Chapter 2

High-Frequency Sound Generated
by Sound-Aerofoil Interaction

in Subsonic Uniform Flow

In this chapter we adapt the analytically-based procedure of (Myers and Kerschen
1995, 1997) and Tsai (1992) to study the sound-aerofoil interaction problem. We con-
sider a high-frequency incident plane sound wave being scattered by a generic aerofoil
(such as that in Fig. 1.7) in a steady uniform background flow, and use the asymp-
totic limits as described in the Introduction; k >> 1 is the acoustic reduced frequency;
€ < 1 is a non-dimensionalised small parameter (lengths are non-dimensionalised
with respect to semi-chord length) such that t = et’ and o = e« are the thickness
and camber, respectively, of the aerofoil; and we impose that ek = O(1). Results
will be shown specifically for NACA 4-digit series aerofoils, however any aerofoil
with a parabolic nose is allowable. In Sect. 2.2 we discuss this nose shape constraint
and allude to results for bodies with different nose shapes, and later in Chap.4 we
explicitly discuss elliptic-nosed bodies (although in both of these cases the radius
of curvature of the nose is O (¢?)). The method of matched asymptotic expansions,
(Van Dyke 1975), is used to split the problem into several asymptotic regions around
the aerofoil; the inner leading- and trailing-edge regions, of size O (k~') centred
on the leading and trailing edges respectively; the transition regions on the aerofoil
surfaces between the inner leading- and trailing-edge regions, of width O (k~1/?),
which account for the surface curvature of the aerofoil; a wake region, also of width
O (k~1/%); and the outer region comprising the rest of space, which also contains
Fresnel zones above and below the aerofoil emanating from the leading and trailing
edges. The solution in each region is determined individually, and matched to its sur-
rounding regions using Van Dyke’s matching rule (Van Dyke 1975). An advantage
of this analytical approach is that it provides results in the high-frequency regime
(where numerical approaches become more difficult) as well as providing interesting
physical insight.

In Sect.2.1 we formulate the mathematical problem for the incidence of a high-
frequency sound wave on an aerofoil. In Sect.2.2 we solve the governing equations
in the inner leading-edge region of the aerofoil. On taking the outer limit of this
inner solution (as required by the matching process) we find singularities along the
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12 2 High-Frequency Sound-Aerofoil Interaction

shadow and reflection boundaries, so we construct uniformly-valid expansions to
eliminate these singularities in the far-field solution. The leading-order solution (the
flat-plate solution) yields the well-known uniformly-valid expansion containing the
complementary error function, and is caused by the coalescence of a saddle point and
a pole in a very familiar way (Jones 1986). In contrast, the part of the leading-order
thickness correction which accounts for the inclination of the surface normal vector
has a singularity caused by the coalescence of a branch cut and a saddle point, and
the uniformly-valid solution is more unusual, containing a modified Bessel function
of the second kind. In Sect.2.3 we construct the leading-edge outer, and surface
transition solutions, the latter of which accounts for the surface curvature of the
aerofoil. In Sect.2.4 we find the trailing-edge outer, transition and inner solutions;
the inner solution comprises of the field arising from the scattering of the leading-edge
field by the trailing edge, which is similar to that found in Myers and Kerschen (1997)
and Tsai (1992), and the reflected field, which is particular to our incident sound
problem. This reflected field generates further Fresnel regions, now emanating from
the trailing edge, which have the standard far-field form involving the complementary
error function. The final uniformly-valid result of the total far-field sound generated
when a sound wave is scattered and reflected by a thin aerofoil in background steady
uniform flow is presented in Sect.2.5. Section2.6 contains results and discussion,
and concluding remarks are given in Sect.2.7.

2.1 Formulation of the Problem

2.1.1 Aerofoil Geometry and Steady Mean Flow

We consider a small unsteady perturbation to the mean flow around a thin aerofoil
of chord length 26* in Cartesian coordinates (x*, y*) with their origin at the aerofoil
leading edge. We use * to denote dimensional quantities. We restrict the geometry of
the aerofoil to have a parabolic nose (ey*(x*) ~ 2act’/x*/b* at the leading edge,
where ¢ = et’ is the maximum thickness of the aerofoil as a fraction of the chord
length and primed quantities are O (1)) and a sharp trailing edge. We decompose the
boundary description of the aerofoil, ey*(x*), into thickness related terms, ey)*,
and camber and angle of attack related terms, €Y (% (x*) = —a;x* + ey©O*(x¥),
where «; is the angle of attack, and y(") describes the camber line of the aerofoil.
In what follows we non-dimensionalise lengths with respect to b*, and velocities
by UZ,, where UJ, is the uniform mean flow speed far from the aerofoil. Note this
non-dimensionalisation fails when there is no background mean flow, but we do not
consider such a simplified case. At upstream infinity the mean flow is uniform, with
speed U, aligned with the positive x* direction. It is most convenient to work in
the non-dimensionalised orthogonal coordinate system (¢, ¥), which represent the
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velocity potential and streamfunction of the mean flow around the aerofoil. In this
coordinate system we write z = ¢ + i1, which relates to the Cartesian coordinates
(x, y) via

X +ifocy =2+ O(e), (2.1.1.1)

where 32, = (1 — M2,) is the Prandtl-Glauert transformation factor accounting for
compressibility, and M, is the mean flow Mach number at upstream infinity.

To utilise the modified rapid distortion theory equations determined by Kerschen
and Myers (1987), we need the complex potential for the steady flow around the
aerofoil. Using Thwaites (1960) we find that, for a thin aerofoil, the amplitude of the
total mean flow is UZ, (1 + €g), in the direction making an angle ey with the x* axis,
where

. 1 e 2=z [2Y9W)
(q—lu)(Z)—nﬁoo/ P nﬁoo / P dx,

(2.1.1.2)

and’ denotes differentiation. This is correct to first order in aerofoil thickness, camber
and angle of attack. The quantities ¢ and p are related to the complex potential F
(which is non-dimensionalised with respect to U;‘ozb*) by

dF
q(p, ) —iu(p, ) = = (2.1.1.3)

where the arbitrary constant in F is chosen so that F(0) = 0. This now completes
the relation given by (2.1.1.1); the O (¢) perturbation is e F(z). We require explicit
details of ¢ and p in the local neighbourhood of the leading and trailing edges. For
the other regions we construct the unsteady solution in terms of ¢, u, and F. For
further details of the coordinate transformation between physical (x, y)-space, and
potential-streamline space, see Myers (1987).

We combine the angle of attack, o;; = ea;, and the leading-edge camber together
to give an effective angle of attack, c.fr = eagff, with

2@ _
1/ &y I —x) (2.1.1.4)
0

o= =y @ ow
Equation (2.1.1.4) has been found by sending z — 0 in the second term in (2.1.1.2)
and integrating by parts so that later, with this effective angle of attack, we may
write the inner leading-edge expansion of g as ¢ — iu ~ aéffﬁo’ol V27172 4
thickness term + O (z'/?). The complex velocity potential for a general thin aerofoil
with boundary ey(x) = € y(’ Y(x)+e y(C) (x), where t and ¢ denote thickness and cam-
ber respectively, can be written as F = Fy + F" + F©_ where Fj is the flat-plate



14 2 High-Frequency Sound-Aerofoil Interaction
potential at angle of attack «; as given in Myers and Kerschen (1995). The flat-plate

(at the angle of attack), thickness and camber dependent components of the complex
potential are given by

Fo(z) = ;i (log [z — 1+ \/M] +z-vz2z-2) - ni) . (21.15)

FO = T / ? 0y X (log|:l +VG= 2)/7}
T8 Jo V2 —x 1-Vz-2)/z

V2 =x V2 —=x)/x+/(z-2)/z )
—1 NG 10g|:i\/(2—x)/x—\/(z—2)/zj|_m dx, (2.1.1.6)

2 2 ()
F“)(z):#(/o y(’)/(x)log[z—x]dx+/0 Y x(x)dx). (2.1.1.7)

This completes our description of the mean flow.

A shift of z — z 42 recentres the expressions for the disturbance potentials about
the trailing edge (where now we take constants such that the velocity potential with
respect to trailing-edge coordinates, Fy, satisfies F;(z; = 0) = 0). These are used
later to determine the phase shift between the leading- and trailing-edge scattered
fields.

2.1.2 Unsteady Disturbance Equations

Rapid distortion theory is often used to investigate the sound generated by the inter-
action of an unsteady flow with a solid boundary. The theory was initially developed
by Hunt (1973) and Goldstein (1978) for three-dimensional incompressible and com-
pressible flows respectively, but the form given by Kerschen and Myers (1987) and
Kerschen and Balsa (1981) for two-dimensional, small-disturbance mean flows is
more relevant to this chapter. We assume that the fluid is inviscid and non heat con-
ducting, which is a reasonable assumption in many aeronautical applications such
as fan noise. For the purposes here we assume that the incident sound wave origi-
nates far from the aerofoil where the mean flow is uniform, with a small-amplitude
unsteady disturbance. The third coordinate in our orthogonal system (¢*, 1*, x3) is
the spanwise direction, and we assume that all unsteady quantities are proportional
to e33 71w where w is the non-dimensionalised frequency. We non-dimensionalise
coordinates (¢*, 1*) with respect to UX b*, wavevector k = k*(ky, k2, k3) with
respect to (b*U% )~ and frequency with respect to k*U*2.

We assume the perturbation to the uniform flow, due to the presence of the aero-
foil, is small compared to the uniform flow component, but large compared to the
unsteady flow component. Following Kerschen and Myers (1987) we use the per-
fect gas relations for a small velocity perturbation, eg, to a uniform mean flow and
take directly from them the governing equation for the modified unsteady velocity
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potential i (¢, 1) (Kerschen and Myers 1987, Eq. 10). Here A relates to the physical
unsteady velocity potential, G, via

h(o, 1) = G (¢, 1b)ekaxstivt gk M6/ Boo—Miseq @2.12.1)
and G satisfies
Dy ( 1 D()G) 1 1
—\|\——F) =V (VG =—V-(pv), (2.1.2.2)
Dt \ayg Dt 00 P 00 p

where the perturbation to the steady mean flow field is given by u = v + VG and
v is the evolution of the incident vortical disturbance in the steady mean flow. In
Goldstein (1978), the flow field is separated into v and G because (in the case of an
incident gust) one, G, can then be seen as an acoustic field, and the other, v, a vortical
field. In this chapter, we are considering the effects of an acoustic incident field only,
therefore we set v = 0, and we separate G into two parts, one that is the imposed
perturbation, and one that is the response. Individually both fields satisfy (2.1.2.2)
with zero source term. We solve (2.1.2.2) for the imposed incident field in the next
subsection, whilst the remainder of the chapter focuses on solving for the response
by imposing a boundary condition on the aerofoil surface. The incident sound field
is denoted by a subscript ; whilst the response has no subscript.

The subscript o denotes steady mean flow quantities, and py and ag are density
and speed of sound respectively. We can determine the mean flow quantities with
respect to their values far upstream (denoted by subscript ), via

Uy _ Vo

— =1 , = €, 2.1.23
U +eq Ve €l ( a)
ao Y 2 £0 2
W _ e a2 2.1.2.3b
-~ 5 Moo = eMZ q ( )
Bo v=15\ M3 Mo Yol
=l —M ) =g, —=1 1+ —M .
b TR T U T )
(2.1.2.3¢)

These expansions are correct to first order in €, and -y is the ratio of specific heats.
After non-dimensionalisation of (2.1.2.2), we retain terms of size O (k2, k, 1)
(recall k = O(e~ 1)), to find the governing equation for /,

8h  6h

(y+ DMZeq (0%h Oh
95 ot KPw?(1 — 2% eq)h + 20 (

. 2002, 2
7 73’4112 + 21k6—a¢ + k7 (w”+ 0 )h)
_ DM 9q ((l” i ) _

Bgo 63(;5 9 ikoh ) =0,
(2.1.2.4a)
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where

b= —, w?=(Mx)*— (k3/Bc0)>. (2.1.2.4b)

In (2.1.2.4) we have now explicitly set the source term from (2.1.2.2) to zero.
We work with the modified unsteady pressure, as defined by Myers and Kerschen
(1995, Eq. (2.7)), which is given by

e (gz 1k5h) koM (2.1.2.5)

In the following sections we solve for 4 in various regions around the aerofoil,
wherein different terms dominate the behaviour of the flow. These regions arise from
balancing different terms in (2.1.2.4) with respect to k and e. We have a particular
aim of finding the acoustic pressure in the far field.

2.1.3 Form of the Incident Sound

Suppose the incident sound wave has potential
hy = Ajekvor, (2.1.3.1)

We require A7 = 1, and o7 = k1 ¢ + k27) at infinity, where k; > are the streamwise
and transverse wavenumbers of the incident sound wave. Writing o; = o9 + €01 +
O(€%) and substituting (2.1.3.1) into (2.1.2.4) we find that to 0 (k%)

dog 2 dog 2 _
(a_¢) + (%) —1=0. (2.1.3.2)

Hence o9 = ki¢ + k21 subject to k% + k% = 1. We define x as the angle of
propagation of the sound wave with respect to the uniform flow upstream, and write
(k1, k2) = (cosx, sin x). The sound originates from upstream, —n/2 < x < /2,
or from downstream /2 < x < 3m/2. The real part of (2.1.2.4) to O (k) gives the
eikonal equation

(v + 1)M4

v % (§ — wcosx)2)_o (2.1.3.3)

cos X88—¢ + sin X%—w +q (ﬂgo _

whilst the imaginary part at this order gives the transport equation

0A 1 0A]
8(;5 X + W sin y = 0. (2.1.3.4)



2.1 Formulation of the Problem 17

By using characteristic coordinates £ = ¢ + cotx,n = ¢ — tpcotx and
re-labelling g (¢, 1) as 2(£,n) in these variables, we obtain the solution to the
eikonal equation

_ VX / 2 (2.13.5)
T 2cosy
where .
V) = —p% ( % (6 — wcos 9)2) . (2.1.3.6)

The function o represents the distortion of the incident sound wave due to the non-
uniform steady flow created by the presence of the aerofoil. We set g to zero due to
the condition at infinity. The transport equation is satisfied by an arbitrary function
of the spanwise coordinate, x3, but given the condition at infinity we set A; = 1
everywhere, and hence the incident sound wave is given by

hy :exp(ikw(¢cosx+¢sinx)+ kewV () / 2, n)dg) (2.13.7)

2cos x

If x = ®/2, we can solve for o1 directly from (2.1.3.3) without changing to char-
acteristic variables. This special case shall not be considered further. The boundary
condition for the problem is one of zero unsteady normal velocity on the aerofoil
surface, i.e.

—+ M =—|—+Mec—h . 2.1.3.8
(aw M ) ( + Moot ’)w_ 139

Here v = 0 corresponds to the aerofoil surface and the range of ¢ over which
(2.1.3.8) holds corresponds to the body length in the (¢, ¥) plane.

We use the method of matched asymptotic expansions (Van Dyke 1975) to solve
the problem in all regions shown in Fig.2.1; solving (i) and (ii) in Sect. 2.2, specifi-
cally with (ii) occurring in Sects.2.2.1-2.2.5; solving (iii) in Sects.2.3.1 and 2.4.1;
solving (iv) in Sect.2.3.2; solving (v) and (vi) in Sect. 2.4.2; and finally solving (vii)
in Sect.2.4.3. As in Myers and Kerschen (1997), we take k > 1 and € < 1 with the
distinguished limit that ek = O(1), but with suitable choice of O (1) parameters ¢’
and o (recall thickness and camber angle of the aerofoil are measured by, r = et’
and o« = ea/), our analysis also holds for flat-plate or uncambered aerofoils. We
begin with the leading-edge inner region, then match that to the leading-edge outer
region. The leading-edge transition region along the aerofoil surface can then be con-
structed. A similar process is completed at the trailing edge, but to ensure continuity
of pressure at the trailing edge, these solutions rely on the leading-edge solution, and
thus are more complicated.
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Fig. 2.1 Asymptotic regions around the aerofoil; leading—and trailing-edge inner regions, (i) and
(v), scale as O (k~!), the width of the transition regions, (iv) and (vii), scales as O (k—1/2), and the
width of the Fresnel regions, (i7) and (vi), scales as O ((kr) 1/2y The outer region (iii) is O (1) on the
scale of the aerofoil chord. We solve for (i) in Sect. 2.2, with (ii) found specifically in Sects.2.2.1-
2.2.5. We then solve for a leading-edge contribution to (iii) in Sect. 2.3.1, and (iv) in Sect.2.3.2. We
solve for the trailing-edge contribution to (iii) in Sect. 2.4.1, solve for (v) and (vi) in Sect.2.4.2, and
finally for (vii) in Sect.2.4.3. a In (x, y) space. b In (¢, 1)) space

2.2 Leading-Edge Inner Solution

Here we introduce inner variables (&, V) = k(¢, ¥) for k > 1 centred on the
leading edge, and require the inner expansion of (2.1.1.2). To obtain this, we take
the approximation of the aerofoil boundary near the leading edge in inner variables,
substitute into (2.1.1.2), and expand for large k. Recalling that y) ~ 2aet’\/x as
x — 0, and a.fy is defined in (2.1.1.4) as a function of the angle of attack and the
camber distribution, the result is

. __ati [k i e ﬁ i
(g —iw)(R,0) ﬂoo\/;(cosﬁ/z isin6/2) + e R(cosﬁ/2 isin6/2),
(2.2.0.1)

where (R, 0) are the local polar coordinates centred on (0, 0) with R = kr. Trans-
forming the Eqgs. (2.1.2.4) gives
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’H &H ) (y+DOME  (*H . OH s 9
@+W+w(l—2ﬁ’mgq)H+T (W-}—ZI(S%‘F(U} +(5)H)
_ Ok hMS dq (9H ) _
et (Gg —om) =0, 22020)

subject to the boundary condition of zero normal velocity on the aerofoil surfaces,
P =0,i.e.

8_H + M? 8_qH
aw 9w

10h; , 0Oq }
= |- L Mre1p , (2.2.0.2b)
W=0+ [k I ~ow! Y=0+

where H is the unsteady potential in the inner region. This boundary condition tells
us that H = O(1) at leading order. We now follow Myers and Kerschen (1997) and
Tsai (1992), and expand the inner unsteady potential in the form;

H(@, W) = k71O (Ho 4 o VR(H) + Hy + H) + el /K(PL + P2+ P3) + 0(0)) .
(2.2.0.3)

Here, the phase function, o1, is given by (2.1.3.5) and arises due to the distortion of
the incident sound wave through the non-uniform flow at the nose. Of the remaining
functions, Hy is the flat plate solution at zero angle of attack, Hj » 3 are thickness-
dependent terms, and P 7 3 are camber and angle of attack dependent terms. In what
follows we determine each of these terms.

We mention here the requirement to have a parabolic-nosed body, y ~ 2aet’/x.
We choose this shape so that we may analyse the inner region qualitatively, and in
particular obtain (2.2.0.1) and (2.2.0.3). For an arbitrary nose, y ~ et’x™, where 0 <
m < 1 wewouldobtaing ~ (k/ R)"™~ ! thus the asymptotic series, (2.2.0.3), would be
Hop + €k 'H 1. We would proceed to match orders of ek™ in the governing equation
and boundary conditions as illustrated in the coming sections, but would have an
additional arbitrary quantity, m. The parabolic nose choice, m = 1/2, conforms to
the NACA 4-digit series of aerofoil that are commonplace in the literature of blade-
blade interaction problems, hence we impose this from the beginning to ease the
understanding of the analysis.

2.2.1 Solution for the Flat-Plate Term H,

The leading-order solution is simply that found for a semi-infinite flat plate at zero
angle of attack with an incident sound wave in uniform flow. It satisfies

D(Hp) =0, (2.2.1.1a)
JOHy P iw cos(x) P
B0 oo = —iw sin ye , (2.2.1.1b)

v=0
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where 5 5
0 0 2
=——+— . 2.2.1.2
502 + 502 +w ( )
This is of the same form as the flat-plate problem for an incident gust, and only
depends on the aerofoil surface blocking the normal component of the incident veloc-
ity. Using the Wiener-Hopf technique in a standard way (see Myers and Kerschen

1995 for more details), we obtain the solution

iJwsin(y)sgn(W) [© e AO-IVIVI—w? o
2n/cosx + 1 Jooo M+weos )VAFw

Expanding (2.2.1.3) for large R, for later matching to the outer solution, gives

Hy = (2.2.1.3)

eikwr
Hoy ~ Lo(a)ﬁ + Hf + 0%, (2.2.1.42)

i sin ye ™4 cos §/2

~ JmJwcos x + w(cos y — cosf)

Hé’ is the contribution from the pole at A\ = —w cos y, which may or may not be
included, depending on where the pole lies in relation to the steepest descent contour
for the function

Lo(0) =

(2.2.1.4b)

a(\) = —iARcosf — R|sin 0]V \2 — w2. (2.2.1.4¢)
See Fig.2.2 for an illustration of the steepest descent contour. In fact,

Hé? — —Sgl‘l(\p)eiw cos(y) P+iw sin(x) || (2.2.1‘5)

Im(A)
A

-W Cosy oW

“-W \(D Rg()\)

steepest descent path

Fig. 2.2 Steepest descents contour for phase function —a () in the A-plane
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if0 <6 <xor2m—x <6 < 2m, and H(f is zero otherwise. This pole represents
shadow, 0 < 6 < ¥, and reflection, 21 — x < 6 < 2m, regions of the incident sound
wave by a semi-infinite flat plate. There is no pole in the gust case of Myers and
Kerschen (1997), therefore for them, Ly would be uniformly valid, however for the
sound-aerofoil case, our expression for L¢ has two regions of non-uniformity, i.e.
when cos x = cos 6, which is caused in a very familiar way by the coincidence of the
pole in the integrand of (2.2.1.3) and the saddle point arising in the determination of
the outer limit.

The uniformly-valid outer limit of (2.2.1.3) can be found using standard methods
(Jones 1986) which we outline here; upon deforming the contour to the steepest
descents contour (see Fig.2.2) we cross the pole and pick up the contribution from
Hé’ which, for ® > 0 is the reflection of the incident wave, and for ® < 0 is a
cancellation of the incident wave, i.e. a shadow region. The regions determined by
the reflection/shadow are bounded by angles which generate the discontinuity in
the standard geometric optic far-field solution, (2.2.1.4). Thus we must construct a
uniformly-valid expansion about these boundaries which are then seen as Fresnel
regions emanating from the nose of the aerofoil. To evaluate the behaviour in these
regions further we must expand about the pole and saddle point, and consider an
integration contour that is a small line segment tangent to the steepest descent contour
at the point of stationary phase (in the direction of steepest descent). Near to the saddle
point, A = A\g = —w cos 6, we can approximate the phase function by a Taylor series,
hence using the change of variables

. 12
2w sin? 0 .
A+ wcosh = (T) e /4y, (2.2.1.6)
we can write
. 2
i sin y sgn(yp)elkwr e Vdv
Hy— — X sgn(y) S (2.2.1.7a)
21 /cos x + 1/(1 —cosB) Jor v — Be=3m/
Fig. 2.3 Location of the Im(v)
branch cut of /v — Be=3m/4 B<0
in the v-plane, and contour
Cp S

Re(v)
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where
wR

_— 2.2.1.7b
2sin? 6 ( )

B = (cos x — cosf)

and C’ is the straight line from —o00e™/4 to coe™/4. There are now two distinct limits,
namely 5 = O(1) and 5 > 1. For § > 1 we return to the original limit, whereas

for 8 = O(1), consider
0 e—v2x
= /_oo v_ﬁe—_anmdu (2.2.1.8)

By solving a first order PDE for I (x) and ensuring that when we deform the contour
C’ to the real axis to give (2.2.1.8) we go around the pole and include its residue, we
find that

ikwr e—i{jz

Hot ~ = sin(x) sgn(y)e
2/T+cosx+/1 —cos@

sgn(B)erfc [e—“i/4| 5|] +H!, (2219

This is continuous in ¢, and now has no singularities; we note in particular that the
square root term, (1 — cos #)~'/2, does not cause any problems as # — 0 since the
expansion of the complementary error function as 3 — oo removes the singularity.
The uniformly-valid solution consists of two different acoustic forms, the first term
in (2.2.1.9) represents scattering of the incident sound wave by interaction with the
edge of the flat plate and away from cos @ = cos x takes a cylindrically decaying
form, whilst the second term represents direct blocking and reflection of the incident
sound wave, and takes the form of a plane wave.

2.2.2 Solution for the Thickness-Related Term H,

At this order, we begin to take account of the thickness of the aerofoil. We have
separated the leading-order correction term in (2.2.0.3) so that we may apply differ-
ent physical interpretations to each term, and solve the problem more easily. H; is
therefore chosen to represent only the effect of thickness on the boundary condition,
and accounts for the (thickness-dependent) evolution of the phase of the incident
sound wave. Specifically, H; satisfies

D(Hy) =0, (2.2.2.1a)
H . N7, iw cos(x) P
ot _ _wV(osgn(Pae (2.2.2.1b)
OV | o=, 400 cos(Y)V/ P

The boundary condition, (2.2.2.1b), arises from the O (ek 1/2y correction in the bound-
ary condition generated only by the incident sound wave, i.e. by the term ‘3—’;{ in
(2.2.0.2b).
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Equation (2.2.2.1) has solution

ein/4in(X)a [ee) e—i/\<1>—\\l’|\/)\2—w2
= dA.
8/T00 €08 X J—00 v/A2 — w2 /A + wcos x

Using the method of steepest descents, we find that in terms of outer variables,

Hy

(2.2.22)

ikwr
Hy ~ L0 + 0Kk, 2223a
1 1(6) N ( ) ( )
where
L = Ve (2.2.2.3b)

B 4+/2 850 €OS X/COS X — COS 0

The non-uniformity in L (@) at the points cos x = cos 6 is caused by the collision
of the branch point (as opposed to a pole) at A = —w cos x and the saddle point,
Ao = —wcos @, and hence the uniformly-valid contribution differs from the usual
Fresnel region solution (caused by the collision of a pole and the saddle point) that
was demonstrated in the Hy solution. Rather than picking up a residue contribution
as we deform to the path of steepest descents (such as Hé’ from (2.2.1.5)), we wrap
the steepest descents contour around the branch cut between —w cos x and infinity.
The branch cut dominates the integral for cos 6 close to cos x since here the point of
stationary phase coalesces with the branch point.

To evaluate the branch cut contribution, we apply the same change of variables,
(2.2.1.6), to the original integral expression of Hj, given by (2.2.2.2), to obtain

2

€
H{ ~c(0 ———dv=c)], 2224
[ eO) || iy = c0) (2224)

where 3 is still defined by (2.2.1.7b). For 3 = O(1), the contour C” is wrapped
around the branch cut at Se~3™/4 i.e. is given by C shown in Fig.2.3 when /3 > 0.
For | 3] > 1, the contour, C” is the standard contour we would obtain via the method
of steepest descents (because there is no coalescence of the saddle point and the
branch point), which is the contour from —oo to oo along the real axis. Therefore
for | 3] > 1 we return to the original limit, (2.2.2.3b).

For § > 0, evaluating the resulting integral around Cp, referring to Abramowitz
and Stegun (1964, p. 687), yields

2

I = / v =B mAK (B2, (22.25)
Ccs v — 56_3nl/4
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Fig. 2.4 Comparison of real 0.20
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where K /4(x) is amodified Bessel function of the second kind. For 3 < 0 we reverse
the sign of v within the integral expression for / given in (2.2.2.5), and proceed as
before to obtain a similar result.

Therefore the uniformly-valid expansion of Hj is

_e”i/4ﬂV(X)a sgn(B)+/cos x — cosf

K 2i /7 eikwreiﬁz/z.
8850 COS X+/Tt| sin 0] 14(5%1/2)

(2.2.2.6)

H! =

In the limit of large [ this returns to the initial far-field expansion, (2.2.2.3b).
For kr = 100, Fig.2.4 illustrates the uniformly-valid expression versus the non-
uniformly valid solution. A discussion of this type of uniformly-valid solution can
be found in Bleistein and Handelsman (1975).

2.2.3 Solution for the Thickness-Related Term H,

Tsai (1992) constructs H, as the solution that arises due to a source term in the
governing equation. We do not have such a source term in (2.2.0.2a), because the
incident sound wave does not create any upstream vortical perturbations in our lin-
earised system (an incident gust does of course produce upstream vorticity), hence
there is no need for the H> term as defined by Tsai (1992). We do, however, have an
awkward boundary condition arising from the non-uniform flow around the nose of
the aerofoil. We let H, be the function that solves for this, i.e. H> accounts for the
distortion of the mean flow around the aerofoil nose, so
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OH —M3, 0 i
21 = Tl (g g)elweos®, 223.1)

D(Hy) =0,  —= =
oW | o=0 'k OV

This boundary condition arises from the O (tk/ 2) correction in (2.2.0.2b) generated
by the interaction of the incident sound wave with the mean flow; the second term on
the right hand side of (2.2.0.2b). Again we solve using the Wiener-Hopf method, but
this time, due to the boundary condition, the process is more involved. The solution
is given by

_ W) [ .
Hy = %() / AL (Ve POV w2 gy (2.2.3.22)
—00

where A4 () is to be determined from the Wiener-Hopf equation

D_(\)
A+ wAL(N) — Fr(\) = + F_(N). 2.2.3.2b
VA+wALA) — FL. (V) e N ( )
The Fy(\) are determined via
D1 (N
=FL(\)+ F-(\), 2.2.3.2¢c
A = PV (22.32¢)
with
M2 e} 8q . .
D.()\) = —— L (x,000( elwcosxxelz\xdx, 2.2.3.2d
sV == | Sy 00w ( )

and ® (x) is the Heaviside step function. Recall a subscript & denotes a function that
is analytic in the upper/lower half plane. D_ is an unknown function, given by

0
D_(\) = / O0H;

- e ®do. (2.2.3.2¢)
o OW

w=0

To evaluate A (and therefore H;) we refer to Jones (1966) and Tsai (1992). Tsai
imposes physical Kutta conditions that H(®, 0+) ~ ++/® for small positive @,

and % oo~ (—®)~ /2 for small negative ®. We impose the same conditions,
therefore, by relating small ® behaviour to large \ behaviour, we know that

AL~ 22 DA~ A2 and D_(\) ~ A2 (2.2.3.2f)

as A — oo in the appropriate half planes. By considering (2.2.3.2c) we see that
Fy + F_ ~ const. as A — 00. Due to the Kutta conditions imposed for small &
values, we require F; — 0 as A\ — 00, so this constant only lies within F_. The left
hand side of Eq.(2.2.3.2b) is analytic in the upper half plane, whilst the right hand
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side is analytic in the lower half plane. Both sides have a small region of overlap
(allowed by giving w a small positive imaginary part), and for large A both sides
tend to a constant. Therefore both sides give an entire function, which by Liouville’s
theorem (Noble 1998), must be a constant. We have therefore determined A up to
a constant as

F()\) + const.

Ay = (2.2.3.2g)
* A+ w £
We can choose to insert the constant into the function Fy and write
1 Di(\)+CVA— d
FiO) = — / + )+ v (2.2.3.2h)
2mi Jc, VE—w K—A

where C| is a contour running parallel to but just above the real axis, and below w.
The constant, C, is determined by ensuring that H, behaves in agreement with our
restrictions imposed on its small @ behaviour.

We therefore choose C = —M, goaiﬁﬂ;ol e™/4 by consulting Jones (1966, p. 468
Ex. 28), and after taking the outer limit of (2.2.3.2a) using the method of steepest
descents we obtain

ikwr
Hy ~ L»(6) + Ok, (2.2.3.32)
2 2 \/ﬁ
where
_ 2
Ly(0) = —4sen(W)Mo, cosb/2 (a +log[(cos x + Dw] +2 — i
Boor/T

.+/(cos x — cos ) . |:«/(1+cos€):|)
—2i arcsin ,

/(14 cos6) Jeosy + 1
(2.2.3.3b)

and 7 is the Euler-Mascheroni constant. Although it may appear that (2.2.3.2a) has a

branch point colliding with the saddle point to produce a non-uniformity, as it did for
Hi, in fact this is not the case because the function F. (\) ensures regular behaviour
at the saddle point. The solution presented for L, varies from that presented in Ayton
and Peake (2013), where the term —7i was given as —i/2.

This Wiener-Hopf method is slightly more complicated that the standard method
used in Myers and Kerschen (1997), Tsai (1992) and the previous sections here,
because for those, F1 — 0 as A — oo due to differing boundary conditions, hence
they effectively had C = 0.
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2.2.4 Solution for the Thickness-Related Term H3

The contribution Hj arises from terms in (2.2.0.2a) that contain eq (¢, ), i.e. the
effects of the non-uniform flow near the nose on the propagation of the sound through
that region. The equation can be rearranged so that the interaction of eq (¢, 1) is seen
as an equivalent source term located at the leading edge; this is called a propagation
source (Tsai 1992), and so H3 satisfies

2w?a ing/2 M2 asin6/2 (0*H H,

D(Hs) = — W=d o sin b/ Ho (v+ Mg asinf/ (6‘ 20~|—2i56 0

VR B3R ov P

s o a(y+ M2 sin36/2 (0Hy .
+ (w446 )HO)+ zﬂgoR3/2 9 — 10 Hy
(2.2.4.1a)
H M2 a

OH; <41, (2.2.4.1b)

oW |o-0 T 2B, 032

where a = sgn(W)a. This final boundary condition arises from the second terms on
the left hand side of (2.2.0.2b). The particular solution to (2.2.4.1) is solved for in
Appendix 2.8, and has outer limit

H3), ~

/W Pno sin y e /4 sin felkr {— (vy+ ML,
J/T/cos x + 1(cosy — cos 6) 234 w?

iwkr

+ L3,,(0)i/_ + oY, (2.2.4.22)

X (§ — wcos 9)2)

where

—asin x(y + 1)M%,
Zﬁﬁgow«/cos x+1

We do not calculate a uniformly-valid solution for H3,, since the term creating the
non-uniformity when cos y — cosf = 0 is not present in the outer solution; it is
only required for matching the leading-edge inner solution to the leading-edge outer
solution.

We now seek a complementary solution, Hj, to (2.2.4.1a) such that H3 = H3, +
Hs., with

Lap(0) = (5 sin20 — dsin0). (2.2.4.2)

2

D(H3c) =0, (2.2.4.3a)
8H3C
T d(®), (2.2.4.3b)

where
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M? L . OH;
d(®) = r’;f;/zelw oSO P grf [6“1/4\/(005 X — 1)w<1>] — 8\I3lp
(oe) &=>0
=0
(2.2.4.3¢)

The first term in (2.2.4.3c) arises from the uniform expansion of Hy, (2.2.1.9), in the
original boundary condition (2.2.4.1b), while the second term is introduced to cancel
the normal velocity of the particular solution H3, and is defined in Appendix 2.8.
The full expansion for d(®) is given in Appendix 2.9, written in the form

d(®) = di(P) + do(P) +d3(P)
so as to simplify later calculations. We set
Hi. = 37_ Hs,, (2.2.4.4a)

where each Hj., corresponds to the term d; in the boundary condition (2.2.4.3b).
The solution to (2.2.4.3) can be obtained using the Wiener-Hopf method, giving

Sgn(\y) 00 ea(/\,d),\l’)
Hy, = ——— Fril\)———=d\, 2.2.4.4b
3¢; m ~/—oo -H( )m ( )

where the F; are also given in Appendix 2.9. In the limit of large R, we obtain
iwkr

Jkr

where the expressions for the L3, and their uniformly-valid counterparts, can be
found in Appendix2.9.

Hie, ~ Li, () +0k™3?), fori=1,2,3, (2.2.4.5)

2.2.5 Solution for the Camber-Related Terms P;,i =1,2,3

Recall that the P; terms in (2.2.0.3) are the components of the inner solution that
correspond to the leading-edge effects of camber and angle of attack on the scattering
of the incident sound wave. The P; solution comes from the differentiation of the
integral in the exponent of /1, given by (2.1.3.7), within the boundary condition (i.e.
the effect of the cumulative distortion of the sound wave as it propagates through the
non-uniform mean flow on the incident normal velocity) and so satisfies

D(Py) =0, (2.2.5.1a)
P 2 N7 iw cos x ©
on _ _wV(osgn(¥)e (2.2.5.1b)
ov Bt Zﬁﬂoo sin Xﬁ
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Again, using the Wiener-Hopf technique in a standard way, we find that
/4w Y ) —IAO—|W|vVAZ—w?
P = wveo ° A
421 Boow sin X J 0o VA2 — w2/ A+ wcosy

and a uniformly-valid outer limit can be found using the method described in
Sect.2.2.2, giving

/4 JwV (x)sgn(B)/cos x — cos
44/21 B0 sin x| sin O]

, (2.2.5.1¢c)

Pl = K142k e 2 (2.25.1d)

The H, term in (2.2.0.3) arose from the influence of the thickness-dependent part
of the mean velocity potential in the boundary condition (2.2.0.2b) (i.e. the term
containing ¢q), however the camber-dependent part of the potential tells us that this
term is zero, and hence we set P, = 0.

The term P; in (2.2.0.3) arises from the terms involving ¢ in (2.2.0.2a) forming
a source term in a similar way to the propagation source for H3, namely

V2 6 5 5 (y+ HME [0*Hy OHy
D(P3) = {2 Hy — o 2i
(ry = 2 oo (2t O | T iy
1 30 (y+ )M [0Hy .
2 2 00
OPs

The boundary condition is zero normal derivative since the W derivative of the part
of g corresponding to the leading-edge camber and angle of attack is zero on the
aerofoil. Hence we can use a modified form of the solution for the gust case from
Myers and Kerschen (1997); setting P3 = P3. + P3, + P3,, gives

4
P3,(R, 0) = iwv2kr | =28 + %(6 —wcos#)? )cos QHO, (2.2.5.3a)
Bow? 2
iw sinxﬁooe"i/4 e ( 1 ) ) e\ 9.1)
P3c(R,0) = —— 22— - d, 2.2.5.3b
3e(R. 6) Var Joo\VAFs O+032) S2_ 2 ( )
-2 M2 iw sin y e~1%/4 2i
P3.(R,0) = Van(y + ; colWSIm X € (Hz(l)(wR)cos 20 + ﬁHfI)(wR) cos@) .
803.v0 +w w

(2.2.5.3¢)

The modification to Myers and Kerschen’s result arises in the first factor within the
integrand of Ps.. The outer limit of P3. + P3, is

ikwr

Py + Ps ~ D3(0) —— + O(k3/?), (2.2.5.3d)

7
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where
w32 By sinxcosd  (y+ )M siny (6 w
Ds(0) = — x© — 60— — 20).
3(6) G — weos0)32 NoN el (2 cos 7 Cos )

(2.2.5.3¢)

We have thereby now completed our asymptotic solution in the inner region, and
have crucially found a uniformly-valid outer limit which can be matched onto the
solution in the outer region.

2.3 Solution for the Leading-Edge Outer
and Transition Regions

We first solve for the boundary condition, (2.1.3.8), in the outer region. Clearly, —/;
is a solution in the outer region, however we need to construct an outer solution,
h°, that matches to an appropriate function in the leading-edge inner limit, but also
cancels the normal velocity of &; on the aerofoil surface. The appropriate function
fory > 01is

h() — eiwkcosx®+iwksinxIw\+ikweol(é,7/) (@(0[) _ ®(9t _ X) _ @(9) + @(0 _ X)) ,
(2.3.0.1)

where o is defined in (2.1.3.5), and £ = ¢ + cot ||, 1 = ¢ — cot x|¢|. The
Heaviside step functions, ®, dictate that 4° is only non-zero if an observer is in the
direct shadow which is defined by the polar angle measured from the leading edge
satisfying 6 € (0, x), and the polar angle measured from the trailing edge satisfying
0; € (0, x). For ¢ < 0 we require a reflected solution given by

he = _eiwkcosxc‘)+iwk sinx\w\-&-ikweal(é,f/) [@(_.9[) _ @(_9[ _ X)

-0 - (2rn—x) + (0 —2n)].
(2.3.0.2)

In the far field, these regions reduce toa small, O (1/r), polar regions near § = x, 2n—
X, Which coincide with the location of the shadow and reflection boundaries around
which the Fresnel regions are centred. In the leading-edge inner limit, the terms from
the (—®(#) + ® (6 — x)) contributions match to the outer limit of the inner leading-
edge term, H(f, given by (2.2.1.5). The other terms, from the ®(6;,) — © (6, — x)
contributions, will match to a trailing-edge inner solution which comes from another
pole contribution.

At distances of r = O (k) in the far field, the scattered Fresnel regions emanating
from the leading and trailing edges overlap and eclipse this 4° term, similar to the
case seen in Peake and Kerschen (2004), thus in the far field we do not actually see /°.
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2.3.1 Leading-Edge Ray Field

The leading-edge ray field (which is a scattered solution) is analogous to the gust cases
found in Tsai (1992) and Myers and Kerschen (1997), so we propose a cylindrically
decaying leading-edge outer solution of the form

_ Ko + ViK1 0) + 0etiVKK2 0) ko)
Vkr ‘

We substitute (2.3.1.1a) into (2.1.2.4) to give the eikonal equation for o7, and solving
up to and including O (€), we obtain

hy (2.3.1.1a)

o1 =r+eoy + 0(), (2.3.1.1b)

where
oy = V(9)/ q(r', 0)dr + 51(0,0), (2.3.1.1¢)
0

and V is defined in (2.1.3.6). We finally obtain the solutions to K; by Van Dyke’s
matching rule (Van Dyke 1975), whereby we match the outer limit (R — o0) of the
inner solution (2.2.0.3) onto the inner limit (r — 0) of the outer solution (2.3.1.1a).
Hence, similarly to Myers and Kerschen (1997) and Tsai (1992),

Ko(0) = Lo(0), (2.3.1.1d)
Ki(0) =L(0)+ Lr(0) + L3p(9) + L3¢, (0) + L3c,(0) + L3, (0), (2.3.1.1e)
K>(0) = D1(0) + D2(0) + D3(0), (2.3.1.1f)

in the non uniformly-valid case. The cross-term from the inner limit of 4;, given by
Ko(®)ikweV (0) for gdr’, matches to the first term in the particular solution, H3, from
(2.2.4.2a), and to Pz, from (2.2.5.3a). For a uniformly-valid matching, we must
replace the non uniformly-valid terms, (Lo, L1, L3¢, L3¢,, D1) by their uniformly-
valid counterparts (e.g. Hy Vkr). This still provides a matching, however the ampli-
tude function is now dependent on r as well as on 6. In all cases that follow, to
obtain the uniformly-valid solution we replace any non uniformly-valid terms by their
uniformly-valid counterparts in this way. To aid the understanding of the matching
problems, results will in general be given in terms of non uniformly-valid solutions
where appropriate.

2.3.2 Leading-Edge Transition Solution

When finding the leading-edge outer scattered solution we did not impose a boundary
condition on the aerofoil surface, and furthermore the expansion of L3., becomes
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non uniform at small angles (illustrated by the logarithmic singularity in (2.9.0.8)
at A = —w). These two issues lead us to look for a boundary-layer style solution,
which emanates from the leading edge and is valid close to the aerofoil surface,
that cancels the normal velocity generated by the leading-edge outer ray field. When
9 = O(k~1?),and r = O(1), there is a distinguished limit in the integral term in
3L , (2.9.0.10), giving a boundary-layer style structure to our leading-edge inner
solutlon. We therefore seek a complementary solution, %y, that is exponentially small
outside a region of width O (k~!/2) on the aerofoil surface. In this case, the matching
previously done of H onto #; is still valid, and we can write the total leading-edge

solution as
hi' = hy + hys. (23.2.1)

We do, however, require an explicit expression for this transition solution in order
to evaluate the pressure jump it creates at the trailing edge of the aerofoil. We then
also require a suitable complementary function around the trailing edge to ensure
the pressure is continuous across the wake, i.e. the Kutta condition is satisfied.

We know that /;; must still satisfy governing equation (2.1.2.4), and it must have
boundary condition

0q 8h1 ) 8q
+ —h = — M e—
T e PN R o’ b—ts

(2.3.2.2)

to ensure zero normal velocity on both upper and lower blade surfaces. On the
upper surface we introduce a rescaled variable 7 = +/k%) to represent this bound-
ary layer structure. We can once again consider the thickness-dependent terms and
camber-dependent terms separately, denoting the thickness-dependent part of the
mean velocity perturbation, eq, as eg® and similarly the camber-dependent part as
eq©. We begin with the thickness dependent terms hence follow the method set out
by Tsai (1992). By balancing terms in the boundary condition (2.3.2.2), we consider
a solution of the form

h(t) (¢, 1) = tG (o, n)elkwo+1kweV(0) Jo (' 0)dr +ikwea (0, 0) (2.3.2.3)

so to leading order, (2.1.2.4) becomes
2iw— + — = 0. (2.3.2.4a)
Ui

The boundary condition is applied along the whole of ¢ > 0; we deduct the ¢ > 2
part that we don’t require later in Sects.2.4.2 and 2.4.3 as part of the trailing-edge
transition solution. We therefore require

oG

S| =t (2.3.2.4b)
1

n=0
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where
—in/4 ; ® (1)
b(d) = V)  Jwsiny I B dq 0 +a
VTBsor/COs X + 11 —cosx o\ t'A/d Jo OO

(2.3.2.4¢)

for0 < ¢ < 2,and

q ', 0)d¥ +a

b)) = 7 “as

C RBsor/cos Y 11 —cosy

e ™4V ()  Jwsinx 1 ( B [28g®
(2.3.2.4d)

for ¢ > 2.
By using the Laplace transform with respect to the variable 7 in (2.3.2.4a) and

applying the required boundary condition, we find that

22
V(0)sin x / “la  Boo [S0g© , |70
)= 4P [T e | e
G(g,m «/Eﬁoon cosx T Tcosy — 1) Jo |:§+t’§3/2 o 00 (', 0)dr s=¢
(2.3.2.5a)
for0 < ¢ < 2,and
) /
V(0) sin x (/2 a Boo an(t) , e w/2(¢—E)
) = Sy [ 0dr | =
G, m) V2Boomy/cos x + 1(cos x — 1) \Jo f+t/€3/2 o 00 v Odr $—¢ ¢
[a B [2og® , ] eirw/20-6
o (e ) ow |7 ) (23230

for ¢ > 2 (this will be used to find the pressure jump reaching the trailing edge). On
the lower surface, v = 0_, we apply the same theory as for the upper surface, but

using instead the transform variable n = —Vkip.
The camber-dependent transition solution is similar to that found in Myers and Ker-

schen (1997) with appropriate redefinition of terms, so in the far-field limit takes the
form

eikwc‘H—ikweV(O) for q(r',0)dr +ikweay (0,0)
Jr

e3i"/4eV(O) 2 (1 —cos )¢ 1 3
P (0 ikw cos /2. (c) _ 3/2..(c) d
o[ [e (61239 ©) - 920 ©)) de

+ 232y (2) (eZikw(l_cosg) — Jme ™4 2kw(1 — cos O)erfc (e_”i/4\/2kw(l — cos 9)))].
(2.3.2.6b)
P1(0) = [Lo(®) + arVE (D1 0) + D2(0) + D3(0))]. (2.3.2.60)

hy) ~ Diur (6), (2.3.2.6a)

Dyir (0) = sgn(¥))
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The overall order of the camber-dependent transition solution is O(e), like the
thickness-dependent transition solution. We have now completed our description of
the solution in the transition region. The total leading-edge transition solution (both
thickness- and camber-dependent parts) is consistent with the leading-edge inner and
outer solutions because in both limits the transition solution tends to zero except at
small angles downstream (where 6 = 0, 2r) in the far-field limit. The difference at
these small angles does not invalidate our current solutions because we correct these
differences with trailing-edge solutions later.

We can now determine the total far-field sound scattered from the leading edge,
given by (2.3.2.1), which for large r is

ikway (r,0)
hY(r, 0) ~ eﬁ {Lo(e) + t\/l?[Ll(H) + La(8) + L3p(0) + Lac, (0) + L3, (0)
sgn(?) sin xBoo ( (v + HMZ, z)
L3 (0) — 1- 0~
e = e T sy — 1) TR

2 T (1)
a Boo Oq / 7| Liwk(1—cos )T
(/o |:T + 7732 ), od (r,0)dr |e dr

2
n /oo |:LZ n t/ﬁ(;jz 8(;1;’) (r/7 O)dr/i| eiwk(lfcos G)TdT):|
2 T T 0

+ aerv/k D1 (0) + Da(®) + Ds(O)] + VkDi 6) ] (2.32.7)

The outer limits of the transition solution has been used in (2.3.2.7). These outer
limits only take effect at angles that are within O (k~!'/2) of # = 0, which can be
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Fig. 2.5 Magnitude of the far-field limit of the leading-edge transition solution (multiplied by +/7)
as a function of polar angle, 0, for a NACA 1112 aerofoil with k = 10
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seen by considering the small § expansion of the phase function kw (1 — cos 6) in the
transition terms in (2.3.2.6) and (2.3.2.7). Figure 2.5 illustrates the magnitude of the
leading-edge transition solution. The relative size for comparison is = 0.12 which
is the order of magnitude of the thickness-related perturbation terms to the leading-
edge outer solution (multiplied by /7). We clearly see that away from § = 0 the
transition solution is negligible compared to the orders retained in our calculations.

2.4 Solution for the Trailing-Edge Outer, Transition,
and Inner Regions

2.4.1 Trailing-Edge Ray Field

Let (¢, ¥;) be the potential-streamfunction coordinates with origin shifted to the
trailing edge. Since we do not necessarily have a non-lifting aerofoil, ¢, changes
above and below the aerofoil, so the transformation between leading- and trailing-
edge coordinates is given by

¢=2ig+a,+¢>z, b =1y, (24.1.1)

where I is the total circulation around the aerofoil given by

r="a,, (2.4.1.2)
Boo !
S A €9)
Qg = ¢ + E ) mdx, (2413)
and
a; = Re(eF(2)), (2.4.1.4)

where F ) is the thickness-dependent part of the complex potential given by (2.1.1.7).
Note that both I" and «a are O (¢€), given our assumption of thin aerofoils with small
camber and angle of attack.

The ray field emanating from the trailing edge is of the same form as in the gust
cases of Tsai (1992) and Myers and Kerschen (1997), so we write

By = KO0 Gkwo0), (2.4.1.53)
NG

where (r;, 6;) are trailing-edge polar coordinates, and the trailing-edge phase is

o1 =11 + €0y, + O(€?), (2.4.1.5b)
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with
Tt
oy = V(Gt)/ q(rt/, Qt)dr; + g2(6). (2.4.1.5¢)
0

The directivity function, K;(6,), and the phase function, g>(6;), are as yet unknown,
and must be determined by matching with the trailing-edge inner solution.

2.4.2 Trailing-Edge Inner Solution

We move to the trailing-edge coordinate system (2.4.1.1). Letting (&;, ¥;) =
k(¢ps, 1) and H,‘O‘(CD,, W,) be the local inner solution for the trailing edge, the
leading-order terms in (2.1.2.4) and (2.1.3.8) are

82 Htmt 62 Htmt )
+ + w?H® =0, (2.4.2.1a)
oD? ow? !
(3'1‘1}0t Ohj
= - — . 24.2.1
oV, | o<0 oY | ¢=0 ( b)
;=0 $=0

We require the pressure to be continuous across the wake ¢; = 0, ¢; > 0, where
the pressure jump across the wake caused by our leading-edge transition solution is
given in Appendix 2.10. We can write the pressure jump as

. . N0 2
Pilpmos — Pilyo— = Ap(d) ke @M kawV OL5 gdr=Jyadnl - (3,42 2)

and later we separate this into contributions from thickness and camber, save for an
interaction of the two in phase terms.

We first consider a trailing-edge inner solution, H;, that cancels the pressure jump,
(2.4.2.2), and satisfies (2.4.2.1a). With this solution we also enforce continuity of
displacement across the wake,

O, | @>0 oW, | o0~

Wy =0+ W =0—

(2.4.2.3)

where the constants C4 are defined by

Ci =kdM22£T/2+ ay), (2.4.2.4)
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and the continuity of pressure across the wake imposes

. H, . H, A :
e 1C- L —i0H; — e 0+ L — 10 H; = _p(O) el
0P, @;>0 0P

Wy =0— W =0+

(2.4.2.5)

We do not impose (2.4.2.1b) on H, since we introduce a further solution, H[ref, to
account for the direct reflection of the incident sound wave by the trailing edge. We
therefore require that H; has zero normal velocity on the aerofoil surface,

OH;
oV,

=0. (2.4.2.6)
D <0
W=

0

We solve for H; using the Wiener-Hopf method, to yield

W AD(0)eiC:  [00  omiAd—|U VAT —w?
_ sen(¥)iv2wAp(0)e / ¢ A (2427a)

= d
' Ank o QA+ OO+ —w

‘We must match this solution onto the outer trailing-edge solution, (2.4.1.5), so eval-
uate (2.4.2.7a) for R; > 1. The uniformly-valid expansion, found using Van der
Waerden’s method (Van der Waerden 1952), is

ikwr,

kyr

Hy ~ T(rs, 0;) (2.4.2.7b)

where

iAp(0)eiC+ , :
T, 0,) = sgn(y;)iAp(0)e |:erfc(em/4 /w(l — cos et)kr[)elkwr,(cosetfl) /kr,

2(6 — w)
V2we™*| sin 6, /2|}
V(6 —wcosb;) |

(2.4.2.7¢)

which is similar to the trailing-edge inner solution found by Tsai (1992).
The reflection of the incident sound wave by the aerofoil surface in the trailing-
edge region requires us to construct the solution, H,ref, which we write as

Htref — Héeikw cosx(Zj:I‘/2+a,)+ikweoi (0,0)’ (2428)
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where o is just o, from (2.1.3.5), but in trailing-edge coordinates. To leading order,
H} must satisfy

O*H} N O*H} Wl H—0 (2.4.2.92)
— w =0, 4.2.9a
0dr oWl 0
OH! .
0 = —iw sin ye'" > XPr, (2.4.2.9b)
8\[Jt Dy <0
W =04

Just as in Sect.2.2.1, we find that

ikwry
H} ~ Ly(0;)——, (2.4.2.10a)
A/ kr[
as R, — oo, where
LL(6,) = sin ye ™™/ sin 4, /2 L HP (2.4.2.10b)
O Jwma/T = cos y(cos x — cos 6;) o o
where Hé’p is a pole contribution given by
Hy? = sgne™ cosx @etiwsinx W] (2.4.2.10¢)

when —x < 6; < X, and zero otherwise. The outer limit of this pole contribution
matches to the remaining term (that explicitly contains 6;) in £°. The equivalent
uniformly-valid expansion for (2.4.2.10) is

isin Xe_iﬁtz elkwre sgn(¥y)
2/T—=cos x+/1+ coséb,

t"\/
0

sen(@erfe [ ™45, + Hy?,  @42.11)

where
wR t

—_—. 2.4.2.12
2sin? 6, ( )

By = (cos x — cos6;)

The pole contribution from Hé’p matches to the outer solution, 49, given by (2.3.0.1).
By combining (2.4.2.7) and (2.4.2.11), the overall scattered solution (i.e. without
the pole term) for the trailing-edge inner region has outer limit

Httot —H + Héeikwcosx(2ﬁ:l“/2+ax)+ikwea§ (0,0)

ikwry

~ (T(et) + \/%Lz)(et)eikwcosX(2:|:F/2+m)+ikw601 (0,0)) 6]:(_\/,._ (2.4.2.13)
t
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This is matched onto the outer trailing-edge ray field (2.4.1.5) using Van Dyke’s
matching rule, yielding the final results;

Kt (91‘) — T(at) + \/;Lé)(at)eikwCOSX(2:|:F/2+0¢;)+ikw€0'[l(0,0) and gZ(at) =0.
(2.4.2.14)

2.4.3 Trailing-Edge Transition Solution

‘We now construct the trailing-edge transition solution /s, which cancels the pressure
jump across the entire wake caused by the leading-edge field. We again split the
solution into thickness-dependent, h,(? and camber-dependent parts, hfi), where the
thickness-dependent part of the transition solution remains similar to the gust case

of Tsai (1992), save for some rescaling, so

1 .
hY = 9@ n)ekwa @0 = (2.4.3.1a)
with
iCr fpelt/4 o Ap®D(e) ‘
Gi(ra ) = — vwe AP (S) W26 =ge (2.43.1b)

2V200 —w)vm o (¢ — 32

We can use the solution from Tsai (1992) because it depends only on the pressure
jump at the trailing edge rather than explicitly on the nature of the incident pertur-
bation. Similarly, the transition solution for the camber dependence is similar to that
presented in Myers and Kerschen (1997), subject to arescaling in k, and a slight alter-
ation of the phase to account for thickness dependence there. We take this solution
in its final form

© eiszzﬁ,
s = = [0t ) +VE (a0 + Jnaée o) + 0@,
(2.43.2)
where the J; ; are given by
—sgn(W)EE 2004 6,) ikweoy O 0)( k(Wb M2)T 24wV (0) [ q(r.0)dr)
Jo = Wi 1) gikwea (0, Py(0)eik( % ew o q(re,0)dr
224+ ¢
. 3 77'(1/4\/5‘ | . 2
_ PO —1k((w—§M§O)F/2+ewV(0)fozq(u,Zn)dr)) el © ] | gikw—M3) @+ar)
Heme T Vaara |©
(2.4323)

. 2 3%(6) / ’ 8JtO S o aQt(C) 17 1
Tot.a = iewV O /0 (0], 0] — VO /O /0 0 0.
(2.434)
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and
Ty = _6eiCiwV(O)ieik(w-é/vlgo)(2+ut)+ikwml(0,0) P (0)elk(w=0MZ)T/2+ewV (0) J& q(re,0)dr)
1, AT B0
1 2 hy —
+ P (2mpe—k(W=0ME )T /2 4ewV (0) fozq(rt,Zn)dr)) / P gy ()l /2 S —V) 0,
0 (¢r —v)3/2
(2.4.3.5)
with
2 2 (e
b6 = 5 | VEra—e/e s (243.6)
t JO

Here, J;1,4(¢:, nr) is the correction in the trailing-edge transition region that cancels
the discontinuity in the vertical velocity across the wake (and has zero pressure jump)
caused by the leading-edge camber-related field, and J;1 ,(¢:, 1;) has continuous
vertical velocity across the wake, but cancels the discontinuity in the pressure caused
by the leading-edge camber-related field. For more details see Myers and Kerschen
(1997).

2.4.4 Matching the Trailing-Edge Transition and Inner
Solutions

Here we match the trailing-edge transition and inner solutions to ensure that our
final region completes our solution for the acoustic field anywhere in the solution
domain. We note first that when we expand H6(9,) from (2.4.2.11) in terms of
transition variables it becomes O(k~!) and hence is negligible in the matching.
Setting &1 = [n|//¢: — € in (2.4.3.1b) as done by Tsai (1992) gives

SEn()eiCs e o

G s =
(Dr, M) V26 — w)VT 11/ Br

)
Ap D (¢p — mF /€D C12dE, .

(2.4.4.1)

We separate ApD(¢,) into a term proportional to Ap"(0), and a correction of
O(tk='/%). This is given explicitly in Appendix 2.10.

When we expand G; in terms of the variables ®; = k¢; and p; = |n;|//¢; =
|W;|/+/®; we see immediately that the second term in Ap(’ ) vanishes to O (ek—1/?),
SO

1)
hi ~

ikwoy (¢¢,0) iCj:’A () 0 .
sgn(w;)e e'“F1Ap'( )erfc (e_‘n/4pzﬂ)- (2.4.4.2a)

NG 20 — w) NG
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Writing (2.4.3.2) also in terms of these variables yields

h ~

ikwoy (¢¢,0) iCi'A (c) 0 .
sgn(ty)e e'“*iAp ()erfc (e—m/4 (2.4.4.2b)

Jk 206 — w)

The contributions from J;; are negligible during the matching process. Recall the
inner solution, (2.4.2.7), and note that for the transition region we require the expan-
sion of T that is uniformly valid for all é;, i.e. T*(6;). Expanding this in terms of the
transition region variables, 1; and ¢;, and taking the limit of large & we obtain

. - [ 2
_ sgn()iAp(0)e' erfe [ oA Y2\ w20, gikwr,
206 — w)vk 2¢; ’

(2.4.4.2¢)

t

where we use the approximation 6; ~ 7, /( \/Eb,). Finally, we note that in the trailing-
edge transition region r; ~ ¢; + n?/ (2k @), hence we see that these two scattered
solutions, 4;5 and H;, match since Ap(0) = Ap® (0) + Ap'©(0). We are not con-
sidering the hj; term in the matching here because it is not a field scattered from
the trailing edge, and has already matched its corresponding scattered field from the
leading edge.

2.4.5 Far-Field Solution from the Trailing Edge

The outer trailing-edge solution is given by (2.4.1.5) and (2.4.2.14). Following the
work of Myers and Kerschen (1997) and Tsai (1992), we expand this in terms of
transition region variables, and expand the transition solution in terms of outer vari-
ables. When we write both in terms of transition region variables we see common
terms for both camber and thickness. This ensures there is a matching between the
trailing-edge transition and outer solutions, but we must subtract this common term
from the total far-field solution to create a composite trailing-edge solution made
up of the outer and transition solutions. The common term corresponding to the
thickness parameter is

o .
_sgn(wl)em/ Ap®(0)e'* /4, eikw@,+iwntz/2¢,+ikewml (r1,0)

2% 211)7'5|77z|\/%((S —w)

while for the camber parameters the common term is

hC = (2.4.5.12)

O _ 7Sgn(1/1;)e“i/4eici «/Eeikwrm—b—iwntz/m, . ivknewV (0) /’0} o dq(© & 0!
! 2T o Jo %oy 1 '
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( P (O)eik(('l)—5Mgo)F/2+ewV(O) fozq(r,O)dr) - P (zn)e—ik((w—rSMgo)F/2+(wV(O) f02q(r,27'c)dr))

eik(wféMgo)(ZvLar)wLikweai (0,0) ) (245 lb)

To obtain a uniformly-valid composite solution in the outer region of the trailing
edge, denoted by /Y, we must subtract this common term, therefore giving

R = hy + hys — hS. (2.4.52)

We did not have to subtract a common term when considering the leading-edge
transition solution because the leading-edge transition solution had a negligible effect
in the far field (except at O(\/E) angles from 8 = 0 which we corrected with the
trailing-edge transition solution).

The final expression for total far-field trailing-edge acoustic potential is given by
eiCi eiku!a, (re,0;)

ﬂkﬁ(é — wcosf)

: 2VkwV (0) (i — ey @ (2)) (P4 — P_)e™/4
erfc [67"‘/4\/2kw(1 — cos 0)] - wV O ai — ey )Py e
VB0
(1— V2kwn(1 — cos §)e2kwl—cosO)—Ti/4grge [e*“i/4\/2kw(1 — cos 9)])
Sgn(v/)z)ev wV(0)(Py + P-) kw(l — cos6) /oo eikw(l—cos )¢, (©)d¢
\fﬂ'ﬂoo
Sgn(w)eiCielkwm(n,é‘[) Ap(t)(o)erci/4| sin 9t/2|
kr((0 —w) 21w (6 — w cos )
ApDO). - oi(i—costr) /4 /okw(l — cos0)
+ 7 ivke erfc [e 2kw(1 — cos 0)]
N tkiBoo sin xe™/4 /W (5 — w) ( v+ 1)M4 (5 w) )eik(w—(SMgo)(2+m)+ikwm|((),())
2m3/2/cos x + 1(cos x — 1) 234 w?

[ ik(w—6M2,)T/2+ikwear, (2,0) [em/4 N (a B 3q(t) % O)dr)

i (ry, 0;) ~ {—sgn(wt)ie_Zikw(l_c"s0’)(P+ —P)

V2w Jo \ 7 vT3% Jy
gikwl—cosO)Torpe [e_ni/4«/2 —rVkw(l = cos 0)] dt + 2a+/k(1 — cos 0)

/ " gikwi—en i’z [1og[21 —log[¢?/2] —log[1 — /1 — 4/521] d¢

2

4 0= (r 0)dry/2k(1 — cos ) / J1 — 4/g2eikw(i—cos0)E?/2 e
0

t/
VT 4 o = cosB) a | B 8q(” dr
N [e 2kw(l — cos 9)] /0 ct o, O

+ e ikw—0MZ)T/2+ikweoy, 2.2m) ) omi/a VT f a Boo aq(t) X omyar
¢ V2 T t'7T32
Jo
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gikw1—cosO)Torfe [67"1/4\/2 —rVkw(l = cos 0)] dt +2a+/k(1 — cos 0)
o) .
/ elfw(1—cos0)?/2 [log[Z] —log[€2/2] —log[1 — /1 — 4/52]] de¢
2
J e (r 2m)dry/2k (1 — cos ) / V1 = djgreini—eosO/2 e
0

t/

q(t)

v /4 /2w (1l — cos ) Poo dr
7erfc[e 2kw(1—cos0)]/0 S+ i (r, 2m)dr ﬁH

Jo

isin ye % (6 — w)k.F : O oS .
X ( NG sen(ferfe [eim/4|ﬁt|] elk(wcosXféMgc)(2j:I‘/2+o,)elkweni (0,0)
2/T —cos x+/1 + cos 6,

(2.4.5.3)
where

Py = ;(w _ 5)PI(Oi)eiik((w—o‘Mgo)r/2+wEV(0) 2 q(r0b)dn+ik(w—6MZ) 2+ar)+ikwea (0,0)

V2
(2.4.5.4)

and the camber-dependent pressure jump at the trailing edge is given by Py — P_.

2.5 Total Far-Field Solution

At this point we briefly summarise our analysis. The total far-field scattered pressure
directivity is dominated by direct scattering from the leading and trailing edges, and
in addition more sound is generated by the interaction of the incident sound wave
with the aerofoil and the locally non-uniform mean flow in the leading-edge region
(Sect.2.2). In the outer region the length scale of the mean-flow gradients scales with
the chord length of the aerofoil, and the distortion of the sound wave is sufficiently
slow that no additional sound is generated in this region. However, sound propa-
gates away from the leading- and trailing-edge regions through the outer region, and
undergoes a refractive phase shift of O (1) (Sect.2.3.1). There are transition regions
above and below the aerofoil which account for the surface curvature, and are seen
as rays propagating from the leading edge along the upper and lower surfaces of the
aerofoil (Sect.2.3.2). These rays are then scattered by the trailing edge (Sects.2.4.1
and 2.4.2). The trailing-edge transition solution cancels the discontinuous pressure
across the wake caused by the leading-edge ray fields above and below the aerofoil
(Sect.2.4.3). A further contribution to the outer solution is 4° from (2.3.0.1), which
arises from the incident sound wave being directly reflected or blocked by the aero-
foil surface. In the far-field this only has an effect in a small O (1/r) region at § = ,
and at distances of r = O (k) from the aerofoil this direct field is overpowered by the
scattered Fresnel fields in a similar manner to that discussed in Peake and Kerschen
(2004), therefore we do not consider its effects from now on and instead discuss just
the scattered solution.
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We have obtained solutions for the leading- and trailing-edge ray fields, &} and
hY. To obtain a uniformly-valid expansion, we replace any non-uniform terms with
their uniformly-valid counterparts, as explained in Sect. 2.3.1. We add the two fields
to find the total acoustic far-field potential,

h= h}‘ + hY,
which can be written as

h = eikwar [D,“ (r, 0) — D"(r, H)eikw"“] , (2.5.0.1)

where o is the phase shift between the leading- and trailing-edge ray fields, as mea-
sured by an observer in the far field at angle 6 from the leading edge. The functions,
Dy, (r, 0), are the uniformly-valid contributions to the total pressure from the leading
and trailing edge respectively. We choose a negative sign between the leading- and
trailing-edge fields so that the real parts of the Fresnel region contributions both have
the same sign.

In the far field, the phase shift, oy, is given by

+
Oy =0r — 0]

V(e
= % (2cj sin @ + cos O(£aym + Boots))
o0
agm .
+{2+ ﬁ_ + a; ) cos 8 — ikweoq (0, 0), (2.5.0.2)
o

and o is as defined in (2.4.1.3). The “£” denotes the phase shift above and below
the aerofoil respectively, and is present due to the non-zero mean circulation. The
first term in (2.5.0.2) corresponds to the different refraction experienced by the sound
emanating from the leading- and trailing-edge sources en-route to an observer above
or below the aerofoil, whilst the second term arises simply from the fact that the lead-
ing and trailing edges are located at different positions in (¢, 1) space. The final term
is due to the distortion of the incident sound wave as it approaches the leading edge,
and is a constant. The term ¢ is crucial in explaining why the acoustic pressures
above and below the aerofoil differ as we alter the camber, thickness and angle of
attack. We return to this in the next section.

2.6 Results and Discussion

2.6.1 Far-Field Pressure Directivity for the Scattered Sound

Here we present results for the far-field scattered pressure directivity (i.e. not includ-
ing the incident wave), as determined from our analytic solutions #;' and &;. The
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pressure directivity is plotted in physical space, and polar coordinates (r), 8,) in
physical space are related to (r, ) in potential-streamfunction space via

r=(1—MZ%sin0)"?r, + 0(t, aen), (2.6.1.1a)
Boo cos ),

11— M2 cos? 0,

The O (¢, cefr) termin (2.6.1.1) provides only a phase shift to the total solution in the
factor e from (2.5.0.1), and hence does not affect the amplitude of the pressure
directivity (Myers and Kerschen 1997). Our uniformly-valid composite expansions
are plotted for r,, greater than the Rayleigh distance, O (k), to ensure that the acoustic
far-field behaviour is captured correctly (i.e. the Fresnel regions from the leading and
trailing edges have overlapped). In what follows, we omit the subscripted p and refer
only to physical space coordinates, and set k3 = 0 in (2.1.2.4b).

We explicitly consider the NACA 4-digit series of aerofoils to illustrate our results
as these are well known and widely used in industry (Abbott and Von Doenhoff 1959).
The surfaces of such aerofoils are given by the non-dimensionalised functions

cosf =

(2.6.1.1b)

ye =Y+ yDcosp,  xi=x=+yDsing, (2.6.1.2a)

where + denotes the upper and lower surfaces of the aerofoil respectively, and (x, y)
are Cartesian coordinates with origin at the aerofoil leading edge. We define Y ) (x),

¥ (x) and p(x) by

Y = —ajx +y9), (2.6.1.2b)
mx X
“5Q2p—3) 0<x=<2p
(© _ ) p 2
€Y =1 m@R—x) ) (2.6.1.2¢)
[(l—p)2(1+%_2p) 2P§x§2
2t [x x x2 x3 x*
) _ A A T
Y= 02 (611 ) az ) as ) +aq X as 24) , (2.6.1.2d)
dvy©
¢(x) = arctan [ fz + a,} : (2.6.1.2¢)
X

with

a; = 02969, ap =0.1260, a3 =0.3516, as=0.2843, as=0.1036.
(2.6.1.2f)

The standard choice of as is 0.1015 (Abbott and Von Doenhoff 1959), however
our choice of as sets the position of the trailing edge to be (2, 0) which proves
more convenient for computation. Analytically this small alteration is negligible to



46 2 High-Frequency Sound-Aerofoil Interaction

the orders retained during calculations. The superscripts ¢ and ¢ denote camber and
thickness respectively, while the term —a;x in (2.6.1.2) corresponds to the aerofoil
being at the angle of attack o = ea;. Here, 2 is the chord length, 0 < x < 2
is the position along the chord, €y is the half thickness at a given value of x from
the centreline to the surface, ¢t = e’ is the maximum thickness as a fraction of the
chord length, m is the maximum camber as a fraction of the chord length, and p is
the location of the maximum camber along the centreline as a fraction of the chord
length. A NACA 4-digit series aerofoil is defined entirely by the choice of p,m and
t: 100m gives the first digit, 10p gives the second digit and 100t gives the last two
digits.

Figure 2.6 shows the effect of changing the freestream Mach number, Ms,. An
increase in Mach number increases the acoustic pressure amplitude everywhere
around the aerofoil, and increases the modulation in the upstream direction (the left-
half plane), i.e. a larger Mach number produces more lobes in the upstream direction.
This effect arises from the relationship between w and M, (see (2.1.2.4b)); as M
increases, so too does w, causing a more rapid phase variation. There is an extra mod-
ulation of the phase above the aerofoil when compared to below, due to the phase
shift between the leading and trailing edges; particularly the term depending on mean
loading parameter oy V (). As analysed in Myers and Kerschen (1997), this adds to
the phase variation in the upper half plane, but subtracts from it in the lower half

(a) (b)
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// /I
// /
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,/ -= Mo=0.6
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Fig. 2.6 Far-field scattered pressure directivity for a NACA 1112 aerofoil, k = 6, a; = 0°,
X = 45°, kw = 10. The Mach number is varied from 0.6 to 0.8. a Full range. b Centre detail
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plane, due to the sign of the perturbation flow velocity eg; a positive g (i.e. above the
aerofoil) gives a larger speed of the surrounding flow in the downstream direction,
whereas a negative sign decreases the speed, hence reducing the modulation. We see
that the pressure directivity in the Fresnel regions (the large lobes above and below
the aerofoil) is finite thanks to our uniformly-valid solution; this is a feature of all
results given here.

The effect of varying aerofoil thickness is shown in Fig.2.7. As we increase
thickness, we decrease the magnitude of the pressure levels directly upstream (the
negative real axis). This is a result of the slowing of the steady flow as it approaches
a thick body. The pressure in the Fresnel regions increases in magnitude, due to
multiplicative factors of 7+/k appearing in the corrections to the pressure amplitude
that come from (2.2.0.3). This effect is caused by additional Fresnel contributions
being produced for a thick aerofoil hence we see increased reflection or shadow
contributions.

Figure 2.8 shows the effect of varying the angle of attack of a NACA 1112 aerofoil.
There is little amplification in the overall magnitude of the radiation (excluding in
the Fresnel regions), due to the increase in aefr being only small when we increase
the angle of attack «;. Recall the significance of cf is that in the inner leading-edge
region the camber-dependent part of eq scales multiplicatively with aegr, thereby
inducing the effect of both the angle of attack of the mean chord line and the camber
relative to the mean chord line. The modulation is increased above the aerofoil

(a) W

L
0.06

—-0.04 -

Fig. 2.7 Far-field scattered pressure directivity for a NACA 4-digit aerofoil with 10 % maximum
camber at 10 % chord length, k = 6, a; = 0°, x = 45°, kw = 10, M, = 0.7. The thickness ratio
is varied from O to 12 %. a Full range. b Centre detail
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(b)

Fig. 2.8 Far-field scattered pressure directivity for a NACA 1112 aerofoil with k = 6, x = 45°,
kw = 10, M, = 0.7. The angle of attack is varied from 0° to 10°. a Full range. b Centre detail

for greater incidence angle, for similar reasons to those discussed for increasing
Mach number in Fig.2.6. The pressure amplitude in the Fresnel regions varies in
an apparently complicated way with varying «;, and this is caused by variations in
magnitude of the directivity function, along with the phase shift between the leading
and trailing Fresnel expansions being different above and below the aerofoil, which
is discussed in more detail later.

Figure 2.9 shows the effect of varying y, the angle of propagation of the incident
sound wave. Clearly as we alter y the shadow and reflection boundaries move, and
hence the directions of the Fresnel regions (which lie on these boundaries) also move.
We also notice that there is an increase in the magnitude of the sound pressure level as
we increase . This is caused by the fact that the amplitude of the flat-plate solution,
(2.2.1.9), scales as sin(x/2), corresponding to the increase in the blocking of unsteady
momentum by the aerofoil as the sound wave is rotated closer to the normal direction.
Figure2.10 shows the effect of varying kw. Physically this corresponds to varying
the frequency of the incident sound wave. In the upstream direction, the pressure
directivity increases in magnitude as kw increases, since w is a multiplicative factor
of the pressure (recall, the pressure can be obtained from the modified potential / via
(2.1.2.5)). We have found that the flat-plate solution has i ~ (kw)~1/2eikwr hence
the flat-plate pressure contribution has a multiplicative factor of w!/2). The other
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Fig. 2.9 Far-field scattered pressure directivity for a NACA 1112 aerofoil with k = 6, oy = 0°,
kw = 10, Mo, = 0.7. The angle of the incident sound wave, X, is varied from 30° to 60°. a Full
range. b Centre detail

effect of increasing kw is simply to increase the modulation everywhere around the
aerofoil (due to kw being the scaling of all phase terms in the far-field sound).

Finally, Fig.2.11 shows the effect of varying the percentage of maximum camber
of the aerofoil for an incident sound wave emanating from far downstream i.e. from
the bottom right of Fig.2.1. The modulation of the far-field pressure directivity is
due to the interference of the leading- and trailing-edge fields, and as can be seen in
the previous results is strongest in the upstream direction. This time, however, the
Fresnel regions are directed upstream and thereby envelope much of the modulation,
so that the directivity in Fig.2.11 is less oscillatory than for sound incident from
upstream. The upper leading-edge Fresnel zone is visibly modulated however, and
this modulation increases with increasing camber; this is for identical reasons as to
the increasing modulation found in Figs.2.6, 2.7 and 2.8. We also see here another
example of a complicated variation in the magnitude of the pressure with varying
aerofoil geometry in the Fresnel regions, similar to Fig.2.8.
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Fig. 2.10 Far-field scattered pressure directivity for a NACA 1112 aerofoil with k = 6, o; = 0°,
X = 45°, M = 0.7. The acoustic frequency, kw, is varied from 8 to 12. a Full range. b Centre
detail

2.6.2 Total Far-Field Pressure

In what follows we set M, = 0.7, kw = 10 and x = 45°, and investigate the
maximum and minimum total scattered far-field pressure, by summing the incident
pressure and the scattered pressure, and normalizing by the incident pressure. The
maximum and minimum pressures occur within the reflection and shadow Fresnel
regions, respectively. Each maximum and minimum is generated by two Fresnel
regions combining in the far field, emanating from the leading and trailing edges of
the aerofoil, which have a phase shift between them. This phase shift, o, in (2.5.0.2),
is an important factor in determining the nature of the total pressure within the Fresnel
regions, and depends strongly on the non-uniform mean flow around the aerofoil.
To illustrate the importance of the phase shift, consider Fig.2.12 and Table 2.1;
for 0 % thickness at o; = —5°, the Fresnel region contributions are almost in and
out of phase above and below the flat plate respectively, with the phase shift above
the plate being close to 0, and the shift below being close to . Hence above the
plate, we subtract the magnitude of the scattered field generated at the trailing edge
from the scattered field generated at the leading edge (we subtract when the fields
are in phase because there is an overall negative sign difference between the relevant
contributions in the leading- and trailing-edge fields in (2.5.0.1)). Below the plate,
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Fig.2.11 Far-field scattered pressure directivity for a NACA 4-digit aerofoil with maximum camber
at 10 % chord length, and 12 % thickness, k = 6, kw = 10, a; = 0°, x = 135°, M = 0.7. The
percentage of maximum camber is varied from 1 to 9 %. a Centre detail. b Full range
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Fig. 2.12 Maximum and minimum total far-field pressure (normalised with respect to the incident
pressure), as functions of angle of attack, for uncambered NACA 4-digit aerofoils. The legend
denotes maximum thickness in % of chord length and the location; either in the upper (shadow) or
lower (reflection) Fresnel region. p; denotes the pressure generated by the incident sound wave
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Table 2.1 Values of the phase shift above and below the flat-plate aerofoil modulo 2x

a; (°) kwot kwog kw(of — o))
=5 0.46 2.69 —2.23
-3 0.91 2.25 —1.34
1.58 1.58 0.00
2.25 0.91 1.34
2.69 0.46 2.23
3.14 0.01 3.13
10 —2.47 —0.66 —1.81

because the fields are almost out of phase, we end up summing their magnitudes.
Thus the upper solid curve (denoting the maximum pressure below the plate) in
Fig.2.12 is further from the (unit) amplitude of the incident pressure than the lower
solid curve (denoting the minimum pressure above the plate).

As we increase the angle of attack, the phase shift above the plate increases, whilst
the phase shift below the plate decreases, and the overall phase shift difference comes
closer to 0, and equals zero at zero angle of attack. In this case, the flat plate is aligned
with the steady mean flow, hence we expect that, for any angle of propagation of
incident sound wave, the pressure perturbation above the plate mirrors that below the
plate. This is precisely the case seen in Fig.2.12 where for any value of thickness,
at oy = 0 the maximum and minimum total pressures are equidistant from unit
pressure. As we increase the angle of attack further still, the phase shift above the
plate still increases and the phase shift below the plate still decreases, and as these
values approach © and 0, we begin adding and subtracting the magnitudes of the
pressure from the leading-edge scattered field and the trailing-edge scattered field
respectively, which results in the upper curve approaching unit pressure, and the
lower curve tending further from unit pressure. This process occurs until o;; ~ 7° at
which point both the maximum and minimum pressure curves approach minimum
values (for larger values of a;, we begin to veer out of the o; = O (¢€) region so
the results are less reliable). One anticipates the maximum and minimum pressures
will continue to oscillate as we increase the angle of attack, and the troughs of the
maximum and minimum pressure curves will occur when the pressure shift difference
between them are close to ©, whereas the peaks will occur when the difference is
close to —m.

The variation of maximum and minimum pressure for a cambered aerofoil is
shown in Fig.2.13. There is symmetry about unit pressure for zero camber for all
values of thickness plotted here, because once again the phase shifts between the
leading and trailing Fresnel regions are the same above and below the aerofoil, for
zero camber. Upon varying the amount of camber, we not only vary the phase shift
between the Fresnel regions, we also alter the shape of the leading and trailing edges
with respect to the incident flow, and hence get a variation in magnitude of the
leading- and trailing-edge scattered pressure fields as well as the variation in phase.
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Fig. 2.13 Maximum and minimum total far-field pressure (normalised with respect to the incident
pressure), as functions of maximum percentage camber, for NACA 4-digit aerofoils with maximum
camber at 10 % chord and zero angle of attack. The legend denotes maximum thickness in % of
chord length and the location; either in the upper (shadow) or lower (reflection) Fresnel region. p;
denotes the pressure generated by the incident sound wave

Thus there is little symmetry anywhere else in any of the curves in this figure, but it
illustrates the complicated nature of the sound scattered in the Fresnel regions as we
alter the aerofoil geometry.

2.7 Conclusions

This chapter has investigated the scattering of a high-frequency sound wave by an
aerofoil in steady mean flow. In particular, a uniformly-valid far-field solution for
the scattered acoustic pressure has been found, correct to the leading two terms in
both the amplitude and the phase. In the high-frequency limit the far-field sound
is dominated by scattering from the leading and trailing edges, and the magnitude
of the scattered pressure is greatest in the Fresnel reflection and shadow regions.
The existence of these Fresnel regions represents a structural difference between
our results and the work of (Myers and Kerschen 1995, 1997) and Tsai (1992), who
considered an incident gust rather than an incident sound wave. A number of physical
insights have arisen from our analysis; first, the difference in refraction experienced
by the sound from the leading and trailing edges en-route to the observer, represented
by the quantities o, plays a key role. For instance (in Figs.2.6 and 2.7) the aerofoil
camber and mean loading have a direct effect on the number of lobes in the sound
field, while (in Figs.2.12 and 2.13) refraction is shown to have a significant effect on
the amplitudes in the Fresnel regions (i.e. on the amplitude of the total reflected field
and on the depth of the shadow). Secondly, the aerofoil geometry and non-uniform
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flow close to the leading edge can have an appreciable effect, especially in the Fresnel
region (see Fig.2.7, where we vary the thickness with everything else held fixed).

We have also seen that the angle of incidence plays an important role; the sound
pressure level of the scattered field increases with sound incidence angle (Fig.2.9),
which is seen to be due in part to the increased momentum blocking for oblique sound
waves. Further, the character of the sound field changes between cases in which the
incident sound comes from upstream and from downstream, which is seen to be due
to the Fresnel regions dominating the highly oscillatory diffracted field upstream in
the latter case (Fig.2.11). The precise implications of this effect for rotor blockage
will only become clear once a cascade calculation has been completed, but given that
the cascade noise is highly sensitive to the interference of the scattered field from
different blades, we can speculate that the possible constructive interference of the
upstream Fresnel regions of the different blades could reduce the opacity of a rotor
to sound generated downstream.

The results in this chapter are applicable to any aerofoil with a parabolic leading
edge, with nose radius scaling with thickness squared, and a sharp trailing edge,
although aerofoils with different leading-edge shapes can be analysed using the
same steps laid out by this chapter. The parabolic leading edge is convenient for both
industrial aerofoils such as the NACA series, and mathematical aerofoils such as the
Joukowski aerofoil.

Whilst new sound power is not created during the interaction of the incident field
with the aerofoil, it is scattered and redirected by the aerofoil, and understanding
this process is of great importance if one wishes to optimise shielding within an
aeroengine. A principal benefit of the work presented here is in Sect.2.6.2; this
analysis allows the location and magnitude of the maximum total pressure obtained
during sound-aerofoil interaction to be calculated swiftly and easily. Moreover this
maximum can be calculated for a variety of aerofoil geometries and flow conditions
with little difficulty, hence optimal aerofoil geometries can quickly be specified.
Compare this method to computationally calculating the far-field pressure for many
aerofoils (just one such calculation takes a substantial amount of time and processing
power), and it becomes clear how this work could be useful to industry. Furthermore,
as mentioned in the introduction to this dissertation, current computational schemes
only run in low- to mid-range frequencies; high-frequency results are increasingly
hard to compute.

It must be noted that the effects of a turbulent boundary layer have been neglected,
and it is well-known that the interaction of turbulence with the trailing edge is a very
important additional source of sounds (Ffowcs Williams and Hawkings 1969; Howe
1978). Furthermore there is an upper limit of validity of the Kutta condition we apply
at the trailing edge, namely k < O (Re!/*), with Re the Reynolds number based on
chord length. A detailed discussion of this limit can be found in Crighton (1985).
A further and more obvious breakdown of our analysis occurs when the angle of
attack approaches the stall angle. For thin aerofoils this restricts the applications of
our theory to aerofoils at small angles of attack, but for cascades this restriction is
not so severe, given the flow turning induced upstream.
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Appendices

2.8 Leading-Edge Inner Solution Hj,

Upon substituting the solution for Hy, (2.2.1.3), into the right hand side of (2.2.4.1a)

and by using the same method as Tsai (1992)' we find the particular solution of
(2.2.4.1a), denoted with a hat, to be

= -
3P n/cos x + 1 2 ) 0o At+wcosy 2338 w?
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This particular solution has singular behaviour at the origin which we can analyse
by defining

oo 4 2
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o (A + wcosy) 288 w2 (A +wcosx)
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These represent the integrals in (2.8.0.1). There is a clear similarity to the gust case
considered by Tsai (1992), so we evaluate these integrals as he does; we can write

IThis method is repeated in detail in the first appendix of the next chapter. We have chosen to
include full details of the method for that solution because of the errors found in Tsai (1992).
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We have neglected terms that do not create singularities at R = 0. By summing and
simplifying we find that the asymptotic behaviour of this solution as R — 0 is

5 isin y ae™*(y + HM, (Sinze i9 Sine). (2.8.0.14)

A, ~ +
3 2Vm33 wy/weosy +w \ R? R

We can approximate the terms in (2.2.4.1a) for small R, and then integrate the
resulting equation to give us a local solution of (2.2.4.1a) valid for small R. This
informs us that H3 ought not be singular at R = 0. Hence we add the appropriate
Hankel functions, which are complementary solutions to the Helmholtz equation, to
eliminate the singularity to yield
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where H 1(12) are Hankel functions of the first kind (Abramowitz and Stegun 1964, p.

358). We define H3, = H3, — Hs ).

2.9 Leading-Edge Inner Solutions Hj,,

Equation (2.2.4.3¢) is factored as d| + d> + d3, where
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and
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We assume that § has a small positive imaginary part so that when we apply
the Fourier transform, our integrals converge at infinity. The F; required for the
evaluation of the L3, in Sect.2.2.4 are given by

Fy = A ”f/(x)_ erf(e™*/(\ — w)x)dx. (2.9.0.5)

We evaluate F | 7, noting that the formula

Fii() = d; (x)e'"* dx (2.9.0.6)

1
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(where the contour of integration, C, runs parallel to, but just above, the real x axis,
and below w), is more appropriate to evaluate F. > since it allows us to properly
assess the effects of the branch cuts. For F;; we evaluate the x integral in (2.9.0.6)
first, whereas for F; is it easier to evaluate the « integral first. We obtain
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The decomposition of the complementary solution is done in this way so that we
may explicitly evaluate L3, and L3.,. The remaining terms for the integral involved
in L3, is convergent, but must be evaluated numerically. We take the outer limits of
the Hj., given by (2.2.4.4b) to find the directivity functions L3.,. We find

Booa sgn(W) cos(0/2) a — wbcost 2 | /1 +cosé
L3, ) =— ” 1 — — arcsin

22w (cos x — cos 0) J/cos x — cos 1+ cosx
% (o — wcos(x)b)V/1 + cos 0i|

(2.9.0.9)

T wCcos X + w

This is not singular at cos # = cos x which can be seen by taking a Taylor series
expansion for 6 close to x. In Ayton and Peake (2013) we incorrectly thought L3,
was singular at cos @ = cos x and presented a complementary error function style
uniformly-valid solution, which given the parameter (3, (2.2.1.7b), would never be
O (1) (as we have now established that there is no singularity) is equivalent to the
result presented here.

The uniformly-valid expansion of L3, found by using Van der Waerden’s method
(Van der Waerden 1952)? is
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so that .
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u u
Hy,, ~ L3, (r, G)W. (2.9.0.11)

The logarithmic singularity at # = 0 has now been removed, as the singular con-
tributions of the second and third to last terms in (2.9.0.10) cancel. This singularity
occurs originally at @ = O (k~'/?) in the integral expression of the H3., Wiener-Hopf
solution (see (2.9.0.8)) , which we shall see later is a key scaling for the leading-edge
transition solution. Finally

2 Again, full details of this method will be covered in the first appendix of the next chapter because
of errors in Tsai’s results.
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is retained in integral form as it is not possible to find an analytic expression for this
integral; it must be evaluated numerically.

2.10 Pressure Jump Across the Trailing Edge

The thickness-related total leading-edge solution for ¢ > 2 on 1) = 04 is given by
hl(t)(qﬁ, 01) + h(t)(qﬁ, 04), using the expression for G as given in (2.3.2.5b), so
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The final term in this expression occurs due to the contribution from the non-
uniformity in L3, at # = 04 and can be seen by setting § = 0 in (2.9.0.10), using
Gradshteyn and Ryzhik (1980, p. 574). Equation (2.10.0.1) forms the basis of the
pressure jump across the trailing edge, which is given by

i(6 —w) ik (W—3M3) 2+ +ap)+ikweV (0) IS g 0)dr +ikweoy (0,0)

Pilyp=o+ — Pily—o— = N Nex=r
t
[eik("’*f””ic)”2 {PI (0) + tVA[L1(0) + L2(0) + L3(0) 4 Lie, (0) + L3e, (0) + Lc, (0)]

sin x oo (v + HME, 2) I /‘2 [a
— vk 1- 0 — -
t[ﬁn«/cosx + I(cosx — 1) ( ( v) 0

2338 w? 13
Boo ¢ 311(’) (r/ O)dr/ V24 de + /2+d)’ a Boo 2 8‘]([) (r/ O)dr’
v Jy 90 2+ ¢ —¢ J2 & ey 00

VIt e 2 ST —ik(w—6M2)T'/2
e tde- 5 (roa2e 2w+ - T)]| - e [

+ tvk[L1(21) + Ly(2m) + Lap(2m) + Lae, (21) + Laey (27) + Lae; 2m)]

sin X oo (v + DME, 2)
k 1-— §—
+I\F«ﬁrcx/cosx—i- T(cosx — 1) ( 233 w? ©=w)

la | B [$040 1 V2H
l/o [5*:’53/2 o 00 (”0)””} T




Appendices 61

2+ 2 9q®
. / [a b 204" dr/} VIEG
2

E + l‘/£3/2 o EY) ﬁ
a ._m VO 7O -y9©
=) (log[32k(¢t +2w]+75 — 5) H} +evk N TR d¢

(e“‘(w—f’"M?oW/ZP, (0) 4 e~ kw=dM)T/2 py (21:))] . (2.10.0.2)

We write the pressure jump in the form (2.4.2.2) where
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