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Re ν = c with c = −2a + 2 + Re ν, the constraints on c being thus Re ν < c <

2± Re ν: noting that |x|
ρ−ν−2

2 |ξ|−ρ−ν = hom
(0)
ρ,−ν(x, ξ), one obtains

Sn =
1

8iπ

∫
Re ρ=c

n
ρ−ν−2

2 B0(
ρ− ν

2
) hom

(0)
ρ,−ν dρ, Re ν < c < 2±Re ν. (1.1.45)

Theorem 1.1.8. Assume that −1 < Re ν < 1, ν 6= 0. Then, in the weak sense in
S ′(R2),

1

2
Eν(x, ξ) =

1

2
ζ(−ν)

[
|x|−ν−1 + |ξ|−ν−1

]
+

1

2
ζ(1− ν)

[
|x|−ν δ(ξ) + δ(x) |ξ|−ν

]
+

1

8iπ

∫
Re ρ=1

ζ(
2− ρ− ν

2
) ζ(

ρ− ν
2

) hom
(0)
ρ,−ν(x, ξ) dρ. (1.1.46)

One can also, when desirable, replace the line Re ρ = 1 by any line Re ρ = c
with c > 2 + |Re ν|, provided that one deletes from the right-hand side the terms
1
2 ζ(−ν)|ξ|−ν−1 and 1

2 ζ(1− ν)|x|−νδ(ξ).

Proof. We rewrite (1.1.38) as a decomposition

1

2
Eν(x, ξ) =

1

2
ζ(−ν) |ξ|−ν−1 +

1

2
ζ(1− ν) |x|−ν δ(ξ) +

1

2
Emain
ν (x, ξ) (1.1.47)

and from (1.1.45), assuming that Re ν < c < 2 ± Re ν (a condition certainly
verified if c = 1),

1

2
Emain
ν =

1

8iπ

∑
n≥1

σν(n)

∫
Re ρ=c

n
ρ−ν−2

2 B0(
ρ− ν

2
) hom

(0)
ρ,−ν dρ. (1.1.48)

We have shown in (1.1.14) in which sense this type of integral is always convergent:
but we must still arrange for summability with respect to n. The product

B0(
ρ− ν

2
) hom

(0)
ρ,−ν = B0(

ρ− ν
2

) |x|
ρ−ν−2

2 |ξ|
−ρ−ν

2 , (1.1.49)

contrary to its second factor, is regular at ρ = ν. This makes it possible, in (1.1.48),
to move the line of integration to any line Re ρ = c with c < ±Re ν. The right-
hand side of (1.1.48) then becomes a convergent series of integrals, and one has
for ρ on the new line of integration∑

n≥1

σν(n)n
ρ−ν−2

2 =
∑
d,k≥1

dν(kd)
ρ−ν−2

2 = ζ(
2− ρ− ν

2
) ζ(

2− ρ+ ν

2
). (1.1.50)

Using this identity together with the functional equation (1.1.3), one obtains
the weak integral decomposition in S ′(R2)

1

2
Emain
ν (x, ξ) =

1

8iπ

∫
Re ρ=c

ζ(
2− ρ− ν

2
) ζ(

ρ− ν
2

) hom
(0)
ρ,−ν(x, ξ) dρ, (1.1.51)
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provided that Re ρ < −|Re ν|. What has to be done finally is to move back the
line of integration to the line Re ρ = 1, paying attention to the poles ρ of the
integrand such that Re ρ < 1. The first zeta factor contributes a simple pole at

ρ = −ν, and the factor hom
(0)
ρ,−ν is singular when ρ = ν, ν − 4, . . . : but the simple

poles ν − 4, ν − 8, . . . can be discarded since they are (trivial) zeros of the second
zeta factor. We shall have to add to the new integral obtained the product of the
sum of residues by −2iπ. The residue at ρ = −ν is

(−2) ζ(−ν) hom
(0)
−ν,−ν(x, ξ) = −2 ζ(−ν) |x|−ν−1 (1.1.52)

while, as a consequence of (1.1.24) and of the equation ζ(0) = − 1
2 , the residue of

the integrand at ρ = ν is −2 ζ(1 − ν) δ(x) |ξ|−ν . This leads to the decomposition
(1.1.46).

If, as will be helpful later, one wishes to replace the line Re ρ = 1 by a line
Re ρ = c with c large, one must take into consideration the poles of the product

ζ(ρ−ν2 ) hom
(0)
ρ,−ν with Re ρ > 1. There is one at ρ = 2 + ν because of the first

factor, while the second factor has poles at ρ = 2 − ν, 6 − ν, . . . : but the poles
6 − ν, 10 − ν, . . . are killed by zeros of the other zeta factor ζ( 2−ρ−ν

2 ). Finally,
the residues at the only two remaining poles are obtained from an application of
Lemma 1.1.4, together with the fact that ζ(0) = − 1

2 . �

Remark 1.1.2. Since hom
(0)
ρ,−ν(−ξ, x) = hom

(0)
2−ρ,−ν(x, ξ), the fact that Eν is in-

variant under the action of the map (x, ξ) 7→ (−ξ, x) remains apparent under the
decomposition: not so the invariance under the action of the matrix ( 1 1

0 1 ). It is
the other way around when the Fourier expansion (1.1.38) is used instead.

Corollary 1.1.9. Theorem 1.1.8 extends to the values of ν such that Re ν 6=
−1, Re ν 6= 1, 5, . . . and ν 6= 0, 1, . . . .

Proof. The left-hand side can be continued to values of ν distinct from ±1. On the
first line of the right-hand side, it suffices to assume that, moreover, ν 6= 0, 2, . . .
and ν 6= 0, ν 6= 1, 3, . . . . So far as the integrand on the right-hand side is concerned,
it suffices to manage so that one will always have ρ+ν 6= 0, ρ−ν 6= 2 (considering

the zeta factors) and ρ − ν 6= 0,−4, . . . , 2 − ρ + ν 6= 0,−4, . . . so that hom
(0)
ρ,−ν

should be well-defined: this will be the case for every ρ on the line Re ρ = 1
provided that Re ν 6= −1 and Re ν 6= 1, 5, . . . . �

Remarks 1.1.3. (i) If ν lies on one of the lines Re ν = −1 or Re ν = 1, 5, . . . but
ν 6= ±1, a decomposition of Eν(x, ξ) is still possible, only turning slightly around
the point ρ on the line Re ρ = 1 responsible for the singularity, and computing a
residue: this is trivial when the singularity originates from a zeta factor, and can

be obtained, when the singularity originates from the factor hom
(0)
ρ,−ν(x, ξ), from

an application of (1.1.14).
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(ii) It is natural, imitating a definition given for Hecke (rather than Eisen-
stein) distributions later, in Theorem 2.1.2, to set, with bk = k−

ν
2 σν(k),

L

(
s,

1

2
Eν

)
=
∑
k≥1

bk k
−s = ζ(s− ν

2
) ζ(s+

ν

2
) : (1.1.53)

then, rewriting (1.1.46) in terms of this function, to wit

1

2
Eν(x, ξ) =

1

2
ζ(−ν)

[
|x|−ν−1 + |ξ|−ν−1

]
+

1

2
ζ(1− ν)

[
|x|−ν δ(ξ) + δ(x) |ξ|−ν

]
+

1

8iπ

∫
Re ρ=1

B0(
ρ− ν

2
)L

(
2− ρ

2
,

1

2
Eν

)
hom

(0)
ρ,−ν(x, ξ) dρ,

(1.1.54)

it will be seen in the next section that a fully analogous formula holds for Hecke
distributions, except that there are no longer “cuspidal” terms (the analogues, in
modular distribution theory, of the two terms, in the Fourier expansion of non-
holomorphic Eisenstein series, not rapidly decreasing at the cusp of Γ\Π). Note
the functional equation

B0(
ρ− ν

2
)L

(
2− ρ

2
,

1

2
Eν

)
= B0(

2− ρ− ν
2

)L

(
ρ

2
,

1

2
Eν

)
, (1.1.55)

a consequence of (1.1.3).

1.2 Hecke distributions

We introduce here Hecke operators acting on automorphic distributions: these
will be related later to the more traditional notion of Hecke operator acting on
automorphic functions.

Definition 1.2.1. Given an automorphic distribution S, we set, for N ≥ 1,

〈
T dist
N S , h

〉
= N−

1
2

∑
ad=N, d>0

bmod d

〈
S , (x, ξ) 7→ h

(
dx− bξ√

N
,
aξ√
N

)〉
(1.2.1)

and 〈
T dist
−1 S , h

〉
= 〈S , (x, ξ) 7→ h(−x, ξ)〉 . (1.2.2)

Just as in the automorphic function environment, the linear span of the
Hecke operators T dist

N with N ≥ 1 makes up an algebra, which is generated, as
such, by the operators T dist

p with p prime. Automorphic distributions which are

left invariant, or change to their negatives, under T dist
−1 , are said to be of even or
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odd type: this answers the question whether such (globally even) distributions are
separately even or odd with respect to each of the two variables x and ξ.

In what follows, we consider characters χ on Q×, by which we mean homo-
morphisms from Q× to C×: we do not assume these to be unitary, but tempered,
in the sense that, for some C ≥ 0, one has∣∣χ(m

n

)∣∣ ≤ |mn|C for every fraction
m

n
. (1.2.3)

In the usual way, an entire function f is said, below, to be polynomially bounded
in vertical strips if, given a segment [a, b] ⊂ R, one has |f(s)| ≤ C(1 + |Im s|)N
for some pair C,N and all s with a ≤ Re s ≤ b.

Theorem 1.2.2. Given a tempered character χ on Q× and λ ∈ R, the (even)
distribution N = Nχ,iλ ∈ S ′(R2) defined by the equation

〈N , h〉 =
1

4

∑
m,n 6=0

χ
(m
n

) ∫ ∞
−∞
|t|−1−iλ (F−1

1 h
) (m

t
, nt
)
dt , h ∈ S(R2),

(1.2.4)
satisfies the identity 〈N , h ◦ ( 1 1

0 1 )〉 = 〈N , h〉 for every function h ∈ S(R2). Also,
it is homogeneous of degree −1 − iλ. Set χ(−1) = (−1)ε with ε = 0 or 1, and
define

ψ1(s) =
∑
m≥1

χ(m)m−s =
∏
p

(
1− χ(p) p−s

)−1
, ψ2(s) =

∑
n≥1

(χ(n))−1n−s,

(1.2.5)
two convergent series for Re s large enough. Also, define

L(s,N) = ψ1

(
s+

iλ

2

)
ψ2

(
s− iλ

2

)
(1.2.6)

and assume that the function s 7→ L(s,N) extends as an entire function of s,
polynomially bounded in vertical strips. Then, the distribution N admits a decom-
position into bihomogeneous components, given as

N =
1

8iπ

∫
Re ρ=1

Bε(
ρ− iλ

2
)L(

2− ρ
2

,N) hom
(ε)
ρ,−iλ dρ : (1.2.7)

one can also replace the line Re ρ = 1 by any line Re ρ = c > 1. It is Γ-invariant,
i.e., a modular distribution, if and only if the function

L\(s,N) =
1

2
Bε(

2− iλ
2
− s)L(s,N) (1.2.8)

satisfies the functional equation

L\(s,N) = (−1)ε L\(1− s,N). (1.2.9)
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If such is the case, N is of necessity a Hecke distribution, by which is meant that
it is an eigendistribution of the operator T dist

N for every N = 1, 2, . . . and for
N = −1.

Anticipating the relation, to be made explicit in Chapter 2, between the
automorphic theories available in the plane and in the hyperbolic half-plane, let
us make some points clear right now.

Remarks 1.2.1. (i) In Section 2.1, we shall define a linear map from automorphic
distributions in the plane to automorphic functions in the hyperbolic half-plane:
then, it will be shown that every Hecke eigenform N , an eigenfunction of ∆ for

the eigenvalue 1+λ2

4 , is the image of some Hecke distribution. The distribution N
contains more information than the Hecke eigenform N , the knowledge of which
only determines λ2, not λ. The L-function of N , as defined in a usual way, will be
seen to coincide with the function L( � ,N) as defined in (1.2.6), Note, on the other
hand, that while L\( � ,N) is well-defined by (1.2.8), one could not substitute N
for N there, since this definition depends on λ, not only λ2. Finally, the functional
equations of the function L\( � ,N) and of the more classical function

L∗(s, N) = π−s Γ(
s+ ε

2
+
iλ

4
) Γ(

s+ ε

2
− iλ

4
)L(s, N) (1.2.10)

are identical, since

L\(s,N) =
(−i)επ 1−iλ

2

2 Γ
(
s+ε

2 −
iλ
4

)
Γ
(

1−s+ε
2 − iλ

4

) L∗(s,N) (1.2.11)

and the factor of proportionality is invariant under the change of s to 1−s. Still, the
function L\(s, N) contains slightly more information than the function L∗(s, N)
(the only one available in the modular form environment), and one may simplify
(1.2.7) as

N =
1

4iπ

∫
Re ρ=1

L\(
2− ρ

2
,N) hom

(ε)
ρ,−iλ dρ. (1.2.12)

(ii) On globally even distributions, the partial Fourier transformation F1

relates to the symplectic Fourier transformation by the equation(
F−1

1 F symph
)

(ξ, η) =
(
F−1

1 h
)

(η, ξ) :

it follows that
F symp Nχ,iλ = Nχ−1,−iλ. (1.2.13)

As a consequence of this equation, together with (1.2.5), (1.2.6), one has
L(s,F sympN) = L(s,N) for every Hecke distribution N. Proposition 2.1.1 will
give a better explanation of the fact.

(iii) The pair (λ, ε) is uniquely determined by N, but χ is not: indeed, as will
be seen below, splitting the set of primes into two disjoint sets and changing the
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function p 7→ χ(p) to p 7→ (χ(p))−1piλ on one of the two sets (then extending the
modified version of χ as a character) does not change the distribution N.

(iv) As will be seen later as a consequence of (2.1.28) and of the fact that,
in this equation, bp is real, one has for every prime p either |χ(p)| = 1 or χ̄(p) =
χ(p) p−iλ (whether the first condition always holds is the Ramanujan-Petersson
conjecture): then, it follows from Remark (iii) that, if one sets χ1(q) = (χ̄(q))−1

for q ∈ Q×, one has Nχ1,iλ = Nχ,iλ.

(v) From (1.1.38), the Eisenstein distribution 1
2Eiλ has, up to two extra terms,

a totally similar Fourier decomposition, taking this time χ = 1.

Proof of Theorem 1.2.2. One has(
F−1

1 (h ◦ ( 1 1
0 1 ))

)
(s, t) = e−2iπst

(
F−1

1 h
)

(s, t), (1.2.14)

from which the invariance of N under ( 1 1
0 1 ) follows. However, invariance under(

0 1
−1 0

)
will necessitate a condition, similar to the ones occurring in so-called “con-

verse theorems”. Before analyzing it, let us observe, starting from the identity(
r2iπEh

)
(x, ξ) = r h(rx, rξ), that, for r > 0, one has(

F−1
1

(
r2iπEh

)) (m
t
, nt
)

=
(
F−1

1 h
) (m

rt
, rnt

)
; (1.2.15)

after a change of variable t 7→ r−1t in the integral (1.2.4) defining 〈N , r2iπEh〉, one
obtains that this coincides with riλ 〈N , h〉: in other words, N is homogeneous of
degree −1− iλ. Another obvious point is the identity N(−x, ξ) = χ(−1)N(x, ξ).

We now turn to the question of decomposing N into bihomogeneous compo-
nents. One may rewrite (1.2.4) as

〈N , h〉 =
1

4

∑
k∈Z×

φ(k)

∫ ∞
−∞
|t|−1−iλ (F−1

1 h
)(k

t
, t

)
dt, (1.2.16)

setting

φ(k) =
∑
mn=k

χ
(m
n

)
|n|iλ, k ∈ Z× (1.2.17)

(note that φ(1) = 2). Permuting m and n, one sees that φ is unchanged if χ is
changed to χ1, with χ1(s) = χ

(
s−1
)
|s|iλ: this justifies a remark made above,

since we could also split the set of primes into two subsets and perform the change
χ 7→ χ1 only on rational numbers which are products of powers of primes of the
first category, leaving the other factor unchanged.

The case when ε = 0 can be treated in a way quite similar to the one
used toward the decomposition into bihomogeneous components of the distribution
1
2 Emain

ν , as done in the proof of Theorem 1.1.8: only, we must replace ν by iλ and
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σν(k) by 1
2 φ(k). Then,

∑
n≥1 σν(n)n

ρ−ν−2
2 , as computed in (1.1.50), must be

replaced by

1

2

∑
k≥1

φ(k) k
ρ−iλ−2

2 = ψ1

(
2− ρ+ iλ

2

)
ψ2

(
2− ρ− iλ

2

)
(1.2.18)

(a convergent series when −Re ρ is large because the character χ is tempered),
and (1.1.51) becomes now

N(x, ξ)

=
1

8iπ

∫
Re ρ=c

π
ρ−iλ−1

2
Γ( 2−ρ+iλ

4 )

Γ(ρ−iλ4 )
ψ1(

2− ρ+ iλ

2
)ψ2(

2− ρ− iλ
2

) hom
(0)
ρ,−iλ(x, ξ) dρ

=
1

8iπ

∫
Re ρ=c

B0

(
ρ− iλ

2

)
L(

2− ρ
2

,N) hom
(0)
ρ,−iλ(x, ξ) dρ. (1.2.19)

The change of contour from Re ρ = c (with −c large) to Re ρ = 1 does not require,
this time, computing any residue, since the function L( � ,N) is entire, while the

factor B0(ρ−iλ2 ) kills the poles of the distribution hom
(0)
ρ,−iλ at ρ = iλ, iλ− 4, . . . :

we shall examine later the change of contour to a line Re ρ = c > 1.

Some changes are necessary when ε = 1, replacing the study of the distribu-
tion Sn in (1.1.41) by that of the distribution such that

〈S−n , h〉 =
1

2

∫ ∞
−∞
|t|−iλ−1

[(
F−1

1 h
) (n

t
, t
)
−
(
F−1

1 h
) (
−n
t
, t
)]

dt

= i

∫ ∞
−∞
|ξ|−iλ−1 dξ

∫ ∞
−∞

h(x, ξ) sin
2πnx

ξ
dx, (1.2.20)

in other words

S−n (x, ξ) = i |ξ|−1−iλ sin
2πnx

ξ
: (1.2.21)

the only difference with the preceding case is that one must apply (1.1.18) in place
of (1.1.17). The decomposition (1.2.7) is proved, whether ε = 0 or 1.

Since
hom(ε)

ρ,ν(−ξ, x) = (−1)ε hom
(ε)
2−ρ,ν(x, ξ), (1.2.22)

that the functional equation (1.2.9) is equivalent to the identity N(−ξ, x) = N(x, ξ)
follows from the decomposition.

Whether ε = 0 or 1, we verify now that the line Re ρ = 1 can be changed to
Re ρ = c > 1. The poles of Bε(

ρ−iλ
2 ) to be taken care of are simple, at the points

2 + 2ε+ iλ, 6 + 2ε+ iλ, . . . : but let us recall [4, p. 107] that not only the function
L(s,N) is entire, but so is the function L∗(s,N) in (1.2.10), one of the two extra
factors defining it being Γ( s+ε2 + iλ

4 ). Dividing by this factor, evaluated at s = 2−ρ
2 ,
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precisely kills the poles of Bε(
ρ−iλ

2 ) under consideration. On the other hand, the

poles of hom
(ε)
2−ρ,−iλ to be taken care of are at ρ = 2 + 2ε − iλ, 6 + 2ε − iλ, . . . :

they are killed with the help of the other factor
(
Γ( s+ε2 −

iλ
4 )
)−1

present if using
the entire function L∗(s,N) in place of L(s,N).

What remains to be done is to show that N changes, for every integer N ≥ 1,
to a multiple, under the operator T dist

N . For N ≥ 1, one has (with d > 0)(
F−1

1

(
(x, ξ) 7→ N−

1
2 h

(
dx− bξ√

N
,
aξ√
N

)))
(s, t)

= d−1
(
F−1

1 h
)(√N

d
s,

at√
N

)
exp

(
2iπ

bst

d

)
, (1.2.23)

so that

〈T dist
N N , h〉 =

1

4

∑
m,n 6=0

χ
(m
n

)
∑

ad=N, d>0

b mod d

d−1

∫ ∞
−∞
|t|−1−iλ e2iπ bmnd

(
F−1

1 h
)(√N

d

m

t
,
ant√
N

)
dt. (1.2.24)

After a change of variable t 7→
√
N
an t, one finds

〈T dist
N N , h〉 =

1

4

∑
m,n 6=0

χ
(m
n

) ∑
ad=N, d>0

b mod d

d−1

∣∣∣∣ an√N
∣∣∣∣iλ

e2iπ bmnd

∫ ∞
−∞
|t|−1−iλ (F−1

1 h
) (a

d

mn

t
, t
)
dt. (1.2.25)

It is sufficient to examine further the case when N coincides with a prime
number p: then, one can have (a = 1, d = p, b mod p) or (a = p, d = 1, b = 0). In

the first case, one has
∑
b e

2iπ bmnd = 0 if p does not divide mn, and the same sum
is p if p|mn. In the second case, this sum reduces to 1. Hence, (1.2.25) simplifies
as

〈T dist
p N , h〉 =

1

4

∑
k∈Z×

ak

∫ ∞
−∞
|t|−1−iλ (F−1

1 h
)(k

t
, t

)
dt, (1.2.26)

with

ak =
∑

mn=pk

| n√
p
|iλ χ

(m
n

)
+

∑
pmn=k

|n√p|iλ χ
(m
n

)
= p−

iλ
2 φ(pk) + p

iλ
2 φ

(
k

p

)
, (1.2.27)
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with the convention that φ(k) = 0 unless k ∈ Z×. Given any integer k 6= 0, one
has

{(m, n) : mn = pk} = {(pm1, n) : m1n = k} ∪ {(m, pn1) : mn1 = k}, (1.2.28)

not a disjoint union if p| k: the two sets intersect along the set {(pm1, pn1) : m1n1 =
k
p}, which leads to the equation

φ(pk) =
[
χ(p) + piλ χ(p−1)

]
φ(k)− piλ φ

(
k

p

)
, k ∈ Z×. (1.2.29)

It follows that

p−
iλ
2 φ(pk) + p

iλ
2 φ

(
k

p

)
=
[
p−

iλ
2 χ(p) + p

iλ
2 χ(p−1)

]
φ(k). (1.2.30)

Coupling this equation with the pair of equations (1.2.26), (1.2.27), one obtains
the equation

T dist
p N =

[
χ(p) p−

iλ
2 + χ(p−1) p

iλ
2

]
N, (1.2.31)

proving that N is indeed a Hecke eigenform if it is automorphic (i.e., invariant
under

(
0 1
−1 0

)
). This completes the proof of Theorem 1.2.2. �

Let us sum up the main results of the chapter just concluded as follows.
Modular distributions, either of Eisenstein or of Hecke type, can be defined in
the plane without appealing to a previously defined notion of non-holomorphic
modular form: the relation between the two species of notions will be treated in
the next chapter. Each modular distribution admits two types of expansions. First,
the “Fourier series” expansion, to wit ((1.1.38) and (1.2.4))

1

2
Eν(x, ξ) =

1

2
ζ(−ν) |ξ|−ν−1

+
1

2
ζ(1− ν) |x|−νδ(ξ) +

1

2

∑
k 6=0

σν(|k|) |ξ|−1−ν exp

(
2iπ

kx

ξ

)
,

N(x, ξ) =
1

4

∑
m,n 6=0

|n|iλχ
(m
n

)
|ξ|−1−iλ exp

(
2iπ

mnx

ξ

)
. (1.2.32)

On the other hand, according to Theorem 1.1.8 and Theorem 1.2.2 (or (1.2.12)),
every modular distribution admits a continuous expansion (up to the addition of
a few special terms in the case of Eisenstein distributions) into bihomogeneous
functions, the coefficient of which is provided by the L-function relative to the
given modular distribution.

Let us set hν,q(x, ξ) = |ξ|−1−νe2iπ qxξ , a symbol the analysis of which (with an
emphasis on sharp products of such) will keep us busy throughout Chapter 4. The
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functions hν,q with q ∈ Z× are the basic terms of expansions (1.2.32) into Fourier
series. They are linked to bihomogeneous functions by the pair of formulas

hom(ε)
ρ,ν = Bε

(
2− ρ− ν

2

)∫ ∞
−∞
|q|
−ρ−ν

2
ε hν−1,qdq, Re ν > 0, 0 < Re

ρ+ ν

2
< 1,

(1.2.33)
as it follows from (1.1.6), while, from Lemma 1.1.1, if q 6= 0, a > 0 and xξ 6= 0,

hν,q(x, ξ) =
1

4iπ

∑
ε=0,1

(−1)ε
∫

Re µ=a

Bε(1− µ) |q|−µε hom
(ε)
ν−2µ+2,−ν(x, ξ) dµ,

(1.2.34)
which can be rewritten in the following form, more immediately comparable to
(1.1.46) and (1.2.7): if q 6= 0, b < Re ν + 2 and xξ 6= 0,

hν,q(x, ξ) =
1

8iπ

∑
ε=0,1

(−1)ε
∫

Re ρ=b

Bε(
ρ− ν

2
) |q|

ρ−ν−2
2

ε hom
(ε)
ρ,−ν(x, ξ) dρ. (1.2.35)



Chapter 2

From the plane to the half-plane

This chapter provides a dictionary from automorphic distribution theory (in the
plane) to automorphic function theory (in the hyperbolic half-plane). More pre-
cisely, one defines, with the help of the so-called dual Radon transformation, a
linear operator Θ = (Θ0,Θ1) from automorphic distributions to pairs of automor-
phic functions: a two-component operator is needed because two distributions in
the plane which are images of each other under the symplectic Fourier transforma-
tion have the same image under Θ0. We show that the Θ0-transforms of Eisenstein,
or Hecke, distributions are Eisenstein, or Maass-Hecke modular forms, and that
the notions of L-functions defined in the two environments are fully coherent.

We also transfer (non-automorphic) bihomogeneous functions, which leads
to further decompositions of Eisenstein or Maass-Hecke modular forms. There,

new functions F
(ε)
ρ,ν or, with a different normalization, Ψ

(ε)
ρ,ν , show up: ν enters the

(generalized) eigenvalue 1−ν2

4 relative to the modular Laplacian ∆, while ρ is an
eigenvalue associated to the operator

EulΠ =
1

iπ

(
z
∂

∂z
+ z̄

∂

∂z̄

)
. (2.0.1)

The functions F
(ε)
ρ,ν are much more complicated than the distributions in the plane

they originate from: the quite simple spectral-theoretic role of L-functions in au-
tomorphic distribution theory does not stay so simple in the automorphic function
environment.

On the other hand, these functions led in [39, chap. 4] to the construction of
a new class of automorphic functions in the hyperbolic half-plane with interesting
singularities on the set of lines congruent to the line (0, i∞), a task briefly imple-
mented in the last section of this chapter for the sake of completeness: only the
case of functions invariant under the symmetry z 7→ −z̄ had been considered in
the given reference. Disregarding completely Sections 2.2 and 2.3 would not harm

27
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understanding the rest of the book. But Section 2.1 and the notation, relating
Hecke distributions and Hecke eigenforms, introduced there, is essential for the
sequel.

2.1 Modular distributions and non-holomorphic
modular forms

With the exception of Theorem 2.1.2 below (a converse of Theorem 1.2.2), all
non classical facts in this section needed in this book have been detailed in [34]
and, with a refreshed proof, in Sections 2.1 and 3.1 of [39]. Before dealing with
the automorphic situation, we relate general analysis on the plane to that on the
hyperbolic half-plane Π.

Recall that the standard Iwasawa decomposition NAK of G = SL(2,R)
involves the subgroup K = SO(2) and the subgroups N and A consisting respec-
tively of all matrices ( 1 b

0 1 ) with b ∈ R and
(
a 0
0 a−1

)
with a > 0; one considers also

the group M consisting of the two matrices ± ( 1 0
0 1 ). The homogeneous space G/K

can be identified with the half-plane Π with base-point i since K is the subgroup
of G leaving this point fixed. The generic point (x, ξ) of R2\{0}, regarded as the
left column of the matrix g =

(
x b
ξ d

)
, can be identified with the class gN : further

dividing by M , we may regard G/MN as the quotient of the former space by the
equivalence (x, ξ) ∼ (−x,−ξ), so that functions on G/MN become exactly even
functions in R2.

The dual Radon transform V ∗ — a concept which can be defined and studied
in considerable generality [11] — is the map from continuous even functions in R2

to functions on Π defined as

(V ∗ h)(g . i) =

∫
K

h((gk) . ( 1
0 )) dk (2.1.1)

or, making the choice g =

(
y

1
2 y−

1
2 x

0 y−
1
2

)
,

(V ∗ h)(x+ iy) =
1

2π

∫ 2π

0

h

(
±
(
y

1
2 cos θ

2 − x y
− 1

2 sin θ
2

−y− 1
2 sin θ

2

))
dθ. (2.1.2)

In other words, (V ∗h)(i) = 〈dσi, h〉 if dσi is the rotation-invariant measure on the
unit circle with total mass 1; more generally, (V ∗h)(z) = 〈dσz, h〉 if dσz is the

measure supported in the ellipse {(x, ξ) : |x−zξ|
2

Im z = 1} (one irritant is that one
cannot use simultaneously the coordinates x, ξ in R2 and x + iy in Π), invariant
under the group of linear transformations preserving this ellipse and with total
mass 1.
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The Radon transform V , which will be useful later as well, works in the
other direction, from functions f on Π to even functions on R2: it is defined by
the equation

(V f)(g . ( 1
0 )) =

∫
N

f((gn) . i) dn, (2.1.3)

with dn = db if n = ( 1 b
0 1 ). Recall that the hyperbolic distance d on Π is SL(2,R)-

invariant and characterized as such by its special case cosh d(z, i) = 1+|z|2
2 Im z . The

integral is convergent, yielding a continuous function V f if, say,

|f(z)| ≤ C (cosh d(i, z))−
1
2−ε

for some ε > 0: indeed, when g =
(
a 0
0 a−1

)
, it is immediate that 2 cosh d(i, (gn) . i)

= a−2 +a2(1+b2), a formula which remains true if g is replaced by kg with k ∈ K.

Explicitly, completing if x 6= 0 the column ( xξ ) into the matrix
(
x 0
ξ x−1

)
, one has

(V f)(± ( xξ )) =
1

π

∫ ∞
−∞

f

(
x2 (i+ b)

xξ (i+ b) + 1

)
db , x 6= 0. (2.1.4)

One pair of transformations, working in the same direction as V ∗, will be
of considerable interest in this book. It is the pair (Θ0,Θ1) of maps from even
functions, or even tempered distributions on R2, to functions on Π, defined by the
equations

(Θ0 S)(z) =

〈
S , (x, ξ) 7→ 2 exp

(
−2π

|x− z ξ|2

Im z

)〉
, Θ1 S = Θ0 (2iπES) .

(2.1.5)
This pair of operators has a useful interpretation in terms of pseudodifferential
analysis and of the canonical set of coherent states of the metaplectic represen-
tation, and the same is true of its adjoint: we shall come back to it in the next
chapter. What we need to know about is the (immediate) covariance of this pair
of maps, to wit the pair of relations

Θκ (S ◦ g) = (ΘκS) ◦ g, g ∈ G, κ = 0, 1, (2.1.6)

in which g =
(
a b
c d

)
∈ G = SL(2,R) acts on Π by means of the equation

(
a b
c d

)
. z =

az+b
cz+d , on R2 by means of the equation

(
a b
c d

)
. ( xξ ) =

(
ax+bξ
cx+dξ

)
. Also, recalling that

we have already defined, in (1.1.19), the Euler operator 2iπE on R2, we need the
fundamental transfer property expressed by the equation

Θκ

(
π2E2S

)
=

(
∆− 1

4

)
ΘκS, (2.1.7)

with ∆ = (z − z̄)2 ∂2

∂z∂z̄ = −y2
(
∂2

∂x2 + ∂2

∂y2

)
if z = x+ iy. Setting ρ = |x−z ξ|2

Im z , this

identity can be written as

−
(
ρ
d

dρ
+

1

2

)2

k(ρ) =

(
∆− 1

4

)
k(ρ) (2.1.8)
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for every C2 function k: the calculation of the right-hand side presents no difficulty
since, taking advantage of the invariance of both operators involved under the
appropriate actions ofG, one may assume that (x, ξ) = (1, 0), so that ρ = (Im z)−1.

The operator E is essentially self-adjoint on L2(R2) (i.e., it admits a unique
self-adjoint extension) if given the initial domain C∞0 (R2\{0}). This makes it pos-
sible to define, in the spectral-theoretic sense, functions of E . The map Θ0 connects
to the dual Radon transformation by the equation

Θ0 = V ∗ (2π)
1
2−iπE Γ

(
1

2
+ iπE

)
. (2.1.9)

To prove this, one first decomposes the function h ∈ Seven(R2) the two sides of
(2.1.9) are to be tested on into homogeneous components hiλ, as will be done in
(3.2.1), after which, performing a change of variable in Euler’s integral formula for
the Gamma function (details are given in [39, p.52] if so desired), one obtains

(Θ0 hiλ)(z) = (2π)
iλ−3

2 Γ(
1− iλ

2
)

∫
R2

h(x, ξ)

(
|x− zξ|2

Im z

) iλ−1
2

dx dξ. (2.1.10)

On the other hand, the operator (2π)
1
2−iπE Γ

(
1
2 + iπE

)
acts on hiλ as multiplica-

tion by the scalar (2π)
1+iλ

2 Γ( 1−iλ
2 ). Temporarily denoting z as z = x′ + iy, one

writes, with the help of (3.2.1) and (2.1.2),

(V ∗hiλ) (z) =
1

4π2

∫ 2π

0

dθ

∫ ∞
0

tiλh

t(y 1
2 cos θ2 − x

′y−
1
2 sin θ

2

)
t
(
−y− 1

2 sin θ
2

)  dt :

(2.1.11)
then, one performs the change of variables defined by the equations

x = t

(
y

1
2 cos

θ

2
− x′y− 1

2 sin
θ

2

)
, ξ = t

(
−y− 1

2 sin
θ

2

)
, (2.1.12)

so that t2 = |x−zξ|2
Im z and dx dξ = t dt dθ. The identity (2.1.9) follows.

Let G be the rescaled version of the symplectic Fourier transformation (1.1.29)
defined on L1(R2) (next on S ′(R2)) as G = 22iπEF symp = 2iπEF symp2−iπE , i.e.,

(Gh) (x, ξ) = 2

∫
R2

h(y, η) e4iπ(xη−yξ) dy dη. (2.1.13)

One then has the identities

Θ0 (GS) = Θ0 S, Θ1 (GS) = −Θ1 S. (2.1.14)

If S ∈ S ′even(R2), the image of S under Θ0 (resp. Θ1) characterizes the part
of S invariant (resp. changing to its negative) under G. The proof of this fact,
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fundamental for our purposes, is to be postponed to the end of Section 3.1, after
we have related the transforms Θ0 and Θ1 to pseudodifferential analysis:

We can now consider the automorphic situation, recalling that a tempered
distribution S is automorphic if it is invariant under the action of the group
Γ = SL(2,Z) by linear changes of coordinates. Because of the covariance formula
(2.1.6), its Θ-transform will consist of a pair of automorphic functions in Π. A
modular distribution is an automorphic distribution homogeneous of some degree
−1 − ν. As a consequence of (2.1.7), its Θ0-transform is a (possibly generalized)

eigenfunction of ∆ for the eigenvalue 1−ν2

4 , in other words a non-holomorphic
modular form; so is its Θ1-transform, but no novel information is carried by it if
ν (not only ν2) is known. Note, in view of the first equation (2.1.14) and of the
identity G(2iπE) = (−2iπE)G, that two modular distributions, one the image of the
other under G, have the same Θ0-transform, and that their degrees of homogeneity
are then −1− ν and −1 + ν for some ν.

We make all this explicit, for which we need to give a crash course on au-
tomorphic function theory in Π, limiting ourselves to what is absolutely needed
in the sequel. Very nice presentations of this theory (accessible to non-experts,
including the present author) are to be found in [4, 14, 16] and elsewhere. The
first thing to recall is that it is useful to complete the Riemann zeta function
ζ(s) =

∑
n≥1 n

−s (a convergent series if Re s > 1) as the function

ζ∗(s) = π−
s
2 Γ(

s

2
) ζ(s), (2.1.15)

which extends as a meromorphic function in the entire plane, the only poles of
which lie at 1 and 0 and are simple: moreover, it satisfies the fundamental func-
tional equation ζ∗(s) = ζ∗(1− s). A great bulk of non-holomorphic modular form
theory is made up of the so-called Eisenstein series. If Re ν < −1, the series

E 1−ν
2

(z) =
1

2

∑
m,n∈Z

(m,n)=1

(
|mz − n|2

Im z

) ν−1
2

(2.1.16)

(where (m,n) denotes the g.c.d. of the pair m,n) is convergent, and its sum is a

non-holomorphic modular form for the eigenvalue 1−ν2

4 . It is periodic of period 1,
and the function

E∗1−ν
2

(z) = ζ∗(1− ν)E 1−ν
2

(z) (2.1.17)

admits the Fourier series expansion (with respect to x = Re z)

E∗1−ν
2

(x+ iy)

= ζ∗(1− ν) y
1−ν

2 + ζ∗(1 + ν) y
1+ν

2 + 2 y
1
2

∑
k 6=0

|k|− ν2 σν(|k|)K ν
2
(2π |k| y) e2iπkx,

(2.1.18)
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with σν(|k|) =
∑

1≤d| k d
ν : this provides its analytic continuation as a function of

ν.

An easy separation of variables relative to the operator ∆ shows that every

generalized eigenfunction of ∆ for the eigenvalue 1−ν2

4 , periodic of period 1 with
respect to x = Re z, admits a Fourier expansion of the kind

f(x+ iy) = a+ y
1−ν

2 + a− y
1+ν

2 + y
1
2

∑
k 6=0

bk e
2iπkx K ν

2
(2π |k| y), (2.1.19)

unless it is far from being bounded, as y →∞, by some power of 1+y (in which case
one would have to substitute for K ν

2
another linear combination of the functions

I± ν2 ).

We now introduce the standard fundamental domain D of Γ, consisting of
all points z ∈ Π with − 1

2 < Re z < 1
2 and |z| > 1: it satisfies the property

that no two distinct points of D are congruent under Γ (i.e., the images of each
other under some transformation in Γ), while every point of Π is congruent to
at least one point in the topological closure of D. Outside a set of measure zero,
an automorphic function is then characterized by its restriction to D: using in
Π the invariant measure dm(x + iy) = y−2dx dy, one may then introduce the
Hilbert space, denoted as L2(Γ\Π), which is just L2(D, dm) in terms of these
restrictions. Standard Hilbert space techniques then show that there exists an
at most — an adverb which can be dispensed with thanks to Selberg’s trace
formula — countable set of linearly independent modular forms (the so-called
Maass forms), which satisfy the property (not shared by Eisenstein series) that
they are rapidly decreasing as y = Im z → ∞, in a way uniform with respect to
x = Re z: in other words, the first two coefficients a+ and a− are zero. As can
be seen, ν must be pure imaginary: one usually sets ν = iλ with, say, λ > 0, or
ν = iλr since the possible λ’s make up a sequence going to ∞. It is not known
whether (in the case of Γ, the only discrete group under consideration here) there
may exist linearly independent Maass forms corresponding to the same eigenvalue
1+λ2

r

4 .

A much clearer picture emerges after one has introduced the so-called Hecke
operators TN , N ≥ 1, defined by the equation

(TNf)(z) = N−
1
2

∑
ad=N, d>0

b mod d

f

(
az + b

d

)
: (2.1.20)

they can be shown to commute pairwise, while commuting with ∆ and with the
parity operator T−1 defined by the equation (T−1f)(z) = f(−z̄). One has the
fundamental formal relation between Dirichlet series∑

N≥1

N−sTN =
∏

p prime

(
1− p−sTp + p−2s

)−1
, (2.1.21)
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a compact form of an infinite set of polynomial relations among the Hecke opera-
tors. Maass forms which are joint eigenfunctions of all Hecke operators (including
T−1) are called Hecke eigenforms. Just as ∆, the Hecke operators are self-adjoint

in the space L2(Γ\Π). Consider a true eigenvalue
1+λ2

r

4 of ∆, to wit one for which
some Maass forms do exist. Then, standard Hilbert space methods (the theory
of commuting families of compact self-adjoint operators) show that there exists a
finite family (Mr,`)1≤`≤κ, where κ is an r-dependent finite number, of Hecke eigen-
forms making up an orthonormal basis of the eigenspace of ∆ corresponding to
the given eigenvalue. Another normalization of Hecke eigenforms (to be referred
to as Hecke’s normalization) is very useful: it is the one for which one substi-
tutes for Mr,` the proportional Hecke eigenform Nr,` such that the coefficient b1
from its Fourier expansion (2.1.19) is 1: then, one has the collection of identities
TNNr,` = bN Nr,`. Again, a self-adjointness argument shows that all coefficients
bk of such a Hecke eigenform must be real numbers.

The spectral theorem relative to a certain natural self-adjoint realization
of the operator ∆ in L2(Γ\Π), together with the collection of Hecke operators,
makes it possible to show that every automorphic function f ∈ L2(Γ\Π) admits a
so-called Roelcke-Selberg expansion, to wit a decomposition of the kind

f(z) = Φ0 +
1

8π

∫ ∞
−∞

Φ(λ)E 1−iλ
2

(z) dλ+
∑
r≥1

∑
`

Φr,`Mr,`(z). (2.1.22)

In Chapter 5, we shall prove an analogous expansion for a large class of automor-
phic distributions. What is much harder to prove, at least in the case of automor-
phic functions invariant under the map z 7→ −z̄ (it requires using the so-called

Selberg’s trace formula), is that there does exist an infinite sequence
(

1+λ2
r

4

)
r≥1

of true eigenvalues of ∆. Note that Eisenstein series, as defined for general values
of ν by their expansion (2.1.18), can never be true eigenfunctions of ∆, in that
they never lie in L2(Γ\∆) (as seen by an application of Hadamard’s theorem that
ζ(s) has no zero on the line Re s = 0, while one trivially has ζ(s) 6= 0 for Re s > 1
in view of the Euler product expansion (ζ(s))−1 =

∏
p prime(1− p−s)).

The following proposition establishes the link between modular distribution
theory and non-holomorphic modular form theory. Before stating it, we define the
rescaled version of a tempered distribution S as Sresc = 2−

1
2 +iπES: the operator

G is the conjugate of the operator F symp under the rescaling operator. In par-

ticular, Eresc
ν = 2

−1−ν
2 Eν . The rescaling operator cannot be dispensed with when

interested in the Weyl calculus, since the “most natural” one and two-dimensional
Gaussian functions in this context are x 7→ 2

1
4 e−πx

2

and (x, ξ) 7→ 2 e−2π(x2+ξ2):
the second one (the symbol of the operator of orthogonal projection on the first

one) is the rescaled version of 2 e−π(x2+ξ2). There are also reasons of elementary al-
gebraic number theory leading to the same two types of normalization of Gaussian
functions [20, p. 282].
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Proposition 2.1.1. For every ν ∈ C, ν 6= ±1, one has Θ0 (Eresc
ν ) = E∗1−ν

2

. Next, let

N be a cusp-form with the Fourier expansion

N (x+ iy) = y
1
2

∑
k 6=0

bkK iλ
2

(2π |k| y) e2iπkx : (2.1.23)

this only defines the number λ2 and, choosing λ =
√
λ2, we define a pair (N±) of

distributions in the plane by setting, for h ∈ S(R2),

〈N± , h〉 =
1

2

∑
k 6=0

|k|
±iλ

2 bk

∫ ∞
−∞
|t|−1∓iλ (F−1

1 h
)(k

t
, t

)
dt. (2.1.24)

The distribution N± is a modular distribution, homogeneous of degree −1∓iλ. The
two distributions are related by the identity F symp N± = N∓. The Θ-transform of
the rescaled version Nresc

± is given by the equation(
Θ0 N

resc
±
)

(z) = N (z). (2.1.25)

Proof. In view of the (similar) Fourier expansions (1.2.32) and (1.2.4) of Eisenstein
and Hecke distributions, the statement reduces to the results of computations

involving the functions hν,k(x, ξ) = |ξ|−1−ν exp
(

2iπ kξ

)
: these will be given (in a

slightly more general version) in (4.1.2) and (4.6.3). �

Remarks 2.1.1. (i) From (1.1.30), one has GEresc
ν = Eresc

−ν : the invariance of the
function E∗1−ν

2

under the change of ν to −ν, which follows then from (2.1.14), can

also be seen from the Fourier expansion (2.1.18). In the same way, the modular
distributions Nresc

± are G-related and have the same Θ0-transform.

(ii) While, as indicated above, we denote as
(

1+λ2
r

4

)
r≥1

the increasing se-

quence of true eigenvalues of the automorphic Laplacian and, for each r, we denote
as (Nr,`)` the finite associated set (unique up to permutation) of Hecke eigenforms,
normalized in Hecke’s way, the following slight change is necessary when dealing
with modular distributions: with the same convention about (r, `), and given a
Hecke eigenform N = Nr,`, we now denote as Nr,` (resp. N−r,`) the modular
distribution (a Hecke distribution as will be seen presently) defined as N+ (resp.
N−) by (2.1.24). In other words, a proper “total” set of Hecke distributions will
then be the set (Nr,`)r,` where, this time, the condition on r is r 6= 0. We shall

always assume that, for r ≥ 1, λr is the positive square root of λ2
r, and it will be

convenient to set λ−r = −λr so that, whether r ≥ 1 or r ≤ −1, one should always
have

〈Nr,` , h〉 =
1

2

∑
k 6=0

|k|
iλr
2 bk

∫ ∞
−∞
|t|−1−iλr

(
F−1

1 h
)(k

t
, t

)
dt. (2.1.26)
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A clear understanding of the relation between the collection (Nr,`)r≥1 of Hecke

eigenforms and the collection (Nr,`)r∈Z× of Hecke distributions will be necessary
in Chapter 5.

(iii) The coefficient b1 in the series (2.1.23) for N is normalized (in Hecke’s
way, not in any Hilbert sense) to the value 1: making the same choice in the
Eisenstein case leads (2.1.18) to considering 1

2E
∗
1−ν

2

as the correctly normalized

Eisenstein series. Finally, looking at the first sentence in Proposition 2.1.1, it is
1
2Eν that ought to be considered as normalized in Hecke’s way.

We prove now a fact announced in Remark 1.2.1 (i) following Theorem 1.2.2,
to some extent a converse of that theorem.

Theorem 2.1.2. Every Hecke eigenform N with the Fourier expansion (2.1.23),
normalized so that the coefficient b1 is 1, coincides, for some choice of χ, with
the image under Θ0 of the rescaled version of the Hecke distribution N = Nχ,iλ

as defined in Theorem 1.2.2. Setting when Re s is large, as is usual, L(s,N ) =∑
k≥1

bk
ks , one has L(s,N ) = L(s,N). Recall that, with ε = 0 or 1 according to the

parity of N under the map z 7→ −z̄, one sets

L∗(s, N ) = π−s Γ(
s+ ε

2
+
iλ

4
) Γ(

s+ ε

2
− iλ

4
)L(s, N ), (2.1.27)

obtaining as a result the identity L∗(s, N ) = (−1)εL∗(1− s, N ).

Proof. In this direction, we start from a Hecke eigenform N , normalized in the
way indicated and, defining N = N+ according to Proposition 2.1.1, our problem
is showing that N coincides for some choice of (χ, iλ) with the Hecke distribution
Nχ,iλ as defined by means of Theorem 1.2.2. First define ε = 0 or 1 according to
the choice made in the statement of the theorem: then, b−k = (−1)εbk. On the
other hand, for every prime p, let θp be any of the two roots of the equation

θ2
p − bp θp + 1 = 0. (2.1.28)

Denote as σ the collection of data

σ = { ε , iλ , (θp)p prime }, (2.1.29)

where λ is any of the two square roots of λ2. To each such set σ of spectral data,
one associates in a one-to-one way the pair (χ, iλ), where the character χ on Q×
is defined by the set of conditions

χ(p) = p
iλ
2 θp, χ(±1) = (−1)ε : (2.1.30)

it is quite well-known that χ, so defined, is a tempered character. The corre-
spondence σ 7→ Nχ,iλ, or (χ, iλ) 7→ Nχ,iλ, introduced in Theorem 1.2.2, is not
one-to-one because, besides ε and λ, only the set of sums θp + θ−1

p is needed to
define Nχ,iλ, as it follows from (1.2.16), (1.2.17).
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We now prove that, with N as defined above, one has the identity (1.2.4),
here recalled:

〈N , h〉 =
1

4

∑
m,n 6=0

χ
(m
n

) ∫ ∞
−∞
|t|−1−iλ (F−1

1 h
) (m

t
, nt
)
dt, h ∈ S(R2).

(2.1.31)
To do so, let us rewrite the set of Fourier coefficients bk in terms first of σ,

next of the pair (iλ, χ), relying on Hecke’s theory: the computation reduces to
that of bk for k ≥ 1. One has TkN = bkN . On the other hand, one has the formal
identity (2.1.21) between Dirichlet series: applying the operator there to N and
using (2.1.28), one has∑

k≥1

k−s bk =
∏
p

(
1− p−s θp

)−1 (
1− p−s θ−1

p

)−1

=
∏
p

(
1 + p−s θp + p−2s θ2

p + . . .
) (

1 + p−s θ−1
p + p−2s θ−2

p + . . .
)
. (2.1.32)

The number bk, which is the coefficient of k−s in the right-hand side, can thus be
written, if k =

∏
p p

jp , as

bk =
∏
p

( ∑
rp, sp≥0

rp+sp=jp

θrp−spp

)
=
∑
r+s=j

∏
p

θrp−spp , k ≥ 1 (2.1.33)

if, in the last expression, one sets j = (j2, j3, j5, . . . ) and one considers similarly
defined vectors r and s with non-negative coordinates, indexed by the set of primes.
To each pair (r, s), associate the pair (m, n) of positive integers m =

∏
p p

rp , n =∏
p p

sp , so that k = mn, an arbitrary decomposition of k ≥ 1 as a product of two

integers ≥ 1. Defining the character θ on Q×+ by the equation θ(p) = θp for all p,
one can thus write (2.1.33) as

bk =
∑

m,n≥1

mn=k

θ(m) θ(n)−1 =
∑

m,n≥1

mn=k

θ
(m
n

)
, k ≥ 1. (2.1.34)

Then, for any k ∈ Z×,

|k| iλ2 bk = |k|
iλ
2
ε b|k| =

∑
m,n≥1

mn=|k|

(sign k)ε |mn| iλ2 θ
(∣∣m
n

∣∣)

=
1

4

∑
m,n 6=0

mn=k

|m|
iλ
2
ε θ(|m|) × |n|iλ

[
|n|

iλ
2
ε θ(|n|)

]−1
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=
1

4

∑
m,n 6=0

mn=k

|n|iλ χ
(m
n

)
. (2.1.35)

Hence,

〈N , h〉 =
1

4

∑
m,n 6=0

χ
(m
n

)
|n|iλ

∫ ∞
−∞
|t|−1−iλ (F−1

1 h
) (mn

t
, t
)
dt : (2.1.36)

performing the change of variable t 7→ nt, we are done. �

Remarks 2.1.2. (i) Recall that the Hecke eigenform N is said to satisfy the Ra-
manujan-Petersson conjecture if |θp| = 1 for every prime p, in other words if χ is
unitary.

(ii) That the Hecke operator TN (acting on non-holomorphic modular forms),
as defined in (2.1.20), is the transfer under Θ0 of the operator T dist

N (acting on
automorphic distributions) in (1.2.1) is easy: nothing more than relating the two
actions (by linear or fractional-linear transformations) of the group G is needed.

(iii) Eisenstein series are of course not cusp-forms: however, Eisenstein dis-
tributions can be recovered in the same way, with the exception of the first two
terms of its decomposition (1.1.38). We start from the Fourier series expansion
(2.1.18), both sides of which have been multiplied by 1

2 for proper normalization,
so that the coefficient b1 taken from this expansion should be 1. Following the
construction in the proof which precedes, one sees that ε = 0 and that, for k ≥ 1,
one has bk = k−

ν
2 σν(k). In particular, for any prime p, one has bp = p−

ν
2 (1 + pν),

so that θp = p−
ν
2 is one solution of equation (2.1.28). Any corresponding charac-

ter χ is trivial on p. This leads to the main part of the expansion (1.1.38) of the
Eisenstein distribution 1

2 Eν .

Even though it is natural to put less emphasis on Hilbert space methods
in the automorphic distribution environment than in the automorphic function
(in Π) environment, there is a perfectly natural Hilbert space L2(Γ\R2), despite
the fact that there is no fundamental domain for the action by linear changes of
coordinates of Γ in R2 (most orbits are dense). This will be recalled at the end of
Section 3.2. The decomposition of rather general automorphic distributions into
their homogeneous components (the analogue of the Roelcke-Selberg theory) will
be treated in Section 5.1.

2.2 Bihomogeneous functions and joint eigenfunctions
of (∆, EulΠ)

N.B. The present section and the one which follows are not required for further
reading.
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However, the question of how bihomogeneous functions in the plane transfer
to the half-plane is a natural one. Theorems 2.2.4 and 2.2.5 below are the ana-
logues, in the half-plane, of the decomposition formulas (1.1.46) and (1.2.7) of
Eisenstein or Hecke distributions into bihomogeneous components. On the other

hand, Theorem 2.2.3 can be stated as the fact that Ψ
(ε)
ρ,ν is almost a generalized

eigenfunction of ∆, in that it satisfies the required differential equation outside a
one-dimensional set.

We first compute the dual Radon transform of hom(ε)
ρ,ν , a task already per-

formed in [39, section 2.3] in the case when ε = 0. To do so, we need to introduce
for ν /∈ Z and ρ± ν /∈ 2Z the function on R\{0}

χρ, ν(t) = 2ν−1 π−
1
2

Γ(ν2 )

Γ( 2−ρ+ν
2 )

×
(
−1− i t

2

) ρ+ν−2
2

+
2F1

(
1− ν

2
,

2− ρ− ν
2

; 1− ν ;
2

1 + it

)
, (2.2.1)

where the power zα+, for z /∈] − ∞, 0], is defined as eiαθ, θ being the argument
of z lying in ] − π, π[. It is undefined at 0 since, for a proper definition of the
hypergeometric function, we must exclude values of the argument lying on the
half-line [1, ∞[. Its main property is that the function

z 7→ (Im z)
ρ−1

2 χρ, ν

(
Re z

Im z

)
(2.2.2)

is in the complement, in the hyperbolic half-plane, of the line Re z = 0, a gen-

eralized eigenvalue of ∆ for the eigenvalue 1−ν2

4 : this will be detailed below in
(2.2.30), (2.2.31). We also set

F (ε)
ρ,ν (z) =

{
(Im z)

ρ−1
2 χeven

ρ,ν

(
Re z
Im z

)
if ε = 0,

(Im z)
ρ−1

2 χodd
ρ,ν

(
Re z
Im z

)
if ε = 1,

(2.2.3)

and, with another normalization,

Ψ(ε)
ρ,ν(z) = π−

1
2 Γ

(
4− 2ε− ρ− ν

4

)
Γ

(
4− 2ε− ρ+ ν

4

)
F (ε)
ρ,ν (z). (2.2.4)

These functions are obviously generalized eigenfunctions of the operator EulΠ

introduced in (2.0.1).

Lemma 2.2.1. One has

(1 + t2)
1−ρ

2 χeven
ρ,ν (t) =

Γ( 2+ρ−ν
4 )Γ( 2+ρ+ν

4 )

Γ( 4−ρ−ν
4 )Γ( 4−ρ+ν

4 )
χeven

2−ρ,ν(t),

(1 + t2)
1−ρ

2 χodd
ρ,ν (t) =

Γ(ρ−ν4 )Γ(ρ+ν4 )

Γ( 2−ρ−ν
4 )Γ( 2−ρ+ν

4 )
χodd

2−ρ,ν(t). (2.2.5)
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Proof. The even case is just equation (2.3.52) in [39]: we (wrongly) omitted the
superscript “even” there: the proof of Lemma 2.3.4, from a certain point on, only
considered the even part of χρ,ν (the odd part of this function played no part in
that book). Equation (2.3.55) in the given reference can be written as

χ2−ρ,ν(t) = eiπ
ρ−1

2 sign t Γ( 2−ρ+ν
2 )

Γ(ρ+ν2 )

(
1 + t2

4

) 1−ρ
2

χρ,ν(t). (2.2.6)

Then,(
1 + t2

4

) 1−ρ
2

χodd
ρ,ν (t) =

1

2

Γ(ρ+ν2 )

Γ( 2−ρ+ν
2 )

[
eiπ

1−ρ
2 χ2−ρ,ν(t)− eiπ

ρ−1
2 χ2−ρ,ν(−t)

]
.

(2.2.7)
Using twice the equation [39, (2.3.29)]

χρ,ν(t) = e
iπ(2−ν−ρ)

2 χρ,ν(−t), t > 0 (2.2.8)

and the equation

1

2

(
eiπ

1−ρ
2 − eiπ

ν−1
2

)
=

iπ e
iπ(ν−ρ)

4

Γ( 2+ρ+ν
4 )Γ( 2−ρ−ν

4 )
, (2.2.9)

one arrives at the second equation (2.2.5). �

It follows that

|z|1−ρ F (ε)
ρ,ν (z) =

Γ( 2−2ε+ρ−ν
4 )Γ( 2−2ε+ρ+ν

4 )

Γ( 4−2ε−ρ−ν
4 )Γ( 4−2ε−ρ+ν

4 )
F

(ε)
2−ρ,ν(z), (2.2.10)

hence

F (ε)
ρ,ν (z) = (−1)ε

Γ( 2−2ε+ρ−ν
4 )Γ( 2−2ε+ρ+ν

4 )

Γ( 4−2ε−ρ−ν
4 )Γ( 4−2ε−ρ+ν

4 )
F

(ε)
2−ρ,ν(−z−1); (2.2.11)

in other words
Ψ(ε)
ρ,ν(z) = (−1)ε Ψ

(ε)
2−ρ,ν(−z−1). (2.2.12)

Another symmetry worth mentioning concerns the function hom(ε)
ρ, ν : one has

F symp hom(ε)
ρ,ν = π−ν

Γ( 2−ρ+ν+2ε
4 )Γ(ρ+ν+2ε

4 )

Γ(ρ−ν+2ε
4 )Γ( 2−ρ−ν+2ε

4 )
hom

(ε)
ρ,−ν , (2.2.13)

or

F symp

(
Bε(

ρ+ ν

2
) hom(ε)

ρ,ν

)
= Bε(

ρ− ν
2

) hom
(ε)
ρ,−ν . (2.2.14)
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Theorem 2.2.2. Assume Re ν > −1 + |Re ρ − 1| and ν /∈ Z, ρ ± ν /∈ 2Z. Then,

one has, denoting also the even and odd parts of χρ,ν as χ
(ε)
ρ,ν with ε = 0 or 1,(

V ∗ hom(ε)
ρ, ν

)
(z) = iε (Im z)

ρ−1
2

× 2
ρ−ν

2 π−1 Γ( 2−ρ+ν
2 ) Γ( 2ε+ρ+ν

4 ) Γ( 4−2ε−ρ−ν
4 )

Γ(ν+1
2 )

×
[
χ

(ε)
ρ,−ν

(
Re z

Im z

)
+ χ(ε)

ρ, ν

(
Re z

Im z

)]
, (2.2.15)

or

V ∗ hom(ε)
ρ, ν = iε 2

ρ−ν
2 π−1 Γ( 2−ρ+ν

2 ) Γ( 2ε+ρ+ν
4 ) Γ( 4−2ε−ρ−ν

4 )

Γ(ν+1
2 )

[
F

(ε)
ρ,−ν + F (ε)

ρ, ν

]
.

(2.2.16)

Proof. In the case when ε = 0, this is [39, p. 70], and we consider now the case
when ε = 1. One has, if Re ν > max(Re ρ− 2, −Re ρ) = −1 + |Re ρ− 1|,

(V ∗ hom(1)
ρ, ν)(x+ iy) =

1

2π

∫ 2π

0

∣∣y− 1
2 sin

θ

2

∣∣ ν−1
2

1

∣∣y 1
2 cos

θ

2
− x y− 1

2 sin
θ

2

∣∣ ρ+ν−2
2

1
dθ

= y
ρ−1

2 × 1

2π

∫ 2π

0

∣∣ sin θ

2

∣∣ ν−1
2

1

∣∣ cos
θ

2
− x

y
sin

θ

2

∣∣ ρ+ν−2
2

1
dθ.

(2.2.17)

It is immediate (compare [39, p. 71]) that, as x
y → +∞, one has the equivalent

(V ∗ hom(1)
ρ, ν)(x+ iy) ∼ −π− 1

2
Γ(ν2 )

Γ(ν+1
2 )

y
ρ−1

2

∣∣x
y

∣∣ ρ+ν−2
2 . (2.2.18)

On the other hand, y
1−ρ

2 (V ∗ hom(1)
ρ, ν)(x+ iy) is an odd function of x, or of t = x

y .
To see this, starting from the definition

(V ∗h)(g.i) =

∫
K

h ((gk). ( 1
0 )) dk, (2.2.19)

only note that
(

1 0
0 −1

) ( y
1
2 xy−

1
2

0 y−
1
2

) (
1 0
0 −1

)
=

(
y

1
2 −xy−

1
2

0 y−
1
2

)
and

(
1 0
0 −1

)
K
(

1 0
0 −1

)
=

K.

To prove Theorem 2.2.2, one may assume, using analytic continuation, that
Re ν > 0, in which case an equivalent of χodd

ρ, ν(t) + χodd
ρ,−ν(t) as t → ∞ reduces to

an equivalent of the first term. With C = 2ν−1 π−
1
2

Γ( ν2 )

Γ( 2−ρ+ν
2 )

, one has

χodd
ρ, ν(t) ∼ C 2

−ρ−ν
2 t

ρ+ν−2
2 [e−

iπ
4 (ρ+ν−2) − e iπ4 (ρ+ν−2)]

= i 2
ν−ρ

2 π
1
2

Γ(ν2 )

Γ( 2−ρ+ν
2 )Γ( 2+ρ+ν

4 )Γ( 2−ρ−ν
4 )

t
ρ+ν−2

2 . (2.2.20)
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