
Chapter 2
A Bayesian Approach to Haptic
Teleoperation Systems

Nomenclatures

t Continuous time at the master manipulator
ts Continuous time at the slave manipulator
k Discrete time of master clock
ks Discrete time of slave clock
kd Delayed time of master clock
kds Delayed time of slave clock
nm Delay variable from the master
ns Delay variable from the slave
xm Master position
xs Position received at the slave
x̂m Estimated/predicted master position at the slave
fs Slave force
fm Force received at the slave
f̂m Estimated/predicted slave force at the master
wm Importance weight of the master
~wm Normalized importance weight of the master
ws Importance weight of the slave
~ws Normalized importance weight of the slave
N Number of particles
q Importance distribution
g1, g2 State transition functions
h1, h2 Observation transition functions
l1, l2 State noises
r1, r2 Observation noises

Unreliable network behaviors, such as time-varying delay, packet loss, and other
path characteristics, are in general described by random processes. In the real
network environment, delay jitter is observed since packets are transmitted through
multiple intermediate nodes with random queuing delays. The delay increases
randomly when packets are congested over the network with limited bandwidth.
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Consequently, such congested network causes packet loss, which is also a random
behavior. In this chapter, based on the stochastic nature of the network, we present a
stochastic representation for haptic data, which may be time-varying delayed or lost
over the network. A Bayesian approach,1 which models uncertainty as stochastic
variables, is proposed to estimate or predict haptic position and force data through
unreliable network conditions. We also propose a practical solution of the Bayesian
approach, which is known as a robust tracking method for nonlinear problems.

This chapter is organized as follows. In Sect. 2.1, we present a state-space
representation of haptic data over the unreliable network in order to perform the
stochastic estimation or prediction. Based on the state-space representation, a
Bayesian approach that finds the optimal estimates of position and force data is
presented in Sect. 2.2. As a practical solution, the Bayesian particle filter is pro-
posed in Sect. 2.3 in order to estimate or predict position and force data over
unreliable network conditions.

2.1 State-Space Representations of Haptic Data
Over the Network

A haptic teleoperation system or a haptic interface that exchanges position and force
data over the network is shown in Fig. 2.1. In the uplink transmission of the
network, position data from a master manipulator are transmitted to a slave
manipulator through the network. Based on the movements of the master manip-
ulator, reflected force data are generated by any contact of the slave manipulator
with the remote environment, and then they are fed into the master manipulator in
the downlink transmission. The master and slave manipulators, which are interfaced
with the human operator and remote environment, respectively, are continuous
systems, whereas position and force data transmitted through the network are
sampled data in discrete time. When the discrete position and force data are
transmitted over unreliable network conditions, such as time-varying delay and
packet loss, they can be formulated in nonlinear state-space models to perform the
proposed stochastic estimation or prediction.

2.1.1 Uplink Transmission

In the uplink transmission of Fig. 2.1, xm k½ �, which is sampled from a continuous
movement xh t½ �, is multiple-degree of freedom (m-DoF) true position vector in a
discrete time k, where k represents a time instance of local clock at the master
manipulator. The master position xm k½ � is transmitted through the network, and the

1Basics of the Bayesian statistics are presented in Appendix A.
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received position at the slave manipulator is represented as xs½kd�, where kd is a
delayed time instance from the master manipulator. Since the network delay varies
over time, kd is given by

kd ¼ k þ nm k½ � ð2:1Þ

where nm k½ � represents a time-varying delay in the uplink transmission, and it can
be expressed as a function of time k. Note that when the network delay is constant,
nm k½ � is not necessarily a function of time k, so (2.1) becomes kd ¼ k þ nm. Hence,
the delayed position at the slave manipulator is xs k þ nm½ � ¼ xm k½ �, which can be a
deterministic signal rather than a stochastic variable. In order to perform the sto-
chastic estimation or prediction, we first define a state-space model of position data
flow through the network. The state vector is given by

xm k½ � ¼ g1 xm k � 1½ � þ l1 k � 1½ �ð Þ ð2:2Þ

where xm k½ � and xm k � 1½ � are the current and previous states, respectively.
l1 k � 1½ � is the state noise, which may be a nonnormal2 distribution. g1 �ð Þ is the
nonlinear state transition function, which represents the human movement from the
master manipulator. In the stochastic estimation or prediction problem, the objec-
tive is to find the state using observations.3 The observation vector is given by

xs kd½ � ¼ h1 xm k½ � þ r1 kd½ �ð Þ ð2:3Þ

where xs kd½ � is the observation vector, r1 kd½ � is the observation noise, and h1 �ð Þ is
the nonlinear observation function. The state and observation processes in the
uplink transmission are visualized in Fig. 2.2. In this figure, the master positions
xm k � 1½ �; xm k½ �; xm k þ 1½ �f g are the hidden states, which are not directly

Network Slave
Manipulator

Master
Manipulator

Remote
environment

Human
operator

Uplink transmission

Downlink transmission

: Master clock

: Slave clock

Fig. 2.1 A haptic teleoperation system that exchanges position and force data over the network

2A random variable with a Gaussian distribution is said to be normally distributed.
3An observation is also called a measurement.
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observable from the slave manipulator. The current state depends only on the
previous state4 so that a state transition in (2.2) is described by a prior distribution,
which is p xm k½ � xmj k � 1½ �ð Þ: The received positions xs kd � 1½ �; xs kd½ �; xs kd þ 1½ �f g
are the observations at the slave manipulator, which depend on the states. This
observation process in (2.3) is described by a likelihood distribution, which is
p xs kd½ � xmj k½ �ð Þ.5 Note that since this position data flow is modeled based on a
Markov process with unobserved hidden states, such stochastic model is also called
a hidden Markov model [2].

When the delayed position data are received at the slave manipulator, they need
to be represented by time instances of local clock at the slave manipulator, which
are ks � 1; ks; ks þ 1f g. Assuming that the clocks of master and slave manipulators
are synchronized, the representations of delayed position data at the slave manip-
ulator are shown in Fig. 2.3. In the presence of constant delay, which is shown in
Fig. 2.3a, we simply have ks ¼ kd because kd is not actually varying. Note that kd0 is
the delay of initial master position, which is given by kd0kd0 ¼ nm 0½ �. When the
time-varying delay is introduced, which is shown in Fig. 2.3b, the sample xm k þ 1½ �
is further delayed in this example. While the slave clock runs at its sampling rate
(e.g. 1 kHz), the slave manipulator holds the last received sample xs kd½ � so that
xs ks þ 1½ � ¼ xs kd½ � in this case. Therefore, in the presence of time-varying delay, we
can have ks 6¼ kd. For the last case, the packet loss behavior is illustrated in
Fig. 2.3c. In this example, the sample xs kd½ � is lost during the network transmission.

Observations
(slave side)

States
(master side)

(Likelihood distribution)

(Prior distribution)

Observation process

State transition

Network

Fig. 2.2 State and observation processes of position data in the uplink transmission. The current
state at the master manipulator depends on the previous state, and the current observation depends
on the current state

4This is a first-order Markov process. The current state does not depend on previous trajectory, but
only the previous state. i.e. p xm k½ � xmj k � 1½ �; xm k � 2½ �; . . .; xm 0½ �ð Þ ¼ p xm k½ � xmj k � 1½ �ð Þ.
5p xm k½ � xmj k � 1½ �ð Þ describes the distribution of the current state conditioned on the previous
state whereas p xs kd½ � xmj k½ �ð Þ describes the distribution of the current observation conditioned on
the current state.
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Fig. 2.3 Representations of delayed position data at the slave manipulator. a Constant delay case.
b Time-varying delay (increasing delay) case. In this example, the slave manipulator holds the last
received sample. c Packet loss case. In this example, the slave manipulator does not hold the last
received sample, so that xs ks½ � ¼ 0
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While the slave clock runs at its sampling rate, the slave manipulator uses the
strategy that the unreceived sample becomes null data, which is xs ks½ � ¼ 0. Note
that in this packet loss case, it is also possible to choose the strategy used in
Fig. 2.3b so that xs ks½ � ¼ xs kd � 1½ �, instead of xs ks½ � ¼ 0.

2.1.2 Downlink Transmission

A force data flow in the downlink transmission of the network is shown in Fig. 2.1.
Once a slave position is obtained at the discrete time instance ks, the slave
manipulator interacts with the remote environment by converting to a continuous
position xe ts½ �. When position and force data are transmitted with an equal sampling
rate (e.g. 1 kHz), a continuous force fe ts½ � is generated by any contact with the
remote environment and is sampled as fs ks½ � for transmitting over the network. The
received force at the master manipulator, which is delayed over the network, is
fm kds½ �, and the delayed time instance kds½ � is given by

kds ¼ ks þ ns ks½ �: ð2:4Þ

ns ks½ � represents a time-varying delay in the downlink transmission, which is
expressed as a function of time ks. When ns ks½ � is a constant delay, ns ks½ � is not
varying over time so that (2.4) becomes kds ¼ ks þ ns. Hence, the delayed force at
the master manipulator is fm ks þ ns½ � ¼ fs ks½ �, which can be a deterministic signal
rather than a stochastic variable. In order to perform the proposed stochastic esti-
mation or prediction, we first define a state-space model of force data flow in the
downlink transmission. The state vector is given by

fs ks½ � ¼ g2 fs ks � 1½ � þ l2 ks � 1½ �ð Þ ð2:5Þ

where fs ks½ � and fs ks � 1½ � are the current and previous states, respectively.
l2 ks � 1½ � is the state noise that may be a nonnormal distribution. g2 �ð Þ is the
nonlinear state transition function, which represents the force trajectory from the
slave manipulator. The observation vector is given by

fm kds½ � ¼ h2 fs ks½ � þ r2 kds½ �ð Þ ð2:6Þ

where fm kds½ � is the observation vector, r2 kds½ � is the observation noise, and h2 �ð Þ is
the nonlinear observation function. As illustrated for the state and observation
processes of position data in Fig. 2.2, the slave force fs ks½ � is the hidden state and is
not directly observable from the master manipulator. The current state only depends
on the previous state, which is described by p fs ks½ � fsj ks � 1½ �ð Þ. The observation
vector fm kds½ �, which is the received force at the master manipulator, depends on the
state, described by p fm kds½ � fsj ks½ �ð Þ.

16 2 A Bayesian Approach to Haptic Teleoperation Systems



In order to represent the delayed force in terms of the time instance of master
clock, we use the strategies shown in Fig. 2.3. In the presence of constant delay,
because kds is not varying, we simply have k0 ¼ kds. Note that k0 is a delayed time
instance of the master clock, which may be expressed as k0 ¼ k þ kds0 , and kds0 is
the delay of initial slave force such as kds0 ¼ ns 0½ �. In the presence of time-varying
delay, we can have k0 6¼ kds as shown in the example of Fig. 2.3b. When the packet
loss occurs, as presented in Fig. 2.3c, the unreceived force sample becomes null
data, which becomes zero.

2.2 A Bayesian Approach for Haptic Teleoperation Systems

Given the state-space models for the uplink transmission (2.2) and (2.3), and the
downlink transmission (2.5) and (2.6), the objective is to find the states by using
the stochastic estimation or prediction. In this section, a Bayesian approach is
considered, in which the estimation or prediction is recursively performed by
computing the states given available observations. A haptic teleoperation system
based on the estimation or prediction method is shown in Fig. 2.4. In this figure, the
estimates of the states in the uplink and downlink transmissions are denoted as x̂m
and f̂ s, respectively.

2.2.1 Uplink Transmission

In a Bayesian approach, the estimate of position data x̂m ks½ � can be obtained using
the previous state xm ks � 1½ � and available observation xs kd0 :kd½ �. Note that
xs kd0 :kd½ � represents the received positions at the slave manipulator from the initial
time kd0 to kd. The process to find the state x̂m ks½ � based on the state-space model of
the uplink transmission is shown in Fig. 2.5.

Network Slave
Manipulator

Master
Manipulator

Uplink transmission

Downlink transmission

: Master clock

: Slave clock

Estimation /
prediction

Estimation /
prediction

Fig. 2.4 A haptic teleoperation system based on the prediction or estimation to compensate for
unreliable network conditions, such as time-varying delay or packet loss
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In this Bayesian approach, since the state is computed given the observations, it
is a problem to construct a posterior distribution, which is p xm ks½ � xsj kd0 :kd½ �ð Þ.
A posterior distribution is a distribution of an unknown quantity, which is condi-
tioned on an observation. The optimal solution that finds the state using the
posterior distribution is given by [3, 7]

E xm ks½ � xsj kd0 :kd½ �ð Þ ¼
Z

xm ks½ �p xm ks½ � xsj kd0 :kd½ �ð Þdxm ð2:7Þ

where E �ð Þ denotes the expectation. The posterior distribution in (2.7) is recursively
computed by using the following two steps [3, 7]:

p xm ks½ � xsj kd0 :kd � 1½ �ð Þ ¼
Z

p xm ks½ � xmj ks � 1½ �ð Þp xm ks � 1½ � xsj kd0 :kd � 1½ �ð Þdxm
ð2:8Þ

p xm ks½ � xsj kd0 :kd½ �ð Þ ¼ p xs kd½ � xmj ks½ �ð Þp xm ks½ � xsj kd0 :kd � 1½ �ð Þ
p xs kd½ � xsj kd0 :kd � 1½ �ð Þ ð2:9Þ

Equations (2.8) and (2.9) are called the prediction and update steps, respectively.
The prediction step (2.8) is evolved from the posterior distribution at the previous
time instance, which is p xm ks � 1½ � xsj kd0 :kd � 1½ �ð Þ. Then, the update step (2.9) is
evolved from the prediction step (2.8), given the observation at the current time
instance kd.

In general, the computations of (2.8) and (2.9) are not directly solvable. Hence,
Bayesian filters, such as the Kalman filter and the Bayesian particle filter, are used
in real-world applications for the practical computation of the posterior distribution.
In the case of Kalman filter, which sequentially deduces the optimal solution, we
should assume that the state noise l1 k½ � in (2.2) and observation noise r1 kd½ � in (2.3)
have normal distributions. Furthermore, the state and observation transition func-
tions g1 �ð Þ and h1 �ð Þ need to be assumed as linear equations. Given these
assumptions, the estimates of position and force data can be obtained by sequen-
tially deducing the distributions in (2.8) and (2.9) of the optimal solution [4].

When the transition functions are nonlinear or the noise sequences are not
normally distributed, which may be observed more frequently in real-world

Bayesian
filter

State Observation Find state

Network

Fig. 2.5 A Bayesian approach to find the state, given the observation in the uplink transmission
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applications, the Bayesian particle filter provides a robust tracking performance [5].
In this thesis, we focus our attention on the Bayesian particle filter to estimate or
predict position and force data. A haptic teleoperation system using the proposed
Bayesian particle filter is presented in Sect. 2.3.

2.2.2 Downlink Transmission

In the downlink transmission, the estimate of force data f̂ s k0½ � can be obtained using
the previous state fs k0 � 1½ � and available observation fm kds0 : kds½ �, where
fm kds0 :kds½ � represents the received forces at the master manipulator from the initial
time kds0 to kds. The process to find the state f̂ s k0½ � based on the state-space model of
the downlink transmission is shown in Fig. 2.6.

Similar to the uplink transmission, the optimal solution of force data based on the
Bayesian approach is given by

E fs k0½ � fmj kds0 :kds½ �ð Þ ¼
Z

fs k0½ �p fs k0½ � fmj kds0 :kds½ �ð Þdfs: ð2:10Þ

This optimal solution (2.10) can be obtained by recursively computing the pre-
diction step p fs k0½ � fmj kds0 :kds � 1½ �ð Þ and the update step p fs k0½ � fmj kds0 :kds½ �ð Þ, as
presented in (2.8) and (2.9). Since we assume that the transition functions are
nonlinear or noises are not necessarily normal distributions, such as (2.5) and (2.6),
we focus our attention on the Bayesian particle filter for tracking force data in the
downlink transmission.

2.3 Bayesian Particle Filter for Haptic
Teleoperation Systems

In the Bayesian particle filter, the required posterior distributions in (2.7) and (2.10)
are represented by a set of random samples with associated weights. This is a
sequential Monte Carlo method that requires a number of random samples in order

stateObservationFind state

Network
Bayesian

filter

Fig. 2.6 A Bayesian approach to find the state, given the observation in the downlink
transmission
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to obtain the estimated or predicted states. As a number of samples increases, this
Monte Carlo characteristic represents the required posterior distribution, and
therefore, the Bayesian particle filter approaches to the optimal solution.

2.3.1 Uplink Transmission

Using the Bayesian particle filter, the posterior distribution in the uplink trans-
mission (2.9) is empirically approximated by drawing a set of randomly chosen
weighted samples such that [5]

p xm ks½ � xsj kd0 :kd½ �ð Þ � 1
N

XN
i¼1

~wi
m ks½ �d xm ks0 :ks½ � � xim ks0 :ks½ �� �

, p̂ xm ks½ � xsj kd0 :kd½ �ð Þ ð2:11Þ

where d �ð Þ is the Dirac delta function, N is the number of particles, and p̂ �ð Þ is the
approximation of posterior distribution. A particle refers a sample in order to
represent a set of states according to probability distributions. In (2.11), the pos-

terior distribution can be represented by the set of random samples xim ks0 :ks½ �� �N
i¼1

with associated weights wi
m ks½ �� �N

i¼1, where time instance ks0 denotes the initial
time instance of slave local clock. The weight wi

m ks½ � is called the importance
weight, which is given by

wi
m ks½ � ¼ p xim ks0 :ks½ � xsj kd0 :kd½ �� �

q xim ks0 :ks½ � xsj kd0 :kd½ �� � ð2:12Þ

where q �ð Þ in the denominator is called an importance distribution, and ~wi
m ks½ � in

(2.11) is a normalized importance weight given by

~wi
m ks½ � ¼ wi

m ks½ �=
XN
i¼1

wi
m ks½ �: ð2:13Þ

Computing the importance weight (2.12) involves the whole previous trajectory
of state, which may require high computational complexity. Hence, we reformulate
(2.12) in a recursive form by factorizing6 q �ð Þ such that

q xm ks0 :ks½ � xsj kd0 :kd½ �ð Þ ¼ q xm ks½ � xmj ks � 1½ �; xs kd0 :kd½ �ð Þ
� q xm ks0 :ks � 1½ � xsj kd0 :kd � 1½ �ð Þ ð2:14Þ

6Factorization of joint distribution is given by p a; b cjð Þ ¼ p a bj ; cð Þp b cjð Þ:
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The numerator in (2.12) can be also written in a factorized form that allows
computing the posterior distribution sequentially. Based on these factorized forms,
a new recursive and time-update form of the importance weight can be computed as

wi
m ks½ � ¼ ~wi

m ks � 1½ � p xs kd½ � xim
�� ks½ �� �

p xim ks½ � xim
�� ks � 1½ �� �

q xim ks½ � xim
�� ks � 1½ �� �

; xs kd½ � : ð2:15Þ

This importance weight is associated with the state xim ks½ � at time ks for ith
particle. After the factorization, the previous trajectory of state is not necessarily
computed. Hence, the posterior distribution in (2.11) can be simplified as

p xm ks½ � xs kd0 :kd½ �jð Þ � 1
N

XN
i¼1

~wi
m ks½ �d xm ks½ � � xim ks½ �� � ð2:16Þ

where the importance weight is (2.15). The recursive computation (2.15) depends
on the choice of the importance distribution q �ð Þ, which is the denominator of
(2.15). One of the most popular choices is to employ a prior distribution such as

q xim ks½ � xmj i ks � 1½ �; xs kd½ �� � ¼ p xim ks½ � xmj i ks � 1½ �� �
: ð2:17Þ

Substituting (2.17) into (2.15), Eq. (2.15) is simplified as

wi
m ks½ � ¼ ~wi

m ks � 1½ �p xs kd½ � xmi
�� ks½ �� �

: ð2:18Þ

Using (2.18), implementing the proposed Bayesian particle filter can be more
easily achieved, since only the likelihood distribution in (2.18) needs to be com-
puted in order to compute the approximated posterior distribution (2.16).

One of the issues using the Bayesian particle filter in practice is that the recursive
computation (2.16) may diverge as iterations proceed. In order to avoid such
divergence problem, the resampling step needs to be performed by using the
associated importance weights. When cumulative distribution functions (CDFs) of

the normalized weights ~wi
m ks½ �� �N

i¼1 are constructed, each element of the CDF is
compared with a uniformly distributed function to determine whether the weights
are relatively high or low. Based on this determination, the samples with low
weights are eliminated, and the samples with high weights are retained for esti-

mating or predicting the states. Therefore, a new set of states xim ks½ �� �N
i¼1 is gen-

erated, and this procedure is repeated for the next time instance. A general process
of the Bayesian particle filter including the resampling step is also presented in
Appendix A.3.
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2.3.2 Downlink Transmission

Using the Bayesian particle filter, the posterior distribution of the downlink
transmission in (2.10) is also empirically approximated by drawing a set of ran-
domly chosen weighted samples such that

p̂ fs k0½ � fmj kds0 :kds½ �ð Þ ¼ 1
N

XN
i¼1

~wi
s k

0½ �d fs k0½ � � f is k
0½ �� �
: ð2:19Þ

The importance weight in (2.19) can be computed recursively by selecting the
importance distribution q �ð Þ as a prior distribution. Hence, the simplified form of
the importance weight for the downlink transmission is given by

wi
s k

0½ � ¼ ~wi
s k

0 � 1½ �p fm kds½ � fsj i k0½ �� �
: ð2:20Þ

The implementation to obtain the estimate of force data can be relatively easy in
practice, since we only need to compute the likelihood distribution in (2.20). After
normalizing the importance weight as ~wi

s k
0½ � ¼ wi

s k
0½ �=PN

i¼1 w
i
s k

0½ �, the resampling

step needs to be performed to regenerate a new set of states f is k
0½ �� �N

i¼1 based on the
associated importance weights. In addition to the uplink transmission, the entire
processes of the Bayesian particle filter, including the initialization, prediction,
update, resampling, and iteration steps, are described in Table 2.1.

Table 2.1 Bayesian particle
filters for the uplink and
downlink transmissions

1. Initialization step

Initialize states xim ks0½ �� �N
i¼1, f is k00

� �� �N
i¼1 by initial

distributions, which may be known or chosen randomly

2. Prediction step

Predict states xm ks þ 1½ �, fs k0 þ 1½ �, by distributions
p xm ks þ 1½ �ð Þ xim

�� ks½ �; p fs k0 þ 1½ � fsj i k0½ �� �
3. Update step

Compute importance weights ~wi
m ks½ �� �N

i¼1 (2.18) and

~wi
s k

0½ �� �N
i¼1 (2.20)

4. Resampling step

Draw N new states according to associated importance weights

as xim ks½ �� �N
i¼1 and f is k

0½ �� �N
i¼1

5. Iteration step

Set k ¼ k þ 1, ks ¼ ks þ 1 and repeat from Step (2)
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2.4 Discussion

The Bayesian particle filter introduced in Sect. 2.3 can be used in either prediction
or estimation depending on the availability of observation. When a sample is lost
during the network transmission, the observation at the corresponding time instance
is not available at the receiving manipulator. In this case, the proposed Bayesian
particle filter performs the prediction using the observations up to the past time
instances. This practical approach of the Bayesian particle filter in the case of the
packet loss and time-varying delay is presented in Chap. 4.

In Sect. 2.3, the Bayesian particle filter is applied only to find the estimates of
position and force data. In the current network technology based on the Internet, the
delay, which is time varying depending on network traffic conditions, is often
expected to be estimated or predicted for further improvement in performance
[1, 6]. Using the Bayesian particle filter, the estimate of network delay in addition to
position and force data is considered and presented in Appendix B. In the uplink
transmission, a concatenated vector, which consists of the position vector and the
time-varying delay nm k½ �, is constructed and processed by the Bayesian particle
filter in order to solve a multivariable estimation problem. A similar process is
performed for the downlink transmission by constructing a concatenated vector of
the time-varying delay ns ks½ � and force data.
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