Chapter 2
Asymptotic Estimates for Integrals

Mechanical problems can be described by differential equations, the solutions of
which often cannot be expressed by elementary functions, but have an integral rep-
resentation. In this chapter, we discuss asymptotic estimates of integrals of the form

b()
Fu) = / G @.1)
a(p

where 4 is a small parameter and z € C. Sometimes, it is more convenient to use a
large parameter A\ and consider the integral

b(N)
F\) = / f(z, N dz. (2.2)
a(\)

With obvious adjustments, all statements which are valid for integrals hold also
for (2.2). In the general case, asymptotic estimates are given as 4 — 0 and A — oo.

2.1 Series Expansion of Integrands

Suppose the integrand in (2.1) can be expanded in an asymptotic series of the form

N
fz,p) = Zan(z)u”" + O (uP"*'), po<pi<-r<pp<--- <400,

n=0

2.1.1)

uniformly in z over the interval [a (i), b(1)]. Then this series can be integrated term-
by-term and
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52 2 Asymptotic Estimates for Integrals

N b(w)

ﬂm=§ymwm+0@w—mmmm%lmm=/ an(2) dz.

n=0 (1)
(2.1.2)

The form of expansion (2.1.2) is simplest if the integrand can be expanded in Taylor
series.

Example 1
Find the asymptotic expansion of the function

1 .
F(uw) =/ b el dx, x € R.
0 X

The function sin px has the asymptotic expansion

& (=D 2n+1 2N+3
' - ! 0 ( ) ’
sin px n_EO an 1 " + w

which is uniform over the interval of integration [0, 1]. Therefore,
Fu) = z/ =1 2n+1+0( 2N+3) dx
(2n + D!

u (—1)"
_ - 2n+1 2N+3
_§(2n+1)!(2n+1)u +O(” )

When the limits of the interval of integration depend on a small parameter, the change
of variable

z—a(w)

== T 2.13
b(p) — a(u) @19

transforms integral (2.1) to an integral of the form
1
nmz/ﬁmmm.
0
A similar problem is solved for integrals with large parameters.

Example 2
Find an asymptotic expansion for the function

F(u) = /# x4 exp(—x) dx.
0
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Substitution (2.1.3) transforms the given integral into

1
F(p) = p'/* /O t73/* exp(—pt) dt.

The function exp(—ut) has the asymptotic representation

_ s (_l)n n,n N+1
CXP(—MI)—ZTut —i—O(u )

n=0

that is uniform for all 7 in the interval of integration [0, 1]. Therefore,

F(H)_MIMZ/ [ )" n=3/4 n+0( N+1)i| di

i (=" n+l/4+ 0 (xN+5/4)

n'(n +1/4)
4 2
— 4pl/4 5“5/4 + §M9/4 +0 (M13/4) )

In some cases, the integrand does not have a uniform asymptotic representation
on the entire interval of integration. In this case one should try to split the initial
interval into parts such that, in some of them, the function has a uniform asymptotic
expansion and in others the integral could be calculated by means of quadratures or
estimated.

Example 3
Find an asymptotic expansion for the function

F(w) =/ﬂ exp (—xz) dx.

The function exp(—x2) has the uniform asymptotic expansion

exp (_xz) = i(—l)" xn—z,n +0 (x2N+2)

n=0

in any segment [0, xo]. Therefore, we write the given integral as

/:o exp (—xz) dx = /OOO exp (—xz) dx — /OH exp (—xz) dx.
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The first integral in the right side can be easily calculated after a change of Cartesian
coordinates to polar coordinates [49] and it is equal to /7/2. For the second inte-

gral, the expansion of the integrand is uniform in the interval of integration [0, 1].
Therefore,

Fu) = < Dt ,, IN+2
(u)—ﬁ/Z—Zuo — T H —l—O(u ) dt
n=0 :

N n n
=ﬁ/2—z(_l) ! +0<M2N+2).
n=0

— n!'2n+1)

2.1.1 Exercises

2.1.1. Find an asymptotic expansion of the function

w/2
F(1) =/ V1 — psin’x dx.
0

2.1.2. The function F is defined by the integral

N.

® dx
Fp=| —————= me
0 /1 —msin®x
The Jacobi elliptic functions are defined as

sn(x) = sin(F~!(x)),
en(x) = cos(F ! (x)),
am(x) = F_l(x).

Find the first two terms of the asymptotic expansions for the Jacobian functions.

2.1.3. Find an asymptotic expansion for the function

w/2 dx
ro— [
0 1 — psin® x

2.1.4. Find the first two terms of the asymptotic expansions of the function

A
F(A):/ V1+x2dx
0
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and the order of the correction,

(a) by calculating the given integral by means of quadratures,
(b) by expanding the integrand in a series.

2.2 Integration by Parts

Integration by parts is the next method to find asymptotic estimates for integrals. Let
the integrand in (2.1) be a product of two functions:

fzp) =gz, wWh(z, p) (2.2.1)

under the assumption that 2 (z, ) is analytic in z in some domain containing the path
of integration and g(z, 1) is integrable in z.

Denote
hO(Z7 /*L) Eh(Z, ,LL), hn(Zv ,LL) = 8z” I’l(Z, /*L)»
0
go(z, 1) =9z, 1), G—nt1(z, p) = Ee g—n(z, ). (2.2.2)

Integrating (2.1) n times by parts with respect to z over [a, b], we get the following
expression

n—1

F(p) = (=D ga1(b, mhi(b, 1) — gi—1(a, hi(a. )]
k=0

b(p)
+ (D" /() 9—n(z, Whnp(z, p)dz (2.2.3)
a(p

If

(1) relation (2.2.3) holds for all n € N,

(2) the terms under the summation sign in (2.2.3) form an asymptotic sequence,

(3) forall n € N, the remainder of the series satisfies the condition in the definition
of asymptotic expansion,

then (2.2.3) is the required asymptotic expansion.
The main problem in the application of the method is a successful choice of the
functions g and h.

Example 1
Find an asymptotic expansion of the function

A e~
FO\) = —dx.
1 X
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We write the integrand as f(x) = g(x)h(x), where g(x) = ¢* and h(x) = 1/x.
Then, by formula (2.2.3)

- k! A
F(A):Z(e V—ek‘)—i—n!/l o dx.

k=1

The second term under the summation sign has order O(1) and for the integral the
following estimates are valid:

'/)\ er J '/)\/2 e e+ '/)\ e*
n. X =n! X nt
1 xn+1 1 xn+l A2 xn+1

22 A 2\t o
X X J—
<n!/] edx+n!/A/2e (X) dx =0 it )

A
F\) = Ze —+0()\n+1)

The numerical (solid line) and the asymptotic (dashed line) values of the integral
versus p are plotted in Fig. 2.1 forn = 8.

Hence,

Example 2
Find an asymptotic expansion of the function

00 ,—X
F(/\)z/ — dx.
by X

We assume that f(x) = g(x)h(x), where g(x) = e~ and h(x) = 1/x>. Then an
integration by parts gives

Fig. 2.1 Numerical values F(/l)
(solid line) and asymptotic 1000

values (dashed line) for

Example 1 800

| y
"I Y

200
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FO\) =—e "=
X

Integrating by parts again we obtain

“ —1)! 00 ¥
FO) = Z(_1)ke—A(k/\—k) +n!(—1)"—1/A .
k=2

For A < x < o0,

1 1
<
Wt = ntl

00 X 1 00 . ef)\
A defwA e dv =TT
Hence, we obtain the asymptotic expansion
n Y
FA) =e Z(_l) T 0 Pl A
k=2

This series diverges since the ratio of the mth and the (m — 1)th terms goes to —oco
asm — 00:

x> AL and

and, therefore,

i Ol m
mgnoo )\ln+l(_1)m—2(m - - _mLmOO X = —cc.

The numerical (solid line) and asymptotic (dashed line) values of the integral versus
L are plotted in Fig.2.2 for n = 8.

Fig. 2.2 Numerical values 0.002 Fi
(solid line) and asymptotic (;L)
values (dashed line) for

Example 1 0.0015

0.001 \
0.0005 \
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2.2.1 Exercises

Find the asymptotic expansions of the following functions as A — oo.

[e¢) e—X
221. F(\) = / dx.
0

A+ x
*© —Mxd
222. F(O\) = / cos(x — A)xdx
A

223.F(\) = /

A

X e xdx

2.3 Laplace Method

Consider the integral

b(X\)
F()\):/ fx,Ndx, xeR.
a(\)

If the function f(x, A\) has a sharp maximum at the point xg € I, I = [a, b], whichis
sharper when A\ is larger, then it is good to calculate the integral by means of Laplace
method. This method, which is most conveniently applied to integrals of the form

b(\)
F(/\)z/ o(x) e dx, x eR, (2.3.1)
a(\)

is called a Laplace integral [12].

We look for the asymptotic expansion of F'(\) as A — oo. A vast literature is
devoted to this question, for example the books [14, 20, 22, 23, 66] and handbooks
[1,35]. We mention, in particular, the three volumes of the monograph by Riekstynsh
[54], in which integrals of type (1.3.1) and integrals of more general types are studied.

We start with several particular cases to illustrate the application of the method.

Example 1
Let S(x) = —x in (2.3.1). In a neighborhood of the point x = 0, we expand the
function ((x) in a Taylor series

— ™ (0)
n!

plx) =
n=0

x b

and consider the integral

F(\) = / ” o(x)e M dx. (23.2)
0
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Integrating (2.3.2) n times by parts, one gets the asymptotic expansion

ARO))

Rl () 1

F(\) ~ i %—O(}\NJr2 , as A — oo.
n=0

Example 2
Let S(x) = —x in (2.3.1). If in a neighborhood of the point x = 0, the function
((x) admits the convergent asymptotic expansion

o0
px) = Zanx"“‘, a>—1,
n=0

then the integral
b
F()\)z/ o(x)e™dx, b>0, (2.3.3)
0

has the asymptotic expansion

o0

Fn+a+1)
F(\) ~ Z —rarr Gm 8 A — 00, (2.3.4)
n=0

where I'(z) is the Gamma-function.
Indeed, an integration by parts in (2.3.3) gives

- b
FO) = anFu(), F,,(A):/ LA g
n=0 0

Integrating by parts, one can show that

/bOO KM gy — 0 (/\N) ,

where N is any natural number. Therefore,
o0 o0
F,(\) :/ Kyt e—)\x dx _/ o e—/\x dx
0 b

:/Ooox”Jrae_)‘xdx—i—o(/\N).
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Taking

> 1 o0 'h+a+1)
n+ao ,—Ax _ n+a ,—z —
/0 X € dx = \nta+l /0 2 e tdz= Nitatl ’
into account, we obtain formula (2.3.4).
Note, that depending on a,,, the series (2.3.4) may diverge or converge. However,
in the last case, it may not converge to the function F (), but gives only its asymptotic
expansion. For example, applying formula (2.3.4) with o = 0 to the integral

w/2
F(\) = / e ™ sinx dx,
0

we get
0 k
(=D 1
FQy~> T S T (2.3.5)
k=0
The exact solution,
— _ —7A/2
FO) = 155 (1-2e7).

differs from the function to which series (2.3.5) converges. This is, as in similar
further cases, because the series (2.3.4), or (2.3.5), contributes to the integral only in
a neighborhood of the point of maximum of the function e*™) while exponentially
small terms are neglected.

Example 3
Let

o
px) = Zanx", Sx) = —xz, a<0, b>0. (2.3.6)
n=0

Then integral (2.3.1) has the expansion

b o0
T +1/2)
/ago(x)e xdx_z(:)—/\nﬂ/z Ay, as \ — 0o. (2.3.7)
n=|

Series (2.3.7) is a contribution to integral of the neighborhood of the point x = 0,
where the function e =" attains its maximum.
Now we go back to the general integral (2.3.1). For that integral one cannot assume
u = @(x) and dv = M dx to integrate by parts since the last expression cannot
be integrated in the general case. We suppose that S'(x) # 0 in the interval (a, b),
and let
_ )

u= @) dv = MW (x) dx.
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Then ,
AS(x) b ’
Fov= el L[ g [ 20T
AS’(x) AJa S’(x)
or, as A\ — 00,
e)\S(b) b e)\S(a) a 1
FO) ~ /tp( ) /so( ) (_2)
AS'(b) S (a) A

If S(a) # S(b), then the asymptotic behavior is determined by the end point
where S(x) is larger. Suppose, for definiteness, that S(a) > S(b). Continuing the
process one gets

N M*(P(a)erS@ AS(a)
Foy=-> ( ) +0(€ ) (2.3.8)

Nt AN+2
k=0

where 1 d )
k_ (-1 a _ P
M= (S’(x) dx) - PO=gny

Thus far, everything that was said allows us to conclude that the point x = ¢ € (a, b)
corresponding to the largest value of S(x) makes the main contribution in F (),
whether it is an end point or not.

Assume that ¢ = a and in the neighborhood on this point

o) ~ po(x —a)*, S'(@) =0, §") <0,

i.e.
S"(a)(x — a)*

S(x) >~ S(a) + o1

For the integral to exist, it is necessary that « > —1. Then
a+d . )
F()\) ~ ¢ e)\S(a)/ (x _ a)a e/\S (a)(x—a)~/2! dx.
a

Since §”(a) < 0, the error is exponentially small if a + ¢ is replaced by co. After
the change of variables

AS"(a)(x — a)?
e

s

one gets 7 = 0 for x = a and
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2 (a+1)/2 00
F(\) >~ LAY P S e’\S(“)/ 7@=D2e=7 g7
2 [ —=AS"(a) 0

or

(a+1)/2
40 2 AS(a) a+1
FOy~ 20| = r{&2).
W=7 |:—)\S”(a):| ¢ 2

Letnow a < ¢ < b and S”(c) < 0. As above, one obtains

2 bz a+1
ro=n| ) o ()

In a similar manner we consider cases where a larger number of derivatives are
equal to zero at x = ¢ (or x = a). Here we consider the case when o = 0.
Let

(1) p(x), S(x) € C(la, b)),
(2) max,er S(x) is attained only at the point x,
(3) p(x), S(x) € C* for x close to xo,

then the following statement is valid [54]:

(A) If the maximum is attained for x € (a, b) and
SPD(xp) =0, 1<j<2m—1, S (x0) #£0, m=>1,

then the main term of the asymptotic expansion has the form

I'(1/2m) S0 @m)! 1/ 1
FO)=——50 |:_S(2m)(xo)i| [cp(xo)+0(w—2m)] (2.3.9)

(B) If the maximum is attained at one end of the interval (xo = a) and
SP(xo) =0, 1<j<m—1, S™(x)#0, m=>2,

then the main term of the asymptotic expansion has the form

I'(1/m) St m)! Y™ 1
FO) = —— [_S(’”)(xo)} |:(p(xo)+0(m)j|. (2.3.10)

Example 4
Find an asymptotic expansion of the function

b
FO\) =/ e ax, a<0,b>0.
a
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Fig. 2.3 Exact values (solid F(A{ )
line) and asymptotic values Z

(dashed line) of the integral
F () of Example 4 1.8¢1

Fora < O0and b > 0 we should use the asymptotic formula (2.3.9), which defines
the main term of the asymptotic expansion

1 (1
—r- )l
o ()

For a = —o0 and b = oo, the main term of the integral coincides with the exact
value of the integral. In Fig.2.3, we compare the exact (solid line) and asymptotic
(dashed line) values of the integral fora = —1,b = 1.

For a = 0, b > 0 one should use formula (2.3.10), which defines the main term

of the asymptotic expansion
Te(E) e
4 \4
As expected, the value of the integral is twice smaller than in the first case.

2.3.1 Exercises

2.3.1. Find the first two terms of the asymptotic expansion of the function
/4

FO\) = / exp(\ cos 4/x ) dx.

0
Find the first term of the asymptotic expansion of the following functions.

1
23.2. F(\) = / exp(—1/x — \x) dx.
0
o0
233. F(\) = / exp(—ax™“ — Ax)dx, «a>0.

0
1
234.FON) = [ (1 —xH*x%dx.
—1
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1
235.F(\) = / (1 — x> dx.
-1
1
2.3.6. F(/\)=/ (1 — xH x dx.
0

2.3.7.F(/\)=/ xMsinxdx, AeN.
0

o0
238. F,(\) = / exp(—Acosh x) cosh(vx) dx.
0

2.4 Stationary Phase Method
Consider integrals of the form
b(N)
F(\) =/ px)exp(iAS(x))dx, x eR, (24.1)
a(\)

where ¢(x) is a complex valued function and S(x) a real valued function called
phase function, and, as before, A > 0 is a large parameters.

2.4.1 Integrals Without Stationary Points

Consider a finite interval I = [a, b], in which
p(x) e CNTHI), S(x) e CVTA(I), S'(x) #0, (2.4.2)

i.e. p(x) and S(x) have N 4+ 1 and N + 2 continuous derivatives. Then

Yoo b 1
FO\) = ;(:)\)—k“ [Mk(P(x))exp(i/\S(x))] 40 (W) . (243)
where 1 4 )
SSmdr T[990y

In this case, the main term of the asymptotic expansion is

b 1
+0(—).
a Az

_ 1 el .
F(\) = By [% exp(zAS(x))]
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Formula (2.4.3) can be proved by integration by parts and the Riemann—Lebesgue
lemma [14, 53]
/ @(x)ei)‘x dx =o0(1), as A — o0

a

for a piecewise continuous function ¢ (x).

Example 1
Find the first term of the asymptotic expansion and an estimate of the error for
the function

/4
F(\) = / sin(Asin x)x dx.
0
Write the given integral in the form
/4
F(\) = 3/ exp(iAsinx)x dx.
0

Applying formula (2.4.3) we get
T 2 V2 1
FQ) =3 -—— i\ — o|—
\) s(4iAﬁexp(l > )+ ()\2))

= —N_%cos()\ %E)+ o (%)

In Fig.2.4, the numerical (solid line) and asymptotic (dashed line) values for the
integral are compared.

From relation (2.4.3) and under assumption (2.4.2), it follows that the asymptotic
expansion F () depends only on the values of the functions ¢(x) and S(x) and their
derivatives at the end of the interval of integration. In neighborhoods of other points,
oscillation interference occurs. In Fig.2.5, the graph of the function R (exp(S(x)))
is plotted where S(x) = i(x — 6)% and S’(x) # 0 in the interval [—3, 5].

If o(x) and S(x) or their derivatives have a finite number of points of discontinuity,
the interval of integration [a, b] may be split in parts in such a way that the points of

Fig. 2.4 Numerical values F(&)
(solid line) and asymptotic 0.4
values (dashed line) of the i
function F(\) of Example 1 o f\l /\ /’\ /\ A NN
0\/ % 30/ oV 5o
-0.2
-0.4
-0.6
-0.8
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function N(exp(S(x))) of

Fig. 2.5 Graph of the " Fl
Example 1

discontinuity coincide with the ends of these parts and then apply formula (2.4.3) to
each of the parts.
If b = oo, conditions (2.4.2) are still satisfied and

ME(P(x)) = o(1) as x — oo, %M"(P(x)) e L]0, o],

then

N

1
FO) =3 e [ MA@ expirs )]

k=0

1
+ 0 (W) . (2.4.4)

Example 2
Find the first two terms of the expansion and the estimate of the error for the

integral
00 i/\xd
F(A):/ L a0
o (I+x)°

k

d
In this case, S(x) = x, §'(x) = 1, M*(x) = (=D} —,
dx

Px)=(1+x)"% M (Px)=(+x)"7
M*(P(x) = (a+k — DML (P +x)7 L.

Therefore formula (2.4.4) holds and
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Fs() c(A
) (a)\ Mﬁhi \

o A

10 1 20 5 i0 2 4 ] 8 10

Fig. 2.6 Numerical values (solid line) and asymptotic values (dashed line) of Fs()\) and F.(\) of
Example 2

Separating the real and imaginary parts, we obtain

R =30 = [TREEE - Sho ().
0

(I+x)2 A A2
© cos Ax dx « 1
Fc()\)=m(F(/\))=/0 m=ﬁ+0(ﬁ).

In Fig.2.6, the numerical (solid line) and asymptotic (dashed line) values of (a)
the function F.(\) = R(F(N\)) and (b) Fy(\) = J(F(N)) are compared for o = 3.

2.4.2 Erdélyi’s Lemma [20]
Consider the integral

FO\) = / ’ I o) exp(iAx®) dx. (2.4.5)
0

If
o(x) € C®((0,al), a>1, B>0, Vk o®() =0,

then the following expansion holds

o0 (k) .
F(A):lz ! r(kJrﬁ)‘p © exp(’”(kJrﬁ)). (2.4.6)

o= A+ o k! 20

Erdélyi’s lemma defines the contribution of the point xo = 0 in the asymptotic
expansion of the integral.
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Fig. 2.7 Graph of 1t
N(exp(S(x))) with
stationary point x = 1

2.4.3 Integrals with Stationary Points

The points x = ¢, where S'(x) = 0, are called stationary points. With stationary
points, expansion (2.4.3) does not hold. In Fig. 2.7 we plot the graph of the function
N(exp(S(x))), where S(x) =i(x — 1)2, which has the stationary point x = 1 in the
interval [—3, 5].

To illustrate the input of the stationary point in the value of the integral we start
with an example with only one stationary point, x = 0, where S”(0) # 0,

3
F(\) = / exp(i\x?) dx.
-1

The function S(x) = x2 attains its minimum at the point xo = 0 and xop € I.
Represent the initial integral in the form

3 +00
/ exp(i)\xz) dx = / exp(i)\xZ) dx — J1 — Ja,
—1 —00

where

-1 —+00
J1 :/ exp(i)\xz) dx, J :/ exp(i/\xz) dx.
PSS 3

It may be shown by integration by parts that that the integrals J; and J, have order
o), ie.

400 +o0
F(\) = / exp(idx?)dx + O\ = 2/ exp(iAx?) dx + O™ h).
0

—00

‘We evaluate this integral by Cauchy’s theorem, which says that the circulation integral
of an analytic function of a complex variable, in a domain limited by a closed contour,
is equal to zero. The main idea for calculating the integral F () is in selecting the
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Fig. 2.8 Integral along the
closed path C1C>2C3

contour in such a way as to transform the initial Fourier integral into a Laplace

integral. The integral along the closed path C;C>C3 (see Fig.2.8) is equal to 0.
Besides that it can be shown that for R — oo the integral over C, converges to

0. Therefore, assuming that x> = z2 exp(i7/2) and using Laplace’s method we get

+00 +00 ;
/ exp(i)\x2) dx = exp(i7r/4)/ exp(—)\z2) dz = M,/z
0 0 2 A

or

FO\) = exp(i7r/4)\/§ +00h.

In Fig.2.9a, b, the numerical (solid line) and asymptotic (dashed line) values of
functions F.(\) = R(F(N)) and Fy(\) = IJ(F(N)) are compared.

If the function S(x) has a finite number of isolated stationary points x; in the
interval [a, b], then the asymptotic expansion of integral (2.4.1) consists in a sum of
contributions of the stationary points of F (), x;).

As arule, using the stationary phase method, one limits oneself to the calculation
of the first term of an asymptotic expansion.

We define the contribution of a stationary point.

Let I = [a, b] be a finite segment where S(x) € C(I). Assume that S(x) attains
its maximum, max,<; S(x), at only the point xg and p(x) ~ C(x — x0)%, a > —1,
in a neighborhood of the point x¢. Then

(A) Ifa < xg <band SV (xg) =0,1 < j <2m —1, S%(xp) # 0, m > 1, then
the main term of the asymptotic expansion has the form

(I+a)/2
F(\, x0) =m™'T L+ (2m)! o A~ (Fa)/2m
2m | 527 (x0)

iT(1 + )

sen(s™" (xo») [¢0x0) + 00712m)].
(2.4.7)

X exp (i)\S(xo) +

B) If xo =aand SV (x0) = 0,1 < j <m—1, S™(x9) # 0, m > 2, then the
main term of the asymptotic expansion has the form
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@1\ Fe b2} \ Fs@d)
1.25 \ t
. 0.8
0.75 0.6
0.5 N 0.4 -
0.25 0.2
A A
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Fig. 2.9 Numerical values (solid line) and asymptotic values (dashed line) of functions F, and Fj

B l+a (m), (14a)/m L
F(\ xo) =m ‘r( ) [ } A~UHa)/m
m [S™ (x0)|

ir(l + )
m

X exp [iAS(xo) + Sgn(Sm(xo)):| [<p(x0) + 0()\—1/’")] . (248)

Example 3
Find the first term of the asymptotic expansion of the integral
Uexp (i Ax?
exp (i) o
0 Vx
The integrand has only the critical point xg = 0, the contribution of which is evaluated
by Erdélyi’s lemma. For « = 3, 3 = 1/2, (x) = 1, one gets

FO\) =

F(\) = %A—l/ﬁr (é) exp(in/12).

In Fig.2.10 the numerical (solid line) and asymptotic (dashed line) values of the
functions (a) F.(\) = R(F(N)) and (b) Fy(\) = I(F(N)) are compared.

Example 4
Find the first term of the asymptotic expansion and estimate the error of Bessel’s
function of positive integer index n, defined by the integral

(a). Fe(h) (b) | Fs(A)

1:2 k . Rf
_— 0.4 —

0.25 ;L P /1

Fig.2.10 Numerical values (solid line) and asymptotic values (dashed line) of functions F, and Fj
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Fig. 2.11 Numerical values A

(solid line) and asymptotic 0 ( )

values (dashed line) of the

integral J,, (\) of Example 4 0. \ /\
/'\ A
5 \:u

-0.2

-0.4
-0.6

-0.8

-

ra

™
Ju(\) =71 / cos(Asinx — nx)dx.
0
Represent the given integral as
™
J,(N) = 7r71.‘){/ exp(iAsinx)exp(—inx)dx,
0

For this we have S(x) = sinx, xg = 7/2, S(x¢0) = 1, $"(x9) = -1, m = 1,
p(x0) = exp(—inm/2). As a result, we obtain

172 ;
) = 0 |:7r_1F (%) [ﬂ A2 exp (i/\ - %) [exp(—inﬂ'/Z) + O(A—l)ﬂ
- —[cos 4) o (A 1) . (2.49)

In Fig.2.11 the numerical values (solid line) and asymptotic values (dashed line)
of the integral are compared.

2.4.4 Complete Asymptotic Expansions

By van der Korput’s lemma [20], the interval of integration may be split into parts
to provide only one point in the interval to contribute to the value of the integral. To
calculate the contribution of a point, the following complete asymptotic expansions
are used:

For case (A), i.e. if the stationary point xo is within the interval of integration
and the first 2m — 1 derivatives of the function S(x) at xo are equal to zero and
S@™M (x0) # 0, then
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) im(l 4+ a) 1
FX x0) = 55577 &P (l/\S(XO) + —Sgn(szm(XO))) Zak Ne/m'®
where
A2 ok 41+« itk +1+ )
= r s
ar T ( > )exp [ T sgn( (xo))]
4\ 2
X |:(h_l(x,xo)d—) (@(x)h(x,xo)):| )
X X=x0
and

1—1/2m

h(x, x0) = [2sgn(S*" (x0)[S(x) — S(x0)1] /8 (x).

For case (B), if a stationary point x coincides with an end of the interval, the first

m — 1 derivatives of the function S(x) at the stationary point are equal to zero and
S (x0) # 0, then

1 o0
F(\, x0) = S exp(iAS(x0)) D axA ™/,

k=0
where
ax = L]“ (M) exp (Msgn(sm(xo)))
k!m m 2m
4 \*
|:(d_) [e(x)h(x, xo)]:| )
X X=X0
and k+1
B, x0) = [—sen(8" () (S() — SGeon] " (e — xg)

So, contributions to integral (2.4.1) come only from neighborhoods of

(i) the ends of the integration interval,
(i1) points of discontinuity for the functions ¢(x) and S(x) or their derivatives,
(iii) the stationary points.

For example, the integral

400 ei)\x
F()x):/ 2dx=7re_)‘
oo 1+x

admits the asymptotic expansion (2.4.3) with zero terms, since it has no points of
discontinuity nor stationary points and the contributions of the ends are equal to zero
since ¢ — 0 as x — =+oo.
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2.4.5 Exercises

2.4.1. Find the first term of the asymptotic expansion and estimate the error for
Bessel’s function of the large real index v for a fixed argument ¢ > 0,

™
J,(wt) = 7! / cos(v(x — tsinx)) dx
0
o
— 7 lsin 1/7r/ exp(—v(x + ¢ sinh x)) dx
0
2.4.2. Find the first term of the asymptotic expansion and estimate the error of the
integral
1
FO\) = / exp(iAx?) dx.
0
2.4.3. Find the first term of the asymptotic expansion and estimate the error of the

integral

1
F,(\) =/ exp(iAx") dx.
0

2.5 Saddle Point Method

2.5.1 Description of the Method

We seek an asymptotic expansion of the integral
F(\) = / p(2) e dz, as A — oo, (2.5.1)
g

where the curve « lies in the complex plane and the functions ¢(z) and h(z) are
analytic in a domain S which contains ~.
The saddle point method includes two stages [20, 24, 53]:

(1) deforming the contour + into the contour 7p is most convenient to find the
asymptotic estimates.
(2) calculating asymptotics for the integral over the contour .

As A — o0, the absolute value of the integrand attains its maximum at points z
where the function M (k(z)) is maximal. Assume that, among the contours with the
same ends as 7, there exists a contour 9 where

min max N(A(z)) = max R(h(z)).
v zEey €%
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We also assume that one can deform the contour ~y to contour ~y inside the domain
S. Then, according to Cauchy’s theorem,

FO\) = / 0(2)eMD dz. (2.5.2)
70

For simplicity, let the maximum,

max N (h(z))
Z€7%

be attained only at the point z = c. If z = c is an inner point of o, then, from
the minimax property of the contour vy, it follows that ¢ is a stationary point of the
function f(x,y) = N(h(z)), where z = x +1iy. Atc, fr = f, = 0, and from the
Cauchy-Riemann conditions it follows that 4’(c¢) = 0.

The point z = c is called a saddle point, and the value of N (A (c)) is the height
of the saddle point. A sable point is called simple if i’ (c) # 0. In this case, two
straight lines, I (h(z) — h(c)) = 0, intersect at right angle at point c. On these lines,
the function f(x, y) changes in the fastest way. One of the lines, on which f(x, y)
decreases away from point z = c, is called the line of fastest descent.

The contour 79 may be deformed such that in the neighborhood of the point
z = c it coincides with the line of fastest descent. Then, in this neighborhood,
J(h(z)) = const and to estimate integral (2.5.2) it is convenient to use the Laplace
method.

If the contour 7 lies entirely in the domain of regularity of the functions ¢(z)
and %(z) and the maximum value, R (%(z)), on o is attained at the saddle points (or
at the ends of the interval) where the contour passes through, then the asymptotic
behavior of integral (2.5.1) as A — oo is given as the sum of the contributions of the
saddle points (or the ends of the contour).

There exists no general algorithm to construct the contour vg. For the specific
integral (2.5.1) we firstly should find the saddle points and draw the lines of fastest
descent through them. After that, one should try to deform the contour « in such a
way that it consists of the parts of the lines of fastest descent and maybe some other
curves over which the integrals may be neglected for being asymptotically small.

2.5.2 Asymptotics of Airy’s Functions

Find the first terms of the expansions for Airy’s functions. Consider the integrals [17]
_ 23/3-nz
wr(n) = Ck/ e dz, (2.5.3)
Yk

where ~y; are the contours with ends going to infinity over rays O A, where argz =
%(—1 +2n),n =1, 2,3 (Fig.2.12). Suppose the integrand in (2.5.3) converges to
zero as |z| — oo along these rays.
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Fig. 2.12 Rays OA,, y Ay

n=1,2,3 2 ;
/

/

1 / f

/
G rcl

A;q ]

2 -1 o0 1 2 X
i
\
-1 \\‘
\\
l\\
2
\ A,

The standard Airy’s functions Ai(n) and Bi(n) are real for real n and are defined
by the formulas [1, 53]:

Ai(n) =wi(n), Cir=1i/2m, v =A10A;3,
Bi(n) = wa2(n), Co=1/27, 7 =A20A1+ A20As3. (2.5.4)

Airy’s functions find applications in the asymptotic integration of differential equa-
tions with parameter which contain turning points (see Chap. 5).

Consider the case ) > 0. After the change of variables z = /7 z1, formula (2.5.3)
becomes

3

z
wi (1) = Ck\/ﬁ/ M dzy, h(z) = E A =2 (2.5.5)
Yk

Evaluate the integral in (2.5.5) by the saddle point method. The roots of the equation
h'(¢) = 0 are the saddle points ¢;» = =£1. Since h”(cx) = 2¢x # 0, the saddle
points are the saddle foci for the function f(x, y) = N(h(z)), where z = x +iy. In
Fig.2.13a we plot the graph of the function % f (x, y) near the point ¢ = 0.
The lines of fastest descent passing through the saddle points cg, are defined by
the equation
Sh(z) = S h(ck). (2.5.6)

In the case under consideration, I h(ck) = 0 for k = 1, 2. Equation (2.5.6) are
equivalent to the equations y = 0 and x> — y?/3 = 1. The lines of fastest descent
through ¢ and ¢, are shown in Fig.2.13b with thick lines and the contour lines for
function N (A (z)) with thin lines.

The paths of integration ~y; and ~y; are deformed into the paths v19 = Ajc1 A3 and
Y20 = Azcac1 Al + Aacacy Az, consisting of the parts of the lines of fastest descent.

The paths o have the rays O A,, as their asymptotes on which the integrand in
(2.5.5) goes to zero as z — oo. Therefore the asymptotic expansions of integrals
(2.5.5) consist only of the contributions of the neighborhoods of the saddle points.
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41

A2 G Ci

= / As

-3 -2 -1 u] 1

Fig. 2.13 a Graph of the function )N f (x, y). b Thick lines of fastest descent and thin contour lines

For Ai(n), we get
Ai(n) = wi(n) = C1/7 / MO dz ~ 1,
Y10

where

le/ M@ g
Y

*
10

is the contribution of the saddle point ¢; and 'yi‘o is a small arc of the contour g,
containing the saddle point c1. On the arc v}, we have

2 = h(c1) — h(z) ~ —h"(c1)(z — ¢1)?/2. (2.5.7)

From (2.5.7) it follows that on 7}, the approximate equality dz =~ i d7 holds. Hence,

—00

-0 00
J1 >~ e)‘h(cl)/ e Midr = —i eAh(cl)/ e dr = —iJw/he P,
)

0172 1
i il 174 ,~C
A~ —J1 = —— e >,
=g =" ¢
In a similar manner, the main term of the asymptotic expansion can be found for the
function Bi(n) as n — oo,

2
3

2.

) 1
Bl(’f]) =~ ﬁ?’]l/4 ec.
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A calculation shows that the contribution of the point ¢; is doubled since the path v;q
goes through this point twice and the contribution of the point ¢; may be neglected
since the height of the saddle point c; is smaller than the height of the point c;.

To find asymptotics for Airy’s function as 7 — —oo we change the variable
7 = /—7z1 in (2.5.3). Then, formula (2.5.3) becomes

3

Z
we(=n) = Cey/n | MV dzy, h(z1)=?l+z1, A=n"2 (258)
Yk

The approximate expressions for integrals (2.5.8) may be obtained by means of the
saddle point method (see the solution for Exercise 2.5.1).

2.5.3 Exercises

2.5.1. Find the first terms of the asymptotic expansions for Airy’s functions as 1 —

—00.

Find the first term of the asymptotic expansions of the following integrals as A\ — oo.
o

252.F(\) = / exp(A\(x + ix — x7)) dx.
0

253.F(\) = / exp(iAx)(1 + x2) N dx.
oo
254. F(\) = / exp(iA(Bx — x%)) dx.

2.6 Answers and Solutions

4 64
2.1.2. After a change of variables, the given function is represented in the form

B 13, ;
2.1.1.F(u)_§77|:1——u——u +0(u )]

! dt
F(p) =p T
0 /1 —msin” ut

The integrand is expanded into the truncated series

m . 5 3m? 4 6
f(t)=1+Es1n ut+TS1n ut+0(u).
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In its turn

3 4
t t
sin ut = ut — % + 0 (us) , sin’ ut = (ut)2 — % + 0(,u6),

sin4ut=(ut)4+0(u6).
Hence, )
Mz (o, 3 4 6
@) =1+ 2 (un) +( = )(m +0 (n°)

and after an integration by parts we obtain

To find the inverse function F~! we use the method of undetermined coefficients
and represent p as a truncated series,

M=F+aF3+bF5+O(F7), as F — 0.

Equating the coefficients of F of equal powers, we get

m m 3m?
T30 6% a0
2

120

Whence b = n . Therefore

m m?+4
am(u)=u—gu3+wu5+0(u7),

sno) = sin (F~' ) = p— "= u 0
cn(p) = cos (F*](u)) =1- %uz + %u“ + 0 (ué) .

s 1 9

213. F(w)y =~ |1+~ pu+—p? |+ 0 (1)
2 2[ +4“+64“}Jr ()

2.1.4.

(a) Using the substitution # = sinh x one gets
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t inh 2¢
/\/1+x2dx=/sinh2tdt= S+ s

4
1 VxZ+1
=51n(x+\/x2+1)+%.

Then
AN/A 1 DL
FO = —ln(A+\/)\2 )) +1 =§ln(2/\)+7+1+0(>\_2).
(b) The integrand can be expanded in a series for x > 0
Vi4x2=x|14+— ] +0( ) =x+i+0(x*‘)
2x2 2x '
Write the given integral in the form

A 1 A
/ \/l—i—xzdx:/ \/l—l—xzdx—i—/ V14 x2dx.
0 0 1

For the first integral in the right side the estimate O (1) holds. Substitute in the second
integral the expansion for the integrand and integrate term by term,

A2
FQ\) = 5+ Eln(/\) +0(1).

N _1yn—1 _
221 F() = ZW +0 (M}H).

n=1

N n—1
—D12n — 1) 1
222.F(\) = Z( ) Agn” ) +0 ( )\2N+2)'

n=1

N o -1 _
223.F(\) = e [Z w +0 (%)}

n=1
2.3.1. In this case S(x) = cos(xv/x), S'(x) = —M, S (x) # 0 forx €
2/x
2
1
(0, %], S'(+0) = —5 Therefore we may use formula (2.3.6). Calculate

d 1 —Si':/‘;/; —cos/x
dx (S’(x)) TN
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Fig. 2.14 Numerical 50
solution (solid line) and | x (;L)
one-term asymptotic B
approximation (dashed line) \

30

10 \-—/
A

Hence,

1
oo (L.

23
x=0

Calculating % (ﬁ) . and substituting sin /x with \/x — (1/x, )3/6 and cos /x
with 1 — x/2, we obtaixn_

_ a2, 2 1
FO) =e [A+3A2+0(A3)].

In Fig. 2.14 the solid line corresponds to the numerical solution and the dashed line
to the one-term asymptotic approximation.

FO) = —— 04 ] i( ! )
AS'(0) 22570y dx \ S"(x)

2.3.2. The substitution x = zA~!/2 transforms the integral into

FO\) = % /Oﬁexp (—\/X (z + %)) dz.

FOO = A exp (—NX) [ﬁ+ 0 (xl)] .

So,

In Fig.2.15 the solid line corresponds to numerical solution and the dashed line to
the one-term asymptotic approximation.

2.3.3. Substituting x = z (a/\) /1% we get the integral

o0
FO) = (§)1/(1+a)/0 exp (_/\a/(aJrl)al/(aJrl) (z—l—z’“)) dz.
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Fig. 2.15 Numerical F
solution (solid line), (A’)
: 0.14
one-term asymptotic
approximation (dashed line) 0.12 \

0.1

0.08 \

0.06

0.04 \

Fig. 2.16 Numerical
solution (solid line), 5
one-term asymptotic
approximation (dashed line) a

Therefore

Sat2 —a a 2
F(\) ~ A" 20 g Ta exp (—(a+ l)a}m)\wa)( il )

14+«

In Fig.2.16 the solid line corresponds to the numerical solution and the dashed line
to the one-term asymptotic approximation for o = 0.3.

2.3.4. We write the given integral as F(\) = f_l 1 exp()\S(x)))c2 dx. In this case,
S(x) =In(1—x2),x0 =0, S(x0) =0, 8" (x0) = —2,m =1, p(x) = x%,i.e.a = 2.
Hence F(\) = A‘3/2(ﬁ/2 + O(A73/2)). In Fig. 2.17 the solid line corresponds to
the numerical solution and the dashed line to the one-term asymptotic approximation.

2.3.5. We write the initial integral in the form

1
F(\) =/ exp(AS(x)) dx.
~1
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Fig. 2.17 Numerical
solution (solid line) and
one-term asymptotic
approximation (dashed line)

Fig. 2.18 Numerical
solution (solid line) and 1.75 F(A’)
one-term asymptotic U
approximation (dashed line) :

1.25 \

1 \

0.75

0.5

0.25

2 % 6 8 10

In this case, S(x) = In(1 — xz), x0 =0, S(x9) =0, $"(xg) = -2, m = 1,

o(x) = 1,ie. o = 0. Thus, F(\) = A™/2( /7 + O(A\~1/?)). In Fig.2.18 the solid
line corresponds to numerical solution and the dashed line to one-term asymptotic
approximation.

2.3.6. Write the given integral as F'(\) = fol exp(AS(x))x dx. In this case, S(x) =
In (l — xz), xo0 =0, 8x0) =0, 8x0) = —-2,m =1, p(x) = x,ie a=1.
Note that now the point of maximum lies on the boundary (this point coincides with
the interval end point). So, we have F'(\) = A1 /24+400h). In Fig.2.19 the
solid line corresponds to the numerical solution and the dashed line to the one-term
asymptotic approximation.

2.3.7. We represent the initial integral in the form

F(\) = /7r exp(nS(x))sinx dx.
0

In this case, S(x) = Inx, xo = b = m (note that the function S(x) attains its
maximum at the upper limit), S(xo) = In7, S'(x¢o) = 1/7m, m = 1, h(x, x9) = x.
Hence, ¢(xp) = 0, i.e. the asymptotic expansion does not include the term for k = 0.
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Fig. 2.19 Numerical
solution (solid line) and
one-term asymptotic
approximation (dashed line)

Fig. 2.20 Numerical
solution (solid line),
one-term asymptotic
approximation (dashed line)

Calculate x%(x sin x)|*=" = —x2. Thus,
FO) = A 2exp(An ) [7# +o (A*l)] = M2\ 2 [1 +0 (A*l)] .
In Fig.2.20 the solid line corresponds to the numerical solution and the dashed line

to the one-term asymptotic approximation.

2.3.8. The function S(x) = cosh(x) has a critical point at xo = 0. S(x¢) = 1,

" (x0) # 0.
F,(\) = \E%\&A) [1 +0 (/\—1/2)] .

In Fig.2.21 the solid line corresponds to the numerical solution and the dashed line
to the one-term asymptotic approximation.

2 1 T
2-4-1- J/ 1) = _— R t2 _ 1 _ 0 —1 ) I
v(vt) | Y cos (1/ arccos - N 4) + (V ) n

Fig.2.22 the solid line corresponds to the numerical solution and the dashed line to
the one-term asymptotic approximation for r = 1.3.
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Fig. 2.21 Numerical F (A)
solution (solid line), q
one-term asymptotic §s
approximation (dashed line) : \
3
2.5
: \
1.5
1
0.5
- A
0.5 1 1.5 2 2.5 3
Fig. 2.22 Numerical F (V)
solution (solid line), ¥
one-term asymptotic 5.k
approximation (dashed line) &
0.4}
0.2
o
10 30 40

2.4.2. S(x) = x3, x0 = 0, §"(x0) = 0, " (x0) = 6, S(xp) = 0. Therefore

F(\) = %r (%) A~ exp (%T) [1 o (x‘)] .

The numerical (solid line) and asymptotic (dashed line) values of the functions
F.(A) = N(F(N) and Fg(\) = J(F (X)) are compared in Fig.2.23.

2.4.3.S(x) =x",x0 =0, S" D(x9) =0, S™(x0) = n!, S(x¢) = 0. Therefore,

FO\) = %F (%) A7 exp (%) [1 o ()\"/”)] .

2.5.1. Let h(z) = z + z°/3. The saddle points c12 = =i for integrals (2.5.8) are
obtained from the condition 4’(c¢) = 0. The lines of fastest descent passing through
the saddle points are found from Eq. (2.5.6), which, for this case, are x>y — y3 +3y =
42, where x = N(z) and y = J(z). In Fig.2.24a we plot the function N (A (z)) in a
neighborhood of z = 0, and in Fig. 2.24b the lines of fastest descent passing through
the saddle points ¢ and ¢, and the contour lines of the function R (A (z)).
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Fc(A) Fs@)
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Fig. 2.23 Numerical (solid line) and asymptotic (dashed line) values of F, and Fj

(a) (b)zf

e =
A==

|
-2 ‘,.’::.: : . 2 As llllllll“'),m("""lllm

-1
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-2 | = {42:—%
2 -2 -2 -1 0 1 2

Fig. 2.24 For N (h(z)), a plot in a neighborhood of z = 0, b lines of fastest descent through ¢ and
¢> and contour lines

The integration paths v; and v, are deformed into the paths v = Ajc1A2 +
Ajpcr Az (consisting of two lines of fastest descent with the end points going to
infinity) and v20 = Azc1 A1 + Azcr Az, respectively.

Let J; = f%fo eM@dz k = 1,2, be the contributions of the saddle points ¢ and
c2, corresponding to integrations from A, to A and from Aj to Az, respectively.
Taking into account that for the inverse direction the sign of the contribution Jj is
reversed, one gets

Ai(—n) = C1/n(J2 = J1), Bi(=n) = Co/n(J2+J1), as n— oo.

To calculate the contribution J; of the integral over the arc 7}, we change the variable
(2.5.7). With dz >~ exp(imw/4)dT one finds

Jy = Mter+in/d /OO e Yy WIVES )

—00
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Fig. 2.25 For R(h(z)), a plot in a neighborhood of z = 0, and b lines of fastest descent through
c1 and ¢; and contour lines

Fig. 2.26 The path g ¥y

(=

-1 o 1 2 x

Similarly, we obtain
J2 ~ /7.(./)\ e*i(2/\/3+7T/4).

Hence,
Ai(—1) ~ —— =14 sin (g n E)  Bi(—i) ~ —— 1 cos (g n E) ,
NG Z NG 1

where ( = %(—7))3/2 and \ = (—77)3/2.

2.5.2. Let h(z) = z + iz — z°. The equation 4’(z) = 0 has two roots: 12 =
+21/43=1/2,i7/8 In Fig.2.25a we plot the graph of the function %(%(z)) in a neigh-
borhood of z = 0, and in Fig.2.25b the lines of fastest descent through the saddle
points ¢1 and ¢, and the contour lines of the function %1 (4 (z)). The equation for the line
of fastest descent through ¢ has the form y> —3x2y +x +y = 27/4373/25in(37/8).

For the path vy we chose the contour consisting of the segment O A| and a part
of the line of fastest descent Ajc1Aj (see Fig.2.26).

The main term of the asymptotics of F(\) as A — oo is equal to the contribution
Jp of the saddle point c1, since, compared to it, the contribution of the segment O A
is exponentially small.
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(b)4

-2

-4

-4 -2 u] 2 4

Fig. 2.27 For N(h(z)), a plot in a neighborhood of z = 0, b lines of fastest descent through ¢ and
¢ and contour lines

(a)

(b) ]J : wzﬁ ,
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Fig. 2.28 For % (h(z)), a plot in a neighborhood of z = 0, b lines of fastest descent through ¢; and
¢> and contour lines

After the change of variable (2.5.7), in view of dz ~~ 27 1/83=1/4 4im/16 41 one
gets

FO) = Jy = Ja/a2~ 183 /4 exp (27/43—3/2 /By m/16) .

2.53.Leth(z) = iz—In (1 + z%). Then F () is of the form (2.5.1) and ¢(z) = 1.In
this case, there are two simple saddle points: ¢c| = i (W2—=1andc; = —i(v/2+1).
In Fig.2.27a we have the graph of the function % (%(z)) in a neighborhood of z = 0,
and in Fig.2.27b we have the lines of fastest descent passing through the saddle
points ¢1 and ¢, and the contour lines of the function N (4(z)). The equation for the
line of fastest descent through ¢y is sinx (1 4+ x% — y2) = 2xy cos x.

The main term of the asymptotic expansion of F () is equal to the contribution
Jp of the saddle point c¢. Changing the variable (2.5.7) we get
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FO) =~ Jp = A2 exp(=Ae)20) (1 — 0)]'2,

where ¢ = ﬁ— 1.

2.5.4. The saddle points for the function 4(z) = i(3z — z°) are obtained from the
equation 4’(z) = 0 with roots ¢ o = £1.

In Fig.2.28a, we plot the graph of the function %i(%(z)) in a neighborhood of
z = 0, and in Fig. 2.28b the lines of fastest descent through the saddle points ¢; and
¢> and the contour lines of the function R (A (z)).

The main term of the expansion of F () is equal to the sum of the contributions
of the saddle points ¢ and ¢,

FO\) ~ J + Jh =27 23BN 72 cos@N — 7/4).



2 Springer
http://www.springer.com/978-3-319-18310-7

Asymptotic methods in mechanics of solids

Bauer, 5.; Filippov, 5.B.; Smirnov, A.L.; Tovstik, P.E.;
Vaillancourt, R

2015, XX, 325 p. 88 illus., Hardcowver

ISBN: 978-3-319-18310-7

A product of Birkhauser Basel



	2 Asymptotic Estimates for Integrals
	2.1 Series Expansion of Integrands
	2.1.1 Exercises

	2.2 Integration by Parts
	2.2.1 Exercises

	2.3 Laplace Method
	2.3.1 Exercises

	2.4 Stationary Phase Method
	2.4.1 Integrals Without Stationary Points
	2.4.2 Erdélyi's Lemma [20]
	2.4.3 Integrals with Stationary Points
	2.4.4 Complete Asymptotic Expansions
	2.4.5 Exercises

	2.5 Saddle Point Method
	2.5.1 Description of the Method
	2.5.2 Asymptotics of Airy's Functions
	2.5.3 Exercises

	2.6 Answers and Solutions


