1. Let (f,g) be a composable pair in the category of submersive complex spaces.
Then Vi (f, 8) is a flat g-connection on € (f).

2. Let f : X — S be a submersive morphism of complex spaces such that S is a
complex manifold. Then Vi, (f) is a flat S-connection on € (f).

Proof Clearly, item 2 follows from item 1 letting g = as. As to item 1, the Leibniz
rule and the flatness have been established by Katz and Oda [11, Sect. 2]. ]

Notation 1.8.2 Letf : X — S be a submersive morphism of complex spaces such
that S is a simply connected complex manifold. Let n and p be integers and ¢ € S.
Assume that J#"(f) is a locally finite free module on S and F? 22" (f) is a vector
subbundle of .72 (f) on S.

1. We put

PP(f) = DS, ), Ve (). F A" (), (1.59)

where the right-hand side is to be interpreted in the sense of Construction 1.7.11.
Note that Eq.(1.59) makes sense in particular because by item 2 of Proposi-
tion 1.8.1, V& (f) is a flat S-connection on S (f), whence (S (f), Vi (f))
is a flat vector bundle on S. Note that by means of Proposition 1.7.13 we may
regard P (f) as a morphism of complex spaces,

PL(f) S — Gr((A" (M)
2. Assume that for all s € S the base change maps
of s - (A ()(s) — A (Xs)
oy - (A" (f))(s) — F A" (X,)

are isomorphisms in Mod(C). Write p’ for the C-representation of the fundamen-
tal groupoid of S which is defined for

(A, V) = (A"(f). Vou()
in Construction 1.7.11. Let
o : I1(S) — Mod(C)
be the functor which is obtained by “composing” p’ with the family of isomor-
phisms ¢ := (¢;;"S)seg. Define F to be the unique function on S such that, for all

s € S, we have

F(s) = FA"(X).



1.8 Period Mappings of Hodge-de Rham Type 83

Then clearly, F is a C-distribution in p. We set
PI(f) == PECS, p. F);

see Construction 1.7.3. Note that ¢ is an isomorphism of functors from I7(S) to
Mod(C) from p’ to p. Moreover, when F’ denotes the unique function on S such
that, for all s € S, we have

F'(s) = im((; () (s) : (B () (5) —> (H"(/)()),
then
BfS[F ()] = F(s)
for all s € S. Therefore, the following diagram commutes in the category of sets:

idg
S S

PP l l P

Gr((A" (1) —— Gr(A" (X))

Gr(g},)

Since P/"(f) is a holomorphic map from S to Gr((#"(f))(r)) by Proposi-
tion 1.7.13 and since Gr(qbffft) is an isomorphism of complex spaces (as ¢y, is
an isomorphisms of C-vector spaces), we may view P/”(f) as a morphism of
complex spaces from S to Gr(J#"(X;)). We call PY"(f) the Hodge-de Rham
period mapping in bidegree (p, n) of f with basepoint 7.

Next, I introduce the classical concept of Kodaira-Spencer maps. My definition
shows how to construct these maps out of the Kodaira-Spencer class given by
Definition 1.6.3 and Construction 1.4.19. As an auxiliary means, I also introduce
“Kodaira-Spencer maps without base change”.

Notation 1.8.3 Let f : X — S be a submersive morphism of complex spaces such
that S is a complex manifold. Then, by means of Definition 1.6.3, we may speak of
the Kodaira-Spencer class of f, written &g (f), which is a morphism

Eks(f) : Os — 25 @ R'f4(Oy)

of modules on S. We write KS; for the composition of the following morphisms in
Mod(S):

Og)~! idog ®éks(f)
Os oy, Os ® O Shtiuki Os ® (25 ® R'f+(6)))
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(05,28 R (0))) !

(05 ® 2§) ® R'f+(0))

v (29)®idgi o) AR'f(6)

— 7 G5 @R R'f(6)).

Let ¢ € S. Then define
KS}, : Ts() — (R'£(€))(1)
to be the composition of the inverse of the canonical isomorphism ®g(f) — Ts(?)
with KS;(1) : Os(t) — (Rf«(O)))(1). We call KS]’»J the Kodaira-Spencer map
without base change of f at t.
Furthermore, define

KS;, : Ts(t) — H'(X,, Ox,)

to be the composition of KS}J with the evident base change morphism

Bt RUu(O)) (@) — H' (X, Ox).

We call KSy, the Kodaira-Spencer map of f at t.

Construction 1.8.4 Let f : X — S be an arbitrary morphism of complex spaces.
Let p and ¢ be integers. We define

VPO RU(O)) ® A7) — A7)
to be the composition, in Mod(S), of the cup product morphism
= (6. 2)  R'u(6)) @ R () — RI*'1.(6; © 2))
and the RYT!f, (—) of the contraction morphism
@) 0@ 2 — 2

see Construction 1.4.11. y/* is called the cup and contraction in bidegree (p, g) for
f- As a shorthand, we write yi? for y2:4.

By means of tensor-hom adjunction on S (with respect to the modules R'f, (6y),
AP4(f), and 7P~ 14+ (f)), the morphism yf? corresponds to a morphism

R (Op) —> Homs(H7(f), 47~ 4F(f))
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in Mod(S). Let ¢ € S. Then evaluating the latter morphism at 7, and composing the
result in Mod(C) with the canonical morphism

(Hom(H79(f), 2771 (f))) (1) —> Hom((A79() (@), (A7~ (1)),

yields
Yl s R (O) (1) —> Hom((A79(£)) (1), (A7~ (1) 0)).
We refer to yf/f't’q as the cup and contraction without base change in bidegree (p, q)

of fatt.

The following two easy lemmata pave the way for the first essential statement of
Sect. 1.8—namely, Proposition 1.8.7.

Lemma 1.8.5 Let f : X — S be a submersive morphism of complex spaces such
that S is a complex manifold. Let p and q be integers and t € S. Then the following
identity holds in Mod(C):

N (A7), AT (RE(S) = v/ 0 KSp,. (1.60)

Proof We argue in several steps. To begin with, observe that the following diagram
commutes in Mod(S):

id
Os @ HU(f) Os ® A(f)
KS;®id l l ks ()
R (O) ® AP4(f) —— AP (f)
v

Thus, by the naturality of the tensor-hom adjunction, the next diagram commutes in
Mod(S), too:

Oy Os

“| |

le*(@f) —— Q%”om(t%”l’v‘l(f),jfp—l-qﬂ(f))
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Evaluating at ¢, we deduce that the diagram

id

@5(1‘) @5(1‘)

KS; (1) l l

(R'f+(07)(1) — Hom((£79(f)) (1), (77 () (1))

yj ot

commutes in Mod(C). Plugging in the inverse of the canonical isomorphism from
Og(t) to Ts(7), and taking into account the definitions of 7g, and KS}J, we infer
Eq. (1.60). O

Lemma 1.8.6 Let n and p be integers and f : X — S be a submersive morphism of
complex spaces such that S is a complex manifold. Put 7€ := 5¢"(f) and, for any
integer v, F' .= F' " (f). Denote by

1Y g — | FP

the morphism in Mod(S) obtained from (;(p — 1) : FP~L — A by quotienting out
FP. Moreover, set

vV, = (idgsl ® coker(tf (p))) o Vau(f) o 4 (p).
Then the following diagram commutes in Mod(S):

v,

Fv QL@ )T
coker(if (p.p+1)) T idQSI ®t
Fv ) g Ql o 7 ) T
Vem(®) (1.61)

Proof By Proposition 1.6.11, there exists an ordered pair (¢, E) of morphisms in
Mod(as) such that the following two identities hold in Mod(as):

Vem(f) 017 (p) = (idg) ® ¢f(p— 1)) ¢,

(idgsl ® coker (i (p — l,p))) ot=¢to coker(if (p,p + 1)).



1.8 Period Mappings of Hodge-de Rham Type 87

From this we deduce

Vv, = (idgsl ® coker (1 (p))) o Vin(f) o & (p)
(idgsl ® coker (L_';(p))) o (idg ® (f(p— 1)) o ¢
(idgsl ® (coker(tf(p)) o ¢ (p — 1))) ol
(idgsl ® (to coker(tf(p — l,p)))) ol
= (idgy ®1) o (idgsl ® coker (¢} (p — l,p))) ol
= (idg ®0D) 0 ¢ o coker(if(p.p + 1))
Taking into account that, by Definition 1.6.12, ?g;,[ H = é_‘ , we are finished. O

Proposition 1.8.7 Let f : X — S be a submersive morphism of complex spaces
such that S is a simply connected complex manifold. Let n and p be integers and
t € S. In addition, let " and y"~" be such that the following diagram commutes in
Mod(S) forv =p,p — 1:

A)

R"f'* (O-ZV Q;) FY 7 (f)
R”]_”*(jfl/(gz‘)f_z;)) l l coker(if (v,v+1))

R"]_C* (o= _(-Zf') < FV%”(f)/FVJ’_ljf"(f)
" (1.62)

Let P~ be a left inverse of yP~' in Mod(S). Assume that 7" (f) is a locally finite
free module on S and F* 7" (f) is a vector subbundle of 7" (f) on S. Put

o = k[ (0" 2}) 0 YP o coker(i}(p.p + 1),

B = (W~ D)/FA"(f) o™ o (a2
Moreover, set

F'(1) := im(( (p) (1) : B (N)(0) — ")),
and write

o (FA" ()W) — F(1),
T (A PO/F (@) — (A" ()T A" () (@)
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for the evident morphisms. Then o and t are isomorphisms in Mod(C). Besides, the
following diagram commutes in Mod(C):

KS}J
Ty R'£ ()0
l v
TP () Hom((7"7 (f)) (1), (7~ "L (£)) (1))

l Hom(e/ (1o~ !,z 1op’ (1))

Taren gy (F' (1) ——— Hom(F'(t). (A"())(1)/F' (1))
(2" (1) (1).F (1))
(1.63)

Proof Introduce the following notational shorthands:

H = A(f). 0 := 0(H (1), F'(1)),
F* = F* (f).

Furthermore, set
V, = (idgg ® coker(g;’(p))) o Viu(f) o L}l(p).

Then by Lemma 1.7.20, o and t are isomorphisms in Mod(C) and the following
diagram commutes in Mod(C):

N5 (FP. A FP) (V)

Ts(1) Hom(FP(t), (€] F7)(t))
T(PP" () j l Hom(o—!c ™)
Tar(e ) (F (1)) —9> Hom(F'(¢), 7 (t)/F'(1))

By Lemma 1.8.6, setting
U= -0/ FPrY TP — ) FP,
the diagram in Eq. (1.61) commutes in Mod(S). Therefore, with

1= coker(if(p.p + 1)) : F¥ —> FP | FPEL
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we have
s (FP A | FP) (V)
= Hom(i(1). (1)) o ns.(F"/ F**! 77 | F7) (Ve (1)
according to Remark 1.7.17. Hence, the following diagram commutes in Mod(C):

0.1 (FP ) Fr T Zr =1 | F0) (V)

Ts(1) Hom((Z? /7P (1), (F771 | FP)(1))
TP () l l Hom(i(r)oo— .t~ ol(r))
Ter(e ) (F' (1) ; Hom(F'(1), (" (f))(1)/F'(1))

By Theorem 1.6.14, the following diagram commutes in Mod(S):

PN

+1 Vau() 1 —1
ﬂl’/g‘ﬂ —>QS®§P /g‘l’
PP 951‘ ®%ﬂp—l.n—p+l

s ()

Thus, making use of Remark 1.7.17 again, we obtain

N5 (T FTHL T T (Vo)
= Hom ((kf(a7"827) o Y7) (@), (@"™" o (i (0"~ 27) ") (®))
o s (A", AT (e ().
Hence, this next diagram commutes in Mod(C):

N (AP AP (R ()
Ts(t) Hom(#P" P (1), P~ (1))

Tr(T;pAn(f)) l l Hom(a(r)oo !t~ op(1))

Tare ) (F' (1) — Hom(F'(1), (" (1)) () /F' (1))
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Employing Lemma 1.8.5, we infer the commutativity of the diagram in Eq. (1.63).
|

The next theorem is basically a variant of Proposition 1.8.7 that incorporates base
changes.

Theorem 1.8.8 Letf : X — S be a submersive morphism of complex spaces such
that S is a simply connected complex manifold. Let n and p be integers and t € S.
Let %’; and %1;—1 be such that the following diagram commutes in Mod(C) for

v=p,p—1:

B )L;'(t(\))
R'ay,, (0="823)

F"%"(Xl)
R;la}r*(jfv(giv_f_z;t)) l l coker(ty, (v,v+1))

R'Gx,, (07" 25y) < F' (X)) [P (X))
vy, (1.64)

Let a)‘;—l be a left inverse of lp;—l in Mod(C). Assume that 7" (f) is a locally finite
free module on S, that FP 7¢"(f) is a vector subbundle of 7" (f) on S, and that the
base change morphisms

bp  (A()(s) — A(Xy),
ory o (FAH"()s) — F A" (X,)

are isomorphisms in Mod(C) for all s € S. Assume there exist P, Y"~', and wP~!
such that firstly, the diagram in Eq. (1.62) commutes in Mod(S) for v = p,p — 1
and secondly, w"~" is a left inverse of Y"~' in Mod(S). Moreover, assume that the
Hodge base change map

BUIT (AP (F)) () —> AP ()
is an isomorphism in Mod(C). Then, setting

o = ky (077823 ) o Yy o coker(iy, (p.p + 1)),

B = (G (p— D/FP A" (X)) oy ' o (h (="' 25)) 7",
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the following diagram commutes in Mod(C):

KSys
Ts(1) H!(X,, Ox,)
l v
@) Hom(777 (X,), 771" (X)))
l Hom(a,B)

TGr(tﬁ'l(X,))(Fp%”(Xt)) — Hom(F*J7"(X,), %”(Xt)/Fp%n (X))
0" (Xr) FP 7 (X1)) (1.65)

Proof We set
¢ = ¢, (" (H)0) — A(X)).

Then by Notation 1.8.2, the following diagram commutes in the category of complex
spaces:

idg
S S

PP l l P ()

Gr((Z"(1)(®) P Gr(A" (X))

In consequence, letting
F'(1) == im((F () (1) : (A" (1))(1) — (" ())(®),
the following diagram commutes in Mod(C):

idr(s)

Ti(S) T:(S)

TP () l l TP ()

Tar(en () 0y (F' (1)) ———— Tarenxy) (B A" (X))
Trr((Gr(9)) (1.66)

Note that

(Gr(@)(F (1) = ¢[F ()] = F A" (X))
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due to the commutativity of the diagram

o
B0 — A (K,)

@GN0 l l & ()

(M) — A" (X))

in Mod(C) and the fact that ¢>;" /" is an isomorphism. So, when we denote by
¢ (AW F (1) — H"(X) /P A" (X,)

the morphism which is induced by ¢ the obvious way, the following diagram
commutes in Mod(C) in virtue of the naturality of 0:

Trr ) (Gr(9))
Taren )@y (F (1) Torenxy) (P A" (X;))

OA" () (0).F (1) l l O(A(X,).FP A7 (X1))

Hom(F' (1), (2" (f))(t)/F'(f)) — Hom(FP#"(X,), " (X;)/FP 4" (X,))
Hom((¢l)) ™" )

(1.67)
Define

o =k (0"82F) 0 Y7 o coker(ti(p.p + 1)),
B =~ )/FP A () ow o (=207,
and introduce the evident morphisms
o @A) — F ().
(AN W/F (1) — (DT A ()0,

Then by Proposition 1.8.7, o and t are isomorphisms in Mod(C), and the diagram
in Eq. (1.63) commutes in Mod(C).
Let

o1 () F AT ()O) — A" (X)) [ A (X))
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be the morphism which is naturally induced by ¢, similar to ¢ above, using the fact
that

(coker(i(p)) (1) : (A" ()))(1) —> (S (/B A" ())(0)

is a cokernel for (L]’f (p)) () in Mod(C). The latter follows as the evaluation functor
“—(#)” is a right exact functor from Mod(S) to Mod(C). Then we obtain the
identities

¢/ = @lrp)oo and =g ot (1.68)

Moreover, comparing &’ and «, and setting ¢ := n—p, we see that this next diagram
commutes in Mod(C):

p.n

¢4I
FAEN0) — FA(K,)

o (1) l \L a

(AN —— APIX))
Fri

(1.69)
Similarly, comparing 8’ and 8, we see that
ﬂ;{t—]q-i»]
(AP () (1) APHTL(X))
B(® l l B
(A F AT ()) — A" (X)) [FP A" (X))
1 (1.70)

commutes in Mod(C). Write

B, RUf(O)))(1) — H'(X;, Ox,)

for the evident base change morphism. Then, since the cup product morphisms
— 14 as well as the contraction morphisms y” are compatible with base change,
the following diagram commutes in Mod(C):
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70

R'f4(0)) ®s APU)(1) —— (AP~HTH()(1)

can. \L

R'£(O) (1) ®c (A74(f))(1) gtk

o |

H!'(X,. Ox) ®c API(X,) —— AP~ 1H1(X,)
!

Therefore, given that ,BP * is an isomorphism by assumption, the following diagram
commutes in Mod(C) also

(RUf+(09))(1) H'(X;, Ox,)

/] P-4
yfp,q l l "

Hom((£74(f) (1), (77171 ()(1) —— Hom(AP4(X,). A7~ F1(X)))
Hom((B7 )~ A7, )

(1.71)

According to the definition of the Kodaira-Spencer map KS;, in Notation 1.8.3, the
following diagram commutes in Mod(C):

T,(S)
R'£:(07)(1) H'(X,, Ox,)
Bl (1.72)

Taking all our previous considerations into account, we obtain

O(A" (X)), FP A" (X)) o TP (f))

U2 0" (X,), B A (X)) © Tprio (Gr()) o Ti(PP"(£))

Hom((¢1r7) ™" §) 0 0((A" () (). F (1)) o T(PL" (1))
2" Hom((¢|r) ™. §) o Hom(@' (1) 0 6™ 7™ 0 B(1)) 0 /" " 0 KS],

"% Hom(a/(¢) o @™ dio B/ @0) oy 0 KSy,

(167)
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(1.69)
(1.70)

DG\ — —1, D,
Hom(a, f) o Hom((B2H) ™", B2, ") 0 yh9 0 KS],

(a.7h Hom(a, B) o yy ¥ o :3flr o KSf,

azm Hom(a, B) o ygt’n_p o KSy,,

which implies precisely the commutativity of the diagram in Eq. (1.65). O

When it comes to applying Theorem 1.8.8, you are faced with the problem
of deciding whether there exist morphisms y" (resp. ¥, ) rendering commutative
in Mod(S) (resp. Mod(C)) the diagram in Eq.(1.62) (resp. Eq.(1.64)). Let me
formulate two tangible criteria.

Proposition 1.8.9 Let n and v be integers and f : X — S an arbitrary morphism of
complex spaces. Denote by E the Frolicher spectral sequence of f.

1. The following are equivalent:

a. E degenerates from behind in the entry (v,n — v) at sheet 1 in Mod(S);
b. there exists ' rendering commutative in Mod(S) the diagram in Eq. (1.62).

2. The following are equivalent:

a. E degenerates in the entry (v,n — v) at sheet 1 in Mod(S);
b. there exists an isomorphism V" rendering commutative in Mod(S) the
diagram in Eq. (1.62).

Proof Ttems 1 and 2 are special cases of standard interpretations of the degeneration
of a spectral sequence associated to a filtered complex; cf. [3, §1]. O

Theorem 1.8.10 Let n be an integer and f : X — S a submersive morphism of
complex spaces such that S is a simply connected complex manifold. Assume that

1. the Frolicher spectral sequence of f degenerates in the entries
I'={(p,.q) €ZxZ:p+q=n}

at sheet 1 in Mod(S);

2. forall (p, q) € 1, the module 5€71(f) is locally finite free on S;

3. forall s € S, the Frolicher spectral sequence of X, degenerates in the entries I at
sheet 1 in Mod(C);

4. forall s € S and all (p, q) € I, the Hodge base change map

Bry (A7) —> HA(X;)

is an isomorphism in Mod(C).
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Let t € S. Then there exists a sequence (") ez, of isomorphisms in Mod(C),
l}v . Fv%n(Xr)/Fv-H%n(Xt) N %v,n—V(Xt)’

such that, for all p € Z, the diagram in Egq. (1.65) commutes in Mod(C), where
we set

a:=y’o coker(ly (p,p + 1)),
B = (G, (p = D/FA"(X)) o (F7~H7". (1.73)

Proof Using Proposition 1.8.9, item 1 tells us that, for all integers v, there exists
one, and only one, ¥" such that the diagram in Eq. (1.62) commutes in Mod(S) (note
that the uniqueness of ¥V follows from the fact that both A}‘ (v) and coker(sf (v, v +
1)), and whence their composition, are epimorphisms in Mod(S)). Moreover, " is
an isomorphism. Furthermore, for all integers v,

K (0= 2)) R (6™"27) — R'fi(0™" 2) = R"7£.(20)
is an isomorphism. Thus, for all v € Z, there exists an isomorphism
B ()BT (f) — A (f)

in Mod(S). Now since, for all integers v > n + 1, the module F* 5#"(f) is zero on
S, and in particular locally finite free, we conclude by descending induction on v
starting at v = n + 1 that, for all integers v, the module F’ 7#"(f) is locally finite
free on S. Along the way we make use of item 2. Specifically, since FO.2#"(f) =
F"(f), we see that 72" (f) is a locally finite free module (i.e., in the terminology
of Definition 1.7.9, a vector bundle) on S. Moreover, for all integers i and v such
that ;< v, there exists a short exact sequence

0 — F*/F" — F*!/F" — P /F* — 0,

where we write F* as a shorthand for F*.77”(f). Therefore, we see, using
descending induction on p, that for all integers v and all integers u such that u < v
the quotient F**/F" is a locally finite free module on S. Specifically, we see that
for all integers v, the quotient 72" (f)/F’¢"(f) is a locally finite free module on
S. Thus, we conclude that F* 57" (f) is a vector subbundle of .72 (f) on S for all
integers v.

For the time being, fix an arbitrary element s of S. Then by item 3 and Proposi-
tion 1.8.9 we deduce that, for all integers v, there exists a (unique) isomorphism ¥y
such that the diagram in Eq. (1.64), where we replace ¢ by s, commutes in Mod(C).
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As the base change commutes with taking stupid filtrations, the following diagram
has exact rows and commutes in Mod(C) for all integers v:

@ =10))
0 F'(s) Fl(s) ————= V"V (s) ——> 0

o l o l l B

0 —— F2"(X,) —— F'2"(X,) —— ") — 0

L;‘(S(v—l,v)

Therefore, using a descending induction on v starting at v = n + 1 together with
item 4 and the “short five lemma,” we infer that, for all v € Z, the base change map
¢””s" is an isomorphism in Mod(C). Specifically, since ¢2 V= ¢, we see that the
de Rham base change map ¢y is an isomorphism in Mod(C).

Abandon the fixation of s and define a Z-sequence ¥ by putting, for any v € Z,

AR Ky (07"2%) 0 Yy

Let p be an integer. Then defining & and 8 according to Eq. (1.73), the commutativ-
ity of the diagram in Eq. (1.65) is implied by Theorem 1.8.8. O
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