
Chapter 2
Dimensional Crossover in Liquids
in Reduced Geometry

Alexander V. Chalyi

Abstract Problem of finding the pair correlation function G2 and correlation length
ξ of order parameter fluctuations in liquids in restricted geometry is discussed. Two
types of dimensional crossover (DC) are studied. The 1st type (DC-1) corresponds
to transition from 3D bulk to 3D bounded liquids. In this case the dependence of
physical properties on thermodynamic variables (temperature, density, pressure,
etc.) in bulk liquids with linear sizes L ≫ ξ may convert into dependence of these
properties on linear sizes in bounded liquids with L < ξ. The 2nd type (DC-2)
corresponds to the case when a further decreasing of linear sizes in confined liquids
may be treated under certain conditions as the change of spatial dimensionality
D (for example, 3D , 2D crossover in slit-like pores or 3D , 1D crossover in
cylindrical pores). Smooth transition of effective critical exponents (say, from
ν = 0.625 for D = 3 to ν = 1 for D = 2) as well as theoretical results versus
experimental data are examined for liquids in reduced geometry.

2.1 Introduction

Phase transitions and critical phenomena in reduced geometry have been actively
investigated in recent years. Many systems of experimental and theoretical interest
are spatially bounded and have different forms of reduced geometry, such as thin
surface layers, interfaces, porous media, biological membranes, vesicles, synaptic
clefts, etc. This review paper is aimed at studying peculiarities of dimensional
crossover in liquid systems in reduced geometry.

The problem going to be mainly discussed: how results of 3D systems transfer
to results of 2D systems and vice versa. Obviously, such a 3D, 2D transition which
may be called “dimensional crossover” or “dimensionality crossover” should be
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smooth and without discontinuities. While describing such a dimensional crossover
(DC), one has to take into account the main theoretical ideas of bulk scaling and
finite-size scaling (FSS) as well as experimental results (see e.g. [1–15]).

The topics under consideration are as follows: (a) pair correlation function and
correlation length of order parameter fluctuations in liquids in reduced geometry;
(b) effects of spatial limitation and two types of dimensional crossover; (c) com-
parison of theoretical results and experimental data in liquids in reduced geometry.

2.2 Pair Correlation Function and Correlation Length
of Order Parameter Fluctuations

The major problem of the statistical physics approach is to find the pair correlation
function G2 and correlation length ξ of order parameter fluctuations in bounded
systems undergoing phase transitions and critical phenomena. This problem is
studied in liquid volumes in reduced geometry in the form of plane-parallel layers
and cylindrical samples [4, 16].

To receive the pair correlation function of scalar order parameter fluctuations,
namely density fluctuations for a single-component liquid near the critical point,
one can use the well-known method of the statistical physics based on the
Ornstein-Zernike (OZ) equation

G2ðrÞ ¼ CðrÞ þ\q[
Z

G2ðr � r0ÞCðr0Þdr0: ð2:1Þ

Here C(r) is the direct correlation function and <ρ> is the average density. The direct
correlation function C(r) is usually short-range for real intermolecular potentials.
It allows using the following differential equation instead of the integral (2.1):

ðD� j2ÞG2ðrÞ ¼ �CðrÞ=C2; ð2:2Þ

where κ2 = (1 – C0)/C2 is the quantity related to the inverse isothermal com-
pressibility, while C0 ¼ \q[

R
CðrÞdr; C2 ¼ 1

6\q[
R
CðrÞr2dr are the zero

and the second spatial moments of the direct correlation function.
In order to obtain the pair correlation function G2(r) one usually substitutes the

short-range direct correlation function C(r) in (2.2) with the delta function δ(r).
Then G2(r) can be found as the Green function for the Helmholtz operator
L̂ ¼ D� j2, where Δ is the Laplacian.

Using this method, it is easy to obtain the OZ correlation function

G2ðrÞ ¼ A expð�r=nÞ=r ð2:3Þ
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for the 3-dimensional infinite system with zero boundary conditions. One has
indeed for the pair correlation function G2(r)→ 0 if r = |r1 – r2|→∞. Here in (2.3)
A is the constant coefficient, ξ = κ–1 is the correlation length of order parameter
fluctuations. It is important to mention that the anomalous growth of the correlation
length ξ and the long-range behavior of the pair correlation function G2(r) ∼ r–1

take place at the phase transition or critical points only for spatially infinite systems.
Let us consider the geometry of our problem in the form of a plane-parallel

layer: –∞ < x, y < ∞, –L0 < z < L0. It is possible to find the Green’s function of the
Helmholtz operator for such a layer with zero boundary conditions at the surfaces
z = ±L0 in the following form [4]:

G2ðq; zÞ ¼ 1
4pL0

X
n� 0

1� ð�1Þn½ ��

K0 qðj2 þ n2p2=4L20Þ3=2
h i

cosðnpz=2L0Þ;
ð2:4Þ

where ρ = (x2 + y2)1/2 and K0(u) is the cylindrical Macdonald function.
The pair correlation function G2(r) may be obtained also by another method

based on the result of acting the inverse Helmholtz operator L̂�1 on the delta
function δ(r). It first requires the expression for the delta function constructed of
orthonormal eigenfunctions of the operator L̂ with zero boundary conditions and
with eigenvalues λn satisfying the relation λn = kx

2 + ky
2 + kz

2 + κ2. Components of
wave vector kx, ky change continuously (–∞ < kx, ky < ∞), while kz is discrete
(kz = n2π2/4L0

2, n = 0, 1, 2, …). The following formula for δ(r) satisfies all these
conditions:

dðrÞ ¼ 1
8pL0

X
n� 0

ZZ
1� ð�1Þn½ � cosðnpz=2L0Þ exp iðkxxþ kyyÞ

� �
dkxdky: ð2:5Þ

With taking (5) into account, an expression for G2(r) can be obtained in the form

G2ðrÞ ¼ L̂�1dðrÞ

¼ 1
8p2L20

X
n� 0

ZZ
cosðnpz=2L0ÞeiðkxxþkyyÞ

k2x þ k2y þ ðnp=2L0Þ þ j2
dkxdky:

ð2:6Þ

Using polar coordinates kx = kxycosφ, ky = kxysinφ and integrating (6) with such
formulae for cylindrical functions

expðikqcosuÞ ¼ J0ðkqÞ þ 2icosuJ1ðkqÞ þ 2i2cos2uJ2ðkqÞ þ . . .;Z1
0

kJ0ðkqÞdk
k2 þ a2

¼ K0ðqaÞ:
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one can obtain the result given by formula (2.4) for the pair correlation function of a
plane-parallel layer.

As in the previous case of a plane-parallel layer, let us find a solution of the
differential OZ equation for a spatially restricted system in the form of a cylindrical
sample (0 ≤ x, y ≤ a, – Z0 < z < Z0, Z0 ≫ a). The cylinder radius a is supposed to be
much smaller than distance Z0 along the cylinder axis. While solving the OZ
equation in cylindrical coordinates

1
r
@

@r
r
@G2

@r
þ @G2

@z2
� j2G2 ¼ 0; ð2:7Þ

the nonsingular solution can be found as follows [16]:

G2ðr; zÞ ¼
X
n� 1

DnJ0ðln
r
a
Þ exp �ðj2 þ l2n=a

2Þ1=2 zj j
h i

: ð2:8Þ

Here J0(u) is the Biessel function, μn are its nodes, i.e. the solutions of the
equation J0(μn) = 0, and Dn are coefficients. The solution (2.8) is valid for all
r except the nearest vicinity of the point r = 0.

The iterative procedure was proposed to find a non-singular solution of the OZ
equation in [17]. The first iterations for the pair and direct correlation functions of
scalar order parameter fluctuations near the critical point were found for bounded
systems with geometry of a cylinder. These results, being valid even at r = 0, were
used to study the shifts of the critical parameters.

The main contributions in both expressions (2.6) and (2.8) for the pair corre-
lation function are given by the first terms with small n. Therefore, one has in the
case of a plane-parallel layer

G2ðq; zÞ ¼ 1
2pL0

K0 qðj2 þ n2p2=4L20Þ1=2
h i

cosðpz=2L0Þ; ð2:9Þ

and in the case of a cylindrical sample

G2ðr; zÞ ¼ D1J0ðl1r=aÞ exp �ðj2 þ l21=a
2Þ1=2 zj j

h i
: ð2:10Þ

Correlation functions (2.4) and (2.8) demonstrate an oscillatory behavior in the
z direction for plane-parallel layers and in the r direction for cylindrical samples
confirming the theoretical results and computer-simulation studies (see e.g. [18,
19]) for the radial distribution function g(r) in liquids in restricted geometry).

The limiting case of the Ornstein-Zernike approximation (2.3) for an infinite
system can be obtained from formulae (2.4) and (2.8) for G2 with zero boundary
conditions
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G2ðq; zÞ ¼ 1
4pL0

2L0
p

� �2Z1
0

K0 qðj2 þ n2p2=4L20Þ1=2
h i

cosðkzzÞdkz

¼ 1
4p

exp �jðq2 þ z2Þ1=2
h i

=ðq2 þ z2Þ1=2;

G2ðr; zÞ ¼
Z1
1

e�x zj jJ0ðr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � j2

p
Þdx ¼ expð�j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ z2

p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ z2

p ;

in geometries of plane-parallel layers and cylindrical samples, correspondingly.
As is seen from (2.4), (2.8–2.10), the pair correlation functions of liquids in

reduced geometry have a non-exponential shape. Therefore, it is natural to deter-
mine the correlation length ξ of order parameter fluctuations in such bounded
liquids according to the following relation:

n ¼ ffiffiffiffiffiffi
M2

p
;M2 ¼

R
G2ðrÞr2drR
G2ðrÞdr ; ð2:11Þ

where M2 is the second normalized spatial moment of the pair correlation function.
In the case of a plane-parallel layer, taking into account the formula (2.9) for the

pair correlation function G2(r) and expression for the cylindrical Macdonald
function Kν(u) and gamma-function C(u) [20]

Z1
0

xlKmðaxÞdx ¼ 2l�1a�l�1C
1þ lþ m

2

� �
C

1þ l� m
2

� �
;

one can derive the following formula for the correlation length ξ of order parameter
fluctuations:

n ¼ n0
4

j2 þ p2=4L20
þ 1
4
ð1�8=p2ÞS2

� �1=2
: ð2:12Þ

In the case of a cylindrical geometry in accordance with the main contribution
for pair correlation function (2.10) and values of integrals [20]

Za
0

J0ða=aÞrdr ¼ ða=aÞJ1ðaaÞ;

Za
0

J0ðarÞr3dr ¼ a
a
ða2 � 1

a2
ÞJ1ðaaÞ þ 2a2a2J0ðaaÞ;
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the correlation length ξ can be written as

n ¼ n0
2

ðn�1
0 jÞ2 þ l21=S

2
þ ð1� 4

l21
ÞS2

" #1=2
: ð2:13Þ

Thecorrelation length ξ in (2.12) and (2.13) depends not only upon thermody-
namic variables (because of relationships between κ and temperature, density, etc.)
but also on the thickness d = 2L0 or the radius a, i.e. on the geometric factors S = d/
ξ0 or S = a/ξ0 related to the number of molecular monolayers along the direction of
spatial limitation.

Let us summarize the approximations used to derive expressions for the pair
correlation function G2 and correlation length ξ:

(a) Here two methods have been used: (1) method of the OZ integral (2.1) which
was transformed into the differential (2.2) with two spatial moments of the
short-range direct correlation function. This method is quite equivalent to the
well-known OZ approximation in the fluctuation theory of critical phenomena
giving the critical exponent η = 0 in an scaling formula for the pair correlation
function G2(r) = A exp ( – r/ξ)/r1+η [21]; (2) method of the inverse Helmholtz
operator L̂ ¼ D� j2 acting on the delta function and giving G2 as the Green
function for this operator.

(b) We used here only the main contributions to correlation function G2 given by
the first terms in (2.4) and (2.8). It was shown [22, 23] that next contributions,
say, for a cylindrical sample are decreasing with the growth of number n of the
Biessel function nodes μn (μ1 = 2.4048, μ2 = 5.5201, μ3 = 8.8537,
μ4 = 11.7915, etc.) and due to reduction of cylindrical and exponential
functions in (2.8) and (2.10) with increasing of their arguments. So, at
|z|/κa ≈ 1 ratios of successive terms in (2.8) have such orders of magnitudes:
a2/a1 ≈ 10–1 ∼ 10–2, a3/a1 ≈ 10–3, a4/a1 ≈ 10–4.

(c) The pair correlation functions (2.4), (2.8–2.10) in liquids in reduced geometry
are obtained for zero boundary conditions. The case of the arbitrary boundary
conditions for the pair correlation function G2(r = a, z) = F(z) was studied for a
cylindrical geometry in [22, 23]. Numerical values of the arbitrary function F
(z) depend on the concrete problems and change within the interval 0 ≤ F ≤ 1.
The case F = 0 corresponds to “hydrophobic” surfaces, the case F = 1 – to
“hydrophilic” surfaces. The intermediate case 0 < F< 1 describes obviously the
situation of the so-called “incomplete wetting”. Omitting immaterial details,
one can receive finally the solution of the OZ differential (2.2) in the form (2.8)
with the only important difference: values μn, being the nodes of the Biessel
function and satisfying the equation J0(μn) = 0, have to be substituted in the
formula (2.8) for the arbitrary boundary conditions by values ξn which are the
nodes of the transcendental equation J0(ξn) = F(z) exp [– (κ2 + ξn

2/a2)1/2|z|].
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2.3 Comparison with the Fisher Scaling Hypothesis,
Anisotropic Effects in Finite-Size Scaling

Fisher [2] and other authors (see e.g. [8–10, 12, 13]) have proposed the FSS
hypothesis for systems in reduced geometry. According to this hypothesis (here we
shall formulate it for classical liquids), the fluctuation part of the thermodynamic
potential ΔФs and the correlation length ξ depend not only on the thermodynamic
variables (the reduced temperature τ, etc.) and external fields h but on the linear size
L of a system:

DUs ¼ L�dfUðasL1=m; bhLbd=mÞ; n ¼ Lf nðasL1=m; bhLbd=mÞ; ð2:14Þ

where a and b are nonuniversal constants (amplitudes).
The first scaling argument in (2.14) x = aτL1/ν in both scaling functions fФ and fR

can be obtained from the following formulae:

n� s�n; s� n�1=m; x� s

n�1=m
� sL1=m ðn ! LÞ: ð2:15Þ

In analogous way one can easily obtain the expression for the second scaling
argument y = bhLβδ/ν with taking such formulae into account

n� s�m �u�m=b � h�m=bd;u� sb;u� h1=d; s�u1=b;

h� n�bd=m; y� h

n�bd=m
� hLbd=mðn ! L):

ð2:16Þ

Here φ = (ρ – ρc)/ρc is the order parameter for classical liquids, i.e. the reduced
density.

The isothermal compressibility of liquids in reduced geometry in nonzero
external fields may be written as

bT ¼ ð@2DUs=@h2Þs ¼ L�dþ2bd=m fbðx; yÞ; fb ¼ bðfUÞ00h ;
� d þ 2bd=m ¼ c=m:

ð2:17Þ

The Fisher FSS hypothesis formulated for the susceptibility χ in [2]

v ¼ Sx F ðShsÞ: ð2:18Þ

Equation (2.18) was stated for systems in reduced geometry in a zero external
field. Here S = L/a0 is the geometric factor and F(x) is the scaling function of the
susceptibility (the isothermal compressibility in liquids).
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The most important consequences of (2.18) are as follows:

• the critical exponent ω = 2 – η;
• the critical exponent θ = 1/ν;
• the scaling function F(x) has such an asymptotic formula for large arguments

x = Sθτ ≫ 1 : F(x) * x–γ, where γ = (2 – η)ν is the critical exponent of the
susceptibility for bulk systems.

Let us compare the Fisher FSS hypothesis for the susceptibility with results
obtained above for liquids in reduced geometry of a plane-parallel layer. In
accordance with the formula (2.12), one has such an expression for the suscepti-
bility for a plane-parallel layer

v ¼ v0S
2 4½S2s2mf1 xð Þ þ p2��1 þ ð1�8=p2Þ=4
n o

; ð2:19Þ

where χ0 is the amplitude of the susceptibility.
Equation (2.19) has the form analogous to the FSS hypothesis (2.18).

Comparison between these formulae gives the following results:

(a) According to (2.18) and (2.19) the critical exponent ω = 2. Taking into
account ω = γ/ν = 2 – η and the fact that the Helmholtz differential operator
L̂ ¼ D� j2 corresponds to the OZ approximation with zero value of the
critical exponent η, this result confirms the first consequence of the Fisher FSS
hypothesis (2.18).

(b) Scaling function F(x) in (2.19) depends on the argument x = S2/γτ for a zero
external field, i.e. in the vicinity of the critical isochore. Therefore, for η = 0
one has 2/γ = 1/ν = θ in accordance with the second consequence of the scaling
hypothesis (2.18).

(c) With increasing the thickness of a plane-parallel layer one has the following
result for the scaling function F(x) from (2.19) for large arguments x = S2/γτ ≫
1:F(x) ∼ x–1 ∼ x–γ in accordance with the third consequence of the FSS
hypothesis (2.18).

Idea of universality and isomorphism seems to be one of the most important
features in the physics of critical phenomena and phase transitions. [5, 9–11, 24].
Within a certain universality class, critical behaviour of physical properties in bulk
and confined systems is similar and allows generalizing on systems not only
physical but also other nature.

There is another problem that is actively discussed in physics of the critical
phenomena for bulk and confined systems [25–29]. Namely, influence of anisot-
ropy on such quantities as ratios of amplitudes and scaling functions. Influence of
anisotropy and universality on FSS was investigated in [25] on the basis of analysis
of the critical Binder cumulant of a 2D Ising model. The Binder cumulant [26]
characterizes the distribution of order parameter fluctuations and is defined by such
a relation U = 1 − <M4>/(3 <M2>2), where M is the magnetization per
spin, <M2> and <M4> are its second and fourth spatial moments. Results obtained
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in [25] support the validity of universal FSS for critical behavior of physical
properties in the presence of a weak anisotropy. It is worthy to mention, that in our
present approach using integral equations for the pair correlation function with the
short-ranged direct correlation, the critical Binder cumulant U = 1 because of the
OZ approximation in which <M4> = 0. Correlative behavior of anisotropic binary
liquid system were studied by the methods of integral equations in the
three-moment approximation in [27] with taking into account the 3rd spatial
moment of the direct correlation function.

Important results related to the problem of universality and effects of anisotropy
were obtained in supercooled water [28] and in ionic fluids [29]. The authors [28]
analyzed the critical behavior of supercooled water on the basis of twomodels: (1) the
lattice-gas model used to describe the physical properties of liquid-vapor transitions,
and (2) the lattice-liquid model, associated with an entropy-driven separation. The
critical behavior of supercooled water appeared to be closer to the lattice-liquid model
behavior, while the critical behavior of the lattice-gas model being equivalent to the
critical behavior of Ising model for incompressible anisotropic ferromagnets.

The correlation length ξ in (2.12), (2.13) demonstrates an anisotropic behavior.
Consider for definition the case of a plane-parallel layer, then correlation length

ellipse related to (2.12) is determined by two contributions n ¼ ðn2xy þ n2z Þ1=2 where
nxy ¼ 2=ðj2 þ p2=4S20Þ1=2 is the correlation length in the xy plane, and nz ¼
S0=2ð Þð1�8=p2Þ1=2 is thecorrelation length in the z direction. In certain sense this
result reminds the correlation length ellipse for a 2D Ising model with weak
anisotropy caused by different amplitudes ξ0,> and ξ0,< above and below the critical
point [25].

2.4 Effects of Spatial Limitation, Two Types
of Dimensional Crossover

Spatial limitation of systems undergoing critical phenomena and 2nd order phase
transitions causes the change of critical parameters and critical exponents. The most
important feature of critical phenomena in bulk systems is the divergence of the
bulk correlation length ξ in the critical point according to the formula

n ¼ n0jsj�m; ð2:20Þ

where ξ0 is the amplitude of correlation length which has the same order of mag-
nitude as a0, s ¼ ðT � Tcð1ÞÞ=Tcð1Þ is the temperature variable for a bulk liquid
with the critical temperature Tcð1Þ.

However, the natural desire of investigators to study critical phenomena in
systems in reduced geometry and perfect experimental technique allow one to
realize a situation in which the correlation length becomes the same order of
magnitude as the characteristic linear size of the sample. Thereby, theoretical and
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experimental results in such bounded systems yield not bulk critical parameters and
bulk theoretical critical exponents but its effective values depending on linear sizes.

Here the problem of critical behavior of systems in reduced geometry is dis-
cussed for single-component liquids with scalar order parameters. Special attention
is given to the dimensional crossover (DC) effects of two types as follows [30]:

1. The first type of dimensional crossover (DC-1) corresponds to transition from
3D bulk to 3D liquids in reduced geometry. In this case one has a situation in
which dependence of physical properties on thermodynamic variables (tem-
perature, density, pressure, etc.) in bulk liquids with linear sizes L ≫ ξ may
convert into dependence of these properties on linear sizes in confined liquids
with L < ξ.

2. The second type of dimensional crossover (DC-2) corresponds to the case when
a further decreasing of linear sizes in confined liquids may be treated under
certain conditions as the change of spatial dimensionality D (for example, 3D ,
2D crossover in slitlike pores or 3D , 1D crossover in cylindrical pores).

2.4.1 Dimensional Crossover DC-1

Let us first consider the shifts of the critical parameters in liquids in reduced
geometry. Table 2.1 contains formulae for the temperature Tc(S), density qcðSÞ and
pressure Pc(S) in bounded single-component liquids (3rd column) which are
analogous to the critical temperature Tcð1Þ, critical density qcð1Þ and critical
pressure Pcð1Þ in bulk liquids (2nd column). An important difference between
these parameters of bulk and confined liquids consist in as follows: while the
critical parameters Tcð1Þ; qcð1Þ; Pcð1Þ of bulk liquids characterize coordinates
of singularities for physical properties on the thermodynamic space, the analogous
parameters TcðSÞ; qcðSÞ; PcðSÞ give coordinates of points in which these physical
properties have only its rounding maxima or minima.

As an example, the shift of the critical temperature can be calculated for a slitlike
pore with the geometric factor S = 10 and the pore’s thickness H ≈ 3 nm filled by
water with the bulk critical temperature Tcð1Þ � 647 K. The result of calculation
of Tc(S) according to (21) for the critical exponent ν = 0.628 gives TcðSÞ � 587 K.
In this case the shift of the critical temperature is negative and rather large: DTc ¼
Tc Sð Þ � Tc 1ð Þ � �60K Analogues of other critical parameters—the critical

Table 2.1 Critical parameters for bulk and confined systems

Critical parameters Bulk systems Confined systems

Critical temperature Tc ¼ Tcð1Þ TcðSÞ ¼ Tcð1Þ½1þ ðG=SÞ1=m��1 (2.21)

Critical density qc ¼ qcð1Þ qcðSÞ ¼ qcð1Þ½1þ ðG=SÞb=m��1 (2.22)

Critical density Pc ¼ Pcð1Þ PcðSÞ ¼ Pcð1Þ½1þ ðG=SÞbd=m��1 (2.23)
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density and pressure—may be calculated for any liquid in reduced geometry with
help of formulae (2.22) and (2.23).

Let us now derive relationships between thermodynamic variables in bulk and
confined liquids. Namely, between the dimensionless deviation of temperature from
its critical value τ = [T – Tc(∞)]/Tc(∞) in a bulk liquid system and the temperature
variable τ(S) = [T – Tc(S)]/Tc(S) in a confined liquid system. For this purpose one
has to substitute the formula (2.21) for the analogue of critical temperature
Tc(S) into τ(S) and obtains the following expression as a result of obvious algebraic
transformations:

sðS; nÞ ¼ ðG=SÞ1=m þ ½1þ ðG=SÞ1=m� sj jsigns: ð2:24Þ

Taking (2.20) into account, the formula (2.24) for the temperature variable in a
confined system can be rewritten in a quite equivalent form

sðS; nÞ ¼ ðG=SÞ1=m þ ½1þ ðG=SÞ1=m�ðn0=nÞ1=msigns: ð2:25Þ

Here in (2.24) and (2.25) G is the geometrical factor depending on the low
crossover dimensionality (geometrical form) of a liquid volume (thus, for
plane-parallel layers or slit-like pores G = π, while for cylindrical samples
G = μ1 = 2.4048 being the first zero of the Biessel function J0(z)); S = L/a0 is the
number of molecular layers, where L is a linear size such as a layer’s thickness or
cylinder’s radius in direction of system’s spatial limitation, a0 is an average
diameter of molecule.

Quantity τ(S, ξ) in (2.24) and (2.25) can be considered as the temperature
variable for confined systems. For relatively large sizes L≫ ξ it is easy to find from
(2.25) that due to factor S = L/a0 ≫ 1 the correlation length ξ is approaching its bulk
value ξ = ξ0τ

–ν. In reduced geometry if an opposite inequality L ≪ ξ is valid, the
first term in (2.25) becomes more important than the second one. It means that the
correlation length ξ does not depend on thermodynamic variables and equals a
system’s linear size.

Similar to the temperature variable τ(S, ξ) in liquids in reduced geometry given
by (2.25), the density Δρ(S, ξ) and pressure Δp(S, ξ) variables may be introduced
according to the following formulae:

DqðS; nÞ ¼ G
S

� �b
m

þ 1þ G
S

� �b
m

 !
n0
n

� �b
m

signDq; ð2:26Þ

DpðS; nÞ ¼ G
S

� �bd
m

þ 1þ G
S

� �bd
m

 !
n0
n

� �bd
m

signDp: ð2:27Þ

Equations (2.26) and (2.27) give correct asymptotical expressions for the cor-
relation length in bulk liquids with L ≫ ξ, namely n ¼ n00Dq

�m=b; n ¼ n000Dp
�m=bd.
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Here the amplitudes ξ0
’ , ξ0

’’ of the correlation length have such relationships with the

amplituden0 : n
0
0 ¼ n0B

m=b
0 ; n000 ¼ n0ðB0=D0Þm=bd. The coefficients B0 and D0 char-

acterize the shapes of the coexistence curve Δρ = B0|τ|
β and the critical isotherm

Δρ = D0Δp
1/δ in the close vicinity of the bulk critical point.

Let us illustrate effects of spatial limitation and dimensional crossover of the 1st
type (DC-1) on the temperature dependence of diffusion coefficient described by
the following formula in confined liquids:

D ¼ faR þ a0S½sðS; nÞ��mgð@l=@qÞ0T½sðS; nÞ�c: ð2:28Þ

Here aR is the regular part and as
0 is the amplitude of the singular part of the

Onsager coefficient, ð@l=@qÞ0T is the amplitude of the inverse isothermal suscep-
tibility. For small volumes (ξ≫ L) the term (G/S)1/ν for τ(S, ξ) in (2.25) will prevail.
This is a reason why the diffusion coefficient D in formula (2.28) is decreasing at
the fixed temperature with increasing linear sizes S of liquid volumes. For large
volumes (L ≫ ξ) the term (1/ξ)1/ν for τ(S, ξ) in (2.25) has a greater role with
increasing linear sizes S = L/a0. That is why the diffusion coefficient D in (2.28) will
increase and asymptotically approach its value D0 for spatially infinite liquid
volumes.

Another important consequences of finite-size effects on the critical behavior of
the diffusion coefficient are as follows: the temperature variable sMðSÞ ¼ ½TM �
Tcð1Þ�=Tcð1Þ corresponding to the minimum value of the diffusion coefficient, i.e.
the shift of the critical temperature in liquids in restricted geometry, (i) has a
negative value in agreement with the FSS theories [2, 8–10, 12, 13]; (ii) goes to
zero with increasing the geometric factor S (linear size L) of a system; (iii) increases
with transition from plane-parallel to cylindrical geometry, in other words, while
the lower crossover dimensionality dLCD decreases.

Table 2.2 explains the notion of the lower crossover dimensionality which has to
be introduced to characterize the type of restricted geometry [30, 31]. For real
confined 3D systems (1st column) the lower crossover dimensionality dLCD (2nd
column) determines the spatial dimensionality of limiting geometrical objects (3rd
column) for cases when system’s linear sizes in directions of spatial limitation are
approaching its minimum possible value.

The effects of spatial dispersion (nonlocality) being neglected gives unreal con-
sequences for physical properties with approaching the critical and 2nd order phase
transitions points in bulk systems as well as its analogous points in confined systems.

Table 2.2 Lower crossover dimensionality

Real confined 3D systems Lower crossover
dimensionality

Limiting geometric
objects

Plane-parallel layer, slit-like pore,
membrane, synaptic cleft

2 Molecular plane

Cylindrical pore, bar, ionic channel 1 Molecular line

Sphere, cube, vesicle 0 Point (one
molecule)
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Namely, in bulk systems the isothermal compressibility, magnetic susceptibility,
isobaric and isochoric heat capacities have infinite values, while the diffusion coef-
ficient, thermal conductivity, and sound velocity approach zero values. To take
effects of spatial dispersion into account, such an idea has to be used [32]: spatial
dispersion contributions must be added to the quantities which become zero in the
bulk critical point (e.g. added to the diffusion coefficient or to the reverse isothermal
compressibility, etc.). Thus, the self-diffusion coefficient has a minimum nonzero
value at the bulk critical temperature in accordance with the following formula [30]:

DminðLmaxÞ ¼ D0
ðG=SmaxÞc=m þ 4pB=L2max

ðG=SmaxÞc=m þ 4pb=L2max

: ð2:29Þ

Here Smax = Lmax/a0 is the number of molecular layers in the direction of a
maximum system’s linear size Lmax, B and b are the coefficients describing the
effects of spatial dispersion in the Ornstein-Zernike approximation.

Figure 2.1 illustrates this result. Here, the solid curve corresponds to bulk liq-
uids. The data are also presented for a plane-parallel (dotted curve) and cylindrical
(curve with points) reduced geometry.

As is seen from Fig. 2.1, the self-diffusion coefficient D(τ, S, k) demonstrates an
asymmetrical behavior with change of sign of the temperature variable s ¼
½T � Tcð1Þ�=Tcð1Þ in accordance with the inequalities Dðs; S; kÞ[Dð� sj j; S; kÞ,
D0,τ>0 > D0,τ<0. Such an asymmetry of the self-diffusion coefficient is confirmed by
theoretical studies in [33].

2.4.2 Dimensional Crossover DC-2

While describing the dimensional crossover DC-2, the fact of different numerical
values of the critical exponents in 3D and 2D liquids [11] (see Table 2.3) and the
results of computer experiment [15] are taken into account.

For definition let us consider confined liquids in slitlike pores. While reducing
linear sizes L (for plane-parallel geometry—the thickness H of pores or number of
its molecular layers S = H/a0, a liquid system will transfer from 3D to 2D geometry.
This transition should be resulting in change of the critical exponents of classical
liquids belonging to the Ising-model universality class. For example, the critical
index ν describing the temperature dependence of the correlation length ξ has to
shift its value from 0.638 to 1.0 (see Table 2.3).

The following expression for any effective critical exponents neff is proposed to
study a smooth transition between its 3D value n3 and 2D value n2 [30]:

neff ¼ n3 þ 2
p
arctanðax� bÞ � 1

� �
n3 � n2

2
: ð2:30Þ
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Here in (2.30) x = H/Hcr is the dimensionless size (in fact—thickness H) of a
plane-parallel layer; Hcr is the layer’s thickness at which the 3D , 2D crossover
occurs (authors [15] consider Hcr ≈ 2, 4 nm for a slitlike pore filled by water
molecules).

As an example, formula (2.30) illustrates the 3D , 2D crossover for the critical
exponent ν of the correlation length ξ in a slitlike pore. Figure 2.2 shows the
theoretical dependence ν(S) on number of monolayers S in accordance with (2.30).

As is mentioned before, there are always factors which distort the idealized bulk
critical behavior and give the effective values of critical parameters and exponents.
Among these factors: effects of spatial limitation, crossover effects, external fields,
temperature gradients, impurities, multiple-scattering effects, etc. [34–39].

Fig. 2.1 Relative
self-diffusion coefficient in
bulk D/D0 versus the
temperature variable s ¼
ðT � Tcð1ÞÞ=Tcð1Þ in bulk
and confined liquids

Table 2.3 Numerical values of critical exponents in 3D and 2D Ising models [11]

Physical property Critical exponents 3D Ising model 2D Ising model

Heat capacity α 0.125a 0(CV * ln|τ|)

0.110b

Coexistence curve β 0.3125a 1/8

0.325b

Isothermal compressibility γ 1.250a 7/4

1.241b

Critical isotherm δ 5.0a 15

4.8b

Correlation length υ 0.638a 1

0.630b

Correlation function η 0.041a 1/4

0.031b

a sum of series; b RG-approach
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The problem of the effective critical parameters and critical exponents is examined
in detail in a number of papers (see e.g. references in [14]).

Table 2.4 demonstrates the dependence of the effective critical exponent νeff on
number of molecular layers S (dimensionless thickness H of a slitlike pore) cal-
culated in accordance with (2.30) for water molecules.

Parameters a and b characterizing slope and position of the 3D , 2D crossover
were chosen to fit the following condition: 2D value of the critical exponent ν = 1
corresponds to a system’s thickness consisting of almost one molecular layer.

Such an interpolation (2.30) looks similar in a certain sense to approach used in
[40] to receive the crossover between hydrodynamic and fluctuation regions for the
central Rayleigh component of the light-scattering spectrum in mode-mode cou-
pling version of the dynamical theory of critical phenomena.

2.5 Theoretical Results Versus Experimental Data
in Confined Liquids

In this section the relationship between theoretical and experimental data will be
analyzed with taking into account effects of spatial limitation and dimensional
crossover in liquids in reduced geometry.

Fig. 2.2 Dimensional 3D ,
2D crossover in the critical
exponent ν versus number of
molecular layers S

Table 2.4 Dependence of the
effective critical exponent νeff
on S

S 1.0 2.4 3.1 3.5 5.6 8.0

H, (nm) 0.3 0.7 0.9 1.1 1.7 2.4

νeff 1.0 0.95 0.85 0.75 0.65 0.64
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Experimental studies (see e.g. references in [41]) of the size dependence of the
diffusion coefficient D of water molecules in a porous glass allow considering the
dimensional crossover of the 1st type (DC-1) in cylindrical pores. These results give
also an opportunity to investigate the asymptotical transition of the diffusion
coefficient D from its values in liquid in restricted geometry to the bulk value
D0 = 2.3 ·10−9 m2/s for water molecules. Table 2.5 demonstrates the size experi-
mental dependence of Dexp(R) on the pore’s radius R together with results of the
theoretical calculation Dtheor(R) for G = 2.4048 and S = R/ξ0 in the case of a large
pore’s radius (R ≫ ξ) [42].

Thus, asymptotical transition of the diffusion coefficient D of water molecules to
its bulk value takes place in cylindrical pores if a pore’s radius R ≥ 150 nm. It is
possible to conclude that experimental and theoretical results of study the depen-
dence of water diffusion coefficient on size of cylindrical pores demonstrate not
only qualitive, but also quantitive agreement with average deviation about 4,8 %.

The computer experiment [15] allows verifying the interpolation formula (2.30)
with taking into account the size dependence of the critical temperature of a fluid
in a pore. Figure 2.3 (see black circles) demonstrates computer experiment results
for dependence of the critical temperature Tc(H)/Tc(∞)on the pore’s size, i.e. on the
thickness H of a slitlike pore filled by water.

To compare the interpolation formula (2.30) with results of computer experiment
[15], we substitute the size dependence of the critical exponent ν(H) into formula
(2.21) for the critical temperature Tc(H) of a fluid in a pore. The agreement between
computer experiment data and theoretical calculations seems to be quite good. The
lowest experimental point corresponds to the critical temperature of almost 2D
water in slitlike pore with its thickness H = 0.5 nm. This value of thickness H refers
to almost one monolayer plane with taking into account that the diameter of water
molecule equals d ≈ 0.3 nm. It is interesting to stress that the beginning of the
dimensional crossover DC-2 from 3D to 2D critical behavior takes place at the
slitlike pore’s thickness Hcr ≈ 2.4 nm. This value of Hcr was mentioned in [15] and
corresponds to approximately 8 molecular layers of water molecules in slitlike
pores.

Finally we would like to compare theoretical and experimental shifts of the
critical temperature in confined liquids. Table 2.6 (2nd line) contains experimental
results for shifts of the water critical temperature DTc ¼ Tcð1Þ � TcðRÞ in cylin-
drical pores of different radius R obtained by different experimental methods (see

references in review [15]). Results of theoretical caculation DTc ¼ Tcð1Þ �
TcðRÞ� ðl1n0=RÞ1=m in accordance with the formula (2.21) are presented in the 3rd
line of Table 2.6 [23, 43].

Table 2.5 Diffusion
coefficient of water molecules
in cylindrical pores [41, 42]

R (nm) 62.5 88.0 117.0 130.0 150.0

Dexp 10
−9 (m2/s) 1.59 1.95 2.13 2.19 2.30

Dtheor 10
−9 (m2/s) 1.79 2.00 2.11 2.14 2.17
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In spite of that is qualitative agreement between experimental and theoretical
data, these and other results demonstrate a considerable enough distinction of the
data received by different methods for the same liquid in pores with approximately
equal radius.

2.6 Conclusion

In this paper we studied critical phenomena in liquid in restricted geometry.
Thermodynamic, kinetic and correlation properties of confined liquids are essen-
tially different from those properties of bulk systems. The influence of spatial
limitation effects (among them—effects of dimensional crossover) is more pro-
nounced in cases when linear sizes L of systems are less or the same order of
magnitude as the correlation length ξ of order parameter fluctuations.

The study of critical phenomena and 2nd order (continuous) phase transitions in
systems in reduced geometry allows one to formulate important conditions of
universality classes for confined soft matter. Namely, to the following well-known
basic conditions of universality classes in bulk systems with L ≫ ξ:

(a) the same space dimensionality;
(b) the same dimensionality of order parameter;

Fig. 2.3 Related critical
temperature of a fluid in a
pore Tc(H)/Tc(∞) versus the
thickness H of a slitlike pore
(black circles correspond to
the data computer experiment
[15]; solid curve was obtained
using the formulae (2.21) for
Tc(H) and (2.30) for ν [30])

Table 2.6 Experimental and
theoretical shifts of the critical
temperature

Pore radius R (nm) 3.9 5.0 11.0 12.1 15.7

DTc=Tcð Þexp 0.047 0.044 0.033 0.029 0.0015

DeltaTc=Tcð Þtheor 0.065 0.044 0.013 0.011 0.0071
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(c) the same type of intermolecular interaction (short- or long-range);
(d) the same symmetry of Hamiltonian (fluctuation part of thermodynamic

potential), it is necessary to add the following conditions of universality
classes in confined systems with L ≤ ξ;

(e) the same type of system’s geometry (lower crossover dimensionality);
(f) the same type of boundary conditions;
(g) the same type of physical properties under consideration.

The last factor appears to be important because coordinates of maxima or
minima in systems in restricted geometry, being analogues of bulk critical
parameters, are different (nonuniversal) for various physical properties.

The verification of theoretical results for critical phenomena in confined systems
needs experimental studies which are much more complicated than those experi-
mental studies in bulk systems. Nevertheless, we hope that the attractive FSS
hypothesis of finite-size scaling for the diverse critical phenomena and phase
transitions in the nano- and mesoscale world around and inside us will prove
experimentally to be correct.
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