Chapter 2
Managing a Portfolio of Risks

2.1 Introduction

Basic ideas concerning risk pooling and risk transfer, presented in Chap. 1, are
progressed further in the present chapter, mainly with the following purposes:

1.

to discuss key features of premium calculation when non-homogeneous port-
folios are concerned, namely portfolios consisting of risks with various claim
probabilities;

. to analyze, more deeply, the riskiness of a portfolio and the tools which can be

used to face potential losses, in particular introducing the role of the shareholders’
capital;

. to illustrate the possibility, for an insurance company, to transfer, in its turn, risk

of losses to another insurer, namely the possibility to resort to reinsurance;

. to address dynamic aspects of the management of insurance portfolios in a multi-

year context.

As we will see, the actions undertaken by an insurer in order to deal with potential

losses (see points 1 and 3 above) constitute important examples of risk management
actions, in the specific framework of insurance risk management.

The “basic” insurance cover, namely the cover related to Case 2 (Possible loss

with fixed amount) widely used in Chap. 1, will still be addressed while dealing with
the issues mentioned above, in order to keep the presentation at an acceptable level
of complexity.

2.2 Rating: The Basics

2.2.1 Some Preliminary Ideas

We refer to a portfolio of “basic” insurance covers, as defined in Chap. 1 (see, in par-
ticular Case 2 in Sects. 1.2.3, 1.4.2, 1.6.1 and 1.7.2), and we focus on the calculation
of net premiums (i.e., not including loadings for expenses).
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We assume that, for each risk, the premium is proportional to the benefit (that
we also call the “sum insured”) paid in the case of a claim. Denoting (as in Chap. 1)
with x the benefit for the generic risk, the premium is then given by xp, where the
quantity p represents the premium for one monetary unit of benefit. In the insurance
language, p is commonly called the premium rate.

The following are natural choices:

a. set p equal to the probability of a claim, p, as implied by the equivalence principle
(see, for example, Sect. 1.7.4 and formula (1.7.3) in particular), implemented on
the realistic basis;

b. set p equal to the adjusted probability of a claim, p/, so that riskiness is accounted
for via an implicit safety loading (see formula (1.7.14) in particular).

Although we now do not deal with implicit safety loadings, the first choice is not
the only feasible one, as we will see in the next sections. Anyhow, the premium rate
should reflect, at least to some extent, the probability of a claim. As a consequence,
a number of premium rates, py, P2, . . ., should be used for calculating the premiums
for risks with various claim probabilities. The set of rules which link the premium
rates to the claim probabilities constitutes a rating system. The rating system is the
basis underlying the construction of an insurance tariff (which also includes loading
for expenses, possible discounts, and so on).

2.2.2 The Portfolio Structure

We refer to a portfolio P which consists of n basic risks. As usual, let X  denote the
random loss and hence the benefit for the jth risk:

X0 — x9in the c.ase of claim 2.1

0  otherwise

Let p¥) denote the (realistic) claim probability for the risk j:
PV =Px¥ = x0 (2.2.2)
The total portfolio payout is given by:

n .

xPh="%"x0 (2.2.3)
j=1

and the portfolio result (whatever the premium calculation principle and the premium
rates) by:

7Pl — ToTAL PREMIUM INCOME — X P! (2.2.4)
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The expected portfolio result is then expressed by:

E[Z"] = ToTAL PREMIUM INCOME — E[XP]]
n
= TOTAL PREMIUM INCOME — z E[XY]
i

(2.2.5)

2.2.3 Homogeneous Risks

First, we assume that the n risks, which constitute the portfolio, are homogeneous in
probability. Hence:

p(i)zp for j=1,2,...,n (2.2.6)

According to the equivalence principle, implemented on a realistic basis, the net
premium for the jth risk, P?, is then given by:

PO =KXV =xDp 2.2.7)

Thus, the premium rate is equal to the (realistic) probability p, so that no safety
loading is included in the premium.

At the portfolio level, the premiums expressed by (2.2.7) lead to the so-called
technical equilibrium (clearly, in terms of expected value). Indeed, we have

n n
E[Z[P]] — Zp(i) _ ZE[XU)] =0 (2.2.8)
j=1 j=1
Thus:
TOTAL PREMIUM INCOME = TOTAL EXPECTED OUTGO 2.2.9)

Equation (2.2.9) expresses the equivalence principle at the portfolio level.

2.2.4 Non-homogeneous Risks

We now shift to non-homogeneous portfolios, namely portfolios consisting of risks
with various claim probabilities. For simplicity, we refer to a portfolio P which
consists of n1 risks with claim probability p1, and n; risks with claim probability p>.
Let n = n; 4 ny. Without loss of generality, we assume p; < p3.
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The portfolio P can be split into two homogeneous sub-portfolios, P1 and P2,
whose total payments are respectively given by:

ni
xPI = ZXU) (2.2.10a)
j=1
n
xP2l — z x® (2.2.10b)
j=n1+1

Further, the related random results are given by:

ZP1l — TOTAL PREMIUM INCOME IN P1 — X[P1I (2.2.11a)

7P2l — TOTAL PREMIUM INCOME IN P2 — X[P2] (2.2.11b)

The obvious choice for premium calculation consists in charging each risk with
a premium calculated according to the related claim probability. This means that we
set:

e in the sub-portfolio P1, i.e., forj=1,2,...,n;:
PP =E[xD] = xD p, (2.2.12)

e in the sub-portfolio P2, i.e.,forj=n; + 1,n1 +2,...,n:

PP =E[xD] =x? p, (2.2.13)
We have:
np ni
E[zP] = Zp(i) _ ZE[X(I')] =0 (2.2.14a)
j=1 Jj=1
n ) n .
E[zP?] = Z pi _ Z ExX?1=0 (2.2.14b)
Jj=n1+1 Jj=ni+1

The random result for the portfolio P is given by:
zIPl — ZIP1] | 7IP2] (2.2.15)

We then find:
Ez®P = gz + £z =0 (2.2.16)

Hence, the premiums defined by (2.2.12) and (2.2.13) ensure the technical equi-
librium, as expressed by (2.2.9), in both the sub-portfolios P1 and P2, and then, of
course, in the whole portfolio P.
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The technical equilibrium within each sub-portfolio is the natural consequence
of adopting the equivalence principle, and implementing this principle with the
appropriate claim probabilities. Conversely, the target of achieving the technical
equilibrium within each sub-portfolio can be interpreted as a constraint in the pre-
mium calculation, and, as such, can be “relaxed,” or replaced by weaker constraints.

In particular, we can assume that our aim is charging all the risks with the same
premium rate, p. This premium rate cannot ensure the equilibrium in each sub-
portfolio; hence, the target is now the equilibrium within the whole portfolio P.
Clearly, we will find p; < p < p3.

Possible aims of such a rating system are the following ones:

e simplify the insurance tariff;
e charge “reasonable” premiums to risks with a high claim probability, transferring
part of the cost to risks with a low claim probability.

We also note that such a system may be mandatory, i.e., imposed by the insurance
regulation, for some specific lines of business.
The premium for the jthrisk, j = 1, 2, ..., n, is then given by

PO =x0p (2.2.17)
We have: ; n
7Pl — Z pi _ Z X0 = p wa Z x® (2.2.18)
j=1 j=1 j=1
and:
n .
EZP) =5 x9 — | py Zx“’ +p Z (2.2.19)
j=1 Jj=n1+1

Our target is the technical equilibrium in the portfolio P:
EzPl1=0 (2.2.20)

‘We then find:

n
pY x| py Zx(’) +m Z =0 (2.2.21)
j=1

Jj=ni+1



80 2 Managing a Portfolio of Risks

and finally: o ) -
P> A0 X0

j=n1+1
n A
z O
=1

Hence, the premium rate p is the arithmetic weighted average of the probabilities
p1 and p;, and the weights are given by the total amount of sums insured in the
sub-portfolios P1 and P2 respectively.

It is interesting to note that, if all the sums insured are equal to x, formula (2.2.22)
reduces to

= (2.2.22)

p=p—+p— (2.2.23)

Thus, the premium rate p is the arithmetic weighted average of the probabilities pj
and py, weighted by the sub-portfolio sizes.

2.2.5 A More General Rating System

Rating systems defined by formulae (2.2.12), (2.2.13) and, respectively, (2.2.17)
constitute particular cases of a more general structure.

In order to define a rather general rating system, let p;, p» denote two premium
rates, charged to risks with claim probability pi, p» respectively. Premiums are then
given by the following formulae:

e in the sub-portfolio P1,i.e., forj=1,2,...,n;:
PV =xV) p; (2.2.24)
e in the sub-portfolio P2, i.e.,forj=n; +1,n1 +2,...,m:
PP = x0 p, (2.2.25)
Let the following inequalities hold:
PI<PIL<pP2<p2 (2.2.26)
Assume that the premium rates p; and p; ensure the technical equilibrium in the

portfolio P, that is, E[Z [P1] = 0. Then, p1 and pr must be solutions of the following
equation:
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plzx(’)ﬂvz Z x — Plzx(’)-f-pz Z -0 (2227

j=n1+1 j=n1+1

In particular, if all the sums insured are equal to x, formula (2.2.27) reduces to:
piny + pany = piny + pana (2.2.28)

which can also be written as follows:

Pt =g Sy (22.29)
n n n n
Thus, the weighted arithmetic mean of the premium rates p; and p» must be equal
to the weighted arithmetic mean of the claim probabilities p; and p,, with the same
weights.
We note that:

e setting p1 = p1 and py = p», we find the “natural” rating system, with premiums
differentiated according to the claim probabilities (see (2.2.12) and (2.2.13));

e setting p; = p», we find the system with just one premium rate (see (2.2.17));

e to find other rating systems, only the cases such that

P1 <p1<p2<p2 (2.2.30)

have to be considered.

We note, from Egs.(2.2.27) and (2.2.28), that the unknowns p; and p> cannot
be univocally determined. Then, an additional condition is required, for example,
p1 =apy,orp; = py — B, witha < 1, 8 > 0, and such that inequalities (2.2.30)
are fulfilled.

Clearly, the aim of such a rating system is to keep premium rates differentiated,
while charging a “reasonable” premium to risks with a higher claim probability, and
then transferring part of the cost to risks with a lower probability.

Remark Although inequalities (2.2.30) are quite reasonable, in principle we could also assume,
PL<pi<pr<p2 (2.2.31)

that is, aiming to “reward” risks with a low probability, while “penalizing” risks with a high prob-
ability.

2.2.6 Rating Systems and Technical Equilibrium

When rating systems other than those constructed by setting the premium rates equal
to the claim probabilities are adopted, problems concerning the technical equilibrium
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may arise. To discuss such problems, we refer, for simplicity, to a portfolio in which
all the sums insured are equal to x.

Looking at Egs.(2.2.23) and (2.2.28), we note that the premium rate p and the
premium rates pi, pp depend on the sizes n; and n; that we have assumed for the
two sub-portfolios P; and P,. However, when the premiums, based on the premium
rate p or p1, p2, are charged to a group of new applicants for the insurance cover, the
actual sizes of the sub-groups of risks with claim probability p; and p; respectively
are unknown. Thus, n; and n; should only be understood as estimates of the actual
numbers of applicants.

Let n}, n} denote the actual sizes of the sub-groups, and n* = nj 4 n3. If

ny ny om
—_ = — and then = = — (2.2.32)
n n* n

the technical equilibrium is ensured, as the relative sizes of the actual groups coincide
with the estimated relative sizes (see formulae (2.2.23) and (2.2.29)).
Conversely, assume that

ny  ong ny, , n
£ — and then —= #£ —= (2.2.33)
n* n n* n

In this case, the technical equilibrium is not achieved. In particular, if

ntom n, _m
— < — and then —= > — (2.2.34)
n* n n* n

a negative expected result follows. In formal terms, referring to the portfolio P, the
following relations hold.

e In the case of one premium rate p:

TOTAL PREMIUM INCOME = xn* p = x (n} p + n} p)
TOTAL EXPECTED OUTGO = x (n} p1 + 13 p2)
EXPECTED PORTFOLIO RESULT = x (n} (b — p1) + n3 (b — p2))

e In the case of two premium rates pp, pa:

TOTAL PREMIUM INCOME = x (n} p1 + 15 p2)
TOTAL EXPECTED OUTGO = x (n} p1 + 1} p2)
EXPECTED PORTFOLIO RESULT = x (nf (b1 — p1) + 3 (b2 — p2))

Example 2.2.1 Two different rating systems, A and B, are defined. Both the systems
are constructed by assuming that the number of risks with the lower probability, p1,
is twice the number of risks with the higher probability, p;, that is, n; = 2ny; see
Table?2.1.
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Table 2.1 Claim probabilities and premium rates

ni ny p1 P2 Rating A Rating B
P Pl P2
4000 2000 0.005 0.008 0.006 0.0055 0.007

Table 2.2 Expected outgo, premium income, and expected portfolio result

ny ny Expected Premium income Expected result
outgo

Rating A Rating B Rating A Rating B
8000 4000 72000 72000 72000 0 0
3000 3000 39000 36000 37500 —3000 —1500

Table2.2 shows the total expected outgo, the total premium income, and the
expected portfolio result, referred to two actual portfolios P, the first one leading
to an equilibrium situation, whilst the second one (for which inequalities (2.2.34)
hold) implies an expected outgo greater than the premium income, whatever the
rating system adopted, and hence a negative expected result. As regards the portfolio
leading to a non-equilibrium situation, the system A obviously implies a higher
loss. QO

A practical problem: is the situation described by inequalities (2.2.34) a likely
one? The following points provide an answer to this critical question.

e The (expected) equilibrium at the portfolio level is based on a transfer of money
(shares of premiums) from insureds charged with a premium higher than their
“true” premium, i.e., the premium resulting from the probability of a claim, to
insureds charged with a premium lower than their “true” premium. In the technical
language, such a transfer of money is called solidarity (among the insureds). In
particular, referring for simplicity to the case of one premium rate p, the generic
insured with claim probability p; transfers to the pool the amount

SV =xDp—xDp; >0 (2.2.35)

whereas the pool transfers to the generic insured with claim probability p, the
amount ' ' '
SV =xDp—xDpy <0 (2.2.36)

The amounts S Y) and Sg ) are usually called solidarity premiums (positive and
negative, respectively).

e Rating systems based on solidarity may cause self-selection, as individuals forced
to provide solidarity to other individuals can reject the policy, moving to other
insurance solutions (or, more generally, risk management actions). The resulting
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effect is a portfolio with a (relative) prevalence of risks with the higher claim prob-
ability. Thus, from the insurer’s point of view, self-selection constitutes adverse
selection.

e The severity of this self-selection phenomenon depends on how people perceive the
solidarity mechanism, as well as on the premium systems adopted by competitors
in the insurance market.

e So, in practice, solidarity mechanisms can work provided that they are manda-
tory (for example, imposed by insurance regulation) or they constitute a common
market practice.

2.2.7 From Risk Factors to Rating Classes

The rating system defined by formulae (2.2.17)—(2.2.23) adopts one premium rate p
versus two claim probabilities py, p2. The underlying rationale can be extended to
more general situations.

When we define a “population,” we have to adopt a rigorous criterion to decide
whether a given “individual” belongs to the population (i.e., is a “member” of the
population) or not. For example, the population can be defined as consisting of all
males currently alive, born in Italy in the period 1950-1970. Although the definition
is rigorous, we are aware that the population consequently defined is rather hetero-
geneous, in particular with regard to the risk of death. Indeed, individuals can have
various ages, can be more or less healthy, can have a more or less risky occupation,
etc. Thus, we can recognize various risk factors(age, current health conditions, occu-
pation, and so on), which should be taken into account when stating, for example,
the individual probability of dying within one year.

Problems concerning heterogeneity and the use of risk factors in life and non-life
insurance calculations will specifically be addressed in Chaps.3, 4 and 9. Now, we
just provide a first insight into the role of risk factors in the pricing procedures.

We assume that each risk factor can take one out of a given (integer) number of
“values,” either scalar (e.g., the age) or nominal (e.g., the gender). Figure 2.1 refers
to a population for which three risk factors have been initially recognized, with 4,
3, and 2 values, respectively (each factor is represented by a coordinate). Thus, the
population has been split into 4 x 3 x 2 = 24 risk classes (see panel (a)).

In principle, a specific claim probability, and hence a specific premium rate, should
be determined for each risk class. However, the resulting tariff structure could be
considered too complex, or some premium rates too high. Then, a first simplification
could be obtained disregarding one of the risk factors; see Fig. 2.1, panel (b), which
shows that risk factor 3 has been disregarded. A further grouping of risk classes is
illustrated by panel (c), in which we see the grouping of some values of risk factors
1 and 2. As the final result, the population is split into 3 x 2 = 6 rating classes.

When two or more risk classes are aggregated into one rating class, some insureds
pay a premium higher than their “true” premium, i.e., the premium resulting from
the risk classification, while other insureds pay a premium lower than their “true”
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Fig. 2.1 From risk factors to
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premium. Thus, the equilibrium inside a rating class relies on a money transfer among
individuals belonging to different risk classes. As mentioned above, this transfer is
usually called solidarity (among the insureds).

When the rating classes coincide with the risk classes, the rating system is “tai-
lored” on the features of each insured risk (at least to the extent these features can
be detected), and no solidarity transfer works. Conversely, the solidarity effect is
stronger when the number of rating classes is smaller, compared with the number of
risk classes.

Remark Even if the rating classes coincide with the risk classes, a “residual” heterogeneity still
affects the insured risks inside each rating class, because of the presence of unobservable risk factors;
for example, genetic characteristics as regards mortality, personal attitude to cause accidents in car
insurance, and so on. Thus, an unavoidable degree of solidarity among insured risks is implied by
unobservable risk factors, whatever the number of rating classes.

The residual heterogeneity (and hence the solidarity) can be reduced if the individual claim
experience allows the insurer to “learn” about the features of each insured risk. In particular, in
non-life insurance rating classes can be defined, for example, accounting for the numbers of claims
experienced in the previous years. So, an individual experience rating (also called merit rating in
car insurance) determines an a-posteriori risk classification, whereas an a-priori risk classification,
based on rating factors known in advance, works at policy issue. This topic will be specifically dealt
with in Chap. 9.

In the field of private insurance, an extreme case is achieved when one rating
class only relates to a large number of underlying risk classes. Outside the area of
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private insurance, the solidarity principle is commonly applied in social security. In
this field, the extreme case arises when the whole national population contribute to
fund the benefits, even if only a part of the population itself is eligible to receive
benefits; so, the burden of insurance is shared among the community.

2.2.8 Cross-Subsidy: Mutuality and Solidarity

Mutuality and solidarity constitute two forms of cross-subsidy among the insureds
(or, in general, among the members of a pool). However, some important points
should be stressed in order to single out the different features of these forms of
cross-subsidy.

First, mutuality is an implication of the pooling process (and, in particular, of the
risk transfer to an insurance company), as clearly emerges in Sect. 1.7.4. Conversely,
solidarity among the insureds is the straight consequence of the adoption of a rating
system with a number of rating classes smaller than the number of risk classes. So,
the presence and the magnitude of solidarity effects strictly depend on the tariff struc-
ture (see, in particular, the amounts of solidarity premiums, expressed by formulae
(2.2.35) and (2.2.36)).

Second, it is worth noting that the mutuality affects the benefit payment phase, so
that the “direction” and “measure” of the mutuality effect in a portfolio (or, in general,
in a pool of risks) are only known ex-post. Conversely, the solidarity (possibly) affects
the premium income phase, and hence its direction and measure are known ex-ante.

Figure 2.2 illustrates cross-subsidy in a pool of insured risks.

Individual risks Pool of risks
[ ]
o o .
® .. .. o ® Underwriting
o0 PY :>
o % .. [
[ N J
Applying the tariff
Pool split into rating classes
CLAMS, Claim settlement
CLAIM FREE VGAigiﬁgii

17 MUTUALITY SOLIDARITY

Fig. 2.2 Mutuality and solidarity in a pool of insured risks
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2.3 Facing Portfolio Riskiness

Risks inherent in the results obtained by managing a pool of risks have been already
discussed in Chap. 1 (see Sect. 1.6). We now turn back on these issues, referring to a
portfolio of insured risks. In particular, we focus on the following aspects:

e what are the “components” of the risk inherent in portfolio outgoes (and hence in
portfolio results);
e what are the elements of an appropriate toolkit for managing this risk.

2.3.1 Expected Outgo versus Actual OQutgo

We consider a portfolio of n basic insurance covers (see Case 2 in Sects. 1.7.2 and
1.7.4), in which all the sums insured are equal to x, and we assume that the portfolio is
homogeneous with respect to the claim probability; we denote with p this probability.

k
Let f denote the observed relative claim frequency, i.e., f = —, where k is the

n
observed number of claims. If f = p, the equilibrium is actually achieved (of course,
provided that the premium rate is set equal to p), as the actual outgo, given by nxf,
is equal to the expected outgo, nxp, and hence to the premium income. Indeed, we
have

n
> PV = nxp = nxf (2.3.1)
j=1

Conversely, we may find that f 7 p, and clearly our concern is for the case f > p.
Figure 2.3 sketches three portfolio stories in which we find that, in various years,
f # p. Reasons underlying this inequality may be quite different in the three stories.

e In Fig.2.3a, we see that the observed claim frequency randomly fluctuates around
the probability, namely around the expected frequency. This possibility is usually
denoted as the risk of random fluctuations, or the process risk.

(a) random fluctuations (b) systematic deviations (c) catastrophe event
(+ random fluctuations) (+ random fluctuations)

frequency

~ frequency
.
L]

~ frequency

<

time time time

Fig. 2.3 Observed frequency versus probability
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e On the contrary, Fig.2.3b depicts a situation in which, besides random fluctuations,
we see “‘systematic” deviations from the expected frequency; likely, this occurs
because the assessment of the probability p does not capture the true nature of the
insured risks. This possibility is usually called the risk of systematic deviations, or
the uncertainty risk, referring to the uncertainty in the assessment of the expected
frequency.

e InFig.2.3c, the effect of a “catastrophe,” which causes a huge number of claims in a
given year, clearly appears. This possibility is commonly known as the catastrophe
risk.

2.3.2 Risk Components and Risk Factors

Three risk components have been singled out, namely: the risk of random fluctuations,
the risk of systematic deviations, and the catastrophe risk.

All the components impact on the monetary results of the portfolio. However, the
severity of the impact strongly depends on the portfolio structure, and the portfolio
size in particular.

e The severity of the risk of random fluctuations decreases, in relative terms, as
the portfolio size increases. This feature is the direct consequence of the risk
pooling (see Sect. 1.6.1), and thus is commonly known as the pooling effect, or the
diversification via pooling. Nevertheless, the distribution of the sums insured plays
an important role in determining the absolute and the relative portfolio riskiness,
as we will see in Sects.2.3.3 and 2.3.4.

e The severity of the risk of systematic deviations is independent, in relative terms,
of the portfolio size (as we will see in Sect.2.3.11). Indeed, systematic deviations
affect the pool as an aggregate. Conversely, the total impact on portfolio results
increases as the portfolio size increases.

e The severity of the catastrophe risk can be higher due, for example, to a high
concentration of insured risks within a geographic area.

The portfolio size, the distribution of the sums insured, and the geographic con-
centration are portfolio characteristics which determine a more or less severe impact
of risk causes and related components on the total payout. These (and other) charac-
teristics are named risk factors.

Remark We note that the expression “risk factors” has a rather broad meaning, as it can be
used to denote characteristics of individual risks (see Sect.2.2.7), as well as to denote portfolio
characteristics (as mentioned in the present section). In both the cases, however, a risk factor
determines some quantitative features of a monetary result: for example, the probability of a loss
for an individual risk, and the probability distribution of the total payout for a portfolio of risks.

In the following sections we focus on the risk of random fluctuations.

Example 2.3.1 The distributions of the sums insured in three portfolios are sketched
in Fig. 2.4. We assume that the average sum insured, x, and the number of risks, n, are
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Portfolio 1 Portfolio 2 Portfolio 3

Sum insured
Sum insured
Sum insured

LTI 1 [

1 2 3 4 ... ...oon 1 2 3 4 ... ...on 1 2 3 4 ... ....on
Policy # Policy # Policy #

Fig. 2.4 Distribution of the sums insured in three portfolios

the same in the three portfolios. In spite of these common characteristics, intuitively
the risk of random fluctuations has an impact which only depends on the size n in
Portfolio 1, a more severe impact in Portfolio 2, and an even more severe impact
in Portfolio 3. Indeed, the actual total payout in Portfolio 1 only depends on the
number of claims in the portfolio itself, whilst it does not depend on which policies
are affected by claims. Conversely, in Portfolios 2 and 3 the total payout does depend
on which policies are affected by claims, and, in particular, in Portfolio 3 the huge
amount insured in one policy can jeopardize the pooling effect. These aspects will
be analyzed in Sects.2.3.3 and 2.3.4.Q

2.3.3 Risk Assessment

We still refer to a portfolio of n basic insurance covers; for the generic cover, the
insurer’s random payment is given by

(2.3.2)

X0 — x%)  in the case of claim
"o otherwise

where x¥) is the sum insured.
‘We assume that:

e the portfolio is homogeneous with respect to the claim probability, denoted with
D; ‘
e claims and hence random numbers X) are independent each other.
Let P%) denote the expected value of X) (namely, the equivalence premium
according to the realistic basis), thus

PV =E[x"] = x(j)p (2.3.3)
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Moving to the portfolio level, we denote with X! the total payment

n
xPT — ZX(/) (2.3.4)
j=1

whose expected value, denoted by PI¥! is given by
n n
PP =ExP =p> " x0 =>" p0 (2.3.5)
j=1 j=1
Our first aim is to quantify the portfolio riskiness, in order to determine an appro-
priate safety loading. In general, a basic information about riskiness is obviously
provided by the variance of the total payment.
For the generic insured risk, the variance of the random payment is given by
Var[X?] = )2 p (1 = p) (2.3.6)
Then, for the total payment, thanks to the independence assumption, we find
Var[XP] = ZVaI[X(’)] =p(—p) Z(x(’))z (2.3.7)
j=1 j=1
It is interesting to analyze the link between the variance of the total payment and

the structure of the portfolio itself, in terms of the sums insured. We denote with X
the average sum insured, namely

l —
T )
%= Zx (2.3.8)
j=1
and with ¥ the second moment of the distribution of the sums insured, that is,
1 n
-2 _ 1 ()2
x p Z(x ) (2.3.9)
j=1
Finally, we denote with v the variance of the distribution of the sums insured

|
= 0 _ 5)2 2.3.10
v njz_lj(x X) ( )
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which can also be expressed as follows:
v=3x® — (%)? (2.3.11)

From relations (2.3.7)—(2.3.11), it follows that
VarX®1] = np (1 = p) 5@ = np (1 = p) (v n ()_6)2) (2.3.12)

Thus, for a given portfolio size n and a given average sum insured x (and hence a
given value of (¥)?), the variance of the total payment is lower when the variance of
the sums insured, v, is lower. In particular, we find the minimum variance Var[X (P1)
when v = 0, that is, when all the policies have the same sum insured. Note that, in this
case, the actual total payment (and hence the actual portfolio result) only depends
on the number of claims in the portfolio, whilst it does not depend on which policies
are affected by claims (see also Example 2.3.1).

2.3.4 The Risk Index

As shown in Sect. 1.6.1, an interesting insight into the riskiness of a pool of risks
(and thus a portfolio of insured risks, in particular) is given by the coefficient of
variation of the total payment, X'*. The coefficient of variation provides a measure
of relative riskiness, i.e., riskiness related to the expected value of the total payment.
As already mentioned, the coefficient of variation is also called, in the actuarial
literature, the risk index. We will denote it with p (reference to the portfolio payment
X1 i understood). Hence,

[P]
_ Ply _  Var[X[P1] o
p=CV[X"'] = —E[X[P]] = _P[P] (2.3.13)

where oP! denotes the standard deviation of the total payment.

We now analyze some aspects of the link between the risk index and the portfolio
structure. We still refer to the portfolio defined in Sect.2.3.3.

From Egs. (2.3.5) and (2.3.7), we find

1— \/ 2 1(%(’))2 1—p /3@
p= - i (2.3.14)
1 X np X

From (2.3.14) we note that, for a given portfolio size n and a given average sum
insured ¥, the risk index p is higher when X¥® is higher, and thus the variance v
of the distribution of the sums insured is higher (see the conclusions after formula
(2.3.12)).
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Example 2.3.2 Tables2.3, 2.4 and 2.5 refer to three portfolios, all with the same
average sum insured, x = 1000; in all the portfolios, the claim probability is
p = 0.005. However, the three portfolios have different sizes, or structures in terms
of sums insured. Various typical values (among which the risk index) summarize the
total payment and the inherent risk.

By comparing the results in Table2.3 to those in Table 2.4, we clearly perceive
the magnitude of the pooling effect. Conversely, by comparing results in Table 2.3
to those in Table 2.5, we can see the effect of heterogeneity in the sums insured. Q

What can we say, in general terms, about the range of values of the risk index p,
for a given portfolio size n and a given claim probability p? First, it can be proved

that
S a0y
n g XU

Then, from these inequalities, it follows that

= =
Pep< =22 (2.3.16)
V p v »p

As regards the lower bound, we have already shown that it is actually reached if
(and only if) all sums insured are equal (see Sect. 1.6.1). As regards the upper bound,
note that, if one sum insured “diverges” (ceteris paribus), we have:

s 0)?

(2.3.15)

- ) — 1 (2.3.17)
Zj: 11X
and hence
1—
p— [P (2.3.18)
p
Table 2.3 Portfolio A
Number of policies Sum insured Typical values
100 000 1000
X =1000
v=0

PFI = g[xP1] = 500000

olPl = \/Var[XTPI] = 22304
olPl

P = prel

= 0.0446
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Table 2.4 Portfolio B

Number of policies Sum insured Typical values
10000 1000
X =1000
v=20

PPI = E[xP1] = 50000

ol = \/Var[XP1] = 7053

oIPI
P= oy = 0.1411
Table 2.5 Portfolio C
Number of policies Sum insured Typical values
70000 500
25000 1000
5000 8000
X =1000
v = 2625000

PP = E[xP1] = 500000

oPl = /Var[XP1] = 42467
_ol?
P = ﬁ

= 0.0849

In more practical terms, when just one sum insured is extremely high if compared
to the other sums, the advantage provided by the portfolio size vanishes, so that the
riskiness of the portfolio is roughly equal to the riskiness of a portfolio consisting of
just one policy (see also Example2.3.1).

Hence, we can conclude stating that the relative riskiness reduces as the portfolio
size increases, provided that each individual position (and the related contribution to
the riskiness) becomes negligible in respect of the overall portfolio.

2.3.5 The Probability Distribution of the Total Payment

More information about the riskiness of a portfolio can be achieved via the probability
distribution of the total payment X'P!. Deriving this probability distribution is, in
general, a rather complex problem. Then, we restrict our attention to a particular
case, and to the use of approximations.

We assume that our portfolio, which consists of n independent risks, is homo-
geneous with respect to both the probability, p, and the sum insured, x. Hence, the
random total payment can be expressed as follows:

XP = Kx (2.3.19)
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where K denotes the random number of claims in the portfolio.
Thanks to the hypothesis of independence, K has a binomial distribution, thus

K ~ Bin(n, p) (2.3.20)

and hence
PIX™® = kx] = P[K = k] = (Z)pk A=p" % k=0,1,....,n (2321)

In order to get more tractable calculation procedures, various approximations to
the binomial distribution can be used. In particular, for a large size n and small
probability p, the Poisson distribution can be adopted. Thus, we can assume

K ~ Pois(}) (2.3.22)
and hence
Ak
PXPN = kx] = e o k=01, (2.3.23)
with
A =np (=expected number of claims in the portfolio) (2.3.24)

Further, the normal distribution provides an approximation, which relies on the
Central Limit Theorem. Then,

X~ _y (PPl 5Pl (2.3.25)

where
PPl — EixPl) = nxp (2.3.26)
ol = \/Var[XP1] = x /np (1 — p) (2.3.27)

Hence

x[P1 _ pIP]
i ~ A4(0,1) (2.3.28)
o

So, we have, for example,

xIP1 _ pIP]
P |:Zl <—m < Zz} =D y0,1)(@2) — P yo1(z1) (2.3.29)
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where ®_y (o,1)(z) denotes the cumulative distribution function, namely

1 Z u2
®r01@) = = / % du (2330)
Vv —0Q

The normal approximation can also be adopted in more general cases, e.g., for
portfolios of insured risks with various sums insured and/or various probabilities of
claim.

The goodness of some approximations is briefly discussed via numerical exam-
ples, in the Appendix of this chapter.

Some interesting results can be achieved looking at how the risk index enters
probabilities concerning the total payment X'F1. For example, consider the following
probability:

Vs =P [(1 —5) PP < xP1 < (1 4 5) P[P]] (2.331)

(see Fig.2.5). The probability on the right-hand side of (2.3.31) can be expressed in
terms of the risk index p. Indeed, we find

1 xPI_ piP] 1
} (2.3.32)

0
1 1

Us = (3 —) —® (—5 —) (2.3.33)
J) o

where @ denotes the cumulative distribution function of the standardized random
. [P]_ plP] . .

variable X alpf . From (2.3.33) we see that, for any given value of &, the lower is

p the higher is ¥s. Thus, the “concentration” increases as the risk index decreases,

e.g., because the size of the portfolio increases (see also Table 2.6 in Example 2.3.3).

and then:

Fig. 2.5 Probability
distribution of the random
payment X1

O e

(1-6)PP  (1+6)P™
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Table 2.6 The concentration around the expected value

2 Managing a Portfolio of Risks

n Vs

§ =0.10 § =0.05 § =0.01
100 0.06983 0.03495 0.00699
1000 0.17737 0.08924 0.01788
10000 0.61920 0.33877 0.06984

Focussing on “downside” payments is clearly of great interest when assessing the
riskiness of a portfolio. To this purpose, probabilities like

() =P [X[Pl > PPl 4 z] (2.3.34)

should be addressed; ¢ represents a critical “threshold,” which expresses the insurer’s
capability to meet the total payment. For example, consider the probability vs defined
as follows:

Vs =T (5P[Pl) —P [X“’] > (1+96) P[P]] (2.3.35)

in which the threshold 7 is expressed in terms of the expected value P*1 (see Fig. 2.5).
We find:

x[P1 _ plP] 1 1
vszP[W>8—]=l—d>(8—) (2.3.36)
o P P

It is easy to understand that, for any given §, the probability vs decreases as p
decreases, e.g., because the size of the pool increases.

If we assume, in particular, the normal approximation to the distribution of X,
we find

_ L=

2

vs (2.3.37)

(See Table 2.7 in Example2.3.3 for a numerical illustration).

Table 2.7 The probability of “downside” payments

n Vs

8 =0.10 8 =0.05 8 =0.01
100 0.46509 0.48253 0.49651
1000 0.41132 0.45538 0.49106
10000 0.19040 0.33062 0.46508
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Example 2.3.3 We refer to a portfolio, which consists of n independent risks, homo-
geneous with respect to both the sum insured and the claim probability p. We assume
p = 0.005. The normal approximation has been used for the numerical evaluations.
Table 2.6 illustrates the concentration, in terms of the probability (2.3.31), for some
values of § and various pool sizes. On the other hand, Table 2.7 shows the probability
of “downside” payments. Q

2.3.6 The Safety Loading

In this section we show how to calculate the safety loading consistently with the
portfolio riskiness. So, a practical feature of the risk index will clearly emerge.

Refer to the portfolio of n basic insurance covers, described in Sect.2.3.3. Let
m® denote the (explicit) safety loading for risk j, and IT%) the premium including
the safety loading, that is,

a9 = pi 4,0 (2.3.38)

where PO = xO p (see Eq.(2.3.3)).
Moving to the portfolio level, let /7™ denote the total premium income

n
P = Z av (2.3.39)
j=1

which can also be expressed as
P = plPl 4 [P (2.3.40)

with obvious meaning of the symbol m!?!.
The portfolio result, Z [P1 s then defined as follows:

ZzIPl = Pl _ xIP] (2.3.41)

We obviously have:
E[zP = ml?! (2.3.42)
Var[ZzP1 = Var[xP] (2.3.43)

We consider the event ZIP < 0, that is, the event X (P1 . plPly pylP1, According to
the notation defined by (2.3.34), the probability of this event, namely the probability
of loss, is denoted as follows:
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Fig. 2.6 The probability Pl _ plPl,  [P]
distribution of the random

payment X (P1

Fig. 2.7 The probability Pl
distribution of the random

result ZP]

A

2P = P [X[P] - plP | m[PJ] (2.3.44)

Clearly, the probability of loss should be kept reasonably low via an appropriate
choice of the (total) safety loading m!P1.

Figures 2.6 and 2.7 show the probability distributions of the random payment X!
and the portfolio result ZIP1, respectively (the probability distributions are assumed
to be continuous, so that the behavior of the density functions is displayed).

Note that, in the present setting of the problem, the safety loading m!?! is the
only parameter whose value can be chosen to lower the probability of a loss (i.e., a
negative value of Z[P1). Clearly, the effect of a change in this parameter (see Fig.2.8)
is a shift in the probability distribution of Z!*! (see Fig.2.9).

From (2.3.44), we have

XIPI _ plPl  ,[P] mlP]
[Ply — -1 — i
n(m"') = IP’|: Sl > O’[P]] =1-o (U[P]) (2.3.45)

e . [P]_ plP]
where @ denotes the cumulative distribution function of the random number % s

with expected value equal to 0 and standard deviation equal to 1.
Let & denote the accepted probability of loss. We want to find m!*) such that

amP) = ¢ (2.3.46)
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Fig. 2.8 The probability
distribution of X!P1:
probability of exceeding two
different levels of safety
loading

Fig. 2.9 The probability
distribution of Z[*): safety
loading as a shift parameter
of the random result

that is
[P]
m
and then

m®l = cPlo=1(1—¢) (2.3.48)

Finally, we find that the required safety loading per unit of expected value, namely
the safety loading rate, is given by

mPl Pl
2T = Pl o711 —¢) (2.3.49)
that is
mlP] »
ST =P o l(1-¢) (2.3.50)

Thus, for a given accepted probability ¢, the lower is the risk index p, the lower
is the safety loading rate.
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Example 2.3.4 Tables2.8, 2.9 and 2.10 refer to the portfolio structures described by
Tables2.3, 2.4 and 2.5, respectively. The normal approximation has been used to
evaluate the probabilities, namely it has been assumed:

xIPl _ plP]

w— ~ A0, 1) (2.3.51)
o

The analysis of the results in the three tables leads, of course, to conclusions
strictly related to those presented in Example 2.3.2. Now, the effect of risk pooling
(compare Tables2.8 and 2.9) and the effect of heterogeneity in the sums insured

(compare Tables2.8 and 2.10) clearly appears in terms of the safety loading rate
[P]

%. Note, in particular, the huge values of this rate in Portfolio B when a very low

probability of loss is assumed as the target. So, the need for tools other than the safety

loading clearly emerges. Q

Table 2.8 Safety loading-Portfolio A

[P] [P]
(P] m m_- [P]
" PPl Pl ™)
64200 0.1284 2.880 0.002
57550 0.1151 2.580 0.005
Table 2.9 Safety loading-Portfolio B
[P] [P]
[P] m_ m_ [Pl
" pIP] o 1P] m)
20312 0.4063 2.880 0.002
18195 0.3639 2.580 0.005
6420 0.1284 0.910 0.181
Table 2.10 Safety loading-Portfolio C
[P] [P]
[P] m m_ [P]
m PPl 7] Tm)
122300 0.2446 2.880 0.002
109550 0.2191 2.580 0.005
64200 0.1284 1.512 0.065
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2.3.7 Capital Allocation and Beyond

The outcome of the total payment X'*! can be higher than the amount of premiums,
even when these include an appropriate safety loading. In order to manage this
risk, the insurer can assign to the portfolio a fund which consists of shareholders’
capital (and, as such, may derive from previous profits, or from the issue of shares).
This action is usually referred to as the capital allocation. Hence, the purpose of
the allocation is to protect the insurance company against possible negative results
produced by the portfolio.

Let M denote the amount of capital allocated to the portfolio. Figure 2.10 illus-
trates the use of resources available to the insurer, in order to face the portfolio total
payment, and the results corresponding to the possible outcomes of the payment
itself.

In particular, the event X'P1 > PPl 4 Pl 4 A1 means the portfolio default, or
ruin. We note that both the safety loading m!?! and the capital M are variables whose
values can be chosen to lower the probability of default, namely the probability:

am® + pm) = PIxP1 > PP P a0 = P12 < — M) (2.3.52)

Remark We note that, while “profit” and “loss” are related to the amount /77 of premiums (and
hence to the safety loading m!P1), the default situation also involves the allocated capital M. Further,
the capital M (and the relevant cost) must be considered to define the “creation of value”, (from the
shareholders’ perspective) which will be addressed in Sect.2.3.9.

| Premiums P! + (part of) safety loading m™

Resources
f [P] <:|
| (Part of) Premiums P'¥! | Premiums /7 used

+ (part of) Capital M

/ \If— I' T <:| Total payment
0 pP| P | x*

5 x0)

o™ 1M i1
- - /
\ J \ J

(Creation of value) (Profit) ( Loss) (Default) <:|

Fig. 2.10 Facing the total payment
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Fig. 2.11 The probability [Pl  plPl, [Pl
distribution of the random [ X P M
payment X1

Fig. 2.12 The probability
distribution of the random
result ZF]

If the total safety loading m*! has been already stated, the following problem
should be considered: find the amount M such that:

n(m® + M) = « (2.3.53)

where « is an assigned low probability (see Figs.2.11 and 2.12). Of course, we have:

M = —VaR,[X"™ (2.3.54)
From (2.3.52) we have:
XP1_ plPL P g mlPl + M
[P] _ _

e . Pl_plP]
where ® denotes the cumulative distribution function of the random number %,

with expected value equal to 0 and standard deviation equal to 1. Thus, the target
expressed by (2.3.53) can also be written as follows:

P14 m
1—® (u) —a (2.3.56)
o [Pl
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Fig. 2.13 The standardized
probability distribution of
the random payment

and hence

[P]
mAM -1 (2.3.57)
o P
(see Fig.2.13).

We note that, setting M = 0, we trivially find formula (2.3.48), with ¢ = ¢.
Conversely, for a given probability  (and a given standard deviation oF1, which
is univocally determined by the portfolio structure), Eq.(2.3.57) can be solved with
respect to the total amount m!") + M. In other terms, if the safety loading is not yet
stated, both the amounts m!! and M can be chosen in order to achieve the target
probability.

The unit-free index

[P]
m- 4+ M

is sometimes called the relative stability index. From (2.3.55), we see that the higher
is s, the lower is the ruin probability. To raise s, the following actions can be taken:

1. raise the safety loading m!*;

2. raise the allocated capital M;

3. reduce o'!P! via appropriate reinsurance arrangements (thus affecting the portfolio
structure, in terms of sums insured), and, in particular, by choosing the “retention”
level (we will deal with these concepts in Sects. 2.4 and 2.5).

As the insurer can choose (at least in principle) the safety loading, the amount
of allocated capital, and the retention level, these quantities are called decision vari-
ables. However, the following aspects should be stressed. Action 1 affects the premi-
ums, and hence is bounded by market constraints. Conversely, action 2 has constraints
at the company level because capital is a limited resource.

Asregards action 3, whatever reinsurance arrangements may be chosen, the related
cost obviously affects the resources available to the portfolio, in particular reducing
the expected profit m!"1. As both numerator and denominator of the stability index
are affected (see (2.3.58)), the effect is not univocally determined in general.
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Table 2.11 Capital allocation and safety loading-Portfolio A

(P] M
[P] m- M (P]
M m PPl 7] K w(m™ 4+ M)
10000 50000 0.100 0.018 2.6901 0.0036
15000 50000 0.100 0.027 2.9143 0.0018
20000 50000 0.100 0.036 3.1385 0.0009
Table 2.12 Capital allocation and safety loading-Portfolio B
[P] M
[P] m_ M [P]
M m PP 7P] s w(m 4+ M)
10000 5000 0.100 0.182 2.1268 0.0167
13200 5000 0.100 0.240 2.5805 0.0050
10000 8200 0.164 0.172 2.5805 0.0050
Table 2.13 Capital allocation and safety loading-Portfolio C
[P] M
[P] m_ M [P]
M m PPl 7] s x(m* 4+ M)
10000 50000 0.100 0.018 1.4129 0.0788
60000 50000 0.100 0.109 2.5902 0.0048
35000 75000 0.150 0.061 2.5902 0.0048

Example 2.3.5 Tables2.11, 2.12 and 2.13 refer to the portfolio structures described
by Tables?2.3, 2.4 and 2.5, respectively.

In particular, from Tables2.12 and 2.13 the important role of the capital allocation
clearly appears, especially when very high safety loading rates should otherwise be
applied, because of either the size of the portfolio or its structure, in order to keep
low the probability of default. O

2.3.8 Solvency

As seen above, the event ZIP1 < —M represents the portfolio default, or ruin. Con-
versely, when M + ZP1 > 0 the insurer is able to meet the total payment by using the
premiums and, possibly, (part of) the allocated capital, that is, the insurer is solvent.
Hence, a solvency requirement can be expressed as follows:

PM+2ZP > 0]=1-« (2.3.59)

where « is the accepted default probability (see Eq. (2.3.53)).
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Equation (2.3.59) can be solved with respect to M. The solution (see (2.3.57), for
given values of m!P! and o'[P1) provides the capital requirement for solvency purposes.

It is worth noting that, in the ordinary language, the term “solvency” is often used
in a not well-defined sense. Commonly, it is used to denote the capability of an agent
to pay the amounts when these fall due. It is apparent that this definition does not
fit obvious actuarial requirements. Indeed, in the insurance activity, the capability
cannot be meant in a deterministic sense (which leads to the concept of “absolute
solvency”): actually, the total amount due could be equal to the sum of all sums
insured with the policies in force at a given time, if all the insureds claim at that time.
Hence, the insurance business needs a definition of solvency in a probabilistic sense,
as witnessed in particular by Eq. (2.3.59).

2.3.9 Creating Value

We now return to the choice between action 1 (raise mF1) and action 2 (raise M),
aiming to lower the probability of default (or to achieve an assigned target probability
«). First, we note that allocating capital implies a cost to the shareholders, whereas
raising the safety loading leads to a higher cost to the policyholders.

Let » denote the (annual) rate which quantifies the opportunity cost of the share-
holders’ capital. Thus, the cost of allocating the amount M is given by r M. However,
the common definition of a profit (or a loss) is only based on the comparison between
actual revenues and costs (see Sect. 1.3.2). Thus, for the portfolio we are addressing,
we have

ol < xP1 o zPl o0 = Joss
> xP1 o 7P 5 0 = profit

(note that the only cost accounted for is given by the payment for claims, X*1, as,
in our simplified setting, expenses are disregarded). Conversely, if we want to assess
the portfolio result also allowing for the cost of capital allocation, the total amount
of premiums, I7 [P1 has to be compared to X Pl 4 M. A new concept then arises,
namely the value creation.

Remark As mentioned in Sect. 1.3.2, various meanings can be attributed to the word “value” and
hence to the expression “value creation.” Here we are referring to value creation as the positive
difference between the revenues and the costs associated to all of the production factors, hence
including the cost of the capital invested in the business. In this sense, value creation is a synonym
to (positive) “economic earnings.” Thus, we are referring to value creation from the shareholders’
perspective.
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‘We then have, for our portfolio (see also Fig.2.10):

P < xtP] s 7Pl <o = loss and value destruction
XPl < Pl < XPl M« 0 < ZIP1 < rM = profit and value destruction
nP =x® i o zZP=ry = profit and no value
P > xP1 4y s P s M = profit and value creation

In order to compare strategies which consist in mixing action 1 and action 2, we
have to move to expected values. Thus, we have to replace XP! with its expected
value E[X [P]] = plP], Noting that IT [P] — pIPT 4 j4IP1 we find, in terms of expected
values:

m®! < rM & value destruction (2.3.60)
mPl =M & no value (2.3.61)
m®! > rM & value creation (2.3.62)

Example 2.3.6 We refer to portfolio B and assume o« = 0.005 as the target proba-
bility; hence, an amount M + mPl = 18200 is required (see Table 2.12). Further, we
assume r = 0.08. Table 2.14 illustrates some situations of value creation (Value > 0),
value destruction (Value < 0), and “equilibrium” (Value = 0), respectively. Q

Whatever the target probability, the equation

mPl = rMm (2.3.63)

defines the borderline between value creation and value destruction. Conversely, for
a given target probability, we have

m®l + M = const. (2.3.64)
(represented by a “level line”) as it results from Eq. (2.3.57). See Fig.2.14; we note,
in particular, that the higher is r the smaller is the region of value creation.

It is worth stressing that both value creation and solvency are two important
goals for any insurance business (and, more in general, for any organization; see

Table 2.14 Value creation versus value destruction-Portfolio B

M mlPl ™M Value

m®l — rM
10000 8200 800 7400
15000 3200 1200 2000
16 852 1348 1348 0
18000 200 1440 —1240
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Fig. 2.14 Capital allocation;
value creation versus value
destruction

Value
creation
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Table 2.15 Value creation and default probability-Portfolio B

M M Value Default prob.
m®l — M n(m®! 4 M)

10000 800 1700 0.063

15700 1256 1244 0.005

20000 1600 900 0.001

35000 2800 —300 ~0

Sect. 1.3.2). Clearly, for any given portfolio (and a given amount of safety loading),
the two targets require opposite actions: a higher amount of capital improves the
solvency level, while reducing the value creation.

Example 2.3.7 We still refer to portfolio B, and assume 5 % as the safety loading
rate, so that m!P = 2500. The opportunity cost of capital is » = 0.08. Table2.15
illustrates value creation and default probability as functions of the capital allocation.
u]

2.3.10 Risk Management and Risk Analysis: Some Remarks

Various issues dealt with in the previous sections of this chapter can be properly
placed in the framework of insurance risk management, and in particular can be
interpreted as risk management actions.

Pricing the insurance product, which in our setting simply reduces to calculate an
appropriate safety loading, aims at loss prevention and loss reduction (see Sect. 1.3.5).
In a more general setting, also product design (and, in particular, the design of various
policy conditions) contributes to loss prevention and loss reduction.


http://dx.doi.org/10.1007/978-3-319-21377-4_1
http://dx.doi.org/10.1007/978-3-319-21377-4_1
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Capital allocation is the action aiming at loss financing via retention (see
Sect. 1.3.5). More precisely, the shareholders’ capital allocated to a portfolio consti-
tutes the tool for funding possible future losses.

Like other business entities, insurers can finance potential losses via risk transfer.
In the following sections, we will first focus on traditional risk transfers, namely
via reinsurance arrangements (Sects.2.4 and 2.5). Then, alternative risk transfers
(Sect.2.6), and in particular the transfer to capital markets, will be analyzed in the
framework of loss financing actions.

Enterprise Risk Management (ERM), as a methodological framework, has pro-
vided important contributions to risk analysis and risk assessment. Nevertheless, it
should be stressed that the earliest contribution to risk quantification can be traced
back to the eighteenth century. In 1786 Johannes Tetens first addressed the analy-
sis of the process risk inherent in a life insurance portfolio. Tetens showed that the
risk in absolute terms increases as the portfolio size n increases, whereas the risk
in respect of each insured decreases in proportion to /z. This feature of the risk
pooling process has been described in Sect. 1.6.1 (in particular, see Examples 1.6.1
and 1.6.2), and Sect.2.3.4 (see Example 2.3.2).

In a modern theoretical perspective, Tetens’ ideas constitute a pioneering con-
tribution to the individual risk theory. Note that the term “individual” recalls the
nature of the approach, which starts from the description of the individual risks X )
(in Case 2, the amount x9 of the potential loss, and the relevant probability p(i)),
and leads to the construction of the probability distribution (or, at least, some typical
values) of the total payment X", According to the terminology commonly used in
the ERM context, the adoption of this method is called the bottom-up approach.

The collective risk theory, whose origin can be traced back to the seminal con-
tribution by Filip Lundberg, dated 1909, directly focuses on the characteristics of
the total payment XF1. In the ERM context, this approach is usually called the rop-
down approach. Well-known implementations lead, for instance, to the calculation
of the VaR and the TailVaR (see Sect. 1.5.4), and to various solvency requirements
according to a dynamic perspective (as we will see in Sect.2.7).

2.3.11 The “Uncertainty Risk”

We refer, as in Sects. 2.3.3 and 2.3.4, to a portfolio of n basic insurance covers, all
with the same probability of claim. Further, we assume that all the policies have the
same sum insured x. We denote simply with X the random payment for the generic
policy.

Unlike the previous sections, we now suppose that p does not necessarily represent
the “correct” estimate of the claim probability. If p is not a correct estimate of
this probability, situations like the one displayed in Fig.2.3b, and thus involving
systematic deviations, can occur.

To make explicit our awareness, we can express uncertainty about the estimate of
the claim probability through a random quantity p, to which a probability distribution


http://dx.doi.org/10.1007/978-3-319-21377-4_1
http://dx.doi.org/10.1007/978-3-319-21377-4_1
http://dx.doi.org/10.1007/978-3-319-21377-4_1
http://dx.doi.org/10.1007/978-3-319-21377-4_1
http://dx.doi.org/10.1007/978-3-319-21377-4_1
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Fig. 2.15 The pdf of a Beta
distribution

should be assigned. We now denote with p the generic outcome of the random quantity
D.

As regards the probability distribution of p, we can, for example, choose a Beta
distribution (see Fig.2.15), the parameters of which are usually denoted with «, 8.
Thus,

p ~ Beta(a, B) (2.3.65)

Hence, for the random quantity p, we have:

E[p] = ﬁ (2.3.66)
Var[p] = o p (2.3.67)

(@+pB)?(@+B+1)

When uncertainty about the claim probability is accounted for, the expected value
of X, conditional on any value p of p is given by

EX|p]l =xp (2.3.68)

Conversely, the quantity
E[X|p] = xp (2.3.69)

is a random amount, as it is a function of p. Its expectation, according to the Beta
distribution assigned to p, is given by

EBeta []E[le’]] = Egew[xp] = x (2.3.70)

a+p

Note that, in the uncertainty framework, formula (2.3.70) expresses the unconditional
expected value, namely E[X]. For the variance of the random amount E[X|p] we find

of

~11 _ ~ _ .2
VarBeta[E[XW]] = Vargea[xp] = x @+pBl@+B+1D)

(2.3.71)
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In the presence of uncertainty, the variance of X, conditional on any value p of p,
is given by

Var[X|p] = x*p (1 — p) (2.3.72)
while
Var[X|p] = x> p (1 — p) (2.3.73)

is a random quantity. Its expectation, according to the Beta distribution assigned to
P, is given by

Egeta[Var[X|5]] = x* Epetalp (1 — §)] (2.3.74)
It can be proved that Epea[p (1 — p)] = Wﬁﬁﬂ)’ so that
- o
Epeia [Var[X|p]] = x* p (2.3.75)

(a+p)a+p+1D

Moving to the portfolio level, we now address the total payment XP!. When
uncertainty in the claim probability is allowed for, the expected value E[X'"!|p] and
the variance Var[X!P!|p] must be meant as conditional on the generic value p of the
random quantity p, as for the corresponding typical values of X. Further, we have:

EX™ 5] = nE[X|p] (2.3.76)
and for the variance
Var[X™)|p] = n Var[X|p] (2.3.77)

Expected value and variance, as given by (2.3.76) and (2.3.77) respectively, are
random quantities. We have:

o

EX"] = Epew[n EIX|p]] = nx oy

(2.3.78)

Note that (2.3.78) expresses the unconditional expected value of X1,

As regards the variance of X [P first it should be stressed that the independence
among the individual random claims must be meant only conditional on any given
value of the probability p. Then, in the presence of uncertainty about this probability,
namely when the random quantity p is addressed, the unconditional variance of XP]
cannot be expressed as the sum of the individual unconditional variances. Conversely,
it can be proved that the unconditional variance of XP! can be expressed as follows:
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Var[X™"1] = Vargeu [ELX™|5]] + Epew| Var X |51]
= Varge [n E[X|p]] + Egeta [ Var[X|p]] (2.3.79)

Hence, from (2.3.71) and (2.3.75) we have:

«p +n)c2 op

Var[X[P]] =n?x?
@+ @@+p+1) (@a+B+p+1)

(2.3.80)

Finally, for the (unconditional) coefficient of variation, namely the risk index,
after some manipulations we find

VVar[xTPT] / B 1 Ba+h)
= = +
a(x+p+1)

P] !
CViXTl= I na(@+p+1)

(2.3.81)

Hence, we have

lim CV[XP] = /(+3+1) >0 (2.3.82)
n—0oo oo

Note that, on the contrary, when no uncertainty is allowed for, the risk index tends
to 0 when the pool size n diverges (see (1.6.14)). In more practical terms, this means
that:

e the process risk (namely, the risk of random fluctuations) is a diversifiable risk,
and the diversification is achieved by increasing the portfolio size, and is referred
to as diversification via pooling;

e the uncertainty risk (namely, the risk of systematic deviations) is an undiversifiable
risk, as its (relative) magnitude is independent of the portfolio size.

(see also Sects.2.3.1 and 2.3.2).

Example 2.3.8 We assume, for the random quantity p, the Beta distribution with the
following parameters:

a=4; B=79 (2.3.83)
Hence, from (2.3.66) and (2.3.67), we find:

E[p] = 0.005
Var[p] = 7.754 x 107~

Let us now assume the following parameters

a=2; =398 (2.3.84)


http://dx.doi.org/10.1007/978-3-319-21377-4_1
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Table 2.16 The coefficient of variation CV[XP1]

n p =0.005 a=4, B=179% a=2, B=398
10 4.461 4.486 4.511
100 1.411 1.495 1.575
1000 0.446 0.669 0.834
10000 0.141 0.518 0.718
00 0.000 0.498 0.704

In this case, we have:

E[p] = 0.005
Var[p] = 3.094 x 1078

Note that, while keeping the same expected value, we now have a higher variance,
which clearly expresses a higher degree of uncertainty about the claim probability.

Table2.16 shows the risk index, namely CV[X [P1], for various portfolio sizes n;
the cases of no uncertainty (i.e., a fixed value of p) and uncertainty expressed by the
parameters specified by (2.3.83) and (2.3.84) respectively are considered. The results
are self-evident: the undiversifiable part of the risk clearly appears when uncertainty
is explicitly introduced into the valuations. Q

2.4 Reinsurance: The Basics

2.4.1 General Aspects

The reinsurance is the traditional risk transfer from an insurer (the cedant) to another
insurer (the reinsurer). From a technical point of view, the main aim of the reinsurance
transfer is to find protection against the portfolio ruin (and the insurer’s ruin, as well).
Further aims of reinsurance will be addressed in Sect.2.5.4.

The basic idea underlying any reinsurance form (or arrangement) is to split the
portfolio random payment, X'F1, as follows:

x[P) — xlret] 4 leed] (2.4.1)

where:

e the random amount X[°®d] is the ceded part of the total payment; this amount will
be paid by the reinsurer to the cedant;
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e the random amount X[™! is the retained part of the total payment, hence it is the
net payment of the cedant.

A reinsurance premium is paid by the cedant to the reinsurer, as the price of the
possible reinsurer’s intervention.

How to define the two terms on the right-hand side of (2.4.1)? The two following
approaches can be adopted.

1. In principle, the simplest way to define the splitting consists of assigning a reten-
tion function I', which works at the portfolio level, so that

xtreth — p(xtPh (2.4.2)

In some cases, the retained payment can also depend on other quantities, e.g., the
total number of claims, K, in the portfolio, thus

xret = rxt?1 k) (2.4.3)

Anyway, this approach relies on the definition of the splitting on a portfolio basis,
and then leads to a global reinsurance arrangement.
2. As the random payment is the sum of the payments related to the various risks,
namely XPl = z]’-;l X", we can split each X by defining a retention function
v, so that
XOlreth — yx 0y (2.4.4)

Then, the retained total payment is given by

n
xlreth =" x (et (2.4.5)
j=1
In some cases, a set of retention functions yO)’ j=1,2,...,n, must be defined,

instead of a single function y. Anyhow, this approach requires the splitting on a
policy basis, hence leading to an individual reinsurance arrangement.

We now describe an implementation of approach 1. Another implementation of
this approach will be presented in Sect.2.5.3.

2.4.2 Stop-Loss Reinsurance

Stop-loss reinsurance provides a “direct” protection against the portfolio default,
or ruin, as it directly refers to the portfolio total payment. The reinsurer gets the
reinsurance premium /7" and pays the part of X! which exceeds a stated amount,
A, the stop-loss retention, or priority. The priority is commonly expressed in terms
of the total premium income I7P1 (and usually A > TP,
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Fig. 2.16 The reinsurer’s payment

The cedant’s retention and the reinsurer’s payment are then given by:

XPT i xP1 < A

xlreth — = 2.4.6a
[A 9. G\ ( )
0 it XPl < A

[ced] __ —

X _{ﬂH_A R (2.4.6b)

Figure 2.16a shows the reinsurer’s intervention.
An upper limit, ®, to reinsurer’s intervention can be stated. In this case, the
cedant’s retention and the reinsurer’s payment are respectively given by:

x!P] if x[P1 <A

G ifA<xPl<c A+ O (2.4.7a)
(xFl -0 ifxPl>A+0
K if XIP1 < A

xleedl — ITxPl _ A if A <XxXPl < A o) (2.4.7b)
e it X" > A+ 0

Figure 2.16b shows the reinsurer’s intervention.

Note that Eqs. (2.4.6) and (2.4.7) constitute two implementations of the general
scheme expressed by Egs. (2.4.1) and (2.4.2).

When dealing with reinsurance arrangements, the portfolio loss, L, rather than
the portfolio result ZIP1 is often referred to. The loss of the cedant is given, in the
absence of reinsurance, by:

L =xPI_ Pl (2.4.8)

Clearly, L = —zIP1
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Fig. 2.17 The cedant’s loss
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If a stop-loss reinsurance works (without an upper limit, and hence with x!ced!
defined by Eq. (2.4.6b)), the loss, LISH is given by:

L+ H[reins] ifX[P] <A
A — P rlreinsl i xTP1 > A
(24.9)

L[SL] — X[P] _ H[P] + H[reins] _X[ced] — [

(see Fig.2.17). Note that, in the presence of reinsurance, the portfolio outgo also
includes the reinsurance premium, and thus is given by XP1 4 [7Ieins] whereas the
income is given by I7F1 4 xleed],

As the stop-loss reinsurance directly refers to the portfolio loss, it represents
in theory the best solution to portfolio protection. However, in practice, it should
be noted that this reinsurance form implies a potentially dangerous exposure of
the reinsurer, related to the tail of the probability distribution of XP1 (especially
if no upper limit is stated). This means that a very high safety loading should be
included into the premium I7["*"] possibly making this reinsurance cover extremely
expensive. Hence, it is mainly used as an ingredient in a reinsurance programme (see
Sect.2.5.6), after other reinsurance covers have been implemented to protect the
portfolio.

2.4.3 From Portfolios to Contracts

We now move to individual reinsurance arrangements, whose parameters are thus
defined at a contract level (rather than a portfolio level), still referring to the “basic”
insurance cover.

A reinsurance policy at a contract level is defined as

(

a= @b, a?, ... a") (2.4.10)
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where a) (0 < a) < 1) is the share retained of the jth contract, i.e., the retained
proportion.
For any given reinsurance policy g, relation (2.4.4) becomes:

xOlret] _ 40) xO) a¥ x%  in the case of claim 2.4.11)
0 otherwise
and hence we have:
ExDretl] = ;O ExD] = oW p® (2.4.12)
Var[XVret] = (¢9)? Var[xP] < Var[x?] (2.4.13)

where P denotes the equivalence premium (relying on a realistic basis).

Shares of premiums and, hence, safety loadings (namely, expected profits) are
ceded to the reinsurer. Forj = 1,2, ..., n,let [T and m Dl denote the retained
share of premium (including the safety loading) and safety loading respectively.
Clearly,

mWlret — p@lret] _ () pG) (2.4.14)
In particular, if
aored = 0 g (2.4.15)
it follows that
met — 0 g _ 0 pO) — 4O 4, D (2.4.16)

However, the ceded share can be different from (1 — a¥)m", and, in particular:
e it can be lower, if

— the reinsurer grants a reward to the cedant for the underwriting work (namely,
a reinsurance commission),
— the reinsurer accepts a lower safety loading thanks to a larger portfolio size;

e it can be either lower or higher because the reinsurer adopts a technical basis
different from the one adopted by the ceding company, and hence a different
premium.

Example 2.4.1 Assume that, for the policy 1in the portfolio, the sum insured is
x( = 1000, and the probability of claim (assessed by the cedant) is p{") = 0.01;
the safety loading is 10 % of the equivalence premium P = 10, and thus m") = 1.
Hence, IT") = 11. Let ' = 0.70 be the retained share of the risk.

First, assume that the reinsurer agrees on the technical basis, i.e., on pt") = 0.01,
and 10 % as the safety loading, and is willing to obtain a proportional share of
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the safety loading. Thus, for the ceding company we have m(VI*tl = 0.7, so that
1Ot — 7.7 thus resulting proportional to 171 according to the retention share.

Second, suppose that the reinsurer still agrees on the technical basis, but is willing
to leave to the cedant a share of the safety loading higher than 70 %, say 80 %. Hence,
we find

et — g 70 P 4+ 0.80m") =7.8

Finally, assume that the reinsurer does not agree on the technical basis. In particu-
lar, the reinsurer accepts a safety loading equal to 10 % of the equivalence premium,
whilst evaluates the claim probability as (") = 0.012. Thus, according to the rein-
surer’s judgement, the equivalence premium should be P) = 12, and the premium
including the safety loading should be [TV = 13.2. If the reinsurer is willing to
obtain a proportional share of 77", namely 0.30 x 13.2 = 3.96, the cedant retains

adred — 7 _ 03070 =11 —3.96 = 7.04
and thus
mOret — et 070 P10 = 7.04 — 7 = 0.04

Q

To assess the effect of reinsurance on the portfolio riskiness, we have to look at
the retained total payment, X[ and some related typical values, in particular the
index defined by (2.3.58).

The retained total payment is defined by (2.4.5). Then, we have

n n
Exrl] = | Zx@[m‘] = Za(j) pv (2.4.17)
j=1 j=1

and (assuming the independence among the insured risks)

n n
Var[XI™1] = > Var[x V1] = > (@) Var[x V] (2.4.18)
j=1 j=1

Let o™ denote the standard deviation of the total payment, that is,

ol — /Var[xlret] (2.4.19)

Further, let m!™! denote the retained safety loading (and hence the retained expected
profit):
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n
m[ret] — Zm(i)[ret] (2.4.20)
j=1
Then, we have:
[ret] M
(ret] _ M +
glret] — e (2.4.21)

From (2.4.21) we can see that, in the presence of a reinsurance arrangement, the
probability of default depends on:

e the effect of reinsurance on the variability of the total payout, expressed by o™t

o the retained share of the total expected profit, expressed by m!™!,

Note that, in particular, we have:

[ret] [P] [ret]

m < Pl and ol < 6P (2.4.22)

The probability of default, t(m!™!! 4 M), is then given by:

miretl 1 pg

e ) =1 TG
o

Tc(m[ret] +M) = P[X[ret] > plret] + m[ret] T Ml=1— <I>(

(2.4.23)
(see Eq.(2.3.55))

To quantify the probability of default, and then to determine an appropriate capital
allocation, we need to refer to specific reinsurance policies ¢ = (a(l), a?, . .., a(”)),
and to the rules adopted for splitting the safety loading (see Example2.4.1 in partic-
ular).

2.4.4 Two Reinsurance Arrangements

The quota-share reinsurance is defined by the following policy:
a=(a,a,...,a); 0<a<l (2.4.24)
namely, the same retention share is applied to all the individual risks. The effect on
the sums insured is illustrated by Fig.2.18 which shows that, in relative terms, all
the sums insured are reduced in the same proportion.
For the standard deviation of the portfolio payment, we immediately find:

ot = go P (2.4.25)

whereas the retained profit is given by
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Fig. 2.18 Quota-share 2250+
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m™ = gmlP) (2.4.26)

if the reinsurer and the cedant agree on a proportional sharing.

A surplus reinsurance arrangement is defined by the retention, xlret! in terms of
the sum insured. The amount x["" is commonly called the retention line. For the
generic risk, whose sum insured is XV, the splitting (see (2.4.4)) is determined as
follows:

e the amount min{x(i),x[re‘]} is retained;
o the amount max{0, xW — x[ret]}, i.e., the surplus, is ceded.

Hence, the reinsurance policy a is defined as follows:

x[ret]

0 min{x"), x[ret) ) ,
= ——— =min I’T ; j=12,...,n (2.4.27)
x

“ )
Figure 2.19 illustrates the effect of the surplus reinsurance, namely the “leveling” of
sums insured.
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Intuitively, a higher efficiency is expected from surplus reinsurance, thanks to the
leveling effect. It is worth recalling (see Sect. 2.3.4, and formula (2.3.17) in particular)
that, as a consequence of a huge sum insured, the diversification via pooling tends
to disappear. Clearly, the surplus reinsurance can mitigate this dangerous effect by
leveling (at least to some extent) the sums insured. On the contrary, according to the
quota-share arrangement there is no leveling, as all the sums insured are reduced in
the same proportion.

Remark We note that, comparing the effects of quota-share and surplus reinsurance is, to some
extent, similar to comparing the effects of fixed-percentage deductible and fixed-amount deductible,
discussed in Sect. 1.3.6.

2.4.5 Examples

We address the following aspects of reinsurance policies by using numerical exam-

ples:

o first, we discuss the effects of quota-share and surplus reinsurance, in terms of the
retained expected profit, the standard deviation of the portfolio payment, and the
resulting probability of default w(m[™!! 4+ M) (as given by formula (2.4.23)); see
Example 2.4.2;

e then, we compare various combinations of surplus reinsurance and capital allo-
cation, in terms of the retained expected profit and the standard deviation of the
portfolio payment, for a fixed level of probability of default; see Example2.4.3.

Example 2.4.2 We refer to portfolio C, described in Example2.3.2 (see Table 2.5).

We assume what follows:

e safety loading rate % = 0.10;

e allocated capital M = 10 000;
e retained share of premiums (and hence expected profit) equal to retained share of
sums insured.

See Tables2.17 and 2.18.

Some comments can help in understanding the higher effectiveness of the surplus
reinsurance compared to the quota-share arrangement.

The same amount of retained expected profit, namely m™! = 45000, is achieved
with @ = 0.90 and x™ = 6000; however, in the quota-share reinsurance the
standard deviation is higher (o™ = 38220 versus o!™!) = 33271), and hence the
probability of defaultis higher (n(m!"!+-M) = 0.075 versus t(m!™+M) = 0.049).
A similar situation holds for a = 0.75 and xI"!! = 3000.

Finally, we note that the same probability of default, w(m!™! + M) = 0.004,
is achieved in the quota-share with a = 0.157, and the surplus reinsurance with
xl*th = 1 500; however, the latter arrangement leaves a much higher expected profit
(mlrtl = 33750 versus m™t = 7865).0


http://dx.doi.org/10.1007/978-3-319-21377-4_1
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Table 2.17 Quota-share reinsurance-Portfolio C

a m[rel] a[ret] s[ret] n(m[ret] + M)
1.000 50000 42467 1.413 0.079
0.900 45000 38220 1.439 0.075
0.750 37500 31850 1.491 0.068
0.157 7865 6680 2.674 0.004

Table 2.18 Surplus reinsurance-Portfolio C

lret] lret] olret] Slret] Tml™t 4 )
>8000 50 000 42 467 1.413 0.079
6000 45000 33271 1.653 0.049
5000 42500 28867 1.819 0.034
3000 37500 20864 2.277 0.011
1500 33750 16353 2.675 0.004

Example 2.4.3 We refer to portfolio B, described in Example2.3.2 (see Table2.4),
which consists of 10000 risks, all with x = 1000 as the sum insured and p = 0.005
as the claim probability. We focus on some combinations of retention line xI™! and
allocated capital M, leading to the same probability of default w(m!™ 4+ A1) = 0.005,
and hence to the same value st = 2.5805. Thus,

m[ret] +M
—— =2.5805
O[ret]
We assume that the safety loading rate % = (.10 is adopted, which leads to
mlPl = 5000 (see Table2.12). Then, we find:

. t
m[ret] — m[P] M =5 min{x[ret], 1 000}
1000

Further, we have:

olret — \/ 10000 (min{x!rtl, 1 000})2 p (1 — p)
=100 min{x"™", 1000} v/p (1 — p) = 7.053 min{x™!, 1000}

so that we find:
M = 13.2 min{x™", 1000}

This formula can be generalized (although referring still to the particular portfolio
structure, with x as the sum insured for all the risks) as follows:

M = k min{x™ x} (2.4.28)
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Fig. 2.20 Capital allocation .
. Decreasing
versus surplus reinsurance default —_—
probability

Capital allocation M

PORS R WU P N

Retention line x™!

Table 2.19 Capital allocation versus surplus reinsurance-Portfolio B

M xlret] mlret] olret Value
mbret — ppp
13200 >1000 5000 7053 3944
6600 500 2500 3527 1972
2640 200 1000 1411 789
1320 100 500 705 394

where the coefficient ¥ depends, in particular, on the target probability of default.
Figure 2.20 illustrates the relation (2.4.28), for various target probabilities; x denotes
the sum insured (in the numerical example x = 1 000).

Table2.19 illustrates the effects of some choices of retention line and capital
allocation (all the combinations leading to the same result in terms of the probability
of default, that is, 0.005). We note that, the lower the retention line x'! (i.e., the
higher the cession to the reinsurer), the lower is the need for both the capital allocation
M and the safety loading ml but, at the same time, the smaller is the value creation
(r = 0.08 has been assumed). Q

2.4.6 Optimal Reinsurance Policy

We consider the following problem: find the reinsurance policy

W 4@ g

a=(a

which implies the lowest probability of default, out of the set of reinsurance policies

leading to the same amount of retained expected profit m!™!. It is worth noting that

the results reported below hold in general situations, namely are not restricted to the
“basic” insurance cover we have so far addressed.

The problem we are attacking is a problem of constrained optimization. In formal

terms, let mY) denote the safety loading of the jth risk ceded in the case of zero
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retention (that is, if a¥) = 0). As seenin Sect.2.4.3, we can have m\) § m% . Assume
that, for any value of aV) 0 < a¥ < 1), the ceded safety loading is (1 — a(/)) m\,
Then, we have

mletl — ,0) (1 —a¥) ) (2.4.29)

and, for the total retained safety loading:

n
miretl — [Pl _ Z(] —aDy (2.4.30)
=1

Consider the index 5™, defined by (2.4.21), and the probability of default, given
by (2.4.23). Note that, under the constraint

m™ 4+ M = constant (2.4.31)
we have
min{o ™} = max{s'™!} = min{n(m™ + M)} (2.4.32)
a a a
where
n
ol = | > @)? (a0 (2.4.33)
=1
with (69)? = Var[XV]
Hence, the optimization problem is as follows:
n
i U2 (5 (D2
Qp}]a)(o) (2.4.34)

Jj=1
subject to:

n

Z(l —aym®) = A

=1

0<a® <1;j=1,2,...,n

We note that the optimization problem is parametric, as its solution depends on the
parameter A.
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It is possible to prove that the optimal solution is given by:

: 0]
a” =min{l, B—— (2.4.35)
(02

where the parameter B depends, in particular, on the value assigned to A, and hence
on the amount of ceded expected profit: the lower is the ceded expected profit, the
higher is B and then the retention.

We now return to the “basic” insurance cover, and assume the same claim proba-
bility p for all the n risks. Hence, forj = 1, 2, ..., n, we have

@) =) p1—p) (2.4.36)
Moreover, we assume that, forj = 1, 2, ..., n, the quantity m is proportional

to the sum insured x¥:
m? = ax¥ (2.4.37)

Note that relation (2.4.37) holds, in particular, if:

1. m¥ = ,BPU) — ,Bpx(/),
and
2. m) =mW,

From (2.4.35) it follows that

a? =min {1, B—% (2.4.38)
xDp(1—p)
and, in monetary terms:
a9 x9 = min ’x(/), B L] (2.4.39)
p(l—p)

The amount B p(lL_p) is independent of j, so that we can write:
a¥ x¥) = min {x(i), x[ret]} (2.4.40)

Hence, the solution of the constrained optimization problem (2.4.34) is given by the
surplus reinsurance.

Itis worth noting that, conversely, if a surplus reinsurance arrangement is adopted,
the probability of default is minimized, subject to the loss of expected profit related
to the value of A implied by the retention level x["!.
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2.5 Reinsurance: Further Aspects

2.5.1 Reinsurance Arrangements

Reinsurance arrangements can be classified according to several criteria. In particular,
the classification into global reinsurance arrangements (that is, on a portfolio basis)
and individual arrangements (on a policy basis) has been mentioned in Sect.2.4 (see
also Fig.2.21).

When a reinsurance arrangement is defined on a policy basis, the relevant para-
meters concern the individual risks (for example, the share a in the quota-share
reinsurance, the retention line xI™t in the surplus reinsurance). Another reinsurance
arrangement belonging to this category, the so-called Excess-of-Loss reinsurance,
will be described in Sect.2.5.2.

The parameters of reinsurance arrangements defined on a portfolio basis relate
to quantities concerning the portfolio total payment (for example, the priority A and
the upper limit @ in the stop-loss reinsurance). Another reinsurance arrangement
belonging to this category, the so-called catastrophe reinsurance, will be described
in Sect.2.5.3.

According to another criterion, reinsurance arrangements can be classified into
proportional and non-proportional arrangements (see Fig.2.21).

In a proportional reinsurance arrangement, claims and premiums are divided
between the cedant and the reinsurer in the ratio of their shares in the reinsurance
contract. Hence, the sharing of claims is determined when the reinsurance arrange-
ment is defined. Quota-share and surplus reinsurance belong to this category.

In a non-proportional reinsurance arrangement, the rule for the sharing of claims
is stated when the reinsurance contract is defined, but the actual sharing of claims
is determined depending on the severity of each claim, or the number of claims in
the portfolio, or the total portfolio payment. Examples are given by the stop-loss,
catastrophe, and XL reinsurance.

Fig. 2.21 Reinsurance PROPORTIONAL NON-PROPORTIONAL
arrangements
6 Quota-share
4 Excess-of-loss (XL)
8 Surplus
©
>
(0]
-
(o]
4 Stop-loss
(o]
TR
e Catastrophe
(]
O
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2.5.2 Random Claim Sizes: XL Reinsurance

Other features of the reinsurance arrangements we have already dealt with, namely
quota-share and surplus reinsurance, emerge when moving to individual risks more
general than those related to the basic insurance cover, in particular by allowing for
random claim sizes. For example, we can refer to the risks described as Cases 3d (A
fire in a factory) and 3e (Car driver’s liability) in Sect. 1.2.4. Further, the specific role
of the Excess-of-Loss reinsurance emerges if we allow for random claim sizes.

Let us refer to the jth risk in the portfolio. An example of the (continuous) prob-
ability distribution of the generic kth claim, X ]E] ), is provided, in terms of the related

density function, by Fig.2.22; xr(,’&x represents the maximum possible outcome.
In a quota-share arrangement, with retention share a for all the risks in the port-
folio, the retained amount is defined as follows:

Sret 4
xted — 4 x0) (2.5.1)
In a surplus reinsurance arrangement, with xI™!l as the retention line, we have

(assuming x < x&)):

[ret] x[ret] ‘)
xtred = = xU (2.5.2)
N
Xmax

We note that, while in a quota-share arrangement the retained share is trivially

equal to a for all the risks in the portfolio, according to the surplus reinsurance the
lret]

retained share is (—), and hence depends on x,ﬁ?ax which is specific to each insured

risk. Figures2.23 and 2.24 show the retention (and the reinsurer’s intervention), in

a surplus arrangement, depending on the relation between the amount xl({,)ax and a

given retention line x™!l. Both the arrangements can be classified as proportional
. i . . [ret]
reinsurance, because, whatever the amount X ,E’ ), the retained share (either a or £ N )

Xmax

is known at the time the reinsurance contract is written.

Fig. 2.22 Probability
density of the random
payment in a claim

Probability density

(/) max
Random claim size X,


http://dx.doi.org/10.1007/978-3-319-21377-4_1
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The retention and the reinsurer’s intervention in the Excess-of-Loss reinsurance
(briefly, XL reinsurance) are defined as follows:

X]Ei)[ret] — min{XlEj)’ A} (2.5.3a)
X}E/’)[ced] _ max{X,E/) —A,0) (2.5.3b)

where A denotes the deductible. The analogy with the deductible in a generic risk
transfer is apparent (see Sect. 1.3.6, and Egs. (1.3.4)).


http://dx.doi.org/10.1007/978-3-319-21377-4_1
http://dx.doi.org/10.1007/978-3-319-21377-4_1
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We note that, in this simple XL arrangement, the reinsurer pays the whole amount
beyond the deductible, net of the deductible itself, namely no upper limit has been
stated. The retained share decreases as the claim size X ,E’ ) increases; see Fig.2.25.
Indeed, from (2.5.3a) we have:

()[ret]

X A

k _ —min{l, — (2.5.4)
[6) 0

Xk Xk

As the retained share depends on the amount X ,E’ ) and hence is not known at the time
of issue of the reinsurance contract, the result is a non-proportional reinsurance.
Assume, conversely, that the upper limit of the reinsurance coveris setto 1 A (with

h an integer number, A > 2). For a generic claim with random size X (’), possible
situations are as follows:

1. if X,Ej ) < A, then the insurer totally retains the claim amount;

2. if A < X,E’ ) < h A, then the XL cover exhausts the cession;

3. if X,E’ S h A, then the insurer has still to cede X,E’ ) _ h A, through a second XL
cover (or possibly more XL covers), with another reinsurer (or even with the first

reinsurer, however, according to a technical basis usually different from the one
used in the first cover).

Hence, the cession is split into two (or more) layers: the first layer covers the interval

(A, h A), whereas the interval (h A, X ,E’ ) ) can be covered by a further XL reinsurance
(or more than one XL). See Fig.2.26, where it has been assumed 4 = 3.
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Fig. 2.26 Layering in XL reinsurance

2.5.3 Catastrophe Reinsurance

The Catastrophe reinsurance (briefly, Cat-XL) is a non-proportional reinsurance
arrangement at a portfolio level. Its aim is to protect the portfolio (and the insurance
company) against the risk that a single accident (that is, a “catastrophe”) causes a
huge number of claims in the portfolio itself. For example,

e in a generic portfolio, a high number of claims can occur because of a disaster
(hurricane, earthquake, and so on);

e in “a group insurance,” a number of insureds can suffer body injuries owing to
a single accident in the workplace (explosion, fire, collapse, and so on); see, for
example, Cases 3b (Disability benefits; one-year period) and 3c (Disability bene-
fits; multi-year period) in Sect. 1.7.2.

A catastrophe is usually defined in terms of a given (minimum) number of claims,
¢, within a time interval of a given (maximum) duration, for example, 48 h. In formal
terms, let K denote the random number of claims, X! the consequent total payment
(before reinsurer’s intervention); the reinsurer will intervene only if K > c.

There are various definitions of the Cat XL structure. We just focus on the two
following definitions.

First, the Cat XL arrangement can be defined on a claim number basis. Let A
denote the deductible in terms of number of claims. Then, the cedant’s retention and
the reinsurer’s intervention are respectively given by:

X[retl] — min [X[P], %X[P]] (2.5.5a)

K~
xleedl — max [0, TX[P]] (2.5.5b)


http://dx.doi.org/10.1007/978-3-319-21377-4_1
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Note that, according to this definition, if XP1 is large then X™!!] is large. Thus,
the reinsurance arrangement is effective if individual claims have approximately
the same amount, and hence the total payment X'*! mainly depends on the number
of claims. Otherwise, effectiveness can be gained via a preliminary surplus or XL
reinsurance.

Another definition of the Cat XL arrangement is based on the amount XP of the
total payment. Let A denote the deductible (in monetary terms). Then:

xlret2] _ min{X[P], A} (2.5.6a)
xleed2l — pax(x®1 — A 0) (2.5.6b)

Example 2.5.1 Consider the Cat XL reinsurance defined by Eqs. (2.5.5), withc = 5,
and . = 8. According to the outcome of the number of claims, K, we have the
following situations:

no cat

r—
K=1,2,3,4, 5,6,7,8, 9,10, 11, ...

no reinsurer’s intervention reinsurer’s intervention

Move to the Cat XL arrangement defined by Eqs. (2.5.6), still with ¢ = 5, and with
A = 1200. Then, we have

no cat

r——
K=1,273,4, 5,6,7,8,9,10, 11, ...

possible reinsurer’s intervention, depending on X(P]

Consider the following cases:

(a) K =10, X1 =1000;
) K =10, X! = 5000.

In case (a), according to the first Cat XL arrangement we have:
fretl] _ 8 [cedl] _ 2
X = —1000 =800, X = —1000 =200
10 10

whereas the second arrangement yields:
X[retZ] — 1000’ X[ced2] — O

In case (b), the first arrangement leads to:

8 2
xlret] — ES 000 = 4000, xleedll — ES 000 = 1000
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while the second yields:
X2l — 1200, x'eed = 3800

Q

Example 2.5.2 Consider a portfolio of n basic risks, and assume x = x, for j=
1,2,...,n. Then:
Xl = gy

The two Cat XL arrangements respectively lead to:

A
xlretl — min [Kx, X Kx} =x min{K, A}
Xl — min{K x, A}

If we define
A
A= —
X
then we have:
X2 — min{K x, A x} = x min{K, A}

and hence:
X[retl] — X[ret2]

Then, in a portfolio homogeneous in terms of sums insured, the two Cat XL arrange-
ments lead to the same retention. O

2.5.4 Purposes of Reinsurance

Although, from a strictly actuarial point of view, it is apparent that reinsurance
arrangements aim to keep the portfolio riskiness at a level acceptable by the insurance
company, resorting to reinsurance can have various purposes. Some considerations
follow:

1. Asregards the reduction of the portfolio riskiness, it should be noted that reinsur-
ance arrangements mainly aim at reducing the impact of random fluctuations and
catastrophic events. In fact, the reinsurance company is willing to take the ceded
risks as it can achieve a higher pooling effect and hence an improved diversifi-
cation of risks (see Sects.2.3.1 and 2.3.2). From the point of view of the cedant,
more insurance implies:

e alower capital allocation;
e an increased underwriting capacity.
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Conversely, risks affected by possible systematic deviations could be rejected by
reinsurers, as these deviations affect the pool as an aggregate, and the total impact
on portfolio results increases as the portfolio size increases. Notwithstanding, the
reinsurer can take the risk of systematic deviations, with the proviso that a further
transfer of this risk can be worked out. We will address this issue in Sect. 2.6.

2. The cedant company can benefit from technical advice provided by the reinsurer.
In particular:

e the reinsurer, thanks to specific experience, can suggest statistical bases and
inform about market features for new insurance products;

e as regards in-force portfolios, the reinsurer can provide the cedant with an
update of statistical bases (which is more effective if a quota-share arrangement
works, as this allows the reinsurer to monitor all claims pertaining to the
reinsured portfolio).

3. Reinsurance can have a “financing” role, thanks to a sharing of policy and portfolio
expenses between the cedant and the reinsurer.

2.5.5 Insurance—Reinsurance Networks

Figure2.27 illustrates an insurance-reinsurance network. Following the paths
marked by solid arrows, we first find an example of direct insurance (or primary
insurance): insurer X directly takes risks from clients Al, A2, ..., An. Hence, X
works in the insurance market. Then, we find examples of cession: insurer X cedes
risks to Y and Z; for example, policies implying a huge exposure are only partially
accepted by Y, so that the residual portions are ceded to Z. Thus, companies Y and
Z provide company X with reinsurance. Finally, company Y cedes to W part of the
risks, in particular taken from X; this reinsurance transaction is called retrocession.

Further examples can be found following the paths marked by dashed arrows.
First, we find another example of direct insurance: insurer Y directly takes risks
from clients B1, B2, ..., Bm. Note that company Y works both in primary insurance
and in reinsurance as well, as it takes risks ceded by company X. The relationship
between X and Y is twofold, as Y also cedes risks to company Y. Finally, we note that
companies X and Y share a risk ceded by client B1, and this constitutes an example
of coinsurance.

Reinsurance arrangements can be stated on various bases, for the cedant and the
reinsurer respectively:

1. facultative/facultative (briefly, facultative);
2. obligatory/obligatory (briefly, obligatory);
3. facultative/obligatory (briefly, facob).

According to an arrangement of type 1, if an insurer is willing to cede a risk
to a reinsurer, then the reinsurer can decide to accept the risk itself. Usually, this
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Fig. 2.27 Insurance, coinsurance, and reinsurance: a network
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arrangement concerns the cession of single risks, in particular those involving huge
exposures.

Types 2 and 3 require that a reinsurance contract, usually called a zreaty, has been
written by the cedant and the reinsurer. In particular, in an arrangement of type 2 the
insurer is obliged to cede portions (as defined in the treaty) of the risks underwritten,
and the reinsurer is obliged to accept them. In type 3, the insurer can decide to cede
risks and, if so, the reinsurer is obliged to take them.

2.5.6 Reinsurance Treaties. Reinsurance Programmes

A reinsurance treaty concerns all the aspects of a reinsurance arrangement, in par-
ticular:

the time interval of the reinsurance cover;

the reinsurance form (stop-loss, quota-share, XL, and so on);

the limitations of the reinsurance cover (priority, upper limit, deductibles, retention
lines, and so on);

the technical bases for the calculation of the reinsurance premiums, and the con-
ditions concerning the premium payment.

Limitations to areinsurance cover can be classified into “vertical” and “horizontal”
limitations. Horizontal limitations refer to the total reinsurer’s payment related to the
cover interval; an example is provided by the upper limit in the stop-loss reinsurance
(see Sect.2.4.2).

Vertical limitations concern the reinsurer’s payment related either to each single
claim or to each single policy. An example of vertical limitations concerning each
single claim is provided by the layering in the XL arrangement (see Sect.2.5.2).

A reinsurance programme combines several reinsurance treaties, possibly sup-
plemented by facultative reinsurance when needed (for example, in relation to single
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huge exposures), and can involve various reinsurers. Resorting to reinsurance pro-
grammes is more common in non-life insurance, because of the random size of the
claims and, hence, the higher riskiness.

Usually, reinsurance programmes are designed on a class-by-class basis, namely
separate reinsurance programmes concern, for example, fire insurance, third-party
liability, domestic property, and so on. Notwithstanding, reinsurance programmes
can include special treaties arranged to cover risks, although belonging to various
classes, in specific geographic areas, for example exposed to the risk of hurricanes
or earthquakes.

Applying a reinsurance programme to each individual risk within a portfolio
determines a progressive reduction of the cedant’s exposure, and hence of the default
probability. Figure 2.28 illustrates the effect, at a policy level, of an XL reinsurance
followed by a quota-share reinsurance. Figure 2.29, conversely, illustrates the effects
on the portfolio exposure, for which a stop-loss arrangement supplements the rein-
surance covers at a policy level.

Combining quota-share and surplus arrangements provides basic examples of
reinsurance programmes. Assume the retention share a for the quota-share, and the
retention line x!"™! for the surplus. We have, for the jth risk, the following results:

e a quota-share “followed” by a surplus reinsurance leads to the retention
KDt — min{a x| xlrety (2.5.7)
e a surplus “followed” by a quota-share leads to the retention

K Dlre2] _ min{x(j), xlretl} (2.5.8)

Fig. 2.28 Applying a
reinsurance programme;
effects at policy level
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2.6 Alternative Risk Transfers

2.6.1 Some Preliminary Ideas

The (traditional) insurance—reinsurance process can be split into two basic steps (see
Fig.2.30):

1. the insurance step, which consists of transferring risks from organizations (indi-
viduals, families, firms, institutions, and so on) to an insurance company, and
whose effects are

a. building up a pool;
b. reducing the relative riskiness (caused by random fluctuations);

2. the reinsurance step, which consists of transferring risks from the insurance com-
pany (the cedant) to the reinsurer, and whose effects are

a. building up larger pools;
b. a further reduction of the relative riskiness (caused by random fluctuations).

However, risk components other than random fluctuations can affect insurers’ and
reinsurers’ results, namely systematic deviations and catastrophic events. As regards
the latter, larger pools can improve diversification, for instance thanks to an increased
variety of geographical locations of insured risks. As regards the former, the relative
impact of systematic deviations is independent of the pool size (and the absolute
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Fig. 2.30 The insurance—reinsurance process

impact increases as the pool size increases). Thus, risk transfer arrangements other
than the traditional reinsurance, namely Alternative Risk Transfers (ART),

e are needed for transferring (at least to some extent) the risk of systematic devia-
tions;

e can help in managing the catastrophe risk (lowering the cost of reinsurance, and/or
the need for capital allocation).

In the following sections we will focus on ART in life insurance and reinsurance.

2.6.2 Securitization and the Role of Capital Markets

A (simplified) classification of ARTs in the context of life insurance and reinsurance,
hence aiming at the transfer of biometric risks (mortality, longevity, and possibly
disability) is sketched in Fig. 2.31. We note that two basic categories can be identified.

First, risks arising from contingent payments (the benefits provided by the insur-
ance policies) can be packaged into securities traded on the capital market. The trans-
action is usually called securitization. Given the link of the payoff of the securities
(see below) with the insurer’s payments, the expression insurance-linked securities
(briefly ILS) is commonly adopted. More specifically, when biometric risks are con-
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Fig. 2.31 Alternative Risk Transfers for biometric risks

cerned, the expressions mortality-linked securities and longevity-linked securities are
frequently used. Examples of ILS follow.

e Mortality bonds are used to (partially) transfer the risk of a mortality higher than
expected, then implying an amount of death benefits paid by an insurer (or rein-
surer) larger than expected. To this purpose, the issuer of the mortality bond (the
insurer or the reinsurer) pays reduced coupons and/or a reduced principal at matu-
rity if the mortality in a given population, called the reference population, is higher
than a stated benchmark, possibly owing to epidemics or natural disasters. Mor-
tality bonds are typically short-term (3-5 years). More details are provided in
Sect.2.6.4.

e Longevity bonds aim at (partially) transferring the risk of a longevity higher than
expected, hence implying an amount of survival benefits, e.g., life annuities, paid by
an insurer (or reinsurer) larger than expected. The issuer of the longevity bond (the
insurer or the reinsurer) pays reduced coupons (and possibly a reduced principal
at maturity) if the longevity in the reference population is higher than a stated
benchmark. The longevity bonds are typically long-term bonds (20 or more years),
because:

— the longevity risk reveals over a long period of time;

— the insurer (or reinsurer) needs to offset benefit payments throughout long dura-
tions, as the insurance products usually involved are life annuities which are
payable lifelong.
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In the framework of ILS, the following securities can also be placed:

e cat-bonds, for transferring the risk of huge benefit payments due to some
catastrophic event (earthquake, flood, etc.).

An Alternative Risk Transfer belonging to this category is called a funded ART,
as the transaction starts with selling the securities to investors. Investing in ILS
basically relies on a diversification target, assuming that the yield provided by an
ILS is (reasonably) uncorrelated with the performance of most of other securities
traded on the capital market. However, it should be stressed that a counterparty risk
arises for the investor, because of possible default of the bond issuer.

We note that ILS structured as described above implement a hedging strategy
denoted as approach 1b in Sect. 1.3.9. Indeed, the higher is the benefit payout, the
smaller is the payoff of the bond (either in terms of coupons, or principal at maturity,
or both).

It should be stressed that the experienced mortality (or longevity) which is com-
pared to the agreed benchmark is the one observed in the reference population, and
not in the specific insurance portfolio for which the hedging strategy is implemented.
Then, a basis risk arises, because of possible imperfect hedging due to different mor-
tality patterns in the population and the portfolio respectively. When a reference pop-
ulation is considered in defining the ART, the risk transfer is denoted as index-based,
as the population mortality is usually expressed by an appropriate index. Conversely,
in the case the actual portfolio mortality is compared to the benchmark mortality, the
risk transfer is called indemnity-based. Clearly, an index-based transfer is preferred
by investors, as population mortality data are collected and the index calculated by
independent analysts.

The same argument, as regards possible imperfect hedging, also applies to the
derivatives described below.

Remark Motivations other than a risk transfer can underly a securitization transaction. A securiti-
zation can consists in packaging a pool of assets (in particular intangible assets) or, more generally,
a cash-flow stream into securities traded on the capital market. The aim of such a securitization
transaction is to raise liquidity by selling future flows. In the insurance and reinsurance context,
the specific aim can be the recovery of acquisition costs (especially in life insurance) or expected
profits.

Second, specific derivatives, with mortality (or longevity, or disability) in a given
population as the underlying, can be used to face the biometric risks. Examples are
as follows:

e The g-forward (the letter g usually denotes a probability of dying) is a contract
according to which an amount linked to the observed mortality rate in the reference
population at a given future date (the maturity of the contract) will be exchanged
at maturity in return for an amount linked to a benchmark mortality rate agreed at
the time the contract is written.

e The S-forward (the letter S usually denotes the survival function, as we will see
in Sect.3.9.1, and hence a probability of being alive) is a contract according to
which an amount linked to the observed survival rate in the reference population


http://dx.doi.org/10.1007/978-3-319-21377-4_1
http://dx.doi.org/10.1007/978-3-319-21377-4_3
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at a given future date (the maturity) will be exchanged at maturity in return for
an amount linked to a benchmark survival rate agreed at the time the contract is
written.

We note that the gq-forward and the S-forward realize a single-exchange swap.

e In general terms, a (multi-exchange) swap is a derivative according to which two
counterparties periodically exchange cash flows. If the underlying is the mortality
(or longevity) in the reference population, the swap can be thought as a sequence
of g-forwards or S-forwards in which all the benchmark mortality (or longevity)
rates are stated at the time the swap contract is written.

An Alternative Risk Transfers belonging to this category is called an unfunded ART,
as no security is issued and sold.

2.6.3 Organizing a Securitization Transaction

The organizational aspects of a securitization transaction are rather complex.
Figure 2.32 sketches a simple design for a life insurance deal, focussing on the main
agents involved. The transaction starts in the insurance market where policies under-
written give rise to the cash flows which are securitized (at least in part). The insurer
then sells the right to some cash flows to a Special Purpose Vehicle (SPV'), which
is a financial entity established to link the insurer to the capital market. Securities
backed by the chosen cash flows are issued by the SPV, which raises money from
the capital market. Such funds are (at least partially) acknowledged to the insurer.

According to the specific features of the transaction, further items may be added
to the structure. For example, a fixed interest rate could be paid to investors, so that
intervention by a Swap counterparty is required; see Fig.2.33.

As it has been pointed out above, some counterparty risk is originated by the
securitization transaction. This is due to a possible default of the insurer with respect
to the obligations assumed against the SPV, as well as of policyholders in respect
of the insurer, for example, in the form of lapses which affect the securitized cash-
flow stream. To reduce such default risks, some form of credit enhancement may

Policyholders

3 2
3 T
<
3 3
funding investment
| Special Purpose Capital
nsurer i
cash flows Vehicle (SPV) securities Market

Fig. 2.32 The securitization process in life insurance: a basic structure
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Fig. 2.33 The securitization process in life insurance: a more complex structure

be introduced, both internal (e.g., transferring to the SPV a higher value of cash
flows than those required by the actual size of the securities) and external, through
intervention of a specific entity (issuing, for example, credit insurance, letters of
credit, and so on); see again Fig.2.33. Further counterparty risk emerges from the
other parties involved, similarly to any financial transaction. Note that intervention
by a third financial institution may anyhow result in an increase of the rating of the
securities.

Further details of the securitization transaction concern services for payments
provided by external bodies, investment banks trading the securities on the market,
and so on. Since we are interested on the main technical aspects of the securitization
process, we do not go deeper into these topics (which, anyhow, do play an important
role for the success of the overall transaction).

2.6.4 An Example: The Mortality Bonds

Insurance-linked securities (ILS) have been briefly addressed in Sect. 2.6.2. We recall
that, when biometric risks are concerned, the payoff of an ILS is contingent on
mortality or longevity in a given reference population; this is obtained, in particular,
by embedding some derivatives whose underlying is a mortality/longevity index
assessed on the given population. As already mentioned, these securities may serve
two opposite purposes: to hedge mortality higher than expected, or survivorship
higher than expected. In the former case, we refer to them as mortality bonds, in
the latter as longevity bonds. We restrict the terminology to “bond,” without making
explicit reference (in the name) to the derivative which is included in the security
(which could be option-like, swap-like, or other) because we are more interested on
hedging opportunities rather than on the organizational aspects of the deal (of course,
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we are anyhow aware of the importance that such aspects play from a practical point
of view, but their discussion goes beyond the aim of this section).

As the purpose of mortality bonds is to hedge the risk of a mortality in excess
of what expected, possibly owing to epidemics or natural disasters, typically a short
position on the bond may offset liabilities of an insurer/reinsurer dealing with life
insurances. We stress that mortality bonds are typically short-term bonds (3—-5 years)
and they are linked to a mortality index expressing the frequency of death observed
in the reference population in a given period. Some thresholds are set at bond issue.
If the mortality index outperforms a threshold, then either the principal or the coupon
are reduced.

We now describe some possible structures for mortality bonds. In what follows,
0 is the time of issue of the bond and 7 its maturity. Further, S; denotes the principal
of the bond at time ¢, and C; the coupon due at time ¢. Finally, with I; we denote the
mortality index at time ¢ years from bond issue (f = 0, 1, ..., T). Some structures
are described in Examples2.6.1 and 2.6.2.

Example 2.6.1 The bond aims at protecting against high mortality experienced
throughout the whole lifetime of the bond itself. This is obtained by reducing the
principal at maturity. Albeit just some ages could be considered in detecting situa-
tions of high mortality, it is reasonable to address a range of ages. Further, the index
should account for mortality over the whole lifetime of the bond. So the following
quantities represent possible examples of mortality index:

Ir = ,:?,lff,r{qm} (2.6.1)
T
Ir = M (2.6.2)

where ¢(t) is the observed annual mortality rate averaged over the reference popu-
lation in year ¢.
At maturity, the principal paid back to investors is

1 if It <M1
St=Sox {®Uy) if Mlg<Ir <Al (2.6.3)
0 if It > M1y

where Iy = ¢(0), A" and 1" are two parameters (stated under bond conditions), with
1 <) < A", and ®(I7) is a proper decreasing function, such that ® (A" Iy) = 1 and
® ()" Iy) = 0. For example

oy = Ao Ir 2.6.4
(T)—m (2.6.4)
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The coupon is independent of the experienced mortality. In particular, it can be given
by

C, = So Gy +7) (2.6.5)

where i; is the market interest rate at time ¢, and r is an extra-yield rewarding investors
for taking the mortality risk. O

While the cash flows related to the bond described in Example2.6.1 try to match
the flows in the life insurance portfolio just at the end of a period of some years, an
alternative design of the mortality bond can be conceived to provide a match on a
yearly basis.

Example 2.6.2 Assume that the coupon is given by

i+ r it 1, < Al
0 if It > A;/

where A}, A} set two mortality thresholds. For example,

Al =) E[D/] (2.6.7)
A = V' E[D,] (2.6.8)

where 1 < A" < )", and E[D,] is the expected number of deaths in the reference
population (according to a specified mortality assumption). In this structure, the
mortality index /; should express the number of deaths in year (r — 1, t). The function
W (I;) should then be decreasing; for example:

Al -1,

V() = ——=
A=A

(2.6.9)

As in (2.6.5), the rate r in (2.6.6) is the extra-yield rewarding investors for the
mortality risk inherent in the payoff of the bond. Note that, in this structure, the
principal at maturity can be assumed independent of the experienced mortality, for
example

Sr=So (2.6.10)
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2.7 The Time Dimension

In this section we focus on how to assess and manage portfolio riskiness according
to a multi-year perspective.

2.7.1 General Aspects

Insurance contracts with durations longer than one year have been addressed in
Chap. 1; see, for example, Cases 4a (The need for resources at retirement), and 4b
(Early death of an individual) in Sect. 1.7.4. Nonetheless, in the present chapter, for
the sake of simplicity, we have mainly focussed on one-year insurance covers; see,
for example, Sects.2.3 and 2.4, in which the “basic” insurance cover, namely the
Case 2 (Possible loss with fixed amount), has been referred to.

However, a one-year (or, more in general, a one-period) insight into the manage-
ment of an insurance portfolio, whatever the policy term, can provide us just with
a static perspective. Conversely, a number of problems of practical interest can be
properly defined and solved only allowing for a sequence of periods, that is, accord-
ing to a dynamic perspective. The evolution throughout time of the portfolio fund,
which originates from premium income and claim payment, and the related capital
allocation policies constitute important examples of a perspective involving the “time
dimension.”

When defining a multi-period analysis of a portfolio (or an insurance company),
various approaches are available. For simplicity, we assume that all the policies in
the portfolio have the same policy term r. In Figs.2.34, 2.35 and 2.36 various policy
generations are represented with the aid of a coordinate system that has the calendar
time as abscissa and the duration as ordinate. The solid part of each line represents
the part of the related generation accounted for according to the various approaches.

A run-off analysis only addresses the “in-force” portfolio, namely the policies
already written. Thus, the portfolio is assumed to be “closed” to new entries, and
hence no future business is accounted for. See Fig.2.34.

Conversely, according to a going-concern approach the portfolio is assumed
“open,” and hence also future business is allowed for. See Fig.2.35. Of course, such
an approach requires an estimate of the numbers of policies written in the future
years.

The break-up (or wind-up) approach, on the contrary, consists of analyzing the
insurer’s capability of meeting all the obligations assuming that the insurance com-
pany has to stop all business within a very short period (say, one year). Figure2.36
refers to this approach.


http://dx.doi.org/10.1007/978-3-319-21377-4_1
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2.7.2 Premiums, Payments, Portfolio Fund

Consider a portfolio consisting of n one-year policies providing the “basic” insur-
ance cover, namely the cover related to Case 2 (Possible loss with fixed amount).
According to a going-concern approach, we assume a time horizon of 7 years.

As regards the first year, let H([)P] denote the premium income (including safety
loading) at the beginning of the year, i.e., at time 0. Such an amount is assumed to
be known. Further, let X ][P] denote the total random payment, that is,
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xPl ZX(” (2.7.1)

We assume that, at the beginning of each future year, the insurer underwrites new
policies, which constitute a generation of the same type of the first one (possibly,
however, with a variable size).

So, we generalize the one-year portfolio model by defining, fort =1,2,..., T,
the following quantities:

I [Pl = premium income at time ¢ — 1, i.e., at the beginning of year ¢
Xt[P] = total payment in year ¢

The annual portfolio result, Z,[P], referred at the end of the year, can be defined as
follows:

o if we disregard the time value of money, we have

Zt[P] — P _ Xt[P] 2.7.2)

t—1

e conversely, if we assume that all the claims are paid at the end of the year of
occurrence, and that 7 is the return on premium investment, we have

zZ® =™ a4 - xP (2.7.3)

According to the second assumption, the portfolio fund (or surplus), F,[P],
t=1,2,...,1s defined as follows:

t

t
FP =3z a+iy " = Zn T+ =S xTa+p™" @714

h=1 h=0 h=1

With the (provisional) assumption

Ff'=0 (2.7.5)
we then find:
FO=FP a+p+2z" 1=1,2,... (2.7.6)
namely
FIPI (F,[Ell n H}E]I) A+d—x" r=1,2,... 2717

From recursion (2.7.6), it clearly appears that, as regards the annual results, the

hypothesis underlying the definition of F’ ,[P] is the accumulation of profits (and pos-
sibly losses) in the portfolio fund.
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If the portfolio fund takes, for some ¢, a negative value, a default (or ruin) situation
occurs. To lower the probability of such an event, shareholders’ capital should be
allocated to the portfolio, in particular at time + = 0. If My denotes the (initial)
allocation, the portfolio fund process must be redefined as follows:

t
FP =My (1 4+ + >z (1 + iy (2.7.8)
h=1
which implies
Fyl = My (2.7.9)

in recursions (2.7.6) and (2.7.7).

2.7.3 Solvency and Capital Requirements

As seen in Sect.2.3.8, the insurer’s solvency should be meant in a probabilistic
sense, namely as the capability of meeting, with an assigned (high) probability, the
random payments as described by a probabilistic model (which specifies the claim
probability and, as regards more general insurance covers, the probability distribution
of the claim size, interest rates, expenses, and so on).

The following quantities must be stated:

e the probability of meeting the random payments (say 0.99, or 0.995, ...);

e the quantity representing the insurer’s solvency level; for example, the portfolio
fund F ,[P] can be addressed; if, at time ¢, we have F ,[P] < 0, then the portfolio is in
the default state;

e the time horizon which the concept of solvency is referred to (say 2 years, or 5
years, ...).

Note that the time horizon must be chosen, as we are working in a multi-year frame-
work.

In formal terms, the following equation expresses the solvency requirement, when
the fund F, ,[P] is addressed to check the solvency:

where 1 — « denotes the stated probability of meeting the random payments (and
hence « denotes the accepted default probability).
In order to achieve the stated probability 1 — «, Eq.(2.7.10) has to be solved with
respect to My, which enters the definition of the portfolio fund F ,[P] via Eq. (2.7.8).
The following equation represents an alternative solvency requirement:

PIFY > 01=1 -« (2.7.11)
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For a given probability o, Eq.(2.7.11) expresses a requirement weaker than that
expressed by (2.7.10) (trivially, if 7 > 1). Note, however, that temporary negative
values of the portfolio fund F, t[P] are feasible only if capital outside the portfolio is
available and can be used for an immediate reinstatement of the fund. Thus, require-
ment (2.7.11) should not be adopted when referring to the whole insurance company.

Remark Solvency concepts described above generalize ideas presented in Sect.2.3.8, referring
to the one-period model. In particular, we note that, given the expression (2.7.8), requirements
expressed by (2.7.10) and (2.7.11) can be interpreted as generalizations of the solvency requirement
(2.3.59).

To achieve a required degree of solvency 1 — o, Eq.(2.7.10), or (2.7.11) must be
solved with respect to capital allocation M. In practice, numerical methods based
on Montecarlo simulation must be adopted to solve those equations. The simulation
procedure consists in generating a sample of paths of Ft[P], fort = 1,2,...,T.
Then, the probability P[F\") > 0N FY > 0N ---NFY! > 0] can be estimated via
the sample frequency

number of paths with FI¥) > 0 forr=0,1,..., T

: ; 2.7.12)
number of simulations
whereas the probability P[F [TP] > 0] can be estimated via
number of paths with F [TP] >0
(2.7.13)

number of simulations

Example 2.7.1 We refer to a portfolio initially consisting of n = 10000 one-year
policies, all with sum insured x = 1 000, and claim probability p = 0.005. Assuming
a safety loading rate equal to 10 %, we have a premium income H(gP] = 55000.
Further, we assume a time horizon of T = 5 years, and suppose that at the beginning
of each future year a new generation, with the same size and structure of the first one,
enters the portfolio. Finally, we assume an initial capital allocation My = 10 000.

Figure?2.37 illustrates 50 paths of the portfolio fund. It has been assumed that
times of claim occurrence and payment are uniformly distributed over each year.
Time value of money has been disregarded (that is, setting i = 0). Moreover, the
construction of the statistical distribution of the portfolio fund F’ [Pl relying on the
simulated paths, is sketched.

Finally, Figs.2.38 and 2.39 show the statistical distribution of the fund FI' and

F gP], respectively. In particular, it is interesting to note the higher dispersion of the
fund at time r = 5. Further, both statistical distributions reveal a positive frequency
of negative values of the portfolio fund. Clearly, risk management actions should be
taken (e.g., a higher capital allocation) if these frequencies seem to be too high. Q

Example 2.7.2 To provide an example of capital allocation effects on the solvency
degree, we still refer to the portfolio described in Example2.7.1. Table2.20 shows
some probabilities related to the behavior of the portfolio fund F/ t[P]. Of course, all the
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Table 2.20 Probabilities concerning the non-negativity of the portfolio fund

Mo PIF > 0] PIFY) > 0] PIF >
0n---nF >0

0 0.7844 0.9454 0.6954

5000 0.9264 0.9710 0.8606

10000 0.9848 0.9894 0.9518

14.000 0.9970 0.9928 0.9788

probabilities depend on the initial capital allocation My, and, in particular, increase
as My increases.

If we choose, according to the criterion expressed by Eq.(2.7.11), a solvency
degree 1 — ¢ = 0.99, the required capital allocation is My = 10000: indeed
P[ngl > 0] = 0.99. Conversely, this allocation implies a lower solvency
degree if the criterion expressed by (2.7.10) is adopted: in fact, we find
PIFF > 0nF =00 nFY > 0]~ 0.95.

Finally, we note that if My is equal to 0, or anyhow is small, compensations
among period results are possible, as we can realize by comparing P[F ][P] > 0] to

PIF > 01.0

2.7.4 Generalizing the Model

The model described above can be generalized in various ways. We just outline some
ideas. For example, we can assume that:

1. policies are issued throughout each year according to a time-uniform stream;
this implies a time-continuous premium income; the premium income cumulated
up to time 7, ITP1(¢), is given by

a® @ = ™y (2.7.14)

where ITF] denotes the annual income, assumed constant over time;
2. each (one-year) policy can claim one or more times over the year;
3. each claim has a random size.

Note that, thanks to assumptions 2 and 3 a more realistic representation of claims
in a portfolio is achieved. In the time-continuous setting, it is usual to define, for any
real ¢ (¢ > 0), the following quantities:

K(t) = number of claims up to time ¢
X'PI(r) = total payment cumulated up to time ¢
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The quantity K (¢), as a function of ¢, is called the claim number process, whereas
X™1(1) is called the aggregate claim process (see Figs.2.40 and 2.41).

If we disregard the time value of money (namely, if we assume i = 0), the portfolio
fund process, FIP1(¢), can be defined as follows:

FPY 1) = My + TP ) — x®P1(p) (2.7.15)

(see Fig.2.42).
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2.7.5 Solvency and Capital Flows

Also capital allocation strategies, aiming at solvency, can be redesigned in a more
general context. We still assume that the amount M represents the initial capital
allocation. Then, we assume that capital flows can take place in various anniversaries,
with the following purposes:

e to protect the portfolio against possible default (see Figs.2.43 and 2.44);
e to release capital exceeding a reasonable solvency target (see Fig.2.45).

Note that this more general setting can be properly represented in terms of a
barrier model: the two barriers provide thresholds which suggest capital release and,
respectively, capital allocation to reinstate the portfolio solvency.

Remark Simulations of real-world portfolios require a significant computation time, especially
when a multi-year framework is involved. Hence, alternative approaches leading to feasible formu-
lae, which can approximate the relevant results, can be very useful in insurance practice. In particular,
the so-called short-cut formulae express the required capital, for example, My, as a function of some
known quantities (e.g., the total amount of insured benefits, the total amount of premiums, etc.) and
a set of parameters which should reflect the risk profile of the portfolio (or the insurance company).
Formulae of this type are proposed, for instance, by the supervisory authorities.
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Fig. 2.44 Portfolio fund process with further capital allocations
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2.8 References and Suggestions for Further Reading

Also in this section, as in Sect. 1.8, we only cite textbooks dealing with general
aspects of risks and insurance. Studies specifically devoted to non-life insurance, life
insurance, and post-retirement solutions will be cited in the relevant sections of the
following chapters.

Chapters 6, 9 and 15 in Bellis et al. (2003) focus on managing risks, the need for
capital and solvency issues, respectively.

The textbook by Booth et al. (2005) deals with various technical and financial
aspects of life and non-life insurance and pension funds. All the important topics
of risk theory are presented in the book by Daykin et al. (1994), which provides a
significant bridge between theory and insurance practice.

Quantitative tools, and in particular statistical models, used in non-life insurance
are described by Hossack et al. (1983).

The object of Carter (2004) is to explain the fundamental principles and practice of
non-life reinsurance. A more technical presentation of reinsurance issues is provided
by Daykin et al. (1994).

The transfer of risks to capital markets via insurance-linked securities is dealt
with by Barrieu and Albertini (2009). In Aspinwall et al. (2009), longevity bonds are
in particular addressed.

TAA (2004) proposes a classification of insurer’s risks, and the relevant applica-
tions in solvency assessment procedures. Cruz (2009) collects contributions which
aim at defining an ERM framework in insurance and reinsurance. An extensive pre-
sentation of solvency issues, with specific reference to a number of supervisory
systems, is given by Sandstrom (2006).

Finally, Haberman (1996) provides extensive information about the early history
of risk theory and insurance mathematics and technique up to 1919.
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Appendix

As noted in Sect.2.3.5, various approximations to the (exact) probability distribu-
tion of the total random payment X'*! can be adopted. Whatever the approximating
distribution may be, the goodness of the approximation must be carefully assessed,
especially with regard to the right tail of the distribution itself, as this tail quantifies

the probability of large payments.
The following examples can provide some ideas about the degree of approximation
obtained by using the Poisson (see (2.3.22)—(2.3.24)) and the Normal approximation
(see (2.3.25)—(2.3.30)) to the binomial distribution (given by (2.3.21)).
Assume the following data:

e individual loss: x) = I, forj=1,...,n;
e probability: p = 0.005;
e pool sizes: n = 100, n = 500, n = 5 000.

The (exact) binomial distribution and the normal approximation have been
adopted for n = 500 and n = 5000; the (exact) binomial distribution and the
Poisson approximation have been used for n = 100. Tables2.21, 2.22 and 2.23 and
Figs.2.46 and 2.47 show numerical results.

Table 2.21 Right tails of Binomial distribution and Normal approximation

n=500; EXxXP=25 n=5000; E[XP=25

PIX™®T > k] PIXPT > k]

k Binomial Normal k Binomial Normal

5 0.04160282 0.056471062 |30 0.136121887 |0.158048811

6 0.013944069 | 0.013238288 |35 0.022173757 |0.022480517
7 0.004135437 |0.002164124 |40 0.001983179 |0.001316908
8 0.001097966 | 0.000244022 |45 0.000101743 | 3.03545 E-05
9 0.000263551 | 1.88389E-05 |50 3.13201 E-06 |2.68571 E-07
10 5.76731 E-05 |9.90663 E-07 |55 6.02879 E-08 | 8.9912 E-10
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Table 2.22 Binomial distribution and Poisson approximation
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n=100; EX®=0.5

PXP = k]
k Binomial Poisson
0 0.605770436 0.60653066
1 0.304407255 0.30326533
2 0.075719392 0.075816332
3 0.012429649 0.012636055
4 0.001514668 0.001579507
5 0.000146139 0.000157951
6 1.16275 E-05 1.31626 E-05
7 7.84624 E-07 9.40183 E-07
8 4.58355 E-08 5.87614 E-08
9 2.35447 E-09 3.26452 E-09
10 1.07667 E—10 1.63226 E-10

Table 2.23 Right tails of Binomial distribution and Poisson approximation

n=100; ExX®=0.5

PXP] > k]
k Binomial Poisson
3 0.001673268 0.001752
4 0.000158599 0.000172
5 1.24604 E-05 1.42 E-05
6 8.32926 E-07 1.00 E-06
7 4.83022 E-08 6.22 E-08
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Fig. 2.46 Probability distribution of the random payment (n = 500). Binomial distribution and

normal approximation
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Fig. 2.47 Probability distribution of the random payment (n = 5000). Binomial distribution and
normal approximation

The following aspects should be stressed. In relation to portfolio sizes n = 500
and n = 5000, the normal approximation tends to underestimate the right tail of the
payment distribution (see Table 2.21). Conversely, the Poisson distribution provides
a good approximation to the exact distribution, also for n = 100 (see Tables 2.22 and
2.23); unlike the normal approximation, the Poisson model tends to overestimate the
right tail, so that a prudential assessment of the payment follows.
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