Chapter 2
Weak Solutions

In this chapter we prove Theorem 1.4.1 on the global existence of weak solutions
of problem (VKH) in the space ), 0(T), for m > 2 and given T > 0. To the best
of our knowledge, uniqueness of weak solutions to problem (VKH) is open, and
presumably not to be expected; in contrast, uniqueness does hold in the physically
relevant case of the von Karman equations (3) and (4) in R2, that is, when m = 1;
we briefly comment of this result, due to Favini et al., [16], in Chap. 6. In addition,
it turns out that the cases m > 2 and m = 2 require a slightly different regularity
assumption on the source term ¢, as described by the fact that, as per (1.137),

C(0,T); H" ) if m>2,
Sm,O(T) = X (21)
c(o,T;H>) if m=2.

As remarked just before the statement of Lemma 1.2.4 of the previous chapter,
this seems to be due to the restrictions imposed by the limit case of the Sobolev
imbeddings, as we can see in (2.29) and (2.31) below; we do not know if the
additional regularity of ¢ required when m = 2 is actually necessary. On the
other hand, we point out that weak solutions of problem (VKH) are global in time;
that is, they are defined on the whole time interval [0, 7] on which the source
term ¢ is given. In particular, when T = +o00 and ¢(f) — 0 in an appropriate
norm as t — 400, one could study the asymptotic stability properties of the
corresponding weak solutions of problem (VKH), as done for example by Chuesov
and Lasiecka, [9], for various types of initial-boundary value problems for the von
Karman equations in R
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36 2 Weak Solutions
2.1 Existence of Weak Solutions

In accord with Theorem 1.4.1, we first prove

Theorem 2.1.1 Letm > 2, T > 0, and assume that uy € H™, u, € L?, and that
@ € Spo(T) [see (2.1)]. There exists u € Yuo(T), which is a weak solution of
problem (VKH).

Proof

1) We construct a weak solution u of problem (VKH) by means of a Galerkin
approximation algorithm. Following Lions, [21, Chap. 1, Sect.4], we consider a
total basis W = (wj);>1 of H™, orthonormal with respect to the scalar product
induced by the norm (1.16), that is

(, v) = (u,v) + (V"u, V"0) . 2.2)
(For the existence of such a basis, see, e.g., Cherrier and Milani, [8, Chap. 1,
Sect. 6].) For eachn > 1 we set W, := span{wy, ... ,w,}, and
up = Z(MOvWﬁij ; (2.3)
j=1
thus,
uy — uo in H". (24)

Note that ug is the orthogonal projection, in the sense of (2.2), of up onto W,. Since
H"™ is dense in L2, the span of W is dense in [?; thus, there is a strictly increasing
sequence (ax)i>1 S N, as well as a sequence (ﬁ’{)kzl C H™, such that, for each
k>1,

1
i €Wa  and i —wllo < o (2.5)

For n > 1 we define

R ljt]l(lf ay =n < dag41 ,
W= (2.6)
0if 1<m<a.

Then, u| € W, for each n, and

T in L%. 2.7)
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We denote by P, the orthogonal projection, with respect to the scalar product of L?,
of L? onto W,; that is, for u € L*, v = P,(u) € W, is defined as the (unique)
solution of the n x n algebraic system

(vowj) = (u,wj), j=1,...,n. (2.8)

Note that if % = (h"),> is a total orthonormal basis of L? derived from W by the
Gram-Schmidt procedure, then

Pou) = ) (u, )y 2.9)

J=1

for all u € L?. We can then project Eq. (13) onto W),; that is, we look for a solution
of the form

u' =u"(t,x) = Zanj(t) wj(x) (2.10)

J=1
to the equation

uy + A" = PN (", ")) + PuN(9™ D, u")

2.11
=: P,(A,+B,), ( )

where f" := f(u") is defined in analogy to (12), that is by the equation
A" = —M®W"); (2.12)

we remark explicitly that, in general, f"(f) ¢ W,. We attach to (2.11) the initial
conditions

u"(0) = ug, u (0) = uff , (2.13)

with ugj and v/ defined, respectively, in (2.3) and (2.6). Equation (2.11) is equivalent
to the system

(i + A", wj) = (A + Bo, wj)

P . (2.14)

which is in fact a system of second order ODEs in the coefficients o, =
(ctn1y .. s 0un) of 4" in its expansion (2.10). We clarify this point by considering
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the case m = 2 and ¢ = 0 for simplicity. By (2.12),

ff=—-A"N (Z Ol Wiy ) Olnkwk)
h=1 k=1 (2.15)

=— 3 o Ok AN (Wi wy) ;
hk=1
thus, recalling (2.11),
Ay = NG, @) )

==Y amoauN (A‘zN(wh,wk), > o wz) (2.16)
hk=1 (=1

n
= - Z Opp Opk Ong N(A_zN(Wh,Wk),W[) .
h ok, =1

= Wpke

From this, it follows that (2.14) reads

n

Z (a;L/k (Wk’ w]) + ank(AWk, AW]>)
- 2.17)

n
= — E Oy Otk e (Whe, wy) -
ok (=1

Now, recalling the definition (2.2) of the scalar product in H?, and that W is
orthonormal in H2,

(Awg, Awj) = (Wi, wi)a — (Wi, i) = 81 — (Wi, wj) (2.18)

where 8y is the Kronecker delta. From this, it follows that (2.17) reads

Z(Oé;llk — i) Wy, Wj) + oy
k=1 (2.19)

n
+ Z Oty O Ol (Whie, wj) = 0.
hok t=1

Since W is a linearly independent system, the Gram matrix G = [(w;, wi)]/;—; is
invertible, and (2.19) has the form ‘

2

% af —af + G ((an + B(ay)*) =0, (2.20)
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where the apex * means transposition, and B(w;,,) is the vector whose components
are

B(a,); == Z iy ke e (Wt Wj) l<j<n. (2.21)
hok (=1

Equation (2.20) is the explicit form of the second order system of ODEs (2.14)
when m = 2 and ¢ = 0. In accord with (2.13), the initial conditions on «,, attached
to (2.20) are

o (0) = (ug, wy) , a,;(0) = (uf, w;) . (2.22)

We now return to the general system (2.14), which can be translated into a system
analogous to (2.20) in a similar way. By Carathéodory’s theorem, this system admits
a local solution u” € C([0, t,]; W,), with u! € AC([0, t,]; W,), for some ¢, € [0, T].
2) We establish an a priori estimate on " which allows us to extend each " to all
of [0, T].

Proposition 2.1.1 There exists Ry > 1, independent of n and t,, such that for all
t € [0,1,],

I} DG + IO + LI Ol < RS- (2.23)

Proof Multiplying (2.14) by 0‘,/1,' and then summing the resulting identities for 1 <
Jj < n, we obtain

d
5 (lu?3 + |V™u"3) = 2(A, + By, ul)) . (2.24)
Recalling (2.12), we compute that
2(An, uy = 2{N(f", (u") ™= D), ut
= 2AN ()" ), "
(D MWM).f1) = 2= A" ")
—_ _ % (v, me,n) — _% d%|vmfn|%

)
) (2.25)

Replacing (2.25) into (2.24) and adding the identity

d
5 |3 = 2(u" uf) (2.26)
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we obtain that

d n n men n n
3 5+ a5, + 5 IVF"IG) = 2(Bo + ) (227)

=: W)

To estimate the term with B, let first m > 3. Then, V2<p e H" — [I7? for all
p € [2, +o0[; hence, choosing p such that

SSIEN .
and recalling that H" =2 < L™, we can proceed with
(B )| < CIV2QIy ™ V2" |uf]2
= Cllglla "l |12 (2.29)
= Cy (I I§ + 1"113) -
where
Cy == C max{L. [l[l§ )} - (2.30)
If instead m = 2, V2@ € H? — L™, so that, again,
|(Ba )] < C V0 loo [V2"]2 (112 < C, (I 1+ [1a"13) - (231)
Replacing (2.29) or (2.31) into (2.27) yields
d
d—t‘l'(u") <2C,¥(u"), (2.32)
from which we deduce, via Gronwall’s inequality, that for all ¢ € [0, 1,],
W(u"(1) < W(u"(0))e* . (2.33)
By (2.12) and (1.117) at t = 0,
V7" O)llo = Cllu" ()5 = C lluglly, : (2.34)

thus, keeping in mind that, by (2.4) and (2.7), the sequences (u(}),>1 and (u}),>1 are
bounded in, respectively, H" and [?, it follows that there is Dy > 1, independent of
n and t,, such that («"(0)) < D. Consequently, we deduce from (2.33) that for
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all 7 € [0, 1,],
U (u"(t)) < Die*c!, (2.35)

from which (2.23) follows, with Ry = Dy e 7. O

3) Since Ry is independent of 7,, the function #" can be extended to all of
[0, T], with estimate (2.23) valid for all ¢+ € [0, T]. Since Ry is also independent
of n, the sequences (u"),>1, (#))n>1, and (f"),>; are bounded, respectively, in
C([0, T]; H™), C([0,T); L?), and C([0, T]; H™). Consequently, there are functions
u e L*®0,T;H") and f € L*°(0,T; fi”’), with u, € L>(0, T; L?), such that, up to
subsequences,'

U = u in L0, T;H™) weak™, (2.36)
u' — u in L*®(0,T;L?) weak*, (2.37)
" f in L0, T;H™) weak* . (2.38)

In particular, (2.36) and (2.37) imply that u € L*>(0,T; H") and u, € L*(0,T;L?);
thus, by the trace theorem [(1.136) of Proposition 1.4.1],u € C([0, T]; L?). But then,
by (1.135) of the same proposition it follows that u € Cyy ([0, T]; H"), and the map
t + |lu(t)||g= is bounded. In fact, by (2.23), for all ¢ € [0, T7,

(@)l < liminf[|u" (@)l < Ro . (2.39)
In addition, using the interpolation inequality

Uillmes < C RN ™ IRIY™, 8 €l0,m] (2.40)

for h = u(t) — u(ty), 0 < t, ty < T, the bound of (2.39), and the fact that u €
C([0, T); L?*), we deduce that

ue C([0,T);H" ). (2.41)

We proceed then to show that the function u defined in (2.36) is a solution of
problem (VKH).

"Here and in the sequel, by this expression we understand that, for example, there is in fact a
subsequence (4™ );~; of (u"),~;, such that (2.36) and (2.37) hold with «" replaced u"*. When
there is no danger of ambiguity, we adopt this convention in order to avoid, later on, to keep a
cumbersome track of subsequences of subsequences. Furthermore, we will often not repeat the
statement “up to subsequences”.
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4) Our first step is to prove that the functions « and f introduced in (2.36) and (2.38)
are such that f = f(u); that s, that f solves (12). To this end, we first recall thatif v €
H™, then, by Lemma 1.2.2, M(v) € L' N H™™, and that, if w € H", Lemma 1.2.2
yields the estimate

(M), W) g | = C VI Wl - (2.42)

If in addition w € L, so that the function M(v) w is integrable, then
(M), W) g—mym = /M(v)wdx =Iv, ...,v,w). (2.43)

With abuse of notation, we shall abbreviate
(M), W) f—mym =2 (M), W), (2.44)

even though neither of the terms M(v) and w is in L?. In the sequel, for s > 0 we

. . . ¢ o / . .
set, again with some abuse of notation, H, ] := (Hfoc) ; more precisely, H_? is the

dual of the Fréchet space H} ., and is not to be confused with the space (H™*)ioc of
the localized distributions in H™5.
We claim:

Proposition 2.1.2 Let u" and u be as in (2.36). Then, up to subsequences,
M@") — M(u) in L®°(0,T;H™) weak* . (2.45)

Proof From (1.72) of Lemma 1.2.2, with k = 0, it follows that the sequence
(M(u")),> is bounded in L>°(0, T; H™™), and, by (2.23),

MW" O)l|g-n < Cld" D23 < CRY (2.46)

Thus, up to subsequences, there is 1 € L% (0, T; H™™) such that
M@") - in L*(0,T;H™™) weak™ . (2.47)

We now show that

M@") — M(u)  in L*0,T; H" %) ; (2.48)
then, comparing (2.48) to (2.47) yields (2.45). To show (2.48), let 2 C R?" be an
arbitrary bounded domain, and ¢ € L*(0, T; H"2), with supp(¢(z,-)) C K for a.a.
t € [0,T]. LetRq : u — u, denote the corresponding restriction operator. Since Rq

is linear and continuous from H” = H™(R?") to H"(2) and from L> = L*(R*")
to L?(2), and since the inclusion H™(2) <> L?*(R2) is compact, (2.36) and (2.37)
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imply, by part (4) of Proposition 1.4.1, that, again up to subsequences,
Rou" — Rqu in L*(0,T;H"%(Q)),  §€]0,m]. (2.49)

As in (1.104) we decompose (omitting the reference to the variable ¢, as well as to
Rq)

M@W") — M(u) = Z N(W") "D 0Dy — ) . (2.50)

J=1

=:N;(u",u)

Thus, by (1.62), (2.23) and (2.39),

T
/0 (N, ). 2)| i

IA

T
—j i—1
C [ 1P 1Vl 19 = )y €1

IA

T
C/ e ™ Nalby ™ e = ull 1@y 1VE a1 e (2.51)
0

IA

T
CRy! / 1" = ll sy € s i
0

Hence, by (2.49) with § = 1,

T
/0 (M(u") — M(u), ) dt — 0. (2.52)

This allows us to deduce (2.48). O

For future reference, we note that, by (2.37) and (2.23), we also have that for a.a.
te[0,7T],

IRui (D)ll12() < llu:(@)lo < liminf [/ (1) [lo < Ro (2.53)

as well as, of course,
IR (Dlr2(0) =< Nl @]lo < Ro; (2.54)
thus, the already cited trace theorem allows us to deduce from (2.49) and (2.53) that

Rqu" — Rqu  in C([0,T];:L?). (2.55)
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Using the interpolation inequality (2.40) with § = 1 for & = Rq (/' (t) — u()), as
well as the bound

IR (" (1) — u(@)|am@) < 4" () = u@llm < 2Ro (2.56)

which follows from (2.23) and (2.39), we deduce from (2.40) and (2.55) that
Rou" — Rou  in C([0,T]; H" ' (Q)) . (2.57)
5) Recalling the definitions (2.12) of /" and (12) of f (), we deduce from (2.45) that
A"f" — A"f(u)  in L*®(0,T;H™™) weak™ . (2.58)

On the other hand, (2.38) implies that

A™f" — A™f  in L®(0,T;H™) weak™ ; (2.59)
comparing (2.58) and (2.59) yields, via (1.45), that f = f(u), as claimed. This is an

identity in L= (0, T; H"™); however, since u € GCow([0, T]; H™), the map 1 = f(u(7))
is well-defined and bounded from [0, 7] into H™. In fact, by (2.38) and (2.23),

lf @)l < liminf [[f" () |m < v/m Ro (2.60)

forall ¢t € [0, T].

6) We proceed to show that f € Cy ([0, T]: H"). To this end, we recall that A”f €
L*0,T; I_i_”‘) s L®(0,T; H™) — L*®(0, T; H"%). We first show that, in fact,
A™f € C([0, T); H~™2). Similarly to (2.50), we decompose

M(u(1)) — M(u(t))

DN (@), (w(10)) V7, u(@) — u()) (2.61)
j=1

Ni(t, 10) -

1
-

1

J

Fix ¥ € H"? with |[{|lmse2 = 1, and denote by ((-, -)) the duality pairing
between H""2 and H"*2. Then, for0 <1, to < T,

m

(A" (F(1) = f(10)). 1)) = = Y (Nt 10), 1)) - (2.62)

Jj=1
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Since Vi € H™T! < L>, we obtain from (2.62) that
(N (2. 10). ¥))]|

< CIVu@ I 1V2ulto) i, |V () — u(to)) | V¥ oo
(2.63)

IA

CRy™H V" @) = ul@)) 2 1V |1

IA

CRY™ [lu(t) — u(to) 1
By (2.41), the right side of (2.63) vanishes as t — #j; thus, (2.63) implies that

A™f € C([0,T]; H?), as claimed. Since also A™f € L®(0,T; H™™), by (1.135)
it follows that A™f € Cyy ([0, T]; H™™); thus, for each & € H™, the map

t = (A"f (@), h)a=mxim = (V"f (1), V"h)o = (f(1). h)m (2.64)
is continuous. By the density of H™ into H", it follows that the map ¢ — (£ (), h)sm

is also continuous foE each h € H™. To see this, given h € H™, let (hn)n>1 C H™ be
such that 4, — hin H™. Then, for0 <¢, 1, < T,

(f(@) —f(t0). hyw = {f(1) —f(t0). h — hn)m

(2.65)
+ () = f(10). hn)m =2 An(t,10) + Bu(t,10) .
Let ¢ > 0. By (2.60), there is no > 1 such that
|An(t, 10)| <2 v/mRo |lh — hyllz < e (2.66)
Fix n = ny. By (2.64), there is § > 0 such that
|Buy (2. 10)| < € (2.67)

if [t — 70| < 4. Replacing (2.66) and (2.67) into (2.65) shows the asserted continuity
of the map 1 — (f(¢), h)m; hence, f € Coy ([0, T]; H™), as claimed.
7) We now set

F(u) := N(f(u),u"), (2.68)

and prove

Proposition 2.1.3 Let u and f be as in (2.36) and (2.38). Then, up to subsequences,

Fu") — F() in L%°(0,T;H™) weak* . (2.69)
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Proof Asin (2.46), the sequence (N(f", (u")™"~")) _, is boundedin L(0,T: H™™),
with -

ING", @) D)=z < ClIf" I " 27" < CRY (2.70)

as follow§ from (2.60) and (2.39). Thus, up to subsequences, there is v €
L*°(0, T; H™™) such that

N, @)™ V) > v in L®(0,T;H™) weak™ . (2.71)
On the other hand, we also have that
Fu") — F(u)  in L*(0,T;H ). (2.72)

Indeed, with the same 2 and ¢ as in the proof of Proposition 2.1.2, we can
decompose, as in (2.50),

T
/0 (F(u) — FGu). 2)]

T
< / (NG =", u™ ), 2| di 2.73)
0

moaT
+ Z/ NG u™ @) u—u), §)] dr
j=270

= Wi+ wr.
j=2
At first,

T
Wi = [ 1@ =l o (2.74)

by (2.38). As for the other terms W}, acting as in (2.51) of the proof of Proposi-
tion 2.1.2 and recalling (2.60) and (2.39), we estimate

T
PR
Wil < C/ ™l Wl ™ Mo 15 e = "] 1) [V E oo
0

T (2.75)
< CRy™! /o llu — " | gm=1(@2) 1|l m+2 dt .
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Thus, by (2.49), also Wf — 0, and (2.72) follows. Comparison of (2.71) and (2.72)
yields (2.69). ‘ |

8) We now consider the equation of (2.14) for fixed j and n > j, multiply it by an
arbitrary ¥ € Cé (10, T|), and integrate by parts, to obtain

T
/ ((—ufs ¥ 'wj) + (V™" V™)) de
0 (2.76)

T
= / (Ay + By, Y wj)dt .
0

Letting then n — oo (along the last of the sub-subsequences determined in all the
previous steps), by (2.37), (2.36) and (2.69) we deduce that

T
/ ((— U, w/wj) + (V"'u, ¥ Vmwj)) det
0 (2.77)

T
- / (N(f,u™ D) + NV w), yw;) dr .
0

Since W is a total basis in H", we can replace w; in (2.77) by an arbitrary w € H".
Recalling that N(f, u""~V) and N(¢™V,u) € H™ < H™™, by Fubini’s theorem
we can rewrite the resulting identities as

(B, W)Hfmme =0 s (278)

where B € H™ is defined as the Bochner integral

T
B:= / (=¥ + Y (A™"u— N, u™ V) =NV, u)))dt . (2.79)
0

The arbitrarity of w € H™ in (2.78) implies that B = 0 in H™"; in turn, this means
that the identity

Uy = —A"u+ N, u" V) + NV u) = A (2.80)

holds in D'(J0, T[;H™™) = L(D(0,T[); H™). Now, (2.36) and (2.38) imply
that A € L*®(0,T;H™™); in fact, since u € Cu([0,T];H™) and f €
Cow ([0, T]; H™), (1.75) implies that the map r — A(r) € H™™ is well-defined
and bounded on [0, 7]. Thus, Eq. (13) holds in H™™ for all ¢ € [0, T], as desired. In
addition, by the trace theorem, u, € C([0, T]; H™™). Arguing then as we did for u,
we conclude that u; € Cpy ([0, T]; L?), and that the map ¢ +> ||u,(#)|o is bounded.
In fact, as in (2.53),

llu ()0 < liminf |uf (@) [lo < Ro (2.81)

and this bound is now valid for all ¢ € [0, T.
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9) To conclude the proof of Theorem 2.1.1, we still need to show that u takes on the
correct initial values (5). By (2.57), «"(0) — u(0) in H""!. On the other hand, (2.4)

loc
implies that u"(0) = ug — uo in H™; thus, u(0) = uo. Next, we proceed as in part

(8) of this proof, but now take ¢ € D(] — T, T[) with y(0) = 1, so that, by (2.7),
the identity corresponding to (2.78) reads
(B, w)g—mxgm = (ug, w) . (2.82)

On the other hand, multiplying Eq. (13) by ¥ w and integrating by parts we obtain
that

(B, W)H—mme = (M[(O), W) . (283)

Comparing this with (2.82) we conclude that u,(0) = u, as desired. This ends the
proof of Theorem 2.1.1. O

2.2 Continuity atz =0

We now prove the second claim of Theorem 1.4.1; that is,

Theorem 2.2.1 Letm > 2, T > 0, and u € YV, o(T) be one of the weak solution
of problem (VKH), corresponding to data uy € H", u; € L?, and ¢ € S, (T),
obtained by means of Theorem 2.1.1. Then, u, u, and f are continuous at t = 0, in
the sense that

lim () = wolln = 0, lim () = wrflo = 0, (2.84)
and
lim [V (£(2) ~ f(O))}o = 0. (2.85)

Proof
1) We recall from (2.41) that u € C([0, T]; L?); thus, we can replace claim (2.84) by

lim |V (u(?) —uo)|lo =0,  lim ||u:(t) — w10 = 0. (2.86)
t—0 t—0

Next, we note that since u, u, and f are weakly continuous from [0, 7] into H", r?
and H™ respectively, in order to prove (2.86) and (2.85) it is sufficient to show that
the function

t e o) = lu @+ IV"u@ 5+ L IV"F@)3 (2.87)
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satisfies the inequality
D (u(r) < ®u(0)) +2 / (N(@™ ™V u), u,) d6 =: G(1) (2.88)
0

for all ¢ € [0, T]. Indeed, the weak continuity of u, u, and f with respect to ¢ implies
that

®(u(0)) < lim inf D(u(r)) (2.89)
t—0

On the other hand, from (2.88) it would follow that

lim sup ®(u(7)) < limsup G(r) = lin}r G(t) = ©(u(0)), (2.90)
t—0

t—0t t—0t

which, together with (2.89), implies that

lim ®(u(n) = ®u(0)) . (2.91)
t—0

and (2.86), (2.85) would follow.
2) Our first step towards establishing (2.88) is to integrate (2.27), which yields that
forall z € [0, T],

O (1)) = P(u"(0)) + 2 /0 t(N((p(m_l), u"), u) do ; (2.92)

that is, (2.88) is satisfied, as an equality, by each of the Galerkin approximants of u.
Next, we note that (2.4) implies that

IV (0) =f(O)l2 -0 as n—o0: (2.93)
indeed, this is a consequence of the fact that
[A™((0) = f(OD | g—n = 1M (ug) — M(uo)ll = — O (2.94)
which in turn follows from the estimate (compare to (2.50) of Proposition 2.1.2)

1M () — M (o) || —n

< CY N ™ w0 uly — uo) [ (2.95)

Jj=1

m
< IVl IV ol IV g — o)z
j=1
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via (2.4). Since (2.4), (2.7) and (2.93) imply that
®u"(0)) — Pu(0)) as n— 0o, (2.96)
and since for each ¢ € [0, T,
D(u(r) < lirggf (u'(1) . (2.97)

in order to prove (2.88) it is sufficient to show that, for all 7 € [0, T7,

lim J,(1) = 0, (2.98)
n—>oo
where, forn > 1,
t
Ju(0) == / (N u™), !y — (N D, ), uy)) dO . (2.99)
0

We shall prove (2.98) separately form > 3 and m = 2.
3) We consider first the case m > 3. We recall the following density result, a proof
of which is reported for convenience at the end of this section.

Lemma 2.2.1 Let T > 0 and r € Rx(. The space D (] -T, 2T[XRN) is dense in
Co(] — T.2T[; H").

Assuming this, we extend the source term ¢ to a function, still denoted ¢, such
that ¢ € Co(] — T,2T[; H"*?). Given any n > 0, by Lemma 2.2.1 we determine
€D (] -T, 2T[XR2'”) such that

max_|[|¢(t) —@(O)[lmt+2 <71, (2.100)

—T<t<2T

and rewrite

t
Ja(t) = / (N2, 0 — @, u"),u") df
0
t
+ / (N((p(m—Z)’é’un)’u:t>d9
0
t
- /(N(cﬂ(”’_z),w—@,u},ur)dé’ (2.101)
0

t
- / (N, 3.1, ) d6
0

=T + T2(t) = T'() - T?(r) .
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2m(m—1)
m—2

Acting as in (2.29), with p = as in (2.28), and using (2.100), we estimate

t
Tl < ¢ /0 V201772 [V2(g — )], V2| 1] 46

t
< C/O @l e = @llmra [l 12 110 A6 (2.102)

< CynR§T =:Ci7.
The same exact estimate holds for I'! (¢); thus, from (2.101) we obtain that
Wa(d] < 2Cin+ |T5(0) = T2(@0)] . (2.103)

We further decompose

t
r2() - () = / (N@™™ G, ul" — u). ) d6
0

t
+/(N(fp('”‘z’,@u),u;’—ut)de (2.104)
0

=T} +THr) .

Next, we note that N(¢ "2, ¢, u) € L*(0,1;L?) for each ¢t €]0, T]; thus, (2.37)
implies that

Tt — 0. (2.105)

Finally, let Q C R?" be a domain such that supp(¢) C | — T,2T[xSQ. Then,
identifying functions with their restriction on €2,

t
() = / / N(p™2, g, u" — u) u" dxdt . (2.106)
0 JQ

By (2.49), u" — u in L*(0,T; H"%(Q)); in addition, H"*~2(Q) — L(Q) for

8 €]0,1[and g = 52% Thus, taking r such that

(2.107)
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(compare to (2.28); note that r > 2), we estimate

t
D) < ¢ /0 V20172 V2 o0 [V2(" — )15 1] 6

t
_2 ~
<c /0 D13 16 s 1 — sy o 6

(2.108)
T 1/2 T 1/2
<06 ([ e -ulgar) ([ i)
< C(p C(z ||Mn — M|IL2(O,T;H’”78(Q)) R() ﬁ .
From this it follows that
@ — 0 as n—o0. (2.109)
Inserting (2.105) and (2.109) into (2.104), we conclude that
I2()—T*@ — 0. (2.110)

Together with (2.103), this implies (2.98), when m > 3 (under the stipulation that
Lemma 2.2.1 holds).
4) We now consider the case m = 2, in which case (2.98) reads

t

lim [ (N(p,u"),u;)dd = /I(N((p, u), u;) do . (2.111)
0

n—>o0o 0

We recall that when m = 2 we assume that ¢ € C([0, T]; H>). Proceeding as we did
after the statement of Lemma 2.2.1, given > 0 we choose ¢ € D(] — T, 2T[xR*)
such that, as in (2.100),

N —o@)|s < 2.112
_max @ —¢@ls =n. (2.112)

and decompose

/0 (N(g.a), i) 6

==/W@—@wmww+/w@ﬂmmw (2.113)
0 0

C T2 +T8) .
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Asin (2.102),

t
D) < ¢ /0 V26 — @)oo V2|2 |} d6

t
< c/ lo — @15 "l 1o d6 (2.114)
0

§C77R%T.

Next, recalling (2.12) and (1.25),

o) = / NG). ) o = % / (0, M. 5) a6

01 r 10 r (2.115)

=- 5/ (A%, ¢)df = —5/ (A, 6)5 0,
0 0

where for r € N>, we denote by (-, -) (- the duality pairing between H~" and H".
Assume for the moment the validity of the following

Lemma 2.2.2 The distributional derivative A*f, is in L (0, T; H™), with

T T
/ (A%, 8)s) di = —2 / (N w). ) di 2.116)
0 0

forall & € L'(0, T; H?); in addition,
AT A%, in L®(0,T;H™) weak* . 2.117)

Then, we deduce from (2.115) and (2.116) that, as n — oo,

t t

e ——1 /0 (A, @) (5 d0 = /0 (N(@, u), u;) d6 . (2.118)
Together with (2.114), (2.118) implies (2.111); thus, (2.98) holds also for m = 2.
As seen in the first part of this proof, this is sufficient to conclude the proof of
inequality (2.88).
5) We now prove Lemma 2.2.2. To this end, we recall that f € Cuy ([0, T]; H?);
hence, by (1.45) of Proposition 1.1.2, A’)f € L®(0,T; H?) — L*®(0,T; H™?);
hence, we can define A%, € D'(0, T[; H?) = L (D(]0, T[: H~?)) as usual, by

(A*fi[y] W) = (=AY . w)e) . (2.119)
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where w € H? and for ¥ € D (]0, T[) we denote by L[] its image in H~2 by
a distribution L € D’(]0, T[; H~2). Recalling (2.38), we deduce from (2.119), via
Fubini’s theorem, that, up to subsequences,

(Nfily]w)e) = (=AY 1.w)e

T
- / v A i)
0

T
—/0 Y (A, W)y dt

T
= lim (— / (A W) dt) (2.120)
0

n—>oo

T
= lim (— / Y A AL w) o)
0

n—>o00o

= lim (= A%"[y . whe)

lim (A Y] w) e
n—oo
that is,
A" — A%, in D'(J0,T[H?). (2.121)

On the other hand, the sequence (Azﬁ”)n>1 is bounded in L*®(0, T; H™). Indeed,
let ¢ € L'(0, T; H). Then, as in (2.115),

T T
/ (A2 E) s di = —2 / (NG, ), €) dr
0 0 (2.122)
— -2 [ WGy
0
and since
[N, u"), u")| < C Voo |V2u"|2 [ul]2 < CRE L]l (2.123)

it follows that

| A%f] || oo .75y < 2 CRG . (2.124)
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Thus, again up to subsequences, there is A € L>®(0, T; H™) such that
A’f" — A in L®(0,T;H°) weak*. (2.125)

Comparing this to (2.121), we conclude that A%f, = A € L®(0, T; H™>), and (2.117)
follows from (2.125). This ends the proof of Lemma 2.2.2. O
6) We conclude the proof of Theorem 2.2.1 by giving a sketch of the proof
of Lemma 2.2.1. We recall that we wish to show the density of the space
D(]—T.2T[xR") in Co(] — T,2T[;H"). Thus, let u € Co(] — T,2T[;H"), and
extend it to a function & € Cy(R; H") by setting u(f) = 0ift < —T ort > 2T. We
approximate u by mollification and truncation. We first set

8t x) 1= [p% * (-, 0)](0) (2.126)

where p® is the Friedrichs’ mollifier with respect to ¢ [see (1.178)]. Then,
u* € D[R;H"), and u* — u in Cy(] — T,2T[; H"), which implies that
D( — T,2T[; H") is dense in Co(] — T,2T[; H"). Consequently, it is sufficient
to show that D (] — 7, 2T[xR") is dense in D(] — T, 2T[; H") with respect to the
topology of Cy(] — T,2T[; H"). To this end, given v € D(] — T,2T[; H"), we set
[compare to (2.126)]

Vit x) =) [pf * v, )] (x), §>0, (2.127)

where now ¢% € C°(RY), with 0 < ¢%(x) < 1forallx € RY, £3(x) = 1 for x| < 1,
and £%(x) = 0 for |x| > %, and, now, p’ is the Friedrichs’ mollifier with respect to
x. Then, v* € D (] -T, 2T[XRN), and v* — v in C([ty,;]; H") for any compact
interval [to, ;] C] — T, 2T[.? This ends the proof of Lemma 2.2.1; consequently, the
proof of Theorem 2.2.1 is now complete. O

Remark We explicitly point out that the proof of Theorem 2.2.1 shows that u and u,
would be continuous at any #, such that either

®(u(to)) = P(u(0)) +2 /0 (N, u),u;) d6 (2.128)

that is, at any point where (2.88) holds as an equality, or

P(u(t)) = lim P(u" (1)) (2.129)

20ne way to see this is to argue exactly as in the proof of the claim u* — u in C([0, T]; H™) of
Theorem 1.7.1 of Cherrier and Milani, [8, Chap. 1].
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[compare to (2.92)]. Indeed, if (2.128) holds, using (2.88) we can repeat the
estimates (2.89) and (2.90), with £, instead of 0, to deduce that

D(u(ty)) < lim iff D (u(r)) < limsup ®(u(r))

=1, r—>r:' (2 130)
< limsup G(r) = G(ty) = D(u(ty)) , .
+
=1

where (2.128) is used for the last step. Hence, the function r +— ®(u(z)) is
continuous at fy; together with the weak continuity of u, u, and f from [0, 7] into
H™, [? and H", respectively, this is enough to deduce the continuity of x and u, at
to. Alternately, (2.129) would be the analogous of (2.96) at #y. In particular, both
conditions (2.128) and (2.129) hold at 7y = 0. o

2.3 Uniqueness Implies Continuity

We conclude by proving the third claim of Theorem 1.4.1; that is,

Theorem 2.3.1 Letm > 2andT > 0. Assume that for each choice of data uy € H™,
u; € L* and @ € Smo(T), there is only one weak solution u € Y,,o(T) to problem
(VKH). Then u € X,,o(T).

Proof We argue as in Majda, [23, Chap. 2, Sect. 1]. Because of Theorem 2.2.1, it is
sufficient to prove the continuity of u and u, [in the sense of (2.86) and (2.85)], at
any t €]0, T1.

a) To show the left continuity of u and u, at fy, we note that the function v(¢) :=
u(to — t) solves problem (VKH) on the interval [0, #y], with initial data v(0) =
u(tp) and v,(0) = —u,(ty) (recall that if u € YV, 0(T), then u(ty) and u,(t) are, for
each fy € [0, T], well-defined elements of, respectively, H" and L?). The assumed
uniqueness of weak solutions in V,, o(T) implies that v coincides with the solution
provided by Theorem 2.1.1, which by Theorem 2.2.1 is right continuous at t = 0.
Thus,

lim u(r) = lim v(6) = v(0) = u(t) in H". (2.131)
1=t 9—0t
Analogously,
lim u,(r) = — lim v,(0) = —v,(0) = u,(tp)  in L>. (2.132)
=1, 6—0t

This shows that u and u, are left continuous at ¢t = 1.
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b) To show the right continuity of u and u, at #y, with 0 < #y < T, we note that
the function w(f) := u(ty + t) solves problem (VKH) on the interval [0, T — fo],
with initial data w(0) = u(#) and w,(0) = u,(ty). Again, the assumed uniqueness
of weak solutions in ), o(7) implies that w coincides with the solution provided by
Theorem 2.1.1, which by Theorem 2.2.1 is right continuous at = 0. Thus,

lim u(r) = lim w(6) = w(0) = u(ty) in H™. (2.133)
— 6—0+
Analogously,
lim w,(r) = lim w;(#) = wi(0) = u,(try) in L>. (2.134)
t—>t6"' 6—0+
This shows that u and u, are right continuous at t = fy. Hence, u and u, are

continuous at ¢ = fy. This concludes the proof of Theorem 2.3.1 (which in fact is
really a corollary of Theorem 2.2.1), and Theorem 1.4.1 is now completely proven
as well. a

Remark By part (2) of Proposition 1.4.1, the strong continuity of u, , and f from
[0, T] into, respectively, H", [* and H™, would follow if u satisfied the same
identity (2.27) satisfied by its Galerkin approximants u"; that is, if

d -
3 Ullg + Nulls, + 52 IV7F1G) = 20N (@™ w) + wor) (2.135)

which yields (2.128). However, (2.135) is formally obtained from Eq.(13) via
multiplication by 2 u, in L?, and none of the individual terms of (13) need be in
L? if u € Y, 0(T) only. In fact, the usual procedure of obtaining (2.135) by means
of regularization via Friedrichs’ mollifiers fails, precisely because we are not able
to determine whether N(f, u"~") € L2, or not [in general, we can only prove that
this nonlinear term is bounded from [0, T] into L!, as we see from the estimate

INCE, u™ )|y < C |V [Vl
< CIV"f|y [lu|m!
< Clul2, (2.136)

which follows from (1.73) and (1.117)]. Thus, we do not know whether (2.135)
holds or not, and the problem of the continuity (as well as, of course, that of
uniqueness) of weak solutions u € Y, 0(T) to problem (VKH) remains open. <o
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