Chapter 2
The Higgs Boson in the Standard Model

of Particle Physics

2.1 The Principle of Gauge Symmetries

The principle of gauge symmetries can be motivated by the Lagrangian density
of the free Dirac field, which is covariant under global U (1) gauge transformations
of the complex phase of the spinor fields, v:

D) = ¢ = p(x)

) = @) =de

L) = (i9"0) — m) ¢/ (x) = e (i4"8, —m) () @2.1)
= ¢ (i7"9y — m) ¥(x) = L)

The U (1) transformation, which only acts on the components of the spinor and
not on its arguments is usually called an internal symmetry of the field. The global
character of this transformation is imposed by the fact that the phase ¥} does not
depend on x or ¢. The free choice of ¥, which is inherent to the equations of motion
of the Dirac field still requires the phase to be the same at any point in space-time.
Extending this global symmetry to a local symmetry, where ¢ is allowed to be

different in any coordinate in space-time (1) — ¥(x)) appears natural, but breaks the
covariance of the equation, due to the derivative that appears in the Dirac equation:

D) = ¢ () = " Dp(x)

00 = P (x) = h)e 'V

L) =9 (i7"0, —m) ' (x) = Ye ' (iy19, —m) eV p(x)  (2.2)
=1 (i7" (O +i0,0) — m) (x) # L(x)
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16 2 The Higgs Boson in the Standard Model of Particle Physics

The covariance can however be restored and in fact enforced, by replacing the
normal partial derivative by the covariant derivative 8,, — D, = 0, +ieA M,l where
an additional degree of freedom is introduced by the gauge field A, into which the
covariance breaking term, i8#19, can be absorbed. From the imposed covariance
requirement on the Lagrangian density

PY(x) = Y (x) = eV Pp(x)
D(x) = P (x) = P(x)e W (2.3)
Dytp — (D) (x) = V(D) (x)

the transformation behavior of both the covariant derivative, D,,, and the gauge field,
A, can be derived:

(D) () = (8, + ieAL) 7 = &7 (5, +18,0(0) + ieA],) ¥
= V(D) (x) = €W (9, +ieA,) ¥

1
Ap— A=Ay, — S0u0) (2.4)

D, — DL =D, —id,V(x)

The transformation behavior of the gauge field, A, is known from electrodynam-
ics. In the physics interpretation A, can be identified with a mediating particle, that
introduces an interaction between fermions with a coupling constant e. It mediates
the information of change in phase of the Dirac spinors between two different points
x, and xl’L in the four dimensional space-time, and thus obtains a geometrical inter-
pretation. With the picture of electrodynamics in mind, A, can be identified with the
photon field.

To obtain a dynamic field the Lagrangian density needs to be completed by a term
that describes the dynamic behavior of the gauge field. This term should be gauge
and Lorentz covariant, which is true for the square of the field strength tensor, defined
as Lyip in:

1 i
Lyin = _ZF;wF'uU; Fu = a/LAI/ - auAu = _; [D/u Dl/] (2.5)

Note that in classical formulations D,, is sometimes introduced as D, = 0, — ieA,,. Here it will
be introduced with a “+” sign to keep consistency with the canonical formulation of the SM later
on.
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The Lorentz invariance of Ly, is obvious from the contraction of the Lorentz
indices. The gauge invariance is demonstrated below:

1 1
FHV — F;“/ = 6NAU — Z(‘)Ha,ﬂ? — 81,AM + zayau’l? = 8MAV — 6,,AH = Fl“/

It should be pointed out that the field strength tensor can be obtained from the
commutator, [-, -], of the covariant derivative, as shown in Eq.(2.5). It should also
be pointed out that A, only appears up to second order in Lj,. This has the im-
portant consequence that for the electric field, that will be derived from A, in the
Dirac equation, the fundamental principle of linear superposition is obeyed. The full
Lagrangian density of a fermion field with interaction reads as:

_ 1
L(x) = ¢ (i’}/#Du - m) P(x) — ZF;U/F/W

_ 1
= 1/) (i'y“(aﬂ + l'eAu) - m) Tl)(x) - ZF;WFHV

— — 1
= (i7"0) — m) p(x) — ey YA — S Fy FI (2.6)
N———’ 4
———
free fermion field IA gauge

where, after some re-ordering of terms, the first part of the Lagrangian density corre-
sponds to the propagation of the free fermion field, the second term (labeled as “TA”)
to the interaction with the photon field and the third term (labeled as “gauge”) to the
propagation of the free photon field. The canonical variation just of the kinetic term,
Lxin, of the gauge field returns the Lorentz covariant formulation of the Maxwell
equations in the absence of matter

1 1
Lyin = _ZFHJ/FMV = _Z(auAu - ayAM)(ﬁﬂAV - 8VA#)

varied by the field A, 2.7
0 Lin 0 Lin
ol ———) - =0
" (5auAV) 5A,
OuF" =0

which in the Lorenz gauge (9, A" = 0) further on leads to the Klein-Gordon equation
for the propagation of a free and massless boson field:

0,0" Al'— 0" 9,A" =0;  (9,0" —0) A" =0
——

B A" =0 2.8)
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From the transformation behavior A, — AiL =A, - %%ﬂ(x) it is evident that
a mass term for the gauge boson, A, of type

m m m m m
EALA’“’ = EANA“ — ;A”@,ﬂ?(x) + E@,ﬂ?(x)@“ﬁ(x) # EAMAN (2.9)
in the Lagrangian density breaks local gauge invariance. This is a manifestation of
the deeper truth that in naive gauge theories the gauge fields a priori have to be
massless. Note that the mass term for the fermion field, 1, of type ¥m1 in Eq. (2.6)
does not break gauge invariance.

2.1.1 Extension to Non-Abelian Gauge Symmetries

The above explanations refer to the special case of the U (1) symmetry, corresponding
to an Abelian symmetry group, for which the ordering of the operators is irrelevant.
Any extension of this symmetry group, e.g. to higher dimensions, leads to non-
Abelian symmetry transformations, for which this is not the case any more. The
SU (2) symmetry (which is isomorphic to the well known O(3) symmetry group of
three dimensional rotations) or the SU (3) symmetry are typical examples in particle
physics: the SU(3)¢ color symmetry leads to the formulation of Quantum Chromo
Dynamics (QCD); the SU (2) flavor symmetry of the electroweak isospin will be
discussed in the following sections. A general representation of higher dimensional
isospin vectors is

Y1

=\ : n>N

Yn
which in principle can be of any dimension n > N (where N is the dimension of
the symmetry group). In the examples given above, the isospin vectors would be
Vg = (qr qq qb )T for a quark triplet in the case of the strong color isospin, where
the components correspond to the three degrees of freedom representing the color
charge of the quark (red, green or blue). It would be ¢, = (l/( E)T for a lepton
doublet, in the case of the weak isospin, where v, corresponds to a neutrino and £ to
the corresponding charged lepton field.

To investigate the extension of local gauge symmetries to non-Abelian symmetry
groups the further discussion will be concentrated on the SU (2), with a spinor, 9,
with the components v, and a transformation matrix G € SU(2)r. The matrix G
has an adjoint matrix GT : GG™ = 15, which corresponds to the transposed and
complex conjugate. As G is an element of a Lie group, it can be expressed by its
tangential space, spanned by the (N 2 _ 1) = 3 generators 1, : G = e'V«a where
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¥, are three continuous parameters.” A typical irreducible representation of these
generators in the minimal dimension, two, are the Pauli matrices:

oo Loy oo 10—y o3 1 (10
=% =2 \1o) 27272 \i o) 277272 \0o-1

where the non-Abelian character of the transformation group is resembled by the fact,
that the generator matrices #, are non-commuting. For the SU (2) the commutation
relations take the general form:

[ta, tp] = taty — tpty = i€apcle # 0 (2.10)

where the totally anti-symmetric Levi-Civita tensor €45, corresponds to the structure
constants of the SU (2). For different (e.g. higher dimensional) representations also
different matrices could be defined, with the only requirement that these new repre-
sentations should be irreducible and fulfill the commutation relations of Eq.(2.10).
For infinitesimal transformations ¥ = 9,7, the matrices G and G' can be ex-
pressed by

G =1y +i0,t, =1 +1i0
G =1y — iV, =15 — iV

which corresponds to the lowest non-trivial Taylor expansion terms of the exponential
function. It should be noted that for non-Abelian formulations from this point on v
corresponds to a matrix composed as a linear combination of the generators 7, with
continuous parameters 1, while for the Abelian case 1 was just a single continuous
parameter. The proper choice has to be derived from the context. In the non-Abelian
case the gauge transformations of Eq.(2.1) take the form:

Y = 0 = GP(x) = & ap(x)
D0 = Y (2) = PG () = Plae W
L' (x) = (i7"0, — m) ¢ (x) = e PaWla (1419, — m) e!Va@ayp(x)  (2.11)
=4 (i7" Dy —m) $(x) = L)
which now contains the transformation matrix G, which itself can depend on the
spacial coordinates x via the continuous parameters 1, (x). Note that the spinor, v,
now has components « (taking e.g. the values O and 1) and that trivial terms like

i~" or m implicitly have to be extended by a unit matrix 1. The covariant derivative
takes the form 0, — Dy, = 0y +igtaAj, = O, + igA,, where A, = 1, A}, again

2Note that the book follows the convention to sum over re-appearing identical indices as in the case
of the Einstein sum convention.
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corresponds to a 2 x 2-matrix, built from a linear combination of the Pauli matrices.
From the covariance requirement on the Lagrangian density

Y(x) = ' (x) = G)Y(x) = el @lay(x)
P(x) = P (x) = p(x)GT (x) = P(x)e Vaia (2.12)
Dy — (D) (x) = G(x)(Dyah) (x) = e Ve (Dah) (x)

again the modification of the transformation behavior of the covariant derivative, D,,,
and of the gauge field, A, can be obtained:

(D) @) = (9 +igA},) ¥'(0) = (9 +igA},) G
= (0.6 + G, +i94/,G) )
=G(Du)(x) =G (O +igAu) ¥(x) = (GO +igGA,)

Note that on the left-hand side of the “=" sign in the above equation the non-
commuting operator G is multiplied from the right, while on the right-hand side of
the equation, it is multiplied from the left. The transformation behavior of A, turns
out to be:

Ay — Al =GAG + 20,66
g

1
Ap— Al = Ay +ild, Ayl - 50 (2.13)

where the second formulation of Eq. (2.13) corresponds to infinitesimal transforma-
tions ¢ and [-, -] again to the commutator. Note that the first term G A #GT acts like a
coordinate transformation in the SU (2) isospace that mixes the components of A,,.
This transformation behavior is called adjoint representation. The transformation
behavior for the covariant derivative D), also follows the adjoint representation

D, — D), =GD,G'
Dy, — D), =Dy +il¥, D,] (2.14)

where again the second formulation corresponds to infinitesimal transformations.
The easiest way to understand this is via the relation GG = 1 as outlined below:

(Du) = GDyp = GD, G G = GD,G" Gy = D))/
=1, D,

The last missing piece is to determine how the description of the dynamic part of
the gauge field changes. For this purpose the field strength tensor as introduced via
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the commutator in Eq. (2.5) (right) is used:

i i . .
Fu = _Q[D/u D,] = _5[(8u +igAu), Oy +igAy)]

=0uA, — OA, +iglA,, AJ] (2.15)

Compared to the Abelian case, the field strength tensor gets an additional term

from the commutator of A . The easiest way to derive its transformation behavior
in the non-Abelian case again is via the commutator relation:

Fu — Fj, ===ID}. D1 =-= (GD,G'GD,G' - GD,G'GD,G")
g g
! i i
=G (5100 D11) 6" = GFuG

The kinetic term in the Lagrangian density is required to be an SU (2) singlet and
a Lorentz scalar. These requirements can be matched by the ansatz:

Lin = Tr (Fu FM)
1 1

=Tr (IHFSV : tbe/w) = FﬁVFbIWTr (ta - 1p) = Fl(jVFblwz ab = EFSVF‘WV

where Tr is the trace in the SU(2) isospace and the Lorentz covariance is explicit
from the contraction of the Lorentz indices. A test of the transformation behavior in
the isospace demonstrates that this ansatz is justified:

ju%

Lhin =Tr (F, F") = Tr (GFuG'GF™G') = Tr (GFu P G')
=Tr (FW,F“V) = Lin

At the end of this section, the equations of motion for the non-Abelian SU (2)
shall be given. The Lagrangian density reads as:

— 1
Lx) =1 (w”Du - m) P(x) — ETr (F“”Fm,)
— ¢ . 1 ’
= (iv" (O +igAu) —m) Y(x) — ETr (FM F) (2.16)
— . . 1
= G (i@ +igtaAf) = m) va(r) = S Fyy F
where in the last term the individual components have been spelled out explicitly.
Like in the Abelian case the gauge fields are massless. Mass terms of type mTZA uAt
would break the gauge invariance for the same arguments as given for Eq. (2.9). The

variation of £(x) by v (resp. 1) reveals the equations of motion for fermions:

(i’y“@u - m) Yo = g'YﬂtaAZ¢a
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Note that this is a system of two correlated equations for & = 0, 1, the spinors ),
are objects with the minimal dimension 4 and corresponding behavior under Lorentz
transformations and the #, are 2 x 2 matrices in the corresponding SU (2) isospace,
which turns these equations of motion into a rather complex system of equations.
The variation by Af, reveals the equations of motion for the gauge bosons, which are
again given for the gauge fields in absence of fermion fields to allow easy comparison
with the Abelian example given in Eq. (2.7):

81/F£W = _geabcAZtc

Here the term, —geabcAZ‘ t. on the right-hand side of the equation introduces
the self-coupling of the gauge bosons with the same coupling strength, g, as to the
fermions. The fact that g is the same as for the coupling to fermions requires that the
coupling to the fermions is universal, which is often referred to as lepton universality.
In the SU (2) there are three such equations corresponding to the three generators
tq, (@ = 1,2, 3) and the associated gauge bosons. They are coupled via the structure
constants of the SU(2). Due to the self-coupling the gauge bosons never are freely
propagating fields in contrast to the Abelian case.

Table 2.1 Comparison of the most important characteristics of a (left) Abelian and (right) non-
Abelian gauge theory: (first line) the transformation behavior of the (spinor) field, (second line) the
covariant derivative, the transformation behavior of the (third line) covariant derivative and (fourth
line) gauge field, (fifth line) the transformation behavior of the field strength tensor and (last line)
the Lagrangian density

Main Characteristics of Gauge Field Theories

Abelian Non-abelian
P(x) = P (x) = eV y(x) P(x) —> P (x) = eValag)(x)
= G(x)Y(x)
8}1 - D,u = (au + ieA/L) (9“ - D“ = (841 + igtaAz)
= (9u +igA,)
D, — D), = Dy, — i9,0(x) Dy — D}, = Dy +il[0, D]
=GD,G"
Ay— A=A, —Lo0 Ap = Al = Ay +il0, Al — 18,0

=GAG" +19,6)G1
F,ul/ = _é[D,uv D,] = 8;LAV - avAu F;w = _é[D;Ls D,] = a,uAu - 81/A;L + ig[A;u Ayl

F,ul/ g F/,W = Ful/ F/u/ - FF/“’ = F/u/ +i[9, F/w]
=GF,G'
L =4 (" Dy —m) ) — g Fu F" | L= (i7" Dy —m) b — g Ffj, F
=9 (i'Y“Du - m) Y- %Tr (FN”FW)

Note that the Abelian transformation behavior can be obtained from the transformation behavior
of the non-Abelian case, by requiring that the commutators for the gauge fields is 0. This can be
trivially seen for A, and F,;,. The only non-obvious case of the covariant derivative, Dy, is briefly
explained in the text
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A summary of the most important characteristics of the Abelian and non-Abelian
gauge theories, side by side, is given in Table 2.1. Note that the transformation behav-
ior of the Abelian case can be obtained from the non-Abelian transformations by the
requirement that the commutators for the gauge fields are 0, which can be trivially
seen for A, and F,,. The only non-obvious check of consistency is the transforma-
tion behavior of the covariant derivative, D/, for which care has to be taken, when
applying the commutator as an operator. The calculation is demonstrated below:

Dj, = Dy +i (9D, — D)
=D, +i(9(0,+igAy) — (8, +igAy) D)
=Du+i(9(8y+igAu) — V(O +igAy)) —idud

0

=D, — i,

2.2 The Electroweak Gauge Theory

In 1914, James Chadwick established that the energy spectrum of the radioactive /3
decay is not discrete as in the case of « radiation but continuous [1]. It took another
16 years for Wolfgang Pauli to postulate the existence of the neutrino, v, as another
product of the 3 decay besides to the lepton, which could explain this continuous
energy spectrum [2]. The first theory of the weak interactions was formulated by
Enrico Fermi in 1933 [3]. In this theory the interaction was described by a four
fermion coupling of type

Hia = G/d3x (ﬁ(x)’y“n(x)) (é(x)v“u(x)) + h.c.

where Hia corresponds to the Hamiltonian function, p(x) to the proton, n(x) to the
neutron, e(x) to the electron and v(x) to the neutrino spinor. It followed suit the
structure of quantum electrodynamics, with a key modification after the discovery
that the weak interaction violates parity. Until today the weak interaction is the only
interaction that we know of with this peculiar behavior. In 1958 Richard Feynman
and Murray Gell-Mann introduced a model of the weak interaction, in which parity
was maximally violated:

Hia = / d3x% (57 =+*m) (231 = 1) 2.17)

It takes into account that on the elementary particle level only the left-handed
part of particles and the right-handed part of anti-particles take part in the (flavor
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changing) charged current weak interaction. The special matrix operator 4 is defined
as 7> = i7%y'~4?~3 and has the following characteristics:
FPA=0 =1 =7

where {-, -} is the anti-commutator. The second term (’ys)2 = 14 becomes obvious
when written out in matrix notation (in the Dirac representation):

s_ (012

TT\1o
where the elements in this notation correspond to blocks of 2 x 2 sub-matrices.
Applied to a spinor with four components 7> swaps the first two elements with the
last two elements. When applied twice the spinor will retain its original form. The

terms %(1 + ~°) are projection operators which project general states on to their
right-handed (+) and left-handed (—) components. They have the properties

3 (19)) =3(=7)
2V FT)) T 0T
1 5y 1 5
-(14+9)--1—-v)=0 (2.18)
2 2
where the first term in Eq. (2.18) is the defining characteristic for a projection operator
and the second term indicates, that the two operators are orthogonal to each other.
The fact that a single factor %(1 — ~?) in the Lagrangian density is sufficient to

project out the left-handed state for both the electron and of the neutrino field is
demonstrated below:

2
_ 1_,)/5 o 1_,}/5 o 1_’_75 . 1_,}/5
e'y 2 V_e’y 2 Vv =e 2 ’y 2 1%
Y

The transformation

X: v=>7Y 5 Y= @Y =9Iy = -y (2.19)

is called chiral transformation. The projections on to the left- and right-handed states
are eigenstates of the chiral transformation with the eigenvalues F1:

YL — VYL =~
YR = Y UR = R (2.20)
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Note that the terms of Hja in Eq.(2.17) and terms of type w‘aﬂw are invariant
under chiral transformations, while terms of type ¥m1) are not, since they lead to a
sign flip. In this picture the introduction of mass terms for fermions would break the
chiral symmetry of H.

2.2.1 Extension to a Theory of Electroweak Interactions

In 1961 Sheldon Lee Glashow managed to develop a gauge field theory that was
capable of describing weak and electromagnetic interactions in a unified approach [4].
In this section, this will be explained in detail only for the first generation of leptonic
interactions with an electron and a neutrino field, for simplicity reasons. Also for
simplicity reasons, this introduction is given in the unitary gauge, in which unphysical
degrees of freedom in the theory do not explicitly appear any more and all remaining
fields can be identified with physical degrees of freedom. Since the theory does not
depend on the choice of the gauge, this choice can be made without restriction. There
will be one paragraph in the following sections where the choice of the gauge will
play an important role in the argumentation and two examples that will sketch the
basic idea of special gauge choices. These appearances will be stated explicitly.

To construct a gauge field theory additional global symmetries have to be intro-
duced into the Lagrangian density, for which then local gauge invariance will be
enforced. This is achieved by extending the internal number of degrees of freedom
in the Lagrangian density to some higher dimensional space, which, in this case, will
be of dimension two. This space is usually called the space of weak isospin. Since
only left-handed leptons take part in the weak interaction, all fermion fields will be
decomposed into their left- and right-handed components. Only the left-handed part
of the fields will take part in the (flavor changing) charged current weak interaction.
To achieve this only the left-handed leptons will be combined into a doublet in the
space of weak isospin.

YL = (Zi) VR = ek (221)

This doublet acts like a spin !/, object in this hyperspace. The only difference
between v7 and ey in the sense of the interaction will be the third component of
the weak isospin doublet /3. The right-handed component of the electron is de-
fined as an isospin singlet 1) = eg, with trivial transformation behavior under
SU (2) transformations. Since non-trivial SU (2) transformations only act upon the
left-handed components of the particles, the symmetry will obtain an index L. The
neutrino is still assumed to be massless and to consist only of a left-handed component
for simplicity reasons. The actual electron and neutrino fields are linear combinations
of the left- and right-handed components:

vV =Vy

e=¢e| t+epR
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The decomposition of a simple Lagrangian density without interaction terms and
without mass terms into a left- and right-handed component takes the form

Lo =iey!'oye+ivy'ouw =
=ie;y'0er +iepy'0 e +iegy'Oper +iegy' Oper + ivpy O =

=0 =0
=ie;y'0,er +iegy!'Oper + iy O, v

where the mixed left- and right-handed terms are 0, since these components are
orthogonal to each other. This is explicitly demonstrated in the following equation:

1+ 14+~° T+9\[ 1=
iéLfy/”(?H,eR:ié( 4“27 )waﬂ( 27 )e:ié( +27 27 Ve = 0

Thus the Lagrangian density can be written in a more compact form as

Lo =Y "Our +ery"Ouer
———— ————
doublet singlet

where the first term corresponds to the isospin doublet term, as defined in Eq. (2.21)
and the second term corresponds to the isospin singlet term. From the isospin doublet
term the flavor changing interaction will be derived. The isospin singlet term for the
right-handed part of the electron will not take part in this interaction. £y is invariant
under global SU (2);, gauge transformations of the type:

YL — ¢ =Gy GeSUQ).L
YR = Yp = YR

which have been discussed in Sect. 2.1. These transformations correspond to rotations
in the weak isospace, with (n> — 1) = 3 generators. Under these transformations
i, transforms like a vector while g transforms like a scalar. Following the rules
as outlined in Sect. 2.1 leads to the introduction of the following covariant derivative
and gauge fields:

dy — Dy =(9,L+igtaW;f=8H+igWu a=1,2,3
1

Wy — W, = W, + i[9, W] — ~8,9 (2.22)
g

i

=GW,G" + P (0,G) G7

where the second line indicates the transformation behavior of the gauge fields. Note
that the gauge field W), is a linear combination of the three components W, which
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correspond to the generators % = % The field strength tensor is also introduced in
analogy to Sect.2.1:

i .
W/w = ;[D/u Dy] = a/l,Wl/ - al/W/L + ZQ[W/L» W]
Wo, = 0, W — 0, Wi — ge™ W), W (2.23)

where the second expression corresponds to the component-wise formulation, for
which Eq. (2.10) has been used. This leads to a canonical definition of the Lagrangian
density as

= . 1
L3Vl = i3h, AP Dby, + iégy" e — ETr (W WH)
=i (DL er ) ~H (Gﬂ + igt"W;f) (:2) + eryOper
1
- Z [(8/l an -0y Wﬁ - geabcwﬁ WIS)
(orwre — grwre — gesdeyyrdyre) | (2.24)

where the last part of Eq.(2.24) corresponds to the component-wise notation of the
compact form, given in the first part of the equation. Since the operators

o1 +ioy (01 0 1
=% =\oo) T "\1)=\o
r= w - (? 8) O ((1)) - ((1)) (2.25)

act like the well known ascending and descending operators from quantum mechanics
the three gauge fields W); can be rewritten as

1
+ 1 c72
Wi = (i)
wr o= (W giw?
1% - ﬁ )% )i
1
— +,+ = 33
Wi = 5 (Wu Wt ) + W

which leads to the following interacting term of the SU (2) Lagrangian density for
left-handed leptons:

SU@2 - i ]
VO = 3 Dy = i (a,l +zgz“W§) YL

e — 1 o
=i "L — gLy [72 (z*W;r +IW, ) + t3wj] L
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= Py O ~3 [ﬁ” (Wira") ew +2ew (Wira") v Wi (' Ew“n)}
N—————

KIN e— v v—e NC*

where for the last term the mixing of components due to the Pauli matrices has been

carried out explicitly. The first term in the equation (labeled by “KIN”) corresponds
to the kinematic term of the freely propagating leptons (in compact notation), the
second term (“¢ — v”’) to an interaction vertex that leads to the destruction of an
electron and the creation of a neutrino, the third term (“v — ¢”) to an interaction
vertex that leads to the destruction of a neutrino and the creation of an electron.
These terms can now be identified with the observed charged current reactions.
On the other hand the last term (“NC*”) does not yet correspond to the observed
electroweak neutral current reaction, as it only couples to the left-handed part of the
electron. This means that the electromagnetic interaction is not properly included in
this SU (2), Lagrangian density. To achieve this the global U (1) symmetry, which is
also inherent to the Lagrangian density, is exploited and the principle of local gauge
invariance is extended toa SU (2), x U (1)y> symmetry. This implies that in addition
to the local SU (2), symmetry, the Lagrangian density should also be invariant under
local U(1)y phase transformations. In contrast to the SU (2) transformations, the
U(1)y transformations act on both the left-handed component, 7, and the right-
handed component, g, of the fields. For the left-handed component, it acts on
the doublet as a whole. This additional symmetry requirement leads to one more
generator for the U (1)y symmetry group that, in turn, will lead to the introduction
of another gauge field

B, gauge field

/o . Y . . .
D,= O +ig EB” covariant derivative
By, =0,B, —0,B, field strength tensor

Since the U (1)y symmetry is imposed on the isospin doublet as a whole, it is
not independent from the SU (2), symmetry and the gauge fields W, and B, will
be entangled. This will become more obvious by an explicit entanglement of the
coupling constant, g, of the SU (2); with ¢’ later. The constant Y is the hypercharge
of the SU (2) singlet or the SU (2) doublet as a whole, which can be different for
each object in the isospace, expressing the additional freedom in the Abelian over
the non-Abelian gauge theory, where g is fixed to be the same for all objects in the
isospace by the gauge boson self-couplings. In the further discussion the hypercharge
is defined such that the electric charge g of each corresponding component of the

3The additional index Y is tribute to the hypercharge Y in the covariant derivative.
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isospin singlet or doublet is related to the hypercharge by the Gell-Mann-Nishijiama
relation:

g coupling constant
Y hypercharge

Y
qg=1I5+ ) electric charge

Note the clear distinction between the coupling constant and the charge of an object
in this case, which is more obvious here as in quantum electrodynamics. The proper
choice of Y7 = —1 (left-handed) and Y = —2 (right-handed) for the leptons, leads
to the electric charges as observed experimentally. An overview of the values for the
hypercharge and third component of the weak isospin, I3, for the complete first flavor
generation of fermions is given in Table 2.2. This peculiar choice of hypercharges is
related to the unitary gauge and has been made such that the quantum mechanical
charge operator reveals the charges of the elementary particles, like the electron or the
proton, as observed by experiment. It is not in contradiction to the principle of gauge
invariance that such a choice has to be made. Within the theory, it is only important
that a gauge can be found, in which such a choice is possible. In this formulation,
the SU(2); x U(1)y Lagrangian density thus takes the form

_ Y _ Y
LV@QLxUMy _ o i (8u + ig’TLBN + igt“W;j) VL + it gy (a,t + ig/TRBH) VR
(2.26)

1 1
- 5T (Wi W) =GB

Table 2.2 Summary of the hypercharge (Y, ,g), third isospin component (/3) and electric charge
(g) of the particles in the first fermion generation of weak isospin, as obtained from the Gell-Mann-
Nishiyama relation g = I3 + Lo Y

Particle SU(2)1, x U(1)y Hypercharges

Left-handed Right-handed

YL I3 Yr q
v -1 +1h - 0
e —1p -2 -1
u =1 +1h =25 +1/3
d —1h 4 25
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with the neutral current component

/

LNC _ _ gWi (v — eLyuer) — %Bu [Yo (7yur — ervuer) + Yreryuer]
weak TA em [A
= (_gWS + %/Bu) (Fyur) + (gwi + %Bu) (evuer) + 9'By (eryuer)
X Zy

As the first term in the last part of this equation has to be proportional to the Z,,
field, it follows that the gauge fields WS and B, do not correspond to the physical Z
boson and photon fields. But it can be achieved to construct the physical fields from
the original gauge fields from a rotation by the angle 8y, which is referred to as the
weak mixing angle angle:

/ /

sin Oy = S cos Oy = 9 tan Oy = g
92 + g/2 /92 + 9/2 g
1 3 ’ 3 :
Z, = — (gWJ/ —g B},,) =cosOw W, —sinfy B, (2.27)
2 7] F F
g -+g
1 3 / . 3
A/’* = — W (gWﬂ +g B#) = SIHGWWM —+ cos HWB;L

After some arithmetic, this term leads to the neutral current part of the Lagrangian
density in its final form

ENC _ 92 + g/2
2
2 72
+ QTH [(0052 Ow — sin’ HW) Z,, + 2sin Oy cos 9WAN] (eLvuer)

(2.28)

Zy ()

+

/92+g/2 [

5 —2sin® Oy Z,, + 2sinfy cos HWAN] (erRVueR)

As can be seen from Eq. (2.28), only the Z,, couples to the neutrino. Furthermore
the photon has the same coupling to the left- and right-handed part of the electron,
which resembles the fact that the photon does not distinguish between left- and
right-handed states. This is not the case for the Z, boson. The factor

/
g =+ g%+ g?sinby cos by = N —
/92+g/2
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can be identified by the electric charge ¢.* Expressed by ¢ and 6y the Lagrangian
density takes the form:

ﬁSU(2)LxU(1)y — Ekin +£CC +£NC +£gauge
£kin — iey'oye +ivy"o, v

q _ __
£6=-—2 [W+1/ er + W ey V]
ﬁsin Ow P p L

NC _ _ q - - _ -
L7 = 2sin Oy cos Oy Zy [ (vuv) + (eLper)] — q [Ap + tan 0w Z, ] (21e)
(2.29)

1 1
gauge __ a ywapvy _ nv
L = — Ty (WWW ) BB g

3
W, = Z,

This Lagrangian density describes the full structure of the electroweak interaction:
the kinematic terms for the leptons (£X"), the charged current (£€), the weak and
electromagnetic components of the neutral current (£¥¢) and the kinematic terms
of the gauge fields Wﬁ and A, (L8%€°%). The fact the SU (2), is a non-Abelian gauge
field theory leads to a characteristic self-coupling of the weak gauge bosons. The
rotation by the electroweak mixing angle implies that all types of self couplings will
at the same time apply for Z bosons and photons.

The theory thus makes a prediction for the structure of the electroweak interaction,
which by construction, is maximally parity violating in the leptonic interaction vertex.
The obvious weakness of this theory is that mass terms of the form

my

for the gauge bosons, but also for the weakly interacting leptons are explicitly not
gauge invariant. For gauge bosons this has been shown in Eq.(2.9). For the lepton
fields this becomes clear from the following calculation

emee = (eg +er)m, (eg +e1) = m, (ereg + egrer +ereg +epeyr) (2.30)
= me (ereL +éLeR)

4The general usage of the variable name “e” for the elementary charge of the electron has been

replaced by “g” in this and the following sections to prevent misunderstandings in cases, where “e
is used for other objects, e.g. like the electron spinor.
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where ereg and ey ey are zero due to the orthogonality property of the projectors.
Since eg is a SU (2), singlet while ey, is just a component of the SU (2); doublet
11, the remaining terms as such do have a non-trivial behavior under SU (2), trans-
formations and are not gauge invariant. This additional complication in the SM only
occurs due to the splitting of the fermion fields into a left- and right-handed compo-
nent. It was therefore obvious since its introduction in 1961 that the SU (2);, x U (1)y
gauge theory is incomplete and needs to be extended by another theoretical concept,
which was suggested to be the concept of spontaneous symmetry breaking that will
be discussed in detail in the following section.

2.3 Electroweak Symmetry Breaking and the Higgs Boson

The expression spontaneous symmetry breaking refers to the situation where a sys-
tem, described by the Lagrangian density L, is invariant under the transformation
of a given symmetry group G, while this symmetry is broken by the energy ground
state of the system. The simple example of a needle standing upright on its tip has
been given in Sect. 1.2: the Lagrangian density of this system is invariant under ro-
tations, o, around the axis of the needle. But the system is metastable and the needle
will fall into an arbitrary direction in ¢ to end up in the energy ground state. This
situation is illustrated in Fig. 1.3 (left). The direction in which the needle will end
up lying can not be predicted. All possible angles are degenerate and ignoring fric-
tional energy losses the needle could move around the original axis without further
energy costs. This is a general characteristic of the phenomenon. In the context of
quantum field theories it is formalized in the Goldstone theorem [5], which states
that in a relativistic, covariant quantum field theory, in which symmetries are spon-
taneously broken, particles with mass zero are created. These particles are called
Goldstone bosons. They correspond to the degeneracy of the energy ground state in
the simplistic example given in Sect. 1.2.

Goldstone bosons can be elementary particles, which are already part of the La-
grangian density, bound states, which are created within the theory (like the hydrogen
atom or Cooper pairs) or they can be identified by unphysical excitations or artificial
degrees of freedom within the gauge theory, which are usually removed by the choice
of a proper gauge.

2.3.1 The Goldstone Model

The Goldstone model can be introduced by a field ¢ with a potential V (¢) and a
Lagrangian density £ given by

1

=4

(P1+ip2)
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V(p) = —12lo1* + Mol
L() = 0,00"¢* — V()

V (¢) will be referred to as the Goldstone potential. For this example an illustra-
tion is given in Fig. 1.3 (right). The Lagrangian density £ is invariant under U (1)
transformations ¢ — ¢’ = ¢'’. The energy ground state is where the Hamiltonian

oL
T R

S0 L= 0u00" 8 + V)

is minimal, which is the case for |¢| = 4/ ’21—)\ This minimum will later on be identified
with the non-zero vacuum expectation value

e
22X

V=

(2.31)

The ground state is illustrated in Fig.2.1. An expansion around the ground state

. . 2 . . .
in the point (,/ ‘{—A O) in Cartesian coordinates leads to

o(u,v) = 5+%(u+lv)

1 1
= Hp* — = — I — " —_ /
c [ama ¢ v<¢>]¢=¢w) S 0uud"u+ S9,00" = V/(u, v)

V', v) = [ — u?o)? + )\|¢|4]¢=®(u7v) = —% + p2u® + pv (u2 + v2)
+ 2 (u2 + v2)2

Note that the ¢ symmetry around the origin of the potential is not visible any more
in this expansion. At the same time a complex structure of terms containing v and
u has emerged. The term z2u? formally corresponds to a mass term for the field u,
which can be identified with an excitation of the field in the confining direction that
leads horizontally out of the minimum, in which V' (u, v) has been developed. The
field v, which does not lead out of the minimum of V' (u, v), does not acquire a mass
term. This field corresponds to the Goldstone boson. Other terms lead to tri-linear
and quartic self-couplings of the fields u and v. There are no terms which are linear
in u and v. This is obvious from the fact that the field ¢ has been developed in the
minimum of the Hamiltonian function, for which the Taylor expansion starts with a
first non-trivial term in second order. This argument holds for any potential.
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Fig. 2.1 Up-view onto the A
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The symmetry of the system is better represented by cylindrical coordinates, in
which the Lagrangian density £ takes the form

2
_ i« /1’_ X
2
1 pr X
L =10,00"¢* —V =~ \O" Eo4 2 ) 0,000 -V
puoorer = v =300+ (|55 + 5| dwada = V00

__

A
2.2 3 4

= A+ A+ 2
ot — an THX X+ X

V0o = | =219l + Aol
the expressions for the self-coupling terms are simpler, the mass term is created
for the real field x. Even though « does not appear any more in the potential, it
corresponds to the Goldstone boson. This is an example, where the Goldstone boson
corresponds to a gauge degree of freedom, which has been removed by the choice
of a proper gauge that inherently respects the symmetry of the problem.

2.3.2 Extension to a Gauge Theory

The extension of the Goldstone model to a gauge theory starts from the introduction
of the covariant derivative as described in Sect.2.1. For simplicity reasons this is
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shown for the simple Goldstone model in cylindrical coordinates and an Abelian
gauge symmetry:

[(0n +igAL) o] [(8" + igA*) ¢] - V(gb)——F,wF oo

2
T N VI S WO v/ Le Fmv
[LXe +ie T"‘ﬁ (9Au + Oua)| — (X)_é_l v

2
2
| X 1 ,
= 5 XM + T & (gAL+Ou) | = V00 — ZFWF/‘”

This leads to a quadratic mass term in the gauge field A, the term 0, « can
be absorbed into A, in the gauge A, + 0,0 with 0 = —éa. Via V'(x) the field
x obtains a mass, too, as described above and appears as a physical field. In this
example x plays the role of the physical Higgs boson field in the SM, that will
be introduced later. In addition the model obtains characteristic coupling terms of
type ~ XZAMA“ and ~ xA, A" of the Higgs boson field, x, to the gauge field
and characteristic self-coupling terms, which originate from the specific form of the
Goldstone potential. The introduction of the Goldstone potential and the expansion
of the field  — ¢(x, ) in the energy ground state, that is shifted to a non-zero

value, has dynamically generated a mass term %A A for the gauge field A,
from the coupling g2|¢|>A uA¥ between A, and ¢. This mass term emerges from
the coupling of the gauge boson, A, to the vacuum expectation value v = “72
As discussed before such a mass term alone would break the gauge symmetry. But
the additional presence of the new Higgs boson field, x, and of tri-linear and quartic
couplings of A, to x restore and protect the invariance. This leads to firm predictions
of the structure of these couplings. This coupling structure is the characteristic of a
Higgs boson which is different from a gauge boson or any other particle in this sense.

The field ¢ was originally complex with two degrees of freedom (¢; and ¢7). In
the final form the field y is real with only one degree of freedom, while the field
of the Golstone boson « has been completely removed from the Lagrangian density
by the choice of a proper gauge. It seems as if the model had lost one degree of
freedom. In fact this is not the case. It reappears as an additional degree of freedom
of the gauge field A,,: as a massless particle A, has only two degrees of freedom,
which are usually chosen as transverse polarizations. As a massive particle it gains
one more degree of freedom of longitudinal polarization. One says that the gauge
field has eaten up the additional degree of freedom of the Goldstone boson o and has
acquired mass on it. This shift of degrees of freedom from the Goldstone boson(s) to
the gauge field(s) is referred to as the equivalence theorem [6]. It is a main ingredient
of the Higgs mechanism.



36 2 The Higgs Boson in the Standard Model of Particle Physics

There are a few concluding remarks on the special choice of the Goldstone po-
tential, which might have appeared arbitrary on first sight:

e The Goldstone potential as chosen above leads to a symmetry breaking vacuum
expectation value in the theory, which is a prerequisite of the model. It only depends
on |¢| and does not distinguish any direction in space. Furthermore it does not
lead to negative infinite energies, which is another prerequisite for the theory to
be stable.

e In the example the potential has been cut at order |¢|*. This can be motivated by a
dimensional analysis: in natural units the action S = f Ld*x ~ hisdimensionless,
x has the dimension [x] = —1 and the partial derivative has the dimension [0,,] =
+1. This gives the field ¢ the dimension [¢] = +1. For these reasons, the coupling
constants in the potential obtain the dimension [¢] = 1 and [A] = 0. Any coupling
of negative dimension would turn the theory non-renormalizable. For this reason,
it makes sense to stop the power series of the Goldstone potential at the lowest
needed dimension.

The incorporation of spontaneous symmetry breaking into a gauge theory was the
last missing piece of the Weinberg-Salam model of electroweak interactions, which
led to its completion to the SM. The electroweak sector of the SM will be summarized
in the following section.

2.4 The Electroweak Sector of the Standard Model
of Particle Physics

The SU(2)r x U(1)y gauge model as discussed in Sect.2.2 provides the accurate
description of the weak and electromagnetic interactions. Its biggest shortcoming is
that the gauge symmetry strictly requires the gauge bosons to be massless. The fact
that the W and the Z boson do have a non-vanishing mass implies that the symmetry
is not manifest in nature. The solution to this puzzle is to have an energy ground
state of the quantum vacuum, which does not obey the symmetry and thus prevents
its direct manifestation. The fact that the Lagrangian density as discussed so far does
not lead to such a symmetry breaking energy ground state pointed to the existence
of a hidden sector in the theory with a new particle that had not yet been observed by
the time of its postulation and whose presence implements the spontaneous breaking
of the SU (2) 1 symmetry in the quantum vacuum in one or the other way. This part
of the theory is called the Higgs sector. Both the SU (2);, x U (1)y gauge symmetry
and the Higgs model have been introduced in the preceding sections of this chapter.
In the following they will be fit together like a zip lock to result in the complete
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theory of the SM as formulated since the late 1960s. This construction starts from
Eq.(2.29), which is extended by an additional Lagrangian density term

Higes _ d, ¢Taﬂ¢ — V(o)

V@) =—idlo+A ((‘%)2 (2.32)
with a new field
¢ =((§SZ) o' = (0% &) = (- ) 2.33)

which should transform like an SU (2), isospin doublet with the coupling constant
g and the hypercharge Yy = 1 under U(l)y transformations. For the individual
components of the doublet this leads to the electric charges of g(¢9) = 0 and
q(¢4+) = +1 according to the Gell-Mann-Nishijiama relation as discussed earlier in
this chapter. As an SU (2), doublet ¢ transforms like

¢ - ¢/ =€“9/G¢
ot = ¢t = ptGTe G=e""ecsUu@ 9,9 eR

(as discussed in Sect. 2.1), where ¢ and ¥ are continuous parameters. Enforcing lo-
cal gauge invariance of £1i825 under SU (2); x U (1)y transformations again implies
the introduction of a covariant derivative

.Y :
oy — D, = [“)u—Hg/?B# +igt* Wy,

as for Eq.(2.26). In the next step, ¢ will be expanded in the vicinity of its energy
ground state, in the minimum v = 4/ % of the Higgs potential

0

where the new field H has been introduced. Note that the choice to do the expansion
around the non-vanishing vacuum expectation value in the lower component of ¢ and
the assignment of Y, is a consequence of the choice of the unitary gauge that has been
made at the beginning of this chapter. It does not contradict the fact that according to
gauge invariance the expansion could in principle be done in any other point in the
minimum of the vacuum. The important feature of the theory is that such a choice,
as for the unitary gauge, can be found. Since the SM is a gauge invariant theory any
other gauge would lead to the same observable quantities, but the correspondence
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with the quantum mechanical operators would be non-trivial. Setting the expanded
version of ¢ in the kinetic term of £1128 Jeads to

2

1 2 H) /(. Y 0
D/L(ﬁTD“qﬁ = EQ,,H + 5_/\ + E (lgtaWﬁ + 19/7453,,,) (1 )

In the last step of this calculation the product of the unit vector of the isospin with
the t¢, (a = 4, —, 3) matrices is evaluated in each component:

2
. 1 i /ﬂ H 0
fpksy — __ 3_ o4
Do D6 = || —=0H z(gWH gBH) s (1)
2
2
¢ — 1% H 1
Zwt | =+ = 234
5 W 2A+ﬁ (0) (2.34)

The following remarks should help to understand Eq.(2.34): (i) the ascending
operator ¢, which belongs to the field W:[ has shifted the unit vector of the down
component up; (ii) the descending operator 7~ which belongs to the field W,” eval-
uated to the unit vector of the down component is zero; (iii) the operator 13 evaluated
on the unit vector of the down component has flipped the sign of the term associated
with WS, according to the structure of the Pauli matrix o3. Also note that

(gwj - g’Bu) =V +422, (2.35)

according to the definitions in Eq. (2.27). The evaluation of the absolute value squared
finally results in

2
1 2 4 2 2 H
D6 Do = S0, HO"H + g9 % + 5| m
) 2
2 g
g /=, 2 W Wi (2.36)

s \Vax " 2

thus generating mass terms for the gauge fields Z,,, W/f and W from the coupling
to the quantum vacuum, v. As in the simplified example of Sect. 2.3, a new physical
field, H, emerges as a radial excitation of ¢ in the quantum vacuum. This Higgs field
acquires a mass on its own given by the potential V (¢). As discussed before this is
independent from the specific form of the Goldstone potential. The couplings of the
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gauge bosons Z,, WJ and W to H protect the gauge invariance in the theory. The
masses of the gauge bosons can be read off from the equations to be

2
(g) V2 WEWET = md W Wi

2
( /92+g/2

> ) vZ, 7" =m3% 7, 7" (2.37)

which appears like a quartic coupling of the gauge bosons to the non-vanishing
quantum vacuum, equivalent to the quartic Higgs coupling. Equation (2.37) illustrates
how from an underlying theory, like the SM, effective phenomenological parameters
like mw and mz, can be further resolved to give deeper insights into the dynamic
processes of nature. Equation (2.37) furthermore leads to the relation

2

My

p=— =1 (2.38)

m7, - cos? Oy

From this relation, an accurate constraint on cosfy and a firm prediction of
myz > my arise. Note for the evaluation of the absolute value of Eq.(2.34) that the
second term in the absolute value, which is proportional to W/j‘, is also proportional
to the upper unit vector, while the first term is proportional to the lower unit vector.
This is why there are no mixed terms between these two parts in the absolute value.
The same is true for the kinetic term in the first part of the absolute value, which is
purely real, and the second term, which is proportional to Z,, and purely imaginary,
which again implies that there are no mixed terms.

It has been discussed in the previous section how in the Higgs mechanism the
Goldstone bosons are eaten up and commit their degrees of freedom to the gauge
bosons, which in turn become massive. Though this has not been shown explicitly
this is also the case here: the general complex SU (2);, doublet field ¢ has four (scalar)
degrees of freedom, of which three get eaten up by the WJ , W, and Z,, boson. One
degree of freedom remains and turns into a real field: the Higgs boson field, H.

The vacuum expectation value v can be obtained from Eq. (2.37) and the relation
between the mass of the W boson, mw, and the Fermi constant, G g, which has been
very accurately determined from muon lifetime measurements [7]:

1 | V262 1
Sgu=my = V2 . v=——— = 24622 GeV
2 8GF «/ZGF

The value of v = 246.22 GeV [8] sets the scale of electroweak symmetry breaking.
This knowledge allows the replacement of the self-coupling A in the Goldstone
potential, leaving only the mass of the Higgs boson m i undetermined.
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2.4.1 Custodial Symmetry

The Lagrangian density of the Higgs boson sector
LU = (D, ¢) D — V(@)
2

V() =—-n2¢'o+A(s70) (2:39)

Y,
D¢ = (8,1, + ig%’B,L +igt? ij) o

does not only have a local SU (2); x U(1)y symmetry, which has been introduced
by construction, but also an approximate larger global symmetry, which happens to
be present by accident. This can be seen if the Higgs doublet field, ¢, and its charge
conjugate

be = 2ie* = (_ig ) (2.40)

are combined into a bi-doublet matrix

_ 1 _ L 95 o+ T_L(¢0—¢+)
¢_\/§(¢c¢)_\/§(_¢—¢0) @ =5l o (2.41)

The definition of ¢, is in analogy to the charge conjugation of spinors. It obtains
the hypercharge Yy, = —Y, = —1. It is a feasible exercise to show, that ¢. has an
SU(2)r x U(1)y transformation behavior, which is equivalent to ¢. In the matrix
representation ¢., corresponds to the first column and ¢ to the second column of
the matrix ®. Note that there is no such correspondence any more for ®. In this
notation Eq. (2.39) can be obtained from

cHiges — Ty ((D,p)TD%) — V()

V($) = —iTr (chcb) A (Tr (<I>Td>))2
ig

.
D, = (8M<I> —%BHCDQ + 5

Wio,® ) (2.42)
- :
(D,®)" = (auqﬂ + %Buo—gqﬂ —~ %ijqﬂaa)

which can be verified when evaluating the term

P\ L (5do + P 0
Tr (cb cp) —Tr (5( 0% ¢+¢_+¢3¢0)) (2.43)

= brd- + dhd0 =00
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There is one subtlety in this notation to be noted: the fact, that Y, = —Y has
lead to the introduction of a minus sign and the multiplication with o3 from the right
in D, ® for the term in the covariant derivative, which is affected by the hypercharge.
In this case it is important that o3 is multiplied from the right. In this notation the
transformation behavior of SU(2); x U(1)y of ® is given by

SUQ2)y : d— LP

Uly: & — de 293

where L is equivalent to the transformation matrix G as introduced in Sect.2.1.1 (the
change from G to L in the notation will become clear in the next paragraph) and the
Pauli matrix o3 has again been introduced due to the opposite hypercharges of ¢ and
é.. The global SU(2), symmetry of £Hi#25 in this notation can be trivially verified
from

T ((Du®) D'®) — Tr ((DHCD)T &D“’CD) =Tr ((Du®)" Do)

=1

2
V(6) — V(L) = —p2Tr (<1>T LL q>) 4 (Tr (qﬂ L cp)) — V(6
=1 =1

which is not much of a surprise, since a global SU (2), is part of the construction
of the local SU (2); symmetry. The non trivial additional symmetry enters via the
transformation

SUQ)g : ® — OR

where the SU (2) transformation matrix is multiplied from the right, corresponding
to rotations in a right-handed coordinate system. It is indeed non-trivial to show
that £Hi885 is also invariant under such global transformations. It has to be done by
explicitly checking the relations

Tr ((D®)" D#@) > Tr (R (D) DFOR) ~ Tr (D) D)
V($) = V(6R) = —4i*Tr (RT<1>Tc1>R) +A (Tr (Ii’ch*ch))2 — V()
(2.44)

which will be done in the following paragraphs. It should first be noted that the
matrix ®'® will play a special role, which is why it has been written out ex-

plicitly in Eq.(2.43). In a first step, the invariance of the term Tr (02 (DTCDO'Q)

will be discussed, which appears several times in Eq.(2.44). Expressed in the ba-
sis of the SU (2)g generators the rotations R are linear combinations of the form
RM =1, + > 9404,a = 1,2, 3. When multiplied from the left or right the trans-
formation will lead to terms of type A : 1, ®d1,, B : 1,07 d0,, C: 0,071,
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D : 0,9 ®oy,. Multiplication with oy from the left (right) swaps the rows (columns)
of ®®. The same is true for the multiplication with o apart from additional factors
of i and —i that will appear in the elements of the matrix. The multiplication with o3
from the left (right) adds a minus sign to all elements in the lower row (last column)
of ®T®. This completes the ingredients needed to check the invariance of V (®) in
Eq.(2.44): terms of type A are trivially invariant; terms of type B and C will lead to a
swap of rows or columns, which will shift the off-diagonal zero elements in @ d on
the diagonal, these terms have thus no effect on the trace; for terms of type D, three
cases have to be distinguished: (i) if o3 is multiplied from left and right the minus
sign applied once to the lower row and once to the last column leaves the lower right
element and thus the trace unchanged; (ii) if 03 and o1 > appear in the product, this
will result in an effective swap of a row or a column and thus again have no effect
on the trace; (iii) if combinations of oy > appear in the product the swap of rows
and columns will swap the upper left with the lower right diagonal element and thus
again leave the trace invariant. This is also true for the additional factors of i and —i
that might appear in the diagonal elements depending on the occurrences of o2. To
translate these findings into the test of Tr (R* (D/tCD)T D# CDR) the product will be

written out explicitly

. . .y .
Tr (RT (auch + %B,mqﬂ - %qﬂaa W;j) (8ud> - %Bﬂqm + %UQW;L’CD) R)
(2.45)

Not the whole calculation will be done here. Instead, it will be shown in a first step
that the derivative part of Eq. (2.44) is exactly true for ¢’ = 0. In this case Eq. (2.45)
leads to three different types of traces, A’ : Tr (RT®T®R), B’ : Tr (RT® 0, PR)
and C' : Tr (RTCDTUQ oarCDR). The invariance of type A’ has been demonstrated
above, type C’ can be mapped into A’, due to the orthogonality of the Pauli matrices,
0404 = O4q’- The only non trivial case to check are the traces of type B’. This can
be done explicitly for each 0,,a = 1, 2, 3 and leads to the result of Tr (CDTaa CD) =
0, Va. Since the rotation by R will be without influence on the trace, as demonstrated
above, these terms will not contribute to the overall trace.

Inasecond step, an example is given to demonstrate that this invariance is not exact
in the case of ¢’ # 0. In this case, the product of the middle terms in Eq. (2.45) will
lead to a trace of type Tr (R‘kag O Do R). To give an example where the invariance
is broken from the expansions of R =1,+ > 940, the term is chosen, where o
is multiplied from left and right. This term leads to

Tr (aza3c1ﬂcba3az) o Tr (alqﬂcp(—l)o—l) = _Tr (qﬂcb)

The residual minus sign demonstrates that those terms containing o3 in general
violate the exact symmetry. Since ¢’ is small the symmetry is still approximately
valid. The fact that Eq. (2.44) holds, implies that £1i225 has an additional approximate
global symmetry of type

SUR2)p x SU2)gr : ® - LPR
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When the Higgs field ¢ acquires the non-vanishing vacuum expectation value in
matrix notation this is expressed by the matrix

1 (vO
<CI))ZE(Ov)

which breaks both global symmetries SU (2);, and SU (2)r since
L{®) # (P)  (P)R # (D)
But it leaves a sub-group SU(2) 4 unbroken in which R = LY since
L(®)LT = (d)

Either SU(2)g or SU (2) 1+ is referred to as custodial symmetry [9, 10]. It has
been shown that this symmetry is non-trivial. It is only approximate and appears due
to the special structure of @, which allows Eq. (2.44) to be true. Since SU (2) is a
three dimensional group, the number of broken generators from SU (2); x SU(2)g
to SU(2)+r is 3+ 3 — 3 = 3. These give rise to three Goldstone bosons, which in
turn give mass to the W™, W~ and Z boson, as demonstrated with the calculations
leading to Eq.(2.37). It can be shown that in the limit ¢’ — 0 the three heavy gauge
bosons transform like a triplet in the three dimensional adjoint space of SU (2) 1 +r,
which explains why m 7z and my are so close to each other. In the limit of ¢’ — 0
they would even be the same and the difference only occurs due to the small violation
of the exact symmetry by ¢’ as can be seen from Eq. (2.37). The custodial symmetry
also protects the relation of Eq.(2.38) from large higher-order corrections, which
would move p away from being O(1). This is where the exceptional name of this
symmetry originates from. A similar custodial symmetry can be found in the sector
of Higgs quark Yukawa couplings, under the assumption that the quark masses are
the same, as will be briefly discussed at the end of the following section. Indeed,
the violations of these custodial symmetries by ¢’ and by the difference between the
masses of the b- and the top quark were exploited in the global parameter fits that had
been used to estimate m; and my from their loop contributions to the electroweak
precision data taken at LEP as will be discussed in Sect. 3.2.

2.4.2 Giving Masses to Fermions

As has been discussed before, also naive mass terms of fermions are violating the
local SU(2);, x U(1l)y gauge symmetry, due to their unequal splitting in left- and
right-handed parts. Giving a mass to the leptons without breaking the gauge symmetry
can also be achieved dynamically by adding a coupling of the lepton doublet to the
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Higgs boson field, ¢. This is demonstrated for the electron-neutrino doublet in the
following paragraphs. The corresponding term in the Lagrangian density is

Eg{ukawa = v, (éRQﬁTwL) + }’: (EL(beR) YL = ( ., )

er

which corresponds to a common Yukawa coupling with the coupling constant y,.
The Lagrangian density £Y'*2%2 transforms like a SU(2); x U(1)y singlet as will
be discussed with the following arguments: (i) both ¢ and 1, are SU (2)1 doublets,
but their product is a SU (2), singlet as well as eg. Therefore, the product of the
three elements also transforms like a SU (2), singlet; (ii) the U (1)y transformation
behavior is described by the product

/
eii%(YR-H’@—YL)ﬂ’

where the minus sign in front of Y7 comes from the fact that ¢ and v, are always
adjoint to each other, and which in the configuration Yy = —Y; = —land Yg = -2,
as given in Table 2.2, always equals to 1. Correspondingly, the product of the three
elements will also transform like a U (1)y singlet. The coupling constant y, can be
chosen to be real. Any complex phase could be absorbed into a phase of eg, which
is also true for the quarks that will be discussed later. Again expanding the field ¢ in
its energy ground state

2 H _ _ 1 H\._
LeYukawaz_ye g_)\-’_ﬁ (erer + erer) = —m, (1+;E) ee

leads to a mass term for the coupling lepton. The Yukawa coupling is determined by
Yo = me/v and thus proportional to the mass of the lepton and the inverse of the
vacuum expectation value, v. Mass terms for down-type quarks can be introduced into
the theory in complete analogy, as will be demonstrated for the first flavor generation
quark doublet: in this case the Yukawa coupling takes the form

cyskava — _y, (JRdvWL) + Ya (Eubdfe) YL = (Zi) (2.46)

There is one more subtlety when introducing mass terms for up-type fermions in
general: since ¢ is developed in its lower component, in the unitary gauge, it can
only serve to give mass terms for the fields in the lower component of the doublet.
Since neutrinos have been assumed to be massless throughout these considerations,
this did not become apparent for the lepton doublet. For the quark doublet it can not
be ignored any more. The way how to obtain mass terms for the upper components
of the doublets is again not a priori given. It would be possible to introduce a second

Higgs doublet field, ¢, to serve this purpose. In the minimal SM it is achieved via
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the charge conjugate of ¢, as defined in Eq.(2.40). In this formalism, the Yukawa
coupling to the up-type quark can be introduced as

LYukawa — (L?R¢I¢L) + Yu (EL@“R) YL = (Zi) (2.47)

All further considerations, including the check for the SU (2); x U(1)y transfor-
mation behavior are in analogy to the case of the lepton doublet. The hypercharges
of the corresponding quark singlets and doublets are given in Table 2.2.

As discussed for the pure Higgs sector of the Lagrangian density, £H1285 before,
in Sect.2.4.1, there is also a custodial symmetry in the Higgs Yukawa sector for
quarks, under the assumption that the quarks in the doublet have equal mass (i.e.
Yu = Y4 = y). This can be seen if the right-handed quarks are grouped into a global
SU(2)r doublet g = (uR dr ) In this notation, Eqgs.(2.46) and (2.47) can be
rewritten in a compact form as

£ = 3y (T )

using the matrix notation for @ as introduced in Sect.2.4.1. From the transforma-
tion behavior of ¢7, g under the global SU(2)r, g transformations the invariance of

£}“kawa under global SU (2); x SU(2) transformations can easily be seen from
SUQ2)y : Y —> L ¥ Yr— YR
SUQ)g : VR —> Rpp Y =L

SUQLxSU@R:  Op®ToL — (RTUg) LOR) Ly =g RRTOTLTLyy =007y,

=1 =1

This completes the discussion on the first generation of weak isospin doublets
including quarks. The last peculiarity of the electroweak interaction that will be
discussed in this context is not crucial for the discussion of electroweak symmetry
breaking and mass generation, while it adds to the distinctiveness of the electroweak
interaction in general. From the observation of decays like

n—pe U, and A0—>pe_De

it is obvious that the weak interaction allows transitions between the upper and
lower components of an isospin doublet not only within the same, but also across
different isospin doublets. In this case, the decay n — p e~ v,, is an example
for a normal transition from a d-quark to a u-quark within the same doublet. The
decay A® — p e~ 1, is an example for a transition from an s-quark to a u-quark,
which is a transition across two distinct doublets. Another important experimental
observation is that these transitions seem to be only allowed via the coupling to
the W and between up- and down-type elements of the doublets. So called flavor
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changing neutral currents (FCNC), e.g. from an s-quark to a d-quark, seem to be
highly suppressed.

In the SM, this behavior can be understood if the mass eigenstates of the quarks
are not the same as the SU (2), flavor eigenstates. When only considering the two
weak isospin doublets for u-, d-, s- and c-quarks, this can be achieved by a unitary
rotation of the eigenstates against each other

dy\ _ cos 12 Sin@qo d
(s’) B (—singplz 0059912) ' (s)
where @12 = 13.04(5)° [8] corresponds to the Cabbibo angle, which indicates the
amount by which the SU (2), flavor basis is rotated against the basis of mass eigen-
states. Itis thereby convention to express this rotation in the down-type components of
the doublets, while it would be equivalent and lead to the same predictions to express
the rotation in the up-type components. This rotation also protects the theory from
FCNC (at tree level) via the Glashow-Iliopoulus-Maiani or GIM mechanism [11],
which implies that such processes can only appear at higher orders in the SM.

The extension of the fermion fields to three generations of quark doublets leads to
the introduction of the Cabbibo-Kobayashi-Maskawa or CKM matrix as an extension
of the simple two dimensional rotation via the Cabbibo angle [12]. In the standard
parametrization, this rotation matrix of the complex spinor fields reads as

Vud Vus Vub
MCKM = Vcd Vcs Vcb
Vta' Vts th
10 0 c13 0 S13efi613 c12 512 0
=|0cy3 s23 |- 0 1 0 | =sipc120
0 co3 —s23 —s513¢70B 0 o3 0 01
c12€13 s12€13 s13e71013
= [ —s12c23 — c12523513€"  p003 — 812823S13€i51_3 $23€13
12523 — c12c23¢13€' 013 —c12823 — craea3s13€03 casens

Cij = COSQYjj ; Sij = simp,-j (l] = 12, 13,23)

where the three real angles ;; correspond to the Euler angles in three dimensions
(corresponding to the three generations of weak isospin doublets) and §;3 corresponds
to a complex phase, which remains also in the unitary gauge. The complex phase,
013, is the parameter that determines direct C P violation in the SM. If it were equal
to zero, direct C P violation would not be allowed. But since d;3 itself is only a
parameter which has to be determined by experiment it carries no further predictive
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power of the SM beyond incorporating the possibility of direct C P violation in the
theory. It is a peculiarity of the electroweak interaction that, in spite of the origin of

the quark masses being related to the electroweak sector of the SM, the eigenstates of
the electroweak interaction of the quarks are not the same as their mass eigenstates.

2.4.3 Summary and Conclusions

The complete Lagrangian density of the electroweak sector of the SM, which for
reasons of simplicity is only given for the first generation of leptons, reads as:

SM __ pLepton ccC NC Gauge Higgs Higgs Yukawa
L2V =L + L L LG, + LG, +L +L,

4
El]:ienpmn =iey"'Oe +ivy!'o,v
L£EE = _ﬁnew [W:ﬂwueL + W,IéL’VMV]
£ = 2, [(70) + (rer)] — g [As + an 0 2,] 1)

 2sin Ow cos Oy

Gauge 1 a ywapv 1 v
Con™ == T (Wi W) = 2BuB”| 5, 4,
3
W, — 2,
Higgs 1 " 1H22+#— 1]—]22 p
Ly~ = 50.HO"H + L3 75) MWt (14 Do) myzuz

(2.48)

s _ 100 o (1) Y (1) L ” (i)
V(¢ 2 V2 v \J/2 22 \/2
1
LYukawa — (1 + ——) meee
v

The parts, which only contain the Higgs boson field, H, in Ll‘fi(%;”)s + /.ZEinggS cor-

respond to the Klein-Gordon equation for a scalar boson with a tri-linear and a
quartic self-coupling given by the explicit choice of the Goldstone potential. Due to
the self-coupling, there is no free Higgs boson field. A few more consequences of
the explicit coupling structure will be further discussed in Sect. 3.1, together with the
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triviality constraint within the SM. In [,I‘—l,l(%s the mass of the Higgs boson field, H,
can be read off as

ma, = 24° (2.49)

The coupling of the Higgs boson to fermions, heavy gauge bosons and to itself,
expressed by m gy and v, can be read off from the Lagrangian density to be

.my .
sy = ZT' (Fermions)

Zm%/ ..
fosvy =i 5 (Heavy Bosons trilinear)

.2m%, .
fHH—>VY =1 2 (Heavy Bosons quartic) (2.50)

3my, .
fHoHH =1 . (H Boson trilinear)

2

fHH>HH =1 vzH (H Boson quartic)

Note that since H is an indistinguishable particle, each appearance, n, in the
scattering vertex needs to be taken into account by a combinatorial factor 1/, in the
description of the elementary scattering process, according to the Feynman rules [13].
This leads to an additional factor of 2! for fyy_ vy, of 3! for fy_, gy and of 4!
for fyp— pH. Bothin the case of self-couplings and in the case of the coupling to
gauge bosons the tri-linear and quartic couplings have the same strength, with the
only difference that the quartic couplings are suppressed by one additional factor of
1/, . Further on, in contrast to the fermionic couplings, which depend linearly on the
mass of the fermions, m ¢, the bosonic couplings are proportional to the masses of the
bosons squared. As has been discussed before this coupling structure constitutes a
characteristic property of a Higgs boson. While with more stringency for the coupling
to gauge bosons than for the coupling to fermions, it constitutes a unique coupling
behavior, which is non-universal among fermion generations.

The individual non-trivial steps towards the full electroweak theory are summa-
rized below:

e Inthe first step, the Lagrangian density has been extended into the two-dimensional
SU (2)1 weak isospace, which is comprehensible only for the left-handed compo-
nents of matter. The neutrino and the left-handed component of the electron have
been combined into an isospin doublet 1y, = (v e1 )", for which local SU(2),,
gauge invariance has been enforced. This has led to a description of the weak
theory. The right-handed part of the electron, er, which does not take part in the
weak interaction behaves like a singlet under SU (2) transformations.

e To also obtain a description for the electromagnetic force in addition local invari-
ance has been required for the global U (1)y symmetry of the Lagrangian density,
which acts on the left-handed SU (2), doublet, 11, as a whole, and on the right-
handed SU(2), singlet, eg, with the different hypercharges Y; and Yg. These
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two local gauge invariance requirements have led to the structure of electroweak
interactions and to the four gauge fields B, and Wﬁ, a=1,2,3.

e To achieve that the gauge coupling to the v is governed by only a single physical
field, the Z boson field, the fields B, and WS have been transformed into the fields
A, and Z,,. This was possible by a trivial rotation in the plane of the neutral gauge
fields by the weak mixing angle Oy .

e Up to this point the main issue of the model was, that local gauge symmetries
require all gauge boson fields to be massless, while the W+, W~ and Z bosons
of the weak interaction have been measured to be massive. This finding implies
that the SU (2) symmetry can not be manifest in the Lagrangian density. The
symmetry can still be immanent, but hidden, if it is broken in the energy ground
state of the system, which corresponds to the quantum vacuum.

e Since all fields and interactions in the Lagrangian density up to this point obey
the SU (2) 1, symmetry the incorporation of an energy ground state, which breaks
the symmetry implied the postulation of a new weak isospin doublet field, ¢, with
a self-coupling and a potential imparting this property to the quantum vacuum.
The simplest potential, with these properties, which is bound from below, does
not distinguish any direction in weak isospace and still leads to a renormalizable
theory is the Goldstone potential defined in Eq. (2.32).

e The requirement of local SU (2) gauge invariance to this field leads to a mass
term for the three SU (2) 1 gauge bosons, in the energy ground state of the quantum
vacuum. The mass terms appear as a coupling of the gauge bosons to the non-zero
expectation value of the quantum vacuum, v. Three out of four degrees of freedom
of the complex SU (2)1, doublet field, ¢, are eaten up by the gauge fields, which
in turn obtain an additional degree of freedom of longitudinal polarization, each,
due to the gained mass. One degree of freedom remains in the model, which in
unitary gauge can be expressed by the single real field H.

e The field H is called the Higgs boson field. As a single scalar field it obeys the
Klein Gordon equation and thus is a boson. It obtains a mass due to its self-coupling
with the potential V (¢) — V (H). This mass term, o« H> appears naturally and
irrespective of the exact form of the potential, from the first non-trivial term of the
Taylor expansion of the Lagrangian density, when developed in the minimum of
the energy ground state. The physical Higgs boson field, H, can be viewed as the
radial excitation of the Higgs doublet field, ¢, in the minimum of the Goldstone
potential.

e The gauge invariance violating transformation behavior of the mass terms of the
heavy gauge bosons is compensated by additional coupling terms of the bosons to
the new physical Higgs boson field, H. This coupling is m%,

e For fermions the problem of masses is different and it only occurs due to the chiral
nature of the weak interaction coupling to fermions, which requires the splitting
of fermions into left-handed SU (2) doublets and right-handed SU (2) singlets.
It is this distinction and the different behavior under SU (2) transformations, of
left- and right-handed particle components which leads to the breaking of the local
SU (2)1 gauge symmetry for fermion mass terms. Despite of its different nature
also this problem can be solved by the coupling of the involved fermion fields to
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the new Higgs boson field, ¢, e.g. via a Yukawa coupling, < egpt)r. As in the
case of the massive gauge bosons the mass terms appear from the coupling to the
non-zero vacuum expectation value, v. Also here the gauge symmetry breaking
behavior of the mass terms is compensated by additional coupling terms of the
fermions to the new physical Higgs boson field, H. This coupling is o m .

e The vacuum expectation value, v, is developed in the lower component of ¢.
This only allows to give mass terms to the lower components of the fermion
doublets. In the minimal SM, mass terms for the upper components of the fermion
doublets can be obtained from the charge conjugate of ¢, ¢.. This is not possible
in supersymmetric extensions of the SM, were ¢ has to fit into the structure of a
larger multiplet.

These non-trivial points extend the Weinberg-Salam model of electroweak inter-
actions to the electroweak sector of the SM as a complete theory. It contains the
physical 21 fields for the neutrinos, the left- and right-handed components of the
leptons and quarks, as constituents of matter, the gauge fields Z,,, W: s W; and A,
as mediators of the electromagnetic and weak interaction, and the Higgs field H.

In this collection of fields the Higgs boson plays a special role in the theory: it
is the only particle with spin 0. In the theory this is expressed by the fact that it
is a scalar field with a single external degree of freedom, in contrast to a spinor-
or vector field. The Higgs boson is neither a constituent of matter, like the fermion
fields, nor is it a force mediating gauge field. It is omnipresent as an excitation of
the non-zero expectation value in the quantum vacuum. In this sense it is similar
to the omnipresent aether in the closing of the 19th century. This omnipresence
is manifest in the non-zero masses of the particles, which couple to the non-zero
vacuum expectation value, v, and to the excitations of the quantum vacuum, H, in
the same way. A brief summary of all involved fields in the electroweak sector of the
SM is given in Table 2.3.

Table 2.3 Summary of all fields that appear in the electroweak sector of the SM
Spin 0 Higgs Field

H

Spin 12 Leptons’ Quarks’

Ve vy vr u c t

e m T d s b

Spin 1 Gauge Fields

wi- |z [+

All gauge fields have spin 1, the fields corresponding to the elementary constituents of matter, the
leptons and quarks have spin !/2. ¥ Note that the lepton and quark fields describing elementary
particles with a finite mass have a left-handed and a right-handed component, of which only the
left-handed component is taking part in the weak charged current interaction. The Higgs boson is
the only field in the SM that has spin 0
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