Chapter 2
Periodic Replacement Overtime

In this chapter, we suppose that the system is large and complex which consists of
many kinds of units, and it operates for a job with random working cycles introduced
in Chap. 1. The system undergoes minimal repairs at failures [1, p.96], [2, p.95],
[3] and can be quickly resumed after minimal repairs. As preventive replacement
policies, the system is planned to be replaced at time T, at working cycle N or at
number K of failures.

In Sect. 2.1, we suppose that the unit is replaced at time 7" or at working cycle N,
whichever occurs first. Respective policies are called periodic replacement and ran-
dom replacement [4, p.53, 6-8] . The expected cost rates are obtained and optimum
T and Ny which minimize them are derived analytically. Furthermore, we compare
theoretically periodic replacement with time 7 and random replacement with cycle
N [9, 10]. It is shown that when both replacement costs for time 7" and cycle N are
the same, periodic replacement is better than random replacement.

In Sect. 2.2, we propose periodic replacement overtime [4, p.66, 11] in which
the unit is replaced at the first completion of working cycles over time T discussed in
Sect. 1.2. Optimum replacement time 75 which minimizes the expected cost rate is
derived analytically. In Sect. 2.3, to compare random replacement with replacement
overtime, we take up replacement overtime first in which the unit is replaced at cycle
N or over time T, whichever occurs first. When both replacement costs for cycle N
and overtime 7 are the same, it is also shown that replacement overtime is better
than random replacement.

In Sect. 2.4, we propose replacement overtime last in which the unit is replaced at
cycle N or over time T, whichever occurs last, and compare replacement overtime
first and last. It is of interest that if replacement number N is less than some number
No, then overtime last is better than overtime first, and vice versa.

As one of modified replacement policies in Sect. 2.5, we consider another overtime
replacement in which the unit is replaced at failure K or at the first failure over time
T in order to operate continuously. Two overtime replacement first and last policies
are considered, and optimum policies which minimize the expected cost rates are
discussed [8]. Finally, we take up preventive maintenance overtime in which the unit
undergoes imperfect preventive maintenance [4, p.171, 6] when it finishes each
© Springer International Publishing Switzerland 2015 33

T. Nakagawa and X. Zhao, Maintenance Overtime Policies in Reliability Theory,
Lecture Notes in Production Engineering, DOI 10.1007/978-3-319-20813-8_2


http://dx.doi.org/10.1007/978-3-319-20813-8_1
http://dx.doi.org/10.1007/978-3-319-20813-8_1

34 2 Periodic Replacement Overtime

work and is replaced at the first completion of working cycles over time 7. The
expected cost rates for two kinds of imperfect preventive maintenances are obtained.

Throughout this chapter, it is assumed that working cycles Y; are independent
and have an identical distribution G(¢t) = Pr{Y; < ¢} with finite mean 1/0 =
fooo G()dt, G (1) (j = 1,2,...) denotes the j—fold convolution of G(¢) with
itself, G (r) = 1 forz > 0,and M(1) = 352, G (1). In addition, the unit has a
failure distribution F'(¢) with finite mean p, a density function f(t) = dF(¢)/dt, the
failure rate h(r) = f(¢)/F(t), and the cumulative hazard rate H (1) = fot h(u)du,
which represents the expected number of failures in [0, ¢]. It is assumed that the
failure rate h(t) increases from 4 (0) = 0 to h(o0) = lim;_, o h(2).

2.1 Periodic and Random Replacements

A new unit begins to operate at time 0 and undergoes minimal repairs at failures,
where the time for minimal repair is negligible. Suppose that the unit has to operate
for a job with random working cycles Y; (j = 1,2, ...) defined in Sect.1.1. As
preventive replacement, the unit is planned to be replaced at time 7 (0 < T < 00)
or at working cycle N (N = 1, 2, ...), whichever occurs first. This is called periodic
replacement first. Then, the probability that the unit is replaced at cycle N is GV (T),
and the probability that it is replaced at time 7 is 1 — GN)(T). Thus, the mean time
to replacement is

T T
T[l—G(N)(T)]—i—/ thW)(z):/ [1—G™()]dr,
0 0

and the total expected number of failures until replacement is

T T
H(T)[1 —G<N>(T)]+/ H(t)dG(N)(t):/ [1— G™MD)h(@)dr.
0 0
Therefore, the expected cost rate is

cr + (en —er)GM(T) + ey [ 11 = GV 0)1h(r)dr

Cr(T,N) =
() Jy = GM(1)1dr

. @D

where cr = replacement cost at time 7, cy = replacement cost at cycle N, and
cy = minimal repair cost at each failure.

In particular, when the unit is replaced only at time 7', which is called standard
periodic replacement,

cr +epmH(T)

T (2.2)

Cp(T)=Cp(T,00) = lim Cpg(T,N) =
N—o00
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An optimum policy which minimizes Cp(T) is [1, p.102], [2, p.101]:

1) If fooo tdh(t) > cr/cu, then there exists a finite and unique 75 (0 < T§ < o0)
which satisfies

T cr T or
/ [A(T) — h(t)]dt = — or / tdh(t) = —, (2.3)
0 0 M

cm
and the resulting cost rate is

Cp(T}) = cph(T3). (2.4)

@) If fooo tdh(t) < cr/cm, then T; = 00, i.e., the unit always undergoes minimal
repair at each failure, and the expected cost rate is

Cp(o0) = Tlimw Cp(T) = cph(o0). (2.5)

When the unit is replaced only at cycle N, which is called periodic random
replacement [4, p.75],

env +em fo 11— GV O]h(r)de
N/6

(N=12,..).
(2.6)

Cr(N)= lim Cp(T,N) =
T—o00
We find optimum N which minimizes Cg(N). From the inequality Cg(N + 1) —
Cr(N) =0,
N o
“HI(N) — / (-GN nlh@dr = ¥,
0 0 (574
or
* (N) N
A [1 -G OIHI(N) — h()]dr > v 2.7

where

JIG™ 1) — GV (1) 1h(r)de
JHGe™ () = GN+D (1)]ds

H(T,N) = <n(T),
H;(N) = Tlim H{(T; N) = H/OO[G(N)(t) — GWNTD()h(r)dr.
—00 0

Thus, if H1(N) increases strictly to H{(00), then the left-hand side of (2.7) increases
strictly with N. Therefore, an optimum policy which minimizes Cr(N) is:
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(1) If Hi(N) increases strictly to Hj(oc0) and fOOO[H1 (00) —h(t)]dt > cn/cu, then
there exists a finite and unique minimum N; (1< N;’; < 00) which satisfies
(2.7), and the resulting cost rate is

cuHi(Ny — 1) < Cr(NY) < e Hi(N). (2.8)

(1) If fOOO[Hl (00) — h(t)]dt < cn/cy, then Nl’g = 00, and the expected cost rate
is given in (2.5).

When G(1) = 1 —e™, i, GM (1) = X2\ [(00)7 /jle™ (N =0,1,2,...),
from Appendix 3.1,

9oy _, Yoo,
Hl(N):/O — e ’h(t)dt:jzo/o —re tdh(t)

increases strictly with N to 4 (co). In this case, if

o0
/ tdh(t) > C—N,
0

M

then a finite and unique minimum Ny (1 < Nj < 00) exists.

When F(t) =1 — e~ (/107 and G(t) = 1 — e, Table2.1 presents optimum
T;Dk and N;g, and their expected cost rates for ¢; /cyy (i = T, N). This indicates that
optimum T and N} increase with ¢; /cy (i = T, N), and Tp > Ny /0, however,
they are almost the same, and when cr = cy, their cost rates are Cp (T;‘ ) < Cg (N;’;).
When cy < c7,e.g., whencr =0.2and cy = 0.1, Cp(TF) > Cr(Ny).

It was shown numerically that when both replacement costs are the same, periodic
replacement is better than random replacement. Next, we discuss theoretically which
policy is better to replace the unit at time 7 or at cycle N. For this purpose, we find
optimum T and Ny which minimize the expected cost rate Cr(T, N) in (2.1).
Differentiating Cr (T, N) with respect to T and setting it equal to zero,

Table 2.1 Optimum 75 and Nj, and their expected cost rates when F(¢) = 1 — e~ (/10 gng
G@)=1—e™

ci/em Th Cp(Tp)/cm Ng Cr(NR)/cm
0.1 3.162 0.063 3 0.073
0.2 4.472 0.089 4 0.100
0.5 7.071 0.141 7 0.151
1.0 10.000 0.200 10 0.210
2.0 14.142 0.283 14 0.293
5.0 22.361 0.447 22 0.457
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T
cu [ 1= GV @) ~ hio)dr
0
T
—(er —en) /0 1= GV (M) —ry@ldt = e, (29)
where 7y (¢) is given in (1.13). From the inequality Cr (T, N+ 1) — Cr(T, N) > 0,

T
cm /0 (1 — GMOIH| (T, N) — h(t))dr

T o™ G M (1) — V(1) ‘
+ (c7 — 1-6W@ +ry@tdt>cr.
(et CN)/O [ ®)] fOT[G(N)(u) WD ry (1) >cr

(2.10)
Substituting (2.9) for (2.10),
G(N)(T) _ G(N+1)(T)
[H{ (T, N) = h(T)] + (c — +ry(T) ¢} > 0.
cm[H(T, N) = h(T)] + (c7 —cN) | TIGM 0 — GV Do ry(T)
2.11)

Thus, when c7 < cy, there does not exist any finite optimum N } for T > 0 because
H{(T,N) < h(T), i.e., N; = oo. In this case, the unit should be replaced only at
time 7.

In particular, when G(r) = 1 —e~% and c7 > cw,

TN /(N = 1)!

() .
! >Ny

decreases strictly with N from € to 0 and increases strictly with 7 from 0 to 6 for
N >2,r|(T) =6 for T > 0 from Appendix 1.1, and

GM(T) -GNty 9TV /(N)!
JIGM™ @) = GV+D(@)ldr 252y [OT)7 /4]

increases strictly with N to oo and decreases strictly with T from oo to 0 from
Appendix 1.1. Thus, because limy_. oo H1(T, N) = h(T), there exists a finite
Ny (1 < Nj < oo) which satisfies (2.11) for T > 0. Furthermore, the left-hand
side of (2.9) goes to

cm / [1 — GV ()1[h(c0) — h(1)]dt — (e — en)(N — 1)
0
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asT — oo. Therefore, if [;°[1—G™) (1)][h(c0)—h(1)]dt >[crN—cny(N=D]1/cp,
then there exists a finite TF* 0 < T;f < 00) which satisfies (2.9). It can be clearly
seen that if /1(c0) = oo, both finite 7 and N} exist in case of c7 > cy.

On the other hand, suppose that the unit is replaced at time 7 or at cycle N,
whichever occurs last. This is called periodic replacement last. Because the proba-
bility that the unit is replaced at cycle N is 1 — G™)(T'), and the probability that it
is replaced at time T is G (T), the mean time to replacement is

TGN(T) +/

dGM @) =T +/ [1-6M@®ur, (212
T

T

and the expected number of failures until replacement is

H(T)GN(T) + /OO H®AGNM (1) = H(T) + /00[1 — GM()h(r)dr.
T T
(2.13)

Then, by the similar method of obtaining (2.1), the expected cost rate is [4, p.79]

en + (er — en)GMU(T) + ey {H(T) + [7711 — GN(1)]h(r)d1}

Cr(T,N) = T+ [ - GM()lds
(2.14)
Clearly,
CL(O,N) = }iinocL(T’ N) = Cp(0c0, N) = Cr(N)
in (2.6), and

Cr(T,0) = lim Cr(T, N) = Cp(T, 00) = Cp(T)
N—0
in (2.2). We could make similar discussions of deriving optimum policies to minimize
the expected cost rate Cr (T, N) in (2.14).
2.2 Replacement Overtime

Suppose that the unit is replaced at the first completion of working cycles ¥; (j =
1,2,..)overtime T (0 < T < 00), which has been introduced in Sect. 1.2. Then,
the mean time to replacement is
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0 T 00 )
Z/ [/ (t+u)dG(u):|dG(])(t)
=0 0 T—t

o] T 00
=T +/ G(r)dt +/ [/ Gu— t)du:| dM (1), (2.15)
T 0 T

and the expected number of failures until replacement is

00 T 00
Z/ [ H( + u)dG(u):| dGY @)
=0 0 T—t

o] T 00
= H(T)+/ E(t)h(t)dt—}—/ [/ 6(u—t)h(u)duj| dM (1),  (2.16)
T 0 T

which agrees with (2.15) when H (¢) = ¢, i.e., h(t) = 1.
Therefore, the expected cost rate is

co + eml{H (D) + 77 GCWh®)dt + [ 1[5 G — Hhw)duldM (1)}
T+ [ Gwdr+ [ 1[5 Cu—nduldM (1)

Co(T) = ,

(2.17)

where cp = replacement cost over time 7 and c)y is given in (2.1). In particular,
Co(0) = lim Co(T) = Cr(D)

in (2.6) when cp = ¢y, and

Co(0) = lim Co(T) = Cp(c0)
T—o00
in (2.5). Differentiating Co (T) with respect to T and setting it equal to zero,

/ 0G (1) (Th(T +1) — H(T) +/ G)[A(T +1) — h(u)ldu
0 T

co

T oo
+/ {/ G — x)[h(T +1) — h(u)]du] dM(x)) dt = —, (2.18)
0 T (974

whose left-hand side increases strictly from 0 to foootdh(t). Therefore,
if fooo tdh(t) > co/cu, then there exists a finite and unique 75 (0 < T < 00)
which satisfies (2.18), and the resulting cost rate is

Co(TH) =cum /oo OG(t)h(t + T})dt. (2.19)
0
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When G(t) = 1 — e,

co+eulHT) + [0 e "h@t + T)dr]

Co(T) = 2.20
o(T) T+1/0 (2.20)
From (2.18), optimum 7'; satisfies
00 » co
T/ 0% n(t + T)dr — H(T) = -2, 2.21)
0 M

whose left-hand side increases strictly with 7' from 0 to fooo tdh(t), and decreases
strictly with 6 to Th(T) — H(T).
Therefore, we have the optimum policy:

G) If fooo tdh(t) > co/cy, then there exists a finite and unique 7}, (0 < T, < 00)
which satisfies (2.21), and the resulting cost rate is

co+cemH(TY)

(2.22)
T4

o0
Co(Th) = cM/ 0e " h(t + T})dt =
0

(1) If fooo tdh(t) < co/cum, then T(’; = 00, and the expected cost rate is given in
(2.5).

Note that 7 decreases with 1/6 from T given in (2.3).

When F(t) = 1 — e~ (/107 apd G(t) = 1 —e 7 Table2.2 presents optimum
T}, and its expected cost rate. This indicates that optimum 7 increases with co /cy
and decreases with 1/6 from 7. Compared to Table2.1 when 1/0 = 1, T; < Tp <
TS +1/0 and Cr(Ng) > Co(T}) > Cp(Tp), however, their differences are very
small as cp /cp becomes large. So that, if cy < co < cr then random replacement
might be better than replacement overtime, and replacement overtime might be better
than periodic replacement, respectively.

Table 2.2 Optimum 7;; and its expected cost rate when F (1) = 1 — e~ (/10 gnd Git)y=1-— e

co/em 1/6=1 1/6 =2 1/6 =5
T} Co(Ty)/em | T Co(Ty)/em | T; Co(T})/cm
0.1 2.317 0.066 1.742 0.075 0.916 0.118
0.2 3.583 0.091 2.899 0.098 1.709 0.134
0.5 6.141 0.143 5.348 0.147 3.661 0.173
1.0 9.050 0.201 8.198 0.204 6.182 0.224
2.0 13.177 0.284 12.283 0.286 10.002 0.300
5.0 21.383 0.448 20.450 0.449 17.915 0.458
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2.3 Comparisons of Periodic and Random Replacements

Compare theoretically replacement overtime to periodic and random replacements
withtime 7 (0 < T < oo)andcycle N (N =1,2,...) whencr =cy =cgr =co
and h(00) = oo. In this case, finite T, N and T;; always exist. In addition, because
T} is an optimum solution of minimizing Cp(7T) in (2.2), C O(Tg) is greater than
Cp(Tp) from (2.22), i.e., periodic replacement is better than replacement overtime.
If co < cr then replacement overtime might be rather than periodic replacement.
In this case, we could compute numerically Cp(Tp) in (2.4) and Co(T}) in (2.22),
and compare them.

We have already compared numerically random replacement and replacement
overtime in Tables 2.1 and 2.2. Next, we compare theoretically random replacement
and replacement overtime. For this purpose, we propose the following extended
replacement with time 7 and cycle N, which is called replacement overtime first:
The unit is replaced at cycle N (N = 1,2,...) or over time T, whichever occurs
first. Then, the probability that the unit is replaced at cycle N is GV (T), and the
probability that it is replaced over time T is 1 — G™)(T'), where it is counted as
replacement done over time 7 when the Nth working cycle occurs over time 7.
Then, the mean time to replacement is

T N-1 .1 00
/ dGM @)+ > / [ (t+u)dG(u)} dGY (1)
0 =0 0 T—t

T N-1 .1 0
=/ [1—GM@)dr + Z/ [/ Gu —t)du} dGYP (1), (2.23)
0 =070 T

and the expected number of failures until replacement is

T N-1 .T S
/ H(®)dG™ (1) + Z/ [ H({ + u)dG(u)} dGY(z)
0 =0 0 T—t

T N-1 .1 00
= / [1— GM @) h@)dr + Z / [ / 6(u—t)h(u)dui| dGY 1), (2.24)
0 =0 /0 T

which agrees with (2.23) when h(t) = 1.
Therefore, the expected cost rate is

co + (en = co)GM(T) + eplfy [1 — GN (0)1h(r)dr
+ 30 U G — Dh)duldGY (1)}

Jo 1 =GM@1dr + XN [T 17 G — )duldGW ()
(2.25)

Cor(T,N) =
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It can be clearly seen that Cp r (0o, N) = Cr(N)in(2.6)and Cor (T, o0) = Co(T)
in (2.17).

When G(1) =1 —e % (0 < 0 < 00),ie., GN (1) = zj‘;N[(ar)f/j!]e—‘”, and
co = cn, (2.25) is rewritten as

co+emlfy [1 =GN (@)lh(r)de
+[1 = GM(M)] [77 e " Dh(n)dr)

Cor(T,N) = |
orth ) Ji = G™@)1dr + (1/6)[1 — GN(T)]

(2.26)

We discuss optimum 75 . and N{, , which minimize Co (T, N). In particular, when
N =1, Cor(T,1) = Cg(1), and hence, TSF = oo. For N > 2, differentiating
Cor(T, N) with respect to T and setting it equal to zero,

oo T T
/ ee—(’(f—”h(ndt/ [1 —G(N)(t)]dt—/ [1— G O)h(nde = <2,
T 0 0 m

ie.,

T [ee)
/ [1—GM )] [/ Oe " [h(u+T) — h(t)]du] dr = £ (2.27)
0 0

™M

whose left-hand side increases strictly with 7. Therefore, if
o0
/ [1 =GN @)lh(o0) — hn)lde > <2
0 M

then there exists a finite and unique 75, (0 < T/ < oo) which satisfies (2.27),
and the resulting cost rate is

o0
Cor(Thp, N) = cM/ 0" h(t + T} p)dr. (2.28)
0

In addition, because the left-hand side of (2.27) increases with N, Tg;  decreases
with N to T} given in (2.21). So that, from (2.28), optimum 7; . and N7, which
minimize Cop (T, N) for N > 2is T, = T/ and Njy, = oo.

From the above discussions, and from (2.6) and (2.22), if

Co(Ty) < Cr(1),

ie.,

o0 o0
cM/ e "h(t + T})dr < co + cM/ e " n(t)dt,
0 0
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or

* o co
/ e '[h(t +TH) —h(@®)]dt < —,
0 M

then replacement overtime is better than random replacement.
For example, when H (1) = (\0)2, from (2.21), T}, satisfies

2\
(ATHY + =576 = .
cm

Then, from (2.22),

o o
c0+cM/ e—(’fh(t)dt—cM/ e U h(r + T)dr
0 0

2)2 222, 1
=CO+CM?—CM7 T0+5

2ATE 202 2)\2 1
=cy [(ATS)2 + 9 4 - (T;; + —)] > 0,

) 929 9

which shows that replacement overtime is better than random replacement.

2.4 Replacement Overtime Last

We have already obtained the expected cost rate of replacement overtime first in
which the unit is replaced at cycle N before time 7 in Sect.2.3. Next, we propose
replacement overtime last in which the unit is replaced at cycle N or over time
T, whichever occurs last. The probability that the unit is replaced at cycle N is
1 — G™)(T), and the probability that it is replaced over time T is G™)(T'). Then,
the mean time to replacement is

00 00 T 00
/ tdGM )+ / [ (t +u)dG(u):| dG9P )
T /o Lt

00 o0 T oo
=T +/ [1—GM@)dr + Z/ [/ Gu— t)du] dGY @), (2.29)
T N0 T

and the expected number of failures until replacement is
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00 o0 T 00
/ H(HAGN (1) + Z/ [ H( + u)dG(u):| dGY 1)
T J=N 0 T—t

00 0 T o)
= H(T)+/ [1—GMWIh@)dr + Z/ [/ E(u—t)h(u)du] dGD(p).
T =N 70 T
(2.30)

Therefore, the expected cost rate is

co+ (en —co)ll = GN(T)]
+emlH(T) + [ = G 0)h()dr
+3 %0 Jo U Gl — 0h(u)duldGD (1)}
T+ [ = GV @ldr + 32y o U Gl — 0)duldGD (1)
(2.31)

CorL(T,N) =

It can be easily seen that Cpr (0, N) = Cor(co, N) = Cg(N) in (2.6) and
Cor(T,0) = Cor(T,o0) = Co(T) in (2.17). Note that when ¢y = co,
Cor(T,0) = Cor(T, 1), in which the unit is always replaced over time 7.

When G(t) = 1 —e™,ie, GV (1) = 2416007 /j1e™, and co = cn,
(2.31) is rewritten as

co+em{H(T) + [7°11 =GN (0)]h(r)dt
+GMN(T) [7° e =D h(1)dr)

T+ [7°[1 = GM(@)ldt + (1/0)GN(T)

Cor(T,N) = (2.32)

We discuss optimum 7, and Ny, which minimize Cor (T, N). Differentiating
CoL(T, N) with respect to T and setting it equal to zero,

/ e h(t + T)dr [T +/ [1- G(N)(t)]dz]
0 T
— H(T) —/ [1- G(N)(l‘)]h(t)dt — C_O,

T M

or

T [}
/ [/ Ge="[h(u +T) — h(t)]du] dr
0 0
co

+/OO[1 - M) ’/oo oe—"“[h(u+T)—h(t)]du]dr ==, (233
T 0 (974

whose left-hand increases strictly with T to fooo tdh(t). Therefore, if
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o
/ tdh(t) > £2,
0 574

then there exists a finite and unique TS . 0= TS 1 < 00) which satisfies (2.33),
and the resulting cost rate is

o
Cor(Ty,) = cM/ 0" n(t + T, )dt. (2.34)
0

Note that Cor (T}, ) agrees with Cop(Tj;5) in (2.28) when T, = T -
Furthermore, we prove that the left-hand side of (2.33) decreases with N as

follows:
00 N oo
/ (01) _ [/ ae_e”[h(u+T)—h(f)]d”]dt
r N!
N
_ (9t) [ / 0e =0 “=Dpw) — h(t)]dll]dt
T
N
_ (9t) I e 0= [h(r) — h(u)]du
T
N / 60T () — h(r)]du]dt- (2:39)
t
Furthermore,

00 N o0
/ (9;’)’ ot [/ ge—ew—T)[h(u)_h(;)]du]dt
T

t N
/ e 00— T>[ w;—fe—eu[h(t)—h(u)]du]dt
T .

Thus, (2.35) becomes

00 t N N
[ [ = ot [ S8 - C0 Naufar <o
T T . !

which follows that the left-hand side of (2.33) decreases with N. This shows that
T}, increases with N from T given in (2.21). So that, from (2.34), optimum 7,
and N7,; which minimize Cor(T; N)is T;;; = T and Njy; = Oor 1.

Next, we compare the expected cost rates Cor (T, N) in (2.26) and Cor (T, N)
in (2.32) for a fixed N > 1. From the inequality (2.27)—(2.33) > 0,

/ [1—GM@)] [/ Oe="[h(t) — h(u + T)]du] dr
T 0

T o]
> / GM (@) [/ Oe="[h(u +T) — h(t)]du] dr. (2.36)
0 0
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Noting that from (2.35), its left-hand side increases with N from 0, and conversely,
its right-hand side decreases with N to 0. So that, there exists a finite and unique
minimum Ny (1 < Np < o0) which satisfies

S0 = GM1h@adr + [ GN h@)de
S = GM@0)1dr + [ GM(1)dr

o0
> / 0" h(t + T)dt. (2.37)
0

Therefore, if N > Ny then the inequality (2.37) holds, and hence, Tg L= Tg pole.,
replacement overtime first is better than replacement overtime last. Conversely, if
N < Ny then TS P> TS 1»1.€., replacement overtime last is better than replacement
overtime first.

2.5 Replacement Overtime with Number of Failures

The unit is replaced at periodic times in standard periodic replacement as shown
in Sect.2.1. However, some units should be replaced when they have failed rather
than a planned time [2, p.104] in order to operate continuously without stopping.
This section proposes two policies with the number of failures in which the unit is
replaced at a planned number K of failures or over time 7', whichever occurs first or
last.

It is assumed that the unit undergoes minimal repair between replacements. Then,
failures occur at a nonhomogeneous Poisson process with mean value function H (¢),
i.e., the probability that j failures occur exactly in [0, ¢]is p;(t) = [H(1)] /jNle H®
(7 =0,1,2,...) [5, p-27], and the probability that more than j failures occur in
[0, 1] is 2372 pi(r) = Pj(r) and Pit) =1—Pi(t) = {;01 pi(t). Note that
po(t) =e HO =F(t) = P1(1), Pj(0) =0, P;(0) = 1, Py(t) = 1,and Py (r) = 0.

2.5.1 Replacement Overtime First with Number of Failures

Suppose that the unit is replaced at failure K (K = 1, 2,...) or at the first failure
overtime 7 (0 < T < o0), whichever occurs first, i.e., it is replaced either at failure
K before time T or over time 7" before failure K.

The probability that the unit is replaced at failure K is Z;’OZ x Pj(T) = Px(T),
and the probability that it is replaced over time T is Zf;ol pi(T) = Pk (T). Thus,
the expected number of failure until replacement is

K—-1 K—-1
KPe(T)+ D (j+Dpj(T)=K =D (K—1—j)pj(T)
j=0 j=0

T
= / Pg(Hh(t)dt + Pg(T), (2.38)
0
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where note that any failure at replacement is always counted. Because the probability
that some failure occurs in (u, u + du] for u > t, given that a failure have occurred
at time ¢ is f(u)du/F(t) [2, p.96], the mean time to replacement is

T T 1 e’} _
P = F P
/0 id K(r)+/0 [m)/T ud <u>}d & (0)

T e’}
= / Px()dt + Pg(T) / e HO-HMDIg; (2.39)
0 T

which agrees with (2.38) when H(¢) = ¢, i.e., h(t) = 1.
Therefore, the expected cost rate is

co + (ck — co)Px(T) + cul [y Px(h(t)di + P (T)]

Cor(T,K) = — —
Jf Pr(n)dt + Py (T) [5° e HO-HDIds

(2.40)

where cp = replacement cost over time 7', cx = replacement cost at failure K, and
cy = minimal repair cost at each failure. In particular, when T = o0, i.e., the unit
is replaced only at failure K, the expected cost rate is, from [2, p.106],

ck +cuK

C(K) = Tli)mooCOF(T’ K) = m

(K=1,2,..)). (2.41)

If h(00) > cg /cy then there exists a finite and unique minimum K* (1 < K* < 00)
which satisfies

1 o __ CK
m o PK(t)df - K > a, (242)
0
and the resulting cost rate is
cM cMm

< C( (2.43)

T R K%< ——.
Jo~ pr+—1(t)dt Jo P+ (t)dt

On the other hand, when K = o0, i.e., the unit is replaced only at the first failure
over time T, the expected cost rate is

co +emlH(T) + 1]
T +1/0(T)

Cor(T)= lim Cop(T,K) = s (2.44)
K—o0

where

1 F(T) > W(T)

T = = pre—
o(T) fTOO e—[HO—H()]3s f;o F(ndt
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which increases strictly with 7’ from 1/ to h(00) [2, p.9] from Appendix 1.2. Clearly,
when T = 0, i.e., when the unit is always replaced at the first failure,

Cor(0) = lim Cop(T) = @ —cqy (2.45)

for cop = cx, and when T = o0, i.e., there is no replacement to be made,

Cor(o0) = Tli_)moo Cor(T) = cyh(o0) = C(0). (2.46)

We find optimum T; which minimizes Co r (T) in (2.44). Differentiating Co r (T)
with respect to 7' and setting it equal to zero,

co
TQ(T)—H(T) = a, 2.47)

whose left-hand side increases strictly with 7 from O to

/oo[h(oo) — h(t)]dr = /Ootdh(t).
0 0

Therefore, we have the following optimum policy:

G If fooo tdh(t) > co/cy, then there exists a finite and unique 7, (0 < T}, < 00)
which satisfies (2.47), and the resulting cost rate is

Cor(TH) = cm Q(Tp). (2.48)

@) If fooo tdh(t) < co/cu, then Tz; = 00, and the expected cost rate is given in
(2.46).

It can be easily seen that when s (00) = o0, a finite Tg 0 < T(’g < 00) always exits.

When F(t) = 1—e~ @/ 10? , Table 2.3 presents optimum K *, T and their expected
cost rates. This indicates that optimum K* and T increase with ¢; /cy (i = K, O)
and Cor(T;) < C(K™). In this case, the mean time to replacement to the K*th
failure is pg+ = 1/ 3~ px+()dt = 10I'(K* 4 0.5)/T'(K*), and pg+ > Tg >
Li+—1, however, their differences are small as c; /cyy is large.

Next, we derive optimum 7 and K}, which minimize Co (T, K) in (2.40) when
co = ck and h(oo) = oo. Differentiating Co r (T, K) with respect to T and setting
it equal to zero,

T
/O Pr([O(T) — h(dldr = <2 (2.49)

M
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Table 2.3 Optimum 75, K* and their expected cost rates for ¢;/cy (i = K, O) when F(t) =
1 — e—(t/10

ci/em T, Cor(TH)/em | K* C(K*)/cu i

1.0 6.936 0.214 1 0.226 8.862
2.0 11.476 0.289 2 0.301 13.293
3.0 14.959 0.350 3 0.361 16.616
4.0 17.862 0.403 4 0414 19.386
5.0 20.394 0.449 5 0.461 21.809
6.0 22.665 0.491 6 0.507 23.990
7.0 24.738 0.530 7 0.552 25.990
8.0 26.657 0.567 8 0.598 27.846
9.0 28.447 0.601 9 0.648 29.586
10.0 30.123 0.633 10 0.700 31.230

whose left-hand side increases strictly with 7' from 0 to co. Thus, there exists a finite
and unique T}‘ O < T;‘ < 00) which satisfies (2.49), and the resulting cost rate is

Cor(Tr, K) = cy OQ(TF). (2.50)

Furthermore, noting that 7 decreases with K to T, optimum policy which mini-
mizes Cor (T, K) is Tj = T}, givenin (2.47) and K}, = o0, i.e., the unit should be
replaced only over time 7.

On the other hand, suppose that T (0 < T < o0) is fixed. From the inequality
Cor(T,K +1)—Cor(T,K) =0,

T
0,(T,K — 1) [/ P (1)ds +FK(T);:|
0

o(T)
T
- / Pr@hndt — Pg(T) = 2, 2.51)
0 cM
where
OuT. K — 1) = —Jo PE-1OR®d ) pr@h(t)dt + pi ()

kO [ pr(t)di + pr(T)/Q(T)

which increases strictly with K to Q(T) from Appendix 3.2. Thus, the left-hand of
(2.51) increases strictly with K to T Q(T) — H(T), which agrees with that of (2.47).
Therefore, if T > Tj, then there exists a finite and unique minimum K. (1 < K}, <
oo) which satisfies (2.51), and conversely, if T < T}, then K. = oc.
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2.5.2 Replacement Overtime Last with Number of Failures

Suppose that the unit is replaced at failure K (K =0, 1,2, ...) or at the first failure
overtime T (0 < T < 00), whichever occurs last, i.e., it is replaced either at failure
K after time T or over time T after failure K.

The probability that the unitis replaced at failure K after time 7 is Zf:_ol pi(T) =

Pk (T), and the probability that it is replaced over time T after failure K is
ZC;O: x Pj(T) = Pg(T). Thus, the expected number of failures until replacement is

KP(T) + D G+ Dpi(T) =K+ D> (j— K+ 1)p;(T)
j=K j=K

= H(T) +/ Px@Oh()dt + Pg(T)
T

— H(T) + / Pk (Oh(dr, 252)
T

and the mean time to replacement is

/TthK(t)-i-Z/ [F(t)/ udF(u)]de(t)
- dp dF
| arco+ [T (u)z

j=K-1

oo
=T +/ Py ()dr + PK(T)/ e HO=HDIgy (2.53)
. T

which agrees with (2.52) when H (t) = ¢.
Therefore, the expected cost rate is

co+ ek —co)Pg(T) + eyH(T) + [5° P (Oh(t)dr + Px (T)]

Cor(T,K) = —
oLl ) T+ f;" Pk (t)dt + Pg(T) f°° e—[H®)—H(T)]lgy

(2.54)

Clearly, Cor(T,0) = Cor(T, 1), Cor(0,K) = Cop(co, K) = C(K) in (2.41)
forco = ck,and Cor(T,0) = Cofr(T,00) = Cor(T) in (2.44).

We find optimum 7" and K} which minimize Co, (T, K) in (2.54), when cp =
ck and h(0o) = oo. Differentiating Cor (T, K) with respect to T and setting it equal
to zero,

o(T) |:T +/OO FK(z)dt] — |:H(T) +/OO FK(t)h(t)dt:| . (2.55)
T T (974
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whose left-hand side increases strictly with 7' from

1
;Z[/ pj(t)dt—,u]<0

to oo. Thus, there exists a finite and unique minimum 7, (0 < T;* < oo) which
satisfies (2.55), and the resulting cost rate is

CoL(T}. K) = ey Q(T}). (2.56)

Furthermore, letting L1 (K, T) be the left-hand side of (2.55),
00 * px (Oh(t)dt

Li(K.T) = Li(K +1,7) =/ pr(odr | L PEOROA ol
T J7 px(t)de

because [;~ H()XdF(t)/ [;° H(t)X F(t)dt increases strictly with K from Q(T)
by similar proof in Appendix 3.3, i.e., L1(K, T) decrease with K from that of
(2.47). Thus, T} increases with K from T, and optimum policy which minimizes
Cor(T,K)is T} = T} givenin (2.47) and K] = 0.

On the other hand, suppose that T (0 < T < o0) is fixed. From the inequality
Cor(T,K+1)—Cor(T,K) =0,

0:(T. K — 1) [T +/OOFK(t)dr + PK(T)}
" 0(T)
= [H(T) + / Pr(Oh(t)dt + PK(T>} >0 2.57)
T M

where

[7° pr—1(0)h(t)dt

0T, K — 1) = — ,
e )= T pr o Ol 0 O1dr

The left-hand side of (2.57) increases strictly with K from

~ 1
02(T,0) [T + W} —H(T)—-1>TQ(T)—H(T)

in (2.47), because éz(T, 0) > Q(T) from Appendix 3.3. Letting Tp be a solution of

0x(T, 0)[T+;]—H(T)—1—C—O
2 0(T) " o
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we have Tp < T¢;. Thus, if T > Tp, then K} = 0 or 1, and conversely, if T < Tp,
then there exists a finite and unique KZ (1<K z < 00) which satisfies (2.57).
From the above interesting results for a fixed T that if T < T then we should
adopt replacement overtime last, if 7o < 7' < T, then we should adopt replacement
overtime, and if 7 > T, then we should adopt replacement overtime first.

2.6 Replacement Overnumber

In this section, we propose two overnumber policies in which the unit is replaced at
the first failure over number of cycle N and at the first working cycle over number
of failure K.

2.6.1 Replacement Over Number N

The unit is replaced at the first failure over number N (N =0, 1,2...) of working
cycles. Then, the mean time to replacement is, when F(f) = 1 — e H®),

o0 1 o0
i d dGWM
/0 [Fm/t ”F(”)} GO

=/OO[1 —G(N)(t)]dt—l—/oo [_L /Oof(u)du} dGM @)
0 0 F(t) J:

o0 h(t)
- 1 — GM(H1=—Ldr. 2.58
u+/0 [ 01 Gesds (2.58)

The expected number of failures until replacement is
o o0
1 +/ HHOAGNM 1) =1 +/ (1 — GM()h(@t)dr, (2.59)
0 0

which agrees with (2.58) when H (t) = t,i.e., h(t) = Q(t) = p=1.
Therefore, the expected cost rate is

en +em{l + 5711 = GV ()]h(t)dr}

Co(N) =
o) = T T = G Wik 00

(N=0,1,2,...). (2.60)

When N = 0, i.e., the unit is replaced at the first failure,

Co(0) = W =), (2.61)
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in (2.45) when ¢y = cp, and when N = o0, i.e., it always undergoes only minimal
repair,

Cop(0c0) = lim Co(N) = cpyh(o0), (2.62)
N—o0
in (2.5).
Next, the unit is replaced at failure K (K = 1, 2, ...) or at the first failure over

number N (N =0, 1, 2, ...), whichever occurs first. The probability that the unit is
replaced at failure K is

/00[1 — GM (AP (1) = /oo Px (H)dG™) (1), (2.63)
0 0

and the probability that it is replaced over number N is

/ - Pr()dG™M (). (2.64)
0

The mean time to replacement is

/oot[l _G(N)(t)]dPK(t)_'_/OOFK(t) |:_L /00 udF(u)] dG™ (1)
0 0 )

F(1)
OC_ OO_ 1
:/0 PK(I)[I_G(N)(I)]dt+A PK(I)%dG(N)(I)
> > h(1)
- 1= G WIPk-1() 5. 265
N+/0 [ (O1Pk I(I)Q(t) t (2.65)

and the expected number of failures until replacement is

o0 K-1 o
K/ Pk (dG™M () + > (j + 1)/ pi()dGM ()
0 —0 0

K—1 00
=K—> (K—1- j)/ pi(HdG™M (1)
j=0 0
K—1 .s0
- Z / Pi(dGM (1), (2.66)
—0 0

which agrees with (2.65) when H(t) =t,i.e, h(t) = Q) = p = 1.
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Therefore, the expected cost rate is

Cor(N,K) =
ck — (ex —cn) oo Pr@®dGM (1) + ey 355 57 Pj(0)dGM (1)
f+ 51— GNP g1 (1D[A(1)/ Q(1)1de '

(2.67)

Clearly, Co (N, 00) = Co(N) in (2.60) and Co (oo, K) = C(K) in (2.41).

2.6.2 Replacement over Number K

The unit is replaced at the first completion of working cycles over number K (K =
0,1, 2,...) of failures. Then, the mean time to replacement is

S o0 t o0

>/ [ / [ / <u+y)dG<y)] dG(D(u)}dPK(t)

=0 0 0 t—u

:/OOFK(t)dt—i-Z/OO i/l [/Ooﬁ(y —u)dy] dG(j)(u)}dPK(t). (2.68)
0 i=0/0 o LJ:

The expected number of failures until replacement is

o0 00 t 00
Z/ (/ I/ [H(u—i-y)—H(t)—i-K]dG(y)]dG(j)(u)) dPx ()
=079 0 lJt—u
o0 00 t 00
=K+ Z/O [/0 [/ E(y — u)h(y)dy] dG(j)(u)} APk (1), (2.69)
j=0 '

which agrees with (2.68) when H (r) = ¢.
Therefore, the expected cost rate is

ek +em(K + 2520 [ Uo LT Gy — wh(y)dyldGY (w)}d Py (1))
JoePr@dr + X520 [ U U Gy — w)dyldGY) (u)}d Py (1)

(K=0,1,2,...).
(2.70)

Co(K) =

When K = 0, i.e., the unit is replaced at the first working cycle is
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ck +eum [y G)h()dr
1/6

Co(0) = =Cr(1)

in (2.6) when cx = cy, and when K = oo, the expected cost rate is given in (2.62).
When G(t) =1 — e U the expected cost rate in (2.70) is
Co(K) =

ek +em(K + [ PrO{fg° 0™ [h(u + 1) — h(D)]du}dr + [5° e~ h(t)dr)
JoC Pr(t)dt +1/0 ’

(2.71)

Next, the unit is replaced at cycle N (N = 1,2,...) before failure K (K =
0, 1,2, ...) or at the first working cycle over number K of failures, whichever occurs
first. The probability that the unit is replaced at cycle N is

/ Pr(HdGM () = / GM()dPk (1), (2.72)
0 0

and the probability that it is replaced over number K is

/ [1—GMN)dPxk (1) = / Px ()dG™M (1). (2.73)
0 0

The mean time to replacement is

/ - tPx()dGNM) (1)

0
N-1

o 1 o
+ Z/ [/ [/ (u +y)dG(y):| dGU)(u)] dPg (1)
j= 0 0 t—u

0

=/ [1—GM )Pk (r)dr
0

N-1 t 00
+ Z/ [/ [/ E(y—u)dy} dG(j)(u)]dPK(t). (2.74)
=00 o LJs

The expected number of failures until replacement is

N—-1

o0 t o)
Z / [/ |:/ [(Hu+y) —H@) + K]dG(y)i| dG(-/)(u)] APk (1)
0 0 t—u

j=0

K o0
+> / pi(0dG™M (1)
0

-1
j=0
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K o
=K—-> (K—)) /0 pj(HdG M (1)

j=0

N-1 .o t o
W [ / [ / 5<y—u>h(y>dy} dG<f><u)]dPK(t)
=0 0 0 t

— /Oo[l — GNPk Oh(t)dr
0

N-1 .~ P o
+ Z / [/ |:/ E(y — M)h(y)dyi| dG(j)(u)] APk (1), 2.75)
j=0 0 0 t

which agrees with (2.74) when h(t) = t.
Therefore, the expected cost rate is

ck — (ck —cn) Jo Px@)dGM (1)

+eu(fo 11 = GNPk (1)h(t)dt

+ 3 UL G — wh(»)dyldGY )}d Py (1)
I = G ()P (1)dt '
+ N UL Gy — wdyldG Y (u)}d Py (1)

Cor(K,N) =

(2.76)

Clearly, Cor(K,o0) = Co(K) in (2.70), Cor(co, N) = Cgr(N) in (2.6) when
ck =cy.When G(1) =1 —e™ ¥,
ck — (cx —cn) [ I0ODN /(N — D!l " P (1)ds
+en{ XN [5C10nT /je" Pk (h(n)dr
+ 30 1O 00 e h(u)duld Pk (1))
S JeT 1007 /e Pk (r)de
+(1/0) 050 21007 /e d Py (1)

Co(K,N)=

(2.77)

In general, it would be be very difficult to discuss analytically optimum policies to
minimize Cp(K) in (2.71) and Cor (K, N) in (2.76), which would be interesting
problems for further studies.

2.7 Preventive Maintenance Overtime

When the unit finishes each work of a job, we do some preventive maintenance (PM)
which is imperfect [2, p.171], [6]. It is assumed that the PM is done at the completion
of successive working cycles Y; and let b; denotes the imperfect PM factor after the
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jth PM. The failure rate after the first PM becomes bjh(¢) when it was h(t) before
PM, i.e., the unit has the failure rate B;h(¢) during (j + 1)th working cycle, where
l=by<by <by<--,Bj=[[_gbi (j=0,1,..)and1 =By < By < By -+~
[2, p-194].

Suppose that the unit is replaced at the first completion of working cycles Y; (j =
1,2,..)overtime T (0 < T < o0) introduced in Sect.2.2. The mean time to
replacement and the expected number of failures before replacement for perfect PM
have been derived in (2.15) and (2.16), respectively. Because the unit has the failure
rate Bjh(t) during the (j + 1)th working cycle, the expected number of failures
before replacement in (2.16) is rewritten as

o0

T . . T 00 .
> Bj I/O [G(f)(t)—G(J‘H)(t)]h(t)dt+/O [/T E(u—r)h(u)du] dG(/)(t)].

) (2.78)

Thus, from (2.15), the expected cost rate is

em X520 Bil o [GV (1) — GUHD (0)]h(r)dr

TR Gy — %)
Con(T) = + Jo U7 Gu — )h(w)du)dG (t)}—i—cPM(T)—i-co’ @79

T+ 25 Jo U G — nduldGD (1)

where M(T) = 352, GY(T), cp =PM cost for the completion of each cycle with
cp <cop,and cy and cp are given in (2.17).
In particular, when G(r) = 1 — e~ %,

e X520 Byl fy 1007 /e~ h(r)dt
+OT) /j1] [7° e " h(0)dt} + cpOT + co

Com(T) = T +1/6

, (2.80)

which agrees with (2.20) when B; = 1 and cp = 0.
We find optimum 7' which minimizes C oy (T). Differentiating Cop (T') with
respect to T and setting it equal to zero,

0T)’
(T+ )/ Ge’eth(t—l—T)dtZBjH( J‘)

j=0

o0

—ZB [/ (9” e h(r)dr +(9 i _G’h(t+T)dt:|=—CO_cP.

M
2.81)

Letting L(T) be the left-hand side of (2.81), it increases strictly with 7 from

L(0) = (B; — By) / - e " h(r)dr
0
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to L(oo). Thus, if L(c0) > (co — cp)/cu, then there exists a finite and unique
Tz (0 < Ty < oo) which satisfies (2.81), and the resulting cost rate is

S 00
Com(T§) =cu Y Bjsi /0 0e =" h(T}; + 1)dt. (2.82)
j=0

Next, it is assumed that when the PM is done at the jth working cycle, the age
t is reduced to a;t (0 < a; < 1) where ap = 1 [2, p.192], i.e., the age becomes

(1 — aj)t units younger after each PM, where A; = Hij:O a; (j=0,1,2,...) and
1 =Ap> Ay > ---.Then, replacing B; H(t) in (2.79) with H (A1), the expected
cost rate is

o0 TraW iy — gU+D .
em 2520ty [GV(1) — G (N1dH (A1)
+ fOT[f;" G(u—t)dH(Aju)dGY ()} +cpM(T) +co

Com(T) = 2.83
ou(™) T+ 3% fy U Gl — 1)duldGW (1) (289
In particular, when G(r) = 1 — e~ %,
em X520y 007 /je""dH (A1)
_ _HOTY /0 7 e ""dH (A1)} + cpOT +co
Com(T) = T 1/0 . (2.84)
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