
Chapter 1
Cavity Induced Interfacing of Atoms
and Light

Axel Kuhn

Abstract This chapter introduces cavity-based light-matter quantum interfaces,
with a single atom or ion in strong coupling to a high-finesse optical cavity. We
discuss the deterministic generation of indistinguishable single photons from these
systems; the atom-photon entanglement inextricably linked to this process; and the
information encoding using spatio-temporal modes within these photons. Further-
more, we show how to establish a time-reversal of the aforementioned emission
process to use a coupled atom-cavity system as a quantum memory. Along the line,
we also discuss the performance and characterisation of cavity photons in elemen-
tary linear-optics arrangements with single beam splitters for quantum-homodyne
measurements.

1.1 Introduction

The interfacing of discrete matter states and photons, the storage and retrieval of
single photons, and the entanglement and mapping of quantum states between dis-
tant entities are key elements of quantum networks for distributed quantum informa-
tion processing [1]. Ideally, such systems are composed of individual nodes acting as
quantum gates or memories, with optical interlinks that allow for the entanglement or
teleportation of their quantum states, or for optical quantum information processing
using linear optics acting on the light traveling between the nodes [2, 3].With individ-
ual photons carrying the information, substantial efforts have been made that focus
on their production and characterisation. Applications that rely on single photons and
on their indistinguishability include quantum cryptography, optical quantum com-
puting, light-matter entanglement, and atom-photon state mapping, which all have
successfully been demonstrated. For these purposes, sources of single photons that
are based on single isolated quantum systems like a single atom or ion are ideal,
given their capability of emitting streams of indistinguishable photons on demand.
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This approach is inherently simple and robust because a single quantum system can
only emit one single photon in a de-excitation process. With all atoms or ions of the
same isotope being identical, different photon sources based on one-and-the-same
species are able of producing indistinguishable photons without further measures,
provided the same transitions are used and the electromagnetic environment is iden-
tical for all atoms. This makes them ideal candidates for the implementation of
large-scale quantum computing networks.

In the present chapter, we primarily discuss the quantum-state control of an atom
strongly coupled to an optical cavity, with particular focus on the deterministic gen-
eration of single photons in arbitrary spatio-temporal modes. Important fundamental
properties of on-demand single photon sources are analyzed, including single pho-
ton purity and indistinguishability. In this context, understanding and controlling the
fundamental processes that govern the interaction of atoms with optical cavities is
important for the development of improved single-photon emitters. These interac-
tions are examined in the context of cavity-quantum electrodynamic (cavity-QED)
effects. We show how to apply these to channel the photon emission into a sin-
gle mode of the radiation field, with the vacuum field inside the cavity stimulating
the process. Furthermore we elucidate how to determine and control the coherence
properties of these photons in the time domain and use that degree of control for infor-
mation encoding, and for information or photon-storage in single atoms by means
of a time-reversal of the photon emission processes.

1.2 Cavities for Interfacing Light and Matter

In this section, we closely follow, summarize and extend our recently published
review articles [4, 5] in order to introduce the concepts, characteristic properties,
and major implementations of state-of-the-art single-photon sources based on single
atoms or ions in cavities. These have all the potential to meet the requirements of
optical quantum computing and quantum networking schemes, namely deterministic
single-photon emission with unit efficiency, directed emission into a single spatial
mode of the radiation field, indistinguishable photons with immaculate temporal and
spatial coherence, and reversible quantum state mapping and entanglement between
atoms and photons.

Starting from the elementary principles of cavity quantum electrodynamics, we
discuss the coupling of a single quantum system to the quantised radiation field
within optical resonators. Then we show how to exploit these effects to generate
single photons on demand in the strong coupling regime and the bad cavity limit,
using either an adiabatic driving technique or a sudden excitation of the emitter. To
conclude, we discuss a couple of prominent experimental achievements and examine
the different approaches for obtaining single photons from cavities using either atoms
or ions as photon emitters.
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1.2.1 Atom-Photon Interaction in Resonators

Any single quantum system that shows discrete energy levels, like an individual atom
or ion, can be coupled to the quantised modes of the radiation field in a cavity. Here
we introduce the relevant features of cavity-QED and the Jaynes-Cummings model
[6, 7], and then extend these to three-level atoms with two dipole transitions driven
by two radiation fields. One of the fields is from a laser, the other is the cavity field
coupled to the atom. We furthermore explain how the behaviour of a coupled-atom
system depends on the most relevant cavity parameters, such as the cavity’s mode
volume and its finesse.

Field quantisation: We consider a Fabry-Perot cavity with mirror separation l and
reflectivity R. The cavity has a free spectral range ΔωFSR = 2π × c/(2l), and its
finesse is defined as F = π

√
R/(1 − R). In the vicinity of a resonance, the trans-

mission profile is Lorentzian with a linewidth (FWHM) of 2κ = ΔωFSR/F , which
is twice the decay rate, κ , of the cavity field. Curved mirrors are normally used to
restrict the cavity eigenmodes to geometrically stable Laguerre-Gaussian orHermite-
Gaussian modes. In most cases, just one of these modes is of interest, characterised
by its mode function ψcav(r) and its resonance frequency ωcav. The state vector can
therefore be expressed as a superposition of photon-number states, |n〉, and for n
photons in the mode the energy is �ωcav(n + 1

2 ). The equidistant energy spacing
imposes an analogous treatment of the cavity as a harmonic oscillator. Creation and
annihilation operators for a photon, â† and â, are then used to express theHamiltonian
of the cavity,

Hcav = �ωcav

(
â†â + 1

2

)
. (1.1)

We emphasize that this does not take account of any losses, whereas in a real cavity,
all photon number states decay until thermal equilibrium with the environment is
reached. In the optical domain, the latter corresponds to the vacuum state, |0〉, with
no photons remaining in the cavity.

Two-level atom:We now analyse how the cavity field interacts with a two-level atom
with ground state |g〉 and excited state |x〉 of energies �ωg and �ωx, respectively,
and transition dipole moment μxg. The Hamiltonian of the atom reads

HA = �ωg|g〉〈g| + �ωx|x〉〈x |. (1.2)

The coupling to the field mode of the cavity is expressed by the atom-cavity coupling
constant,

g(r) = g0 ψcav(r), with g0 =
√

(μ2
xgωcav)/(2�ε

0
V ), (1.3)
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where V is the mode volume of the cavity. As the atom is barely moving during the
interaction, we can safely disregard its external degrees of freedom. Furthermore we
assume maximum coupling, i.e. ψcav(ratom) = 1, so that one obtains g(r) = g0.
In a closed system, any change of the atomic state would go hand-in-hand with a
corresponding change of the photon number, n. Hence the interaction Hamiltonian
of the atom-cavity system reads

Hint = −�g0
[
|x〉〈g|â + â†|g〉〈x |

]
. (1.4)

For a given excitation number n, the cavity only couples |g, n〉 and |x, n − 1〉. If
the cavity mode is resonant with the atomic transition, i.e. if ωcav = ωx − ωg , the
population oscillates with the Rabi frequency Ωcav = 2g0

√
n between these states.

The eigenfrequencies of the total Hamiltonian, H = Hcav + HA + Hint, can be
found easily. In the rotating wave approximation, they read

ω±
n = ωcav

(
n + 1

2

)
+ 1

2

(
Δcav ±

√
4ng2

0 + Δ2
cav

)
, (1.5)

where Δcav = ωx − ωg − ωcav is the detuning between atom and cavity. Figure1.1
illustrates this level splitting. Within each n manifold, the two eigenstates are split

by Ωeff,n =
√
4ng2

0 + Δ2
cav, which is the effective Rabi frequency at which the

population oscillates between states |g, n〉 and |x, n − 1〉. This means that the cavity
field stimulates the emission of an excited atom into the cavity, thus de-exciting the
atom and increasing the photon number by one. Subsequently, the atom is re-excited
by absorbing a photon from the cavity field, and so forth. In particular, an excited
atom and a cavity containing no photon are sufficient to start the oscillation between

|x, 0〉 and |g, 1〉 at frequency
√
4g2

0 + Δ2
cav. This phenomenon is known as vacuum

ωcav

Δcav

|g,n〉

|x,n-1〉

|g,0〉
|g,0〉

|g,1〉

|x,0〉
|g,2〉

|x,1〉

ωcav

ωcav

Δcav

eff,n

(a) (b) (c)

Fig. 1.1 Atom-cavity coupling (from [4]): a a two-level atom with ground state |g〉 and excited
state |x〉 coupled to a cavity containing n photons. In the dressed-level scheme of the combined
atom-cavity system with the atom outside (b) or inside (c) the cavity, the state doublets are either
split by Δcav or by the effective Rabi frequency, Ωeff,n, respectively
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Fig. 1.2 Three-level atom in cavity coupling (from [4]): a a three-level atom driven by a classical
laser field of Rabi frequency Ω , coupled to a cavity containing n photons. b Dressed-level scheme
of the combined system without coupling, and c for an atom interacting with laser and cavity.

The triplet is split by Ωsplit =
√
4ng2

0 + Ω2 + Δ2. In the limit of a large detuning Δ, the Raman

transition |e, n − 1〉 ↔ |g, n〉 is driven at the effective Rabi frequency Ωeff = 1
2

(
Ωsplit − |Δ|) ≈

(4ng2
0 + Ω2)/|4Δ|

Rabi oscillation. On resonance, i.e. for Δcav = 0, the oscillation frequency is 2g0,
also known as vacuum Rabi frequency.

To summarise, the atom-cavity interaction splits the photon number states into
doublets of non-degenerate dressed states, which are named after Jaynes and
Cummings [6, 7]. Only the ground state |g, 0〉 is not coupled to other states and
is not subject to any energy shift or splitting.

Three-level atom: We now consider an atom with a Λ−type three-level scheme
providing transition frequencies ωxe = ωx − ωe and ωxg = ωx − ωg as depicted
in Fig. 1.2. The |e〉 ↔ |x〉 transition is driven by a classical light field of frequency
ωL with Rabi frequency Ω , while a cavity mode with frequency ωcav couples to the
|g〉 ↔ |x〉 transition. The respective detunings are defined as ΔL = ωxe − ωL and
Δcav = ωxg − ωcav. Provided the driving laser and the cavity only couple to their
respective transitions, the interaction Hamiltonian

Hint = �[ΔL|e〉〈e| + Δcav|g〉〈g| − Ω

2
(|x〉〈e| + |e〉〈x |)

− g0(|x〉〈g|a + a†|g〉〈x |)]
(1.6)

determines the behaviour of the system. Given an arbitrary excitation number n, this
Hamiltonian couples only the three states |e, n −1〉, |x, n −1〉, |g, n〉. For this triplet
and a Raman-resonant interaction withΔL = Δcav ≡ Δ, the eigenfrequencies of the
coupled system read

ω0
n = ωcav

(
n + 1

2

)
and (1.7)

ω±
n = ωcav

(
n + 1

2

)
+ 1

2

(
Δ ±

√
4ng2

0 + Ω2 + Δ2

)
.
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The previously-discussed Jaynes-Cummings doublets are now replaced by
dressed-state triplets,

|φ0
n〉 = cosΘ|e, n − 1〉 − sinΘ|g, n〉, (1.8)

|φ+
n 〉 = cosΦ sinΘ|e, n − 1〉 − sinΦ|x, n − 1〉 + cosΦ cosΘ|g, n〉,

|φ−
n 〉 = sinΦ sinΘ|e, n − 1〉 + cosΦ|x, n − 1〉 + sinΦ cosΘ|g, n〉,

where the mixing angles Θ and Φ are given by

tanΘ = Ω

2g0
√

n
, tanΦ =

√
4ng2

0 + Ω2

√
4ng2

0 + Ω2 + Δ2 − �

. (1.9)

The interaction with the light lifts the degeneracy of the eigenstates. However, |φ0
n〉

is neither subject to an energy shift, nor does the excited atomic state contribute to
it. Therefore it is a ‘dark state’ which cannot decay by spontaneous emission.

In the limit of vanishing Ω , the states |φ±
n 〉 correspond to the Jaynes-Cummings

doublet and the third eigenstate, |φ0
n〉, coincides with |e, n − 1〉. Also the eigenfre-

quency ω0
n is not affected by Ω or g0. Therefore transitions between the dark states

|φ0
n+1〉 and |φ0

n〉 are always in resonance with the cavity. This holds, in particular, for
the transition from |φ0

1〉 to |φ0
0〉 ≡ |g, 0〉 as the n = 0 state never splits.

Cavity-coupling regimes: So far, we have been considering the interaction Hamil-
tonian and the associated eigenvalues and dressed eigenstates that one obtains when-
ever a two- or three-level atom is coupled to a cavity. We have been neglecting the
atomic polarisation decay rate, γ , and also the field-decay rate of the cavity, κ (Note
that we have chosen a definition where the population decay rate of the atom reads
2γ , and the photon loss rate from the cavity is 2κ). It is evident that both relaxation
rates result in a damping of a possible vacuum-Rabi oscillation between states |x, 0〉
and |g, 1〉. Only in the regime of strong atom-cavity coupling, with g0 � {κ, γ },
the damping is weak enough so that vacuum-Rabi oscillations do occur. The other
extreme is the bad-cavity regime, with κ � g2

0/κ � γ , which results in strong damp-
ing and quasi-stationary quantum states of the coupled system if it is continuously
driven.

Two properties of the cavity can be used to distinguish between these regimes:
First the strength of the atom-cavity coupling, g0 ∝ 1/

√
V (dependant upon the

mode volume of the cavity), and second the finesse F = π
√

R/(1 − R) of the
resonator, which depends on the mirror reflectivity R. The finesse gives the mean
number of round trips in the cavity before a photon is lost by transmission through
one of the cavity mirrors, and it is also identical to the ratio of free spectral range
ΔωFSR to cavity linewidth 2κ . To reach strong coupling, a high value of g0 and
therefore a short cavity of small mode volume are normally required. Keeping κ

small enough at the same time then calls for a high finesse and a mirror reflectivity
R ≥ 99.999%.
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1.2.2 Single-Photon Emission

For the deterministic generation of single photons from coupled atom-cavity systems,
all schemes implemented to date rely on the Purcell effect [8]. The spatial mode
density in the cavity and the coupling to the relevant modes is substantially different
from free space [9], such that the spontaneous photon emission into a resonant cavity
gets either enhanced ( f > 1) or inhibited ( f < 1) by the Purcell factor

f = 3Qλ3

4π2V
,

depending on the cavity’s mode volume, V , and quality factor, Q. More importantly,
the probability of spontaneous emission placing a photon into the cavity is given by
β = f/( f + 1). If the mode volume of the cavity is sufficiently small, the emitter
and cavity couple so strongly that β ≈ 1, i.e. emissions into the cavity outweigh
spontaneous emissions into free space. A deterministic photon emission into a single
field mode is therefore possible with an efficiency close to unity. These effects have
first been observed by Carmichael et al. [10] and De Martini et al. [11]. Moreover,
with the coherence properties uniquely determined by the parameters of the cavity
and the driving process, one should be able to obtain indistinguishable photons from
different cavities. Furthermore the reversibility of the photon generation process,
and quantum networking between different cavities has been predicted [12–14],
and demonstrated [15–17]. We now introduce different ways of producing single
photons from such a system. These include cavity-enhanced spontaneous emission
and Raman transitions stimulated by the vacuum field while driven by classical laser
pulses. In particular, we discuss a scheme for adiabatic coupling between a single
atom and an optical cavity, which is based on a unitary evolution of the coupled
atom-cavity system [18, 19], and is therefore intrinsically reversible.

For a photon emission from the cavity to take place, it is evident that a finite value
of κ is mandatory, otherwise any light would remain trapped between the mirrors.
Moreover, as κ is the decay rate of the cavity field, the associated duration of an
emitted photon is typically κ−1 or more. We also emphasise that γ plays a crucial
role in most experimental settings, since it accounts for the spontaneous emission
into non-cavity modes, and therefore leads to a reduction of efficiency. The relation
of the atom-cavity coupling constant and the Rabi frequency of the driving field to the
two decay rates can be used for marking the difference between three basic classes
of single-photon emission schemes from cavity-QED systems.

Cavity-enhanced spontaneous emission: We assume that a sudden excitation
process (e.g. a short π pulse with Ω � {g0, κ, γ }, or some internal relaxation
cascade from energetically higher states) prepares the atom in its excited state |x, 0〉.
From there, a photon gets spontaneously emitted either into the cavity or into free
space. To analyse the process, we simply consider an excited two-level atom coupled
to an empty cavity. This particular situation is the textbook example of cavity-QED
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that has been thoroughly analysed in the past. In fact, it has been proposed by Purcell
[8] and demonstrated byHeinzen et al. [20] andMorin et al. [21] that the spontaneous
emission properties of an atom coupled to a cavity are significantly different from
those in free space. For an analysis of the atom’s behaviour, it suffices to look at the
evolution of the n = 1 Jaynes-Cummings doublet under the influence of the atomic
polarisation decay rate γ and the cavity-field decay rate κ . Non-cavity spontaneous
decay of the atom and photon emission through one of the cavity mirrors both lead
the system into state |g, 0〉, which does not belong to the n = 1 doublet. There-
fore we can deal with these decay processes phenomenologically by introducing
non-hermitian damping terms into the interaction Hamiltonian,

H ′
int = −�g0

(
|x〉〈g|â + â†|g〉〈x |

)
− i�γ |x〉〈x | − i�κ â†â. (1.10)

Figure1.3a shows the time evolution of the atom-cavity system when κ > g0. The
strong damping of the cavity inhibits any vacuum-Rabi oscillation, since the photon
is emitted from the cavity before it can be reabsorbed by the atom. Therefore the
transient population in state |g, 1〉 is negligible and the adiabatic approximation
ċg ≈ 0 can be applied, which gives

d

dt
cx = −γ cx − g2

0

κ
cx, (1.11)

with the solution

cx(t) = exp

(
−

[
γ + g2

0

κ

]
t

)
. (1.12)

It is straightforward to see that the ratio of the emission rate into the cavity, g2
0/κ ,

to the spontaneous emission probability into free space becomes g2
0/(κγ ) ≡ f , i.e.

the Purcell factor. It equals twice the one-atom cooperativity parameter, C , origi-
nally introduced in the context of optical bistability [22]. Hence the photon-emission
probability from the cavity reads PEmit = 2C/(2C + 1). Note that the atom radiates
mainly into the cavity if g2

0/κ � γ . Together with κ � g0, this condition constitutes
the bad-cavity regime.

The other extreme is strong coupling, with g0 � (κ, γ ). In this case vacuum Rabi
oscillations between |x, 0〉 and |g, 1〉 occur, with both states decaying at the respec-
tive rates γ and κ . Figure1.3b shows a situation where the atom-cavity coupling,
g0, saturates the |x, 0〉 ↔ |g, 1〉 transition. On average, the probabilities to find the
system in either one of these two states are equal, and therefore the average ratio of
the emission probability into the cavity to the spontaneous emission probability into
free space is given by κ/γ . The vacuum-Rabi oscillation gives rise to an amplitude
modulation of the photons emitted from the cavity here.
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Fig. 1.3 Evolution of the atomic states and photon emission rate Rph = 2κρgg in different coupling
cases (adapted from [5]): a and b are for an excited two-level atom coupled to the cavity, showing
populations ρxx (solid) and ρgg (dotted) of the product states |x, 0〉 and |g, 1〉. c and d are for a
three-level atom-cavity system prepared in |e, 0〉 and exposed to a pump pulse driving |e〉 − |x〉
while the cavity couples |x〉 and |g〉. The initial-state population ρee is dashed. a and c display the
bad-cavity regimewith (g0, γ, κ) = 2π×(15, 3, 20)MHz,while b and d depict the strong-coupling
case with (g0, γ, κ) = 2π × (15, 3, 2)MHz. The pump pulses read Ω(t) = g0 sin(π t/200 ns) in
(c), and Ω(t) = g0 × t/(1μs) in (d). No transient population is found in ρxx in the latter case. The
overall photon-emission probability reads always PEmit = ∫

Rphdt

Bad-cavity regime: To take the effect of a slow excitation process into account, we
consider aΛ-type three-level atom coupled to a cavity. In the bad-cavity regime, κ �
g2
0/κ � γ , the loss of excitation into unwanted modes of the radiation field is small

and wemay follow Law et al. [23, 24]. We assume that the atom’s |e〉−|x〉 transition
is excited by a pump laser pulse while the atom emits a photon into the cavity
by enhanced spontaneous emission. The cavity-field decay rate κ sets the fastest
time scale, while the spontaneous emission rate into the cavity, g2

0/κ , dominates
the incoherent decay of the polarisation from the excited atomic state. Provided any
decay leads to a loss from the three-level system, the evolution of the wave vector is
governed by the non-Hermitian Hamiltonian

H ′
int = Hint − i�κ â†â − i�γ |x〉〈x |, (1.13)

with Hint from (1.6). To simplify the analysis, we take only the vacuum state, |0〉,
and the one-photon state, |1〉, into account, thus that the state vector reads

|Ψ (t)〉 = ce(t)|e, 0〉 + cx(t)|x, 0〉 + cg(t)|g, 1〉, (1.14)

where ce, cx and cg are complex amplitudes. Their time evolution is given by the
Schrödinger equation, i� d

dt |Ψ 〉 = H ′
int|Ψ 〉, which yields
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i ċe = 1

2
Ω(t)cx

i ċx = 1

2
Ω(t)ce + g0cg − iγ cx (1.15)

i ċg = g0cx − iκcg,

with the initial condition ce(0) = 1, cx(0) = cg(0) = 0 and Ω(0) = 0. An adiabatic
solution of (1.15) is found if the decay is so fast that cx and cg are nearly time
independent. This allows one to make the approximations ċx = 0 and ċg = 0, with
the result

ce(t) ≈ exp

(
−α

4

∫ t

0
Ω2(t ′)dt ′

)

cx(t) ≈ − i

2
αΩ(t)ce(t) (1.16)

cg(t) ≈ − i

κ
g0cx(t),

where α = 2/(2γ + 2g2
0/κ). Photon emissions from the cavity occur if the system

is in |g, 1〉, at the photon-emission rate Rph(t) = 2κ|cg(t)|2. This yields a photon-
emission probability of

PEmit =
∫

Rph(t)dt (1.17)

= g2
0α

κ

[
1 − exp

(
−α

2

∫
Ω2(t)dt

)]
−→ g2

0α

κ
.

Note that the exponential in (1.17) vanishes if the area
∫

Ω(t)dt of the exciting pump
pulse is large enough. In this limit, the overall photon-emission probability does not
depend on the shape and amplitude of the pump pulse. With a suitable choice of g0,
α, and κ , high photon-emission probabilities can be reached [24]. Furthermore, as
the stationary state of the coupled system depends on Ω(t), the time envelope of the
photon can be controlled to a large extent.

Strong-coupling regime: To study the effect of the exciting laser pulse in the strong-
coupling regime, we again consider a Λ-type three-level atom coupled to a cavity.
We assume that the strong-coupling condition also applies to the Rabi frequency
of the driving field, i.e. {g0,Ω} � {κ, γ }. In this case, we can safely neglect the
effect of the two damping rates on the time scale of the excitation. We then seek a
method to effectively stimulate a Raman transition between the two ground states
that also places a photon into the cavity. For instance, the driving process can be
implemented in form of an adiabatic passage (STIRAP process [18, 19]) or a far-off
resonant Raman process to avoid any transient population of the excited state, thus
reducing losses due to spontaneous emission into free space. An efficiency for photon
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generation close to unity can be reached this way. Once a photon is placed into the
cavity, it gets emitted due to the finite cavity lifetime.

The most promising approach is to implement an adiabatic passage in the optical
domain between the two ground states [25, 26]. In fact, adiabatic passage methods
have been used for coherent population transfer in atoms or molecules for many
years. For instance, if a Raman transition is driven by two distinct pulses of variable
amplitudes, effects like electromagnetically induced transparency (EIT) [27, 28],
slow light [29, 30], and stimulated Raman scattering by adiabatic passage (STIRAP)
[19] are observed. These effects have been demonstrated with classical light fields
and have in common that the system’s state vector, |Ψ 〉, follows a dark eigenstate, e.g.
|φ0

n〉, of the time-dependent interaction Hamiltonian. In principle, the time evolution
of the system is completely controlled by the variation of this eigenstate. However,
a more detailed analysis [25, 31] reveals that the eigenstates must change slowly
enough to allow adiabatic following. Only if this condition is met, a three-level
atom-cavity system, once prepared in |φ0

n〉, stays there forever, thus allowing one to
control the relative population of |e, n − 1〉 and |g, n〉 by adjusting the pump Rabi
frequency Ω . This is obvious for a system initially prepared in |e, n − 1〉. As can
be seen from (1.8), that state coincides with |φ0

n〉 if the condition 2g0
√

n � Ω is
initially met. Once the system has been prepared in the dark state, the ratio between
the populations of the contributing states reads

|〈e, n − 1|Ψ 〉|2
|〈g, n|Ψ 〉|2 = 4ng2

0

Ω2 . (1.18)

As proposed in [18], we assume that an atom in state |e〉 is placed into an empty
cavity, which nonetheless drives the |g, 1〉 ↔ |x, 0〉 transition with the Vacuum
Rabi frequency 2g0. The initial state |e, 0〉 therefore coincides with |φ0

1〉 as long
as no pump laser is applied. The atom then gets exposed to a laser pulse coupling
the |e〉 ↔ |x〉 transition with a slowly rising amplitude that leads to Ω � 2g0. In
turn, the atom-cavity system evolves from |e, 0〉 to |g, 1〉, thus increasing the photon
number by one. This scheme can be seen as vacuum-stimulated Raman scattering
by adiabatic passage, also known as V-STIRAP. If we assume a cavity decay time,
κ−1 much longer than the interaction time, a photon is emitted from the cavity with a
probability close to unity and with properties uniquely defined by κ , after the system
has been excited to |g, 1〉.

In contrast to such an idealised scenario, Fig. 1.3d shows a more realistic situation
where a photon is generated and already emitted from the cavity during the excitation
process. This is due to the cavity decay time being comparable or shorter than the
duration of the exciting laser pulse. Even in this case, no secondary excitations or
photon emissions can take place. The system eventually reaches the decoupled state
|g, 0〉when the photon escapes. However, the photon-emission probability is slightly
reduced as the non-Hermitian contribution of κ to the interaction Hamiltonian is
affecting the dark eigenstate |φ0

1〉 of the Jaynes-Cummings triplet (1.8). It now has
a small admixture of |x, 0〉 and hence is weakly affected by spontaneous emission
losses [25].
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1.2.2.1 Single-Photon Emission from Atoms or Ions in Cavities

Many revolutionary photon generation schemes have recently been demonstrated,
such as a single-photon turnstile device based on the Coulomb blockade mechanism
in a quantum dot [32], the fluorescence of a single molecule [33, 34], or a single
colour centre (Nitrogen vacancy) in diamond [35, 36], or the photon emission of a
single quantum dot into free space [37–39]. All these schemes emit photons upon
an external trigger event. The photons are spontaneously emitted into various modes
of the radiation field, e.g. into all directions, and often show a broad energy dis-
tribution. Nonetheless these photons are excellent for quantum cryptography and
communication, and also a reversal of the free-space spontaneous emission has been
demonstrated, see chapters by Leuchs and Sondermann, Chuu and Du, and Piro and
Eschner. Cavity QED has the potential of performing this bi-directional state map-
ping between atoms and photons very effectively, and thus is expected to levy many
fundamental limitations to scalability in quantum computing or quantumnetworking.
We therefore focus here on cavity-enhanced emission techniques into well-defined
modes of the radiation field.

Neutral atoms: A straightforward implementation of a cavity-based single-photon
source consists of a single atom placed between two cavity mirrors, with a stream of
laser pulses travelling perpendicular to the cavity axis to trigger photon emissions.
The most simplistic approach to achieve this is by sending a dilute atomic beam
through the cavity, with an average number of atoms in the mode far below one.
However, for a thermal beam, the obvious drawback would be an interaction time
between atom and cavity far too short to achieve any control of the exact photon
emission time. Hence cold (and therefore slow) atoms are required to overcome this
limitation. The author followed this route [40, 41], using a magneto-optical trap to
cool a cloud of rubidium atoms below 100μK at a distance close to the cavity. Atoms
released from the trap eventually travel through the cavity, either falling from above
or being injected from below in an atomic fountain. Atoms enter the cavity randomly,
but interactwith itsmode for 20–200μs.Within this limited interaction time, between
20 and 200 single-photon emissions can be triggered. Figure1.4 illustrates this setup,
together with the excitation scheme between hyperfine states in 87Rb used to generate
single photons by the adiabatic passage technique discussed on page 10.

Bursts of single photons are emitted from the cavity whenever a single atom
passes its mode, and strong antibunching is found in the photon statistics, as shown
in Fig. 1.4a. A sub-Poissonian photon statistics is foundwhen conditioning the exper-
iment on the actual presence of an atom in the cavity [42]. In many cases, this is
automatically granted—a good example is the characterisation of the photons by
two-photon interference. For such experiments, pairs of photons are needed that
meet simultaneously at a beamsplitter. With just one source under investigation, this
is achieved with a long optical fibre delaying the first photon of a pair of successively
emitted ones. With the occurrence of such photon pairs being the precondition to
observe any correlation and the probability for successive photon emissions being
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Fig. 1.4 Single-photon source based on atoms travelling through an optical cavity. a Excitation
scheme realised in 87Rb for the pulsed single-photon generation. The atomic states labeled |e〉, |x〉
and |g〉 are involved in the Raman process, and the states |0〉 and |1〉 denote the photon number in
the cavity. b A cloud of laser-cooled atoms moves through an optical cavity either from above [40],
or from below using an atomic fountain [41]. Laser pulses travel perpendicular to the cavity axis to
control the emission process. The light is analysed using a Hanbury-Brown and Twiss (HBT) setup
with a pair of avalanche photodiodes. c Intensity correlation of the emitted light measured with
the HBT setup, with atoms injected using an atomic fountain [41]. The contribution of correlations
between real photons and detector dark counts is shown in yellow

vanishingly small without atoms, the presence of an atom is actually assured when-
ever data is recorded.

Only lately, refined versions of this type of photon emitter have been realised,
with a single atom held in the cavity using a dipole-force trap. McKeever et al. [43]
managed to hold a single Cs atom in the cavity with a dipole-trapping beam running
along the cavity axis, while Hijlkema et al. [44] are using a combination of dipole
trapping beams running perpendicular and along the cavity to catch and hold a single
Rb atom in the cavity mode. As illustrated in Fig. 1.5, the trapped atom is in both
cases exposed to a sequence of laser pulses alternating between triggering the photon
emission, cooling and repumping the atom to its initial state to repeat the sequence.
The atom is trapped, so that the photon statistics is not affected by fluctuations in the
atom number and therefore is sub-Poissonian, see Fig. 1.5c. Moreover, with trapping
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Fig. 1.5 Atom-cavity systems with a single atom at rest in the cavity mode. a The setup by
McKeever et al. [43] is using a dipole trap running along the cavity axis to hold a single caesium
atom in the cavity. The cavity is symmetric, so that half the photons are directed towards a pair
of detectors for analysing the photon statistics. b The author has been using a dipole trap running
perpendicular to the cavity axis, The trap is holding a single rubidium atom in the cavity [44]. The
cavity is asymmetric, and photons emitted through its output coupler are directed to a pair of photon
counters to record the second-order correlation function of the photon stream. In both cases, the
trapped atom is exposed to a sequence of laser pulses that trigger the photon emission, cool the
atom, and re-establish the initial condition by optical pumping. c Intensity correlation function of
the light emitted form a trapped-atom-cavity system, as found by the author [44]

times for single atoms up to a minute, a quasi-continuous bit-stream of photons is
obtained.

The major advantage of using neutral atoms as photon emitters in Fabry-Perot
type cavities is that a relatively short cavity (some 100μm) of high finesse (between
105 and 106) can be used. One thus obtains strong atom-cavity coupling, and the
photon generation can be driven either in the steady-state regime or dynamically by
V-STIRAP. This allows one to control the coherence properties and the shape of the
photons to a large extent, as discussed in Sect. 1.4.2. Photon generation efficiencies
as high as 65% have been reported with these systems. Furthermore, based on the
excellent coherence properties, first applications such as atom-photon entanglement
and atom-photon state mapping [45–48] have recently been demonstrated.

Apart from the above Fabry-Perot type cavities, many other micro-structured
cavities have been explored during the last years. These often provide amuch smaller
mode volume and hence boost the atom-cavity coupling strength by about an order of
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magnitude. However, this goes hand-in-hand with increased cavity losses and thus a
much larger cavity linewidth, which might be in conflict with the desired addressing
of individual atomic transitions. Among the most relevant new developments are
fibre-tip cavities, which use dielectric Bragg stacks at the tip of an optical fibre as
cavity mirrors [49, 50]. Due to the small diameter of the fibre, either two fibre tips
can be brought very close together, or a single fibre tip can be complemented by a
micro-structured mirror on a chip to form a high-finesse optical cavity. A slightly
different approach is the use of ring-cavities realised in solid state, guiding the light in
a whispering gallery mode. An atom can be easily coupled to the evanescent field of
the cavity mode, provided it can be brought close to the surface of the substrate. Nice
examples are microtoroidal cavities realised at the California Institute of Technology
[51, 52], and bottle-neck cavities in optical fibres [53]. These cavities have no well-
definedmirrors and therefore no output coupler, so one usually arranges for emission
into well-defined spatio-temporal modes via evanescent-field coupling to the core of
an optical fibre.

We would like to remind the reader at this point that a large variety of other
exciting cavity-QED experiments have been performed that were not aiming at a
single-photon emission in the optical regime. Most important amongst those are
the coupling of Rydberg atoms [54] or superconductive SQUIDs [55] to microwave
cavities, which is also a well-established way of placing single photons into a cavity
using either π pulses [56] or dark resonances [57]. Also the coupling of ultracold
quantum gases to optical cavities has been studied extensively [49, 58], and has
proven to be a useful method to acquire information on the atom statistics. Last but
not least, large efforts have been made to study cavity-mediated forces on either
single atoms or atomic ensembles [59–64], which lead to the development of cavity-
mediated cooling techniques.

Trapped ions: Although neutral-atom systems have their advantages for the gener-
ation of single photons, such experiments are sometimes subject to undesired vari-
ations in the atom-cavity coupling strength and multi-atom effects. Also trapping
times are still limited in the intra-cavity dipole-trapping of single atoms. A possible
solution is to use a strongly localised single ion in an optical cavity, as has first been
demonstrated by Keller et al. [65]. In their experiment, an ion is optimally coupled to
a well-defined field mode, resulting in the reproducible generation of single-photon
pulses with precisely defined timing. The stream of emitted photons is uninterrupted
over the storage time of the ion, which, in principle, could last for several days.

The major difficulty in combining an ion trap with a high-finesse optical cavity
comes from the dielectric cavity mirrors, which influence the trapping potential if
they get too close to the ion. This effect might be detrimental in case the mirrors get
electrically charged during loading of the ion trap, e.g. by the electron beam used
to ionise the atoms. Figure1.6a shows how this problem has been solved in [65]
by shuttling the trapped ion from a spatially separate loading region into the cavity.
Nonetheless, the cavity in these experiments is typically more than 10–20mm long
to avoid distortion of the trap. Thus the coupling to the cavity is weak, and although
optimised pump pulses were used, the single-photon efficiency in [65] did not exceed
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(a) (b)

Fig. 1.6 Arrangement of ion-trap electrodes and cavity in a the experiment by Keller et al. [65].
The ion is shuttled to the cavity region after loading. Upon excitation of the ion from the side of
the cavity, a single photon gets emitted into the cavity mode (Reprinted by permission from Nature
Publishing Group: Nature, Guthöhrlein et al. [66], Copyright 2001). The ion-cavity arrangement
and excitation scheme in 40Ca+ studied by Russo and Barros et al. [67, 68] in Innsbruck (b) is
using a near-concentric cavity which leads to an increased density of otherwise non-degenerate
transverse modes (Panel b adapted with permission from Springer: Applied Physics B, Russo et al.
[67], Copyright 2009)

(8.0 ± 1.3)%. This is in good accordance with theoretical calculations, which also
show that the efficiency can be substantially increased in future experiments by
reducing the cavity length. It is important to point out that the low efficiency does
not interfere with the singleness of the photons. Hence the g(2) correlation function
of the emitted photon stream corresponds to the one depicted in Fig. 1.5c, with
g(2)(0) → 0. With an improved ion-cavity setup, Barros et al. [68] were able to
reach a single-photon emission efficiency of (88 ± 17)% in a cavity of comparable
length, using a more favourable mode structure in the near-confocal cavity depicted
in Fig. 1.6b and far-off resonant Raman transitions between magnetic sublevels of
the ion.

1.3 Cavity-Enhanced Atom-Photon Entanglement

In their groundbreaking experiments, Monroe [69] and Weinfurter [70] successfully
demonstrated the entanglement of the polarisation of a single photon with the spin
of a single ion or atom, respectively. To do so, they drove a free-space excitation
and emission scheme in a single trapped ion or atom that lead to two possible final
spin states of the atom, | ↓〉 and | ↑〉 upon emission of either a σ+ or σ− polarised
photon, thus projecting the whole system into the entangled atom-photon state

(|σ+,↓〉 − |σ−,↑〉)/√2. (1.19)
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Projective measurements on pairs of photons emitted from two distant atoms or
ions were then used for entanglement swapping, thus resulting in the entanglement
and teleportation of quantum states [71]. Such photon-matter entanglement has a
potential advantage of addingmemory capabilities to quantum information protocols.
In addition, this provides a quantum matter-light interface, thereby using different
physicalmedia for different purposes in a quantum information application.However,
the spontaneous emission of photons into all directions is an inherent limitation of
this approach. Even the best collection optics captures at most 25% of the photons
[72], with actual experiments reaching overall photon-detection efficiencies of about
5×10−4 [70]. Combinedwith the spontaneous character of the emission, efficiencies
are very low and scaling is a serious issue.

We shall see in the following that the coupling of atoms or ions to optical cavities
is one effective solution to this problem, with quantum state mapping and entangle-
ment between atomic spin and photon polarisation recently achieved in cavity-based
single-photon emitters [45–48]. Very much like what was discussed in the preceding
sections, this is achieved using an intrinsically deterministic single-photon emission
from a single 87Rb atom in strong coupling to an optical cavity [45]. The triggered
emission of a first photon entangles the internal state of the atom and the polarization
state of the photon. To probe the degree of entanglement, the atomic state is then
mapped onto the state of a second single photon. As a result of the state mapping
a pair of entangled photons is produced, one emitted after the other into the same
spatial mode. The polarization state of the two photons is analyzed by tomography,
which also probes the prior entanglement between the atom and the first photon.

All the relevant steps of entanglement preparation and detection are shown
schematically in Fig. 1.7. The rubidium atom is prepared in the |F = 2, m F = 0〉
state of the 5S1/2 ground level. Then a π -polarized laser pulse (polarised linearly
along the cavity axis and resonant with the transition from F = 2 to F ′ = 1 in the
excited 5P3/2 level) together with the cavity (coupling levels F = 1 and F ′ = 1)

(a) (b)

Fig. 1.7 Entanglement and statemapping (from [45]): laser pulses drive vacuum-stimulatedRaman
transitions, first a creating an entanglement between the atom and the emitted photon, and then b
mapping the atomic state onto the polarization of a second photon. Entanglement is then shared
between two flying photons, with the atom disentangled
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drives a Raman transition to the |F = 1, m F = ±1〉 magnetic substates of the
ground level. No other cavity-enhanced transitions are possible because the cavity
only supports left- and right-handed circularly polarized σ+ and σ− polarisation
along its axis. Therefore the two different paths to | ↓〉 ≡ |F = 1, m F = −1〉
and | ↑〉 ≡ |F = 1, m F = +1〉 result in the generation of a σ+ and σ− photon,
respectively. Thus the atom becomes entangled with the photon and the resulting
overall quantum state is identical to the one obtained in the free-space experiments,
outlined above in (1.19). However, the substantial difference is that the photon gets
deterministically emitted into a single spatial mode, well defined by the geometry of
the surrounding cavity. Hence the success probability is close to unity, and a scalable
arrangement of atom-cavity arrays is therefore in reach.

To probe the atom-photon entanglement established this way, the atomic state is
mapped onto another photon in a second step. This photon can be easily analysed
outside the cavity. To do so, aπ -polarized laser pulse resonantwith the transition from
F = 1 to F ′ = 1 drives a second Raman transition in the cavity. This is transferring
any atom from state | ↓〉 to |0〉 ≡ |F = 1, m F = 0〉 upon emission of a σ+ photon,
whereas | ↑〉 atoms are equally transferred to |0〉, but upon a σ− emission. Hence
the atom eventually gets disentangled, and a polarization entanglement

(|σ+, σ−〉 − |σ−, σ+〉)/√2 (1.20)

is established between the two successively emitted photons. Because the photons
are created in the same spatial mode, a non-polarizing beam splitter (NPBS) is used
to direct the photons randomly to one of two measurement setups. This allows each
photon to be detected in either the H/V, circular right/left (R/L), or linear diagonal/
antidiagonal (D/A) basis. Thus a full quantum state tomography is performed by
measuring correlations between the photons in several different bases, selected by
using different settings of half- and quarter-wave plates [73, 74]. These measure-
ments lead to the reconstructed density matrix shown in Fig. 1.8. It has only positive

Fig. 1.8 Real part of the
density matrix reconstructed
from quantum state
tomography of successively
emitted photon pairs (from
[45]): all imaginary parts
(not shown) have a
magnitude smaller than 0.03.
Fidelity with the expected
Bell state is 86.0(4)%. About
2200 entanglement events
were collected for each of
nine measurement settings
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eigenvalues, and its fidelity with respect to the expected Bell state is F = 86.0(4)%,
with 0.5 < F ≤ 1 proving entanglement.

Basedon this successful atom-photon entanglement scheme, elementaryquantum-
network links implementing teleportation protocols between remote trapped atoms
and atom-photon quantum gate operations have recently been demonstrated
[46–48, 75]. These achievements represent a big step towards a feasible quantum-
computing system because they show how to overcome most scalability issues to
quantum networking in a large distributed light-matter based approach.

1.4 Photon Coherence, Amplitude and Phase Control

The vast majority of single-photon applications not only rely on the determinis-
tic emission of single photons, but also require them to be indistinguishable from
one another. In other words, their mutual coherence is a key element whenever two
or more photons are required simultaneously. The most prominent example to that
respect is linear optics quantum computing (LOQC) as initially proposed by Knill
et al. [2], with its feasibility demonstrated using spontaneously emitted photon pairs
from parametric down conversion [76]. Scaling LOQC to useful dimensions calls
for deterministically emitted indistinguishable photons. Furthermore, with photons
used as information carriers, it is common practice to use their polarization, spatio-
temporal mode structure or frequency for encoding classical or quantum state super-
positions. To do so, the capability of shaping photonic modes is essential. Several of
these aspects are going to be discussed here.

1.4.1 Indistinguishability of Photons

At first glance, one would expect any single-photon emitter that is based on a single
quantum system of well-defined level structure to deliver indistinguishable photons
of well-defined energy. However, this is often not the case for a large number of
reasons. For instance, multiple pathways leading to the desired single-photon emis-
sion or the degeneracy of spin states might lead to broadening of the spectral mode
or to photons in different polarisation states, entangled with the atomic spin [45].
Also spontaneous relaxation cascades within the emitter result in a timing jitter of
the last step of the cascade, which is linked to the desired photon emission. Never-
theless, atoms coupled to cavities have been shown to emit nearly indistinguishable
photons with well defined timing. Their coherence properties are normally governed
by the dynamics of the Raman process controlling the generation of photons, and-
surprisingly-not substantially limited by the properties and lifetime of the cavity
mode or the atoms [77].

Probing photons for indistinguishability is often accomplished with a two-photon
interference experiment of the Hong-Ou-Mandel (HOM) type. For two identical
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photons that arrive simultaneously at different inputs of a 50:50 beam splitter, they
bunch and then leave as a photon pair into either one or the other output port. Hence
no correlations are found between two detectors that monitor the two outputs. This
technique has been well established in connection with photons emitted from spon-
taneous parametric-down conversion (SPDC) sources, with the correlations between
the outputs measured as a function of the arrival-time delay between photons.

For the cavity-based emitters discussed here, the situation is substantially differ-
ent. The bandwidth of these photons is very narrow, and therefore their coherence
time (or length) might be extremely long, i.e. several μs (some 100m). The time res-
olution of the detectors is normally 3–4 orders of magnitude faster than this photon
length, so that the two-photon correlation signal is now determined as a function of
the detection-time delay, with the arrival-time delay of the long photons deliberately
set to zero [78, 79]. This can be seen as a quantum-homodyne measurement at the
single-photon level, with a single local-oscillator photon arriving at one port of a
beam splitter, and a single signal photon arriving at the other port. To develop an
understanding how the probability for photon coincidences between the two output
ports of the beam splitter depends on the detection-time difference and the mutual
phase coherence of the two photons, a step-by-step analysis of the associated quan-
tum jumps and quantum state evolution is most instructive.

Prior to the first photodetection, two photons arrive simultaneously in the input
modes A and B at the beam splitter and the overall state of the system reads |1A1B〉.
The first photo detection at time t1 in either output C or D could have been of either
photon, thus the remaining quantum state reduces to

|ψ(t1)〉 = (|1A0B〉 ± |0A1B〉)/√2, (1.21)

where “+”and “−” correspond to the photodetection in port C and D, respectively.
We now assume that the second photodetection takes place Δτ later, at time t2 =
t1 + Δτ , with the input modes A and B having acquired a phase difference Δφ (for
whatever reason) during that time interval. Hence prior to the second detection, the
reduced quantum state has evolved to

|ψ(t2)〉 = (|1A0B〉 ± eiΔφ |0A1B〉)/√2. (1.22)

By consequence, the probability for the second photon being detected in the same
port as the first photon is Psame = cos2(Δφ/2), while the probability for the second
photon being detected in the respective other beam-splitter port reads

Pother = sin2(Δφ/2). (1.23)

The probability PCD for coincidence counts between the two detectors in the beam
splitter’s output ports C and D is therefore proportional to sin2(Δφ/2). This implies
that any systematic variation of the phase difference Δφ between the two input
modes A and B with timeΔτ leads to a characteristic modulation of the coincidence
function
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g(2)
CD(Δτ) = 〈PC (t)PD(t + Δτ)〉t

〈PC 〉〈PD〉 ∝ sin2(Δφ(�τ)/2). (1.24)

A good example is the analysis of two photons of different frequency. We consider
one photon of well-defined frequency ω0 acting as local oscillator arriving at port A
at the beam splitter, and another one of frequencyω0+Δωwhich we regard as signal
photon arriving simultaneously at port B. Their mutual phase is undefined until the
first photodetection at t1, and thereafter evolves according to Δφ(�τ) = Δω × Δτ .
In this case, the probability for coincidence counts between the beam splitter outputs,

PCD(Δτ) ∝ sin2(Δω × Δτ/2), (1.25)

oscillates at the difference frequency between local oscillator and signal photon.
This phenomenon has been extensively discussed in [77, 78] and is also illustrated
in Fig. 1.9. Furthermore, the figure shows the effect of random dephasing on the
time-resolved correlation function. For photons of 1μs duration, a 470ns wide dip
has been found around Δτ = 0. Thereafter, the coincidence probability reached
the same mean value that is found with non-interfering photons of, e.g., different
polarisation. In this case, we conclude that the dip-width in the coincidence function
is identical to the mutual coherence time between the two photons. It is remarkable
that it exceeds the decay time of both cavity and atom by one order of magnitude
in that particular experiment. This proves that the photon’s coherence is to a large
extent controlled by the Raman process driving the photon generation, without being
limited by the decay channels within the system.

1.4.2 Arbitrary Shaping of Amplitude and Phase

From the discussion in Sect. 1.2.2 we have seen that the dynamic evolution of the
atomic quantum states determines the photon emission probability, and thereby also
the photon’s waveform. This raises the question as to what extent one can arbitrarily
shape the photons in time by controlling the envelope of the driving field. This
is important for applications such as quantum state mapping, where photon wave
packets symmetric in space and time should allow for a time-reversal of the emission
process [12]. Employing photons of soliton-shape for dispersion-free propagation
could also help boost quantum communication protocols.

Photon shaping can be addressed by solving the master equation of the atom-
photon system, which yields the time-dependent probability amplitudes, and by con-
sequence also the wave function of the photon emitted from the cavity [40, 65].
Only recently, we have shown [14, 41, 80] that this analysis can be reversed, giving
a unambiguous analytic expression for the time evolution of the drivingfield in depen-
dence of the desired shape of the photon. This model is valid in the strong-coupling
and bad-cavity regime, and it generally allows one to fully control the coherence
and population flow in any Raman process. Designing the driving pulse to obtain
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Fig. 1.9 Time-resolved two-photon interference of photons arriving simultaneously at a beam
splitter (a). With photons emitted successively from one atom-cavity system, this has been achieved
using an optical delay line (b). Panel c shows the correlation function from [77] for photons of 1.0μs
duration as a function of detection-time delay Δτ . A pronounced dip at the origin is found, with
the dip-width indicating the photon coherence time. The dotted line shows correlations found if
distinguishable photons of perpendicular polarisation are used, while the solid line depicts the
correlations found if the photon polarisation is parallel. Panel d shows data from a more recent
experiment [41] with photons of 0.3μs duration. The photons are nearly indistinguishable and
the integral two-photon coincidence probability drops to 20% of the reference value found with
non-interfering photons. Panel e shows data from [77, 78] with interfering photons of different
frequency. This gives rise to a pronounced oscillation of the coincidence signal as a function of Δτ

with the difference frequency Δω

photonic wave packets of any possible desired shape ψph(t) is straight
forward [14, 80]. Starting from the three-level atom discussed in
Sect. sec:atomspsphotoninteraction, we consider only the states |e, 0〉, |x, 0〉, and
|g, 1〉 of the n = 1 triplet and their corresponding probability amplitudes c(t) =[
ce(t), cx(t), cg(t)

]T , with the atom-cavity system initially prepared in |e, 0〉. The
Hamiltonian (1.6) and the decay of atomic spin and cavity field at rates γ and κ,
respectively, define the master equation of the system,

i�
d

dt
c(t) = −�

2

⎛
⎝ 0 Ω(t) 0

Ω(t) 2iγ 2g
0 2g 2iκ

⎞
⎠ c(t). (1.26)
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The cavity-field decay at rate κ unambiguously links the probability amplitude of
|g, 1〉 to the desired wave function ψph(t) of the photon. Furthermore, |g, 1〉 only
couples to |x, 0〉 with the well-defined atom-cavity coupling g, while the Rabi fre-
quency Ω of the driving laser is linking |x, 0〉 to |e, 0〉. Hence the time evolution of
the probability amplitudes and Ω(t) read

cg(t) = ψph(t)/
√
2κ, (1.27)

cx(t) = − i

g

[
ċg(t) + κcg(t)

]
(1.28)

Ω(t)ce(t) = 2
[
i ċx (t) + iγ cx (t) − gcg(t)

]
. (1.29)

We can use the continuity of the system, taking into account the decay of atom
polarisation and cavity field at rates γ and κ , respectively, to get to an independent
expression for

|ce(t)|2 = 1 − |cx (t)|2 − |cg(t)|2 −
t∫

0

dt
[
2γ |cx (t)|2 + 2κ|cg(t)|2

]
. (1.30)

With the Hamiltonian not comprising any detuning and assuming ψph to be real, one
can easily verify that the probability amplitude cx (t) is purely imaginary, while ce(t)
and cg(t) are both real. Hence with the desired photon shape as a starting point, we
have obtained analytic expressions for all probability amplitudes. These then yield
the Rabi frequency

Ω(t) = 2
[
i ċx (t) + iγ cx (t) − gcg(t)

]
√
1 − |cx (t)|2 − |cg(t)|2 −

t∫
0

dt
[
2γ |cx (t)|2 + 2κ|cg(t)|2

] , (1.31)

which is a real function defining the driving pulse required to obtain the desired
photon shape.

Figure1.10 compares some of the results obtained in producing photons of arbi-
trary shape. For instance, the driving laser pulse shown in Fig. 1.10g has been calcu-
lated according to (1.31) to produce the photon shape from Fig. 1.10h. From all data
and calculation, it is obvious that stronger driving is required to counterbalance the
depletion of the atom-cavity system towards the end of the pulse. Therefore a very
asymmetric driving pulse leads to the emission of photons symmetric in time, and
vice versa, as can be seen from comparing Fig. 1.10c, e.

Amongst the large variety of shapes that have been produced, their possible sub-
division into various peaks within separate time-bins is a distinctive feature, seen that
it allows for time-bin encoding of quantum information. For instance, we recently
have been imprinting different mutual phases on various time bins ofmulti-peak pho-
tons [81], and then successfully retrieved this phase information in a time-resolved
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Fig. 1.10 Photons made to measure: a–d show photon shapes realised in several experiments and
their driving laser pulses. The histogram of the photon-detection time has been recorded for several
hundred single-photon emissions. The data shown in a, b is taken from [40], with neutral atoms
falling through a high-finesse cavity acting as photon emitters. The linear increase in Rabi frequency
is the same in both cases, and the difference in photon shape is caused by variations in the coupling
strength to the cavity. The data shown in c, d is taken from [65], with a single ion trapped between
the cavity mirrors. It shows that the photon shape depends strongly on the driving laser pulse (Panels
c, d adapted with permission from Nature Publishing Group: Nature, Keller et al. [65], Copyright
2004). e, f show the Rabi frequency one needs to apply to achieve symmetric single or twin-peak
photon pulses with an efficiency close to unity. This is a result from an analytical solution of the
problem discussed in [80]. The latter scheme has been applied successfully for generating photons
of various arbitrary shapes [41], with examples shown in (g–i)

quantum-homodyne experiment based on two-photon interference. The latter is illus-
trated in Fig. 1.11. Subsequently emitted triple-peak photons from the atom-cavity
system are sent into optical-fibre made delay lines to arrive simultaneously at a beam
splitter. While the mechanism described above is used to sub-divide the photons
into three peaks of equal amplitude, i.e. three well-separate time bins or temporal
modes, we also impose phase changes from one time bin to the next. The latter is
accomplished by phase-shifting the driving laser with an acousto-optic modulator.
Therefore the signal photons emitted from the cavity are prepared in a W -state with
arbitrary relative phases between their constituent temporal modes,

|Ψphoton〉 = (eiφ1 |1, 0, 0〉 + eiφ2 |0, 1, 0〉 + eiφ3 |0, 0, 1〉)/√3. (1.32)

We may safely assume that φ1 = 0 as only relative phases are of any relevance.
The atom-cavity system is driven in a way that an alternating sequence of signal
photons and local-oscillator photons gets emitted, with the local-oscillator photons
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Fig. 1.11 Qutrits, from [81]: a pairs of triple-peak photons subsequently emitted are delayed
such they arrive simultaneously at a beam splitter. Time-resolved coincidences are then registered
between output ports C and D. The signal photon carries mutual phases φ1 and φ2 between peaks,
the local oscillator does not. b Time-resolved homodyne signal for photons of perpendicular (black)
and parallel (blue) polarization, with the signal photon having a phase shift in the central time bin
of φ1 = π (red). The solid traces result from summing all coincidences found within a 60ns wide
interval around each point of the trace. For some of these data points, the statistical error is shown.
c Corresponding virtual circuit if the same experiment was done in the spatial domain. The actual
physical system, consisting of one beam splitter and two detectors, would then correspond to a
six-detector setup. All time-resolved photodetections in the real system can be easily associated
with corresponding virtual detectors firing. d Relative coincidence probabilities between virtual
detectors (blue detections within the same time bin; green detections in successive time bins; red
detections two time-bins apart)

not being subject to any phase shifts between its constituents, but otherwise identical
to the signal photons. This ensures that a signal photon (including phase jumps)
and a local-oscillator photon (without phase jumps) always arrive simultaneously at
the beam splitter behind the delay lines whenever two successively emitted photons
enter the correct delay paths. Two detectors, labeled C and D, are monitoring the
output ports of this beam splitter. Their time resolution is good enough to discriminate
whether photons are detected during the first, second or third peak. The probability for
photon-photon correlations across different time bins and detectors therefore reflects
the phase changewithin the photons—i.e. the probability for correlations between the
two detectors monitoring the beam-splitter output depends strongly on the timing of
the photo detections. For instance, the coincidence probability P(Ci, Dj) for detector
C clicking in time bin i and detector D in time bin j is then

P(Ci, Dj) ∝ sin2 ((φi − φj)/2). (1.33)
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We have been exploring these phenomena [81] with the experiment illustrated in
Fig. 1.11, using two types different signal photons. One with no mutual phase shifts,
i.e. φ1 = φ2 = φ3 = 0, and the other with φ1 = 0, φ2 = π, φ3 = 0. In the first case,
signal and local oscillator photons are identical. By consequence, no correlations
between the two detectors arise (apart from a constant background level due to
detector noise). In the second case the adjacent time bins within the signal photon are
π out of phase. Therefore the probability for correlations between the two detectors
increases dramatically if the detectors fire in adjacent time bins, but it stays zero
for detections within the same time bin, and for detections occurring in the first and
third time bin. These new findings demonstrate nicely that atom-cavity systems give
us the capability of fully controlling the temporal evolution of amplitude and phase
within single deterministically generated photons. Their characterisation with time-
resolved Hong-Ou-Mandel interference used for quantum homodyning the photons
then reveals these phases again in the photon-photon correlations.

The availability of time bins as an additional degree of freedom to LOQC in an
essentially deterministic photon-generation scheme is a big step towards large-scale
quantum computing in photonic networks [82]. Arbitrary single-qubit operations
on time-bin encoded qubits seem straightforward to implement with phase-coherent
optical delay lines and active optical routing to either switch between temporal and
spatial modes, or to swap the two time bins. Controlling the atom-photon coupling
might also allow the mapping of atomic superposition states to time-binned photons
[14, 47]; and the long coherence time, combined with fast detectors, makes real-time
feedback possible during photon generation.

1.5 Cavity-Based Quantum Memories

Up to this point, we have been discussing cavity-based single-photon emission, atom-
photon state mapping, entanglement and basic linear optical phenomena using these
photons. All these processes rely on a unitary time evolution of the atom-cavity sys-
tem upon photon emission, in a process which intrinsically is fully reversible. Due to
this property, it should be possible to use atoms in strong cavity coupling as universal
nodes within a large quantum optical network. The latter is a very promising route
towards hybrid quantum computing, which has the potential to overcome many scal-
ability issues because it combines stationary atomic quantum bits with fast photonic
links and linear optical information processing in a so-called ‘quantum internet’ [83],
which is based on photon-mediated state mapping between two distant atoms placed
in spatially separated optical cavities [12]. Here, we basically summarize our model
from [14] and discuss how to expand our previous Raman scheme to capture a single
photon of arbitrary temporal shape with one atom coupled to an optical cavity, using
a control pulse of suitable temporal shape to ensure impedance matching throughout
the photon arrival, which is necessary for complete state mapping from photon to
atom. We also note that quantum networking between two cavities has recently been
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Fig. 1.12 Cavity coupling (from [14]): a photon arrives from the left and either gets reflected off
the cavity or couples to its internal modes. The three levels of the atom inside the cavity are labeled
|e〉, |x〉 and |g〉, with photon number states |0〉 and |1〉. The couplings of the control pulse and cavity
are given by Ω(t) and g respectively, and the atom is initially prepared in state |g〉

experimentally demonstrated with atomic ensembles [84, 85] and single atoms in
strong cavity coupling [17, 47].

In addition to the single-photon emission and the associated quantum state map-
ping in emission, the newly declared goal is now to find a control pulse that
achieves complete absorption of single incomingphotons of arbitrary temporal shape,
given by the running-wave probability amplitude φin(t), which arrives at one cavity
mirror.1 This relates most obviously to mapping Fock-state encoded qubits to atomic
states [12, 15], but also extends to other possible superposition states, e.g. photonic
time bin or polarisation encoded qubits [17, 45, 86].

Prior to investigating the effect of the atom-cavity and atom-laser coupling, we
briefly revisit the input-output coupling of an optical cavity in the time domain
(Fig. 1.12). Inside the cavity, we assume that the mode spacing is so large that only
one single mode of frequency ωcav contributes, with the dimension-less probability
amplitude ccav(t) determining the occupation of the one-photon Fock state |1〉. Fur-
thermore, we assume that coupling to the outside field is fully controlled by the field
reflection and transmission coefficients, r and τ , of the coupling mirror, while the
other has a reflectivity of 100%. We decompose the cavity mode into submodes |+〉
and |−〉, travelling towards and away from the coupling mirror, so that the spatio-
temporal representation of the cavity field reads

φ+(t)|+〉 + φ−(t)|−〉, (1.34)

whereΔφ = φ−(t)−φ+(t) is the change of the running-wave probability amplitude
at the coupling mirror. The latter is small for mirrors of high reflectivity, such that
ccav(t) � φ+(t)

√
tr � φ−(t)

√
tr , with tr = 2L/c the cavity’s round-trip time.

We also decompose the field outside the cavity into incoming and outgoing spatio-
temporal field modes, with running-wave probability amplitudes φin(t + z/c) and
φout (t − z/c) for finding the photon in the |in〉 and |out〉 states at time t and position

1φin(t) is the probability amplitude of the runningphoton,with
∫ +∞
−∞ |φin(t)|2dt = 1 and |φin(t)|2dt

the probability of the photon arriving at the mirror within [t, t + dt].
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z, respectively. The coupling mirror at z = 0 acts as a beam splitter with the operator
a†
−(ra+ + τain) + a†

out (τa+ − rain) coupling the four running-wave modes inside
and outside the cavity. In matrix form, this coupling equation reads

(
φ+ + Δφ

φout

)
=

(
φ−
φout

)
=

(
r τ

τ −r

) (
φ+
φin

)
(1.35)

To relate ccav(t) to the running-wave probability amplitudes, we take r ≈ 1 − κtr
and τ = √

2κtr , where κ is the field decay rate of the cavity. Furthermore, we make
use of

dccav

dt
� ccav(t + tr ) − ccav(t)

tr
= (φ− − φ+)

√
tr

tr
= Δφ√

tr
. (1.36)

With these relations, the first line of (1.35) can be written as ccav/tr + ċcav =
(1−κtr )ccav/tr +√

2κφin . Therefore (1.35) takes the form of a differential equation

(
ċcav

φout

)
=

( −κ
√
2κ√

2κ −r

) (
ccav

φin

)
. (1.37)

This describes the coupling of a resonant photon into and out of the cavity mode. The
reader might note that the result obtained from our simplified input-output model
is fully equivalent to the conclusions drawn from the more sophisticated standard
approach that involves a decomposition of the continuum into a large number of fre-
quency modes [87]. No such decomposition is applied here as we study the problem
uniquely in the time domain.

Next, we examine the coupling of a single atom to the cavity, as discussed in the
preceding sections. We again consider a three level Λ-type atom with two electron-
ically stable ground states |e〉 and |g〉, coupled by either the cavity field mode or the
control laser field to one-and-the-same electronically excited state |x〉. For the one-
photon multiplet of the generalised Jaynes-Cummings ladder, the cavity-mediated
coupling between |g, 1〉 and |x, 0〉 is given by the atom-cavity coupling strength
g, while the control laser couples |e, 0〉 with |x, 0〉 with Rabi frequency Ω(t). The
probability amplitudes of these particular three product states read ce(t), cg(t), and
cx (t), respectively, with their time evolution given by

⎛
⎜⎜⎝

ċe

ċx

ċg

φout

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

0 −iΩ(t)∗/2 0 0
−iΩ(t)/2 −γ −ig 0

0 −ig∗ −κ
√
2κ

0 0
√
2κ −r

⎞
⎟⎟⎠

⎛
⎜⎜⎝

ce

cx

cg

φin

⎞
⎟⎟⎠ , (1.38)

which is formally equivalent to the Schrödinger equation (1.26) which we’ve been
considering for single-photon shaping, but now includes the input-output relation
from (1.37). This new master equation is modelling the atom coupled to the cavity
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as an open quantum system, driven by the incoming photon, with its probability
amplitude φin(t) to be taken at z = 0, and possibly coupling or directly reflecting
light into the outgoing field with amplitude φout (t). We also note that cg(t) ≡ ccav(t)
because the state |g, 1〉 is the only atom-field product state in which there is one
photon in the cavity. On resonance, g and φin(t) are both real, and by consequence
cg(t) and ce(t) are real while cx (t) is purely imaginary. Because we are considering
only one photon, the probability of occupying |g, 0〉 is given by the overall probability
of having a photon outside the cavity, either in state |in〉 or in |out〉. These states
couple only via the cavity mirror to |g, 1〉.

The realisation of a cavity-based single-atom quantum memory is based on
the complete absorption of the incoming photon, which is described by its time-
dependent probability amplitude φin(t). This calls for perfect impedance matching,
i.e. no reflection and φout (t) = 0 at all times. This condition yields

cg(t) = φin(t)/
√
2κ (1.39)

cx (t) = i
[
ċg(t) − κcg(t)

]
/g∗ = i

[
φ̇in(t) − κφin(t)

]
/g∗√

2κ (1.40)

Ω(t)ce(t) = 2
[
i ċx (t) + iγ cx (t) − gcg(t)

]
. (1.41)

With the photon initially completely in the incoming state |in〉, i.e. ∫ |φin(t)|2dt = 1,
and the atom-cavity system in state |g, 0〉, the continuity balance yields

|ce(t)|2 = |c0|2 − |cg(t)|2 − |cx (t)|2 +
∫ t

−∞
[|φin(t ′)|2 − 2γ |cx (t ′)|2]dt ′, (1.42)

including an offset term |c0|2 to account for a small non-zero initial occupation of
|e, 0〉. The relevance of this term becomes obvious in the following. From (1.40,
1.41, 1.42), we obtain the Rabi frequency of the driving pulse,

Ω(t) = 2
[
i ċx (t) + iγ cx (t) − gcg(t)

]
√

|c0|2 − |cg(t)|2 − |cx (t)|2 + ∫ t
−∞[|φin(t ′)|2 − 2γ |cx (t ′)|2]dt ′

, (1.43)

necessary for full impedance matching over all times. In turn this assures complete
absorption of the incoming photon by the atom-cavity system.We emphasize here the
close similarity of this novel expression with the analytic form of the driving pulse
needed for the emission of shaped photons, (1.31). This is not a coincidence. The
photon absorption discussed here is nothing else than a time-reversal of the photon
emission process. If we disregard any losses and also assume the final occupation
of |e, 0〉 after a photon emission equals the initial occupation of that state prior to a
photon absorption, then the required Rabi frequency Ω(t) for absorption is the exact
mirror image in time of the Rabi frequency used for photon generation.

Let us now consider physically realistic photons restricted to a finite sup-
port of well-defined start and end times, tstart and tstop, starting smoothly with
φin(tstart ) = d

dt φin(tstart ) = 0, but of non-zero second derivative. Therefore (1.41)
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Fig. 1.13 Impedance
matching (from [14]):
incoming sin2 photon
(dotted). Case a Empty
cavity, all reflected (dashed);
case b system prepared in
|g, 0〉, small reflection
(dash-dotted); case c small
initial population in |e, 0〉,
reflection suppressed (thin
solid). The control pulse
(thick solid) is derived to
match case (c)
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yields Ω(tstart )ce(tstart ) �= 0. This necessitates a small initial population in state
|e, 0〉 because otherwise perfect impedance matching with |c0|2 = 0 is only possible
with photons of infinite duration.

To illustrate the power of the procedure and the implications of the constraints to
the initial population, we apply the scheme to a typical photon shapes that one may
obtain from atom-cavity systems. We consider a cavity with parameters similar to
one of our own experimental implementations, with (g, κ, γ ) = 2π×(15, 3, 3)MHz
and a resonator length of L = 100μm. As an example, we assume that a symmetric
photon with φin(t) ∝ sin2(π t/τphoton) arrives at the cavity. For a photon duration
of τphoton = 3.14μs, Fig. 1.13 shows φin(t), Ω(t) and the probability amplitude
of the reflected photon, φout (t), as a function of time. The latter is obtained from
a numerical solution of (1.38) for the three cases of (a) an empty cavity, (b) an
atom coupled to the cavity initially prepared in |g, 0〉, with |c0| = 0, and (c) a
small fraction of the atomic population initially in state |e, 0〉, with |c0|2 = 0.5%.
In all three cases, the Rabi frequency Ω(t) of the control pulse is identical. It has
been calculated analytically assuming a small value of |c0|2 = 0.5% (this choice
is arbitrary and only limited by practical considerations, as will be discussed later).
From these simulations, it is obvious the photon gets fully reflected if no atom is
present (case a), albeit with a slight retardation due to the finite cavity build-up time.
Because the direct reflection of the coupling mirror is in phase with the incoming
photon and the light from the cavity coupled through that mirror is out-of phase by
π , the phase of the reflected photon flips around as soon as ccav(t) = φin(t)/

√
2κ .

This shows up in the logarithmic plot as a sharp kink in φout (t) around t = 0.13μs.
The situation changes dramatically if there is an atom coupled to the cavity mode.

For instance, with the initial population matching the starting conditions used to
derive Ω(t), i.e. case (c) with ρ0 = 0.5%, no photon is reflected. The amplitude
of |φout (t)|2 remains below 10−12, which corresponds to zero within the numerical
precision. However, for the more realistic case (b) of the atom-cavity system well
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Fig. 1.14 Storage efficiency (mapping the photon to |e, 0〉, solid line) and impedance mismatch
(back-reflecting the photon, dashed line) as a function of the cooperativity, C = g2/(2κγ ) (from
[14]). The dotted line shows the maximum possible efficiency. Both efficiency and impedance
mismatch have been numerically calculated for κ = γ = 2π3MHz using symmetric sin2 pulses
of 3.14μs duration, with control pulses modelled according to (1.41–1.43) to achieve optimum
impedance match

prepared in |g, 0〉, the same control pulse is not as efficient, and the photon is reflected
off the cavity with an overall probability of 0.5%. This matches the “defect” in the
initial state preparation, and can be explained by the finite cavity build-up time
leading to an impedance mismatch in the onset of the pulse.

We emphasise that this seemingly small deficiency in the photon absorption
might become significant with photons of much shorter duration. For instance, in
the extreme case of a photon duration τphoton < κ−1, building up the field in the
cavity to counterbalance the direct reflection by means of destructive interference is
achieved most rapidly without any atom. Any atom in the cavity will act as a sink,
removing intra-cavity photons. With an atom present, a possible alternative is to start
off with a very strong initial Rabi frequency of the control pulse. This will project
the atom-cavity system initially into a dark state, so that the atom does not deplete
the cavity mode. Nonetheless, the initial reflection losses would still be as high as
for an empty cavity.

To illustrate the interplay of impedancematching andmemory efficiency, Fig. 1.14
shows the reflection probability and the memory efficiency (excitation transfer to
|e, 0〉) as a function of the cooperativity, C = g2/(2κγ ). Obviously, the impedance
matching condition is always met, but the efficiency varies. For C > 1, it asymp-
totically reaches the predicted optimum [88] of 2C/(2C + 1), but it drops to zero
at C = 1/2 (i.e. for g = κ = γ ). In this particular case, the spontaneous emission
loss via the atom equals the transmission of the coupling mirror. Hence the coupled
atom-cavity system behaves like a balanced Fabry-Perot cavity, with one real mir-
ror being the input coupler, and the spontaneously emitting atom acting as output
coupler. Therefore the photon goes into the cavity, but is spontaneously emitted by
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the atom and gets not mapped to |e, 0〉. This limiting case furthermore implies that
impedance matching is not possible for C < 1/2, as the spontaneous emission via
the atom would then outweigh the transmission of the coupling mirror. The appli-
cation of our formalism therefore fails in this weak coupling regime (actually, the
evaluation of (1.42) would then yield values of |ce|2 < 0, which is not possible).

The photon reabsorption scheme discussed here, together with the earlier intro-
duced method for generating tailored photons [41, 80, 81], constitute the key to
analytically calculating the optimal driving pulses needed to produce and absorb
arbitrarily shaped single-photons (of finite support) with three level Λ-type atoms
in optical cavities. This is a sine qua non condition for the successful implemen-
tation of a quantum network. It is expected that this simple analytical method will
have significant relevance for those striving to achieve atom-photon state transfer
in cavity-QED experiments, where low losses and high fidelities are of paramount
importance.

1.6 Future Directions

We have discussed a large variety of ways for producing single photons from simple
quantum systems. The majority of these photon-production methods lead to on-
demand emission of narrowband and indistinguishable photons into a well defined
mode of the radiation field, with efficiencies that can be very close to unity. Therefore
these photons are ideal for all-optical quantum computation schemes, as proposed
by Knill et al. [2]. These sources are expected to play a significant role in the imple-
mentation of quantum networking [12] and quantum communication schemes [89].

The atom- and ion-based sources have already shown to be capable of entangling
and mapping quantum states between atoms and photons [45, 46]. Processes like
entanglement swapping and teleportation between distant atoms or ions, that have
first been studied without the aid of cavities [69, 70, 86, 90, 91] are beginning to
benefit enormously from the introduction of cavity-based techniques [17, 47, 48],
as their success probability scales with the square of the efficiency of the photon
generation process. The high efficiency of cavity-based photon sources also opens
up new avenues towards a highly scalable quantum network, which is essential for
providing cluster states in one-way quantum computing [92] and for the quantum
simulation of complex solid-state systems [93].
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