Fractional Brownian Motion
and an Application to Fluids

Chandana Wijeratne and Hakima Bessaih

Abstract In this chapter, we review the fractional Brownian motion (fBm) and
some of its properties. It is a Gaussian process that is characterized by its covariance
function and its hurst parameter H € (0,1). When H > 1/2, we introduce the
stochastic integral with respect to a fBm by using fractional integrals. This is a
pathwise approach based on the Riemann Stieltjes construction using the Holder
continuity of the process. An application related to fluids is provided. This is an
integrodifferential equation representing the dynamic of a vortex filament associated
to an inviscid, incompressible, homogeneous fluid in R3. We prove existence and
uniqueness of solutions in a functional space of Sobolev type.

1 Introduction

This chapter begins with a short introduction to fractional Brownian motion (fBm)
and a description on the vortex filament associated to a 3D turbulent fluid flow. In
Sect. 2, assumptions and the functional setting of our problem have been introduced.
We recall the notions of fractional integrals and some related a priori estimates in
Sect.3. In Sect.4, we introduce the notion of integration with respect to a fBm.
Section 5 contains our main results about the existence and uniqueness of a global
solution for the Eq. (5) with most of their proofs.
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1.1 Fractional Brownian Motion

Fractional Brownian motion (fBm) was first introduced by Kolmogorov in 1940 by
the name “Wiener spiral” [26] within a Hilbert space setting. The name “fractional
Brownian motion” is due to Mandelbrot and Van Ness as they gave a representation
to the fractional Brownian motion through a fractional integral with respect to the
standard Brownian motion in 1968 [31].

Definition 1 Let BY = {Bf, 1 > 0} be a stochastic process, and H € (0, 1). B is
called a fractional Brownian motion (fBm) with Hurst parameter H,, if it is a centered
Gaussian process with the covariance function

1
Ru(y,m = EB)B'I = 0" +y*" —n—y P, y,nz0. (1)

Fractional Brownian motion is parameterized by a parameter H, known as the
‘Hurst parameter’, and it is also due to Mandelbrot. Mandelbrot named the parameter
after the hydrologist Hurst who did a statistical study of the yearly water run-offs
of the Nile river [23]. The parameter H € (0, 1) and when H = %, we recover
the well known standard Brownian motion. Hence fractional Brownian motion is a
generalization of the standard Brownian motion. Many authors treat the fBm in three
different families corresponding respectively to0 < H < %, H = %and% <H<1.

Fractional Brownian motion finds applications in diverse fields such as fi-
nance, economics, biology, physics and engineering. Whenever we are interested
in processes with self similarity, long memory, stationary increments fBm is a nat-
ural candidate. Applications of fBm have been studied by many authors. For instance
in mathematical finance, Cheridito [10] constructed arbitrage strategies using fBm,
Comte and Renault [12] presents continuous time models with long memory with
fBm, and Rogers [38] discussed use of fBm in modeling long range dependence
of share returns. In engineering applications for instance, in [19] a queue with an
infinite buffer space and fBm as a long-range dependent input have been studied. In
[34] Norros presented a model for connectionless traffic using fBm. In [28] the self
similarity of fBm has been studied in capturing fractal behavior in Ethernet local
area network traffic.

1.2 Properties of Fractional Brownian Motion

Many authors have studied fBm in different approaches. For instance, [20] describes
fBm together with a detailed presentation on self similarity which is an interesting
property of fBm. Theory and applications of the long range dependence, another
widely used property of fBm can be found in [17]. For a comprehensive treatment
of fBm, see for instance [8, 33, 35]. The Hurst parameter H relates with the sign
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of the correlation of the increments, regularity of the sample paths, and many other
properties of fBm as described below.

e Self-similarity: Fractional Brownian motion with Hurst parameter H is H
self similar. For any constant a > 0, the two processes {BH (at), t = 0} and
{a" BH (t), t > 0} are equal in their probability distributions. This is a fractal prop-
erty of fBm and results from its covariance function (1).

e Stationary increments: Fractional Brownian motion has stationary increments.
Using the covariance function (1), one could verify that {B¥ (t + h) — B (h)} and
{B* (1)} have the same probability distribution for # > 0.

e Independent increments: Fractional Brownian motion has independent incre-
ments if and only if H = % When H = % it can be seen that E[BY (1) B (5)] =
min{s, ¢} and we recover the ordinary Brownian motion. For H # % increments of
fBm are not independent. When H > % the increments are positively correlated,
and for H < %, they are negatively correlated.

e Long range dependence: Let {X (t),t > 0} be an H —self similar process with
stationary increments, and non-degenerate for all 7, with E[X (1)2] < oc. Suppose
Em)=Xn+1) — X)) and r(n) = E[E0)E(n)], forn = 0,1,2.... Then, for
% < H < 1 wehave >, |r(n)] = oo and this property is known as long range
dependence. Fractional Brownian motion exhibits long range dependence or long
memory when H > % The coupling between values at distinct points of time de-
creases quite slowly as the time difference increases. This is in contrast with the short
range dependence of some processes where the coupling between values at distinct

points of time decreases quite rapidly (exponentially) as the time difference increases.

e Markovian property: Recall that a Gaussian process with covariance R is

Markovian if and only if R(s,u) = W foralls <t < u. Applying the

covariance function in (1) one can see that fBm is Markovian if and only if H = %

e B Holder continuity: For the sample path properties of fBm, it has continuous
trajectories. In particular, fBm admits a modification which is Holder continuous of
order B if and only if 8 € (0, H). This can be seen ny applying Kolmogorov’s con-
tinuity criterion, for instance see [20]. Thus, value of the Hurst parameter H decides
the regularity of sample paths.

e Differentiability: Fractional Brownian motion is almost surely nowhere differ-
entiable. As fBm has stationary increments, consider the point ¢ = 0. If the derivative
(B™)/(0) exists, then we have B (s) < (e + (B)'(0))s, for some positive s < s¢
and B is 1-Holder continuous at t = 0, contradicting the Holder continuity of fBm.
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e p-variation: Let f be a real valued function on [0, T], IT := {t | 0 = 1y <
1 < --- < t, = T}, be a partition of [0, T], and p € [1,00). Then the p-
variation of f along the partition ITis V,(f : IT) := szen | ftr) — fte—1)|?.
If V,(f) := supp V,(f : 1) is finite, then f has bounded p-variation. Fractional

Brownian motion has zero bounded p-variation when p > % a.s. and unbounded

p-variation when p < 7.

e Semimartingale: A semimartingale can be written as the sum of a bounded vari-

ation process and a local martingale which has finite quadratic variation. If H < %

the quadratic variation is infinite, and if H > % the 1-variation is infinite. Thus, most
importantly the fBm with H # % is not a semimartingale. As a consequence, the well
developed It calculus which is applicable to semi martingales can’t be used to define
the stochastic integral with respect to the fBm. As a result, different approaches have
been introduced when working with fBm.

The definition of stochastic integrals with respect to the fractional Brownian mo-
tion f(; u SdB_fI where u is a stochastic process has been investigated intensively by
several authors. One approach is deterministic pathwise approach that is based on the
Riemann-Stieltjes construction using the Holder continuity and is due to Young [40].
This is applicable only for Hurst parameters H > % This idea has been extended,
see [14, 15, 22, 29, 30] and a rough path theory which is valid for Hurst parameters
H > ‘l‘ has been introduced and studied. As fBm is a Gaussian process another
approach is to use Malliavin calculus or stochastic calculus of variation with the use
of divergence operator and for more details refer [27, 35, 36]. For a comprehensive
treatment of stochastic integrals with respect to the fractional Brownian motion refer
[1, 2,9, 13, 16, 18, 25, 37].

1.3 An Application of fBm to Fluids

In the present work, we are using the pathwise argument to solve an integral equation
which is an approximation of the line vortex equation. In particular, we will assume
that the vorticity field associated to an ideal inviscid incompressible homogeneous
fluid in R3 is described by a fractional Brownian motion with Hurst parameter H > %
and we will study its evolution through a pathline equation. Let us denote by w this
vorticity field then

w:=V xu,

where u is the velocity field in R3. If we denote by X, (x) the position at time 7 of the
fluid particle that at time 0 was at x € R3. We have the following path-lines equation

— =, X, (x)). 2

dX;(x)
dt
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Now, let us assume that the vorticity field is concentrated on a fractional Brownian
curve B as follows

1
o(t,x) = r/ 8(x — B (1)) dBf (1), 3)
0

where § is the usual “Dirac delta function”, I' > 0 is the intensity of vorticity,
& € [0, 1] is the arc-length, while the parameter ¢ represents the time. Using the
Biot-Savart formula, the Eq. (2) becomes

dX :
; = / O(X¢ (1) — By (1) dB; (1), @
1 0
with
X:(0) = ¢¢.

Here ¢ is the initial condition and the matrix valued function Q is the singular
matrix

-T 0 ¥y —»
anlyp -y 0
y y2 —=y1 0

For an introduction to this topic we refer to [, 11, 32, 39] and for a more probabilistic
approach to [21]. When B# is replaced by X, the Eq. (4) has been studied by [3] for
a smooth closed curve X in the Sobolev space W!-? and an existence and uniqueness
theorem has been proved for local solutions in time. Later, local solutions in some
spaces of Holder continuous functions have been investigated in [6] that have been
extended to global solutions in [4].

In this work, we will be dealing with an approximation of Eq. (4), the approxima-
tion will be on the matrix Q, while the study of Eq. (4) is left for a subsequent paper.
Furthermore, in order to make the exposition of our results easier to understand, we
will make the assumption that the function X is a real valued function, however,
our results will still be true for a vector valued function X. More precisely, we are
interested in the following integrodifferential equation

_—
Ye(t) = ¢ + /0 /0 A(Y,(5)) dBH (s)ds, (5)

where for all € [0, T], B (1) = {BEH @), £ €0, 1]} is a real valued fractional

Brownian motion of Hurst parameter H > %, A is a bounded and differentiable real
valued function with a Lipschitz continuity property, £ is a parameter in [0,1].
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2 Some Preliminaries

2.1 The Integrodifferential Equation

Here we study the following equation.

Ye(r)

£
/ A(Y, (1)) dB] (1), & € [0, 1]and € [0, T] (6)
at 0

with
Y:(0) = ¢

or alternatively, we can consider the integral form

toré
Ye (1) = ¢ +/0 /0 A(Y,(5)) dBY! (s)ds, (N

where B is a fractional Brownian motion defined on a complete probability space
(2, 7, P). Here the stochasticity is with respect to & and this is deterministic with
respect to time. The initial condition is ¢z and A : R — R is a measurable function
that satisfies the assumptions given below.

2.2 Assumptions

Let us assume that:

Al. A is differentiable.

A2. There exists M; > 0 such that |[A(x) — A(y)| < M|x — y| forall x, y € R.
A3. There exists M, > 0 such that |A(x)| < M, for all x € R.

A4. For every N there exists My > 0, such that

|A'(x) — A'()| < Mylx — y| forall |x], [y| < N.

2.3 Functional Setting

Let % <H<1l,1-H<a< % We will introduce the following functional spaces.

Let C([0, T], W*°[0, 1]) be the space of measurable functions f : [0, T] x
[0, 1] — R such that

& _
| £ loooi= sup  sup (If(t,éf)l+ | {:f;”)'dn)mo. ®)
1€[0,T] £€[0,1] 0 E-m
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Let C([0, T], WO1 %010, 1]) be the space of measurable functions f : [0, T'] x
[0, 1] — R such that

. [f(t,8) — f(, )l
l f ”l—oc,oo,O ‘= Ssup sup -
1€[0,T]0<y<& <1 E-n
& _
+/ lf, y) ]2“_(t,77)|dy) - ©)
n (y —m=—«

Let W1([0, 1]) be the space of measurable functions f : [0, 1] — R such that

', " IfG) = )
I f teai= [ / [T sy < e a0

3 Some a Priori Estimates

Since fBm with Hurst parameters H > % have sample paths that are A-Holder
continuous for all A € (0, H), the construction of the integral with respect to a fBm
will be performed using a pathwise argument by means of fractional derivatives and
integrals. We refer to [24, 37] for more details.

3.1 Fractional Integrals and Derivatives

As usual we denote by L?(a, b) the space of all Lebesgue measurable functions
f : (a, b) — R such that

1

b L
| £ lerami=( | 1£@)1Pdx)" < o0 an

fora < band 1 < p < oo. Let us recall some definitions on Riemann-Liouville
fractional integrals and Weyl derivative.

Definition 2 Let f € L'(a, b) and o > 0. The left-sided and right-sided Riemann-
Liouville fractional integrals of f of order « are defined for almost all x € (a, b) by

1 o f»
D) ), (x—yl—@

Iy f(x) = dy (12)

and
(O D L ()

bt =T ), G=ne

13)
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respectively, where (—1)™® = ¢~"% and I'(a) = fooo r@=De=rdr is the Gamma
function or the Euler integral of the second kind.

Definition 3 Suppose I, (L?) is the image of L?(a, b) under the operator /, and
I _(LP) is the image of L”(a, b) under the operator /)’ . Let0 < o < 1, then we
define the Weyl derivative for almost all x € (a, b) as

e £ A i)
Dyy f(x) = 'l —a) ((x —a) T @ (x—yet!

dy) Lap ) (14

when f e I¥ (L?), and

DY f(x) = (—1)“)( f ) / SO =ro,

ra- (b —x)™ (y — x)etl ) lap(x)  (15)

when f € I (L?).
The convergence of the integrals at the singularity y = x holds pointwise for
almost all x € (a, b) when p = 1, and in L? sense when 1 < p < 0.

‘We now introduce the following notations in order to define the generalized Stielt-
jes integrals. Assuming the limits exist and are finite, let

fla+) =limeo f(a + e),
gb—) =lime\ g(b —€),
Ja+ () = [f (x) = flat)]l(a,p)(x),
8r—(x) = [g(x) — g(b—)]1(4,p)(x).

Definition 4 Suppose that f and g are functions such that f (a+), g(a+) and g(b—)
exist, fy4 € I (LP) and g, € I;:”‘(Lq) for some p,q > 1, % +1 < 1and
0 < a < 1. Then the generalized Stieltjes integral of f with respect to g is defined
as follows, (using (14) and (15)),

b b
/ fdg = (_1)a/ a+fa+(x)Db_ gr—(x)dx+ fla+H)g(b—) — gla+)].
a a (16)

Remark that if «p < 1, under the assumptions of the above definition, we have
f e 17, (L?), and (16) can be written as

b b
/ fdg = (—1)“/ DY, far (x)Dy~% g (x) dx. 7)

Fora < ¢ < d < b, the restriction of f € 17, (L?(a, b)) to (c, d) belongs to
I% (L?(c,d)) and the continuation of f e I% (L?(c,d)) by zero beyond (c, d)
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belongs to I, (LP(a, b)). Thus, if f € I (L?) and g»— € I;:"‘(Lq), then the

integral fab 1(c,a) fdg in the sense of (17) exists forany a < ¢ < d < b, and
whenever the left-hand side is defined in the sense of (17), we have

d b
/fng/ l(c,d)fdg. (18)

3.2 A Priori Estimates

We have the following basic estimates. Let

1 11—«
Ay = — D 19
(8) rd—a 0<Zlil§<1 |(De_"ge—)(M)]. (19)
Then |
Ag(g) < m I g ll1—a,000< 00. (20)

If fe W"(0,1),and g € Wg‘“m(o, 1) then the integral foé f dg exists for all
Eel0,1].
Also, by (18) we have

£ 1
/fdg=/ Floe ds.
0 0

Using (17) we get

/ fdg = (~1)" /0 DY, F(DIge_(n) di.

’/ngdg

Then

= 0P 1D} g <n>|/ DS, Fn)| dn.
<n<€&

/ngdg

Hence

=A@ I f et - 2L
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4 Stochastic Integrals with Respect to a fBm

Let us recall the following result, for details and proofs see [37].
Lemmal Let {B,? : n > 0} be a real-valued fBm of Hurst parameter H € (%, 1).
1fl—H<ot<%,then

E sup |D,*BE (y)IF < oo, (22)
O0<y=n=1

forall p € [1, 00).

Let {B,f :n € [0, 1]} be areal-valued fBm, with the Hurst parameter% < H <1,
defined on a complete probability space (2, #, P). By (1), we have

E(BE — BI?) = 1n—yI*H,
and for any p > 1 we have
1
I B = Bl 1,=[E(B]' — Bl'|")]7 =c,ln—y|". (23)

By Lemma (1) we know that the random variable

G sup  [D, "Bl (y)| (24)

INQREN)) O<y<n<l
has moments of all orders.
As a consequence for | — H < a < %, the pathwise integral foﬂ u},dBf exists

when u = {u,,n € [0, 1]} is a stochastic process whose trajectories belong to the
space wel and B}ff is a fBm with H > % Moreover, we have the estimate

1
u, dB
I

5 Main Results with Proofs

< Gllulla1- 25)

5.1 Main Result

We state the main result of the present work:

Theorem 1 Leta € (1 — H, %). Assume that ¢ € W*°[0, 1] and the function A
satisfies the assumptions Al, A2, A3, and A4. Then for every T > 0, there exists
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a unique stochastic process Y € LOW(S2, F, P), C([0, T1, We°[0, 1)) solution of
the Eq. (6).

As we already defined in Sect.4, the stochastic integral with respect to the fBm
is well defined pathwise. The above theorem will be proved using a contraction
principle that will give us the existence and uniqueness of local solutions. In order
to get the global solution, we will need to have an a priori estimate of the solution in
some functional spaces. The proof will follow after several steps and will be stated
in Sect.5.3.

5.2 Fixed Point Argument

Consider the operator
F:C(0,T], W"*°[0, 1]) — C([0, T], W**°[0, 1])

defined by
t ok
F(Ye(1)) := e +/O /0 A(Yy (s)) dg,,ds, (26)

where g € C([0, T], Wol_“’OO[O, 1), ¢ € W*®[0, 1] and A satisfies the assump-
tions Al, A2, A3, and A4.

Remark 1 Let us remark that the function g in the Eq. (26) is a function of time ¢
and y and the fractional integration is with respect to the parameter y € (0, 1).
For a given R > 0, let us define the ball Bg 7 in C([0, T], W**°[0, 1]) as
Brr ={Y € C([0, T], W**°[0, 1]) : ||¥]la.c0 < R}.

We state the following lemmas and propositions without proof. Detailed proofs for
this particular equation can be found in [7].

Lemma 2 Given a positive constant Ry > ||¢|lq,00, there exists Ty > 0 such that
F(BRr,.1;) € Bg,,1,- The time T| depends on Ry, a and the initial condition ||@||«,co-

Now in order to prove that the operator F is a contraction, we will need the
following two propositions.

Proposition1 Let f € C([0, T], W(‘)x’oo[(), 1) and g € C([0, T], Wg‘“"x’[o, 1.
Then, for all &€ € [0, 1] andt € [0, T]
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t ok
‘/ / fy(s) dg,ds
0 Jo

3 t 3 t n
4 / & —me! / / £, (s) dg, ds — / / £, (s) dg, ds| dn
0 0 0 0 JO
t &
< sup Aa(g)b® / / [(s—y)—2“+y‘“1(|fy(s>|
0<t<T 0 0
Y15, (5) — fy(s)l ) ,
+/0 —(7/ ~gyo] dé )dyds. 27)

where bg) is a constant which depends on «, its explicit expression is given below.

Proposition 2 Let h : R — R be a function satisfying the assumptions A3 and A4.
Then for all N > 0 and | X 1|, | X2|, | X3|, | Xa| < N forall X1, X2, X3, X4 € R,

[h(X1) — h(X2) — h(X3) + h(X4)|
SMi|X) — X — X3+ X4l + My | Xy — X3[(| X1 — Xo| + | X3 — X4]).  (28)

Lemma 3 Given a positive constant Ry > ||@|lq.c0, there exists T» > 0 and a
constant 0 < C < 1 such that,

[|F (Y1) — F(Y2)lla,00 < ClIY1 — Y2lle,00

forallYy,Y> € Bg, 1.
Now, we are able to state the following theorem:

Theorem 2 Let0 < o < %, g € C(0,T], W(}‘“’“[o, 1]). Consider the integrod-
ifferential equation

t ré
Ye(t) = g + /0 /0 A(Y,(5)) dg, (s)ds (29)

wheret € [0, T), & € [0, 1]. Assume that A satisfies assumptions Al, A2, A3, and A4
and that ¢ € W*°([0, 1]). Then, there exists Ty > O such that the above equation
has a unique solution

Y € C([0, T], W*°[0, 1]),
forall T <Ty.

Proof Choose Tp = min{T7, 7>}, and R = min{R;, R»}. Then, using Lemma 2 and
Lemma 3 the operator F is a contraction on Bg 1 for all T < Tp and this completes
the proof. O

Now, we can show that the solution of (29) is global in time.
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Theorem 3 Let 1 — H < a < % g e C(0,T], Wwi=2.00.0[0 1]). Assume thar A
satisfies assumptions Al, A2, A3, and A4 and that ¢ € W*°°([0, 1]). Then for all
T > 0, there exists a unique Y € C([0, T], W*°[0, 1]) solution of (29).

Proof 1Tt is enough to get an estimate in C ([0, T'], W*°°[0, 1]). We can write

3 —
|Ye (1) = ¥, ()] dn) (30)

Y a,00 — Y, +
ot = s (04 [ EE

Consider the first term on the right side of the above equality,

ds.

§
/0 A(Yy(s)) dg(s, n)

t
1Y ()| < [¢()] +/0

From Lemma (2) we can obtain

! M
1Y ()| < || +/0 Aq ()1 (1 _2a + M1||Y(S)||a,ood5) : €2y

Consider the second term. We have

S Ye(t) — Yy (1)l ‘
— - " d
/0 & —nmett

§ 1
_/0 (& — et
t ré torn
'¢><s>+ /0 /0 A(Yy<s>)dgyds—(¢<n>+ /0 /O A(Yy<s>>dgyds)
& 1 t| ré
/0 W(Ws ¢n|+/ / A(Yy (s)) dg, de’l)

§ Pz — ¢r} / / /5
A(Y. d
= /0 ¢ - T))’H'] 0 (£ — n)a—i—] Yy (s)) dg,

n
From Lemma (2) we can obtain

dnds.

/5 Ve - ¥yl ‘
0o (E—mott

€ g — ¢yl
—— —d
5/0 & — o+t 7

Y My o, M -
+Aa(g)/0 (1 —2oc§ +m||Y(S)||a,oo§ ds. (32)
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By (31) and (32) we get,

Y (D)]le,00

< [19lla.co

! 1 g 1
+Aa(g)/0 (Mz(m l—Za)+M1 (l—i—m)HY(s)Ha,oo)ds.

By Gronwall’s inequality we obtain,

Y [la,00 < 11@]la,0c0 eXp(KT),

1 % 1
where K = sup Aq(g) | Mol —— + M, (l + —) .
0<t<T l—« 1 -2« 06(1 —O()

Hence, the local solution is global in time. O

5.3 Proof of Theorem 1

For every ¢ € [0, T], the random variable

1 .
G=———— sup [(D;Z"Bz_)y (1)
F(l _05) O<n<é<l § s

has moments of all orders by Proposition 1. Hence, the pathwise integral

1
/o A(Yy(2))dBy (1)

exists for ] — H < o < % and the existence and uniqueness of solutions follows
from Theorem 3 which completes the proof.
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