
Chapter 2
Transport in Locally Perturbed Tubes

Our next aim is to discuss the systems of the previous chapter from the viewpoint
of particle transport. For simplicity we are going to pay most attention to the two-
dimensional case where � is a Dirichlet strip in the plane. The perturbations of the
ideal straight waveguide which we shall consider here are again of a local nature;
this allows us to work in the scattering-theory setting where the time evolution is
compared to an appropriate free asymptotic dynamics.

2.1 Existence and Completeness

The natural comparison operator is that of a straight tube, H0 = −�
�0
D . In the

usual scattering theory for Schrödinger operators we most often compare pairs of
operators acting on the same Hilbert space. For waveguides this happens, e.g., if the
perturbation is a potential or a measure in the kinetic term which we have discussed
in Sect. 1.4. In that case the existence and asymptotic completeness of the wave
operators defined as usual by

�±(H, H0) := s-lim
t→±∞ ei Hte−i H0t Pac(H0)

is easily established (Problems 3 and 4). This is not the case for perturbations of a
geometric nature, however, such a comparison is still possible if we can replace the
Hamiltonian by a unitarily equivalent operator on L2(�0).

A prime example of this is given by smoothly bent planar strips where we can
use the straightening transformation and pass from −��

D to the operator H given by
formula (1.7). The scattering problem is then well defined under suitable regularity
and asymptotic straightness requirements on the strip �.

Theorem 2.1 Let assumptions (i), (ii)2, and (iii)2 of Sect.1.1 be valid and
a‖γ‖∞ < 1. Furthermore, suppose that the functions γ, γ̇2, γ̈ are O(|s|−1−δ) for
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56 2 Transport in Locally Perturbed Tubes

some δ > 0 as |s| → ∞. Then the wave operators �±(H, H0) exist, are complete,
and the singularly continuous spectrum of H is empty.

Proof Using the notation of Sect. 1.6 we can write the difference of the two operators
as −∂s(b −1)∂s + V = B∗ A, where the operator A : L2(�0) → L2(�0)⊗C

2 acts
as

( A0−i A1∂s

)
with A0 := |V |1/2, A1 := |b − 1|1/2, and B is the analogous operator

with the coefficients replaced by V 1/2 := |V |1/2sgn V and (b − 1)1/2, respectively.
This factorization allows us to employ the smooth-perturbation method similarly as
it is done in the case of one-dimensional Schrödinger operators (see the notes).

Putting �(s) := (1+s2)−(1+ε)/4 for a fixed ε ∈ (0, δ], we infer from the curvature
decay assumptions that max{‖Al�

−1‖∞, ‖Bl�
−1‖∞} < ∞ holds for l = 0, 1. The

free resolvent R0(z) := (H0−z)−1 then satisfies the estimate

‖Al(−i∂s)
l R0(z)‖ ≤ ‖Al�

−1‖∞ sup
j

∥∥∥�(s)(−i∂s)
l(−∂2

s + ν j − z)−1
∥∥∥

for l = 0, 1, where ν j = κ2
1 j2 are the transverse eigenvalues, and the analogous

inequalities hold with Bl . The last factor can be estimated by the product of L2

norms of the functions g and p 	→ pl(p2 + ν j − z)−1, cf. Theorem11.20 of
[RS]. Using the first resolvent identity we conclude that the operator-norm limit of
I − A[B R0(λ± iη)]∗ as η → 0 exists away from the thresholds, i.e. for any λ 
= ν j .
In a similar way we derive the inequality

‖AR0(λ ± iη)‖2 + ‖B R0(λ ± iη)‖2 ≤ cη−1

with some c > 0 for λ in any compact interval I which does not contain any of
the points ν j (Problem 1). Moreover, since Al , Bl ∈ L2 by assumption, one can
check that the operator AR0(z)[B R0(z′)]∗ is trace class as a product of two Hilbert-
Schmidt operators, and thus compact for any non-real z, z′. The rest of the argument
proceeds as in the potential scattering case, cf. Theorem10.5.1 of [Sch], since only a
finite number of transverse modes is involved in expressions containing the spectral
projection EH0(I ). We arrive thus at the condition

∫

R

sup
−a<u<a

{
|V (s, u)|2 + |b(s, u) − 1|2

}
�(s)α < ∞ ,

which is satisfied for any α > 0 in view of the decay assumptions we made.

Remark 2.1.1 In a similar way one can prove asymptotic completeness for scattering
in a three-dimensional smoothly bent tube (Problem 2), as well as for tubes perturbed
by a potential or a kinetic-term weight (Problems 3 and 4).

An alternative way to prove, under slightly modified assumptions, that a bent
and asymptotically straight tube has no singularly continuous spectrum is to employ
Mourre’s method of positive commutator. Let us sketch its main ideas briefly with
our purpose in mind; for more information we refer to the literature indicated in the

http://dx.doi.org/10.1007/978-3-319-18576-7_1
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notes. The method is based on a suitable choice of a conjugate operator: one looks
for an operator A, self-adjoint on L2(�0), such that for a given interval I ⊂ σ(H)

there is an operator K , compact in L2(�0), and a positive constant c such that

EH (I ) [H, i A] EH (I ) ≥ c EH (I ) + K , (2.1)

where EH (I ) denotes the spectral projection of H onto the interval I and the com-
mutator [i A, H ] is understood as a bounded operator from H1

0 (�0) to its dual
(H1

0 (�0))
∗. Inequality (2.1) is referred to as Mourre’s estimate; if it holds with

K = 0 we say it is strictly valid. This estimate has, under certain conditions, con-
sequences for the structure of the spectrum of H in the interval I . These conditions
can be expressed in terms of the regularity of the map

R � t 	→ ei t A(H − i)−1e−i t A (2.2)

fromR to B(L2(�0)). We say that H ∈ C1(A) if the above map is of class C1 in the
strong operator topology; if, moreover, the derivative of (2.2) is Hölder continuous
of order α > 0, we write H ∈ C1+α(A). Using these notions one is able to state the
following result:

Theorem 2.2 Suppose that ei t A leaves the form domain of H invariant and that
H ∈ C1+α(A) for some α > 0. If (2.1) holds true on an interval I ⊂ σ(H), then
the singularly continuous spectrum of H on I is empty and the interval I contains at
most finitely many eigenvalues of H, each of them being of a finite multiplicity. If, in
addition, (2.1) holds with K = 0, then the spectrum of H on I is purely absolutely
continuous.

To apply Theorem 2.2 to our problem, consider an open interval separated from the
transverse thresholds, I ⊂ σ(H) \ T with T = {ν j } j∈N, and choose

A = − i

2
(s ∂s + ∂ss)

defined initially, say, on C∞
0 (�0) and extended to a closed operator on L2(�0). It is

not difficult to check that

(ei t A f )(u, s) = et/2 f (u, et s) for t ∈ R and f ∈ L2(�0) ,

i.e. that A generates the group of dilations in the longitudinal variable. This implies, in
particular, that ei t A leaves H1

0 (�0) invariant. Moreover, a direct computation shows
that

[H, i A] = −2∂s(1 + uγ(s))−2 ∂s − 2∂s s
γ̇(s)

(1 + uγ(s))3
∂s − s ∂s V (u, s), (2.3)
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where V (u, s) is the effective potential (1.8). Under suitable decay assumptions on
the curvature one can check that the difference (H − i)−1 − (H0 − i)−1 is compact
on L2(�0) which yields the inequality

EH (I ) [H, i A] EH (I ) = −2∂2
s EH (I ) + K (2.4)

with a compact K . In view of our assumption about I , it is not difficult to see that the
operator −∂2

s EH (I ) is strictly positive, hence if one can show that H ∈ C1+α(A)

holds for some α > 0, Theorem 2.2 could be applied. It turns out that the needed
regularity of themap (2.2) can be demonstrated under appropriate decay assumptions
on the curvature γ and its derivatives.

Theorem 2.3 Let assumptions (i), (ii)3 of Sect. 1.1 hold. Furthermore, suppose that
γ(s), γ̈(s) → 0 holds as |s| → ∞ and that γ̇(s),

...
γ (s) are O(|s|−1−δ) for some

δ > 0 as |s| → ∞. Then (a) σess(H) = [ν1,∞), (b) σsc(H) = ∅, (c) σp(H) ∪ T
is countable and closed, and (d) σp(H) \ T consists at most of eigenvalues of finite
multiplicity which can accumulate only at points of T .

2.2 The On-Shell S-Matrix: An Example

Full information about scattering requires, of course, more than just checking that
the problem is well posed. The central question is to find the on-shell scattering
operator S(k) which describes scattering at a given energy k2. In general it is not
unusual that the space on which S(k) acts depends on energy. In case of waveguide
scattering this dependence has a characteristic form: the on-shell space dimension is

na∑

j=1

N j (k) , (2.5)

where na is the number of tubes leaving the scattering region, for example na = 2 if
� is a single locally deformed strip, and N j (k) is the number of propagating modes
in the j-th outgoing tube which obviously coincides with the number of transverse
eigenvalues satisfying the inequality ν

( j)
n ≤ k2, thus N j (k) = [kκ−1

1, j ] holds if the
outgoing channel is an asymptotically straight Dirichlet strip.

Since we consider situations where na is finite, the operator S(k) can be regarded
as a matrix of the dimension given by (2.5) the elements of which are the reflection
and transmission amplitudes understood in the general sense, i.e. taking into account
that the particlemay leave the scattering region in a statewhose transverse component
differs from the one with which it entered.

Finding these amplitudes is a difficult task. A class of systems for which it can
be accomplished numerically is represented by those � which decompose into a
union of regions where the corresponding Schrödinger equation can be solved by

http://dx.doi.org/10.1007/978-3-319-18576-7_1
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separation of variables; the global scattering solution is then constructed using mode
matching similar to that used in Sects. 1.2 and 1.5. We shall illustrate this method
on the example of a pair of window-coupled waveguides having generally different
widths d1, d2 which we have introduced in Sect. 1.5.1.

For definiteness let us suppose that the incident wave is in the upper channel,
being of the form χ

(+)
j (y) exp(−ik(+)

j x), where k(±)
j := κ1

√
k2− j2�−(1∓1) are

used as symbols for channel momenta. We denote by r (±)

j j ′ , t (±)

j j ′ , respectively, the
corresponding reflection and transmission amplitudes to the j ′-th transverse mode
in the upper and lower guide. Due to the mirror symmetry with respect to the line
x = 0, we can again consider separately the two parities, writing

r (±)

j j ′ = 1

2

(
ρ

(s,±)

j j ′ + ρ
(a,±)

j j ′
)

, t (±)

j j ′ = 1

2

(
ρ

(s,±)

j j ′ − ρ
(a,±)

j j ′
)

, (2.6)

where ρ
(σ,±)

j j ′ , σ = s, a , are the appropriate reflection amplitudes. In the even case,
which corresponds to the Neumann condition at x = 0, we seek solutions using for
0 < x ≤ a and x ≥ a, y ∈ C+, respectively, the following Ansatz,

ψ(x, y) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∑∞
�=1 a�

cos(i p�x)
cos(i p�a)

η�(y)

∑∞
j ′=1

(
δ j j ′ e

−ik(+)
j (x−a)+ρ

(+)

j j ′ e
ik(+)

j ′ (x−a)
)

χ
(+)

j ′ (y)

∑∞
j ′=1 ρ

(−)

j j ′ e
ik(−)

j ′ (x−a)
χ

(−)

j ′ (y)

(2.7)

where p j is the same as in (1.37). The exterior part can also be written as

ψ(x, y) =
∞∑

m′=1

(
δmm′ e−ikm (x−a)+ρmm′eikm′ (x−a)

)
ξm′(y) ,

where ξm are elements of the ordered basis corresponding to (1.36),

ρmm′ :=
{

ρ
(+)

j j ′ . . . θm = j , θm′ = j ′

ρ(−)

j j ′ . . . θm = j , θm′ = j ′�−1

and km := k(±)
j for θm = j , j�−1, respectively. Matching the functions (2.7)

smoothly at x = a we arrive at the equation

∞∑

m′=1

( ik� + pm′ tan(i pm′a) ) (ξ�, ηm′) am′ = 2ik�δm� , (2.8)

where the indexm corresponds to the incidentwave and the overlap integrals (ξ�, ηm′)
are the same as in (1.38); in the odd case corresponding to the Dirichlet condition at
x = 0 one has to replace tan by − cot. The reflection amplitudes are then given by

http://dx.doi.org/10.1007/978-3-319-18576-7_1
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ρ
(±)
m� = −δm� +

∞∑

m′=1

a(±)

m′ (ξ�, ηm′) ;

they determine the original quantities via (2.6). In a similar way one finds the reflec-
tion and transmission amplitudes in the case when the incident wave is in the lower
channel and by that the full on-shell S-matrix; convergence of the truncating approx-
imations is checked as in Proposition 1.2.3.

Often it is not the S-matrix itself but a quantity derived from it which is of primary
physical interest. When perturbed waveguides are used to model systems of quantum
wires coupled to macroscopic reservoirs we are concerned with conductance (or its
inverse quantity, resistance) between a given pair of leads, which is given by the
Landauer-Büttiker formula. Suppose, for instance, that we deal with the incoming
current in the upper right guide and the outgoing one in the lower left, then the
conductance (measured in the standard units e2/h) is given by

Gl+,r−(k) =
N+(k)∑

j=1

N−(k)∑

j ′=1

k(−)

j ′

k(+)
j

|t (−)

j j ′ (k)|2, (2.9)

where k and the current-carrier momenta k(±)
j are determined by the Fermi energy

and chemical potentials of the reservoirs and N±(k) = [kκ−1
1±] are the number of

propagating modes in the considered channels; analogous expressions can be written
for conductances between other pairs of leads.
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Fig. 2.1 A conductance plot for an asymmetric coupled waveguide system
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As an illustration, we show in Fig. 2.1 the conductance plot for transport from the
upper right to the upper left channel for d1 = π and a = 1 as a function of the
momentum k and the lower channel width d2. If the window was closed, the conduc-
tance Gl−,r−(·) would simply be a step function with a jump at every threshold. The
general steplike pattern is preserved, being modified by the coupling, in particular,
we observe pronounced resonances, the positions of which change with the channel
width ratio.

2.3 Resonances from Perturbed Symmetry

One of the conspicuous effects in waveguides are scattering resonances, which we
are going to discuss in this and the next section, because they typically entail sharp
changes in transport properties. There are differentmechanismswhich can create res-
onances. The simplest one is based on symmetry violations. If a waveguide supports
an eigenvalue embedded in the continuous spectrum which owes its existence to a
particular symmetry, it is natural to expect that this eigenvalue turns into a resonance
once the symmetry in question is perturbed.

Before discussing this mechanism in more detail, one has to make sure that its
basic premise is not empty, i.e. that embedded eigenvalues can exist.

Examples 2.3.1 (a) Let � := { �x ∈ R
2 : −g(x) < y < g(x)} be a symmetric strip

with a protrusion. Specifically, suppose that g is a piecewise continuous function
with g(x) ≥ 1

2d and that there are sets U ⊂ C ⊂ R, respectively open and compact,
such that g(x) > 1

2d for x ∈ U and g(x) = 1
2d for x ∈ R \ C . By Theorem 1.4 we

have σess(−��
D) = [εd ,∞). At the same time the operator decomposes into the even

and odd part with respect to the strip axis, y = 0, the latter being unitarily equiva-
lent to the Dirichlet Laplacian in the halfstrip �+ := { �x ∈ R

2 : 0 < y < g(x)}.
Consequently, if −�

�+
D has an eigenvalue in (εd , 4εd), it is an embedded eigenvalue

of the original operator (Problem 6).
(b) Let � be a pair of strips from Sect. 1.5.3 crossing at a right angle. The operator
−��

D has an embedded eigenvalue ≈ 3.72εd (Problem 7).
(c) Similar conclusions can bemade about local perturbations of theNeumannLapla-
cian −�

�0
N in the straight strip having σess(−�

�0
N ) = [0,∞). The operator Ha

obtained by imposing an additional Neumann condition at a segment of the strip axis
of length 2a has embedded eigenvalues for any a > 0 (Problem 3.2b).

Embedded eigenvalues can also be generated by a potential perturbation of a
straight waveguide of the type discussed in Sect. 1.4. We shall now use this example
to illustrate how the resonances emerge. We start from the unperturbed operator
−�

�0
D referring to the straight strip �0 = R × (−a, a) and put

Hλ := −�
�0
D + V (x) + λU (�x) , (2.10)

http://dx.doi.org/10.1007/978-3-319-18576-7_1
http://dx.doi.org/10.1007/978-3-319-18576-7_1
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where V, U are real-valued functions on R and �0, respectively, such that

(i) V is attractive, V (x) ≤ 0, and it does not vanish everywhere. Moreover, it
is short-range, |V (x)| ≤ const 〈x〉−2−δ for some δ > 0 , and it extends to a
function analytic in the sectorMα0 := { z ∈ C : | arg z| ≤ α0} for some α0 > 0
and obeys the same bound there,

(ii) U is nonzero with similar properties, |U (�x)| ≤ const 〈x〉−2−δ for some δ > 0
and all �x = (x, y) ∈ �, and U (·, y) extends for any fixed y ∈ (−a, a) to an
analytic function inMα0 and satisfies the same bound there.

Here 〈x〉 := √
1+x2; since the potentials are by assumption continuous andbounded,

the right-hand side in (2.10) is well defined. The unperturbed operator H0 admits a
separation of variables and the longitudinal part hV := −∂2

x + V (x) has in view of
(i) a nonempty and finite discrete spectrum,

μ1 < μ2 < · · · μN < 0 ;

the normalized eigenfunctions φn ∈ L2(R), n = 1, . . . , N , associated with these
simple eigenvalues are exponentially decaying. On the other hand, the transverse
spectrum consists of the eigenvalues ν j = κ2

j = (π j/2a)2, j ∈ N, corresponding to
the eigenfunctions (1.10), hence the spectrum of H0 consists of the continuous part,
σess(H0) = σac(H0) = [ν1,∞), and an infinite family of eigenvalues,

σp(H0) = {
μn + ν j : n = 1, . . . , N , j = 1, 2, . . .

}
.

Among these a finite subset is isolated, while the rest satisfying the condition

ν1 < μn + ν j 
= νk , k = 2, 3, . . . , (2.11)

are embedded in the continuous spectrum away from the thresholds. We rewrite the
Hamiltonian (2.10) as an infinite matrix differential operator {Hjk(λ)} on L2(R)

with the elements

Hjk(λ) := J ∗
j HλJk =

(
hV + ν j

)
δ jk + λU jk(x) , (2.12)

where in the last term U jk(x) := ∫ a
−a U (x, y) χ j (y)χk(y) dy andwe use the embed-

dings Jk : L2(R) → L2(�0) and their adjoints J ∗
k : L2(�0) → L2(R) which act

as

(Jk u)(x, y) = u(x) χk(y) , (J ∗
k f )(x) =

∫ a

−a
f (x, y)χk(y) dy .

Speaking of resonances we have in mind the most common definition which is based
on analytical continuation of the Hamiltonian resolvent across the cut(s) associated
with the continuous spectrum into a domain on another sheet of the corresponding
energy surface, conventionally to the lower complex halfplane. A resonance is then
identified with a pole in this analytic continuation; it is physically important if the

http://dx.doi.org/10.1007/978-3-319-18576-7_1
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pole is close to the real axis and the respective residue is not negligible. This concept
naturally requires a sort of analyticity hypothesis, for instance such as we have made
in the above assumptions.

One of the most efficient methods to determine resonances of Schrödinger oper-
ators is based on the so-called complex scaling. With a small modification this
technique can also be applied to waveguides. In this case one has to scale only the
longitudinal variable as we shall now illustrate on the example in question. We begin
with the family of unitary operators

Sθ : (Sθψ)(x, y) = eθ/2ψ(eθx, y) , θ ∈ R , (2.13)

on L2(R) and extend this scaling transformations analytically toMα0 . This is made
possible by assumptions (i), (ii) according to which the transformed Hamiltonians
are of the form

Hθ,λ := Sθ HλS−1
θ = Hθ,0 + λUθ ,

Hθ,0 := e−2θ(−∂2
x ) − ∂2

y + Vθ(x) ,

where Vθ(x) := V (eθx ) and Uθ(x, y) := U (eθx, y). The operators Hθ,0 with θ ∈
Mα0 clearly constitute a type (A) analytic family of m-sectorial operators. It is
straightforward to check that Uθ is relatively bounded with respect to Hθ,0, thus the
operators Hθ,λ with the same θ and |λ| small enough constitute again a type (A)
analytic family. The free part of the transformed operator still separates variables,
hence its spectrum equals

σ
(
Hθ,0

) =
∞⋃

j=1

{
ν j + σ

(
hV

θ

)}
,

where hV
θ := −e−2θ∂2

x +Vθ(x). Since the potential V is dilation analytic by assump-
tion, the discrete spectrum of hV

θ is independent of θ; we have

σ
(

hV
θ

)
= e−2θ

R+ ∪ {μ1, . . . ,μN } ∪ {ρ1, ρ2, . . . } .

Here μn are eigenvalues of hV which will turn into resonances as a result of the
perturbation. On the other hand, the ρr are the “intrinsic” resonances, i.e. complex
poles of the resolvent of hV

θ uncovered by the rotation of the essential spectrum; in
view of assumption (i) there is at most a finite number of them in any finite part of the
lower complex halfplane (see the notes). The two pole types are easily distinguished
by their behavior in the limit λ → 0 because only the former ones tend to the real
axis as the perturbation is removed.

The main insight of the complex scaling method is that moving the essential
spectrum we turn the embedded eigenvalues into isolated ones whose perturbation
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can be treated by usualmethods; it is easywhen the perturbation is relatively bounded
as in our case. Any fixed eigenvalue ε0 = μn + ν j of Hθ,0 has a neighborhood
containing none of the points ρk + ν j ′ in which we choose a contour encircling it;
for the sake of simplicity we consider only the non-degenerate case, i.e. we suppose
that μn + ν j 
= μn′ + ν j ′ holds for different pairs of indices.

It is sufficient to consider a purely imaginary scaling parameter, θ = iβ with
β > 0. Let Pθ be the projection onto the eigenspace associated with such an ε0 and
let Rθ(z) := (Hθ,0−z)−1, then we set

S(p)

θ := 1

2πi

∫

C
Rθ(z)

(ε0 − z)p
dz

for p ≥ 0, in particular, Pθ = −S(0)
θ and S(1)

θ = R̂θ(ε0) is the reduced resolvent
value at the point ε0. The assumption (ii) implies the existence of a positive cθ such
that maxz∈C ‖Uθ Rθ(z)‖ ≤ cθ, and it follows that

∥∥UθS(p)

θ

∥∥ ≤ cθ
|C|
2π

[
dist (C, ε0)

]−p

holds for any p ≥ 0. Thus we can justify the existence of the perturbation expansion,

ε(λ) = μn + ν j +
∞∑

m=1

εm(λ) , (2.14)

where

εm(λ) =
∑

p1+···+pm=m−1

(−λ)m

m
tr

m∏

i=1

UθS(pi )

θ ,

because εm(λ) = O(λm) and the convergence of the series (2.14) is checked in the
same way as in Problem 1.28.

Let us next determine what the leading terms in the expansion look like. The
first-order correction, ε1(λ) = tr (λUθ Pθ), is real-valued,

ε1(λ) =
(
φθ

n ⊗ χ j ,λUθ φθ
n ⊗ χ j

)
= (

φn ⊗ χ j ,λUφn ⊗ χ j
) = λ

(
φn, U j jφn

)
,

whereφn is the eigenvector ofhV associatedwithμn . Thus, as usual in such situations,
it does not contribute to the resonancewidth. The second-order term is conventionally
computed by taking the limit β → 0. In this way we get

ε2(λ) = −λ2 tr
(

Pj,nU R̂1(ε0− i0) U Pj,n

)
= −λ2

∞∑

k=1

(
U jkφn, R̂kU jkφn

)
,

http://dx.doi.org/10.1007/978-3-319-18576-7_1
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where Pj,n is the projection onto the subspace spanned by φn ⊗ χ j and R̂k is
the shorthand for the reduced resolvent obtained by subtracting the pole term from
(hV−ε0+νk−i0)−1. We are interested primarily in the imaginary part of ε2(λ)which
determines the resonance width in the leading order.

Notice first that the imaginary part of the last series is in fact a finite sum. We put
k(ε0) := max{k : ε0 − νk > 0}; if the unperturbed eigenvalue is embedded we have
k(ε0) ≥ 1, otherwise the set is empty and we put k(ε0) = 0 by definition. It is clear
that R̂∗

k = R̂k holds for k > k(ε0), hence we have

Im ε2(λ) = −λ2
k(ε0)∑

k=1

(
U jkφn, (Im R̂k) U jkφn

)
.

To write the right-hand side explicitly we need to express Im R̂k . The imaginary
part and the relation between the free and full resolvent can be rewritten using the
resolvent identities; in this way we get for any ε > 0 the formula

Im (hV − ε − i0)−1 = ω(ε + i0)∗ Im (−∂2
x − ε − i0)−1ω(ε + i0) (2.15)

(Problem 8) in which ω(z) := (
I + V (−∂2

x − z)−1
)−1

is the inverse to

ω−1(z) : (
ω−1(z)φ

)
(x) = φ(x) + iV (x)

2
√

z

∫

R

ei
√

z|x−x ′| φ(x ′) dx ′ .

By assumption (i) which ensures, in particular, that hV has no positive eigenvalues,
the operator ω(ε + i0) is well defined. Furthermore, we have

Im (−∂2
x − ε − i0)−1 = π

2
√

ε

∑

σ=±
τσ(ε)∗τσ(ε) (2.16)

for any ε > 0 where τσ(ε) : H1(R) → C on the right-hand side is the trace map
acting as τσ(ε)φ = φ̂(σ

√
ε) with φ̂ being the Fourier transform of φ (Problem 8).

The above discussion can be summarized in the following way.

Theorem 2.4 Assume (i), (ii). Moreover, let ε0 = μn + ν j be a simple eigenvalue of
H0 satisfying conditions (2.11). Then ε0 is also a simple eigenvalue of the operator
Hθ,0 and a weak potential perturbation λ U (�x) in (2.10) moves it to ε(λ) with

Im ε(λ) = −λ2

2

k(ε0)∑

k=1

∑

σ=±

π√
ε0 − νk

∣∣τσ(ε0−νk) ω(ε0−νk +i0) U jkφn
∣∣2 +O(λ3) ,

as λ → 0. If the second-order coefficient is nonzero, then ε(λ) describes a resonance
of the operator Hλ.
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Remarks 2.3.1 (a) The imaginary part given above is non-positive for smallλ. It may
happen, of course, that ε0 persists as an eigenvalue. A trivial example is represented
by a potential which preserves the symmetry, U (�x) = U1(x) + U2(y) with suitable
functions of which U1 can be added to the potential V ; notice that k(ε0) < j so the
diagonal elements of the matrix potential do not contribute. The leading coefficient
may also accidentally vanish for potentials which do not decompose, however, then
higher terms of the series may be nonzero.
(b)Notice that theω introduced above is in fact awave operator for the pair (hV,−∂2

x ).
It follows that the squared numbers in the above formula can be formally written as
|(ψ±√

ε0−νk
, U jkφk)|2, where ψm is the generalized eigenfunction of hV with the

momentum m. This shows that the leading term of the resonance width expansion is
in this case given by Fermi’s golden rule.

2.4 Resonances in Thin Bent Strips

The symmetry violation is not the onlymechanismwhich can give rise to resonances.
Let us now return to one of our basic examples, a curved planar strip, and discuss it
from the present point of view; the role of the perturbation parameter will be played
by the strip width d. To explain the idea, we express the Hamiltonian H introduced in
Sect. 1.1 in terms of the transverse modes, similarly as we did earlier in Theorem 1.6
where, however, we only singled out the lowest transverse mode, or in the previous
section using the embedding operators J j and their adjoints.

If the strip is asymptotically straight, i.e. the curvature decays fast enough, the
spectrum of−∂2

s − 1
4 γ(s)2 consists of a continuous part which is the positive halfline

and a nonempty family {λn} of simple negative eigenvalues. Let us define the operator

H0 := A − ∂2
u , A := −∂2

s + V 0, V 0 = −1

4
γ(s)2 (2.17)

acting on the Hilbert space H = L2(R × (0, d), ds du) with Dirichlet conditions at
u = 0, d. Since the spectrum of the transverse part of H0 is discrete with the eigen-
values ν j = κ2

j , j ∈ N, it is clear that for any j ≥ 2 and d small enough the numbers

λn +ν j are eigenvalues embedded in the continuous spectrum of H0. If we regard
the original operator −��

D as a result of perturbing H0, as we did when discussing
the discrete spectrum in Sect. 1.6, one expects that these embedded eigenvalues can
turn into resonances provided we impose suitable analyticity assumptions on the
curvature, for instance,

(i) γ extends to an analytic function, denoted by the same symbol, in Mα0,η0 :=
{ z ∈ C : | arg z| ≤ α0 or |Im z| < η0} with α0 < π/2 and η0 > 0,

(ii) to each α ∈ (0,α0) and η ∈ (0, η0) one can find positive cα,η and δ such that
the inequality |γ(z)| < cα,η(1+|z|)−1−δ holds inMα0,η0 .

http://dx.doi.org/10.1007/978-3-319-18576-7_1
http://dx.doi.org/10.1007/978-3-319-18576-7_1
http://dx.doi.org/10.1007/978-3-319-18576-7_1
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Proceeding as in the previous section, we can then derive an expansion for the res-
onance pole position and to estimate the first nonzero contribution to its imaginary
part, i.e. the resonance width (cf. Problem 10 and the notes).

Theorem 2.5 Let H be given by (1.7). Suppose that the strip � does not intersect
itself and assumptions (i), (ii) are valid. Then for all sufficiently small widths d each
eigenvalue λn +ν j of H0 with j ≥ 2 gives rise to a resonance ε j,n(d) of H the
position of which is given by a convergent series,

ε j,n(d) = μn + ν j +
∞∑

m=1

ε
( j,n)
m (d) ,

where ε
( j,n)
m (d) = O(dm) as d → 0. The first-order term is real-valued and the

second-order term satisfies the estimate

0 ≤ Im ε
( j,n)
2 (d) ≤ cη, j e

−2πη
√
2 j−1/d

for any η ∈ (0, η0) and some positive cη, j depending on η and j .

The second claim of the theorem shows that ε
( j,n)
m (d) may tend to zero much faster

than the O(dm) rate which such a straightforward argument gives. It is not a priori
clear whether the lowest order term are dominant as d → 0, however, one can prove
similar bounds on the total resonance width:

Theorem 2.6 Suppose that the strip � does not intersect itself and assumptions (i),
(ii) are valid. Then for any η ∈ (0, η0), j ≥ 2, and n = 1, . . . , N there exists a
cn,η > 0 such that

0 ≤ −Im ε j,n(d) ≤ cη, j e
−2πη

√
2 j−1/d (2.18)

holds for all d small enough.

Sketch of the proof: As in the previous case, to demonstrate Theorem 2.6 one has to
treat the resonances of H as perturbations of a suitable operator with eigenvalues
embedded in the continuous spectrum; we write therefore H = H0 + W , where H0

is given by (2.17) and W is the perturbation. The spectrum of the operator H0 is of
the form

σ(H0) =
{
λ + E : λ ∈ σ(A), E ∈ σ(−∂2

u)
}

,

where

σ(A) = {λ j }N
j=1 ∪ [0,∞) , σ(−∂2

u) = {
ν j

}∞
j=1 ,

http://dx.doi.org/10.1007/978-3-319-18576-7_1
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with ν j := κ2
j , κ j := π j/d. Since � is not straight, γ 
= 0, the discrete spectrum of

A is nonempty and the eigenvalues λ j are simple. Moreover, from assumption (i i)
it follows that their number N is finite. Then the eigenvalues

E0
j,n = λn + ν j

with j ≥ 2 are embedded in the continuous spectrum of H0 for d small enough and
we expect them to give rise to resonances of the full operator H .

We pass to the unitary equivalent operator by performing the inverse Fourier
transformation in the s variable, denoted by F−1

s . We introduce

p := F−1
s i∂s Fs , D := −i∂p = F−1

s s Fs

and with a slight abuse of notation we shall employ the usual symbols for all other
transformed operators,

H = p b(D, u)p − ∂2
u + V (D, u). (2.19)

As in Sect. 2.3 above, we are going to use a complex scaling, this time an exterior
one defined as

pθ(t) :=
⎧
⎨

⎩

t if t ∈ �i := (−ω,ω)

±ω + eθ(t ∓ ω) if t ∈ �e := R \ �̄i

(2.20)

where ω is a positive number to be determined later. First we consider θ ∈ R and
associate with a given closed operator T the family of operators

Tθ := UθT U−1
θ , Uθϕ := p1/2θ ϕ ◦ pθ .

If the function θ 	→ Tθ has an analytic continuation to some strip {θ ∈ C : | Im θ| <

α}, we are able to define complex deformations of T . In particular, the family of
complex deformations of the Hamiltonian (2.19) is given by

Hθ = H0
θ + Wθ, H0

θ = Aθ ⊗ I + I ⊗ (−∂2
u), (2.21)

where

Wθ = pθ(b − 1)θ pθ + (V − V 0)θ.

Under the premises of the theorem the operators Hθ and H0
θ form self-adjoint analytic

families of type (A). From now we set for simplicity θ = iβ with β > 0. It is not
hard to check that the spectrum of H0

iβ equals
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σ(H0
iβ) =

{
λ + ν j : λ ∈

(
{λn}N

n=1 ∪ � ∪ σ(p2iβ)
)

, j = 1, 2, . . .
}

, (2.22)

where � denotes the (possibly empty) set of resonances of the operators Aiβ .
As before the resonances of H are identified with the complex eigenvalues of the

non-selfadjoint operator Hiβ , and their positions can be estimated with the help of
the regular perturbation theory, where the role of the unperturbed operator is played
by H0

iβ and the perturbation is represented by Wiβ . We choose a fixed eigenvalue

E0
n, j = λn + ν j , j ≥ 2, of H0

iβ and define

� :=
{

z ∈ C : |z − E0
n, j | = r

}
, r = 1

2
dist(λn,σ(A) \ {λn})

to be a circular contour around E0
n, j such that no other eigenvalue of H0

iβ lies within

�. It is convenient to use the transverse mode decomposition of H0
iβ ,

H0
iβ =

∑

k≥1

Jk H0,k
iβ J ∗

k with H0,k
iβ = J ∗

k H0
iβJk in L2(R, dp)

where theJk’s are thenatural embeddingoperators introduced in theprevious section.
Assume now that E = En, j is the resonance arising from E0

n, j and that φiβ is the
associated eigenfunction,

Hiβ φiβ = E φiβ . (2.23)

This equation is equivalent to the system

(
Pj Hiβ Pj − Pj Wiβ R̂ j

iβ(E)Wiβ Pj

)
φiβ = E Pjφiβ,

Q j φiβ = −R̂ j
iβ(E)Wiβ Pjφiβ,

where Pj := J jJ ∗
j , Q j := I − Pj , and R̂ j

iβ(E) := Q j
(
Q j (Hiβ − E)Q j

)−1
Q j .

Moreover, it is easy to see that the first equation is further equivalent to

(
H j

iβ − B j
iβ(E)

)
φ

j
iβ = E φ

j
iβ , B j

iβ(E) := J ∗
j Wiβ R̂ j

iβ(E)WiβJ j , (2.24)

in L2(R), where H j
iβ := Pj Hiβ Pj and φ

j
iβ := Pj φiβ . Taking the imaginary part of

equation (2.24) we get

Im E ‖φ j
iβ‖2 = (Im (H j

iβ − B j
iβ(E))φ

j
iβ,φ

j
iβ). (2.25)

Using next the identity Im (AB A) = 2Re (Im (A)B A) + A∗Im (B)A in combina-
tion with the resolvent equation, we can write Im B j

iβ as
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Im B j
iβ = Ziβ + Im E |R̂ j

iβWiβJ j |2

Ziβ := J ∗
j

{
2Re

(
Im (Wiβ R̂ j

iβWiβ

)
− W ∗

iβ(R̂ j
iβ)∗Im (Q j Hiβ Q j )R̂ j

iβWiβ

}
J j .

Inserting this into Eq. (2.25) we obtain

Im E
(
‖φ j

iβ‖2 + ‖R̂ j
iβWiβJ jφ

j
iβ‖2

)
= ‖Pjφiβ‖2H + ‖Q jφiβ‖2H = ‖φiβ‖2H

and since the eigenfunction φiβ is supposed to be normalized, we arrive at

Im E = ((Im H j
iβ − Ziβ)φ

j
iβ,φ

j
iβ) . (2.26)

This equation will yield the desired bound (2.18); to this end we need a couple of
definitions. We choose ω in the scaling relation (2.20) to be

ω := π

d

√
(2 j − 1)(1 − ξd) ,

where ξ is a positive parameter. Moreover, we define the function

ρ(p) := η

∫ max{0,p}

min{0,p}
χ�i \�∗(t) dt ,

where�∗ = (−p∗, p∗) and p∗ is a suitable positive constant independent of d. Then
one can prove (see the notes) that there exists a number Cη such that

∥∥〈p〉−1e−ρ(Im H j
iβ − Ziβ)〈p〉−1e−ρ

∥∥ ≤ Cη e−ρ(ω) , (2.27)

where

〈p〉 = (p2 + τ )1/2, τ := sup
{
‖eρ V 0

iβ‖ : |β| ≤ α0

}
.

Since Im E cannot be positive, insertion of (2.27) into equation (2.26) gives

0 ≤ −Im E ≤ Cη e−ρ(ω)
(
‖p eρ φ

j
iβ‖2 + τ‖eρ φ

j
iβ‖2

)
. (2.28)

At this point we have to take into account the exponential decay of the complex
scaled resonance eigenvectors φ

j
iβ . Indeed, with our definition of the function ρ we

have

‖p eρ φ
j
iβ‖2 ≤ 2, ‖eρ φ

j
iβ‖2 ≤ 2 p∗ ,
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see again the notes for more details. Using now the fact that

e−2 ρ(ω) = exp

{
−2πη

d

√
2 j − 1 (1 + O(ξd))

}
as d → 0

we get the upper bound (2.18) from (2.28).

2.5 Notes

Section 2.1 The smooth perturbation method used in the proof of Theorem 2.1 is
due to Kato [Ka66]—see, e.g., Sect. 8.7 of [RS], or [Sch], Chap. 10. The abstract
result we refer to here is contained in Theorem10.2.2 of [Sch].

Mourre’s method naturally does not require the Hilbert space to be L2(�0). The
idea to use positive commutators is based on an analogy with the classical Poison
bracket of some coordinate q and the Hamiltonian Hcl. If one can show that for some
trajectory {q, Hcl} = ∂t q ≥ δ > 0, then the motion along this trajectory is extended
in the coordinate q. The simplest application in quantummechanics yields a criterium
for the absence of eigenvalues. Indeed, if ψ is an eigenfunction of the Hamiltonian
H , then by the virial theorem (ψ, [i�, H ]ψ) = 0 holds for any self-adjoint operator
� satisfying certain regularity properties. E. Mourre proved in [Mou81] that under
yet stronger regularity assumptions the positivity of the commutator implies not
only σp(H) ∩ I = ∅ but also the absence of the entire singular spectrum of H
in the interval I , that is, the version of Theorem2.2 with α = 1. For a proof and
further generalizations see themonographs [ABG,CFKS]. Theorem 2.3 is taken from
[KrT04], where the result is also extended to bent tubes in any dimensions provided
δ is large enough. Mourre’s method has also recently been applied to the analysis of
scattering in twisted three-dimensional waveguides, see [BKR14] for details.
Section 2.2 It is a matter of convention whether we regard threshold states, i.e.
those with ν

( j)
n = k2, as propagating modes in the definition of N j (k). The example

discussed here comes from [EŠTV96], in a similar way one can treat scattering in
a double waveguide separated by a leaky barrier of Sect. 1.5.2 (Problem 5). Many
other examples of waveguide scattering treated by mode matching can be found in
[LCM].

The relation between the conductance of a perturbed channel and the correspond-
ing quantum mechanical scattering problem was first formulated by R. Landauer
[La70], later extended by M. Büttiker [Bü88] to systems with an arbitrary finite
number of outgoing channels. In practical applications one usually adds a factor of
two which accounts for the spin states of the electron, in other words the right-hand
side of (2.9) is multiplied in the standard units by 2e2/h. A rigorous derivation of the
Landauer-Büttiker formula together with a bibliography can be found in [CJM05].
Let us add that such a description of transport contains two simplifying assumptions.
First, it supposes that the potential difference between the heat baths connected by
the waveguide is infinitesimally small—one usually speaks in this connection about

http://dx.doi.org/10.1007/978-3-319-18576-7_1
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linear response theory – and secondly, the transport occurs at temperature zero.More
generally, the current flowing through the guide is expressed by the formula

I = 2e2

h

∫

R

[
fβ(k2 − μ2) − fβ(k2 − μ1)

] |t (k)|2dk2 ,

where fβ(ε) = (eβε + 1)−1 is the Fermi-Dirac distribution function at temperature
β−1, μ j are the chemical potentials in the reservoirs, and for simplicity we left
out the factor describing the possibly different incoming and outgoing velocities;
differentiating this expression and putting β = ∞we get the conductance mentioned
above.

Mode matching also offers other insights into the scattering process. Using the
Ansatz (2.7) with the coefficients obtained by solving the matching conditions (2.8)
we find what the generalized eigenvectors at energy k2 look like. Then one can
compute, in particular, the probability flow distribution �j(�x) := −iψ̄(�x) �∇ψ(�x), for
examples see again [EŠTV96], [EKr99], [LCM]. The flow patterns can reveal some
features of the scattering, for example, a pronounced vortex suggests the existence
of a resonance. On the other hand, vortices in transport of charged particles give rise
to a nonzero magnetic moment which is in principle measurable [ESŠF98].
Section 2.3 The embedded eigenvalue in the crossed strips of Example 2.3.1b was
noticed first in [SRW89]. On the other hand, the conclusion of Example 2.3.1c
extends to a class of more general symmetric obstacles in Neumann waveguides
—see [ELV94] and [DP98] where some conditions for the nonexistence of such
eigenvalues were also derived. Resonances coming from mirror symmetry viola-
tions in strips with rectangular protrusions were investigated by mode matching in
[AVD95], the analogous question for obstacle-induced eigenvalues in a Neumann
waveguide was addressed in [APV00]. For an analysis of resonances coming from
symmetry breaking associated with twisting of a three-dimensional waveguide we
refer to [KS07].

The resonance system with the Hamiltonian (2.10) is a modification of Nöckel’s
model [Nö92] which will be discussed in Sect. 7.1.3; the material is taken from
[DEM01]. Similar conclusions can bemade if a hard-wall strip is replaced by a “soft”
waveguide in which the confinement is due to a transverse potential (Problem 9).
The most common definition of a resonance used here, in terms of poles of an
analytically continued resolvent, is discussed in many places—see, e.g., Chap.3 of
[Ex] and the bibliography given there. Alternatively one can associate resonances, for
instance, with poles of the analytically continued scattering matrix. Since the former
definition expresses a property of the Hamiltonian alone while the latter concerns a
pair of operators which we compare, it is clear that the objects they describe are in
general different. On the other hand, it is true that for a “natural” choice of the free
and full dynamics both types of resonances usually coincide, but this is a fact which
one has to check it in each particular case.

The complex scaling method was formulated in the paper [AC71]. With several
modifications and generalizations, cf. Chap. 8 of [CFKS], it developed into a power-

http://dx.doi.org/10.1007/978-3-319-18576-7_7
http://dx.doi.org/10.1007/978-3-319-18576-7_3
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ful method for treating resonances in atomic and molecular systems—for a review
with a bibliography see [Mo98]. The application of longitudinal complex scaling to
resonances in waveguides was proposed in [DEŠ95]. For the definition and proper-
ties of analytic operator families see Chap.7 of [Ka]. The “intrinsic” singularities
coming from resonances of hV do not accumulate inMα0 ; under the assumption (i)
this follows from [AC71] or [Je78]. The method used here to evaluate the second-
order coefficient in Theorem 2.4 is standard—see, e.g., Sect. 8.6 in [RS].
Section 2.4 Theorem 2.5 comes from [DEŠ95]. The bound on the imaginary part
of the pole positions corresponds to the heuristic semiclassical picture – see [LL],
Sect. 7.51—according to which the rate of exponential decay is proportional to

2 Im
∫ iη0

0

(√
ε − V0, j (ζ) −

√
ε − V0, j−1(ζ)

)
dζ = 2πη0

d

√
2 j − 1 + O(d0) ,

where V0, j = 1
4γ

2 +ν j and ε = λn +ν j +O(d). Theorem 2.6 showing that the total
resonance width has the same exponential bound as the lowest nontrivial term in the
expansion of Theorem 2.5 comes from [DEM98], an analogous result was proved in
[Ne97]. We refer to these papers for some technical statements made in the proof.

2.6 Problems

1. Fill in the details of the proof of Theorem 2.1.
Hint: Compute the integral

∫ ∞
0 p2l [(p2 + μ)2 + η2]−1dp.

2. Modify Theorem 2.1 for the case when H refers to a bent tube in R3 satisfying
Tang’s condition (1.18) together with the other assumptions of Sect. 1.3.
3. Let H be the self-adjoint operator associatedwith quadratic form (1.24). Suppose
that the potential V satisfies the assumptions of Proposition 1.4.1 and in addition,
that |V (�x)| < c|x |−1−ε holds if |x | > x0 for some positive c, x0, and ε. Then the
wave operators �±(H, H0) exist, are complete, and σsc(H) = ∅.
Hint: Proceed as in the proof of Theorem 2.1.
4. Check the asymptotic completeness for the pair H, H0 where H is associated
with the form (1.26) and the function ρ(·)−1 has a compact support.
5. Find by mode matching the on-shell S-matrix for double waveguides of
Sect. 1.5.2.
Hint: Modify the argument of Sect. 2.2—cf. [EKr99].
6. Suppose that the protrusion in Example 2.3.1a is of rectangular shape, g(x) =
1
2d1 ∈ ( 12d, d) for |x | ≤ 1

2 L and g(x) = 1
2d otherwise. Check that −��

D has an

embedded eigenvalue whenever L > dd1/
√

d2
1 − d2. Show that to a given n ∈ N

one can find a protruded strip� such that−��
D has at least n embedded eigenvalues.

Hint: Use bracketing estimates.
7. Prove that the crossed strips of Example 2.3.1b support an embedded eigenvalue.
Hint: Use the symmetry of the problem and Proposition 1.2.3.

http://dx.doi.org/10.1007/978-3-319-18576-7_1
http://dx.doi.org/10.1007/978-3-319-18576-7_1
http://dx.doi.org/10.1007/978-3-319-18576-7_1
http://dx.doi.org/10.1007/978-3-319-18576-7_1
http://dx.doi.org/10.1007/978-3-319-18576-7_1
http://dx.doi.org/10.1007/978-3-319-18576-7_1
http://dx.doi.org/10.1007/978-3-319-18576-7_1
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8. Prove relations (2.15) and (2.16).
Hint: For the latter use the momentum representation.
9. The conclusions of Sect. 2.3 can be modified to the case of a potential confine-
ment, i.e. for the operator Hλ := −� + V (x) + W (y) + λU (�x) on L2(R2), where
U, V are similar as before and W satisfies, e.g., the inequality W (y) ≥ cy2 for some
c > 0.
10. Prove Theorem 2.5.
Hint: To estimate the imaginary part of ε

( j,n)
2 (d) use the analytic continuation of the

group of shifts in the longitudinal variable—cf. [DEŠ95].



http://www.springer.com/978-3-319-18575-0
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