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Abstract The transportation network design problem is a well-known optimiza-

tion problem with many practical applications. This paper deals with demand-based

applications, where the operational as well as many other decisions are often made

under uncertainty. Capturing the uncertain demand by using scenario-based ap-

proach, we formulate the two-stage stochastic mixed-integer linear problem, where

the decision, which is made under uncertainty, of the first-stage program, is followed

by the second-stage decision that reacts to the observed demand. Such a program

may reach solvability limitations of algorithms for large scale real world data, so

we refer to the so-called hybrid algorithm that combines a traditional optimization

algorithm and a suitable genetic algorithm. The obtained results are presented in an

explanatory form with the use of a sequence of figures.
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1 Introduction

The transportation network design problem (TNDP) deals with optimization of trans-

portation networks under specific constraints [1]. Specifically, TNDP is an important

topic in transportation planning and development, where the objective is to minimize

transporting costs or to maximize achieved profit. The discrete case of the network

design problem (NDP) focuses on addition of new roads to a transportation network

while the continuous case deals with capacity expansion of existing links. A mix-

ture of both is referred to as the mixed NDP (see [2, 3]). See also [4, 5] for recent

overviews of the NDP.

The decisions on production and transportation/supply planning must often be

made without (exact) knowledge of the customer’s demand. We will further empha-

size the importance of uncertainty in problems of demand based management, that

we interpret as a decision-making under uncertainty. Many real-world complex sys-

tems include these uncertainties, and they can be modeled in different ways. One of

them is stochastic programming (SP), see [6]. The beginning of SP, and in particu-

lar stochastic linear programming, dates back to the 50’s and early 60’s of the last

century. Although many ways have been proposed to model uncertain quantities,

stochastic models have proved their flexibility and usefulness in diverse areas of sci-

ence. Finally, integer programming deals with models where some of the variables

are discrete, see [7] for general concepts.

The paper deals with two-stage stochastic TNDP. Two-stage programs have been

named in various ways by different authors (e.g., two-stage programs, programs with

recourse, two-stage programs with recourse). Such problem was firstly introduced

by Dantzig [8] and Beale [9], independendtly, and has been studied extensively in

the years since (see [6] or [10]). As a typical and famous example of the two-stage

stochastic linear problem we have identified the so-called STORM model, which

appears in paper by Mulvey and Ruszczyński [11]. It was used by the US Military to

plan the allocation of aircrafts to routes during the Gulf War of 1991 (see also paper

by Higle and Sen [12] for more details). In this original two-period problem, routes

are scheduled to satisfy a set of demands at first-stage, demands occur, and unmet

demands are delivered at higher costs in second-stage to account for shortcomings

[13]. The STORM served well for tests of algorithms and evaluation of the solution

quality (see, e.g., VSS fundamental concept in SP).

Various approaches have been taken to solve NDP as well as TNDP. For a detailed

review of solution techniques see, e.g., [14, 15]. However, suitable algorithms for

large scale problems are still under development as a challenging optimization field.

This paper presents a hybrid algorithm for the solution of a two-stage scenario-based

stochastic mixed integer linear program.
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2 Two-Stage Stochastic Transportation Network Design
Model

The important property of the problem considered in this paper is based on the fact

that the decisions (at least some of them) must be made under uncertainty. In general,

uncertainty may be included in the model in many ways. By computational purposes,

we prefer to deal with the case of discrete random variable 𝜉 with a finite support

[16]. We model the situation by using a scenario-based (SB) approach to two-stage

stochastic programs (see [16]) that helps us to capture the evolution of demand, and

so, we can develop SP model for determining the operational and network design

decisions.

In our two-stage problem, we will distinguish two different decisions that have

to be made at two different time stages: (a) amount to be transported (b) new links

to be added to the network. The first-stage decisions are made before the demand

is observed, and so, we decide due to demand given by all considered scenarios.

When the demand is observed, the second stage decisions are made to satisfy real

customers’ demand (with a higher transporting/penalty cost), see Fig. 1 for an illus-

trative example.

Then, we define the following two-stage SB stochastic mixed-integer linear pro-

gram (SMILP):

min

∑

e
cexe +

∑

en

den𝛿en +
∑

s
ps

(
∑

e∗
qe∗ye∗,s +

∑

i
(r+i,sw

+
i,s + r−i,sw

−
i,s)

)

s.t.
∑
e
Ai,exe +

∑
e∗
A∗
i,e∗ye∗,s = bi,s − w+

i,s + w−
i,s, ∀i ∈ I,∀s ∈ S,

xen ≤ 𝛿enM, ∀en ∈ En,

w+
i,s ≤ bi,s, ∀i ∈ I,∀s ∈ S,
xe ≥ 0, ∀e ∈ E,

ye∗,s ≥ 0, ∀e∗ ∈ E∗,∀s ∈ S,
w+
i,s,w

−
i,s ≥ 0, ∀i ∈ I,∀s ∈ S,
𝛿en ∈ {0, 1}, ∀en ∈ En,

(1)

with the first-stage decision variables:

xe ∶ amount of a product to be transported on edge e,
𝛿en ∶ 1 if new edge en is built, 0 otherwise,

the second-stage decision variables:

ye∗ ,s ∶ amount of a product to be transported on edge e∗ in scenario s,
w+
i,s ∶ shortages in a node i in scenario s,

w−
i,s ∶ leftovers in a node i in scenario s,
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the sets of indices:

E ∶ set of edges, e ∈ E,
En ∶ set of new (built) edges, en ∈ En, En ⊂ E,
E∗ ∶ set of edges for the second-stage decision, e∗ ∈ E∗, depending on

the problem, e.g., E∗ ⊂ E or E∗ = E,
I1 ∶ set of customers (or places with a non-zero demand), i1 ∈ I1,
I2 ∶ set of production places (or warehouses), i2 ∈ I2,
I3 ∶ set of traffic nodes, i3 ∈ I3,
I ∶ set of all nodes in the network, i ∈ I, I = I1 ∪ I2 ∪ I3,
S ∶ set of all possible scenarios, s ∈ S, s = 1, 2,… ,m,

and parameters:

Ai,e ∶ incidence matrix, Ai,e

⎧
⎪
⎨
⎪⎩

1 if edge e from a node to node i exists,

−1 if edge e from node i to a node exists,

0 otherwise,

A∗
i,e∗ ∶ incidence matrix for the second stage,

bi,s ∶ the demand in a node i for a scenario s (alternatively denoted by 𝜉i,s),
ce ∶ unit transporting cost on edge e,
den ∶ cost of building of new edge en,
qe∗ ∶ unit cost for the second-stage transporting on edge e∗,
r+i,s ∶ unit penalty cost for shortages at node i in scenario s,

r−i,s ∶ unit penalty cost for leftovers at node i in scenario s,

ps ∶ probability of observing a scenario s,
∑

s ps = 1,
M ∶ a large number, e.g. M =

∑
i2
(−bi2 ).

Analysing principal ideas from references introduced in the previous paragraphs, we

can see that we have turned from static programs discussed in previous papers, e.g.

[17, 18], to the programs having two decision stages. So, the decision 𝐱, obtained as

the solution of the first-stage program (master program), is followed by the decision

𝐲(𝜉) that solves the second-stage program (see [16]). The network design decisions

(when to make them, respectively), 𝛿’s, can be modified due to needs of the particular

problem. We illustrate the decision sequence in Fig. 1.

3 Computational Example

In this section, we introduce our testing network example that was previously used

in [17–20] (see Fig. 2) and solve the two-stage SMILP given by (1). We use next

modification of our hybrid algorithm that we previously used for simpler cases with

recourse in [17, 18]. We also shortly demonstrate the main idea of the algorithm

(see Sect. 3.1). For an exhaustive description of the interface and further details see

[17, 18].
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Fig. 1 Two-stage scenario

tree illustrating sequence of

transportation decisions
s1

s2

sm

x yξ

Fig. 2 Example of the

network: m = 30, solid lines

present existing network

while dash lines are the

potential network design

variables/connections;

moreover

b(i1) > 0, I1 = 1, 2,…14,

b(i2) < 0, I2 = 15, 16, and

b(i3) = 0, I3 = 17, 18,…30

3.1 Hybrid Algorithm

We have implemented our model (1) in GAMS and we have solved it by the use of

BARON, CONOPT, and CPLEX solvers for small test instances obtaining accept-

able results (see [17, 18]). The attempt to solve larger test problems in the same way

led to significant increase of computational time. Thus, we have modified and uti-

lized our original hybrid computational technique that combines the GAMS code

with genetic algorithm (GA). The algorithm is efficiently implemented in C++ with

focus on GAMS-GA interface features.
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Hybrid algorithm description

1 Initialization of parameters for all procedures and memory allocation.

2 Set up the scenario-based GAMS model (read model and data in *.gms files) for

each scenario. Set up control parameters for the GA.

3 Create an initial population for each GA instance, so initial values of 0− 1 vari-

ables must be generated and placed into the so called $INCLUDE files, where

they can be read-in by GAMS. Several runs of random generation are needed,

corresponding to the population size and number of scenarios.

4 Repeatedly run the GAMS model by using the CPLEX solver. Each run solves

the two-stage stochastic linear program for the fixed values of 0 − 1 variables.

Profit function values are calculated, also for new individuals created by means

of the genetic operators, initially in 3. and then in 8.
5 Save the best results obtained from GAMS in 4. for comparisons.

6 Test the algorithm termination rules and stop in case of their satisfaction. Oth-

erwise continue till the last scenario solution is obtained.

7 Generate input values for the GA from GAMS results, see step 4. Specifically,

the profit function values for each member of population of the GA are obtained

from results of the GAMS runs in 4.
8 Run GA to update the set of 0 − 1 variables (population).

Switch of binary variables belonging to edges having zero flow and recalculate

the objective function (by using GAMS). Return to step 3.

3.2 Results

In this subsection, we present results of the computations on Figs. 3 and 4. The first-

stage decisions are realted to the network flow (Fig. 3a) and to the network design

(Fig. 3b). When the real demands are known, we make the second-stage decisions:

see the network flow (Fig. 4a) and the network design (Fig. 4b). Practically, if the

second-stage decisions must be made as well as realized very quickly (e.g. in mil-

itary applications, see similarities to aforementioned STORM ideas) then the net-

work design decision from the second-stage should be realized in advance, i.e. in the

first-stage. Then, the second stage decisions are restricted to only the transportation

(network flow).

3.3 Conclusions and Further Research

The paper presents principle ideas behind the development of the original modifi-

cation of hybrid algorithm involving GA and GAMS for the solution of the large-
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(a) Network flow in the first-stage. (b) Network design in the first stage.

Fig. 3 First-stage decisions: network flow (x) and network design (𝛿).

(a) Network flow in the second stage:
line thickness captures number of uses
of the edge in n = 100 scenarios.

(b) Network design in the second-stage.

Fig. 4 Second-stage decisions: network flow (y) and network design (𝛿).

scale stochastic TNDP. The introduced hybrid algorithm can be further applied to

engineering optimization of design parameters in civil engineering applications and

continuous casting, where both integer and continuous variables may appear in the

large scale instances of modeled problems. The idea is to test these conclusions more

carefully for large test cases and real world applications in, e.g., waste management

problems especially in the related transportation network design. The approach is



24 D. Hrabec et al.

also portable to other problems leading to nonlinear integer programming formula-

tions. The hybrid algorithm can be further tested comparing with some other evolu-

tionary approaches (see, e.g., [21]).
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