
Chapter 2
Colliding Bodies Optimization Algorithms

2.1 Introduction

This chapter consists of two parts. In part 1, the recently developed one dimensional
Colliding Bodies Optimization (1D-CBO) algorithm is presented [1]. This is a
multi-agent metaheuristic algorithm that is conceptualized using the one-dimensional
collisions between bodies, with each agent solution being considered as an object or
body with mass. The main advantage of this version is that it does not require tuning
internal parameters for the decision variables (no parameter tuning).

In part 2, the two dimensional version of the CBO, denoted as 2D-CBO, is
described. In this version, a memory is added to the CBO formulation to improve
the performance of the algorithm [2]. This addition increases the exploitation ability
and convergence rate of the CBO. Comparative studies illustrate the superiority of
the 2D-CBO algorithm compared to those previously reported in the literature.

An inequality constrained optimization problem can formally be stated as:

Find X ¼ x1; x2; x3; . . .; xn½ �
to minimize MerðXÞ ¼ f Xð Þ � fpenaltyðXÞ
subjected to gkðXÞ� 0; k ¼ 1; 2; . . .;m

xjmin � xj � xjmax

ð2:1Þ

where X is the vector of design variables with n unknowns, gk is the kth constraint
from m inequality constraints and Mer(X) is the merit function; f(X) is the objective
function. Also, xjmin and xjmax are the lower and upper bounds of variable vector,
respectively. fpenalty(X) is the penalty function which transforms the constrained
optimization problem into an unconstrained one as follows:

fpenaltyðXÞ ¼ 1þ cp
Xm
k¼1

maxð0; gkðxÞÞ ð2:2Þ

where γp is penalty multiplier.
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2.2 One-Dimensional Colliding Bodies Optimization

The one-dimensional Colliding Bodies Optimization (CBO) algorithm is a new
physical-inspired multi-agent metaheuristic algorithm. This algorithm is concep-
tualized using the one-dimensional collisions between bodies, with each agent
solution being considered as an object or body with mass. After a collision of two
moving bodies having specified masses and velocities, these bodies are separated
with new velocities. This collision causes the agents to move toward better posi-
tions in the search space. The CBO algorithm does not require tuning internal
parameters for the decision variables (no parameter tuning). Furthermore, instead of
gradient-based algorithms, the CBO algorithm uses a stochastic random search and
simple formulation to find minimum or maximum of functions. Compared to earlier
meta-heuristic optimization algorithms, numerical results show that CBO is com-
petitive and can be easily adopted for various types of engineering optimization
problems [1].

Since CBO algorithm mimics one-dimensional collision, this part starts with
describing the physical laws of one-dimensional collision between two objects to
formulate the standard CBO algorithm. Then the mathematical formulation of this
algorithm is presented, and its flowchart is shown. In the rest of this part, we first
show performance of this algorithm on optimization of well-known test problems,
then compare the obtained results of this algorithm with other state-of-the-art
metaheuristic methods. Thereafter, we describe the features and advantages of this
algorithm.

2.2.1 The Physical Laws of Collision

Collision is a physical process which has occurred in our daily life such as two
objects colliding with each other, two balls colliding in the billiard game, or col-
lision of cars in accident events.

Collisions between bodies are governed by the conversation laws of momentum
and energy. Consider two bodies with masses of m1 and m2, which are moving in
1-dimensional space. These two bodies collide with each other as shown in Fig. 2.1.
Provided that there are no net external forces acting upon the objects, the
momentum of all objects before the collision equals the momentum of all objects
after the collision.

The conservation of the total momentum demands that the total momentum
before the collision is the same as the total momentum after the collision, and can
be expressed by the following equation:

m1v1 þ m2v2 ¼ m1v01 þ m2v02 ð2:3Þ
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Likewise, the conservation of the total kinetic energy is expressed as:

1
2
m1v

2
1 þ

1
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2
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m1v

02
1 þ 1

2
m2v

02
2 þ Q ð2:4Þ

where v1 is the initial velocity of the first object before impact, v2 is the initial
velocity of the second object before impact, v01 is the final velocity of the first object
after impact, v02 is the final velocity of the second object after impact, m1 is the mass
of the first object, m2 is the mass of the second object and Q is the loss of kinetic
energy due to the impact [3].

The formulas for the velocities after a one-dimensional collision are:

v01 ¼
ðm1 � em2Þv1 þ ðm2 þ em2Þv2

m1 þ m2
ð2:5Þ

v02 ¼
ðm2 � em1Þv2 þ ðm1 þ em1Þv1

m1 þ m2
ð2:6Þ

where e is the Coefficient Of Restitution (COR) of the two colliding bodies, defined
as the ratio of relative velocity of separation to relative velocity of approach:

e ¼ v02 � v01
�� ��
v2 � v1j j ¼

v0

v
ð2:7Þ

According to the coefficient of restitution, there are two special cases of any
collision as follows:

1. A perfectly elastic collision is defined as the one in which there is no loss of
kinetic energy in the collision (Q ¼ 0 and e ¼ 1). In reality, any macroscopic
collision between objects will convert some kinetic energy to internal energy
and other forms of energy. In this case, after collision, the velocity of separation
is high.
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V
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m
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m
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Fig. 2.1 The collision
between two bodies: before
and after the collision
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2. An inelastic collision is the one in which part of the kinetic energy is changed to
some other form of energy in the collision. Momentum is conserved in inelastic
collisions (as it is for elastic collisions), but one cannot track the kinetic energy
through the collision since some of it will be converted to other forms of energy.
In this case, coefficient of restitution does not equal to one (Q 6¼ 0 and e� 1). In
this case, after collision the velocity of separation is low.

For the most real objects, the value of e is between 0 and 1.

2.2.2 Mathematical Formulation of the CBO Algorithm

2.2.2.1 Theory

The main objective of the present chapter is to formulate a new simple and efficient
meta-heuristic algorithm which is called Colliding Bodies Optimization (CBO).
In CBO, each solution candidate Xi containing a number of variables
(i.e. Xi ¼ fxi;jg) is considered as a colliding body (CB). The CBs are composed of
two main equal groups; i.e. stationary and moving objects, where the moving
objects move to follow stationary objects and a collision occurs between pairs of
objects. This is done for two purposes: (i) to improve the positions of moving
objects; (ii) to push stationary objects towards better positions. After the collision,
new positions of colliding bodies are updated based on new velocity by using the
collision laws as discussed in Sect. 2.2.1.

The CBO procedure can briefly be outlined as follows:

1. The initial positions of CBs are determined with random initialization of a
population of individuals in the search space:

x0i ¼ xmin þ randðxmax � xminÞ; i ¼ 1; 2; . . .; 2n; ð2:8Þ

where, x0i determines the initial value vector of the ith CB. xmin and xmax are the
minimum and the maximum allowable values vector for the variables; rand is a
random number in the interval [0,1]; and 2n is the number of CBs.

2. The magnitude of the body mass for each CB is defined as:

mk ¼
1

fit kð ÞPn
i¼1

1
fit ið Þ

; i ¼ 1; 2; . . .; 2n ð2:9Þ

where fit(i) represents the objective function value of the ith agent; 2n is the
number of population size. Obviously a CB with good values exerts a larger
mass than the bad ones. Also, for maximizing the objective function, the term
1

fitðiÞ is replaced by fit(i).
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3. The arrangement of the CBs objective function values is performed in ascending
order (Fig. 2.2a). The sorted CBs are equally divided into two groups:

• The lower half of CBs (stationary CBs); These CBs are good agents which
are stationary and the velocity of these bodies before collision is zero. Thus:

vi ¼ 0; i ¼ 1; . . .; n ð2:10Þ

• The upper half of CBs (moving CBs): These CBs move toward the lower
half. Then, according to Fig. 2.2b, the better and worse CBs, i.e. agents with
upper fitness value, of each group will collide together. The change of the
body position represents the velocity of these bodies before collision as:

vi ¼ xi�n � xi; i ¼ nþ 1; . . .; 2n ð2:11Þ

where, vi and xi are the velocity and position vector of the ith CB in this
group, respectively; xi�n is the ith CB pair position of xi in the previous group.

4. After the collision, the velocities of the colliding bodies in each group are
evaluated utilizing Eqs. (2.5) and (2.6), and the velocity before collision. The
velocity of each moving CBs after the collision is obtained by:

v0i ¼
ðmi � emi�nÞvi
mi þ mi�n

; i ¼ nþ 1; . . .; 2n ð2:12Þ

XnX1 Xn+1 X2n

Xn

Xn+1

X1

X2n

The Pairs of Objects

The stationary CBs The moving CBs(a)

(b)

Fig. 2.2 a CBs sorted in increasing order, b colliding object pairs
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where, vi and v0i are the velocity of the ith moving CB before and after the
collision, respectively; mi is mass of the i th CB; mi�n is mass of the ith CB pair.
Also, the velocity of each stationary CB after the collision is:

v0i ¼
ðmiþn þ emiþnÞviþn

mi þ miþn
; i ¼ 1; . . .; n ð2:13Þ

where, viþn and v0i are the velocity of the ith moving CB pair before and the ith
stationary CB after the collision, respectively; mi is mass of the ith CB; miþn is
mass of the ith moving CB pair; e is the value of the COR parameter whose law
of variation will be discussed in the next section.

5. New positions of CBs are evaluated using the generated velocities after the
collision in position of stationary CBs.
The new positions of each moving CB is:

xnewi ¼ xi�n þ rand � v0i; i ¼ nþ 1; . . .; 2n ð2:14Þ

where, xnewi and v0i are the new position and the velocity after the collision of the
ith moving CB, respectively; xi�n is the old position of ith stationary CB pair.
Also, the new positions of stationary CBs are obtained by:

xnewi ¼ xi þ rand � v0i; i ¼ 1; . . .; n ð2:15Þ

where, xnewi , xi and v0i are the new position, old position and the velocity after the
collision of the ith stationary CB, respectively. rand is a random vector
uniformly distributed in the range [−1,1] and the sign “�” denotes an
element-by-element multiplication.

6. The optimization is repeated from Step 2 until a termination criterion, such as
maximum iteration number, is satisfied. It should be noted that, a body’s status
(stationary or moving body) and its numbering are changed in two subsequent
iterations.
Apart from the efficiency of the CBO algorithm, which is illustrated in the next
section through numerical examples, parameter independency is an important
feature that makes CBO superior over other meta-heuristic algorithms. Also, the
formulation of CBO algorithm does not use the memory which saves the
best-so-far solution (i.e. the best position of agents from the previous iterations).

The flowchart of the CBO algorithm is also shown in Fig. 2.3, and its main steps
are as follows:

Level 1: Initialization

Step 1: Initialization. Initialize an array of CBs with random positions and their
associated values of the objective function (Eq. 2.8).

16 2 Colliding Bodies Optimization Algorithms



Level 2: Search

Step 1: CBs ranking. Compare the values of the objective function for each CB, and
sort them in an ascending order.

Step 2: Groups creation. CBs are divided into two equal groups: (i) stationary
group, (ii) moving group. Then, the pairs of CB are defined for collision
(Fig. 2.2).

Step 3: Evaluations before the collision. The values of mass and velocity of each CB
for each group are evaluated before the collision [Eqs. (2.9)–(2.11)].

Step 4: Evaluations after the collision. The values of velocity for each CB in each
group are evaluated after the collision [Eqs. (2.12) and (2.13)].

Step 5: CBs updating. The new positions of CBs are calculated [Eqs. (2.14) and
(2.15)].

Level 3: Terminating criterion control

Step 1: Repeat search level steps until a terminating criterion is satisfied.

The pseudo-code for the CBO algorithm is as follow:

Randomly initialize the positions of variable X(0);
for i = 1 to (the maximum of iteration)

Evaluate the CBs position and compare with other 
CBs and sort them in an increasing order.

The CBs are divided into two groups and the mass 
and old velocity of CBs are determined.

Determine the new velocity and new position of CBs

The 
termination 
conditions 
satisfied?

Initialize 2n agents (CBs) randomly positions .

stop

Yes
No

Fig. 2.3 The flowchart of the CBO algorithm
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Evaluate the objective function of new position (X) and arrange these in an
ascending order;
Evaluate the coefficient of restitution (ɛ) = i/the maximum of iteration
for j = 1 to (the numbers of bodies)/2

Set the moving body pair number (n1) = (the numbers of bodies)/2 + j
Set the stationary body pair number (n2) = j
Evaluate the velocity of moving body pair before collision (vn1) =
Xn2(j − 1) − Xn1(j − 1)
Evaluate the velocity of stationary body pair before collision (vn2) = 0
Evaluate the velocity of moving body pair after collision

ðv0n1Þ ¼ ðmn1�emn2Þvn1
mn1þmn2

Evaluate the velocity of stationary body pair after collision

ðv0n2Þ ¼
ðmn1þemn2Þviþn

2
mn1þmn2

Evaluate the position of moving body pair after collision ðxn1ðj)) ¼
xn2ðj� 1Þ þ rand � v0n1
Evaluate the position of stationary body pair after collision ðxn2ðj)) ¼

xn2ðj� 1Þ þ rand � v0n2
end

end

2.2.2.2 The Coefficient of Restitution

The meta-heuristic algorithms have two phases: exploration of the search space and
exploitation of the best solutions found. In the meta-heuristic algorithm it is very
important to have a suitable balance between the exploration and exploitation [4]. In
the optimization process, the exploration should be decreased gradually while
simultaneously exploitation should be increased.

In this algorithm, an index is introduced in terms of the coefficient of restitution
(COR) to control exploration and exploitation rate. In fact, this index is defined as
the ratio of the separation velocity of two agents after collision to approach velocity
of two agents before collision. Efficiency of this index will be shown using one
numerical example.

In this section, in order to have a general idea about the performance of COR in
controlling local and global searches, a benchmark function (Aluffi-Pentiny) chosen
from Ref. [5] is optimized using the CBO algorithm. Three variants of COR values
are considered. Figure 2.4 is prepared to show the positions of the current CBs in
1st, 50th and 100th iteration for these cases. These three typical cases result in the
following:
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1. The perfectly elastic collision: In this case, COR is set equal to unity. It can be
seen that in the final iterations, the CBs investigate the entire search space to
discover a favorite space (global search).

2. The hypothetical collision: In this case, COR is set equal to zero. It can be seen
that in the 50th iterations, the movements of the CBs are limited to very small
space in order to provide exploitation (local search). Consequently, the CBs are
gathered in a small region of the search space.

3. The inelastic collision: In this case, COR decreases linearly to zero and e is
defined as:

e ¼ 1� iter
itermax

ð2:16Þ

where iter is the actual iteration number and itermax is the maximum number of
iterations. It can be seen that the CBs get closer by increasing iteration. In this
way a good balance between the global and local search is achieved. Therefore,
in the optimization process COR is considered such as the above equation.

Fig. 2.4 Evolution of the positions of CBs during optimization history for different definitions of
the coefficient of restitution (Aluffi-Pentiny benchmark function)
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2.2.3 The Features of the CBO Algorithm

In this section, firstly CBO is achieved for optimization of well-known mathe-
matical and engineering problems to show the performance of the proposed algo-
rithm. Then, the features, properties and advantages of this algorithm are
mentioned.

2.2.3.1 Numerical Examples

Three well-studied engineering design problems and two mathematical optimiza-
tion problems taken from the optimization literature are used to show the perfor-
mance of the proposed algorithm. These examples have been previously studied
using a variety of other techniques, which are useful to show the validity and
effectiveness of the proposed algorithm. In order to assess the effect of the initial
population on the final result, these examples are independently optimized with
different initial populations.

For engineering design examples, 30 independent runs were performed for CBO,
considering 20 individuals and 200 iterations; the corresponding number of function
evaluations is 4000. The number of function evaluations set for the GA-based
algorithm developed by Deb [6], the PSO-based method developed by He and
Wang [7], the evolution strategies developed by Montes and Coello [8] is 900,000,
200,000 and 25,000, respectively. Similar to CBO, the number of function evalu-
ations for the charged system search algorithm developed by Kaveh and Talatahari
[4] is 4000.

Example 1: Design of welded beam As the first example, design optimization of the
welded beam shown in Fig. 2.5 is carried out. The welded beam design problem was
often utilized to evaluate performance of different optimization methods [4, 6–11].
The objective is to find the best set of design variables to minimize the total fabri-
cation cost of the structure subject to shear stress (τ), bending stress (σ), buckling
load (Pc), and end deflection (δ) constraints. Assuming x1 = h, x2 = l, x3 = t, and
x4 = b as the design variables, the mathematical formulation of the problem can be
expressed as:

Find

x1; x2; x3; x4f g ð2:17Þ

To minimize

cos tðxÞ ¼ 1:10471x21x2 þ 0:04811x3x4ð14þ x2Þ ð2:18Þ
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Subjected to

g1ðxÞ ¼ sðxÞ � smax � 0
g2ðxÞ ¼ rðxÞ � rmax � 0
g3ðxÞ ¼ x1 � x4 � 0
g4ðxÞ ¼ 0:10471x21 þ 0:04811x3x4ð14þ x2Þ � 5� 0
g5ðxÞ ¼ 0:125� x1 � 0
g6ðxÞ ¼ dðxÞ � dmax � 0
g7ðxÞ ¼ p� pcðxÞ� 0

ð2:19Þ

The bounds on the design variables are:

0:1� x1 � 2; 0:1� x2 � 10; 0:1� x3 � 10; 0:1� x4 � 2 ð2:20Þ

sðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs0Þ2 þ 2s0s00

x2
2R

þ ðs00Þ2
r

s0 ¼ Pffiffiffi
2

p
x1x2

s00 ¼ MR
J

M ¼ PðLþ x2
2
Þ R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x22
4
þ ðx1 þ x3

2
Þ2

r

J ¼ 2
ffiffiffi
2

p
x1x2

x22
12

þ ðx1 þ x3
2

Þ2
� �� �

rðxÞ ¼ 6PL
x4x23

dðxÞ ¼ 4PL3

Ex33x4

PcðxÞ ¼
4:013

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eðx23x64=36Þ

q
L2

ð1� x3
2L

ffiffiffiffiffiffi
E
4G

r
Þ

ð2:21Þ

Fig. 2.5 Schematic of the welded beam structure with indication of design variables

where the constants in Eqs. (2.19) and (2.20) are chosen as follows:
P = 6000 lb, L = 14 in., E = 30 × 106 psi, G = 12 × 106 psi, τmax = 13,600 psi,

σmax = 30,000 psi, and δmax = 0.25 in.
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Radgsdell and Phillips [9] compared optimal results of different optimization
methods which were mainly based on mathematical optimization algorithms. Deb
[6], Coello [10], and Coello and Montes [11] solved this problem using GA-based
methods. Also, He and Wang [7] used effective co-evolutionary particle swarm
optimization, Montes and Coello [8] solved this problem utilizing evolution strat-
egies, and Kaveh and Talatahari [4] employed charged system search.

Table 2.1 compares the optimized design and the corresponding cost obtained by
CBO with those obtained by other meta-heuristic algorithms documented in liter-
ature. It can be seen that the best solution obtained by CBO is better than those
quoted for the other algorithms. The statistical data on 30 independent runs reported
in Table 2.2 also demonstrate the better search ability of CBO with respect to the
other algorithms: in fact the best, worst and average cost, and the standard deviation
(S.D.) of the obtained solutions are better than literature. The lowest standard
deviation achieved by CBO proves that the present algorithm is more robust than
other meta-heuristic methods.

Example 2: Design of a pressure vessel Design optimization of the cylindrical
pressure vessel capped at both ends by hemispherical heads (Fig. 2.6) is considered
as the second example. The objective of optimization is to minimize the total
manufacturing cost of the vessel based on the combination of welding, material and
forming costs. The vessel is designed for a working pressure of 3000 psi and a
minimum volume of 750 ft3 regarding the provisions of ASME boiler and pressure
vessel code. Here, the shell and head thicknesses should be multiples of 0.0625 in.
The thickness of the shell and head is restricted to 2 in. The shell and head
thicknesses must not be less than 1.1 and 0.6 in., respectively. The design variables
of the problem are x1 as the shell thickness (Ts), x2 as the spherical head thickness
(Th), x3 as the radius of cylindrical shell (R), and x4 as the shell length (L). The
problem formulation is as follows:

Find

fx1; x2; x3; x4g ð2:22Þ

To minimize

cos tðxÞ ¼ 0:6224x3x1x4 þ 1:7781x23x2 þ 3:1611x21x4 þ 19:8621x3x21 ð2:23Þ

Subject to

g1ðxÞ ¼ 0:0193x3 � x1 � 0

g2ðxÞ ¼ 0:00954x3 � x2 � 0

g3ðxÞ ¼ 750� 1728� px23x4 �
4
3
px33 � 0

g4ðxÞ ¼ x4 � 240� 0

ð2:24Þ
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The bounds on the design variables are:

1:125� x1 � 2; 0:625� x2 � 2; 10� x3 � 240; 10� x4 � 240 ð2:25Þ

It can be seen from Table 2.3 that the present algorithm found the best design
overall which is about 3 % lighter than the best known design quoted in literature
(5889.911 vs. 6059.088 of Ref. [4]). The statistical data reported in Table 2.4
indicate that the standard deviation of CBO optimized solutions is the third lowest
among those quoted for the different algorithms compared in this test case.
Statistical results given in Table 2.4 indicate that CBO is in general more robust
than the other meta-heuristic algorithms. However, the worst optimized design and
standard deviation found by CBO are higher than for CSS.

Example 3: Design of a tension/compression spring This problem was first
described by Belegundu [12] and Arora [13]. It consists of minimizing the weight
of a tension/compression spring subject to constraints on shear stress, surge fre-
quency, and minimum deflection as shown in Fig. 2.7. The design variables are the
wire diameter d (= x1); the mean coil diameter D (= x2), and the number of active
coils N (= x3). The problem can be stated as follows:

Table 2.2 Statistical results from different optimizationmethods for the welded beamdesign problem

Std dev Worst result Average optimized cost Best result Methods

N/A N/A N/A 2.385937 Ragsdell and Phillips [9]

N/A N/A N/A 2.433116 Deb [6]

0.011220 1.785835 1.771973 1.748309 Coello [10]

0.074713 1.993408 1.792654 1.728226 Coello and Montes [11]

0.012926 1.782143 1.748831 1.728024 He and Wang [7]

0.070500 1.994651 1.813290 1.737300 Montes and Coello [8]

0.008064 1.759479 1.739654 1.724866 Kaveh and Talatahari [4]

0.0002437 1.725059 1.725707 1.724662 Present work

Fig. 2.6 Schematic of the spherical head and cylindrical wall of the pressure vessel with
indication of design variables
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Find

fx1; x2; x3g ð2:26Þ

To minimize

cos tðxÞ ¼ ðx3 þ 2Þx2x21 ð2:27Þ

Table 2.3 Comparison of CBO optimized designs with literature for the pressure vessel problem

X4(L) X3(R) X2(Th) X1(Ts) Methods

117.7010 47.70000 0.625000 1.125000 Sandgren [20]

43.6900 58.29100 0.625000 1.125000 Kannan and Kramer [21]

112.6790 48.32900 0.500000 0.937500 Deb and Gene [22]

200.0000 40.32390 0.437500 0.812500 Coello [10]

176.6540 42.09739 0.437500 0.812500 Coello and Montes [11]

176.7465 42.09126 0.437500 0.812500 He and Wang [7]

176.6405 42.09808 0.437500 0.812500 Montes and Coello [8]

176.572656 42.103624 0.437500 0.812500 Kaveh and Talatahari [4]

198.76232 40.409065 0.385560 0.779946 Present work

Table 2.4 Statistical results from different optimization methods for the pressure vessel problem

Std dev Worst result Average optimized cost Best result Methods

N/A N/A N/A 8129.103 Sandgren [20]

N/A N/A N/A 7198.042 Kannan and Kramer [21]

N/A N/A N/A 6410.381 Deb and Gene [22]

7.4133 6308.149 6293.843 6288.744 Coello [10]

130.9297 6469.322 6177.253 6059.946 Coello and Montes [11]

86.4545 6363.804 6147.133 6061.077 He and Wang [7]

426.0000 7332.879 6850.004 6059.745 Montes and Coello [8]

10.256 6085.476 6067.906 6059.088 Kaveh and Talatahari [4]

63.5417 6213.006 5934.201 5889.911 Present work

Fig. 2.7 Schematic of the tension/compression spring with indication of design variables
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Subject to

g1ðxÞ ¼ 1� x32x3
71785x41

� 0

g2ðxÞ ¼ 4x22 � x1x2
12566ðx2x31 � x41Þ

þ 1
5108x21

� 1� 0

g3ðxÞ ¼ 1� 140:45x1
x22x3

� 0

g4ðxÞ ¼ x1 þ x2
1:5

� 1� 0

ð2:28Þ

The bounds on the design variables are:

0:05� x1 � 2; 0:25� x2 � 1:3; 2� x3 � 15; ð2:29Þ

This problem has been solved by Belegundu [12] using eight different mathe-
matical optimization techniques. Arora [13] also solved this problem using a
numerical optimization technique called a constraint correction at the constant cost.
Coello [10] as well as Coello and Montes [11] solved this problem using GA-based
method. Additionally, He and Wang [7] utilized a co-evolutionary particle swarm
optimization (CPSO). Recently, Montes and Coello [8], Kaveh and Talatahari [4]
used evolution strategies and the CSS to solve this problem, respectively.

Tables 2.5 and 2.6 compare the best results obtained in this work and those of the
other researches. Once again, CBO found the best design overall. In fact, the lighter
design found by Kaveh and Talatahari in [4] actually violates the first two optimi-
zation constraints. The statistical data reported in Table 2.6 show that the standard
deviation on optimized cost seen for CBO is fully consistent with literature.

2.2.4 The Features of CBO

This section presents a novel efficient meta-heuristic optimization algorithm called
Colliding Bodies Optimization (CBO). From the results obtained of our method, we
draw the following conclusions:

(i) Using the governing laws from physics, we proposed a simple and efficient
algorithm, where these laws determine the movement process of the objects. In
this algorithm, each agent solution is considered as the colliding body. After a
collision of two moving bodies which have specified masses and velocities,
these bodies are separated with new velocities.

(ii) Most of the meta-heuristic have some constant parameters. It is very important
to note that in these algorithms the constant parameters should carefully be
chosen. In fact the algorithms are very sensitive with respect to these

26 2 Colliding Bodies Optimization Algorithms



T
ab

le
2.
5

C
om

pa
ri
so
n
of

C
B
O

op
tim

iz
ed

de
si
gn

s
w
ith

lit
er
at
ur
e
fo
r
th
e
te
ns
io
n/
co
m
pr
es
si
on

sp
ri
ng

pr
ob

le
m

f(
x)

C
on

st
ra
in
ts

O
pt
im

al
de
si
gn

va
ri
ab
le
s

M
et
ho

ds

g 4
(x
)

g 3
(x
)

g 2
(x
)

g 1
(x
)

x 3
(N

)
x 2
(D

)
x 1
(d
)

0.
01

28
33

4
−
0.
75

60
67

−
3.
93

83
02

−
0.
00

37
82

−
0.
00

00
14

14
.2
50

00
0

0.
31

59
00

0.
05

00
00

B
el
eg
un

du
[1
2]

0.
01

27
30

3
−
0.
69

82
83

−
4.
12

38
32

−
0.
00

00
18

−
0.
05

33
96

9.
18

54
00

0.
39

91
80

0.
05

33
96

A
ro
ra

[1
3]

0.
01

27
04

8
−
4.
02

63
18

−
0.
00

01
10

−
0.
00

20
80

11
.6
32

20
1

0.
35

16
61

0.
05

14
80

C
oe
llo

[1
0]

0.
01

26
81

0
−
0.
72

26
98

−
4.
06

13
38

−
0.
00

00
21

−
0.
00

00
13

10
.8
90

52
2

0.
36

39
65

0.
05

19
89

C
oe
llo

an
d
M
on

te
s
[1
1]

0.
01

26
74

7
−
0.
72

70
90

−
4.
05

13
00

−
1.
26

00
e−

05
−
0.
00

08
45

11
.2
44

54
3

0.
35

76
44

0.
05

17
28

H
e
an
d
W
an
g
[7
]

0.
01

26
98

−
0.
72

86
64

−
4.
03

93
01

−
0.
00

00
56

7
−
0.
00

17
32

11
.3
97

92
6

0.
35

53
60

0.
05

16
43

M
on

te
s
an
d
C
oe
llo

[8
]

0.
01

26
38

4
−
0.
72

64
83

−
4.
06

33
71

0.
00

11
04

3
8.
78

60
3e
−
6

11
.1
65

70
4

0.
35

85
32

0.
05

17
44

K
av
eh

an
d
T
al
at
ah
ar
i
[4
]

0.
01

26
69

7
−
0.
72

42
87

−
4.
06

18
46

−
1.
41

89
e−

5
−
3.
10

73
e−

4
11

.0
07

84
6

0.
36

16
74

0
0.
05

18
94

Pr
es
en
t
w
or
k

2.2 One-Dimensional Colliding Bodies Optimization 27



parameters and therefore the algorithm should be run with different values of
these parameters until the best values are identified. However the present
algorithm apart from being efficient, it is independent of such parameters. This
is an important superiority of the CBO algorithm.

(iii) In this algorithm, an index is introduced in terms of the coefficient of resti-
tution (COR) to control of the exploration and exploitation rates.

(iv) The formulation of the CBO algorithm does not use the memory which saves
the best-so-far solution (i.e. the best position of agents from the previous
iterations).

(v) The proposed approach performed well comparing the numerical results of
five classical test problems. The results are compared to those generated with
other techniques reported in the literatures.

2.3 Two-Dimensional Colliding Bodies Optimization

This part focuses on the new version of the one-dimensional Colliding Bodies
Optimization, and its utility for optimization of truss structures. The idea of the
standard CBO is derived from one-dimensional collisions between bodies, which
does not use the internal parameter and memory in its formulation. However, the
exploitation phase of the CBO is weak due to not using a memory for saving the
best-so-far solution in its formulation. Here, in the two dimensional version of
CBO, denoted by 2D-CBO, a memory is added to the standard CBO formulation to
improve the performance of the latter algorithm. This addition increases the
exploitation ability and convergence rate of the CBO. Comparative studies illustrate
the superiority of the 2D-CBO algorithm compared to those previously reported in
the literature [2].

Although the development of meta-heuristic algorithms within the framework of
evolutionary algorithms (EAs) has been successful in the recent years, the devel-
opment of more efficient algorithms for minimizing the construction cost and

Table 2.6 Statistical results from different optimization methods for tension/compression string
problem

Std dev Worst result Average optimized cost Best result Methods

N/A N/A N/A 0.0128334 Belegundu [12]

N/A N/A N/A 0.0127303 Arora [13]

3.9390e−5 0.012822 0.012769 0.0127048 Coello [10]

5.9000e−5 0.012973 0.0127420 0.0126810 Coello and Montes [11]

5.1985e−5 0.012924 0.012730 0.0126747 He and Wang [7]

9.6600e−4 0.16485 0.013461 0.012698 Montes and Coello [8]

8.3564e−5 0.013626 0.012852 0.0126384 Kaveh and Talatahari [4]

5.00376e−5 0.0128808 0.01272964 0.0126697 Present work
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evaluation efforts is still a challenging subject in the field of optimization of
engineering problems. The existing algorithms have often two phases: exploration
of the search space and exploitation of the best solutions found. Apparently, one of
the main problems in developing an efficient meta-heuristic algorithm is to keep a
reasonable balance between the exploration and exploitation abilities [14–16].

The present section develops an algorithm based on two dimensional collision
laws. In this algorithm, the saved memories, i.e. the agents with best values, is been
added to CBO. In fact, the bodies move toward the best saved agents and therefore
it increases the exploitation.

The present section is organized as follows: In next section, two dimensional
collision laws are briefly introduced. The new method is then presented, followed
by a section consisting of the study of optimization of two mathematical con-
strained functions. Conclusions are derived in the final section.

2.3.1 Formulation of the Two-Dimensional Collision

Since our purpose in this section is to achieve the known physical equations in
formulation of an optimization algorithm, this subsection briefly describes the
mathematical formulation of elastic collision law between two bodies in
two-dimensional space. Consider the model of a collision, where one body with
mass m1 and velocity V1 moves toward to second body with mass m2 which is at
rest, Fig. 2.8. It should be noted that if the velocity direction of first body be
coincident with the direction of center of bodies (α = π), then the collision is
one-dimensional, otherwise it is two-dimensional.

The velocity and direction of bodies are derived using the conversation laws of
momentum and energy. When a two-dimensional collision occurs in a laboratory
system, the total momentum of the system in each direction is conserved, Fig. 2.9.
The directions of velocity of bodies after collision are expressed as:

tan#1 ¼ m2 sin h
m1 þ m2 cos h

; #2 ¼ p� h
2

ð2:30Þ

where #1 and #2 are the directions of the velocities of the first and second body after
impact, respectively, m1 is the mass of the first object, m2 is the mass of the second
object, and h is the angle through which the direction of motion of the first object is
turned [17] (Fig. 2.9). The magnitudes of the velocity of bodies can be expressed by
the following equations:

V 0
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ m2
2 þ 2m1m2 cosðhÞ

p
m1 þ m2

V1; V 0
2 ¼

2m1

m1 þ m2
sinðh

2
ÞV1 ð2:31Þ

where V 0
1 and V 0

2 are the final velocities of the first and second object after collision,
respectively [17].
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2.3.2 The 2-Dimensional Version of the CBO Algorithm

In this study, the laws of collision between two bodies in 2-dimensional space, as
mentioned in Sect. 2.3.1, are implemented leading to a new optimization search
strategy. The main algorithm is based on standard CBO, where some changes being
added. Here, two features are added to the formulation of the standard CBO: (i) the
saving memories are added to increase the exploitation ability of standard CBO
algorithm, (ii) the COR of standard CBO is ignored due to considering the elastic
collision formulation.

The proposed algorithm can now be described as follows:

Step 1: Initial populations, consisting of 2n individuals and their associated
velocities, are created by means of the randomly generated individuals.

Step 2: The arrangement of the CBs and “mating process” is performed as shown in
Fig. 2.2.

Step 3: The moving CBs move toward the stationary CBs. Therefore, the velocity of
CBs before collision is derived:

vi ¼ 0; i ¼ 1; . . .; n
xi�n � xi; i ¼ nþ 1; . . .; 2n

�
ð2:32Þ

m1

m2

V1
m1

m2

m1

m2

V 1

V 2

(a) (b) (c)

Fig. 2.8 Two dimensional collision between two bodies. a Before the collision, b the collision
occurring, c after the collision

Fig. 2.9 Schematic of the conservation law of momentum
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Step 4: The magnitude of the body mass for each CB is defined as:

mk ¼
1

fitðkÞPn
i¼1

1
fitðiÞ

; k ¼ 1; 2; . . .; 2n ð2:33Þ

Step 5: Compute the velocity direction of the stationary CBs after the collision such
that it moves toward the best object position:

#i ¼ arctanð sbv� fitðiÞ
sbp� xi þ e

Þ; i ¼ 1; . . .; n ð2:34Þ

where #i is the velocity direction vector of the ith stationary CB after
impact; fit(i) represents the objective function value of the ith stationary CB;
xi is the position vector of the ith stationary CB; sbp and sbv are the saved
best position of CBs and its corresponded value, respectively; ε is a small
positive number to avoid singularities, and arctan is the inverse of tangent
function between 0 and π.

Step 6: Then the angles θ between pairs of bodies is derived using Eqs. (2.30) and
(2.34):

hi ¼ p� 2#i; i ¼ 1; . . .; n ð2:35Þ

Step 7: Compute the velocity of CBs after the collision using Eqs. (2.31) and (2.35):

v0i ¼
2mi

miþmiþn
sinðhi2Þvi; i ¼ 1; . . .; nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
i�nþm2

i þ2mimi�n cosðhi�nÞ
p

miþmi�n
vi�n; i ¼ nþ 1; . . .; 2n

8<
: ð2:36Þ

Step 8: The new positions of CBs are obtained using the generated velocities after
the collision in the position of stationary CBs:

xnewi ¼ xi þ rand � v0i; i ¼ 1; . . .; n
xi�n þ rand � v0i; i ¼ nþ 1; . . .; 2n

�
ð2:37Þ

Here, rand is a random vector uniformly distributed in the range [−1, 1],
and the sign “�” denotes an element-by-element multiplication.

Step 9: The optimization is repeated starting with Step 2 until a termination crite-
rion, until the maximum number of iteration, is satisfied.
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2.3.3 Numerical Examples

This section discusses the computational examples used to investigate the perfor-
mance of the proposed algorithm. To present a detailed comparison two mathe-
matical function examples are utilized. These examples have been previously
solved using a variety of other techniques, which is useful to show the validity and
effectiveness of the proposed algorithm. In order to assess the effect of the initial
population on the final result, 20 independent runs are carried out using the present
algorithm and standard CBO with different initial populations. To show the effect of
number of agents on the final results, for both algorithms two types of population
sizes are considered. The algorithms are implemented in MATLAB.

Example 1: Constrained function I Optimization of the constrained function
expressed in Eq. (2.38) is considered as the first example. This problem has seven
variables and four nonlinear inequality constraints. This problem is defined as:

Find

fx1; x2; x3; x4; x5; x6; x7g ð2:38Þ

To minimize

f ðxÞ ¼ðx1 � 10Þ2 þ 5ðx2 � 12Þ2 þ x43 þ 3ðx4 � 11Þ2 þ 10x65 þ 7x26 þ x47
� 4x6x7 � 10x6 � 8x7 ð2:39Þ

Subjected to

g1ðxÞ ¼ 127� 2x21 � 3x42 � x3 � 4x24 � 5x5 � 0;

g2ðxÞ ¼ 282� 7x1 � 3x2 � 10x23 � x4 þ x5 � 0;

g3ðxÞ ¼ 196� 23x1 � x22 � 6x26 þ 8x7 � 0;

g4ðxÞ ¼ �4x21 � x22 þ 3x1x2 � 2x23 � 5x6 þ 11x7 � 0:

ð2:40Þ

The bounds on the design variables are:

�10� xi � 10 ði ¼ 1-7Þ ð2:41Þ

This problem has been solved by Deb [18] using an efficient constraint handling
method for the GA, and Lee and Geem [19] employed the harmony search
(HS) algorithm.

In this problem, population size (n) is set to 40 and 60 individuals. The maxi-
mum number of optimization iterations is also considered as 800. The obtained
values and statistical results of this problem for each algorithm are given in
Tables 2.7 and 2.8, respectively. It can be seen that the best solutions obtained by
CBO and 2D-CBO are better than HS algorithm-based method with less fitness
function evaluations. Although best and average results of 20 independent runs are
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more than those of Deb [18], however, the difference of fitness evaluations is
significant. Therefore, the obtained statistical results using 2D-CBO are better than
those of CBO algorithm. The best results obtained using 2D-CBO shows that this
algorithm is less sensitive to the population size compared to the CBO. Figure 2.10
shows the convergence curves of the two algorithms, and it indicates high con-
vergence rate for the 2D-CBO compared to the CBO algorithm.

Example 2: Constrained function II This is a 10-variable problem which challenges
the algorithm ability to deal with the problem of optimization. This problem also
has eight nonlinear inequality constraints. This problem is defined as:

Find

x1; x2; x3; x4; x5; x6; x7; x8; x9; x10f g ð2:42Þ

Table 2.7 Optimal variables obtained by different researchers for the constrained function I

Optimal
design
variables
(x)

Deb [18] Lee and
Geem [19]

Present study (CBO) Present study (2D-CBO)

n = 40 n = 60 n = 40 n = 60

x1 Unavailable 2.323456 2.336792 2.318452 2.3215438 2.313524

x2 1.951242 1.948239 1.945693 1.9511246 1.948511

x3 −0.44847 −0.43323 −0.49955 −0.496029 −0.4801

x4 4.36192 4.370184 4.385752 4.3675236 4.377405

x5 −0.63008 −0.62052 −0.63714 −0.612266 −0.62322

x6 1.03866 1.058898 1.045751 1.0444193 1.048238

x7 1.605384 1.604781 1.590209 1.5900506 1.580425

Table 2.8 Statistical results from different optimization methods for the constrained function I

Methods Best
objective
function

Average
objective
function

Std dev Fitness
function
evaluations

Deb [18] 680.6344 680.6417 N/A 350,070

Lee and Geem
[19]

680.6413 N/A N/A 160,000

Present study
[1] (CBO)

n = 40 680.6404 680.919 0.2003 24,000

n = 60 680.6465 680.735 0.104 36,000

Present study
[2] (2D-CBO)

n = 40 680.6352 680.845 0.211643 24,000

n = 60 680.6373 680.7643 0.123451 36,000
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To minimize

f ðxÞ ¼ x21 þ x22 þ x1x2 � 14x1 � 16x2 þ ðx3 � 10Þ2 þ 4ðx4 � 5Þ2 þ ðx5 � 3Þ2

þ 2ðx6 � 1Þ2 þ 5x27 þ 7ðx8 � 11Þ2 þ 2ðx9 � 10Þ2 þ ðx10 � 7Þ2 þ 45

ð2:43Þ

Subjected to

g1ðxÞ ¼ 105� 4x1 � 5x2 þ 3x7 � 9x8 � 0;

g2ðxÞ ¼ �10x1 þ 8x2 þ 17x7 � 2x8 � 0;

g3ðxÞ ¼ 8x1 � 2x2 � 5x9 þ 2x10 þ 12� 0;

g4ðxÞ ¼ �3ðx1 � 2Þ2 � 4ðx2 � 3Þ2 � 2x23 þ 7x4 þ 120� 0;

g5ðxÞ ¼ �5x21 � 8x2 � ðx3 � 6Þ2 þ 2x4 þ 40� 0;

g6ðxÞ ¼ �x21 � 2ðx2 � 2Þ2 þ 2x1x2 � 14x5 þ 6x6 � 0;

g7ðxÞ ¼ �0:5ðx1 � 8Þ2 � 2ðx2 � 4Þ2 � 3x25 þ x6 þ 30� 0;

g8ðxÞ ¼ 3x1 � 6x2 � 12ðx9 � 8Þ2 þ 7x10 � 0:

ð2:44Þ
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Fig. 2.10 Comparison of the
convergence curves of the two
algorithms for the constrained
function I. a All iterations,
b 1–100 iterations
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The bounds on the design variables are:

�10� xi � 10 ði ¼ 1-10Þ ð2:45Þ

This problem has been solved by Deb [18] utilizing an efficient constraint
handling method for the GA, and Lee and Geem [19] employed the harmony search
algorithm.

In this case, the population size (n) is set as 80 and 100 individuals. The
maximum number of optimization iterations is also considered as 1000. Tables 2.9
and 2.10 compare the optimized variables and the statistical results obtained by
CBO and 2D-CBO with those obtained by other meta-heuristic algorithms docu-
mented in literature. According to these tables, the best results reported in the
literature is 24.36679. While, the 2D-CBO found the best results as 24.33491 after
80,000 fitness evaluations, with the standard deviation and average being 0.369562

Table 2.9 Optimal design variables obtained by different researchers for the constrained function II

Optimal design
variables (x)

Deb [18] Lee and
Geem [19]

Present study (CBO) Present study
(2D-CBO)

n = 80 n = 100 n = 80 n = 100

x1 Unavailable 2.155225 2.140682 2.142755 2.169335 2.163967

x2 2.407687 2.447447 2.441786 2.378239 2.387446

x3 8.778069 8.770297 8.772559 8.75873 8.761691

x4 5.102078 5.083513 5.089189 5.083288 5.070258

x5 0.967625 1.00314 0.976804 0.958985 0.987816

x6 1.357685 1.424841 1.36545 1.349924 1.413288

x7 1.287760 1.25747 1.261765 1.31204 1.303916

x8 9.800438 9.774706 9.778372 9.81862 9.813183

x9 8.187803 8.249837 8.196755 8.285297 8.221302

x10 8.256297 8.509323 8.362651 8.414142 8.284834

Table 2.10 Statistical results from different optimization methods for the constrained function II

Fitness function
evaluations

Std dev Average
objective
function

Best objective
function

Methods

350,070 N/A 24.40940 24.37248 Deb [18]

230,000 N/A N/A 24.36679 Lee and Geem
[19]

80,000 0.609358 24.90411 24.39129 n = 80 Present study
(1D-CBO)100,000 0.580431 24.86188 24.38470 n = 100

80,000 0.369562 24.69515 24.33491 n = 80 Present study
(2D-CBO)100,000 0.362542 24.70537 24.33704 n = 100
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and 24.69515, respectively. Although, the average result of the 2D-CBO is more
than that of Deb [18]. The best results obtained using 2D-CBO with less population
size is better than those of the CBO. Figure 2.11 shows the convergence curves for
the CBO and 2D-CBO algorithms.

2.3.4 Discussions

In this part, a new optimization algorithm, named as 2D-CBO, is developed. The
proposed algorithm is a method based on the reformation of the standard CBO
algorithm. The CBO is recently developed meta-heuristic algorithm which mimics
the laws of collision between objects which do not use a memory for saving the
best-so-far solution in its formulation. In the 2D-CBO, bodies or agents move
toward to the saved best particles and collide to them to promote the exploitation
ability of the CBO.

A comparative study of 2D-CBO algorithm on two constrained functions is
presented. The results of applying examples clearly indicate that 2D-CBO is
competitive and even outperforms most of the standard algorithm. The results
obtained by the 2D-CBO are lighter than those of other algorithms with same
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Fig. 2.11 Comparison of the
convergence curves of the two
algorithms for the constrained
function II. a All iterations,
b 1–100 iterations
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population size on all examples. The comparison of the function evaluation shows
that 2D-CBO requires less evaluation and population size than the standard CBO
algorithm on some of the selected benchmark test problems. In both examples, the
convergence rate of 2D-CBO also is higher than the CBO due to adding a memory
in the formulation of the algorithm. It should be noted that the no internal parameter
tuning is needed in the proposed algorithm.
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