
Chapter 2
Asymptotic Analysis of the Contact Problem
for Two Bonded Elastic Layers

Abstract The first part of the chapter deals with the distributional asymptotic analy-
sis of the contact problem of frictionless unilateral interaction of two bonded elastic
layers. The case of incompressible layer materials is thoroughly treated in the second
part of the chapter, beginning in Sect. 2.4.

2.1 Contact Problem Formulation

In this section we formulate the problem of frictionless unilateral contact between
two uniform transversely isotropic elastic layers bonded to rigid substrates. In the
case of substrates shaped like elliptic paraboloids, the general expression for the
gap function is derived. The boundary conditions of unilateral contact are consid-
ered in detail, including the refined contact condition with allowance for tangential
displacements on the contact interface. The contact problem is formulated as an
integral equation over the contact area, which in turn should be determined by the
positiveness condition imposed on the contact pressure.

2.1.1 Geometry of Surfaces in Contact

Let us consider two thin elastic layers (n = 1, 2), each of uniform thickness hn ,
ideally bonded to rigid substrates with slightly curved surfaces (see Fig. 2.1). Intro-
ducing the Cartesian coordinate system (y1, y2, z), we write out the equations of the
surfaces of the coating layers (n = 1, 2) in the form

z = (−1)nϕn(y), (2.1)

assuming that in the undeformed state the thin layer/substrate systems occupy
domains z ≤ −ϕ1(y) and z ≥ ϕ2(y).

In particular, it is of great practical interest to consider the case of substrates
shaped like paraboloids
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Fig. 2.1 Contact of two thin
elastic layers in the initial
undeformed configuration
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ϕn(y) = k(n)
11 y21 + 2k(n)

12 y1y2 + k(n)
22 y22 , (2.2)

where the coefficients k(n)
11 , k(n)

12 , and k(n)
22 have the dimension of reciprocal length.

The initial gap between the two surfaces is given by the gap function

ϕ(y) = ϕ1(y) + ϕ2(y). (2.3)

Correspondingly, in the case (2.2), we have

ϕ(y) = k11y21 + 2k12y1y2 + k22y22 , (2.4)

where

k11 = k(1)
11 + k(2)

11 , k12 = k(1)
12 + k(2)

12 , k22 = k(1)
22 + k(2)

22 .

Now, let R(n)
1 and R(n)

2 be the principal radii of curvature of the surface of the n-th
layer at its apex, such that the n-th layer surface can then be expressed as

ϕn(y) = (yn
1 )2

2R(n)
1

+ (yn
2 )2

2R(n)
2

, (2.5)

where the directions of the local coordinate axes yn
1 and yn

2 coincidewith the principal
curvature directions.

The transformation of the coordinates (yn
1 , yn

2 ) to the common set of axes (y1, y2)
inclined at the angle βn to the axis yn

1 is given by

yn
1 = y1 cosβn − y2 sin βn, yn

2 = y1 sin βn + y2 cosβn . (2.6)

Hence, in light of (2.5) and (2.6), the coefficients on the right-hand side of (2.2)
can be expressed as

2k(n)
11 = κ

(n)
1 cos2 βn + κ

(n)
2 sin2 βn, 2k(n)

22 = κ
(n)
1 sin2 βn + κ

(n)
2 cos2 βn,

2k(n)
12 = (

κ
(n)
2 − κ

(n)
1

)
sin βn cosβn,
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Fig. 2.2 Coordinate systems
involved in determining the
initial gap between the
contacting surfaces
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where κ
(n)
1 and κ

(n)
2 are the principal curvatures, i.e.,

κ
(n)
1 = 1

R(n)
1

, κ
(n)
2 = 1

R(n)
2

.

Now, by a suitable choice of the coordinate axes (y1, y2), we can make k12 zero
in (2.4). For instance, let us choose the angle β1 in such a way that

(
κ

(1)
2 − κ

(1)
1

)
sin 2β1 + (

κ
(2)
2 − κ

(2)
1

)
sin 2β2 = 0. (2.7)

Taking into account that (see Fig. 2.2)

β = β1 − β2, (2.8)

from Eq. (2.7), we readily find

tan 2β1 =
(
κ

(2)
2 − κ

(2)
1

)
sin 2β

κ
(1)
2 − κ

(1)
1 + (

κ
(2)
2 − κ

(2)
1

)
cos 2β

. (2.9)

Thus, the parabolic gap function (2.4) takes the simplest form

ϕ(y) = k1y21 + k2y22 , (2.10)

where the coefficients k1 and k2 are evaluated by the formulas

2k1 = κ
(1)
1 cos2 β1 + κ

(1)
2 sin2 β1 + κ

(2)
1 cos2 β2 + κ

(2)
2 sin2 β2,

2k2 = κ
(1)
1 sin2 β1 + κ

(1)
2 cos2 β1 + κ

(2)
1 sin2 β2 + κ

(2)
2 cos2 β2.

(2.11)

From the above equations, it follows that

2(k1 + k2) = κ
(1)
1 + κ

(1)
2 + κ

(2)
1 + κ

(2)
2 ,

2(k1 − k2) = (
κ

(1)
1 − κ

(1)
2

)
cos 2β1 + (

κ
(2)
1 − κ

(2)
2

)
cos 2β2.

(2.12)
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Note [19, 20] that by taking into account (2.12), Eq. (2.11) can be rewritten as

2k1 = (
κ

(1)
1 + κ

(1)
2 + κ

(2)
1 + κ

(2)
2

)
sin2

τ

2
,

2k2 = (
κ

(1)
1 + κ

(1)
2 + κ

(2)
1 + κ

(2)
2

)
cos2

τ

2
,

(2.13)

where τ is an auxiliary parameter given by cos τ = (k2 − k1)/(k2 + k1). From
Eq. (2.13), it follows that the coefficients k1 and k2 have the same sign, explaining
why the equidistant curves k1y21 + k2y22 = const are concentric ellipses.

Finally, it should be underlined that since the angle β, as well as the curvatures
κ

(n)
1 and κ

(n)
2 (n = 1, 2), are supposed to be known, we can evaluate the angle β1

from Eq. (2.9), and after that Eq. (2.8) will yield β2 = β1 − β. Equation (2.12) will
then give k1 and k2, the parameters of the gap function ϕ(y) (see Eq. (2.10)).

2.1.2 Unilateral Contact Conditions

We consider the contact interaction of the elastic layers as a normal load F is applied
to the substrates, producing their (vertical) contact approach δ0 (see Fig. 2.3).

Before deformation, the gap between the layer surfaces was given by Eq. (2.10),
which can be rewritten as

ϕ(y) = y21
2R1

+ y22
2R2

, (2.14)

where R1 = 1/(2k1) and R2 = 1/(2k2), for k1 and k2 given by (2.13). In what
follows, we may assume that R1 ≥ R2.

If the surface point M′(y′, z′) of the first layer (laying in the domain z ≤ −ϕ1(y))
and the surface pointM′′(y′′, z′′) of the second layer (laying in the domain z ≥ ϕ2(y))
coincide after deformation (see Fig. 2.4), the following relations hold true [20]:

δ0

F

2

y1

1

F

Fig. 2.3 Schematic diagram for the frictionless contact interaction of elastic layers 1 and 2 under
an external load F , which implies the corresponding contact approach δ0 along the axis of the force
direction
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Fig. 2.4 Schematic diagram
of the elastic contact
interaction with allowance
for tangential displacements
on the contact interface

M'(y',z')

M"(y",n z")

w0

v0(y')

1(y')

y′ + v(1)
0 (y′) = y′′ + v(2)

0 (y′′), (2.15)

ϕ2(y′′) + w(2)
0 (y′′) = −(

ϕ1(y′) + w(1)
0 (y′)

) + δ0. (2.16)

Here, wn
0(y) (n = 1, 2) are the absolute values of the vertical displacements of the

surface points of the n-th elastic layer (the normal displacements are assumed to be
measured positive into each layer), vn

0(y) (n = 1, 2) are the tangential displacements
of the surface points, and the relations z′ = −ϕ1(y′) and z′′ = ϕ2(y′′) were taken
into account in writing Eq. (2.16).

From Eq. (2.15), it follows that

y′′ = y′ + v(1)
0 (y′) − v(2)

0 (y′′). (2.17)

Now, identifying the coordinates y′ and y′′ when evaluating the displacements of
the contact points M′ and M′′, we reduce Eq. (2.16) to a more simple form

ϕ2
(
y + v(1)

0 − v(2)
0

) + w(2)
0 + ϕ1(y) + w(1)

0 = δ0, (2.18)

where y ∈ ω, and ω is the contact area. To simplify the notation, we dropped the
primes on the left-hand side of Eq. (2.18).

The next simplifying step consists of linearizing Eq. (2.18). In this way, by tak-
ing Eq. (2.3) into account, we replace the above nonlinear contact condition by the
linearized condition of frictionless contact

w(1)
0 (y) + w(2)

0 (y) = δ0 − ϕ(y) − ∇yϕ2(y) · (
v(1)
0 (y) − v(2)

0 (y)
)
, (2.19)

where y ∈ ω, and the dot denotes the scalar product.
We note here that the choice of numbering of the elastic layers should assume

that the modulus of the gradient |∇yϕ2(y)| is in a sense greater than |∇yϕ1(y)|, or in
other words, the surface of layer 1 (master surface) is assumed to be flatter than the
surface of layer 2.

Observe that the refined contact condition (2.19) reduces to (1.40) in the case of
a single elastic layer in contact with a punch, when ϕ1(y) ≡ 0 (the surface of the
layer is flat) and ϕ2(y) = ϕ(y), while w(2)

0 (y) ≡ 0 and v(2)
0 (y) ≡ 0 (the punch is

absolutely rigid).

http://dx.doi.org/10.1007/978-3-319-20083-5_1
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Finally, by neglecting the effect of tangential displacements, we reduce Eq. (2.19)
to the classical contact condition

w(1)
0 (y) + w(2)

0 (y) = δ0 − ϕ(y), y ∈ ω. (2.20)

As negative stresses are not allowed at the contact interface, the contour Γ of the
contact areaω is determined from the positiveness condition that the contact pressure
p(y) is positive inside ω and vanishes at its boundary, that is

p(y) > 0, y ∈ ω, p(y) = 0, y ∈ Γ. (2.21)

Consequently, according to Newton’s third law we have

p(y) = −σ
(1)
33 (y, 0) = −σ

(2)
33 (y, 0),

where σ
(n)
33 (n = 1, 2) is the normal stress in the n-th layer.

2.1.3 Governing Integral Equation

According to the principle of superposition, the contact problem (2.20), (2.21) can
be recast as a Fredholm integral equation of the first kind with the kernel being a
combination of the layer surface vertical displacements resulting from a normal point
force. The corresponding Green’s function problem for an elastic layer subjected to
a point force applied to its surface is convenietly treated by the two-dimensional
Fourier transform technique [6, 24].

By applying the standard Fourier transformation, the local indentation of the n-th
elastic layer (n = 1, 2) can be expressed in the form

w(n)
0 (y) = 1

2πθn

+∞∫∫

−∞
p̂(α1, α2)

Ln(αhn)

α
e−i(α1y1+α2 y2)dα1dα2, (2.22)

where θn is a dimensional elastic constant, hn is the thickness of the n-th layer,

α =
√

α2
1 + α2

2, and p̂(α1, α2) denotes the transform of the contact pressure, i.e.,

p̂(α1, α2) = 1

2π

+∞∫∫

−∞
p(y1, y2)e

i(α1y1+α2 y2)dy1dy2. (2.23)
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In the case of a transversely isotropic elastic layer bonded to a flat rigid substrate,
in accordance with the known solution [11], the kernel function is as follows:

θ = A11A33 − A2
13

(γ1 + γ2)A11
, (2.24)

L (λ) = 1 + 2
[
m+(γ1e−2λ1 + γ2e−2λ2) − γ−m−e−2λ1−2λ2 − 4γ1γ2e−λ1−λ2

]

8γ1γ2e−λ1−λ2 + γ−m−(1 + e−2λ1−2λ2) − γ+m+(e−2λ1 + e−2λ2)
.

(2.25)

Here, γ1 and γ2 are the roots of the bi-quadratic equation

γ 4A11A44 − γ 2[A11A33 − A13(A13 + 2A44)
] + A33A44 = 0, (2.26)

and we have employed the following notation:

λ1 = λ

γ1
, λ2 = λ

γ2
, γ+ = γ1 + γ2, γ− = γ1 − γ2, (2.27)

m+ = m2γ1 + m1γ2, m− = m2γ1 − m1γ2,

m1 = A11γ
2
1 − A44

A13 + A44
, m2 = A11γ

2
2 − A44

A13 + A44
.

Note that θn andLn(λ) are obtained from (2.24) and (2.25) by suitable selection
of the n-th layer elastic parameters.

In the case of a bonded isotropic layer, we have γ1 = γ2 = 1 and Eqs. (2.24),
(2.25) for the kernel function reduce as follows [25]:

θ = E

2(1 − ν2)
, (2.28)

L (λ) = 2κ sinh 2λ − 4λ

2κ cosh 2λ + 1 + κ2 + 4λ2
. (2.29)

Here, E is Young’s modulus, ν is Poisson’s ratio, κ = 3− 4ν is Kolosov’s constant.
The functionL (λ) defined by formula (2.29), being continuous and positive for

λ ∈ (0,+∞), satisfies the following asymptotic relations:

L (λ) = A λ + O(λ3), λ → 0;
L (λ) = 1 + O(λ2e−2λ), λ → ∞.

(2.30)

For the functionL (λ) given by (2.25), the first asymptotic relation (2.30) can be
checked directly, while the asymptotic remainder in the second relation can be easily
replaced with O(e−c1λ), where c1 is some positive constant. On the basis of these
properties for each function Ln(λ), it can be shown [25] that the kernel
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Kn(y) =
+∞∫∫

0

Ln(s)

s
cos

s1y1
hn

cos
s2y2
hn

ds1ds2, (2.31)

where s =
√

s21 + s22 , decreases at infinity as rapidly as e−c2h−1
n |y| for some c2 > 0.

Note also that by changing the integration variables in (2.31), we obtain

Kn(y) = hn

+∞∫∫

0

Ln(hnα)

α
cosα1y1 cosα2y2 dα1dα2, (2.32)

where α =
√

α2
1 + α2

2.
Now, using Eqs. (2.23) and (2.31), we rewrite Eq. (2.22) in the form

w(n)
0 (y) = 1

π2hnθn

∫∫

ω

p(y′)Kn(y1 − y′
1, y2 − y′

2) dy′, (2.33)

where the contact pressure density p(y) vanishing outside the contact area ω has
already been taken into account.

Thus, substituting the expressions (2.33) (n = 1, 2) into the contact condition
(2.20), and recalling (2.32), we arrive at the following integral equation:

1

π2hθ

∫∫

ω

p(y′)K (y1 − y′
1, y2 − y′

2) dy′ = δ0 − ϕ(y). (2.34)

Here we have introduced the notation

h = h1 + h2, θ = θ1θ2

θ1 + θ2
, (2.35)

K (y) =
+∞∫∫

0

L (s)

s
cos

s1y1
h

cos
s2y2

h
ds1ds2, (2.36)

L (s) = θ

θ1
L1

(h1

h
s
)

+ θ

θ2
L2

(h2

h
s
)
. (2.37)

Equation (2.34) represents the governing integral equation of the frictionless con-
tact problem for two elastic layers bonded to slightly curved rigid substrates, where
the substrate shapes are taken into account through the gap function ϕ(y), and the
curvature effect on the integral operator on the right-hand side is neglected.
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2.2 Distributional Asymptotic Analysis

In this section, we develop an alternative for the perturbation approach to the contact
problem in the thin-layer approximation considered inSects. 1.2 and1.4. It is assumed
that the joint layer thickness h is small compared to the characteristic length of the
contact area ω. Correspondingly, we require that

h = εh∗, δ0 = εδ∗
0 , R1 = ε−1R∗

1 , R2 = ε−1R∗
2 , (2.38)

where δ∗
0 , R∗

1 , and R∗
2 are comparable with h∗, all being independent of ε. Note that

we follow the same notation as in the previous chapter, wherever possible.

2.2.1 Moment Asymptotic Expansion for the Integral
Operator of the Frictionless Contact Problem
for a Thin Elastic Layer

A key point of the distributional asymptotic analysis is to make use of a large positive
dimensionless parameter

Λ = 1

ε
(2.39)

contained in the kernel (2.36) as a consequence of (2.37) and (2.38)1. For this purpose,
it is convenient to introduce dimensionless variables

η = (η1, η2), ηi = h−1∗ yi , i = 1, 2. (2.40)

Substituting expressions (2.38) and (2.40) into Eq. (2.34), we readily obtain

∫∫

ω∗

p∗(η′)k
(
Λ(η1 − η′

1),Λ(η2 − η′
2)

)
dη′ = π2θ

Λ2h∗
(
δ∗
0 − ϕ∗(η)

)
, (2.41)

where we have introduced the notation

p∗(η) = p(h∗η1, h∗η2), (2.42)

k(ξ) =
+∞∫∫

0

L (s)

s
cos s1ξ1 cos s2ξ2 ds1ds2, (2.43)

ϕ∗(η) = h2∗
(
(2R∗

1)
−1η21 + (2R∗

2)
−1η22

)
. (2.44)

http://dx.doi.org/10.1007/978-3-319-20083-5_1
http://dx.doi.org/10.1007/978-3-319-20083-5_1
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Following Argatov [7], we apply the so-called distributional asymptotic approach
developed by Estrada and Kanwal [10]. Before proceeding, let us clarify the notation
used. Let α = (α1, α2) be a multi-index of nonnegative integers and |α| = α1 + α2,
then for any η ∈ R

2 we put ηα = η
α1
1 η

α2
2 and define

Dα f (η) = ∂ |α| f (η1, η2)

∂η
α1
1 ∂η

α2
2

, D0 f (η) = f (η).

We also employ the standard notation α! = α1!α2! for the multi-index α, where α1!
denotes the factorial of α1.

The moment asymptotic expansion can be written as follows [10]:

k(Λη) ∼
∞∑

|α|=0

(−1)|α|μαDαδ(η)

α!Λ|α|+2 , Λ → ∞. (2.45)

Here, μα = μα1α2 are the moments of the generalized function k(ξ) given by

μα = 〈
k(ξ), ξα

〉 =
+∞∫∫

−∞
k(ξ)ξ

α1
1 ξ

α2
2 dξ1dξ2. (2.46)

The asymptotic expansion (2.45) is valid in several important spaces of distrib-
utions (see, e.g., [10, 26]). In particular, it holds for distributions of rapid decay at
infinity, and in particular, for the kernel (2.36).

The interpretation of the asymptotic relation (2.45) is in the distributional sense.
This means that the asymptotic formula

〈k(Λη), φ(η)〉 =
N∑

|α|=0

μαDαφ(0)

α!Λ|α|+2 + O(Λ−N−3), Λ → ∞, (2.47)

holds true for any φ(η) from the corresponding space of test functions.
For the kernel function (2.36), the application of (2.46) yields the moments

μα =
+∞∫∫

−∞
ξ

α1
1 ξ

α2
2

+∞∫∫

0

L (s)

s
cos s1ξ1 cos s2ξ2 ds1ds2dξ1dξ2

= 1

4

+∞∫∫

−∞

L (s)

s

2∏

j=1

+∞∫

−∞
ξ

α j
j cos s jξ j dξ j ds1ds2. (2.48)
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Using the well-known representation for Dirac’s delta function

δ(s j ) = 1

π

+∞∫

0

cos s jξ j dξ j , (2.49)

we find from Eq. (2.48), after integration by parts, that

μ2k,2n−2k = (−1)nπ2

+∞∫∫

−∞

L (s)

s
δ(2k)(s1)δ

(2n−2k)(s2) ds1ds2, (2.50)

where k = 0, 1, . . . , n and n ∈ N ∪ {0}, and

μα = 0, |α| = 2n − 1, n ∈ N;

μα = 0, α1 = 2k − 1, α2 = 2n − 2k + 1, |α| = 2n, k = 1, 2, . . . , n.

Now, by recalling the definition of the two-dimensional Dirac delta function
δ(s1, s2) = δ(s1)δ(s2) and substituting the expansion

L (s)

s
= A (1 + m1s2 + m2s4 + . . .) (2.51)

into Eq. (2.50), we find

μ2k,2n−2k = (−1)nπ2A mn

+∞∫∫

−∞
(s21 + s22 )δ

(2k)(s1)δ
(2n−2k)(s2) ds1ds2

= (−1)nπ2A mnCk
n2

nk!(n − k)!, (2.52)

where Ck
n are binomial coefficients given by

Ck
n = n!

k!(n − k)! .

Then, from relations (2.45) and (2.52), where we may set m0 = 1, we find

k(Λη) ∼
∞∑

n=0

(−1)nπ2A
mn

Λ2n+2

n∑

k=0

Ck
n

∂2nδ(η)

∂η2k
1 ∂η2n−2k

2

. (2.53)

Correspondingly, substituting the moment asymptotic expansion (2.53) into the
left-hand side of Eq. (2.41), we obtain
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∫∫

ω∗

p∗(ξ)k
(
Λ(η − ξ)

)
dξ ∼

∞∑

n=0

(−1)nπ2A
mn

Λ2n+2

n∑

k=0

Ck
n

∂2n p∗(η)

∂η2k
1 ∂η2n−2k

2

. (2.54)

To simplify the right-hand side of (2.54), we recall that

Δn
η ≡

(
∂2

∂η21
+ ∂2

∂η22

)n

=
n∑

k=0

Ck
n

∂2n

∂η2k
1 ∂η2n−2k

2

.

Hence, by the above formula, we have

Λ2h∗
π2θ

∫∫

ω∗

p∗(η′)k
(
Λ(η − η′)

)
dη′ ∼ A h∗

θ

∞∑

n=0

(−1)n mn

Λ2n
Δn

η p∗(η). (2.55)

Note that the above integral operator is normalized by the factor Λ2h∗/(π2θ),
such that the left-hand side of (2.55) represents the local indentation normalized by
Λ when stretching the normal coordinate (see, in particular, (2.38) and (2.41)).

2.2.2 Asymptotic Solution of the Contact Problem
for Slightly Curved Thin Compressible Elastic Layers

Using the notation (2.39) and the asymptotic expansions (2.55), we rewrite the gov-
erning integral equation (2.41) in the form

A h∗
θ

∞∑

n=0

(−1)nε2nmnΔ
n
η p∗(η) ∼ δ∗

0 − ϕ∗(η). (2.56)

The solution to Eq. (2.56) can be represented in the form of an asymptotic series
in powers of ε as follows:

p∗(η) ∼ p0∗(η) + ε2 p1∗(η) + ε4 p2∗(η) + . . . . (2.57)

The substitution of the asymptotic expansion (2.57) into Eq. (2.56) yields the
following system of equations for the successive evaluation of its coefficients:

A h∗
θ

m0 p0∗(η) = δ∗
0 − ϕ∗(η),

k∑

j=0

(−1)k− j mk− jΔ
k− j
η p j∗(η) = 0, k = 1, 2, . . . .
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It then follows that

p0∗(η) = θ

A h∗
(
δ∗
0 − ϕ∗(η)

)
, (2.58)

pk∗(η) = −
k−1∑

j=0

(−1)k− j mk− jΔ
k− j
η p j∗(η), k = 1, 2, . . . . (2.59)

We further note that formula (2.59) can be rewritten in the form

pk∗(η) = (−1)k θ

A h∗
MkΔ

k
η f∗(η), k = 0, 1, 2, . . . , (2.60)

where in light of (2.58) we have M0 = 1 and f∗(η) = δ∗
0 − ϕ∗(η).

To evaluate the coefficients Mk introduced in (2.60), we consider the expansion
reciprocal to (2.51), that is

s

L (s)
= 1

A
(1 + M1s2 + M2s4 + . . .). (2.61)

It is easily provedby induction that for anypositive integer k the recurrence relation
that facilitates the calculation of the coefficients Mk in (2.61) from the coefficients
of the the expansion (2.51) has the form

Mk = −
k−1∑

j=0

mk− j M j , k = 1, 2, . . . .

Alternatively, the above formula can be directly recovered from (2.59) and (2.60).
Thus, the constructed inner asymptotic expansion (2.57)–(2.59) is similar to the

solution obtained earlier by Vorovich et al. [25].
Finally, in the case of the parabolic punch (2.14), we get by simple calculation

p1∗(η) = θm1h∗
A

( 1

R∗
1

+ 1

R∗
2

)
, pk∗(η) ≡ 0, k = 2, 3, . . . . (2.62)

Upon substituting (2.58) and (2.62) into (2.57), our final result is

p∗(η) ∼ θ

A h∗

(
δ∗
0 + ε22m1

h2∗
R∗ − h2∗

( η21

2R∗
1

+ η22

2R∗
2

))
, (2.63)

where R∗ = 2R∗
1 R∗

2/(R∗
1 + R∗

2) is the harmonic mean of R∗
1 and R∗

2 .



32 2 Asymptotic Analysis of the Contact Problem …

2.2.3 Comparison of the Results Obtained
by the Perturbation and Distributional Asymptotic
Methods

Let us consider the case of a single layer in contact with a rigid punch, so that
θ−1
2 = 0, θ = θ1, and h = h1. According to the asymptotic expansion (2.55) (see
also Eq. (2.56)), the local indentation of the elastic layer, i.e., the normal displacement
of the surface points, is expressed by

w0(y) ∼ A h

θ

∞∑

n=0

(−1)nmnh2nΔn
y p(y), (2.64)

where A and mn are dimensionless coefficients in the series expansion (2.51) for
the kernel function L (s)/s.

Formula (2.64) can be rewritten in the form

w0(y) ∼ h
∞∑

n=0

(−1)nMnh2nΔn
y p(y), (2.65)

where Mn are dimensional coefficients in the expansion

L (s)

θs
= A

θ
(1 + m1s2 + m2s4 + . . .)

= M0 + M1s2 + M2s4 + . . . . (2.66)

In particular, from (2.65), it follows that

w0(y) � M0hp(y) − M1h3Δy p(y). (2.67)

On the other hand, based on the perturbation algorithm [14] in Sect. 1.2 (see
formula (1.26)), we obtained the asymptotic expansion

w0(y) � h

A33
p(y) − h3A13(A13 − A44)

3A2
33A44

Δy p(y). (2.68)

By comparing (2.67) and (2.68), we arrive at the following relations, whose valid-
ity should be checked:

M0 = 1

A33
, M1 = A13(A13 − A44)

3A2
33A44

. (2.69)

http://dx.doi.org/10.1007/978-3-319-20083-5_1
http://dx.doi.org/10.1007/978-3-319-20083-5_1


2.2 Distributional Asymptotic Analysis 33

Expanding the function (2.25) into a Maclaurin series, we find

A = A44(γ1 − γ2)
2(γ1 + γ2)

γ 2
1 γ 2

2

[
A11(γ

2
1 + γ 2

2 ) − 2(A13 + 2A44)
] , (2.70)

where γ1 and γ2 are the roots of the characteristic equation (2.26).
In order to establish the equality between A−1

33 andM0 = θ−1A , where θ andA
are given by (2.24) and (2.70), we make use of Vieta’s theorem for the bi-quadratic
equation (2.26) and the formulas

γ 2
1 γ 2

2 = A33

A11
, γ 2

1 + γ 2
2 = A11A33 − A13(A13 + 2A44)

A11A44
,

(
γ 2
1 − γ 2

2

)2 = (A11A33 − A2
13)(A11A13 − 4A13A44 − 4A2

44 − A2
13)

A2
11A2

44

.

The check of the second equality in (2.69) is more tedious, because the expression
for m1, and correspondingly for M1, is much more cumbersome and is not written
here for brevity.

2.3 Boundary-Layer Problem in the Compressible Case

Both the perturbation technique and the distributional asymptotic method provide
approximate solutions, which are valid inside the contact area but do not describe the
true solution near its contour, where a special approximate solution of the boundary-
layer type should be constructed. In this section, the case of compressible layer
materials is considered.

2.3.1 Variation of the Contact Area

The leading-order asymptotic approximation (2.58) for the contact pressure distrib-
ution density, i.e.,

p0∗(η) = θ

A h∗
(
δ∗
0 − ϕ∗(η)

)
+, (2.71)

determines the main approximation ω0∗ to the sought-for contact area ω∗ (in the
dimensionless coordinates (2.40)).

It is obvious from Eq. (2.44) that the domain ω0∗, which corresponds to the density
(2.71), is elliptic. The major semiaxis and the eccentricity of the contour Γ 0∗ of the
domain ω0∗ will be denoted by a∗ and e. By simple calculations we find
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a∗ = 1

h∗

√
2δ∗

0 R∗
1 , e2 = 1 − R∗

2

R∗
1
. (2.72)

Following the asymptotic procedure introduced by Aleksandrov [2], we consider
the behavior of the integral (2.34) and its density in the neighborhood of the unknown
contour Γ∗ of the domain ω∗.

In light of (2.41), the integral equation (2.34) now takes the form

∫∫

ω∗

p∗(ξ)k
(
ε−1(η − ξ)

)
dξ = ε2

π2θ

h∗
(
δ∗
0 − ϕ∗(η)

)
. (2.73)

Suppose η1 = f ∗
1 (s), η2 = f ∗

2 (s) is a natural parametrization of the contour
Γ 0∗ . We will assume that when traveling along Γ 0∗ in the direction of increasing s-
coordinate, the region ω0∗ enclosed by Γ 0∗ remains on the left. Then, the unit vector
of the inward (with respect to the domain ω0∗) normal to the contour Γ 0∗ is

n0(s) = − f ∗′
2 (s)e1 + f ∗′

1 (s)e2, (2.74)

where the prime denotes differentiation with respect to s.
In a small neighborhood, Ξ∗

ε (s), of the contour Γ 0∗ , we introduce the local sys-
tem of coordinates (s, n), associated with the Cartesian coordinates (η1, η2) by the
formulas

η1 = f ∗
1 (s) + nn0

1(s), η2 = f ∗
2 (s) + nn0

2(s), (2.75)

where n0(s) = (
n0
1(s), n0

2(s)
)
is given by (2.74), and n is the distance (taking the

sign into account) along the inward normal to the contour Γ 0∗ .
Further, let us assume that the contour Γ∗ of the contact area ω∗ in the local

coordinates is described by the equation

n = Υ ∗
ε (s), (2.76)

where Υ ∗
ε (s) is a function to be determined. We set

Υ ∗
ε (s) = εΥ ∗(s). (2.77)

In the neighborhood Ξ∗
ε (s) of the point s, where |ξ − η(s)| = O(

√
ερ∗(s)) and

ρ∗(s) = [
f ∗′′
2 (s) f ∗′

1 (s) − f ∗′′
1 (s) f ∗′

2 (s)
]−1 is the radius of curvature of contour Γ 0∗

at the point s, we make in the integral (2.73) the following change of variables:

ξ1 = f ∗′
1 (s) + n′n0

1(s), ξ2 = f ∗′
2 (s) + n′n0

2(s).
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Next we introduce the so-called “fast” variables

ν = ε−1n, ν′ = ε−1n′, σ ′ = ε−1(s′ − s), (2.78)

keeping the scale for the s-coordinate alongΓ 0∗ unchanged. From now on, the “slow”
variable s is considered to be fixed.

Thus, in the neighborhood Ξ∗
ε (s), when ε → 0, the following relations hold:

f ∗
j (s′) = f ∗

j (s) + εσ ′ f ∗′
j (s) + O(ε2), n0

j (s
′) = n0

j (s) + O(ε), j = 1, 2,

|ξ − η(s)| = ε
√

(σ ′)2 + (ν − ν′)2 + O(ε2), ρ∗(s′) = ρ∗(s) + O(ε),

Υ ∗(s′) = Υ ∗(s) + O(ε),
D(ξ1, ξ2)

D(s′, n′)
= 1 − εν′

ρ∗(s + εσ ′)
= 1 + O(ε).

Note, finally, that the above formulas are valid for any smooth contour Γ∗.

2.3.2 Boundary-Layer Integral Equation

Separating the principal asymptotic terms according to the previous formulas, we
take the limit

lim
ε→0

k
(
ε−1(η − ξ)

) = k
(
σ ′ f ∗′

1 (s) + (ν − ν′)n0
1(s),

σ ′ f ∗′
2 (s) + (ν − ν′)n0

2(s)
)
. (2.79)

By invoking the formulas (see Eq. (2.74))

f ∗′
1 (s) = cosψ, f ∗′

2 (s) = sinψ, n0
1(s) = − sinψ, n0

2(s) = cosψ, (2.80)

where ψ provides an angular parameterization to the ellipse Γ 0∗ , it can be shown
directly that the right-hand side of the relation (2.79) is equal to k(σ ′, ν′ − ν).

Indeed, in light of (2.43), we have

k(ξ) = 1

4

+∞∫∫

−∞

L (s)

s
ei(s1ξ1+s2ξ2)ds1ds2, (2.81)

and by making the substitutions

s1 = t1 cosψ − t2 sinψ, s2 = t1 sinψ + t2 cosψ,
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D(s1, s2)

D(t1, t2)
= 1, s ≡

√
s21 + s22 =

√
t21 + t22 ≡ t,

we find that the representation (2.81) can be written in the form

k(ξ) = 1

4

+∞∫∫

−∞

L (t)

t
cos

[
ξ1(t1 cosψ − t2 sinψ) + ξ2(t1 sinψ + t2 cosψ)

]
dt1dt2,

(2.82)
provided that t−1L (t) is an even function for t ∈ (−∞,+∞).

Thus, from Eqs. (2.79), (2.80), and (2.82) it follows immediately that

lim
ε→0

k(ε−1(η − ξ)) = k(σ ′, ν′ − ν), (2.83)

while on the other hand, we see on the right-hand side of Eq. (2.73) that

δ∗
0 − ϕ∗(η) = h2∗

[
ενb∗

1(s) + ε2ν2b∗
2(s)

]
, (2.84)

where

b∗
1(s) = − f ∗

1 (s)n0
1(s)

R∗
1

− f ∗
2 (s)n0

2(s)

R∗
2

,

2b∗
2(s) = −n0

1(s)
2

R∗
1

− n0
2(s)

2

R∗
2

.

(2.85)

Hence, by approximating the contact pressure density as p∗
ε (ξ) ∼ q∗

ε (s, ν′) in the
neighborhood Ξ∗

ε (s) of the boundary of the contact area (see, for example, [3]) and
letting ε → 0 in light of Eqs. (2.73), (2.75)–(2.78), (2.83) and (2.84), we arrive at
the following integral equation:

+∞∫

Υ ∗(s)

q∗∗(s, ν′)M(ν′ − ν) dν′ = πθh∗b∗
1(s)ν. (2.86)

Here, q∗∗(s, ν) = ε−1q∗
ε (s, ν), and we have introduced the notation

M(t) = 1

π

+∞∫

−∞
k(σ ′, t) dσ ′.

Observe that the s-coordinate is present in Eq. (2.86) as a parameter.
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Making use of formula (2.49), we represent the above formula in the form

M(t) =
+∞∫

0

L (u)

u
cos ut du. (2.87)

Finally, in addition to Eq. (2.86), which the boundary-layer solution q∗∗(s, ν)

must satisfy, it is necessary to obey the contact pressure positivity condition (2.21).
Hence, the function Υ ∗(s) satisfies the equation

q∗∗(s, Υ ∗(s)) = 0. (2.88)

Otherwise, we would contradict the assumption that the contact must be made over
the whole domain ω∗.

2.3.3 Aleksandrov’s Approximation

We note that the integral equation (2.86) is of the Wiener–Hopf type [23] and can be
solved in closed form (see, in particular, [1, 5]). However, since a simple factorization
for the function w−1L (w) of the complex variable w = u + iv is not available, it
is not possible to obtain the exact solution of Eq. (2.86) in a simple form. Thus,
the approximate version of the Wiener–Hopf method has to be used. Confining our
considerations to the first-order approximation, we replace the functionL (u) by the
following simple algebraic approximation [3]:

L̃ (u) = u

√
u2 + B2

u2 + C
. (2.89)

It can easily be shown that the functions u−1L (u) and u−1L̃ (u) satisfy Koiter’s
conditions [18] that they should have the same limits for s tending to zero and infinity,
provided that the following relation holds:

B

C
= A . (2.90)

In addition, following Aleksandrov [3], we select the constants B and C in such
a manner that

lim
u→0

d2

du2

(
u

L (u)
− u

L̃ (u)

)
= 0.
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From here it immediately follows that

m1

A
= C

2B3 − 1

B
, (2.91)

where (see formula (2.51))

A = lim
u→0

L (u)

u
, m1 = 1

2A
lim
u→0

d2

du2

L (u)

u
. (2.92)

From (2.24), (2.66), and (2.70), we have

A = A11A33 − A2
13

(γ1 + γ2)A11A33
, m1 = A13(A13 − A44)

3A33A44
,

where γ1 and γ2 are the roots of the characteristic equation (2.26).
At the same time, Eqs. (2.90) and (2.91) yield the following formulas (cf. [12]):

B = 1

A + √
A 2 + 2m1

, C = 1

A
[
A + √

A 2 + 2m1
] .

Recall that A and m1 are defined by (2.92).
In the case of isotropic layer bonded to a rigid foundation (see formula (2.29)),

we have

A = 1 − 2ν

2(1 − ν)2
,

where ν is Poisson’s ratio of the layer material. From the above, it is readily seen
(see also Fig. 2.5) that the asymptotic constantA approaches zero when the material
becomes incompressible.

Fig. 2.5 Variation of the
approximation coefficients in
the isotropic case

0 0.2
Poisson’s ratio

A
pp

ro
xi

m
at

io
n 

co
ef

fi
ci

en
ts 1

0
-1 -0.8 -0.6 -0.4 -0.2 0.4

1

2
3

3

2

1

0.2

0.4

0.6

0.8

1.2



2.3 Boundary-Layer Problem in the Compressible Case 39

Let us consider a Wiener–Hopf integral equation of the first kind

+∞∫

0

ϕ(τ ′)M̃(τ ′ − τ) dτ ′ = ψ(τ), 0 ≤ τ < ∞, (2.93)

with the kernel

M̃(τ ) =
+∞∫

0

L̃ (u)

u
cos uτ du, (2.94)

where the kernel function L̃ (u) is given by (2.89).
It can be shown [5, 25] that for the right-hand sides of Eq. (2.93)

ψ0(τ ) = 1, ψ1(τ ) = τ, ψ2(τ ) = τ 2,

the corresponding special solutions are, respectively,

ϕ0(τ ) = 1

A
erf

√
Bτ + e−Bτ

√
πA τ

, (2.95)

ϕ1(τ ) = τ

A
erf

√
Bτ − e−Bτ

√
π Bτ

(
1 − τ

A
− 1

2
√
A B

)
, (2.96)

ϕ2(τ ) =
(

τ 2

A
+ 1

A B2 − 2

B

)
erf

√
Bτ

− e−Bτ

√
π Bτ

(
1

B
− 3

4B
√
A B

+ τ

2A B
− τ 2

A

)
. (2.97)

Here, erf(x) is the error function, which is defined as

erf(x) = 2√
π

x∫

0

e−t2dt.

The above solutions are illustrated in Fig. 2.6. Observe that after the normalization
these functions depend on the dimensionless elastic constants A and B via their
product A B, while the dependence on the coordinate τ comes as Bτ .
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Fig. 2.6 Aleksandrov’s
approximate boundary
layer-type solutions
(2.95)–(2.97)
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2.3.4 Boundary-Layer in the Compressible Case

We replaceL (s) in the integral (2.87) by L̃ (s), substitute the corresponding kernel
M̃(t) defined by (2.94) into Eq. (2.86), and implement in the resulting equation a
change of variables

ν = Υ ∗(s) + τ, ν′ = Υ ∗(s) + τ ′.

In this way the integral equation (2.86) can be transformed into the form

+∞∫

0

q̃∗∗(s, Υ ∗(s) + τ ′)Ñ (τ ′ − τ) dτ ′ = πθh∗b∗
1(s)(Υ

∗(s) + τ). (2.98)

In the case (2.89), make use of Aleksandrov’s results [3] (see, in particular, for-
mulas (2.95) and (2.96)), thus producing the solution to Eq. (2.98) in the form

q̃∗∗(s, Υ ∗(s) + τ)

θh∗b∗
1(s)

= τ

A
erf

√
Bτ − 1√

π Bτ
e−Bτ

(
1 −

√
C

2B
− τ

A

)

+ Υ ∗(s)
A

erf
√

Bτ + Υ ∗(s)√
πA τ

e−Bτ . (2.99)

Since, in light of (2.88), the function (2.99) must satisfy Eq. (2.88), the boundary
layer is found to be

q̃∗∗(s, ν) =θh∗b∗
1(s)

A

{
ν erf

√
B(ν − Υ ∗(s))
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+
√

ν − Υ ∗(s)
π B

exp
(−B[ν − Υ ∗(s)])

}
, (2.100)

provided that

Υ ∗(s) =
√
A

B
− 1

2B
. (2.101)

Note that in the axisymmetric case the obtained boundary layer (2.100) is essen-
tially similar to the leading term of the asymptotics for the contact pressure density
constructed in [25] (see formula (49.11)). The resultant of the contact pressure (with
the boundary layer taken into account) was evaluated in [8]. It is also worth noting
[3] that the relations (2.90) and (2.91) are necessary for the correct matching between
the boundary-layer solution (2.100) and the inner asymptotic solution (2.71).

2.4 Incompressible Transversely Isotropic Elastic Material

The generalized Hooke’s law (1.1), establishing a linear relationship between com-
ponents of the stress tensor σ , and components of the tensor of infinitesimal strains
ε, can be written in the tensor form

ε = S : σ (2.102)

or alternatively in the matrix form as follows [21]:

⎛

⎜⎜⎜⎜⎜
⎜
⎝

ε11
ε22
ε33
ε23
ε13
ε12

⎞

⎟⎟⎟⎟⎟
⎟
⎠

=

⎡

⎢⎢⎢⎢⎢
⎢
⎣

S1111 S1221 S1331 0 0 0
S1221 S1111 S1331 0 0 0
S1331 S1331 S3333 0 0 0
0 0 0 2S2233 0 0
0 0 0 0 2S2233 0
0 0 0 0 0 2S1122

⎤

⎥⎥⎥⎥⎥
⎥
⎦

⎛

⎜⎜⎜⎜⎜
⎜
⎝

σ11
σ22
σ33
σ23
σ13
σ12

⎞

⎟⎟⎟⎟⎟
⎟
⎠

. (2.103)

Here, Si jkl are the components of the fourth-rank compliance tensor. For a trans-
versely isotropic material the compliance matrix involves only five independent
entries, so that 2S1122 = S1111 − S1221, while S1111, S1221, S1331, S3333, and S2233
are expressed in terms of engineering elastic constants by the formulas

S1111 = 1

E
, S1221 = − ν

E
, S1331 = − ν′

E ′ , S3333 = 1

E ′ , S2233 = 1

4G ′ ,
(2.104)

where E and E ′ are Young’s moduli in the plane of transverse isotropy and in the
direction normal to it, ν and ν′ are Poisson’s ratios characterizing the lateral strain
response in the plane of transverse isotropy to a stress acting parallel or normal to

http://dx.doi.org/10.1007/978-3-319-20083-5_1
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it, G ′ is the shear modulus in planes normal to the plane of transverse isotropy. We
note also that the in-plane shear modulus is given by G = E/[2(1 + ν)].

2.4.1 Stress-Strain Relations for Incompressible Material

Recall that a solid’s resistance to all-round compression is characterized by the bulk
modulus, K . For a homogeneous anisotropic material occupying a volume V , the
bulk modulus is defined as the ratio of the small hydrostatic pressure increase, Δp,
to the resulting relative decrease of the volume, ΔV/V .

Since under the assumption of small deformations, ΔV/V = ε11 + ε22 + ε33, by
substituting σ11 = σ22 = σ33 = −Δp into Eq. (2.103), we readily obtain

1

K
= 2S1111 + 2S1221 + 4S1331 + S3333.

In terms of the stiffnesses, the bulk modulus is given by

K = A33(A11 + A12) − 2A2
13

A11 + A12 − 4A13 + 2A33
,

where Ai j are determined by formulas (1.3).
According to (2.104), the above formula can be recast in terms of the engineering

constants as

K =
(
2(1 − ν)

E
+ 1 − 4ν′

E ′

)−1

, (2.105)

which in the isotropic case reduces to

K = E

3(1 − 2ν)
.

If the material is incompressible, then the bulk modulus is infinite. At the same
time, the incompressibility condition

ε11 + ε22 + ε33 = 0 (2.106)

must be satisfied for arbitrary stress σ satisfying the equilibrium equations.
As was shown by Itskov and Aksel [15], the incompressibility condition (2.106)

written in the form I : ε = 0, where I is the second-order identity tensor, implies
that S : I = 0. The last tensor equation, in the general case, imposes 6 additional
constrains on the compliance tensor S. In the case of transverse isotropy, only two
of these incompressibility conditions are not identically satisfied.

http://dx.doi.org/10.1007/978-3-319-20083-5_1
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For the compliance matrix to be positive definite, it is required that

E > 0, E ′ > 0, G ′ > 0, ν2 ≤ 1,

and

ν′2 ≤ E ′(1 − ν)

2E
. (2.107)

By considering the special case of a hydrostatic loading, when σ11 = σ22 =
σ33 = p and σ23 = σ13 = σ12 = 0, it can be easily verified that the incompressibility
condition (2.106) is achieved if

2

E
− 2ν

E
− 4ν′

E ′ + 1

E ′ = 0. (2.108)

Following [13], we eliminate the Poisson’s ratio ν between (2.107) and (2.108)
to get (ν′ − 0.5)2 ≤ 0, from which it immediately follows that ν′ = 0.5. Now,
substituting this value into Eq. (2.108), we obtain ν = 1 − 0.5(E/E ′).

Thus, for an incompressible transversely isotropic material only 3 material con-
stants remain independent and the following relations hold [13, 15]:

ν′ = 1

2
, ν = 1 − E

2E ′ . (2.109)

These relations determine the incompressibility limit. Consequently, the condition
of positive definiteness of the compliance tensor reduces to

E < 4E ′. (2.110)

It should be emphasized that whereas the stress-strain relations for compressible
materials can be obtained through the direct inversion ofHooke’s law (2.103), leading
to σ = C : ε with the stiffness tensor C = S−1, for incompressible materials the
constitutive relation is given by

σ = C : ε − pI, (2.111)

where evaluation of the super-symmetric fourth-order elasticity tensor C requires a
special procedure developed in [15].

In the matrix form, Eq. (2.111) can be rewritten as

⎛

⎜⎜⎜⎜⎜⎜
⎝

σ11
σ22
σ33
σ23
σ13
σ12

⎞

⎟⎟⎟⎟⎟⎟
⎠

=

⎡

⎢⎢⎢⎢⎢⎢
⎣

a11 a12 a13 0 0 0
a12 a11 a13 0 0 0
a13 a13 a33 0 0 0
0 0 0 2a44 0 0
0 0 0 0 2a44 0
0 0 0 0 0 2a66

⎤

⎥⎥⎥⎥⎥⎥
⎦

⎛

⎜⎜⎜⎜⎜⎜
⎝

ε11
ε22
ε33
ε23
ε13
ε12

⎞

⎟⎟⎟⎟⎟⎟
⎠

−

⎛

⎜⎜⎜⎜⎜⎜
⎝

p
p
p
0
0
0

⎞

⎟⎟⎟⎟⎟⎟
⎠

, (2.112)
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where, according to Itskov and Aksel [15], we have

a11 = 4E ′(2E + E ′)
9(4E ′ − E)

, a33 = 4

9
E ′, a12 = 2E ′(2E ′ − 5E)

9(4E ′ − E)
,

a13 = −2

9
E ′, a44 = G ′, a66 = G. (2.113)

As a consequence of (2.109)2, the in-plane shear modulus is given by

G = E E ′

4E ′ − E
. (2.114)

Thus, for an incompressible transversely isotropic material, the number of inde-
pendent material constants is equal to 3, and E , E ′, and G ′ can be taken, for instance.

Note also that according to (2.109)2 and (2.110), the in-plane Poisson’s ratio
satisfies the inequality ν > −1.

In the isotropic case, when E = E ′, G = G ′, and ν = ν′, Eqs. (2.109) and (2.114)
imply that ν = 0.5 and G = E/3. Consequently, Eq. (2.113) yield a11 = a33 =
4E/9 and a12 = a13 = −2E/9. Taking into account the incompressibility condition
(2.106), we represent the stress-strain relations as follows, where no summation is
implied by the repeated index:

σi i = 2Gεi i − p, σi j = 2Gεi j , i �= j, i, j = 1, 2, 3. (2.115)

Notice that Eq. (2.115) represent a usual formof the constitutive relations for isotropic
incompressible material [9, 28].

Finally, the unknown hydrostatic pressure parameter p in the constitutive law
(2.112) should be determined from the incompressibility condition (2.106).

2.4.2 Isotropically Compressible Transversely Isotropic
Materials

Note that for an incompressible material under a uniform hydrostatic pressure not
only the trace of the strain tensor is equal to zero, but also the deviatoric part of
the strain tensor vanishes. Following [15], we consider anisotropic materials which
under a uniform hydrostatic pressure exhibit strictly isotropic volumetric response.
In this case, the bulk modulus, K , of such an isotropically compressible material is
independent of the stress state and represents its intrinsic property.

For an isotropically compressible transversely isotropic material, the number of
independent material constants is equal to 4, while E , E ′, G ′, and K can be taken,
in this instance. As a result, the following relations hold [15]:
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ν′ = 1

2
− E ′

6K
, ν = 1 − E

2

( 1

E ′ + 1

3K

)
, G = E ′E

4E ′ − E − E ′E
3K

.

Correspondingly, the constitutive relations can be written in the form

⎛

⎜
⎜⎜⎜⎜⎜
⎝

σ11
σ22
σ33
σ23
σ13
σ12

⎞

⎟
⎟⎟⎟⎟⎟
⎠

=

⎡

⎢
⎢⎢⎢⎢⎢
⎣

c11 c12 c13 0 0 0
c12 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 2c44 0 0
0 0 0 0 2c44 0
0 0 0 0 0 2c66

⎤

⎥
⎥⎥⎥⎥⎥
⎦

⎛

⎜
⎜⎜⎜⎜⎜
⎝

ε11
ε22
ε33
ε23
ε13
ε12

⎞

⎟
⎟⎟⎟⎟⎟
⎠

−

⎛

⎜
⎜⎜⎜⎜⎜
⎝

p
p
p
0
0
0

⎞

⎟
⎟⎟⎟⎟⎟
⎠

, (2.116)

p = −K (ε11 + ε22 + ε33), (2.117)

where, according to Itskov and Aksel [15], ci j are given by

c11 = 1

3D

( 2

E ′ + 1

E
− 1

3K

)
, c33 = 1

3D

( 4

E
− 1

E ′ − 1

3K

)
,

c12 = 1

6D

( 2

E
− 5

E ′ + 1

3K

)
, c13 = 1

6D

( 1

E ′ − 4

E
+ 1

3K

)
,

(2.118)

D = 3

4E ′
( 4

E
− 1

E ′
)

− 1

6K

( 1

E ′ + 2

E

)
+ 1

36K 2 .

Thus, for isotropically compressible materials, the case of weak compressibility
can be treated as the limit as E ′/K → 0.

2.5 Deformation of a Thin Incompressible Transversely
Isotropic Elastic Layer Bonded to a Rigid Substrate

Let us consider a thin transversely isotropic elastic layer of uniform thickness, h,
ideally bonded to a rigid substrate and loaded by a normal load, q, (see Fig. 2.7).

According to the perturbation analysis performed in Sect. 1.2, the leading-order
asymptotic approximation for the displacement field is given by the following for-
mulas (see Eqs. (1.18), (1.19), (1.22)–(1.24)):

Fig. 2.7 An elastic layer of
uniform thickness bonded to
a rigid substrate and carrying
a normal load

x1

x3

q(x1,n x 2)

h

http://dx.doi.org/10.1007/978-3-319-20083-5_1
http://dx.doi.org/10.1007/978-3-319-20083-5_1
http://dx.doi.org/10.1007/978-3-319-20083-5_1
http://dx.doi.org/10.1007/978-3-319-20083-5_1
http://dx.doi.org/10.1007/978-3-319-20083-5_1
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v � ε2
(

A13 + A44

2A33
(1 − ζ )2 − A13

A33
(1 − ζ )

)
h∗
A44

∇ηq, (2.119)

w � ε
h∗q

A33
(1 − ζ ) + ε3

{
A13(A13 + 2A44)

6A2
33

(1 − ζ )3

− A13(A13 + A44)

2A2
33

(1 − ζ )2 + A13A44

2A2
33

(1 − ζ )

}
h∗
A44

Δηq. (2.120)

For any transversely isotropic material, we have

A13

A33
= Eν′

E ′(1 − ν)
.

When the material approaches the incompressible limit, the right-hand side of the
above relation tends to 1 (see Eq. (2.109)), while the ratio A44/A33 vanishes. Hence,
formulas (2.119) and (2.120) reduce to the following:

v � ε2
(
1

2
(1 − ζ )2 − (1 − ζ )

)
h∗
a44

∇ηq, (2.121)

w � ε3
{
1

6
(1 − ζ )3 − 1

2
(1 − ζ )2

}
h∗
a44

Δηq. (2.122)

Note that a44 = A44 is the out-of-plane shear modulus.

2.5.1 Perturbation Analysis of the Deformation Problem
for a Thin Incompressible Elastic Layer

Fromanother point of view, the problemunder consideration can be formulated based
on the constitutive relation (2.112). Indeed, the equilibrium equations yield

a66Δyv + (a11 − a66)∇y∇y · v + a44
∂2v
∂z2

+ (a13 + a44)
∂

∂z
∇yw − ∇y p = 0,

a44Δyw + a33
∂2w

∂z2
+ (a13 + a44)

∂

∂z
∇y · v − ∂p

∂z
= 0, (2.123)

and the incompressibility condition is

∇y · v + ∂w

∂z
= 0. (2.124)
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In the case of the elastic layer bonded to a rigid substrate, the boundary conditions
at the layer bottom surface are

v
∣∣
z=h = 0, w

∣∣
z=h = 0, (2.125)

while at the upper surface, under the assumption of normal loading, we have

σ13
∣∣
z=0 = σ23

∣∣
z=0 = 0, σ33

∣∣
z=0 = −q.

The last boundary conditions can be rewritten as

∇yw + ∂v
∂z

∣∣∣∣
z=0

= 0, (2.126)

a13∇y · v + a33
∂w

∂z
− p

∣∣∣∣
z=0

= −q. (2.127)

Assuming that the elastic layer is relatively thin and h = εh∗, we introduce the
stretched normal coordinate

ζ = ε−1h−1∗ z

and the dimensionless in-plane coordinates

η = (η1, η2), ηi = h−1∗ yi , i = 1, 2.

Correspondingly, the system of equations (2.123), (2.124) with the boundary
conditions (2.125)–(2.127) takes the form

ε−2a44
∂2v
∂ζ 2 + ε−1(a13 + a44)∇η

∂w

∂ζ

+ a66Δηv + (a11 − a66)∇η∇η · v − h∗∇η p = 0, (2.128)

ε−2a33
∂2w

∂ζ 2 + ε−1
(

(a13 + a44)∇η · ∂v
∂ζ

− h∗
∂p

∂ζ

)
+ a44Δηw = 0, (2.129)

ε−1 ∂w

∂ζ
+ ∇η · v = 0, (2.130)

v
∣∣
ζ=1 = 0, w

∣∣
ζ=1 = 0, (2.131)

ε−1 ∂v
∂ζ

+ ∇ηw

∣∣∣∣
ζ=0

= 0, (2.132)
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1

h∗

(
ε−1a33

∂w

∂ζ
+ a13∇η · v

)
− p

∣∣
∣∣
ζ=0

= −q. (2.133)

In light of (2.119), (2.120), and (2.133), the asymptotic ansatz for the solution to
the system (2.128)–(2.133) is represented in the form

v � ε2v1(η, ζ ), (2.134)

w � ε3w2(η, ζ ), (2.135)

p � q + ε2 p2(η, ζ ). (2.136)

Substituting (2.134)–(2.136) into Eq. (2.128)–(2.133), we arrive at the problem

a44
∂2v1

∂ζ 2 = h∗∇ηq, ζ ∈ (0, 1), v1
∣
∣
ζ=1 = 0,

∂v1

∂ζ

∣∣
∣∣
ζ=0

= 0; (2.137)

a33
∂2w2

∂ζ 2 = −(a13 + a44)∇η · ∂v1

∂ζ
+ h∗

∂p2

∂ζ
, ζ ∈ (0, 1), (2.138)

w2
∣∣
ζ=1 = 0, a33

∂w2

∂ζ
+ a13∇η · v1 − h∗ p2

∣∣∣∣
ζ=0

= 0, (2.139)

∂w2

∂ζ
+ ∇η · v1 = 0, ζ ∈ (0, 1). (2.140)

From (2.137), it immediately follows that

v1(η, ζ ) = − h∗
2a44

(1 − ζ 2)∇ηq(η). (2.141)

Now, integrating Eq. (2.138), we get

a33
∂w2

∂ζ
= −(a13 + a44)∇η · v1 + h∗ p2 + C2, (2.142)

where C2 is an integration constant, which may depend on η1 and η2.
By taking into account (2.140) and (2.141), we rewrite Eq. (2.142) in the form

h∗ p2 = −C2 + (a13 + a44 − a33)∇η · v1

= −C2 − a13 + a44 − a33
2a44

(1 − ζ 2)h∗Δηq(η). (2.143)
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Again, making use of Eqs. (2.140) and (2.141), we transform the boundary con-
dition (2.139)2 into

h∗ p2
∣∣
ζ=0 = (a13 − a33)∇η · v1

∣∣
ζ=0

= −a13 − a33
2a44

h∗Δηq(η). (2.144)

From (2.143) and (2.144), it follows that

C2 = a44∇η · v1
∣
∣
ζ=0 = −h∗

2
Δηq(η). (2.145)

Hence, the substitution of (2.145) into Eq. (2.143) yields

p2 = Δηq(η)

2a44

(
a44 − (a44 + a13 − a33)(1 − ζ 2)

)
. (2.146)

Finally, in light of (2.141), (2.145), and (2.146), Eq. (2.142) takes the form

∂w2

∂ζ
= h∗

2a44
(1 − ζ 2)Δηq(η), (2.147)

which after integration (with the boundary condition (2.139)1 at the bottom layer
surface taken into account) becomes

w2(η, ζ ) = − h∗
6a44

(1 − ζ )2(2 + ζ )Δηq(η). (2.148)

It is easy to see that formulas (2.141) and (2.148) completely agree with (2.121)
and (2.122), respectively, which are obtained from (2.119) and (2.120) for the com-
pressible layer by passing to the incompressible limit.

Thus, the displacements of the surface points of the bonded incompressible elastic
layer can be approximated by the following leading-order asymptotic formulas:

v
∣∣
ζ=0 � −ε2

h∗
2a44

∇ηq(η), (2.149)

w
∣∣
ζ=0 � −ε3

h∗
3a44

Δηq(η). (2.150)

After recovering the dimensional coordinates, these relations take the form

v
∣∣
z=0 � − h2

2a44
∇yq(y), (2.151)

w
∣∣
z=0 � − h3

3a44
Δyq(y). (2.152)
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We note that the two-term asymptotic approximation for the hydrostatic pressure
is given by formulas (2.136) and (2.146).

Finally, we observe that the case of a practically incompressible elastic layer
(weakly compressible layer) requires special consideration [22].

2.5.2 Local Indentation of a Thin Weakly Compressible
Elastic Layer

Following Mishuris [22], we briefly consider the case of a weakly compressible
material, where

G ′

K
� 1. (2.153)

Excluding the hydrostatic pressure p from Eqs. (2.116) and (2.117), we obtain

⎛

⎜⎜⎜
⎜⎜⎜
⎝

σ11
σ22
σ33
σ23
σ13
σ12

⎞

⎟⎟⎟
⎟⎟⎟
⎠

=

⎡

⎢⎢⎢
⎢⎢⎢
⎣

C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 2C44 0 0
0 0 0 0 2C44 0
0 0 0 0 0 2C66

⎤

⎥⎥⎥
⎥⎥⎥
⎦

⎛

⎜⎜⎜
⎜⎜⎜
⎝

ε11
ε22
ε33
ε23
ε13
ε12

⎞

⎟⎟⎟
⎟⎟⎟
⎠

, (2.154)

where we have introduced the notation (with the coefficients ci j given by (2.118))

C1 j = c1 j + K , j = 1, 2, 3, C33 = c33 + K , C44 = G ′, C66 = G.

Observe that the form of constitutive equation (2.154) for isotropically compress-
ible materials is similar to that of Eq. (1.2) for compressible materials. Therefore, the
following asymptotic approximations hold (see Sect. 1.2):

v0 � −ε2
h∗(C13 − C44)

2C33C44
∇η p, (2.155)

w0 � ε
h∗ p

C33
− ε3

h∗C13(C13 − C44)

3C2
33C44

Δη p. (2.156)

Recall that the in-plane coordinates (η1, η2) are dimensionless (see Eq. (1.13)).
Thus, in light of (2.153), the elastic constants entering formulas (2.155), (2.156)

can be expanded as

C13 − C44

C33C44
= 1

G ′ − 2E ′ + 3G ′

3G ′K
+ O

(
E ′2

G ′K 2

)
,

http://dx.doi.org/10.1007/978-3-319-20083-5_1
http://dx.doi.org/10.1007/978-3-319-20083-5_1
http://dx.doi.org/10.1007/978-3-319-20083-5_1
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1

C33
= 1

K
− 4E ′

9K 2 + O

(
E ′2

K 3

)
, (2.157)

C13(C13 − C44)

C2
33C44

= 1

G ′ − 4E ′ + 3G ′

3G ′K
+ O

(
E ′2

G ′K 2

)
. (2.158)

Let L be a characteristic length of the contact area, so that ε = h/L and h = εh∗.
Thus, following three cases can then occur:

(1) Compressible layer when (h/L)2 � G ′/K or, equivalently, K � G ′(L/h)2;
(2) Weakly compressible layer when G ′/K ∼ (h/L)2;
(3) Practically incompressible layer when G ′/K � (h/L)2.

In the first and third cases, respectively, the first or second term in the asymptotic
formula (2.156) becomes dominant. In the second case, both terms on the right-hand
side of (2.156) are equally important.

Finally, we would like to emphasize that in the case of a thin elastic layer, the
effect of incompressibility depends on the degree of its thinness.

2.6 Boundary-Layer Problem in the Incompressible Case

The case of incompressible materials requires a special consideration. In this section,
the Wiener–Hopf method will be applied to the corresponding boundary-layer inte-
gral equation with a polynomial right-hand side.

2.6.1 Transformation of the Governing Integral Equation

In light of (2.22), Eq. (2.34) can be rewritten in the form

h

π2θ

∫∫

ω

p(y′)K∗(y1 − y′
1, y2 − y′

2) dy′ = W0(y), (2.159)

where we have introduced the notation

K∗(y) =
+∞∫∫

0

L (s)

s3
cos

s1y1
h

cos
s2y2

h
ds1ds2,

W0(y) = 1

2π

+∞∫∫

−∞

1

α2

2∑

n=1

ŵ(n)
0 (α1, α2)e

−i(α1y1+α2 y2)dα1dα2. (2.160)
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Recall that the kernel functionL (s) is given by (2.37), and ŵ(n)
0 (α1, α2) denotes the

Fourier transform of the local indentation of the n-th elastic layer.
In the contact problem, the sum of the local indentation functions w(1)

0 (y) and

w(2)
0 (y), whose Fourier transforms appear in (2.160), is known only inside the contact

areaω according to the contact condition (2.20),whereas outsideω the normal surface
displacements w(n)

0 (y) are determined by the contact pressure density p(y), which
is not given a priori, even in the case of fixed contact area. Thus, the right-hand side
of Eq. (2.159) is also unknown.

By definition (see formula (2.160)), we can represent the right-hand side of the
governing integral equation (2.159) in the form

W0(y) = W 1
0 (y) + W 0

0 (y), (2.161)

where W 0
0 (y) is a harmonic function, and W 1

0 (y) satisfies the problem

− ΔyW
1
0 (y) = δ0 − ϕ(y), y ∈ ω; W 1

0 (y) = 0, y ∈ Γ. (2.162)

Denoting by C0(s) an arbitrary function of the arc length coordinate s along the
contour Γ∗, we have

ΔηW
0
0 (h∗η) = 0, η ∈ ω∗; W 0

0 (h∗η) = C0(s), s ∈ Γ∗, (2.163)

where ω∗ is the contact area in the dimensionless coordinates (2.40).
Note that as

−
+∞∫∫

−∞

(
∂2v

∂y21
+ ∂2v

∂y22

)
ei(α1y1+α2 y2)dy1dy2 = (α2

1 + α2)v̂(α1, α2),

Equation (2.159) can be regarded as the result of application of the inverse Laplace
operator −Δ−1

η to the original governing integral equation (2.34).

2.6.2 Boundary-Layer Integral Equation

Performing the same analysis as in Sects. 2.3.1 and 2.3.2, but differing in that the
local coordinates (s, n) are introduced in a small neighborhood of the contour Γ∗,
we arrive at the following integral equation:

+∞∫

0

q∗∗(s, ν′)M∗(ν′ − ν) dν′ = πθh∗C0(s). (2.164)
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Here, q∗∗(s, ν) = ε−1q∗
ε (s, ν), and the kernel is given by

M∗(t) =
+∞∫

0

L (u)

u3 cos ut du. (2.165)

Let us consider Eq. (2.164) with a special right-hand side

+∞∫

0

φ j (τ )M∗(τ − t) dt = t j , 0 < t < ∞, (2.166)

where j = 0, 1, 2, . . .
Recall (in particular, see formula (2.66)) that in the incompressible case, the

function L (u) satisfies the following asymptotic relationships:

L (u) = μ1u3 + μ2u5 + O(u7), u → 0, (2.167)

L (u) = 1 + O(e−c1u), u → ∞. (2.168)

The dimensionless coefficients μk are given by

μk = θMk, (2.169)

where the dimensional quantities Mk are introduced in (2.66).
Therefore, Eq. (2.166) possesses a solution such that

φ j (t) ∼ ω j t
−3/2, t → 0, (2.170)

φ j (t) = O(t j ), t → ∞. (2.171)

Let us reformulate the problem (2.166) into the distribution type formulation.
Specifically, by introducing a small parameter ε > 0, we consider the problem

∫ ∞

0
φε

j (τ )M∗(τ − t) dt = t j e−εt , 0 < t < ∞, (2.172)

and will pass to the limit ε → 0 later. We omit, where clarity permits, the subscript
and superscript in φε

j , using the common notation φ and clarifying where necessary.
Consequently„ we will look for a solution to Eq. (2.172) satisfying the following

assumption at infinity:

φ(t) = O(t j )e−εt , t → ∞. (2.173)
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Under the assumptions made, we extend by zero the definition of the function
φ(t) for t ∈ (−∞, 0) and apply the Fourier transformation to Eq. (2.173), obtaining
the following classical Wiener–Hopf type equation as a result:

φ+(s)M∗(s) = r−(s) + b j
1

(is − ε)1+ j
. (2.174)

Here an overbar denotes the Fourier transform, b0 = −1, b1 = 1, b2 = −2, and

φ+(s) =
∫ +∞

−∞
φ(t)eist dt =

∫ ∞

0
φ(t)eist dt

is the analytic function in the upper half plane behaving at infinity as

φ+(iξ) = O(ξ1/2), ξ → ∞, (2.175)

Note that, when writing (2.175), we take the condition (2.170) into account.
From (2.165), we directly compute

M∗(s) = π

s3
L (s), (2.176)

and thus M∗(s) is bounded at zero, while from (2.173), we only conclude that

φ+(s) = O

(
1

(s + iε)1+ j

)
, s → −iε. (2.177)

We now assume that ε → 0 and transform Eq. (2.174) into the equivalent form

φ+(s)L∗(s)N (s) = r−(s) + b̃ j

(s + i0)1+ j
, (2.178)

where b̃0 = i, b̃1 = −1, b̃2 = −2i, and

L∗(s) = π

(s2 + A2)
√

s2 + B2
, (2.179)

N (s) = L (s)(s2 + A2)
√

s2 + B2

s3
. (2.180)

It can easily be checked that N (s) is an even function, and is always positive along
the real axis, while for any positive values of A and B it satisfies the condition

N (s) = 1 + O(s−2), s → ±∞. (2.181)
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Thus, the function (2.180) allows for factorization along the real axis in the form

N (s) = N+(s)

N−(s)
,

where

N±(s) = exp

{
1

2π i

∫ ∞

−∞
log N (t)

t − s
dt

}
, ±�s > 0.

The functions N±(s) possess the following asymptotic representations:

N±(s) = 1 − 1

iπs

∫ ∞

0
log N (t)dt + o(s−1), ±is → ∞, (2.182)

N±(s) = exp

{
1

π

∫ ∞

0
arg N (t)

dt

t

}
+ O(s), s → 0. (2.183)

We now introduce the notation

L±∗ (s) =
√

π

(A ∓ is)
√

B ∓ is
, (2.184)

so that the Wiener–Hopf equation (2.178) can be rewritten in the equivalent form

φ+(s)L+∗ (s)N+(s) = F−(s)

(
r−(s) + b̃ j

(s + i0)1+ j

)
, (2.185)

where

F−(s) = N−(s)

L−∗ (s)
. (2.186)

In light of (2.182)–(2.184), we have

F−(s) = O(1), s → 0; F−(s) ∼ (is)3/2, s → −i∞. (2.187)

Note that the branch cuts in the respective square roots are taken along the imag-
inary axis from the points −i to +∞ and from +i to −∞ for the functions L+∗ (s)
and L−∗ (s), respectively. Thus, the function F−(s) is analytic in the neighbourhood
of the zero point and can be expanded in the Taylor series as follows:

F−(s) =
j∑

k=0

F (k)
− (0)

sk

k! + O(sk+1), s → 0. (2.188)
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Finally, we transform Eq. (2.185) to the form

φ+(s)L+∗ (s)N+(s) = F−(s)r−(s)

+ b̃ j

(s + i0)1+ j

(
F−(s) −

j∑

k=0

F (k)
− (0)

sk

k!
)

+ b̃ j

(s + i0)1+ j

j∑

k=0

F (k)
− (0)

sk

k! . (2.189)

The left-hand side of this equation is an analytic function in the upper half-plane
having a pole at the point s = 0. The right-hand side of (2.189) consists of three
terms where the first two are analytic functions in the lower half-plane. Finally, the
third term is a plus function having a pole at the point s = 0.

Taking into account the assumed behavior of the sought for solution, we can write
it in the form

φ+(s) = b̃ j

(s + i0)1+ j L+∗ (s)N+(s)

j∑

k=0

F (k)
− (0)

sk

k! , (2.190)

r−(s) = − b̃ j

(s + i0)1+ j F−(s)

(
F−(s) −

j∑

k=0

F (k)
− (0)

sk

k!
)

. (2.191)

Note that r−(s) is analytic in the lower half plane containing the real axis and the
common analyticity strip 0 < Im s < χ , for some positive χ .

2.6.3 Special Solutions of the Boundary-Layer Integral
Equation

For further analysis, it is crucial to consider an auxiliary function

Φ j (t) = 1

2π

+∞∫

−∞

e−ist ds

(s + i0) j+1L+∗ (s)N+(s)
. (2.192)

Here it is worth mentioning that the functions Φ j (t), j = 0, 1, 2, . . . , enjoy a
recurrent property

Φ ′
j (t) = −iΦ j−1(t), Φ j (t) = iΦ ′

j+1(t). (2.193)
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We continue by analyzing the asymptotic behavior of Φ j (t) at zero and infinity.
Note that the function 1/[L+∗ (s)N+(s)] is analytic near the zero point, and thus

1

L+∗ (s)N+(s)
=

j∑

k=0

C (0)
k sk + O(s j+1), s → 0.

This allows us to consider the following representation of the functionΦ j (t), suitable
for large values of the variable t :

Φ j (t) = 1

2π

∞∫

−∞

⎛

⎝ 1

L+∗ (s)N+(s)
−

j∑

k=0

C (0)
k sk

⎞

⎠ e−ist ds

(s + i0) j+1

+
j∑

k=0

C (0)
k Pj−k(t). (2.194)

The polynomials Pm(t) are given by the formula

Pm(t) = 1

2π

∫ ∞

−∞
e−ist ds

(s + i0)m+1 , m = 0, 1, 2, . . . . (2.195)

In particular, it immediately follows that

P0(t) = −i, P1(t) = −t, P2(t) = it2

2
,

and thus formula (2.194) yields

Φ j (t) =
j∑

k=0

C (0)
k Pj−k(t) + o(1), t → ∞. (2.196)

To investigate the asymptotic behavior of the function Φ j (t) near the point t = 0,
we observe that

1

L+∗ (s)N+(s)
= −is

(
C (∞)
0 (−is)1/2 + C (∞)

1 (−is)−1/2
)
+O

(
(−is)−1/2), (2.197)

as −is → +∞. Correspondingly, as t → 0, we arrive at the following estimate:

Φ j (t) = −i

2π

∞∫

−∞

(C (∞)
0 (−is)1/2 + C (∞)

1 (−is)−1/2)e−ist

(s + i0) j
ds + O(1). (2.198)
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Here the integration pass should be further deformed to impart a classical sense to
the Fourier transform.

As a result, we obtain the asymptotic relationships

Φ0(t) = i

2
√

π
C (∞)
0 t−3/2 − i√

π
C (∞)
1 t−1/2 + O(1), t → 0, (2.199)

Φ1(t) = − 1√
π

C (∞)
0 t−1/2 + O(1), t → 0, (2.200)

Φ2(t) = O(1), t → 0, (2.201)

where we have used the identity

1

2π

∫ ∞

−∞
(−is)−1/2e−ist ds = 1√

π
t−1/2. (2.202)

We are now ready to return to the general solution (2.190) and consider three
cases j = 0, 1, 2 separately.

The case j = 0. Due to the fact that b̃0 = i, the respective solution takes the form

φ0(t) = iF−(0)Φ0(t), (2.203)

and based on the results presented above for the asymptotic behavior of the function
Φ j (t) at infinity (see (2.194)), we conclude that

φ0(t) = F−(0)

N+(0)L+∗ (0)
+ o(1), t → ∞. (2.204)

In light of (2.167), (2.179), and (2.180), formula (2.204) can be recast as

φ0(t) = 1

μ1
+ o(1), t → ∞. (2.205)

Note that in the isotropic incompressible case (2.29), we have

L (u) = sinh 2u − 2u

cosh 2u + 1 + 2u2 (2.206)

and (see also formula (2.167))

L (u) = 2

3
u3 − 6

5
u5 + O(u7), u → 0.

Thus, μ1 = 2/3, and the asymptotic formula (2.205) agrees with the correspond-
ing result obtained by Aleksandrov [4].
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On the other hand, taking into account the asymptotic behavior (2.199) of the
function Φ0(t) at the zero point, we readily see that

φ0(t) ∼ − F−(0)

2
√

π
C (∞)
0 t−3/2, t → 0.

Considering (2.180), (2.186) and (2.197), the above formula takes the form

φ0(t) ∼ − A
√

B N−(0)

2π3/2 t−3/2, t → 0. (2.207)

The case j = 1. Now, since b̃1 = −1, Eq. (2.189) has the following solution:

φ+(s) = − F−(0) + s F ′−(0)

(s + i0)2L+∗ (s)N+(s)
. (2.208)

As a result, we obtain

φ1(t) = −F−(0)Φ1(t) − F ′−(0)Φ0(t). (2.209)

The case j = 2. Finally, we have b̃2 = −2i and the solution to the problem takes
the form

φ+(s) = −i
2F−(0) + 2s F ′−(0) + s2F ′′−(0)

(s + i0)3L+∗ (s)N+(s)
.

As a result, we see that

φ2(t) = −2iF−(0)Φ2(t) − 2iF ′−(0)Φ1(t) − iF ′′−(0)Φ0(t). (2.210)

Formulas (2.203), (2.209), and (2.210) provide solutions to Eq. (2.166) with spe-
cial right-hand sides ψ j (t) = t j for j = 0, 1, 2, respectively.

2.6.4 Solution of the Boundary-Layer Integral Equation with
a Polynomial Right-Hand Side

We now consider Eq. (2.164), where the right-hand side is a linear combination of
the polynomials t0, t1, and t2. That is

+∞∫

0

φ(τ)M∗(τ − t) dt =
2∑

k=0

cktk, 0 < t < ∞. (2.211)
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According to (2.190), a solution to Eq. (2.211) can be represented in the form

φ(t) = Ω(t)t−3/2, 0 < t < ∞. (2.212)

Formula (2.212) will give a finite-energy solution, if Ω(0) = 0 and Ω(t) has
a local derivative (near zero) belonging to the Holder class. In other words, Ω ∼
ω0t1+α as t → 0, where 0 < α < 1 defines the Holder class, or equivalently

φ(t) ∼ ω0tα−1/2, t → 0. (2.213)

Therefore, in order to satisfy the asymptotic condition (2.213), one of the constants
c0, c1, and c2 in (2.211) should be a linear combination of the other two. In light of
(2.211), the regularity condition (2.213) takes form

c0φ0(t) + c1φ1(t) + c2φ2(t) = O(t−1/2), t → 0. (2.214)

Now taking into account Eqs. (2.203), (2.209), and (2.210), we conclude that the
asymptotic condition (2.214) is equivalent to the following:

c0F−(0) + ic1F ′−(0) − c2F ′′−(0) = 0. (2.215)

Here, F−(0), F ′−(0) and F ′′−(0) are the values of the function (2.186) and its two
successive derivatives at zero (see formula (2.188)).

Thus, it is clear that Eq. (2.164) has a finite-energy solution if

C0(s) ≡ 0, (2.216)

where s is the arc length coordinate along the contour Γ∗.

2.6.5 Approximate Solution of the Boundary-Layer Integral
Equation

Following Aleksandrov [4], we look for a solution in its approximate form, assuming
N (s) ≡ 1. The function Φ j (t) simplifies as follows:

Φ j (t) = 1

2π
√

π

∫ ∞

−∞
(A − is)

√
B − is

(s + i0) j+1 e−ist ds. (2.217)

Note that it is enough to construct the function Φ2(t), while Φ0(t) and Φ1(t)
could be evaluated using the recurrence relationships between them (2.193).
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We apply Cauchy’s residue theorem to evaluate the Bromwich contour integral of
(2.217). It is readily seen that the integrand function has a pole at s = 0 of the order
j + 1 and a branch point at s = −iB. In this way, we find

i
√

πΦ0(t) = A
√

B + e−Bt

π

(
Aψ1(t) − ψ0(t)

)
,

−√
πΦ1(t) = √

B + A

2
√

B
+ A

√
Bt − e−Bt

π

(
Aψ2(t) − ψ1(t)

)
,

i
√

πΦ2(t) = √
B

(
A − 4B

8B2 −
(
1 + A

2B

)
t − At2

2

)
− e−Bt

π

(
Aψ3(t) − ψ2(t)

)
,

(2.218)

where we have introduced the notation

ψn(t) =
∞∫

0

e−tξ√ξ

(ξ + B)n
dξ.

In particular, we have

ψ0(t) =
√

π

2t3/2
,

ψ1(t) =
√

π√
t

− π
√

BeBt erfc (
√

Bt),

ψ2(t) = −√
π

√
t + π(1 + 2Bt)

2
√

B
eBt erfc (

√
Bt),

ψ3(t) =
√

π
√

t(2Bt + 1)

4B
− π

8B3/2 eBt (4B2t2 + 4Bt − 1) erfc (
√

Bt).

(2.219)

Furthermore, in light of (2.184), the formula

F−(s) = 1

L−∗ (s)

simplifies to

F−(s) = 1√
π

(A + is)
√

B + is.
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It now follows that

F−(0) = 1√
π

A
√

B,

F ′−(0) = i

2
√

π
√

B
(A + 2B),

F ′′−(0) = 1

4
√

π B
√

B
(A − 4B), (2.220)

while correspondingly, the regularity condition (2.215) takes the form

Ac0 − c1
A + 2B

2B
+ c2

4B − A

4B2 = 0. (2.221)

Further, taking into account formulas (2.203), (2.209), (2.210) and (2.218)–
(2.220), we obtain

φ0(t) = A2B

π
erf (

√
Bt) + A

√
Be−Bt

2π3/2t3/2
(2At − 1),

φ1(t) = A2Bt

π
erf (

√
Bt) + e−Bt

4π3/2
√

Bt3/2
(4A2Bt2 − 2A2t + A + 2B),

φ2(t) = (A2B2t − A2 − 2B2)

π B
erf (

√
Bt)

+ e−Bt

8π3/2B3/2t3/2
(
8A2B2t3 − 4A2Bt2 − 2A2t + A − 16B2t − 4B

)
.

(2.222)

Observe that following Aleksandrov [4], we can select the coefficients A and B
in the approximate kernel function

L̃ (s) = s3

(s2 + A2)
√

s2 + B2
(2.223)

in such a way that (cf. formula (2.167))

L̃ (s) = μ1s3 + μ2s5 + O(s7), s → 0. (2.224)

By simple calculations, we find

A2 = 1

μ1B
, (2.225)
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where the coefficient B is determined as a positive root of the cubic equation

2μ2
1B3 + 2μ2B2 + μ1 = 0. (2.226)

Therefore, in light of (2.223) and (2.224), for the function N (s) defined by (2.180),
the following asymptotic formula holds true:

N (s) = 1 + O(s4), s → 0. (2.227)

Note that in the isotropic incompressible case (2.206), Eq. (2.226) is equivalent
to 20B3 − 54B2 + 15 = 0, which has one negative and two positive roots B1 =
0.597219 and B2 = 2.588024. By formula (2.225), we calculate A1 = 1.584816 and
A2 = 0.761310.The errors of the corresponding approximations (2.223) to the kernel
function (2.206) do not exceed 14% and 20%, respectively, for all 0 ≤ s < +∞.

2.7 Leading-Order Asymptotic Solution of the Contact
Problem for Incompressible Layers

In the incompressible case, the process of solving the contact problem by asymptotic
methods reduces to that of solving the so-called resulting problem for the leading-
order asymptotic solution. In this section, the resulting boundary value problem (later
called asymptoticmodel) is formulated, including the governing differential equation
and the corresponding boundary condition.

2.7.1 Governing Differential Equation

According to (2.67) and (2.152), the local indentation of a thin bonded incompressible
elastic layer can be approximated by

w(n)
0 (y) � −M (n)

1 h3
nΔy p(y), (2.228)

where

M (n)
1 = 1

3a(n)
44

and a(n)
44 = G ′

n is the out-of-plane shear modulus of the n-th elastic layer.
Substituting the asymptotic representations (2.228), n = 1, 2, into the contact

condition (2.20), we arrive at the equation

− (
M (1)

1 h3
1 + M (2)

1 h3
2

)
Δy p(y) = δ0 − ϕ(y), y ∈ ω. (2.229)
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Let us introduce the notation

M1 = M (1)
1

h3
1

h3 + M (2)
1

h3
2

h3 , (2.230)

where h = h1+h2 is the joint thickness. Then, we can rewrite Eq. (2.229) as follows:

− M1h3Δy p(y) = δ0 − ϕ(y), y ∈ ω. (2.231)

Recall that the elastic constant M (n)
1 is introduced by the expansion

Ln(s)

θns
= M (n)

1 s2 + O(s4), s → 0,

where Ln(s) is the kernel function of the n-th layer. From here it follows that

θ

θn
Ln

(hn

h
s
)

= θM (n)
1

h3
n

h3 s3 + O(s5), s → 0.

By substituting the above expansion into formula (2.37), we derive the following
asymptotic expansion for the compound kernel function:

L (s)

θs
=

(
M (1)

1
h3
1

h3 + M (2)
1

h3
2

h3

)
s2 + O(s4), s → 0.

It is readily seen that the latter formula is consistent with the definition (2.230) of
the compound elastic constant M1.

The governing equation (2.231) should be supplemented by the appropriate
boundary conditions at the contour Γ of the contact area ω.

2.7.2 Boundary Condition in the Case of Fixed Contact Area

By introducing the dimensionless coordinates (2.40) into the governing integral equa-
tion (2.159), and recollecting the notation Λ = ε−1, we have

h3∗
π2θΛ

∫∫

ω∗

p∗(ξ)k∗
(
Λ(η − ξ)

)
dξ = W ∗

0 (η), (2.232)

where p∗(η) = p(h∗η) and W ∗
0 (η) = W0(h∗η).

Applying the distributional asymptotic analysis (see Sect. 2.2.1), in light of the
asymptotic expansion (2.167) for the kernel function L (s), we find that



2.7 Leading-Order Asymptotic Solution of the Contact Problem … 65

k∗(Λη) ∼ π2μ1

Λ2 δ(η) − π2μ2

Λ4 Δηδ(η) + . . . , Λ → ∞, (2.233)

where μk = θMk , and δ(η) is the two-dimensional Dirac delta function.
Therefore, substituting the asymptotic approximation (2.233) into Eq. (2.232), we

obtain

h3M1 p(y) − h5M2Δy p(y) + . . . = W0(y). (2.234)

To leading asymptotic order we have

h3M1 p(y) � W0(y). (2.235)

We are now in a position to derive the leading order asymptotic model in the case
of fixed contact area. Taking into account relations (2.161)–(2.163) and (2.216), we
conclude that the function W0(y) should satisfy the problem

−ΔyW0(y) = δ0 − ϕ(y), y ∈ ω; W0(y) = 0, y ∈ Γ. (2.236)

On the other hand, by substituting the representationW0(y) � h3M1 p(y), which
is none other than (2.235), into Eq. (2.236), we arrive at the following problem:

−h3M1Δy p(y) = δ0 − ϕ(y), y ∈ ω, (2.237)

p(y) = 0, y ∈ Γ. (2.238)

It is readily seen that Eq. (2.237) is identical to the governing differential equation
(2.231), while Eq. (2.238) represents the sought for boundary condition.

It is interesting to note that the leading order asymptotic model (2.237), (2.238)
provides the so-called [4] degenerate solution, which vanishes at the boundary of the
contact area even for a punch with a sharp edge, whereas, generally speaking, the
original solution has a square root singularity.

2.7.3 Boundary Conditions in the Case of Unilateral Contact

We now revisit the boundary-layer problem considered in Sect. 2.6.2, taking into
account the fact that in light of (2.216), the right-hand side of the governing integral
equation (2.159) now satisfies the boundary-value problem (2.236).

Considering the behavior of the function W0(y) near the contour Γ in the fast
dimensionless coordinates (see, in particular, Eqs. (2.40) and (2.78)), we have

W0(h∗η) = ενB∗
1 (s) + ε2ν2B∗

2 (s) + . . . , ν → 0+, s ∈ Γ, (2.239)
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where we have introduced the notation

B∗
1 (s) = h∗

∂W0

∂n
(y), B∗

2 (s) = h2∗
2

∂2W0

∂n2 (y), y ∈ Γ.

Taking into account only the leading term in (2.239), we arrive at the boundary-
layer integral equation

+∞∫

0

q∗∗(s, ν′)M∗(ν′ − ν) dν′ = πθh∗B∗
1 (s)ν. (2.240)

In the unilateral contact problem (see (2.21)), the solution of Eq. (2.240) should
vanish at the contact area contour, i.e.,

q∗∗(s, 0) = 0, s ∈ Γ.

On the other hand, according to (2.166), we have q∗∗(s, ν) = πθh∗B∗
1 (s)φ1(ν),

while, due to (2.200) and (2.209), this function possesses a singularity at ν = 0
unless B∗

1 (s) = 0 for all s ∈ Γ . In other words, as a consequence of (2.235) and
(2.239), the obtained result represents the second boundary condition

∂p

∂n
(y) = 0, y ∈ Γ, (2.241)

that should be added to the problem (2.237), (2.238) in the case of unilateral contact
with unknown contact area ω. Note that Eq. (2.241) is called [17, 27] the zero-
pressure-gradient condition.
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