Chapter 2
Distributed Cooperative Optimization

2.1 Introduction

In this chapter, we consider a general multi-agent optimization problem where the
goal is to minimize a global objective function, given as a sum of local objective
functions, subject to global constraints, which include an inequality constraint, an
equality constraint, and a (state) constraint set. Each local objective function is con-
vex and only known to one particular agent. On the other hand, the inequality (resp.
equality) constraint is given by a convex (resp. affine) function and known to all
agents. Each node has its own convex constraint set, and the global constraint set is
defined as their intersection. This problem is motivated by others in distributed esti-
mation [1, 2], distributed source localization [3], network utility maximization [4],
optimal flow control in power systems [5, 6], and optimal shape changes of mobile
robots [7]. An important feature of the problem is that the objective and (or) con-
straint functions depend upon a global decision vector. This requires the design of
distributed algorithms where, on one hand, agents can align their decisions through
a local information exchange and, on the other hand, the common decisions will
coincide with an optimal solution and the optimal value.

More precisely, we study two cases: one in which the equality constraint is absent,
and the other in which the local constraint sets are identical. For the first case,
we adopt a Lagrangian relaxation approach, define a Lagrangian dual problem and
devise the DISTRIBUTED LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGORITHM
based on the characterization of the primal-dual optimal solutions as the saddle
points of the Lagrangian function. The DISTRIBUTED LAGRANGIAN PRIMAL- DUAL
SUBGRADIENT ALGORITHM involves each agent updating its estimates of the saddle
points via a combination of an average consensus step, a subgradient (or supgradient)
step, and a primal (or dual) projection step onto its local constraint set (or a compact
set containing the dual optimal set). The DISTRIBUTED LAGRANGIAN PRIMAL- DUAL
SUBGRADIENT ALGORITHM is shown to asymptotically converge to a pair of primal-
dual optimal solutions under Slater’s condition and the periodic strong connectivity
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assumption. Furthermore, each agent asymptotically agrees on the optimal value by
implementing a DISTRIBUTED DYNAMIC AVERAGING ALGORITHM (1.4), which
allows a multi-agent system to track time-varying average values.

For the second case, to dispense with the additional equality constraint, we adopt
a penalty relaxation approach, while defining a penalty dual problem and devising
the DISTRIBUTED PENALTY PRIMAL- DUAL SUBGRADIENT ALGORITHM. Unlike
the first case, the dual optimal set of the second case may not be bounded, and thus
the dual projection steps are not involved in the DISTRIBUTED PENALTY PRIMAL-
DUAL SUBGRADIENT ALGORITHM. It renders that dual estimates and thus (primal)
subgradients may not be uniformly bounded. This challenge is addressed by a more
careful choice of step-sizes. We show that the DISTRIBUTED PENALTY PRIMAL-
DUAL SUBGRADIENT ALGORITHM asymptotically converges to a primal optimal
solution and the optimal value under Slater’s condition and the periodic strong con-
nectivity assumption.

2.2 Problem Formulation

Consider a network of agents labeled by V £ {1, ..., N} that can only interact with
each other through local communication.

[Objective] We aim to synthesize distributed algorithms which allow the multi-agent group to
cooperatively solve the following optimization problem (Fig.2.1):

xRN 4

N
min > fi(x), st gx) <0, h(x)=0, xen’ X, 2.1
i=1

where f; : R" — R is the convex objective function of agent i, X; € R”" is the compact and
private convex constraint set of agent 7, and x is a global decision vector.

Here we assume that the projection onto the set X; is easy to compute. Assume
that f; and X; are private information of agent i, and probably different across agents.
The function g : R” — R is known to all the agents with each component g, for
£ e {1, ..., m}, being convex. The inequality g(x) < 0 is understood component
wise; i.e., ge(x) < 0, for all £ € {1,...,m}, and represents a global inequality
constraint. The function / : R” — RV, defined as h(x) = Ax — b with A € R"*",
represents a global equality constraint, and is known to all the agents. We denote
X &£nN X, fx) & SN fitx),and Y £ {x € R" | g(x) <0, h(x) =0}
We assume that the set of feasible points is nonempty; i.e., X N'Y # ¢. Since X is
compact and Y is closed, then we can deduce that X N Y is compact. The convexity
of f; implies that of f and thus f is continuous. In this way, the optimal value p*
of the problem (2.1) is finite and X*, the set of primal optimal points, is nonempty.
Throughout this chapter, we suppose the following Slater’s condition holds:
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Fig. 2.1 A graphical illustration of problem (2.1)

Assumption 2.1 (Slater’s Condition) There exists a vector X € X such that g(x) <
0 and i(x) = 0. And there exists a relative interior point X of X such that #(x) =0
where X is a relative interior point of X;i.e., ¥ € X and there exists an open sphere
S centered at x such that S N aff (X) C X with aff (X) being the affine hull of X.

In this chapter, we will study two particular cases of Problem (2.1): one in which
the global equality constraint 4(x) = 0 is not included, and the other in which all
the local constraint sets are identical. For the case where the constraint 2(x) = 0 is
absent, the Slater’s condition 2.1 reduces to the existence of a vector x € X such that
g(x) < 0. Our techniques rely on duality theory in Sect. 1.3.

2.2.1 Subgradient Notions and Notations

In this chapter, we do not assume the differentiability of the problem functions. At
the points where functions are not differentiable, the subgradient plays the role of the
gradient. For a given convex function ' : R” — Rand a pointx € R", a subgradient
of the function F at x is a vector Z F(x) € R” such that the following subgradient
inequality holds for any y € R": 2F (x)T (y — x) < F(y) — F(x). Similarly, for
a given concave function G : R® — R and a point u € R®, a supgradient of
the function G at u is a vector ZG(u) € R* such that the following supgradient
inequality holds for any A € R*: 2G ()T (A — ) = G(1) — G ().
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2.3 Case (i): Absence of Equality Constraint

In this section, we study the case of problem (2.1) where the equality constraint
h(x) = 0 is absent; i.e.,

N
min > fi(x), st gx) <0, xen’ X, (2.2)
i=1

xeR» 4

In the following, we first provide some preliminary results, including a Lagrangian
saddle point characterization of the problem (2.2) and a superset containing the
Lagrangian dual optimal set of the problem (2.2). After this, the DISTRIBUTED
LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGORITHM will be presented along
with a summary of its convergence properties.

Overall Strategy and Lagrangian Saddle Point Characterization

First, the problem (2.2) is equivalent to

min f(x), s.t. Ngx) <0, xelX,
xeRn?

with associated Lagrangian dual problem given by

max gr(un), s.t. u>0.
neRm

Here, the function ¢, : RY; — R, is defined as g (1) 2 inf,ex Z(x, 1), where
2 R" x R”y — Ris the Lagrangian .Z(x, u) = f(x) + NuT g(x). We denote
the Lagrangian dual optimal value of the Lagrangian dual problem by d; and the
set of Lagrangian dual optimal points by Dj . As is well-known, under the Slater’s
condition 2.1, the property of strong duality holds; i.e., p* = dj, and D} # .

As explained in Theorem 1.7, saddle points of the Lagrangian correspond to
min-max solutions of the primal and dual problems. Assume for simplicity that
the Lagrangian is differentiable and there are no other constraints than the ones
included already in the Lagrangian. Then, one can define an associated saddle point
dynamics (gradient descent in one argument and gradient ascent in the other) as
follows. Let .2}, : R — R be the function .Z), (x) := Z(x, u), for pu fixed, and
% R" — R be L (n) := Z(x, n), for x fixed. Then, the continuous-time
saddle point dynamics is given as:

X(t) = =VLuw(x @), u()),
(1) = VL) (x (@), (). (2.3)

If £, 1) is convex and .Z ;) is concave, these dynamics converge to a saddle point
of the Lagrangian from any initial and see [8]. The discrete-time counterpart can be
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generalized for nondifferentiable Lagrangians and to include additional projections
overx € X [9].

We would like to use a distributed discrete-time version of (2.3) for the multi-
agent system by defining related and separated problems for each agent, which then
are globally coordinated through a consensus algorithm. To do this, note that, while
%, is naturally separable as a sum of factors f;(x) + g(x) for each agent, the dual
function gy, is not. Then, our strategy will be to define certain sets M; for each agent
that contain the dual solution set, and, which used with a projection operation on M;,
can converge to a saddle point and a min-max solution.

This following lemma presents some preliminary analysis of saddle points toward
this objective.

Lemma 2.1 (Preliminary results on saddle points) Let M be any superset of D7 .

(a) If (x*, u*) is a saddle point of £ over X X R;’O, then (x*, u*) is also a saddle
point of £ over X x M.

(b) There is at least one saddle point of £ over X x M.

(c) If (X, 1) is a saddle point of £ over X x M, then L (X, 1) = p* and i is
Lagrangian dual optimal.

Proof (a) It just follows from the definition of saddle point of . over X x M.
(b) Observe that

sup inf L(x, )= sup gr(w) =dj, inf sup L(x,p)= inf f(x)=p"
xeXny

neRZ, xeX neRZ, YEX ner?,

Since the Slater’s condition 2.1 implies zero duality gap, the Lagrangian minimax
equality holds. From Theorem 1.7 it follows that the set of saddle points of .Z over
X x RZ is the Cartesian product X* x Dj. Recall that X* and D} are nonempty,
so we can guarantee the existence of the saddle point of .Z over X x RZ,,. Then by
(a), we have that (b) holds.

(c) Pick any saddle point (x*, u*) of £ over X x RZ,,. Since the Slater’s condi-
tion 2.1 holds, from Theorem 1.7 one can deduce that (x*, u*) is a pair of primal and

Lagrangian dual optimal solutions. This implies that

dj = inf L(x,pn*) < L& u") < sup L% pn) = p*.
xeX MeernO

From Theorem 1.7, we have df = p*. Hence, £ (x*, u*) = p*. On the other
hand, we pick any saddle point (¥, 1) of £ over X x M. Thenforallx € X and u €
M, itholds that £ (X, u) < Z(X, 1) < £ (x, j1). By Theorem 1.7, then u* € D} C
M. Recall x* € X, and thus we have Z(x, u*) < 2, 1) < Z(x*, ). Since
¥ € Xand 1 € RZ, we have £ (x*, 1) < L (x*, u*) < Z (X, u*). Combining
the above two relations gives that .Z(x, 1) = £ (x*, u*) = p*. From Remark 1.3
we see that £ (X, 1) < infyex £ (x, 1) = qr(j1). Since £ (X, 1) = p* = d} >
qr(ft), then g7 (1) = dj and thus f is a Lagrangian dual optimal solution. |
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Remark 2.1 Despite that (c) holds, the reverse of (a) may not be true in general. In
particular, x* may be infeasible; i.e., g¢(x*) > O for some ¢ € {1, ..., m}. °

An Upper Estimate of the Lagrangian Dual Optimal Set

In what follows, we will find a compact superset of Dz. To do that, we define the
following primal problem for each agent i:

min f;(x), s.t. gx) <0, xe€X;.
xeR”

Due to the fact that X; is compact and the f; are continuous, the primal optimal value
p; of each agent’s primal problem is finite and the set of its primal optimal solutions
is nonempty. The associated dual problem is given by

max g;(n), s.t. pu>0.
#ER’"

Here, the dual function g; : RZ, — R is defined by ¢; (1) = infyex, 2 (x, 1),
where . : R" x RY,; — R is the Lagrangian function of agent i and given by
Zi(x,n) = filx) + ul g(x). The corresponding dual optimal value is denoted by
d*. In this way, .Z is decomposed into a sum of local Lagrangian functions; i.e.,
L) =20 Lix .

Define now the set-valued map Q : RZ, — 2RZp) by O(n) = {n €

R’;O | gr(n) > qr(in)}. Additionally, define a function y : X — R by

y(x) = minge1,... my{—ge(x)}. Observe that if x is a Slater-vector, then y (x) > 0.
The following lemma is a direct result of Lemma 1 in [10].

Lemma 2.2 (Boundedness of dual solution sets) The set Q(fi) is bounded for any
e R’;O, and, in particular, for any Slater-vector x, it holds that max ,c gz Il <

70 (f(®) = ar (). O

Notice that D} = {u € RY, | g () > dj}. Picking any Slater-vector ¥ € X,

and letting ji = u* € D} in Lemma2.2 gives that

1
max ||u*|| < —(f(x) —dy). 2.4
p*eD v (X)

Define the functionr : X xR”; — RU {+o0}byr(x, u) £ % max; ey { fi (x)—
gi (n)}. By the property of weak duality, itholds thatd < p} and thus f;(x) > g; (1)
for any (x,n) € X x RYZ,. Since y(x¥) > 0, r(x,u) > O for any u € RZ.
With this observation, we pick any ji € R, and the following set is well-defined:
M;(%, 1) 2 {ne RZ | Il < r(x, it) + 6;} for some 6; € R~ (. Observe that for
all u € R”: B
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qLu) = _inf Z(ﬁ(XHM g(x>)>z inf (fi(x) +u g(x))—Zq,(m.
i=1 "7 i=1

(2.5)

Since dz > qr (), it follows from (2.4) and (2.5) that

I A

max, (7l T(f(X) qr(i)) = T (f(X) qu (u))

L

I A

max{f,(X) qi (L)} = r(x, it).
y(x) i

Hence, we have D] C M;(%, ) foralli € V.

Note that in order to compute M; (X, [), all the agents have to agree on a com-
mon Slater-vector x € ﬂlNz 1 Xi which should be obtained in a distributed fashion.
To handle this difficulty, we now propose a distributed algorithm, namely DISTRIB-
UTED SLATER- VECTOR COMPUTATION ALGORITHM, which allows each agenti to
compute a superset of M,; (x, v).

Initially, each agent i chooses a common value i € RZ;; e.g., i = 0, and
computes two positive constants b; (0) and ¢; (0) such that b; (0) > sup,. J; {fi(x) —
gi ()} and ¢; (0) < minj<¢<y inf e {—ge(x)} where J; = {x € X; | g(x) < 0}.

At every time k > 0, each agent i updates its estimates by:

bi(k + 1) = bik), citk+1)= i (k).
i+ JeNOUL) i), alk+1) jeAIf?&r)lumc"()

We denote b* £ max ey b; (O) P min,ev ¢j(0) for all k > (N — 1)B, and
M) & (e REg |l < 2=+ 6}, 7 2 (x € X | g(x) < 0).

Lemma 2.3 (Convergence of the DISTRIBUTED SLATER- VECTOR COMPUTATION
ALGORITHM) Assume that the periodical strong connectivity Assumption 1.3 holds.
Consider the sequences of {b;(k)} and {ci(k)} generated by the DISTRIBUTED
SLATER- VECTOR COMPUTATION ALGORITHM. It holds that after at most (N —1)B
steps, all the agents reach the consensus, i.e., b;(k) = b* and c;(k) = c¢* for all
k > (N — 1)B. Furthermore, we have M'"\(ft) D M; (%, i) fori € V.

Proof 1t is not difficult to verify achieving max-consensus by the periodical strong
connectivity Assumption 1.3. Note that J C J;, Vi € V. Hence, we have

max sup{fi(x) — ¢ ()} < max sup{ fi (x) — gi ()} < b™,

eV xeJ xelJ;

inf m1n { ge(x)} > mm inf mm { ge(x)} > c*
xelJ 1<se< ieV xel; 1


http://dx.doi.org/10.1007/978-3-319-19072-3_1
http://dx.doi.org/10.1007/978-3-319-19072-3_1

28 2 Distributed Cooperative Optimization

Since x € J, then the following estimate on r(x, it) holds:

G ) < Nsypxej méxiev{ﬁ(x) —qi(f)} - Nb*.
infyey mlnlfffm{_g[(x)} c*

The desired result immediately follows. |

From Lemma?2.3 and the fact that D,’i C 1\7[i (x, 1), we can see that the set of
M) & ﬂlNle[i]([l) contains D7 . In addition, MUI(j1) and M (ft) are nonempty,
compact, and convex. To simplify the notations, we will use the shorthands M; £
MU () and M & M ().

Convexity of the Lagrangian Function

For each . € RY), we define the function £}, : R" — Ras £, (x) := Z(x, n).
Note that .}, is convex since it is a nonnegative weighted sum of convex functions.
For each x € R", we define the function .}, : RY) — Ras ., (n) := Z(x, n). It
is easy to check that .%;, is a concave (actually affine) function. Then the Lagrangian
function .Z is the sum of a collection of convex—concave local functions.

2.3.1 The DISTRIBUTED LAGRANGIAN PRIMAL-DUAL
SUBGRADIENT ALGORITHM

Here, we introduce the DISTRIBUTED LAGRANGIAN PRIMAL- DUAL SUBGRADIENT
ALGORITHM to find a saddle point of the Lagrangian function . over X x M and the
optimal value. This saddle point will coincide with a pair of primal and Lagrangian
dual optimal solutions which is not always the case; see Remark 2.1.

Through the algorithm, at each time k, each agent i maintains the estimate of
(x'(k), i (k)) to the saddle point of the Lagrangian function .% over X x M and the
estimate of y’ (k) to p*. To produce x’ (k+ 1) (resp. it/ (k+ 1)), agent i takes a convex
combination vi (k) (resp. vi, (k)) of its estimate x” (k) (resp. ' (k)) with the estimates
sent from its neighboring agents at time k, makes a subgradient (resp. supgradient)
step to minimize (resp. maximize) the local Lagrangian function .Z;, and takes a
primal (resp. dual) projection onto the local constraint X; (resp. M;). Furthermore,
agent i generates the estimate y’ (k + 1) by taking a convex combination v; (k) of its

estimate y’ (k) with the estimates of its neighbors at time k and taking one step to
track the variation of the local objective function f;. More precisely, the DISTRIBUTED
LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGORITHM is described as follows:

Initially, each agent i picks a common ji € R”, and computes the set M; with

some 6; > 0 by using the Distributed Slater-vector Computation Algorithm. Agent i
then chooses any initial state x* (0) € X;, u'(0) € erno’ and y' (1) = Nf; (x'(0)).
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Atevery k > 0, each agent i generates x! (k+1), i/ (k+1) and y’ (k+1) according
to the following rules:

N N N

k) = D ditoxT (). vy, (k) =D ajou! k), vitk) =D a;(k)y k),
j=1 j=1 j=1

X (k+1) = P, D, (k) —a()Z00)], 1 (k+ 1) = P, v, (k) + « (k) 2, (0],

Yk 4+ 1) = vy (k) + N(fi(x' (k) = fi(x' (k = 1)),

where Py, (resp. Py, ) is the projection operator onto the set X; (resp. M;), the scalars
a;. (k) are nonnegative weights and the scalars «(k) > 0 are step-sizes.1 We use the

shorthands 75 (k) = 2% 4, (v, (k), and Z}, (k) = DL, 4, (v}, (k).
i X
The following theorem summarizes the convergence properties of the DISTRIB-

UTED LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGORITHM where it is guar-
anteed that agents asymptotically agree upon a pair of primal-dual optimal solutions.

Theorem 2.1 (Convergence of the DISTRIBUTED LAGRANGIAN PRIMAL- DUAL
SUBGRADIENT ALGORITHM) Consider the optimization problem (2.2). Let the nonde-
generacy Assumption 1.1, the double stochasticity Assumption 1.2, and the periodic
strong connectivity Assumption 1.3 hold. Consider the sequences of {x' (k)}, {u' (k)}
and {y'(k)} of the DISTRIBUTED LAGRANGIAN PRIMAL- DUAL SUBGRADIENT

+00
ALGORITHM with the step-sizes {«(k)} satisfying . lim «a(k) =0, Za(k) = 400,
— 400
k=0

+00
and Z:ot(k)2 < 4o00. Then, there is a pair of primal and Lagra-
k=0
ngian dual optimal solutions (x*, u*) € X* x D} such thatk lim |x'(k) —x*|| =0
—+00

and lim ||u' (k) — p*| = 0, foralli € V. Furthermore, lim ||y’ (k) — p*|| =0,
k— 400 k— 400
foralli e V.

2.3.2 A Numerical Example for the DISTRIBUTED
LAGRANGIAN PRIMAL-DUAL SUBGRADIENT
ALGORITHM

In order to illustrate the performance of the DISTRIBUTED LAGRANGIAN PRIMAL-
DUAL SUBGRADIENT ALGORITHM, we here study a numerical example of network
utility maximization, e.g., in [4]. Consider five agents and one link where each agent
sends data through the link at arate of z;, and the link capacity is 5. The global decision
vector x := (21 z2 z3 za z5)! € RA is the resource allocation vector. Each agent
i is associated with a concave utility function f;(z;) := /z;, representing the utility

IEach agent i executes the update law of yi(k) fork > 1.
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agent i obtained through sending data at a rate of z;. Agents aim to maximize the
network utility and it can be formulated as follows:

m%s Z—Jz_i st. z1+22+23+24+25 <5 xe€NevX;, (2.6)
€ ey

where local constraint sets X; are given by:

X1 :=1[0.5, 55]x[0.5, 5.5]x[0.5, 55]x][0.5, 5.5]x/[0.5, 5.5],

Xo :=1[0.55, 5.25] x[0.55, 5.25] x [0.55, 5.25] x [0.55, 5.25] x [0.55, 5.25],

X3 :=[0.5, 6] x[0.5, 6] x[0.5, 6] x[0.5, 6]x][0.5, 6],

X4 :=1[0.5, 5] x[0.5, 5] x[0.5, 5]x[0.5 5]x][0.5, 5],

X5 :=1[0.525, 5.75] x [0.525, 5.75] x [0.525, 5.75] x [0.525, 5.75] x [0.525, 5.75].

One can verify that the optimal solutionis [I 1 1 1 1]7. We use the Dis-
TRIBUTED LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGORITHM to solve prob-
lem (2.6) by choosing step-size « (k) = ﬁ Figures 2.2 and 2.3 show the simulation
results of the DISTRIBUTED LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGO-
RITHM, demonstrating that the agents take 10* iterates to agree upon value 1 for z;
and 7.

6
——agent 1
——agent 2
——agent 3

5t |——agent 4]
——agent 5

0 L Il L

10° 10’ 10° 10° 10°

Fig. 2.2 The estimates on z; generated by different agents in the DISTRIBUTED LAGRANGIAN
PRIMAL- DUAL SUBGRADIENT ALGORITHM (DLPDS)
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6 T T T
—agent 1
—agent 2
——agent 3
5 ——agent 4|
—agent 5
4 |
3 —
2 -
1
0 1 1 1
10° 10' 107 10° 10*

Fig. 2.3 The estimates on zp generated by different agents in the DISTRIBUTED LAGRANGIAN
PRIMAL- DUAL SUBGRADIENT ALGORITHM (DLPDS)

2.4 Case (ii): Identical Local Constraint Sets

In the previous section, we study the case where the equality constraint is absent in
problem (2.1). Here, we turn our attention to another case of problem (2.1), where
h(x) = 0 is taken into account but we require that local constraint sets are identical;
ie., X; = Xforalli € V. We first adopt a penalty relaxation formulation and provide
a penalty saddle point characterization of the primal problem (2.1) with X; = X. We
then introduce the DISTRIBUTED PENALTY PRIMAL- DUAL SUBGRADIENT ALGO-
RITHM, followed by its convergence properties.

Overall Strategy and a Penalty Saddle Point Characterization

As in the previous section, our strategy will be to define an appropriate dynamics
to converge to a saddle point or a min-max solution of the problem. However, to
deal with the equality constraint, we will employ a penalty function, which includes
positive terms penalizing the violation of the equality and inequality constraints. The
identical local constraint sets will also help in guaranteeing the convergence of the
method. More precisely, consider the following.

The primal problem (2.1) with X; = X is trivially equivalent to the following:

m]ilél f(x), st Ngkx)<0, Nh(x)=0, xe€lX, 2.7)
xelR”

with associated penalty dual problem given by

max _gp(u,A), st. u>0, x>0. (2.8)
HER™ AeRY
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Here, the penalty dual function, gp : R’;O X R‘éo — R, is defined by
gp(p,2) = inf A(x, 1),
xeX

where 77 : R" x RY, x RYy — R is the penalty function given by J (x, u, A) =
fx)+ NuT[g(x)] + NAT|h(x)|. We denote the penalty dual optimal value by
dy, and the set of penalty dual optimal solutions by D7}. We define the penalty func-
tion 7 (x, u, A) : R" x R”; x RY ; — R for each agent i as follows: 7 (x, u, 1) =
fi)+u [g(x)]T + AT |h(x)|. Inthis way, we have that 2 (x, i, 1) = ZZNZI G (x,
W, A). As proven in the next lemma, the Slater’s condition2.1 ensures zero duality
gap and the existence of penalty dual optimal solutions.

Lemma 2.4 (Strong duality and nonemptiness of the penalty dual optimal set) The
values of p* and d}, coincide, and D3, is nonempty.

Proof Consider the auxiliary Lagrangian function .%, : R" x Rgo x RY — R given

by L (x, &) = f(x) + NuT g(x) + NAT h(x), with the associated dual problem
defined by

max ,A), S.t. > 0. 29
ueRm,AeR”qa(M ) 2 (2.9)

Here, the dual function, ¢, : R”go x RY — R, is defined by
Qa(ﬂ, )\') é inf ga(x» M, )")~
xeX

The dual optimal value of problem (2.9) is denoted by d¥ and the set of dual optimal
solutions is denoted D}. Since X is convex, f and g¢,for € € {1, ..., m}, are convex,
p* is finite and the Slater’s condition2.1 holds, it follows from Proposition5.3.5
in [11] that p* = d;; and D}; # (. We now proceed to characterize dj, and D} . Pick

any (u*, A*) € D}. Since u* > 0, then

di = qa(u*,2") = inf (£(0) + N g () + NG hx)

;Ig({f(X) + NHT g1 + N h@)} = gp(u*, 1M*]) < d.
(2.10)

IA

On the other hand, pick any x* € X*. Then x* is feasible, i.e., x* € X, [g(x*)]T =0
and |2(x™)| = 0. It implies that gp (1, A) < F(x*, n, A) = f(x*) = p* holds for
any u € RZ; and A € RY,, and thus dj, = SUD,cR™ AeRY, gp(n,A) < p* =d.
Therefore, we have dj, = p*. R B

To prove the emptiness of D%, we pick any (u*, 1*) € D). From (2.10) and

d} = dj, we can see that (u*, |A*|) € D}, and thus D}, # ¢. |
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The following is a slight extension of Theorem 1.7 to penalty functions.

Theorem 2.2 (Penalty Saddle point Theorem) The pair of (x*, u*, A*) is a saddle
point of the penalty function 7€ over X x R>0 X R>O if and only if it is a pair
of primal and penalty dual optimal solutions and the following penalty minimax
equality holds:

sup inf 72(x, u, A) = mf sup (X, 1, A).
(1. 2)eRM xRY  ¥€X X (.2)eR% xR,

Proof The proof is analogous to that of Proposition 6.2.4 in [12], and for the sake of
completeness we provide the details here. It follows from Proposition 2.6.1 in [12]
that (x*, u*, A*) is a saddle point of .7 over X x RY, x R, if and only if the
penalty minimax equality holds and the following conditions are satisfied:

sup H(x*, w, A) = min{ sup J(x, w, M)}, (2.11)
(1. 2)eR xRY o YEX (1.2)eR xR
inf 27 (x, u*, 1*) = max {1nf J(x, w, M)} (2.12)
xeX (u, A)GR’;‘OXR

Notice that inf,cx J7(x, u, A) = gp(u, A); and if x € Y, then the following holds:

sup H(x, w, A) = f(x),
(1. 2)eRT xRY,

otherwise, sup, AER xRY JC(x, i, A) = 4oco. Hence, the penalty minimax
equahty is equivalent to dj = p*. Condition (2.11) is equivalent to the fact that
x* is primal optimal, and Condition (2.12) is equivalent to (u*, A*) being a penalty
dual optimal solution. |

Convexity of the Penalty Function

Since gy is convex and [-]* is convex and nondecreasing, [g¢(x)]™ is convex in x for
each ¢ € {1, ..., m}. Denote A = (alT, e, avT)T. Since | - | is convex andaZTx —by
is an affine mapping, then |a£Tx — by| is convex in x foreach £ € {1, ..., v}.

We denote w £ (u, A). For each w € R’”O X R>0, we define the functlon Iy
R" — R as 4, (x) := 4 (x, w). Note that 77, (x) is convex in x by using the fact
that a nonnegative weighted sum of convex functions is convex. For each x € R",
we define the function J%, R’”O x Ry — Ras J(w) := Hi(x,w). Itis easy
to check that .77, (w) is concave (actually affine) in w. Then the penalty function
€ (x, w) is the sum of convex—concave local functions.

Remark 2.2 The Lagrangian relaxation does not fit into our approach here since the
Lagrangian function is not convex in x by allowing X entries to be negative. °
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2.4.1 The DISTRIBUTED PENALTY PRIMAL-DUAL
SUBGRADIENT ALGORITHM

We now proceed to devise the DISTRIBUTED PENALTY PRIMAL- DUAL SUBGRA-
DIENT ALGORITHM, which is based on the penalty saddle point Theorem 2.2, to find
the optimal value and a primal optimal solution to the primal problem (2.1) with
X; = X. The main steps of the DISTRIBUTED PENALTY PRIMAL- DUAL SUBGRA-
DIENT ALGORITHM are described as follows.

Initially, agent i chooses any initial state x'(0) € X, u'(0) € R”, A'(0) € RY,,
and y' (1) = Nf; (x'(0)). After this, at every k > 0, agent i computes the following
convex combinations:

N N
vi(k) =" dlx! (k). vik) =D aiky! k),
j=1

j=1

N N
V) =D aiou’ k), vik) =D dl(k)ad (k),

j=1 j=1
and generates xik+1), yi (k+1), ui (k+1),and A7 (k+1) according to the following:

x' (k4 1) = Px[V, (k) — a(k).7} (k)]
Yk +1) = vi(k) + N(fi (<" (k) — fix' (k = 1)),
Wk + 1) =V, (k) + a®[gViNTT, A (k+ 1) = Vi (k) + a(t)|h (Vi (k).

where Py is the projection operator onto the set X, the scalars a§ (k) are nonnegative

weights, and the positive scalars {«(k)} are step-sizes.2 The vector

m %
Tk 2 D[V + D VL E DI )T + D v (k)¢ ZIhe| (v, (K))
=1 =1
is a subgradient of 7 ) (x) at x = v, (k) where w' (k) = (vI, (k), Vi (k).
Given a step-size sequence {a(k)}, we define the sum over [0, k] by s(k) =

lezoa(ﬁ), which should satisfy the following; see Remark 2.4 on how to define
such a sequence.

Assumption 2.2 (Step-size assumption) The step-sizes satisfy

+o0 +o0
li k) =0, k) = , k)2 ,
Jim o (6) ;“() +00 ;0‘() < 400

2Each agent i executes the update law of y’ (k) for k > 1.



2.4 Case (ii): Identical Local Constraint Sets 35

+o00 too
hm alk+Dstk) =0, D alk+1)7sk) <+oo, > alk+1)*s(k)* < +oo.
k=0 k=0

The following theorem is the main result of this section, characterizing the con-
vergence properties of the DISTRIBUTED PENALTY PRIMAL- DUAL SUBGRADIENT
ALGORITHM, where an optimal solution and the optimal value are asymptotically
achieved.

Theorem 2.3 (Convergence of the DISTRIBUTED PENALTY PRIMAL- DUAL SUB-
GRADIENT ALGORITHM) Consider the problem (2.1) with X; = X. Let the non-
degeneracy Assumption 1.1, the double stochasticity Assumption 1.2, and the peri-
odic strong connectivity Assumption 1.3 hold. Consider the sequences of {x' (k)} and
{y!(k)} of the DISTRIBUTED PENALTY PRIMAL- DUAL SUBGRADIENT ALGORITHM,
where the step-sizes {a(k)} satisfy the step-size Assumption2.2. Then there exists a
primal optimal solution X € X* such that . liT lxi (k) —%| =0, foralli € V.
— 100

Furthermore, we have lim ||yi(k) —p*l =0, foralli € V.
k—+4o00

Remark 2.3 Observe that u/(k) > 0, Ai(k) > 0 and vi(k) € X (due to the
fact that X is convex). Furthermore, ([g (v; N, |h(v; (k))|) is a supgradient of
%”,.Vi_ ) (W' (k)); i.e., the following penalty supgradient inequality holds for any
neRY and A € RY

[ NI (1 — Vi, (k) + [V (k)T (1 — Vi (K))
> A0 (), 1, 3) — A0 (), v, (), v (K)). (2.13)

Remark 2.4 A step-size sequence that satisfies the step-size Assumption2.2 is the

harmonic series {«(k) = k+1 Ykez.,- 1t is obvious that kllr—ir-loo i = 0, and well-

known that > % k+1 = +oo and >[5 (k+1)2 < 400. We now proceed to check

the property of . lim «(k 4+ 1)s(k) = 0. For any k > 1, there is an integer n > 1
—+00

such that 2"~! < k < 2" 1t holds that

s(k)<s(2")—l+1+ S P L]
- 2 \3 4 21141 2n

<1+1+ 1+1 4+t | +-+ !
- 2 33 n=1 41 =1 4

<l+141+--+1=n<logk+Ll.
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k logy k + 1 k
Then we have lim sup 0L < PHk+ 1\ Obyiously, liminf -
k—+oo kK + k—>+o0 k42 k—+oo k 4+ 2

> 0. Then we have the property of klim a(k + 1)s(k) = 0. Since log, k <
—> 400

(log, k)2 < (k+ 2)%, then

(log, k 4 1)? (log, k)>  2log, k 1
Za(k+ 1)2s(k)? < Z (k2+ 3 _Z((kfz)z + (k+§)2 + (k+2)2)
k=0

+00 +00

2 1
<Z Z 3+§(k+2)2<+00'

ko(k+2)" =0 (k+2)2

Additionally, we have 325 a(k + 1)2s(k) < D55 atk + D2s(k)? < +oo.

2.4.2 A Numerical Example for the DISTRIBUTED PENALTY
PRIMAL-DUAL SUBGRADIENT ALGORITHM

Consider a network with five agents and their objective functions are defined as

fl(x)::é((a—5)2+(b 2.5+ (c =5+ (@ +2.5)2 + (e +5?),
f2(x) ::%((a—2.5)2—|—(b—5)2+(c+2.5)2+(d+5)2+(e— 5?).
fs(x):=é((a—5)2+(b+25)2+(6+5)2+(d 5)7 + (e —2.5)%),
fa(x) ::%((a+2.5)2+(b—+—5)2+(c—5)2+(d—2.5)2+(e— 5)7%),

1 2 2 2
f5(x) :=§((a+5) + (b =52+ (c —2.5%+ (d — 5)* + (e +2.5)%),

where the global decision vector x :==[a b ¢ d e]” € R’. The global equality
constraint function is given by A(x) :=a + b 4+ ¢ + d + e — 5, and the global
constraint set is as follows: X := [—5, 5] x [-5, 5] x[-5, 5] x[-5, 5] x
[—5, 5]. Consider the optimization as follows:

mm Zf,(x) st. h(x)=0, xe€X.

ieV

One can verify that the optimal solution is [I 1 1 1 1]7. We employ the
DISTRIBUTED PENALTY PRIMAL- DUAL SUBGRADIENT ALGORITHM to solve the
above optimization problem with the step-size o (k) = k+—1 Its simulation results
are included in Figs. 2.4 and 2.5. Observe that the estimates of a and b generated by
different agents asymptotically achieve value 1.
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Fig. 2.4 The estimates on a generated by different agents in the DISTRIBUTED PENALTY PRIMAL-
DUAL SUBGRADIENT ALGORITHM
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Fig. 2.5 The estimates on b generated by different agents in the DISTRIBUTED PENALTY PRIMAL-
DUAL SUBGRADIENT ALGORITHM
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2.5 Appendix

‘We next provide the proofs for the main results, Theorems 2.1 and 2.3, of this chapter.
Before doing that, let us state an instrumental result as follows. Consider the following
distributed projected subgradient algorithm proposedin [13]: x’ (k4+1) = Pz [vi (k)—
a(k)d; (k)]. Denote by e’ (k) := Pz[vi (k) — a(k)d; (k)] — v (k). The following is a
slight modification of Lemma 8 and its proof in [13].

Lemma 2.5 Let the nondegeneracy Assumptionl.l, the double stochasticity
Assumption 1.2, and the periodic strong connectivity Assumption 1.3 hold. Suppose
Z € R" is a closed and convex set. Then there exist y > 0 and B € (0, 1) such that

k—1

I (k) = 2| < Ny D B (@) l1di (]

=0
+ e (@) + a@di I} + Ny > 1 ).
i=0
Suppose {d; (k)} is uniformly bounded for eachi € V, and z;’;’g a(k)? < 400, then
we have ZZ:S a(k) max;cy ||xi (k) — (k)| < +o0.

We start our analysis on Theorems?2.1 and 2.3 by providing the properties of the
sequences weighted by {« (k)}.

Lemma 2.6 (Convergence of weighted sequences) Let K > 0. Consider the
k—1
sequence (8(k)) defined by (k) 2 W where k > K + 1, a(k) > 0
(=K
and 3 %% a(k) = +oo.
(a) If lim p(k) =400, then lim §(k) = +o0.
k——+00 k—+00
(b) If lim p(k) = p* then lim §(k) = p*.
k— 400 k— 400

Proof (a) For any IT > 0, there exists k; > K such that p(k) > [T for all k > k.
Then the following holds for all k > ky + 1:

k1—1 k—1
8(k) = = Z a(f)p) + Z a1
Dk =K =k

1 k1—1 ki—1

D=kl (=K =K


http://dx.doi.org/10.1007/978-3-319-19072-3_1
http://dx.doi.org/10.1007/978-3-319-19072-3_1
http://dx.doi.org/10.1007/978-3-319-19072-3_1

2.5 Appendix 39

Take the limit on k in the above estimate and we have Em inf § (k) > I1. Since
—+00

I1 is arbitrary, then . lim §(k) = +oo.
—> 400
(b) Forany ¢ > 0, there exists kp > K such that | p(k) — p*|| < e forallk > kp + 1.
Then we have

SEb a(@)(p(r) = p*)

8(k) — p*II = Il l

S a
ka—1 k-1 ka—1 "
1 . S a@llp) — p*ll
< —— a@lp@) - p*l+ D a(m)e | < ik te
Yok o (é :Zk ) Sk (D)

Take the limit on & in the above estimate and we have lim sup [|§(k) — p*| < e.
k— 400
Since ¢ is arbitrary, then lim [§(k) — p*| = 0. [
k—+400

2.5.1 Convergence Analysis of the DISTRIBUTED
LAGRANGIAN PRIMAL-DUAL SUBGRADIENT
ALGORITHM

We now proceed to show Theorem2.1. To do that, we first rewrite the DISTRIBUTED
LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGORITHM into the following form:

X k+ 1) =vik) e k), pk+1)=v(k)+e, k), yk&+1)=vik) +u k),
where ei (k) and eL (k) are projection errors described by

el (k) £ Py, [Vi(k) — (k) ZL()] — V', (k).
el, (k) £ Py, v, (k) + a (k) 7, (k)] — V!, (k).

and u' (k) £ N(f; (x' (k)) — f; (x' (k — 1))) is the local input which allows agent i to
track the variation of the local objective function f;. In this manner, the update law
of each estimate is decomposed in two parts: a convex sum to fuse the information
of each agent with those of its neighbors, plus some local error or input. With this
decomposition, all the update laws are put into the same form as the dynamic average
consensus algorithm in the Chap. 1. This observation allows us to divide the analysis
of the DISTRIBUTED LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGORITHM in
two steps. First, we show all the estimates asymptotically achieve consensus by
utilizing the property that the local errors and inputs are diminishing. Second, we
further show that the consensus vectors coincide with a pair of primal and Lagrangian
dual optimal solutions and the optimal value.
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Lemma 2.7 (Lipschitz continuity of .%;) Consider £, and Z;y. Then there are
L > 0and R > 0 such that || 2.%;,,(x)|| < L and | 2Z;x ()| < R for each pair of
X € co(UlNlei) and | € co(UlNlei). Furthermore, for each n € co(UlNlei), the
Sfunction £, is Lipschitz continuous with Lipschitz constant L over co(UlN: 1 Xi), and
for each x € CO(UlN= \ Xi), the function 2 is Lipschitz continuous with Lipschitz
constant R over CO(UIN=1 M;).

Proof Observe that 2.%;, = 9 f; + u' Zg and 9.4, = g. Since f; and g are
convex, it follows from Proposition 5.4.2 in [11] that df; and dg, are bounded over
the compact co(UlNlei). Since co(UlNlel-) is bounded, sois 3.%},, i.e., forany u €
co(UlNlei), there exists L > 0 such that [|0.%;,,(x)|| < L forall x € co(valei).
Since g¢ is continuous (due to its convexity) and co(UlN: 1 Xi) is bounded, then g and
thus 0.%;, are bounded, i.e., for any x € co(UlNlei), there exists R > 0 such that
10-Z ()| < R for all 1 € co(UN_| M)).
It follows from the Lagrangian subgradient inequality that

2L, ()T (X —x) < Lp(x) = Lip(x), 2L, (DT (x —x') < Lp(x) — L (x),

for any x, x’ € co(U,N: 1 Xi). By using the boundedness of the subdifferentials, the
above two inequalities give that —L|lx — x'|| < %, (x) — L, (x") < L|x — x'||.
This implies that ||}, (x) — £, (x")|| < L|lx — x| for any x, x" € co(U/L, X;).
The proof of the Lipschitz continuity of .%;, is analogous by using the Lagrangian
supgradient inequality. |

The following lemma provides a basic iteration relation used in the convergence
proof of the DISTRIBUTED LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGO-
RITHM.

Lemma 2.8 (Basic iteration relation) Let the double stochasticity Assumption 1.2
and the periodic strong connectivity Assumption 1.3 hold. Foranyx € X, anyu € M
and all k > 0, the following estimates hold:

N N
Dl k) + a®)Z 0 |> < = D 20k (L (V, (k), Vi, (k) — Zi (x, Vi, (k)
i=1 i=1

N N
+ D @ ZEE)P + Dl (k) — xI” — |16 (k + 1) — x|}, (2.14)
i=l1 i=1

N N
D el (k) — a ) Z}, R IP < D 2e(k) (L (v k), Vi, () — L (Vi (K), )
i=1

i=1

N N
+ D a2, 01 + D i (k) — wll* = I k + 1) = w*). (2.15)
i=1 i=1
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Proof By Lemmal.l with Z = M;, 7z = vL(k) + ot(k):@/’;(k) andy = u € M, we
have that for all k > 0

N N N
> llel (k) — a0 Z, 017 < D IV (k) + a () D), (k) — > = > Nl ke + 1) — e
i=1 i=1 i=1

I
Mz

IIVM(k) wll +Za(k) |I-@’ *)1?
i=1

I
—

'MZ

I
<

2a(k) 7, (k)" (v}, (k) — ) — Znu (k+1) — ull®
i=1

™M=

a(k)* |I9’ ®)[1? +Z2a(k)9’ " (V (k) — )
i=1

I
—

Mz

(PRGE —Znu k+1)— % (2.16)
i=1

I
<

One can show (2.15) by substituting the following Lagrangian supgradient inequality
into (2.16):

Dy, (0" (= Vi, (k) = L (Vi k), ) — LV (k). vi, (K)).

Similarly, the equality (2.14) can be shown by using the following Lagrangian sub-
gradient inequality: Z; &7 (x — vi(k)) < Zi(x, v, (k) — Z (v (k), vy, (k). [ |

The following lemma shows that the consensus is asymptotically reached.

Lemma 2.9 (Achieving consensus) Let the nondegeneracy Assumption 1.1, the dou-

ble stochasticity Assumption 1.2, and the periodic strong connectivity Assumption 1.3

hold. Consider the sequences of {x'(k)}, {'(k)}, and {y'(k)} of the DISTRIB-

UTED LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGORITHM with the step-size

sequence {a(k)} satisfying . lirf a(k) = 0. Then there exist x* € X and u* € M
—> 100

such that
lim [x'(k) —x*| =0, lim |u'(k)—u*l=0, VieV,
k—+00 k—+00

lim [y (k) —y/ (k)| =0, Vi,jeV.
k— 400

Proof Observe that vi (k) € co(UY, X;) and v}, (k) € co(U]_ M;). Then it follows
from Lemma?2.7 that || @)’; (k)|| < L. From Lemma?2.8 it follows that
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N ) N ) N
Dok + 1) = x> < D k) = x|F + D k)’ L?

i=1 i=1 i=1

N
+ D20 (k) (1L 0 (K) v () |+ 112 e, v (kDD (2.17)
i=l1
Notice that vi (k) € co(UN, X;), vl (k) € co(UY. M;) and x € X are bounded.

Since .%; is continuous, then .Z; (vi k), viL (k)) and .Z; (x, VL (k)) are bounded. Since
N
{a(k)} diminishes, one can verify that lim Z ||xi (k) —x ||2 exists forany x € X.
k——400 4

1=
On the other hand, taking limits on both sides of (2.14), we obtain
N
. i i 2 _
Jim Zl lel (k) + k) 2, (k)] =0,
=

and therefore we deduce that kEToo ||ei (k)] =0 for all i € V. It follows from
Theorem 1.4 that kEI-;I-loo lx" (k) — x? (k)| = 0 forall i, j € V. Combining this with
the property that k—lirfoo lx* (k) — x| exists for any x € X, we deduce that there exists
x* € R" such that klil}:oo lx (k) — x*| = O foralli € V. Since x' (k) € X; and X;

is closed, it implies that x* € X; foralli € V and thus x* € X. Similarly, one can
show that there is u* € M such that L lim |ju'(k) — u*||=0foralli € V.
— 400

Since lim ||xi(k) — x*|| = 0 and f; is continuous, then lim ||ui(k)|| =0.It
k—+00 ) ) k—+o00
follows from Theorem 1.4 that . lim ||y (k) — y/(k)|| =0foralli, j € V. |
—+00

From Lemma?2.9, we know that the sequences of {xi(k)} and {;ﬁ (k)} of the
DISTRIBUTED LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGORITHM asymp-
totically agree on some point in X and some point in M, respectively. Denote by
® C X x M the set of such limit points. Denote by the average of primal and
dual estimates % (k) £ % N xi (k) and fu(k) & % V.| wi(k), respectively. The
following lemma further characterizes that the points in & are saddle points of the
Lagrangian function .Z over X x M.

Lemma 2.10 (Saddle point characterization of ®) Each point in © is a saddle point
of the Lagrangian function £ over X x M.

Proof Denote by A, (k) £ max; jev |lx/ (k) — x' (k)| the maximum deviation of
primal estimates. Notice that

N N
] . . 1 .
Vi) = 201 = 1| 2 aox! (k) = 3 —x K]

j=1 j=1
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. . . 1 . .
=112 a0 (! (k) = x' (k) = D ! () = X' )

J# J#
. . ) 1 . )
< 2 A ®I ®) —x Ol + D Ik ) =2 0] < 24 (k),
J# J#

Denote by the maximum deviation of dual estimates A, (k) £ max; jev || w’ (k) —
' (k)| Similarly, we have [[vi, (k) — 1(k)|| < 24, (k).

We will show this lemma by contradiction. Suppose that there is (x*, u*) € &
which is not a saddle point of .Z over X x M. Then at least one of the following
equalities holds:

dx € X s.t. L5 u") > Lx, ub), (2.18)
JueM st. L* ) > L5 u". (2.19)

Suppose first that (2.18) holds. Then, there exists ¢ > 0 such that L") =
ZL(x,u*) + ¢. Consider the sequences of {x'(k)} and {u'(k)} which converge
respectively to x* and u* defined above. The estimate (2.14) leads to

N N N
D+ —x < DI k) — x| + (0> D 1ZE 0> — 20(k)
i=1 i=1 i=1
N
X D (Ai(k) + Bi(k) + Ci (k) + Di(k) + Ei (k) + F; (k)),

i=1
where the notations are given by:
Ai(k) = L (k) v, (k) — L (R(K), v, (K)),
Bi(k) = £ (5 (k). v}, (k) — L (R (k), 1 (k)),
Cilk) = LR k), ik)) — L (x*, k), Dik) = L (x*, f(k) — L (x*, 1),
Ei(k) = Z(x*, ") — ZLi(x. pn*). Fi(k) = Z(x, 1*) — Zi(x, v, (k).

It follows from the Lipschitz continuity property of .%;; see Lemma?2.7, that
IAi RN < LIV () = $K)| < 2LA (), 1B K] < RIV, () = AR < 2RA,(K),
Ly
ICi ()l < L% k) — x*| < v D lx k) — x|,
i=1
N

. R ;
1D < RIAK) = I < 5 D il ) = e,
i=1

IF; () < Rl —vi (0| < Rllw* — ARl + Rk —vi ()]
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RY :
== Z 1% (k) = i ()|l + 2R A (k).

Since lim Xt (k) — x*|| =0, lim ! (k) — w*|| =0, lim Ay (k) =0 and
lim Au(k) =0, then all A; (k) B (k) Ci(k), D;(k), F; (k) converge to zero as

k——+o00
k — +o00. Then there exists kg > 0 such that for all k > ko, it holds that

N N
DUl e+ 1) = xl? = D x (k) — x| + Na(k)*L* — ga (k).

i=1 i=1

Following a recursive argument, we have that for all k£ > ko, it holds that

an k+1)— x| < Zux (ko) — x|1* + NL* Z a(t)? —¢ Za(z)

T=ko T=ko

Since >, % (k) = 400 and 3 ;% a(k)? < +oo and x (ko) € X;, x € X are
bounded, the above estimate yields a contradiction by taking k sufficiently large. In
other words, (2.18) cannot hold. Following a parallel argument, one can show that
(2.19) cannot hold either. This ensures that each (x*, u*) € © is a saddle point of
Zover X x M. |

The combination of (c) in Lemmas 2.1 and 2.10 gives that, for each (x*, u*) € @,
we have that .2 (x*, u*) = p* and u* is Lagrangian dual optimal. We still need to
verify that x* is a primal optimal solution. We are now in the position to show
Theorem 2.1 based on two claims.

Proofs of Theorem 2.1:
Claim 2.1 Each point (x*, u*) € © is a point in X* x Dj.

Proof The Lagrangian dual optimality of p* follows from (c) in Lemmas2.1
and 2.10. To characterize the primal optimality of x*, we define an auxiliary

& Xjemi@

sequence {z(k)} by z(k) = which is a weighted version of the aver-

Sl
age of primal estimates. Since . lim x(k) = x*, it follows from Lemma 2.6 (b) that
—+00
lim z(k) = x*
k—+00

Since (x*, u*) is a saddle point of .Z over X x M, then £ (x*, u) < L (x*, u*)
for any u € M; i.e., the following relation holds for any u € M:

g (u—p* <o0. (2.20)
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Choose (4, = u* + min;cy 6; Hl/j_:ll where 6; > 0 is given in the definition of M;.
Then g > 0 and [|jall < [l1e*[| + minjey 6; implying p, € M. Letting st = p1g in
(2.20) gives that

MV B )t < 0

ll el
Since 6; > 0, we have g(x*)” u* < 0. On the other hand, we choose ; = %/,L*
and then pp € M. Letting © = pp in (2.20) gives that —%g(x*)TpL* < 0 and thus
g(x*)T w* > 0. The combination of the above two estimates guarantees the property
of g(x*)Tu* = 0.

We now proceed to show g(x*) < 0 by contradiction. Assume that g(x*) < 0
does not hold. Denote J¥(x*) £ {1 < £ < m | ge(x*) > 0} # ¥ and 7 £
minge 7+ ) {ge (x*)}. Then n > 0. Since g is continuous and V', (k) converges to x*,
there exists K > 0 such that gg(vi k)) = % forall k > K and all £ € J*T(x*).
Since vL (k) converges to u*, without loss of generality, we say that ||ij k) —u*|| <
%miniev 6; for all k > K. Choose [t such that iy = uj for £ ¢ J*(x*) and
fle = 1y + ﬁminiev 0; for £ € J*(x*). Since u* > 0and 6; > 0, i > O.
Furthermore, ||t < ||«*|| + min;cy 6;, then it € M. Equating u to ft and letting
QL (k) = g(vi.(k)) in the estimate (2.16), the following holds for k > K:

N
NITF G lmin o) <200 3 > g0 — v, (k)

i=1 teJ*+(x*%)

N N
<Dl k) = al> = D I e+ 1) = all* + NRPa(k)?
i=1 i=1

N
—2a(k) > D (k) (@ — v (k). 2.21)

i=10¢J+ (")

Summing (2.21) over [K, k — 1] with k > K + 1, dividing by ZT x «(7) on
both sides, and using — Zi:l i (k) — fi]]*> < 0, we obtain

N|JT x|y mln@l <

1
ﬁIZHM (K) — ,U~||2-|-NRZZ:OI(T)2
K% =K

- Zzau)z > gV @) @ —vi (e - (2.22)

i=1egJt(x%)
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Since u'(K) € M;, i € M are bounded and Z ¥ @(1) = 400, then the

limit of the first term on the right-hand side of (2.22) is zero as k — —+o0. Since

+°° oz(r)2 < 400, then the hmlt of the second term is zero as k — +o00. Since
hm v (k) = x* and hm v (k) = u*, the following holds:

N
lim 2% > g (k) — v, (k)e =0.

k— 00
i=10¢J+(x")

Then it follows from Lemma 2.6 (b) that the limit of the third term is zero ask — +00.
We have N|J T (x*)|n min;ey 6; < 0. Recall that |J T (x*)| > 0,7 > 0and 6; > 0.
Then we reach a contradiction, implying that g(x*) < 0.

Since x* € X and g(x*) < 0, then x™* is a feasible solution and thus f(x*) > p*.
On the other hand, since z(k) is a convex combination of x(0), ..., X(k — 1) and f
is convex, we have the following estimate:

Sl a() £ ()
Sipa(r)

k—1 k—1
1
SErT HZa(r)sf(x(r) (o) - ZNa(r)u(r)Tgu(r))]

=0

fzk) =

Recall the following convergence properties:
lim z(k) =x*  lim Z&x(k), 1k)) = ZLx*, u") = p*,
k—+o00 k—+00

. gTwﬂ(k)Tg@(k)) =g(xH T =0.

It follows from Lemma?2.6 (b) that f(x*) < p*. Therefore, we have f(x*) = p*,
and thus x* is a primal optimal point. |

Claim 2.2 It holds that lim ||y’ (k) — p*|| = 0.
k— 400
Proof The following can be proven by induction on k for a fixed k' > 1:
N N k N _ _
DV kD) =D VK N DD (LG @) — e 1)), (223)
i=1 i=1 o=k i=1

Let k¥ = 1 in (2.23) and recall that initial state y' (1) = Nf; (x'(0)) forall i € V.
Then we have
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N N N N
DV kD =DV M+ N D (il (k) — fi(x (0) =N D fi(x' (k).
i=1 i=1 i=1 i=1

(2.24)

The combination of (2.24) with  lim Iy (k) — y/ (k)| = 0 gives the desired
— 400
result. u

2.5.2 Convergence Analysis of the DISTRIBUTED PENALTY
PRIMAL-DUAL SUBGRADIENT ALGORITHM

In order to analyze the DISTRIBUTED PENALTY PRIMAL- DUAL SUBGRADIENT
ALGORITHM, we first rewrite it into the following form:

Wk 41 = vl (R) +up (), A (k+ 1) = v, (k) +uj (k)
X+ 1) =vit) +elk), ¥k +1)=vik) +ul k),

where ¢! (k) is projection error described by
e, (k) £ Px[Vi (k) — a(k).7 ()] = vy (k),

and the quantities u!, (k) £ a(k)[g(v\ ()], ul (k) £ a(k)|h (V. (k))| and ul, (k) =
N(f; (x' (k) — fi xi(k = 1)) represent local inputs. Denote by the maximum devi-
ations of dual estimates M, (k) £ max;cy ||,ui (k)| and M; (k) £ max;cy ||)J(k)||.
Before showing Lemma?2.11, we present some useful facts. Since X is compact,
and f;, [g()]T and & are continuous, there exist F, G*, H > 0 such that for all
x € X, itholds that || f; (x)|| < F foralli € V, ||[[g)]T|| < GT, and |h(x)| < H.
Since X is a compact set and f;, [g¢(-)]T, |he(-)| are convex, then it follows from
Proposition 5.4.2 in [11] that there exist Dr, D+, Dy > 0 such that for all x € X,
it holds that |2 f;(x)|| < Dr (i € V), m||2[ge()]T|l < Dg+ (1 < € < m)
and v||Z2|h¢|(x)] < Dy (1 < £ < v). Denote by the averages of primal and dual
estimates £(k) 2 L >N | X/ (k), k) £ & SN (k) and Ak) £ LY A (k).

Lemma 2.11 (Diminishing and summable properties) Suppose the double stochas-
ticity Assumption 1.2 and the step-size Assumption2.2 hold.

(a) The following holds:

lim (k)M (k) =0, lim a()Myk) =0, lim ak)|. &) =0.
k—+00 k—+00 k—+o00

Furthermore, the sequences of {a(k)zMﬁ(k)}, {ot(k)2M)%(k)}, and {ot(k)2||<7)f

(k)|I?} are summable.
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(b) The following sequences are summable:
{a () [|2(k) — Vi, (K) 1} {a (k)13 (k) — Vi (k) I}, {or (k) M, () (12 (k) — v, (k) |1},
{a () My (k) (12 (k) — Vi ()1} fec () 1% (k) — Vi ()1}

Proof (a) Notice that

N N N
WV Rl = 11D dhtou! Wl < D aswllu! Il < D dl k) Muk) = M),
Jj=1 j=1 j=1

where in the last equality we use the double stochasticity Assumption 1.2. Recall that
vt (k) € X. This implies that the following holds for all k > 0:

I (k + DI < I, (k) + () [g 0L DT < IV, ()| + GTar(k) < My, (k) + G (k).

From here, then we deduce the following recursive estimate on M, (k + 1): M, (k +
1) < M, (k) + GTa(k). Repeatedly applying the above estimates yields that

My, (k+1) < M, (0) + GTs(k). (2.25)
Similar arguments can be employed to show that
M, (k+1) < M, (0)+ Hs(k). (2.26)

Since lim «a(k + 1)s(k) =0and lim (k) =0, we know that
k—+00 k—~o00
lim atk+ 1M (k+1)=0, lim ak+ DM, (k+1)=0.
k——+00 k— 00

Notice that the following estimate on Y; (k) holds:
IIY;(k)H < Dp + DG+ M, (k) + Dy M, (k). 2.27)

Recall that lim o(k) =0, lim «(k)M,(k) =0 and lim a(k)M; (k) =0.
k—+00 k—>Ti-oo k— 400
Then the result of . HT a(k)||Z; (k)| = 0 follows. By (2.25), we have
—+00

—+00 “+00
> k)M (k) < a(0)*M2(©0) + > a(k)* (M, (0) + GFs(k — 1))
k=0 k=1

It follows from the step-size Assumption 2.2 that Z,’;’S oz(k)zMi (k) < 4+00. Simi-
larly, one can show that ZZ‘;’S a(k)zM)% (k) < +00.By using (2.25)—(2.27), we have
the following estimate:
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+00
> a0 < a(0)*(Dr + Dg+ My (0) + DM, (0))?
k=0

+o0
+ D" k) (D + Dg+ (M, (0) + Grs(k — 1)) + Dy (M (0) + Hs(k — 1)),
k=1

Then the summability of {« (k)2}, {o(k + 1)2s(k)} and {a(k 4+ 1)%s(k)?} verifies that
of {r(k)? (.77 (k) 1} ,

(b) Consider the dynamics of u'(k) which is in the same form as the distributed
projected subgradient algorithm in [13]. Recall that {[g(vi(k))]Jr} is uniformly
bounded. Then following from Lemma?2.5 in the Appendix 2.5 with Z = R, and

di (k) = —[g(vi (k))]f, we have the summability of {a (k) max;cy ||/1(k) — i (k) ||}
Then {a (k)| (k) — VL (k)|I} is summable by using the following set of inequalities:

N
It = v, (Ol < X ailIak) — u! ()] < max | atk) — ' Rl (228)
j=1

where we use Z;\/:l aj. (k) = 1. Similarly, it holds that 2128 a(k) ||):(k) — vi K| <
+00.

We now considgr the evolution of x (k). Recall that vi (k) € X. By Lemmal.l
with Z = X, z = v (k) — a(k).7} (k) and y = V' (k), we have

Ix" (k + 1) = vE®R) 1> < IV (k) — k)L (k) — vi (k) |1>
— Ix (k4 1) = (v (k) — a (k)7L (k)%

and thus ||e} (k) + a (k)7L (k) || < a(k) [} (k)||. With this relation, from Lemma 2.5
with Z = X and d; (k) = .7} (k), the following holds for some y > 0and0 < 8 < 1:

N k—1
I’ (k) = 2Goll < Ny DI Ol + 2Ny D B Ta (@7 (D). (2.29)
i=0 =0

Multiplying both sides of (2.29) by «/(k) M, (k) and using (2.27), we obtain

N
()M, (0)|1x' (k) = FR) < Ny D 1 )l k) My, (k) B~ + 2N yer (k) M, (k)
i=0
k—1
x > BT a(r) (D + Dg+ My (2) + D Mj (7).
=0

Notice that the above inequalities hold for all i € V. Then by employing the
relation of ab < %(a2 + b?%) and regrouping similar terms, we obtain
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) 1 N ) k—1
(k) My, (k) max [} (k) = £ (K| < Ny (2 > 1K' O + (DF + Dg+ + Dur) Zﬂ"")

i=0 =0

N
1 ; _
x a(k)’ M (k) + SNy ZO Ix7 0y %=1
k—1
+ Ny > B () (DF + D+ ML(1) + Dy MA(7)).
=0

Part (a) gives that {« (k)zMi (k)} is summable. Combining this fact with the prop-

erty of ZI;;(I) pET < Sk = ﬁ then we can say that the first term on the
right-hand side in the above estimate is summable. It is easy to check that the second
term is also summable. It follows from Part (a) that

lim «(k)*(Dr + Dg+M;. (k) + Dy M; (k)) =0,
k——+o00

and thus {o (k)2(DF+D6+ MEL (k)+DHM)% (k))}is summable. Then Lemma7in[13]
with yp = Nya(£)*2(Dr + Dg+M3;(€) + Dy M3 (€)) ensures that the third term
is summable. Therefore, the summability of {a (k) M, (k) max;cy ||x* (k) — x(k)|}
is guaranteed. Following the same lines in (2.28), one can show the summability

of {a(k)Mu(k_)Hvi k) — x(k)|I}. Follow_ing analogous arguments, we have that
{a(k) M, (k)||Ve. (k) — X (k)||} and {a(k)||V. (k) — X (k)||} are summable. |

Remark 2.5 In Lemma?2.11, the assumption of all local constraint sets being iden-
tical is utilized to find an upper bound of the convergence rate of || x (k) — v; k)|l to
zero. This property is crucial to establish the summability of expansions pertaining
to || X (k) — vi.(k)| in part (b). °

The following is a basic iteration relation of the DISTRIBUTED PENALTY PRIMAL-
DUAL SUBGRADIENT ALGORITHM.

Lemma 2.12 (Basic iteration relation) The following estimates hold for any x € X
and (u, A) € erno X R;O:

N N
D leb k) + ak) L0 < D a7 0|1

i=1 i=1

N
= D 2a(k) (AL (K, Vi, k), v (k) — A (x, Vi, (K), v (K)))
i=1

N
+ D U (k) — x| = [lx (k4 1) — x|, (2.30)
i=1
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N . .
0< D> ) — pll® = Nl (ke + 1) = pll)
i=1
N . .
+ D AN (R) = AP = 12 e+ 1) = AH)+
i=1

N
D 20 () (A (V (k) v (K), Vs () — AV (K), e, 1)

i=1

N
+ D a)> (N DT + 1R (0 (K))[1%). (2.31)

i=1

Proof One can finish the proof by following analogous arguments in Lemma?2.8.
|

Lemma 2.13 (Achieving consensus) Let us suppose that the nondegeneracy
Assumption 1.1, the double stochasticity Assumption 1.2, and the periodical strong
connectivity Assumption 1.3 hold. Consider the sequences of{xi k)}, {,LLi k)Y, (A (k)),
and {y'(k)} of the distributed penalty primal-dual subgradient algorithm
with the step-size sequence {a(k)} and the associated {s(k)} satisfying

lim ak) =0and lim ok + 1)s(k) = 0. Then there exists X € X such that
k— 00 k— 00

lim |x'(k) —%|| =0 foralli € V. Furthermore, lim ||’ (k) — pu’ (k)| = 0,
k—+o00 k—+o00

lim |2 (k) — A/ (k)| =0and lim ||y’ (k) — y/ (k)| =0 foralli,j € V.
k——+00 k—+o00

Proof Similar to (2.16), we have
DUl e+ 1) = xl? = D lIx (k) — x|
i=1 i=1

N N
+ D" a1 LR+ D 2ek) LR Ve (k) — x]].
i=1 i=1

Since lim oz(k)lljﬂjf(k)n = 0, the proofs of lim ||xi(k) —Xx||=0foralli € V
k—+o00 k—+o00

are analogous to those in Lemma2.9. The remainder of the proofs can be finished
by Theorem 1.4 with the properties of lim u (k) = 0, lim u} (k) = 0 and
k— 400 k—+4o00

lim u’y(k) =0(dueto lim x'(k) =% and fi is continuous). |
k— 400 k— 400

We now proceed to show Theorem 2.3 based on five claims.

Proof of Theorem 2.3:

Claim 2.3 For any x* € X* and (u*,\*) € D%, the following sequences are
summable:
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N
[a(k) [Z SV, (), Vi (R) = A, fu(k), i(k))” :

i=1

N
[a(k) [Z WL K), W0 = HGR), 1, A*)”
i=1

Proof Observe that

17 (x* Vi, (), v () — 6 (™, fuk), AR)) |
< Vi, (k) = AT+ IV (k) — A 1A ™) |
< GT |V, (k) — Al + HIIV, (k) — Ak (2.32)

By using the summability of {o (k) ||L(k) — VL (k)||} and {x (k) ||):(k) — vi (k)||} in
Part (b) of Lemma?2.11, we have that the following are summable:

N
[a(k) D NAGE VL),V () — S, k), i(k»n} :

i=1

N
[a(k) [Z (4 (x*, Vi (), v () — A6 (x*, (k). i(k)))} } :
i=1

Similarly, the following estimates hold:

26 (0 (), w*, 0*) — G ), 2|

< £ 0L) = fFiGEDI+ (T [T — [gEENTD
+1HT (RO, )] = [hEE)DII

< (Df + D+ |w*Il + DA DIV, (k) — 2K

Then the property of 2,28 ak)||xk) — v; (k)|| < 400 in Part (b) of Lemma?2.11
implies the summability of the following sequences:

N
[a(k) SN 1) — AEE). 1 A*)u] ,

i=1

N
[a(k) D (ALK, 1 1) = AR K, 1 A*))] .

i=1

Claim 2.4 Denote the weighted version of 7 as
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k—1

5o\ A 1 ; i i
i (k) = S D Z(;a(ﬂ)%”i(vx(ﬂ), vy, (0), V5 (0)).

N
The following property holds: lim Z f%% (k) = p*.
k—+4o00 P

Proof Summing (2.30) over [0, k — 1] and replacing x by x* € X* leads to

k—1 N

D a@) D (AW, VL (0), v (0) — A (x*,V (0), v (€)

=0 i=1
N _ k—1 N '

< DO =X+ D0 D @) (2.33)
i=1 =0 i=1

The summability of {e(k)?[|.% (k)||%} in Part (b) of Lemma?2.11 implies that the
right-hand side of (2.33) is finite as k — +o00, and thus

N
fim sup I)ZW)[ (jﬁ<vi<e>,vL(e>,vi<z)>—%(x*,vmz),v;(e)))} <0
—o0 S 1
(2.34)

Pick any (u*, 1*) € D% . Itfollows from Theorem 2.2 that (x*, u*, 1*) is a saddle
point of J# over X x R” Zo X R . Since (f1(k), A(k)) e R” Zo ¥ R>0, then we have

JE(x*, k), Ak) < A (x* L ,A*) = p*. Combining this relation, Claim 2.3
and (2.34) renders that

- N
D = op za(z) [Z OO A - p*}

N
< lim sup —— P Za(E) [Z (AW, V], (0),V (0) — H (x*, vL(E),vi(E)))i|

k— 400 S(

N
+ lim sup ——— Za(ﬁ) {z F V0.V (0) — A, (D), X(z))}

k—+o00 S (k -D

k—1

1 £ o~ A *
+limsup %(ﬂx (0. A0) = p*) <0,

and thus lim sup;_, , >N, (k) < p*.

On the other hand, X(k) € X (due to the fact that X is convex) implies that
0 (x(k), u*, A*) > A (x*, u*, A*) = p*. Along similar lines, by using (2.31) with
= p*, A =A% and Claim 2.3, we have lim inf_, 4 o Zl lf(k) > p*. Then we
have the desired relation. [ |
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Claim 2.5 Denote by (k)= Y[, A (Vi (k) Vi, (k), Vi (k)= (R (k), fu(k), A (k).
And we denote the weighted version of 7€ as

k—1

> a (A GO, (D). 5(0).

Fio = ste—1) &=

The following property holds: } lim I'(k) = p*.
—+00

Proof Notice that

N N
w(k) = D (fi(e®) = £; GG + D (v, 0 g0kt = v, 0T [gGGNTT)
i=1 i=1
N .
+ D (T EENTT — ()T [g(E(0)IT)

—_

(
+ O (0T RO = 0T G )
(

+ > (O IhGEER)] A0 T hGEE)). (2.35)

N
N
=1

1

By using the boundedness of subdifferentials and the primal estimates, it follows
from (2.35) that

N
I ()| < (D + Dg+ My (k) + DMy (k) x D Vi (k) — £(K)]|
i=1

N N
+ G VLK) = AR+ H DIV () = Ak (2.36)
i=I i=I
Then it follows from (b) in Lemma2.11 that {«(k)||7r (k) ||} is summable. Notice that
N

2 La@lme . 2
176 =31 Aol = =GO andihus tim 1) — > Ao = 0.

i=1
The desired result immediately follows from Claim 2.4. |

Claim 2.6 The limit point X in Lemma2.13 is a primal optimal solution.

Proof Let (k) = (Q1(k), ..., Am(k)T € R?,. By the double stochasticity
Assumption 1.2, we obtain B

N ' N N . ) N _
Do+ 1) =>">"d (k! k) +ak) D [ (k)
i=1

i=1 j=1 i=l1
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=

N
=" 1l (k) +ak) D [0t

j=I i=1

This implies that the sequence {1, (k)} is nondecreasing in R>. Observe that {/i,(k)}
is lower bounded by zero. In this way, we distinguish the following two cases:
Case 1: The sequence {ft¢(k)} is upper bounded. Then {fi¢(k)} is convergent in
R=¢. Recall that . “If i (k) — u’ (k)| = 0 for all i, j € V. This implies that
—>+00

there exists u; € R>¢ such that L lim ||u2 (k) — uyll =0 foralli € V. Observe
- —+00

that Z,N L ik+1) = Zl I u'(O)—f—ZT pa(r) Zl 1[g(WL(7))]T. Thus, we have

the property of > % (k) Zl Lge (N1t < 00, further implying the property

of lim 1nfk_>+oo[gg(vx(k))]+ = 0. Since L lim |lx’(k) — %|| = Oforalli € V, then
——+00

it holds that _lim IV (k) — %|| = 0, implying [g¢(X)]* = 0.
—+00

Case 2: The sequence {fi¢(k)} is not upper bounded. Since {p¢(k)} is
nondecreasing, then [ty (k) — +00. It follows from Claim 2.5 and (a) in Lemma?2.6
that it is impossible that 7 (x (k), f(k), A(k)) — +o0. Assume that [g¢(X)]T > 0.
Then we have

AR K), fk), h(k)) = fEE) + N [gEEDTT + NaK) |h(EK))]
> fRK) + fe(lge (RGN (2.37)

Taking limits on both sides of (2.37) and we obtain:

lim mf A& (K), k), h(k)) = lim sup(f (£ (K)) + fie(k)[ge (R (K))]T) = +oo.

k——+00

Then we reach a contradiction, implying that [g,(%)]* = 0.

In both cases, we have [g¢(X)]* = 0 for any 1 < ¢ < m. By utilizing similar
arguments, we can further prove that |2(x)| = 0. Since X € X, then x is feasible
Sipa i)

$o ()
of x(0),...,x(k — 1) and klhfoo’?(k) = X, then Claim 2.5 and (b) in Lemma?2.6

implies that

and thus f(X) > p*. On the other hand, since is a convex combination

p*= lim I'(k)= Kb a(0) A (G, [1(6), A(0))

k—+o0 k%+oo S "z:(]) a(l)
. >y a0 )
1 _— = .
= k_}TOO / ( Z’g;(l) a(l) f&®

Hence, we have f(X) = p* and thus X € X™*. |
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Claim 2.7 It holds that lim ||y’ (k) — p*|| = 0.
k—~+00

Proof The proof follows the same lines in Claim 2.2 of Theorem2.1 and thus is
omitted here. |

2.6 Notes

Distributed optimization traces back to 1970s. In [14], the classic dual decomposition
approach is proposed to the class of distributed optimization problems characterized
by separable component functions. This approach has been successfully applied to
handle network utility maximization (NUM) in; e.g., [4, 15, 16]. In [17, 18], the
authors develop a general framework for parallel and distributed computation over
a set of processors.

Recently, diffusion consensus algorithms have been integrated into distributed
optimization to address the nonseparability in component functions and dynamic
changes of network topologies. In particular, distributed projected subgradient algo-
rithms are proposed in [13] to address non-smooth multi-agent optimization with
constraint sets. The paper [19] comes up with DISTRIBUTED LAGRANGIAN PRIMAL-
DUAL SUBGRADIENT ALGORITHM and DISTRIBUTED PENALTY PRIMAL- DUAL
SUBGRADIENT ALGORITHM to further address inequality and equality constraints.
The results developed in [19] are extended to solve a class of distributed nonconvex
optimization problems in [20]. All the algorithms aforementioned are discrete-time.
The continuous-time counterparts are investigated in [21-23]. In [24], a distributed
continuous-time algorithm with discrete-time communication is proposed. Random
network and state-dependent topologies are investigated in [25, 26] respectively.

There have been a number of other interesting algorithms for distributed opti-
mization. The authors in [27, 28] apply the second-order Newton method to dis-
tributed optimization. The paper [29] studies the dual averaging algorithm and the
papers [30, 31] investigate the algorithm of Alternating Direction Method of Multi-
pliers. Distributed Nesterov gradient algorithms are developed in [32] to accelerate
the convergence. In [33], the authors aim to minimize a sequence of dynamically
changing convex functions. In [34, 35], the authors investigate the robustness of dis-
tributed algorithms against external disturbances. In [36], game design is utilized to
address distributed optimization. In [37], the authors propose a distributed algorithm
to compute Pareto optimal solutions of multiobjective optimization problems.

DISTRIBUTED LAGRANGIAN PRIMAL- DUAL SUBGRADIENT ALGORITHM and
DISTRIBUTED PENALTY PRIMAL- DUAL SUBGRADIENT ALGORITHM presented in
this chapter are built on saddle point dynamics. For a convex—concave function,
continuous-time saddle point dynamics is proved in [8] to converge globally towards a
saddle point. Recently, [9] presents (discrete-time) primal-dual subgradient methods
which relax the differentiability of [8] and further incorporate state constraints. The
method in [8] is adopted by [38, 39] to study a distributed optimization problem on
fixed graphs where objective functions are separable.
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