Chapter 2
Geometry of Quasi-Metric Spaces

The main goal of this chapter is to set the stage for the rest of this monograph by
presenting a brief survey of some of the many facets of the theory of quasi-metric
spaces. Quasi-metric spaces constitute generalizations of not only the classical
Euclidean setting, but of quasi-Banach spaces and ultrametric spaces. In this work,
quasi-metric spaces will constitute the natural geometric context in which our main
results are going to be developed.

This chapter is organized as follows. In Sect.2.1 we record an assortment of
preliminary material, centered around the concept of quasi-metric spaces, and
discuss the sharp metrization theory developed in [MiMiMiMol3]. For the sake
of completeness, we will then survey various important tools used in this work such
as the existence of a partition of unity subordinate to a Whitney decomposition for
an open set in a geometrically doubling quasi-metric space. This is done in Sect. 2.2.
In this vein, we also present a Vitali-type covering lemma in Sect. 2.3.

Regarding measure theoretic aspects pertinent to present work, Sect.2.4 is
devoted to developing and exploring a general notion of d-dimensional Ahlfors-
regular quasi-metric spaces where we consider the possibility of a set, consisting
just of a singleton, having strictly positive measure.

Section 2.5 is the final section of this chapter wherein we review basic definitions
and results from [MiMiMiMo13] pertaining to the concept of the index of a quasi-
metric space. This index will play an important in the formulation of many of our
subsequent key results.

2.1 Quasi-Metric Spaces

There are two main goals of this section. First, we review the notion of a quasi-
metric space (along with related metric and topological matters) and lay out
several necessary conventions with regards to the notation used in this monograph.
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34 2 Geometry of Quasi-Metric Spaces

Second, we record a sharp metrization theorem recently obtained [MiMiMiMo13,
Theorem 3.46, p. 144]. This theorem will prove to be a superior tool in establishing
many of the results we have in mind.

To get started, given a nonempty set X, call a function p : X x X — [0, 00)
a quasi-distance (or a quasi-metric) provided there exist two finite
constants Cp, C; > 0 with the property that for every x, y, z € X, one has

p(x,y) =0<=x=y, p»x) < Cop(x,y)
2.1

and  p(x,y) < Cymax{p(x,z2), p(z,y)}.

If X has cardinality at least 2 then necessarily the constants Cy and C| appearing in
(2.1) are > 1. In this context, we define C, to be the smallest constant which can
play the role of Cj in the last inequality in (2.1), i.e.,

p(x,y)
1, 00), 22
fggx max{p(x, z), p(z.y)} ) 22

not all equal

C, =

and define 6‘,, to be the smallest constant which can play the role of Cy in the first
inequality in (2.1), i.e.,

P p(y’ x)
su

C,:=
P x,yEX p(xs y)
xy

€ [1,00). 2.3)

A quasi-metric p, as in (2.1), shall be referred to as symmetric whenever é‘p =1,
i.e., whenever p(x,y) = p(y,x) for every x,y € X. Recall that a distance' d on the
set X is called an ultrametric provided that in place of the triangle-inequality,
d satisfies the stronger condition d(x,y) < max{d(x,z),d(z,y)} for all x,y,z € X,
holds. Hence,

p ultrametric on X <= p is a quasi-distance on X and C, = Cp =1. 24

In light of this observation, it is natural to refer to the last condition in (2.1) as
the quasi-ultrametric condition for p. Given the elementary inequality
%(a + b) < max{a,b} < a+ b,a,b € [0,00), it is easy to see that this condition
is equivalent to the more commonly used quasi-triangle inequality. Namely, the
condition that there exists a constant C € (0, oo) such that

p(x,y) < C(p(x, 2) + p(z, y)) for every x,y,z € X. (2.5)

A function d : X — [0, oo) shall be referred to as a distance provided for every x,y,z € X,
the function d satisfies: d(x,y) = 0 & x =y, d(x,y) = d(y,x), and d(x,y) < d(x,z) + d(z,y).
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However, as we will demonstrate below, it is the nature of the best constant C,
(appearing the in the quasi-ultrametric condition) rather than C as in (2.5) which
will prove to be of utmost importance.

In the sequel, we shall denote by (X)) the collection of all quasi-distances on X.
It is clear that

peNX) = pP eQ(X) forevery number B € (0,00), (2.6)

where, in general, given any nonempty set 2, a function f : 2~ — [0, oc], and an
exponent 8 € (0, 0o0) we define

fP 2 —[0,00] byseting fPx):=(f()’, VxeZ. @7

Also, with 2" keeping its significance, call two functions f,g : 2~ — [0, 0]
equivalent, and write f = g, if there exists a constant C € [1, 00) with the
property that

C'f <g<Cf pointwiseon 2 . (2.8)

It follows that if p € Q(X) and o : X X X — [0,00) is a function such that
0 &~ p, then ¢ € Q(X) as well. Thus (2.8) defines an equivalence relation ~ on
(X) and we will call each equivalence class q € Q(X)/ ~ a quasi-metric
space structure on X. Finally, for each p € Q(X), denote [p] € Q(X)/ ~ the
equivalence class of p.

By a quasi-metric space we shall understand a pair (X, q) where X is a set
of cardinality at least 2, and q € Q(X)/ =. If X is a set of cardinality at least 2 and
p € Q(X) we will sometimes write (X, p) in place of (X, [p]). Given a quasi-metric
space (X, q) and p € q, the p-ball centered at x € X with radius r € (0, c0) is
naturally defined as

By(x,r) :={yeX:p(x,y) <r}. (2.9)

Given that the quasi-distance p is not assumed to be symmetric, care must be taken
when discussing the membership of a point to any p-ball. We also remark here that
it follows from (2.6) and (2.9) that whenever 8 € (0, co) there holds

By (x,r) = By(x,r'P) VxeX and Vre (0,00). (2.10)

Given a quasi-metric space (X, q), call E C X bounded if E is contained in a
p-ball for some (hence all) p € q. In other words, a set E C X is bounded, relative
to the quasi-metric space structure q on X, if and only if for some (hence all) p € q

we have diam,(E) < oo, where

diam,(E) := sup {p(x,y) : x,y € E}. (2.11)
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Given a bounded set E C X, if we wish to emphasize the particular choice of quasi-
distance p € q, then we will refer to E as being p-bounded. In this context, if
p € q, we define the p-distance between two arbitrary, nonempty sets E, F € X
to be

dist,(E, F) ;== inf{p(x,y) : x € E, y € F}, (2.12)

and if E = {x} for some x € X we shall abbreviate dist,(x, F) := dist,({x}, F).

Turning to topological considerations, we note that any quasi-metric space (X, q)
has a canonical topology, denoted 74, which is (unequivocally) defined as the
topology 7, naturally induced by a choice of quasi-distance p € q, the latter being
characterized by

def
Oecr, < OCXand Yx €O, 3re (0,00) such that B,(x.r) € O. (2.13)

For a given quasi-distance p € q, we will refer to the elements of 7, as p-open
sets. It follows from the observation in (2.10) that the topology 7, is invariant
under power-rescalings of the quasi-distance p, i.e.,

peEQ, Pe(0,00) = Tqg=71,=71yp. (2.14)
This is remarkable since, in general, it is not to be expected pf ~ p if B € (0, 00)
is a fixed number. For example, such an occurrence of this fact can been seen when
o is the Euclidean distance and the underlying set is RY.

Additionally, it is important to note that in contrast to what would be the case
in a genuine metric space, the relaxation of the triangle inequality precludes the
guarantee that all p-balls belong to 7,,. In spite of this disparity, as is well-known, the
topology induced by the given quasi-distance on a quasi-metric space is metrizable
and we shall take a moment review a main result in [MiMiMiMo13] which is a
sharp quantitative version of this fact.

To facilitate the subsequent discussion in this chapter we first make a couple of
definitions. Assume that X is an arbitrary, nonempty set. Given an arbitrary function
p: X x X — [0, 00] and an arbitrary exponent & € (0, oo] define the function

P X XX —> [0, 0] (2.15)
by setting for each x,y € X
N 1
Oa(x,y) = inf{(z (&, giH)“)“ : there exists N € Nand &p,..., &v+1 € X,
i=1
(not necessarily distinct) such that & = x and &y = y},

(2.16)
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whenever & # o0, and its natural counterpart corresponding to the case when one
has o = o0, ie.,

Poo(X,y) := inf{lm?i?vp(&,&ﬂ) :thereexists N e N, &,..., &v+1 € X, (2.17)
<i<
(not necessarily distinct) such that & = x and &y = y}.

It is then clear from definitions that

pa € Q(X),
VpeQX), Yae(0,00] = {C, <C,, and (2.18)

Pe < p pointwise on X x X.

Going further, if p : X x X — [0,00] is an arbitrary function, consider its
symmetrization pyy,, : X x X — [0, oo] which is defined by

Psym(x,y) 1= max {p(x,y), o(y,x)}, VxyeX. (2.19)
Then pgy,, is symmetric, i.e., Pgm(X, ¥) = pgom(y, x) forevery x,y € X, and pgym > p

on X x X. In fact, pyy, is the smallest [0, oco]-valued function defined on X x X which
is symmetric and pointwise > p. Furthermore, if p € Q(X) then

Psym € Q(X), Cp,, <Cp, C

ym  — Psym

=1, and p < pgym < C‘p 0. (2.20)
The reader is referred to [MiMiMiMo13, Theorem 3.26, p. 91] for a more systematic

exposition regarding the properties of p, and pyy,. Here is the quantitative metriza-
tion theorem from [MiMiMiMo13] alluded to above.

Theorem 2.1 Let (X,q) be a quasi-metric space, fix p € q, and assume that
C,, C, € [1,00) are as in (2.2)~(2.3). In this context, define (cf. (2.16)—(2.17))

P := (Psym)a, for a, = [l(’gch]_l € (0, oc]. (2:21)

Then py € qwith C,, < C, and Cp# = 1. Also, (,oV)# ~ (p#)yfor everyy € (0, 00).
Moreover, for any finite number B € (0, o), the function

dop 1 XXX —>[0.00). dpp(xy) =[x 0], VryeX. (222
is a distance on X, i.e., for every x,y,z € X, d, g satisfies
dpp(x,y) =0 & x=y (2.23)

dpp(x,y) =dpp(y.x) (2.24)

dyp(x,y) <d,p(x,2) +dyp(z,y) (2.25)
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and which has the property (dp,ﬁ)l/ﬂ & p. More specifically,

(C) 2o y) < [dope ] = psx.y) < Cpp(x,y), VxyeX. (226)

In particular, the topology induced by the distance d, g on X is precisely .
Additionally, ps satisfies the following local Holder-type regularity condition of
order B:

|0 (x.3) = po(x.2)| < & max {pu(e ), o) Y [u0r.0]"  @27)

whenever x,y,z € X (with the understanding that when 8 > 1 one also imposes
the condition that x & {y, z} ). In particular, it is straightforward to show, based on
(2.27), that the function

P X x X —> [0,00) is continuous, (2.28)

when X x X is equipped with the natural product topology tq X tq. Ergo, all pyg-balls
are open in the topology 14.

The striking feature of the result discussed in Theorem 2.1 is the fact that if
(X, q) is any quasi-metric space and p € q then p? is equivalent to a distance on
X for any finite number f € (0, (log,C,)~']. This result improves upon an earlier
version due to R.A. Macias and C. Segovia [MaSe79i, Theorem 2, p. 259], in which
these authors have identified a non-optimal upper-bound for the exponent 8. The
non-optimality of the metrization theory in [MaSe79i] has presented widespread
limitations to many subsequent publications. For example, as we will illustrate
in this monograph, this exponent directly influences the range of p’s for which
there exists a “rich” theory of Hardy spaces (H” spaces). In addition, the ability
to construct an approximation to the identity is an indispensable tool in analysis and
this exponent governs the amount of smoothness such an approximate identity can
possess. This alone has many overreaching consequences which others have taken
note (see, e.g., [HuYaZh09, Remark 5.3, p.133]).

In this regard, it is instructive to note that it was shown in [MiMiMiMo13, p. 150]
that the upper bound of &, = [log2 Cp]_1 is sharp in the following sense. Given any
finite number C; > 1, there exist a nonempty set X and a symmetric quasi-distance
p X x X — [0, 00) satisfying the quasi-ultrametric condition for the given C; and
which has the property that if o : X x X — [0, 00) is such that ¢ ~ p and there exist
B € (0,00) and C € [0, o0) for which

lo(x,y) — 0(x, 2)| < € max {o(x,»)'*, 0(x,2)'#}[0(r. 2)]’ (2.29)

whenever x, y, z € X (and also x ¢ {y, z} if B > 1) then necessarily

B =<

. 2.30
log, Ci (2.30)
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We conclude this section by proving a result pertaining to the nature of the
topology induced by a quasi-metric, which is going to be relevant in the context
of the Lebesgue Differentiation Theorem discussed later, in Sect. 3.3.

Lemma 2.2 Assume that (X, q) is a quasi-metric space. Then any open set in the
topology tq can be written as a countable union of closed sets in the topology 1q.

Proof Let O be an open set in the topology 74. Fix a quasi-metric p € q and let pg
be its regularization, as discussed in Theorem 2.1. For each j € N then consider

G = {x € 0: pu(x,y) > 1/j forevery y € X\O} (2.31)

pick an arbitrary xo € O. Since O is open in g, it follows that there exists r > 0
with the property that B, (xo,7) € O. Then for any y € X \ O we necessarily have
p#(xo,y) > r which, in turn, goes to show that xo € C; whenever j € N satisfies
J = 1/r. This establishes O = UjeN C;. There remains to show that, for each j € N,
the set C; is closed in 4. To this end, fix x; € X \ C; and note that this entails the
existence of some y; € X \ O such that ps(x;,y1) < 1/j. Select B € (O, [log, Cp]_l)
and pick a number r satisfying

Clearly, C; € O for every j, hence UjeN C; € 0. To prove the opposite inclusion,

0 < r< (1) = petxr,y)f) " (2.32)

In light of (2.25), this choice ensures that for every z € B, (x1, r) we have

pi(z yD)P < pu(z.x)P + pr(xr )P <P+ pyr ) < (1)), (2.33)

Hence, ultimately, ps(z, y1) < 1/j which places zin X \ C;. Given that z € B, (x1, 1)
has been arbitrarily chosen, it follows that B,,(x;,7) € X \ C; from which we
conclude that X \ C; is open in 74. Thus, C; is closed in 74, as wanted. O

2.2 A Whitney-Type Decomposition and Partition of Unity

In the first part of this section, we present a version of the classical Whitney
decomposition in the setting of geometrically doubling quasi-metric spaces recently
obtained in [AIMiMil3]. A variation of this result in the Euclidean setting (as
presented in, e.g., [St70, Theorem 1.1, p. 167]) has been worked out in [CoWe71,
Theorem 3.1, p.71] and [CoWe77, Theorem 3.2, p.623] for bounded open sets
and in [MaSe79ii, Lemma 2.9, p.277] for proper open subsets of finite measure
in the context of spaces of homogeneous type. Regarding a version absent of any
measure theoretic structure, we wish to mention that in [MiMiMiMo13], the scope
of this work has been further generalized as to apply to arbitrary open sets in
a geometrically doubling quasi-metric space, equipped with a symmetric quasi-
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distance. This result has further been refined in [AIMiMil3] to incorporate the
scenario when the quasi-distances are not necessarily symmetric.

In the second part of this section we present a result obtained in [MiMiMiMo13]
guaranteeing the existence of a partition of unity subordinate to the aforementioned
Whitney-type decomposition, which is quantitative in the sense that the size of the
functions involved is controlled in terms of the size of their respective supports.
A formulation in the standard setting of R” may be found in [St70, p.170].
More recently, such quantitative Whitney partitions of unity have been constructed
on general metric spaces (see [KoShTu00, GoKoSh10, Lemma 2.4, p.339]), and
on quasi-metric spaces, as in [MaSe79ii, Lemma 2.16, p.278]. Here we wish
to improve upon the latter result both by allowing a more general set-theoretic
framework and by providing a transparent description of the order of smoothness
of the functions involved in such a Whitney-like partition of unity for an arbitrary
quasi-metric space. Before formulating these results, in Theorems 2.4 and 2.5 below,
we first define the class of geometrically doubling quasi-metric spaces.

Definition 2.3 A quasi-metric space (X, q) is called geometric doubling if
there exists p € q for which one can find a number N € N, called the geometric
doubling constant of (X, q), with the property that any p-ball of radius r in X
may be covered by at most N p-balls in X of radii /2. Finally, if X is an arbitrary,
nonempty set and p € Q(X), call (X, p) geometric doubling if (X, [p]) is geometric
doubling.

Note that a quasi-metric space (X, q) is geometrically doubling if and only if

Vpeq V6O e (0,1) AN € N such that any p-ball of radius r (234)
in X may be covered by at most N p-balls in X of radii 9r. .

In particular, this ensures that the last part in Definition 2.3 is meaningful. Another
useful consequence of the geometrically doubling property for a quasi-metric space
(X, q) is as follows.

If (X, q) is a geometric doubling quasi-metric space (235)
then the topological space (X, tq) is separable. .

Throughout the remainder of the work, given a set X, we denote by 1z the
characteristic function of a set E € X. With this in mind we present the first main
result of this section.

Theorem 2.4 (Whitney-Type Decomposition) Suppose (X, q) is a geometrically
doubling quasi-metric space and fix p € q. Then for each number A € (1,00)
there exist constants A € (A,00) and M € N, both depending only on C, as in
(2.2), A and the geometric doubling constant of (X, q), and which have the following
significance.
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For each proper, nonempty, open subset 2 of the topological space (X, tq) there
exist a sequence of points {x;}jen in Q along with a family of real numbers r; > 0,
Jj € N, for which the following properties are valid:

(1) @ = U B,y ry);
jeN
(2) > 1B, (yar) < M on Q. In fact, there exists & € (0, 1), which depends only on
jeN

C,, A and the geometric doubling constant of (X, q), with the property that for
any xy € Q

#{j € N1 By (xo. e disty(v0, X \ @) N By Ar) # 0 <M, (2.36)

where in general we define #E to be the cardinality of a set E.
(3) By(xj, Arj) € Q and B,(x;, Arj) N [X \ Q] % @ forevery j € N.
(4) ri ~ rj uniformly for i,j € N such that B,(x;, Ar;) N By(x;, Arj) # 9.

Proof For the proof of Theorem 2.4, the reader is referred to [AIMiMil3]. See also
[MiMiMiMo13, Theorem 4.21, p. 184] wherein the authors present a constructive
proof in the case when the quasi-distance is assumed to be symmetric. O

We will refer to the constant M appearing in (2) in the conclusion of Theorem 2.4
as the bounded overlap constant (for the given decomposition).

In Theorem 2.5 below, we present the existence of a partition of unity subordinate
to such a decomposition produced in Theorem 2.4. A version of this result
originally appeared in [MiMiMiMo13, Theorem 4.18, p. 178] in the class of Holder-
continuous functions and was subsequently generalized to a class of functions
having a modulus of continuity in [AIMiMil3]. Theorem 2.5 below is a slight
extension of the work in [MiMiMiMo13]. Before proceeding, we take a moment
to recall the smoothness class of Hlder functions € in the context of quasi-metric
spaces.

Let (X, q) be a quasi-metric space. Also, fix a number 8 € (0, c0) and a quasi-
distance p € q. Given a complex-valued function f on X, define H61der semi-
norm? (of order B, relative to the quasi-distance p) of the function f by setting

| f) — O

(2.37)
X yEX, x#y Io(x’ y)ﬂ

| f”cg‘ﬁ(x,p) =

We introduce the homogeneous Hé1der space 4* (X, q) as
¢PX.q):={f:X—>C: | fllgsx ) < o0 for some p € q}

={f:X->C:| Sllgsx ) < oo forevery p € q}. (2.38)

2Given a vector space .2 over C, recall that a function || ]| : 2~ — [0, 00) is called a semi-norm
provided that for each x,y € 2 the following three conditions hold (i) x = 0 implies ||x|| = 0,
(@) [IAx]l = |Al-llxll, ¥ A € C, and (i) [lx + yll < llxl| + [Iyll.
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Given any S € (0, 00), it follows that {|| ||<gﬁ(X 0 PE q} is a family of equivalent

semi-norms on €7 (X, q). If p € Q(X) is given then we shall some times slightly
simplify notation and write 4 (X, p) in place of €7 (X, [p]). If we introduce an
equivalence relation, ~, on €7 (X, p) defined by f ~ gif and only if f —gisa
constant function on X, then € (X, p)/ ~ is a Banach space when equipped with
the norm || - ||<6;ﬁ(X,p). Let us also note here that if p € q and if 8 > 0 is a finite

number then for any pair of real-valued functions f, g € &P (X, q) it follows that
max{ f.g} € ¢*(X.q).  min{ f.g} € ¥ (X.q). (2.39)
with
max { | max{ £.g} s x.py: | ming /. 8l gy )
< max {|| £ llgs e p I8lgs ) (2.40)
As a notational convention, given a quasi-metric space (X, q), we will write
Lip(X. q) := €' (X.q). (2.41)

Maintaining the above assumptions on the ambient, given a complex-valued
function f on X set

I flloo := sup{| f(x)| : x € X}. (2.42)
and define the inhomogeneous Hélder space €#(X, q) as
X ={f:X>C: | floo+| Fligsx ) < oo for some p € q}
={/:X>C:| fllo+ I Fligsx ) < oo forevery p € q}. (2.43)

Note that for each fixed p € q, the space €# (X, q), when equipped with the norm

I lagmcrny == - oo + 1 lignie (2.44)

is a Banach space for every § € (0, oo) In fact, similar to as above, given any
B € (0, 00), it follows that {|| lesxp = PE q} is a family of equivalent norms on
P (X,q).

It is instructive to note that the following general fact holds. Given a quasi-metric
space (X, p), one has

BddX)Ne*(X.p) S | ¢¥X.p). Vae(0.00), (2.45)
pE©.a]
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where
BddX):={f: X—=>C: || flloo < 00}. (2.46)

Moreover, the inclusion in (2.45) is quantitative in the sense that for each & € (0, c0)
and each 8 € (0, @) there holds

I F g < max (20 Flloos | fllga e ) ¥ f € BAXK) NE(X.p).  (2.47)

Going further, we wish to note that the function spaces defined in (2.38) and
(2.43) exhibit a certain type of homogeneity with respect to power-rescalings of the
quasi-distance. Specifically, if (X, p) is a quasi-metric space and & € (0, co) is fixed,
then (X, p%) is a quasi-metric space and

P (X, p*) = €*P (X, p) and €P(X, p*) = €*P(X.p), VB € (0,00). (2.48)

We now present the result pertaining to the existence of a partition of unity.

Theorem 2.5 (Partition of Unity) Let (X, q) be a geometrically doubling quasi-
metric space and suppose 2 is an proper nonempty subset of X. Fix p € q along
with a number A > Cﬁ, where C, is as in (2.2), and consider the decomposition of 2

into the family {Bp(xj, rj)}jeN as given by Theorem 2.4 for this choice of A. Finally,
consider a number )’ € (Cp, A/C,). Then for every a € R satisfying

0<a<[log,C,] ", (2.49)

there exist a finite constant C > 1, depending only on p, o, M, and the
proportionality constants in (4) of Theorem 2.4, along with a family of real-valued
Sunctions {¢;}jen defined on X such that the following conditions are valid:

(1) foreachj € N one has
o e X and Ngllgn, < Cr (2:50)

forevery B € (0, ],
(2) foreveryj € N one has
0<¢;<1on X, ¢=0onX\B,(x,Ar)),
and @; > 1/C on By(x;,17); (2.51)

(3) one has Z%’ =1y e85 = WienByyr) = WWien Bo(.0r)-
jEN

Proof The conclusion of this theorem is a direct result of Theorem 5.1 in
[AIMiMi13] with the exception of (2.50), where it was only shown to be valid
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for 8 = «. However, if (2.50) is valid for 8 = « then the conditions in (2.51)
ensure (2.50) also holds for every 8 € (0, «]. O

The following result is quantitative version of the classical Urysohn’s lemma
which was originally proved in [MiMiMiMo13, Theorem 4.12, p. 165] and subse-
quently generalized in [AIMiMil3].

Theorem 2.6 Let (X, q) be a quasi-metric space and fix p € q. Let C,, € [1, 00) be
as in (2.2) and consider a finite number B € (0, (log, C,)~']. Suppose Fo, F1 € X
are two nonempty sets with the property that dist,(Fo, F1) > 0. Then, there exists a
finite constant C = C(p) > 0 and a function { € &P (X, q) such that

0<v<1lonX, Yv=0o0nF, y¢Yv=1on Fy, (2.52)

and for which
1l .y < C(disty(Fo. F1) ™. (2.53)

As a corollary, the space &P (X, q) separates the points in X. In particular, the
space € (X, q) contains non-constant functions.

2.3 Vitali-Type Covering Lemma on Quasi-Metric Spaces

Proposition 2.8 below is the main result in the section where we further elaborate
on the nature of the topological structure induced by a quasi-metric. As a preamble,
we first record the following basic covering result, in the spirit of Vitali’s covering
lemma, proved in [MiMiMil3].

Lemma 2.7 Let (X, p) be a quasi-metric space and fix a finite constant C, > Cf) Cp.
Consider a family of p-balls

A= {Bp(xa,ra)}ael, Xy € X, ry € (0,00) foreveryw €1, (2.54)
such that

supry < 00. (2.55)

a€l

In addition, suppose that either

(X, tp) is separable, (2.56)
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or

or every sequence {B,(x;, r;)}ien C A consistin
. ry seq p\Xjs Tj) 8

L . (2.57)
of mutually disjoint of p-balls one has lim r; = 0.
J—>00
Then there exists an at most countable set J C I with the property that
B,(xj, 1)) N By(xg, rx) =9 Vjkeld with j#k, (2.58)

and each p-ball from A is contained in a dilated p-ball of the form B,(x;, C,r;) for
some j € J. In particular,

| BoGa. 7o) S | Bo(ai. Cory). (2.59)

o€l jeJ

In turn, the above Vitali-type covering lemma is the main ingredient in estab-
lishing the following result pertaining to the nature of the open sets in the topology
induced by a quasi-metric. To introduce some notation, suppose (X, p) is a quasi-
metric space and, as usual, denote by 7, the topology canonically induced by p
on X. In this context, given any A C X let A and A° stand, respectively, for the
closure and interior of A in the topology 7,. In this regard, it is useful to recall from
[MiMiMiMo13, p. 149, (3.544)—(3.545)] that

0 €(0.C;") = B,(x.0r) € By(x.7)  (B,(x.67'r)",
VxeX, Vre(0,00). (2.60)

Proposition 2.8 Let (X, p) be a quasi-metric space such that (X, t,) is separable.
Consider an arbitrary, nonempty open set O (in the topology t, ) and fix some
e € (0, 00).

Then there exist a sequence of points {xj}jen in X and a sequence of positive
numbers {rj}jen such that the following properties hold:

(i) 0 <rj<eforeachjeN;
(i) O = U By(xj,ry) = U Bp(xj, 1) = U(Bp(xjvrj)) ,
jeN jeN jeN
(iii) there exists 0 € (0, 1) with the property that the p-balls B,(x;, 0r;), j € N, are
mutually disjoint.

Proof Assume that ¢ € (0, 00) is given and fix a finite number M > 4C2€‘p. Since
O is open, it follows that for every x € O there exists r(x) € (0,00) such that
B,(x,r(x)) € O. Introduce 7(x) := min{e, r(x)} and apply Lemma 2.7 to the family
of p-balls with bounded radii

).



46 2 Geometry of Quasi-Metric Spaces

Hence, since the topological space (X, 1,) is separable, Lemma 2.7 applies and gives
the existence of a sequence {x;};en of points in O with the property that the p-balls

B, (x,-, %) jeN, are mutually disjoint, (2.62)
and
Vxe O 3j = j(x) € N such that Bp(x, %) c B,,(x,-, %) (2.63)
Define
rj = @ foreach j € N. (2.64)

We claim that the x;’s and 7;’s just constructed are such that properties (i)—(ii) are
satisfied. To see this, note that since M > L and 7(x;) < &, itis immediate thatr; < ¢
for every j € N. Moreover, the above choices ensure that

B (x~ M) =B (x~ L) C (By(xj,1,))°, foreveryjeN, (2.65)
P\ M e\ 2¢, p\Xjs T5)) s yJ ) .

thanks to (2.60). Based on (2.65) and (2.63), we may therefore conclude that

0 < | JBo@. )" (2.66)
jeN

Moving on, whenever A € (Cp, &), which is a non-degenerate interval given
ptp

that M > 4Cg€‘p, then Ar; < 7(x;) < r(x;) for every j € N so that, by (2.60),

By(xj, 1) € By(xj, Arj) C Bp(xj, r(xj)) cO, VjeN. (2.67)
Hence,
By € 0. (2.68)
jeN

By combining (2.66) and (2.68), we may therefore conclude that (ii) holds. Finally,

choose 6 € (0,1)sothat0 < 8 < ﬁ Then 0r; < 7%) which, in view of (2.62),
ptp

shows that (iif) holds for this choice of 8, completing the proof of the proposition.
O
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2.4 Ahlfors-Regular Quasi-Metric Spaces

The bulk of this section is devoted to developing an important subclass of spaces of
homogeneous type in which we will choose to establish a theory of Hardy spaces
which generalizes well-known results in the d-dimensional Euclidean setting (where
d € N). R? is a very resourceful environment which, among other things, has a
vector space structure as well as the notion of differentiability. In contrast, we wish
to work in a setting which has minimal assumptions on the geometric and measure
theoretic aspects since, from the perspective of applications, it is not often that we
get to work in such a resourceful environment.

One such general context which has provided an environment rich enough to
do a good deal of analysis on is a space of homogeneous type introduced by
R.R. Coifman and G. Weiss in [CoWe71, p. 66] (see also [CoWe77, p.587] where
the measure is assumed to be doubling (see (2.80) below). In this setting, although a
theory of Hardy spaces exists, the assumptions are so general that it is even difficult
to identify when these named spaces are trivial (i.e., reduce to just constants). It is
this qualitative nature of the Hardy space theory which is undesirable for application
purposes.

In this work, we will ask more of our measure (in a fashion which would not
compromise our desire for minimal assumptions on the ambient) and in turn we
will be able to produce a theory which generalizes results in the Euclidean setting to
a more general geometric measure theoretic context. More importantly, this is done
without compromising the quantitative aspects of such a theory.

Given the generality of the framework of a space of homogeneous type, it may
be the case that the measure of a singleton is positive.® However, as it was shown
in [MaSe79i], there can only be at most countably many such points. For the
completeness of the theory developed in the subsequent sections of this work, we
wish to consider a space which still allows for the existence of atoms. The specifics
of this space are described in Definition 2.11 below. However, a few preliminary
notions must first be discussed.

Moving on, we make the following convention, an arbitrary set X and a topology
7 on X, we denote by Borel,(X), the smallest sigma-algebra of X containing t. With
this in mind we now record a few measure theoretic notions in Definition 2.9 below.

Definition 2.9 Suppose X is a set and 7 is any topology on X. Assume 91 is a
sigma-algebra of subsets of X and consider a measure p : 9t — [0, oo].

1. Call 4 a Borel measure on (X,t) (or simply on X if the topology is
understood) provided Borel (X)) C 9.

2. The measure ju is said to be a Borel-regular measure (again, on (X, 7) or
simply on X if the topology is understood) provided p is a Borel measure on X
satisfying

3Such points have been historically referred to as “atoms”.
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for every A € 9, there exists B € Borel, (X) 2.69)
with the property that A C B and w(A) = u(B). .

3. Given a quasi-metric structure q on X, call the measure u locally finite
provided the p-measure of every bounded subset of X is finite.

Comment 2.10 In regards to parts / and 2 of Definition 2.9, the reader is alerted to
the fact that for a measure p : 9t — [0, oo] to be Borel measure we merely demand
that 9t contains Borel,(X) and not necessarily that 9t = Borel,(X). In fact, in
the latter case the measure i would automatically be Borel-regular. In particular, if
W9 — [0, 0o] is a Borel measure then u‘ Borel, (X) is Borel-regular measure. W

We next record some definitions regarding certain aspects of the geometry of
a quasi-metric space. Suppose (X, q) is a quasi-metric space, p € q, and u is a
nonnegative measure X. In this setting we define for each x € X

R,(3) = sup{r € (0,00) : By(x,r) # X} if u(X) < oo, 270)
0o if u(X) = oo,

and
rp(x) = inf{r € (0,00) : By(x,r) # {x}}. (2.71)

In the definition of a spaces of homogeneous type one typically demands that the
measure of every ball is finite (see (3.1) below for more details). This assumption
implies that the underlying set is bounded whenever the space has infinite measure.
In this regard, at least roughly speaking, the additional assumption in (2.70) that
R,(x) = oo whenever 11(X) = oo can be thought of as an analogous condition in
this setting.

It is readily seen from the definitions in (2.70)—(2.71) that

rp(x) € [0, 00) and R, (x) € (0, oo] are well-defined for every x € X, (2.72)
rp(x) < R,(x) for every x € X, (2.73)

VIB € (Ov OO) - rpﬁ (x) = [rp(x)]ﬂ and Rpﬁ (x) = [R,D(x)]ﬂ
for every x € X, 2.74)

foreveryx € X, r,(x) > 0 = Bp(x, rp(x))z {x}, (2.75)

for every x € X, Ry(x) < 00 = X \ B,(x, R,(x))
={yeX:p(xy =R}, (2.76)
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and also

if o € q, that is, if C;, C; € (0, 00) are such that Cyp < p < C,p pointwise (02n77)

X x X then C1R, < R, < (3R, and Cir, < r, < Cyr, pointwise on X.

Observe that if (X, q) is a quasi-metric space, p € (, and u is a nonnegative
measure on X with the property that all p-balls are p-measurable then every
singleton in X is u-measurable. With this in mind, we make the following definition.

Definition 2.11 Call a triplet (X,q,pt) a d-Ahlfors-regular (quasi-
metric) space (or simply, a d-AR space) if the pair (X, q) is a quasi-metric
space, [ is a nonnegative measure on X and if for some number d € (0, co) there
exist p € q and four constants Cy, Cy, ¢y, ¢z € (0,00) with ¢; < 1 < ¢; having the
following property: all p-balls are u-measurable and

Cir? < w(B,(x,r)) < Cyrd, forallx € X
1= H( o )) 2 2.78)
and r € (0, 00) with ¢;7,(x) < r < 2R, (x),

where 7, and R, are as in (2.70)—(2.71).

Additionally, call a d-Ahlfors-regular quasi-metric space, (X,q,u), a
standard d-Ahlfors-regular (quasi-metric) space if r,(x) = 0
for every x € X.

Note that by possibly decreasing and increasing, respectively, the constants
C; and C; in (2.78), we can assume without consequence that C; € (0, 1] and
C; € [1,00). The constants cy, ¢z, Cy, and C, will be referred to as constants
depending on p. Going further, given a set X with cardinality at least 2 along with a
quasi-distance p € £2(X) and a nonnegative measure 4 on X satisfying the Ahlfors-
regularity condition described in (2.78) with p, we let (X, p, ) denote the d-AR
space (X, [p]. ).

We now collect some basic properties of d-AR spaces.

Proposition 2.12 Suppose (X,q, ) is a d-AR space for some d € (0,00).
Specifically, suppose p € q satisfies (2.78). Then there exists C € (0,00) such
that the following hold.

1. If p(X) < oo then diam,(X) < oo and

0< (Cpép)_ldiamp(X) < in}f(Rp(x) < supR,(x) < diam,(X); (2.79)
xe xeX

where Cy, C, € [1,00) are as in (2.2)~(2.3);

2. p,(Bp(x, r)) < Cr, for every x € X and positive r € [c17,(x), 00), where
c1 € (0, 1] is as Definition 2.11; this property will be referred to as the upper-
Ahlfors-regularity condition for i,
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[9%)

. < p,(Bp(x, r)), for every x € X and finite r € (0, c2R,(x)], where the
constant ¢; € [1,00) is as Definition 2.11; this property will be referred to as
the lower-Ahlfors-regularity condition for i,

. supr,(x) < diam,(X);
x€X

. Cr,] < u(§x}) < Clrp(x)] for every x € X;

C R, ()Y < u(X) < CIR, () for every x € X;

. diam,(X) < oo ifand only if u(X) < oo;

. for every parameter A € [1,00), there exists some finite constant ¢ > 0 such
that cr? < pL(Bp (x, r)),for every x € X and finite r € (0, A Ry(x)]; in particular,
for every parameter A € [1,00), there exists some finite constant ¢ > 0 such
that cr? < M(Bp(x, r)),for every x € X and finite r € (0, A diam, (X)];

9. pL(Bp(x, r)) € (0,00) foreveryx € X and r € (0, 00);

10.  satisfies (2.78) (with the same constants cy, c; ) for any other ¢ € q having

the property that all o-balls are |t measurable;

11. for every point x € X and every radius r € (0,00), B,(x, r) = {x} if and only if

there holds r € (0, rp(x)];

12. for every point x € X and every radius r € (0, 00), B,(x,r) = X if and only if

there holds r € (R,(x), 00);

13. u satisfies the following doubling property: there exists a finite constant k > 0

such that

NS R

0 < u(By(x,2r)) < kpu(Bo(x,r)) <oo, VxeX, Vre(0,00); (2.80)
14. one has
W is a Borel measure on (X, 1q), (2.81)

where 1ty is the topology induced by the quasi-metric space structure q on X;
15. there holds

X, pP. ) isa %-AR space for each fixed B € (0, c0); (2.82)

more specifically, if B € (0, 00) is fixed then u satisfies the regularity condition
listed in (2.78) in Definition 2.11 with pﬂ and with constants Cy, C,, c’f, and cg.

Proof We begin proving /. First observe that if «(X) < oo then the condition
in (2.78) implies sup,cx Rp(x) < oo. Combining this fact with (2.76) gives
B,(x,R,(x)+1) = X forevery x € X. Hence, diam,,(X) < co. Turning our attention
to proving the inequalities in (2.79), fix x € X. Observe that by the definition of a
p-ball and the nondegeneracy of the quasi-distance p, we have for every y € X with
y # xthat p(x,y) > Oandy € X \ B,(x, p(x,y)). In particular, B, (x, p(x, y)) # X.
Therefore, by (2.70) we have p(x,y) < R,(x). As such, if y,z € X then

p(z.y) < Comax{p(z,x), p(x,5)} < CoCoR, (), (2.83)
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which further implies
diam, (X) < C,C,R,(x), (2.84)

giventhaty, z € X were arbitrary. Moving on, if 7 € (0, co) is such that B,(x, r) # X
then we may choose y € X \ B,(x, r) and write

r < p(x,y) < diam,(X). (2.85)

Taking the supremum over all such r (recalling that in this case we are assuming
n(X) < oo) gives R,(x) < diam,(X). Given that x € X was arbitrary, the
inequalities in / follow from this and the estimate in (2.84).

Moving on, we next prove 2. Pick x € X and r € (0, oo) such that r > ¢r,(x).
From (2.78) we know that p,(Bp(x, r)) < Cyr* whenever r < ¢3R,(x). Thus suppose
r > c2R,(x). In this case, we necessarily have that R,(x), and therefore p(X), is
finite (cf. (2.70)). Also, from (2.76) and the fact that c; > 1 we have B,(x,r) = X.
Thus, 3 will follow once we show the existence of a constant C € (0, co), which is
independent of x and r, such that

w(X) < cri. (2.86)
Given that u(X) < oo, it is possible to choose a number C € (0, 0o) satisfying
C > (C,Cp)! (X)/diam, (X)“. (2.87)

Note that it follows from (2.79) in [ that such a choice of C implies (2.86) holds
granted that

(CpCp) (X) /diam, (X)? > pu(X)/R,(x)", (2.88)

and r > R,(x). This completes the proof of 2.

Disposing next of the claim in 3 pickx € X and r € (0, oo) such that r < c2R,(x).
From (2.78) we know that Cyr! < u(B,(x, r)) whenever r > c;r,(x). Thus suppose
r < c1r,(x). Then necessarily we have that r,(x) > 0. Moreover, collectively (2.75)
and the fact that ¢; < 1 imply B,(x, r) = {x}, for r < c¢1r,(x). Therefore, in order to
finish the proof of 3, we want a constant C € (0, co), independent of x and r, such
that

Crt < p(ix)). (2.89)

Observe that given 0 < r < ¢1r,(x), the condition in (2.78) (with r,(x) in place of
r) implies

p({x}) = Cilr,)]* = Crey?r. (2.90)
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Note that the usage of (2.78) is valid in this scenario granted (2.73) along with the
fact that c; < 1 give c17,(x) < r,(x) < c2R,(x). Hence, (2.89) holds whenever
C € (0,Cicy?).

Moving on, we next address the claim in 4. Fix x € X and note that since the
cardinality of X is at least 2, we may choose a point y € X with y # x. Then for
every ¢ € (1, 00) we have

rp(x) < ep(x,y) < ediam,(X), (2.91)

where the first inequality above is a consequence of (2.71), (2.75), and the fact
yEB, (x, ep(x, y)) with x # y. Hence,

sup r,(x) < ediam,(X), (2.92)

x€X

from which the desired conclusion follows granted ¢ € (1, co) was arbitrary.

Disposing next of the claim in 5, fix x € X and note that if r,(x) > 0, then the
desired conclusion follows immediately from combining (2.75) and (2.78). Note
that the use of (2.78) is valid since c;7,(x) < r,(x) < c2R,(x) given (2.73) and the
fact that ¢; < 1 < ¢». On the other hand, if r,(x) = 0, then it follows from what has
been established in 2 that p({x}) = 0. Hence, the estimates in 5 hold in this case as
well.

We move forward to the proof of 6. Fix x € X and note that in light of (2.70),
the desired conclusion follows if (X) = oo. If on the other hand, u(X) < oo
then necessarily we have R,(x) € (0, 00) by (2.72) and /. Consequently, the first
inequality in 6 follows from (2.78) and the fact that ¢;7,(x) < R,(x) < c2R,(x).
Regarding the second inequality, observe that (2.76) implies B, (x, 2Rp(x)) =X
which in conjunction with 2 gives

pw(X) = u(B,(x,2R,(x))) < C[2R,(x)]“ (2.93)

as desired.

Regarding the claim in 7, the fact that diam,(X) < oo whenever u(X) < oo
follows from /. Conversely, if diam,(X) < oo then fix x € X and choose the radius
r € (rp(x), 00) large enough so that B,(x,r) = X. Note that such a choice of r is
possible granted 4. From 2 we have

pw(X) = u(B,y(x,r)) < Cr' < oo (2.94)
completing the proof of 7.
We prove 8 in a similar fashion as 2 except that if the radius r € (0, co) is such

that coR,(x) < r < AR,(x) then we demand C € (0, oo) satisfies

C < u(X)/diam,(X)? < (X)/AR,(x)". (2.95)
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Again, such a choice of C is guaranteed in the current scenario by /.

Moving on, note that 9 now follows from 2 and 3 and that /0 is an immediate
consequence of parts 2—3 as well as (2.77) and (2.78).

As for the claim in /1, it is clear that if x € X and r € (0, r,(x)] then r,(x) > 0.
It therefore follows from (2.75) that B,(x,r) = {x}. Conversely, if B,(x,r) = {x},
then combining parts 9 and 5 we have that

Clrpy@) < () = p(By(x.)> 0. (2.96)

Hence, r,(x) > 0 and the fact that r € (0, r,(x)] follows from (2.71) and (2.75).
This completes the proof of /1. The justification for /2 follows along a similar line
of reasoning used in the proof of /1.

Observing that (2.80) follows from using 2-3 we address next the claim in
(2.81). It is well known, doubling condition in (2.80) implies the ambient space is
geometrically doubling in the sense of Definition 2.3 (cf. [CoWe71]). Consequently,
(2.81) follows from part (/) in Theorem 2.4 and (2.78).

There remains the matter of justifying /5. In this regard, fix § € (0, 00) and
recall from (2.10) that

B (x,r) = Bp(x, rl/ﬂ) for every x € X and every r € (0, c0). (2.97)

From this observation, we can see immediately that all balls with respect to
the quasi-distance pf are p-measurable given the measurability of the p-balls.
Moreover, the equality in (2.97) when used in conjunction with the fact that u
satisfies the Ahlfors-regularity condition in (2.78) (with p) gives

p,(Bp/; (x, r)) = M(Bp(x, rl/ﬂ)) ~ r/F  uniformly for every x € X (2.98)
and r € (0, 00) satisfying c17,(x) < r'/? < 2R, (x).

On the other hand, by (2.74) we have

x e Xandr € (0, 00) with 5 5
= rp() Sr<cRpx), (2.99)

cirp(x) < /P < R, (x)

which in concert with (2.98) ultimately yields (2.82). This completes the proof of
the proposition. O

Comment 2.13 As a consequence of Proposition 2.12, the following fact holds.
Suppose (X, q, ) is a d-AR space for some d € (0, 00). Then, one has

W satisfies the d-dimensional Ahlfors-regularity
pPEq — (2.100)
condition stated in (2.78) with ps € q
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where the quasi-distance py denotes the regularized version of p defined in
(2.21). Indeed, this is an immediate consequence of Theorem 2.1 and (2.81) in
Proposition 2.12. |

Let us further augment the list of properties in Proposition 2.12 with the
following result pertaining to the nature of a Cartesian product of Ahlfors-regular
quasi-metric spaces.

Proposition 2.14 Let N € N be ﬁxed and assume that (X,, pi), 1 <i <N, are

quasi-metric spaces. Define X := ]_[ X; and consider p := \/ pi i X xX —[0,00)
i=1 i=1
concretely given by

p(x,y) ;= max p;(x;,y;) forall x = (xy,...,xn),
1<i<N
y=01....yn) €X. (2.101)

Then p € Q(X). Moreover, assume that each (X;, p;) is equipped with a measure
Wi which renders the triplet (X;, pi, i) a di-AR space for some d; € (0, 00), and
consider the product measure defined by | := (1] @ 2 ® -+ ® un on X. Then

(X, p, 10) is (21<,<N )AR (2.102)

Proof All claims are straightforward consequences of definitions. O

We conclude this section by making some remarks. First, in the context of a
d-Ahlfors-regular space, we do not need to assume initially that the measure p
is Borel, but rather (as Proposition 2.12 outlines) this is a quality that p inherits
as a consequence (2.78). It is remarkable that this phenomenon still remains valid
in the more general setting of spaces of homogeneous type where the measure is
only assumed to be doubling in the sense that pu satisfies the condition described
in (2.80). Secondly, the doubling condition in (2.80) along with (2.81) implies that
every Ahlfors-regular quasi-metric space of dimension d € (0, 00) is a space of
homogeneous type in the sense of [CoWe71] and [CoWe77].

Lastly, granted Proposition 2.12, if we consider symmetric quasi-distances, then
it is straightforward to check that when d = 1, the definition of a 1-AR space is
equivalent to the notion of a normal space in [MaSe79i, p.258] and [MaSe79ii,
p-272] due to R.A. Macias and C. Segovia. Moreover, regarding the notion of
normal spaces of a given order (cf. [MaSe79ii, 1.9 on p. 272]), recall a normal space
(X, p, ) shall be referred to as a normal space of order o € (0, 00) if p is symmetric
and there exists a finite constant Ky > 0 with the property that

lp(x,2) — p(v. 2)| < Kor' ™ p(x, )", (2.103)



2.4 Ahlfors-Regular Quasi-Metric Spaces 55

for every x, y, z € X satisfying max{p(x, z), p(y,z)} < r. Although, in principle, the
notion of a normal space is valid for all ¢ € (0, 00), the authors proved in [MaSe79i,
Theorem 2, p. 259], that given an arbitrary space of homogeneous type, there exists
a normal space only of order « € (0, 1). In comparison, we wish mention that in
light of Theorem 2.1, any given 1-AR space is a normal space of order min{1, 8}
for every finite B € (0,«] where « is defined as in (2.21). Hence, d-AR spaces
constitute a generalization of the spaces considered in [MaSe79ii].

We now conclude this section by giving a few interesting examples of d-AR
spaces, the first of which may be regarded as the prototypical example.

Example 1 Givend € N, and a number § € (0, 00), then
R |- =17, L9, (2.104)
where £ is the d-dimensional Lebesgue measure on R, is an Ahlfors-regular space
of dimension d/ 8. |
The next example often arises in several areas of analysis.
Example 2 Givend € N, d > 2, suppose that & C R is the graph of a real-valued
Lipschitz function defined in R~!. Fix B € (0, 00) and consider
(.= 1P 1), (2.105)
where H?™! is the (d — 1)-dimensional Hausdorff measure on R restricted to the
set X is an Ahlfors-regular space of dimension (d — 1)/8. |

In the previous example, the set ¥ possessed a fair amount of regularity. In
contrast the following example highlights the fact the underlying set can be rather
rough and yet still be equipped with an Ahlfors-regular measure.

Example 3 (The Four-Corner Planar Cantor Set) Consider Eo := [0, 1]?, the unit

of side-length 4! which are located in the corners of Ey and set E; := U;;l Q{.
Iteratively, for each n € N we let C, denote the n-th generation of squares defined

located in the corners of E,—; (i.e., each Qﬂ,,j =1,...,4", is located in one of the
corners of the square QX_ |, for some k € {1,...,4""'}) and set E, := U;;l 0.

Having introduced this notation, the four-corner Cantor set in R2, is then
given by (Fig.2.1)

E:=()En. (2.106)
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EI E'.J. E;}

Fig. 2.1 The first four iterations in the construction of the four-corner Cantor set

It has been shown in [MiMiMiMol3, Proposition 4.79, p.238] (see also
[MiMiMiMol13, Corollary 4.80,p. 245]) that for each fixed 8 € (0, co), the space

(E’|._.|ﬂ

- H'E) (2.107)

is a 1/ B-Ahlfors-regular quasi-metric space. |

As is apparent from the above examples, the Hausdorff outer-measure plays
a conspicuous role, at least in the Euclidean setting. Recently, in [MiMiMi13] it
has been shown that the Hausdorff outer-measure defined on quasi-metric spaces
continues to enjoy most of the properties of its counterpart from the setting of
Euclidean spaces (see, e.g., [EvGa92] for a good reference of these properties). For
example, it is a basic result in the Euclidean setting that the Hausdorff outer-measure
is a Borel-regular outer-measure. This phenomenon, to some degree, continues to
transpire in the more general context of quasi-metric spaces. We present this result,
from [MiMiMil3], in Proposition 2.16 below. First, a definition is in order.

Definition 2.15 Let (X, p) be a quasi-metric space, and fix d € [0, c0). Given a set
E C X, for every ¢ € (0, 00) define

T

—_

o0
Hg,p’S(E) = inf{z r;i : EC\ )By(xj,r;) and r; < e for everyj} (2.108)

j=1 J

(with the convention that inf@ := o©0), then define the Hausdorff outer-
measure* of dimension d in (X, p) of the set E as

Hy ,(E) := lim Hy o (E) = sup H . (E) € [0, 00]. (2.109)

Also, define the Hausdorff dimension in (X, p) of the set E by the formula
dim;'fp(E) ;= inf {d € [0,00) : ’H,?(,p(E) = O} (2.110)

again, with the convention that inf@ := oo.

“In general, given a nonempty set X, call a function u : 2X — [0, 0] an outer-measure if
n(@) = 0and w(E) < 3 ey p(Ej) whenever E, {E;}jen C 2% satisfy E C UjenE;.
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We now make a few notational conventions. Given a quasi-metric space (X, p),
and nonempty subset E C X, we will denote by p| g, the function defined on E x E
obtained by restricting the function p to the set E x E. It is clear that that the function
ple is a quasi-distance on E. As such, we can consider the canonical topology
induced by the quasi-distance p|z on E, which we will denote by 7, .. We are now
in a position to state the aforementioned proposition (see [EvGa92, p.5,61] for a
version of this result specialized to the Euclidean setting, and [MiMiMil3] for the
more general setting considered here).

Proposition 2.16 Let (X, p) be a quasi-metric space and fix a number d € (0, 00).
Also, consider the regularized quasi-distance py (constructed in relation to p )
defined as in (2.21). Then for any E C X, the restriction of the Hausdorff outer-
measure ’H?{p to E, ie., ’HX P#iE’ is a Borel-regular outer-measure on (E,t,|,),
and the measure associated with it (via restriction to the sigma-algebra of ’HX o
measurable subsets of E, in the sense of Carathéodory) is a Borel-regular measure
on (E, t,|,)-

Furthermore, if E is ’Hd  ps-measurable (in the sense of Carathéodory; hence, in
particular, if E is a Borel subset of (E 7,) ), then the restriction to E of the measure
associated with the outer-measure Hé _ (as above) is a Borel-regular measure on
(E’ TPI.E)'

At this stage we are prepared to shed light on the following issue. Given a quasi-
metric space (X, p), characterize all Borel measures on X which satisfy an Ahlfors-
regularity condition with a given exponentd € (0, oo). In Proposition 2.17 below we
shall show that if there is such a measure p on X, then the d-dimensional Hausdorff
measure Hd , on X also satisfies the aforementioned Ahlfors-regularity condition.

X.p#

Moreover, 1f ,u is Borel-regular then necessarily p is comparable with HX o In
particular, this explains the ubiquitous role played by the Hausdorff measure in the
examples of Ahlfors-regular spaces presented earlier in (2.104)—(2.107).

Proposition 2.17 Assume that (X,q, ) is a standard d-Ahlfors-regular quasi-
metric space for some d € (0,00), i.e., assume (X,q) is a quasi-metric space
and suppose [L is a measure on X with the property that there exists p € q and
K1, k2 € (0,00) such that all p-balls are ji-measurable and

kit < ,u(Bp(x, r)) <o, for all x € X and all finite r € (0, diam, (X)].

(2.111)
Then, with ps denoting the regularized version of p as in (2.21),

’H?{’p# (Bp(x, r)) ~ ¢, uniformly for all x € X and all finite r € (0, diam, (X)].
(2.112)
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Also, | is a Borel measure and there exist two finite constants Cy, C, > 0 such that,
if T, denotes the topology canonically induced by p on X, one has

W(E) < C, H;l(’p#(E) for every p-measurable set E € X, and (2.113)

Ci M, (E) < inf  u(O) foreverysetE CX. (2.114)
’ ECOe€rx,

Moreover, there exists a unique function f satisfying the following properties:

(i) f is Borel,,(X)-measurable,
(ii) 3C3,Cy € (0,00) and A € Borel,, (X) with H ,,(A) = 0

2.115
such that C3 < f(x) < Cq4 for every point x € X \ A, ( )
oo _ d
(l”) ’U“|Borel,p(X)_ f 7_[Xn"#iBorel,p(X)‘
Hence, in particular,
o~ ayd
M Borelfp (X) ~ HXsP# |Borelfp X)" (21 16)

In addition, if the measure | is actually Borel-regular, then for the same
constants Cy, Cy as above

Ci ’Hg,p#(E) < u(E) <G ’Hg,p#(E) for all p-measurable sets E C X. (2.117)

Proof We begin by observing that p is a Borel measure, as noted in part /4 of
Proposition 2.12. Moving on, from assumption (2.111) it follows that 1 is a doubling
measure (in the sense that p satisfies the condition described in (2.80)). In turn, this
implies that (X, p) is geometrically doubling (cf. [CoWe71, p. 67]), hence

(X,1,) isseparable (2.118)

by (2.35). Our first goal is to show that the upper bound in (2.112) holds. For this
purpose, let x € X and some finite r € (0, diam,(X)] be fixed. Also, consider some
€ € (0, r). From Lemma 2.7 it follows that it is possible to cover B, (x, r) with an at
most countable family of p-balls of radii equal to ¢, i.e., one can choose a family of
points x; € X, j € I with I at most countable, such that

By(x.r) €| JBy(xj.6) and B,(xi.&) N By(x,r) #@ foralljel (2.119)
jel

By once more applying Vitali’s lemma (cf. Lemma 2.7), there exists a set J C [
(which makes J at most countable) such that {B,(x;, €) };c; are mutually disjoint and

By(x.r) € | B,(x.3Ce). (2.120)
jel
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Since by the second part of (2.119) we have B,(x;, &) € B,(x, C,(r + 2C,¢)) for
each j € J, we obtain

He o (Boe ) = ¢ D! <Y (B, (5.0) = (| Bt o))
jes jeJ jer
< (B, (x, Cp(r + 2C,e))) < ' (B, (x, Cp(1 + 2C,)r))

< der(Cy(1+2C,)r)", (2.121)

where we have used (2.111) and the fact that the p-balls are p-measurable. After
passing to the limit as ¢ — 0T, we therefore arrive at

H py (Bp(x. 1)) = lim, H pye(Bp(x. 1)) < Cr, (2.122)

which is the upper bound in (2.112).

Regarding the lower bound in (2.112), let x, r retain their earlier significance and
fix an arbitrary ¢ € (0, 00). If we now cover B,(x,r) C U?il B, (xj, ;) for some
xi € X,0 <r; <eg,je€N, (as before, such a cover always exists) then by the upper
boundin (2.111),

w(Bo(x. 1) = > pu(Bp(x. 1)) <2y 1. (2.123)
j=1 j=1

Taking the infimum of the two most extreme sides of (2.123) over all such covers
with 0 < r; < & gives iu(By(x,r)) < cHy,, .(By(x,r)) hence, using the lower
bound in (2.111),

erl < lim My, o (Bo(x.n) = Hip, (Bo(or.1). (2.124)

as wanted. In summary, the above reasoning shows that

'~ ju(By(x, r)) ~ Mg, (By(x,r)) uniformly
for all x € X and all finite r € (0, diam,(X)],

(2.125)

proving (2.112).

Consider next (2.113). To proceed, fix an arbitrary p-measurable set E C X
and assume that ’Hf(’ o4 (E) < 00 (since otherwise there is nothing to prove). Also, fix
some finite & > 0. Then for any cover {B,(xj, 7j)}jen of Ewithx; € Xand0 < r; < ¢
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for all j € N (that such a cover exists is implicit in the fact that Hg‘ﬁ, o (E) < 00) we
can write, based on the monotonicity and subadditivity of the measure pu,

H(E)fﬂ(UBp(xjarj) Zu B,(xj. 7)) < CZ M, (2.126)

j=1 j=

—_

where for the last inequality we have used the upper-bound in (2.111). Hence, taking
the infimum over all such covers we obtain

u(E) < CHy , (E) < CHy , (E), (2.127)

proving (2.113).

To prove (2.114), suppose next that £ € X is arbitrary. Let O € X be an open
set in 7, such that £ C O and assume that {Bp(xj, rj)}jEN and 6 € (0,1) are as in
Proposition 2.8. Then making use of (2.125) we have (again, recall that p-balls are
JM-measurable in the current case):

MY (E) < HY ,,(0) < D MG, (Bo(i 1)) = Y (B, (x5 77))

jeN jeN

< CY (B, 0r)) = CM(U B, (x;. erj)) <Cu(©).  (2.128)

jEN jEN

Taking the infimum over all open sets O containing E now yields (2.114).
Consider next the issue of existence of a function f as in (2.115). First observe
that by (2.112) and Proposition 2.16 we have that

(X , Borel,p (X), 7—[31( o8 is a sigma-finite measure space. (2.129)

‘Borelrp (X))

On the other hand, p ‘ Borel,, (X) is a Borel measure on X and estimate (2.113) entails
™

< Hy (2.130)

’M|Borelrp (X) |Borel,p X)"

Having established (2.129)—(2.130), the Radon-Nikodym Theorem gives the exis-
tence of a nonnegative function f satisfying (i) and (iif) in (2.115). Moreover, (see
[Ru76i, Theorem 1.40, p.30]) there exists A € Borel,(X) with the property that
’H?(’p#(A) =0andforx € X\ A,

fo e { gy Ji S M, ¢ E € Borel, (). Hy,, () > 0}

(2.131)
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with the closure taken in the canonical topology of R. On the other hand, if the set
E € Borely,(X) is such that Hy  (E) > 0, (2.113) gives

1 W(E)
. — dHe = -7 <, 2.132
@ L = 5 =< 2132

With this in hand, we deduce from (2.131) that f also satisfies 0 < f(x) < C, for
each x € X \ A, for some A € Borel,,(X) with H;l(,p#(A) = 0. Thus, in order to
complete the proof of (ii) in (2.115), there remains to establish a bound from below
(away from the zero) for f. To this end, based on (2.114), the fact that p-balls are
open and (iii) in (2.115), we may write

CiHy ,(By(x.7)) < pu(Bo(x.r)) = / fdHg,. (2.133)

By (x.r)

Employing Lebesgue’s Differentiation Theorem (see the implication (1) = (3) in
Theorem 3.14 below for details) there exists A € Borel,,(X) such that 7—[31(’ (A =0
and

lim fdMg,, = f(x) VxeX\A. (2.134)

r—0t By(x,r)

Thus, based on (2.133) and (2.134) the lower bound from (if) in (2.115) follows, as
desired.

As far as (2.117) is concerned, observe that Proposition 2.8 and (2.111) show
that the measure p has the property that

3{O}jen S 7, sothat X = | JO; and pu(0) <00 VjeN. (2.135)
JjEN

The relevance of this property stems from the implication (cf. [MiMiMil3] for
details)

1 Borel-regular measure on X satisfying (2.135)

2.136
== W(E) = Ecl(%fe ©(0), for all u-measurable sets £ C X. ( )
= Tp

As such, (2.117) follows from this, (2.113) and (2.114), finishing the proof of the
proposition. O

Comment 2.18 A careful inspection of the proof of Proposition 2.17 reveals that
the arguments made in justifying the upper-bound in (2.112), and the estimate in
(2.113) yields the following more nuanced conclusions. Assume that (X, p) is a
quasi-metric space and let y be an upper d-Ahlfors-regular measure on X, i.e.,
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suppose there exists a quasi-distance p € q with the property that all p-balls are
u-measurable and assume for some d € (0, 00) and some ¢ € (0, 0o) there holds

(Bo(x, 1)) < cr’, forall x € X and all finite r € (0, diam, (X)]. (2.137)

Then, with py denoting the regularized version of p as in (2.21), there exists a finite
constant C > 0 such that

'H,g, o8 (Bp(x, r)) < Cr?, uniformly forall x € X

and all finite r € (0, diam,(X)], (2.138)

and
W(E) < C, Hff!p# (E) forevery p-measurable set E C X. (2.139)
|

2.5 The Smoothness Indices of a Quasi-Metric Space

The goal of this section is to briefly survey some of the new concepts presented in
[MiMiMiMo13] regarding to what the authors refer to as the lower smoothness and
Holder indices. One issue that arises in working with Hardy spaces, H”(X), in the
setting of spaces of homogeneous type is that unless p is “near” to 1, then the spaces
become trivial. This is a consequence of the fact that Holder spaces may reduce to
just constant functions if the order is too large. (cf., e.g., the comment on the footnote
on p. 591 in [CoWe77] where the authors qualitatively mention an unspecified range
of p’s for which this occurs). This phenomenon is well-known in the Euclidean
setting where the space of Holder functions €P(RY) is trivial (i.e., reduces to just
constant functions) whenever 8 € (1, 00). However, given an arbitrary quasi-metric
space, this upper bound, in principle, may not be 1. Therefore, the natural questions
are, how should one interpret this upper bound for 8, and is it possible to identify
such a bound in the context of a more general setting?

In an effort to answer these questions in quantifiable manner, the authors in
[MiMiMiMo13, pp.196-246] have provided a new angle on this question by
introducing the notion of “index” (see Definition 2.19 below). In this work, this
notion of index is going to play a fundamental role in the formulation and proofs of
many of our main results. For example, the index will help identify the optimal range
of p’s for which there exists a rich theory of Hardy spaces in spaces of homogeneous
type. More specifically, the index permits us to determine just how far p can be
below 1 while still having a maximal characterization of the atomic Hardy spaces
introduced in [CoWe77].
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For the purposes we have in mind for this work, we only wish to touch briefly
upon this notion of index. The reader is referred to [MiMiMiMol3, pp. 196-246],
wherein the authors provide a systematic treatment in exploring this relatively new
concept.

Definition 2.19 Suppose (X, q) is a given a quasi-metric space.

(I) The lower smoothness index of (X, q) is defined as
ind (X, q) := sup {[log,C,] ™" : p € q} € (0, ] (2.140)

where, for every p € Q(X), the constant C,, has been introduced in (2.2).
(II) The H61der index of (X, q) is defined as

indg(X,q) := inf{a €(0,00): Vx,yeX and Ve >0 (2.141)

N
3&1,...,En+1 € X such that § = x, §y4+1 = y and ZP(&E:’H)” < 8},

i=1
with the agreement that inf @ := oco.

Whenever X is an arbitrary set of cardinality at least 2 and p € £(X), abbreviate
ind (X, p) := ind (X, [p]) and indg(X, p) := indx (X, [p]).

The terminology of “Holder index” used for (2.141) is justified by the fact that
indy (X, q) = sup {a € (0,00) : €*(X,q) # C} € (0, 00], (2.142)

which follows from [MiMiMiMo13, Theorem 4.59, p.215].

In the context of Definition 2.19, one could ask if the supremum listed in (2.140)
is ever attained. In other words, does there exists a quasi-distance p € q for
which the corresponding value of C, is the smallest among all other quasi-distances
belonging to q? As the next proposition will highlight, the answer is yes in the
Euclidean setting, (R?, | - — - |). Howbeit, this anomaly is not to be expected in
arbitrary quasi-metric spaces. In [BriMil3] the authors successfully managed to
construct a quasi-metric space for which the lower smoothness index is not attained
(which has been recorded in Chap. 1 as Theorem 1.1). Hence, the issue of whether
or not the lower smoothness index of a given ambient is attained is a delicate matter.
In fact, as we will see later in this work, this directly affects the range of p’s for
which we are guaranteed nontrivial Hardy spaces. What is becoming apparent is
that, in developing a Hardy space theory in this degree of generality, the nature of
the geometry of the ambient and the amount of analysis which can be performed on
it are intimately connected.

In order to obtain a better understanding of ind (X,q) and indy(X,q), the
following proposition collects just a few of their properties. Again, the reader is
referred to [MiMiMiMol3, pp. 196-246] for further results as well as complete
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proofs of the statements provided below. In this regard, recall that a quasi-metric
space (X, q) is said to be imperfect provided there exist a quasi-distance p € q,
a point xy € X, and a number r € (0, co), with the property that

X\ By(xo,r) #0 and dist,(X \ B,(x0,7), By(x0,7)) > 0.  (2.143)

To the point, this condition amounts to the ambient space having an “island”. With
this definition in mind we now present the following proposition.

Proposition 2.20 Suppose (X, q) is a quasi-metric space and p € q. Then
1. [log,C,]7! < ind (X, q) < indy(X, q);
2. ind (X, p*) = éind (X,p) andalso indy(X,p%) = éindH(X, p), for every

number a € (0, 00).
3. There holds

ind (X, p) = sup {& € (0,00) : py & p pointwise on X x X}, (2.144)
indy (X, p) = inf {a € (0,00) : py = 0 pointwise on X x X} (2.145)

where py is defined as in (2.16).
4. There holds

(a) p ultrametric on X = ind (X, p) = oo, in particular, if X is a set of finite
cardinality then ind (X, p) = oo;

(b) p distance on X —> ind (X, p) > 1;

(c) (X,q) imperfect —> indy (X, q) = oo,

(d) ind (Y,q) > ind (X, q) for any subset Y of X;

(e) if (X, |- 1) is a nontrivial normed vector space and if q stands for the quasi-
metric space structure induced by the norm || - ||, then

ind(Y,q) =indy(Y,q) = 1, forany

convex subset Y of X of cardinality > 2;

(2.146)

(f) ind (X, q) < 1 whenever the interval [0, 1] may be bi-Lipschitzly’ embedded
into (X, q); and

(g) ifind (X, q) < 1, then (X, q) cannot be bi-Lipschitzly embedded into some R,
deN

Comment 2.21 Given quasi-metric space (X, q), part / in Proposition 2.20 gives
that the Holder index of (X, q) always dominates the lower smoothness index
however we cannot expect that these two quantities should coincide given such an

SRecall that given two arbitrary quasi-metric spaces (X;, q;), j = 0, 1, a mapping @ : (Xo, q¢) —
(X1, qp) is called bi-Lipschitz provided for some (hence, any) p; € q;,j = 0,1, one has
p1(@(x), D(y)) = po(x,y), uniformly for x,y € Xp.
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abstract setting. In particular, although there exist nonconstant Holder functions of
order o € [ind (X, q), indy (X, q)] whenever « is finite, it is not clear if these Holder
spaces have any good properties. Going further, if it was known that ind (X, q)
was attained and was finite, then the corresponding class of Holder functions of
order ind (X, q) would consist of plenty of nonconstant functions. We will see in
Example 1 below that this is occurs in the Euclidean setting but should not be
expected to happen in general. |

We continue by recording a result from [MiMiMiMo13] (cf. Proposition 4.28,
p- 198) detailing on the nature of the index of a Cartesian product of quasi-metric
spaces.

Proposition 2.22 Let N € N be ﬁxed and assume that (X,, pi), 1 <i <N, are

quasi-metric spaces. Define X := ]_[ X; and consider p := \/ pi i X xX —[0,00)
i=1 i=1

as in (2.101). Then

ind (X, p) = min ind (X;, p;) (2.147)
1<i<N

indy (X, p) = max ind (X;, p;) (2.148)
1<i<N

We now take a moment to provide a few examples of ambient spaces and their
corresponding indices.

Example 1 As a consequence of (2.146), for any d € N and o € (0, 0o) one has

ind (R, | - —+|%) = indg(R, | - —+|) = L,
(2.149)

ind ([0, 1], - =+ ) = indy ([0, 1]9,] - =+ |*) = 2,

where |-| denotes the standard Euclidean norm in R¢. Additionally, for any exponent

p € (0, 00] one also has®

ind (L7 (R), || - = - lorey ) = ind (€M), | - = o) = min {1, p}, (2.150)
and
inds (L (R), |- = oo ) = indu (€09, I =+ ) = min {1, p}.
(2.151)
|

SHere 17 (R) and ¢7(N) are defined in a natural fashion. See Sects. 3.2 and 5.1 below for details.
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Although the notion of index is of a purely geometric nature, it is remarkable, as
the following example describes, that there is still an interaction between the index
and measure theoretic aspects of a given ambient.

Example 2 Let (X, p) be a pathwise connected quasi-metric space.” With dim;?f o as
in (2.110), suppose that there exists d € (0, co) satisfying

Vx,y € X 3T continuous path joining x and y with dimgp(l") <d; (2.152)
Then
indy(X, p) <d. (2.153)
Therefore, one has
ind (X, p) <d. (2.154)
As a consequence of this result and the observation made in Comment 2.18, given
any pathwise connected quasi-metric space (X, p) having the property that there
exists a nonnegative measure p on X satisfying the following upper-Ahlfors-regular

for some d € (0, 00),

all p-balls are p-measurable and 3¢ € (0, oo) such that (2.155)
p(By(x, 7)) < cr?,  forall x € X and all finite r € (0, diam,, (X)], .

one necessarily has indgy (X, p) < d. Hence, (2.154) holds in this case as well.
A particular case of the above setting which is worth mentioning is (2.105) where

the ambient considered, X, was the graph of a real-valued Lipschitz function defined
in R4"!, In this case, for any fixed g € (0, 0), one has that

(2, =[B! |2) (2.156)

is an Ahlfors-regular space of dimension (d — 1)/ which is pathwise connected.
Hence, in this context

ind (X, p) < indy(X,p) < (d—1)/B. (2.157)

7Call a quasi-metric space (X, p) pathwise connected provided for every pair of points x, y €
X, there exists a continuous path f : [0,1] — (X, 1,) with f(0) = x and f(1) = y, where 7,
represents the canonical topology induced by the quasi-distance p on X. We shall refer to the set
I':= f([o, 1]) C X as a continuous path joining x and y.
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The previous example highlighted the fact that if the underlying set of a quasi-
metric space exhibits enough regularity (here measured by the connectivity of the
set), then the indices listed in Definition 2.19 can not be too large relative to
the Hausdorff dimension of the space itself or the Hausdorff dimension of the
continuous paths joining various points in the space in question. In contrast, the
next two examples illustrate the fact in the absences of any sort of connectivity on
the underlying set, both the Holder and lower smoothness indices can very large.

Example 3 Let
X:={a=(a")ien: a” €{0,1} foreach i e N} (2.158)
and define d : X x X — [0, 00) by setting

d(a,b) := 27P@b) Va = (@)eneX, Vb= by € X,
where D(a,b) :=inf{i e N: a # b}, (2.159)

with the convention that inf @ = oo.

Then, for each B € (0, c0) it follows that (X, d?, ’H)l(/ 5,3) is a 1/pB-Ahlfors-regular

ultrametric space.® Thus, in particular,
indy (X, d%) = ind (X, d%) = oo. (2.160)
It follows that (X, t,) is totally disconnected and, as such, any continuous path in

(X, tf) reduces to just a point. |

We shall describe next a similar phenomenon to the one presented in Example 3,
this time in the context the four-corner planar Cantor set described in Example 4 of
Sect.2.4.

Example 4 1f E is the four-corner planar Cantor set from (2.106) and define the
function d, : E X E — [0, 00) by setting

dy(x,y) = inf{r >0:36,....Evi1 €E, N €N, such that (2.161)

x=&,y=%&y and |§—§&1(| <7, Vie{l,.,,,N}},

for each x,y € E. Then, for each fixed 8 € (0, 00) it follows that df is a well-
defined ultrametric on E and (E, d’ ,’H;/ 5 ) is a 1/B-Ahlfors-regular ultrametric

space. That is,

indy (X, d?) = ind (X, d%) = 0. (2.162)

8In general, call (X, q, 1) ad-Bhlfors-regular ultrametric space for some d € (0, 00)
if (X, q, i) is a d-AR space and q contains an ultrametric.
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Moreover, while the Euclidean distance restricted to E is not an ultrametric, it
is equivalent to d,. That is, one has (E,| - — - |# ,H;/ 5 s) a 1/p-Ahlfors-regular

ultrametric space. |

Additionally, the authors in [MiMiMiMo13] provided another example of an
ultrametric on the four-corner Cantor set which is equivalent with the restriction of
the Euclidean distance to this set. We include this example in the following comment
and refer the reader to [MiMiMiMo13, Comment 4.81, p. 245] for further details.

Comment 2.23 Given a dyadic square Q in R? (always considered to be closed),
denote by Q the set consisting of Q with the upper horizontal and right vertical sides
removed. In particular, for every n € Z the plane R? decomposes into the disjoint
union of all Q’s where Q runs through the collection of all dyadic cubes with side-
length 27", Then the function d : R? x R? — [0, o) given by

d(x,y) := inf{€(Q) : O dyadic cube such thatx,y € 0}, Vx,y € R?, (2.163)

is a well-defined ultrametric on R?. In particular, with E denoting the four-corner
planar Cantor set in (2.106), it follows that d| g is an ultrametric on E. Additionally,
with d, asin (2.161),

d|g~ d,. (2.164)

The claims made in Comment 2.23 have natural formulations in all space
dimensions. In particular, a result related to the one-dimensional version reads as
follows.

Example 5 Let X := [0, 1) and for each x, y € X set

L(x,y), ifx ,
d(x,y) := O( )i)f 7 (2.165)
E} X = ys

where, for x, y € X such that x # y,

L k)

£(x, ) is the length of the smallest dyadic interval [2n s

(2.166)
containing both x and y, where k € Nissuchthat 1 <k <2"—1.

Then d is a well-defined ultrametric on X. Hence indy (X, d) = ind (X, d) = oco. W

The last example we wish to discuss here illustrates that the inequality
ind (X, q) < indy(X, q) appearing in Proposition 2.20 for any quasi-metric space
(X, q) can be strict. See Comment 4.38 on p.206 and Remark 4.49 on p.211 in
[MiMiMiMo13].
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Example 6 Leta, b, c,d be four real numbers with the property thata < b < ¢ < d.
Then,

ind ([a,b] Ule,d], |- —- |) =1 (2.167)
whereas
indH([a, blU e, d],|-—- |) = 00. (2.168)
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