
Chapter 2
Concentration inequalities for sums

2.1 Bernstein’s inequalities

Sergei Bernstein [6] was at the beginning of exponential inequalities for sums of
independent random variables. This section deals with Bernstein’s type inequalities.
It is divided into three subsections. In the first one, we focus our attention on the
one-sided inequality of Bernstein [6] as well as on improvements of this inequality.
The second one is devoted to two-sided versions of Bernstein’s inequality. In the
last one, we give new inequalities with a smaller second term.

2.1.1 One-sided inequalities

The main result of this subsection is the theorem below, which collects different
versions and improvements of Bernstein’s one-sided inequality.

Theorem 2.1. Let X1, . . . ,Xn be a finite sequence of independent random variables
with finite variances. Denote

Sn = X1 + · · ·+Xn, Vn = E[X2
1 ]+ · · ·+E[X2

n ],

vn =
Vn

n
. (2.1)

Assume that E[Sn] = 0 and that there exists some positive constant c such that, for
any integer p � 3,

n

∑
k=1

E
[
(max(0,Xk))

p]� p!cp−2

2
Vn. (2.2)
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12 2 Concentration inequalities for sums

Then, for any positive x,

P(Sn � nx) �
(

1+
x2

2(vn + cx)

)n
exp

(
− nx2

vn + cx

)
(2.3)

� exp
(
− nx2

2(vn + cx)

)
. (2.4)

In addition, we also have, for any positive x,

P(Sn � nx)� exp
(
− nx2

vn + cx+
√

vn(vn + 2cx)

)
(2.5)

and
P
(
Sn > n(cx+

√
2vnx)

)
� exp(−nx). (2.6)

Remark 2.2. It is not necessary to assume that the random variables X1, . . . ,Xn are
centered. We only have to suppose that E[Sn] = 0. In the centered case, Vn coincides
with Vn = Var(Sn). Otherwise, Vn is obviously larger than Vn.

Remark 2.3. Condition (2.2), given in Rio [22], is weaker than the standard Bern-
stein’s condition, which says that for any 1 � k � n and for any integer p � 3,

E
[|Xk|p

]
� p!cp−2

2
E[X2

k ].

For example, condition (2.2) allows to consider random variables with heavier tails
on the left. Bernstein [6] proved (2.4) under the above condition.

Remark 2.4. The optimal constant c∗ in Theorem 2.1 is the smallest positive real
c such that condition (2.2) is satisfied. If the random variables X1, . . . ,Xn are such
that, for all 1 � k � n, Xk � b almost surely for some positive constant b, then one
can prove that c∗ � b/3. In the forthcoming sections, we will give more efficient
inequalities for random variables bounded from above.

Remark 2.5. Inequality (2.5) was obtained by Bennett [2] and it was called first
improvement of Bernstein’s inequality. Nevertheless, this result is still suboptimal.
One can observe that (2.5) and (2.6) are equivalent. In the case vn � c2, inequality
(2.5) is less efficient than (2.3) as shown in Figure 2.1 as well as in Figure 2.2 which
compare the rate functions

ϕ(x) =
x2

vn + cx
− log

(
1+

x2

2(vn + cx)

)

Φ(x) =
x2

vn + cx+
√

vn(vn + 2cx)
and Ψ(x) =

x2

2(vn + cx)

associated, respectively, to the new Bernstein’s inequality, Bennett’s and Bernstein’s
inequalities, in the particular cases vn = 1, c = 1, and vn = 1, c = 1/2, respectively.
Note also that (2.4) is equivalent to the reverse inequality
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P
(
Sn � n(cx+

√
2vnx+(cx)2)

)
� exp(−nx),

which is less efficient than (2.6).
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Fig. 2.1 Comparisons in Bernstein’s inequalities in the particular case vn = 1 and c = 1.
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Fig. 2.2 Comparisons in Bernstein’s inequalities in the particular case vn = 1 and c = 1/2.
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The outline of the proof of Theorem 2.1 is as follows. Denote by � an upper bound
of the normalized cumulant generating function of Sn, that is, for all t � 0,

1
n

logE[exp(tSn)]� �(t).

We immediately obtain from Markov’s inequality that, for all t � 0 and x � 0,

P(Sn � nx)� exp(−n(tx− �(t))), (2.7)

which leads to

P(Sn � nx)� exp(−n�∗(x)) where �∗(x) = sup
t�0

(xt − �(t)). (2.8)

Consequently, in order to establish a concentration inequality for Sn, it only remains
to calculate the Legendre-Fenchel transform �∗ of �. In many situations, the calcu-
lation of �∗ could be somehow complicated. However, a sharp upper bound for �∗
also leads to concentration inequalities. Another strategy is to realize that for any
positive x,

P

(
Sn > n inf

t>0

(�(t)+ x
t

))
= sup

t>0
P

(
Sn > n

(�(t)+ x
t

))
� exp(−nx), (2.9)

which gives an upper bound for the quantile function of Sn in a more direct way.
The proof of Theorem 2.1 relies on two elementary lemmas. The first one, due to
Hoeffding [11], allows us to replace the initial random variables by independent
random variables with the same distribution.

Lemma 2.6. Let X1, . . .Xn be a finite sequence of independent random variables and
denote Sn = X1 + · · ·+Xn. Then, for any real t,

1
n

logE[exp(tSn)]� �(t) where �(t) = log
(1

n

n

∑
k=1

E[exp(tXk)]
)
. (2.10)

Proof. It follows from the independence of the random variables X1, . . .Xn that for
any real t,

logE[exp(tSn)] =
n

∑
k=1

logE[exp(tXk)].

The concavity of the logarithm function clearly leads to

1
n

logE[exp(tSn)]� log
(1

n

n

∑
k=1

E[exp(tXk)]
)
= �(t),

which achieves the proof of Lemma 2.6. ��
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The second lemma, which implies (2.9), will allow us to give a nice proof of the
first improvement of Bennett.

Lemma 2.7. Let X be a real valued random variable with a finite Laplace transform
on a right neighborhood of the origin. Denote by LX the logarithm of the Laplace
transform of X. Then, for any positive real number x,

P

(
X > inf

t>0

(LX(t)+ x
t

))
� exp(−x). (2.11)

Proof. Let t be any positive real number such that LX(t) < ∞. We immediately
deduce from Markov’s inequality that for any positive real number x,

P

(
X �

(LX(t)+ x
t

))
= P

(
exp(tX)� exp(LX (t)+ x)

)
� exp(−x). (2.12)

Hence, we obtain (2.11) by taking the infimum over all positive real numbers t. ��
Proof of Theorem 2.1. We are now in position to prove Theorem 2.1. First of all,
one can observe that for any x � 0,

exp(x)� 1+ x+
x2

2
,

which ensures that for any real number x,

exp(x)� 1+ x+
x2

2
+

∞

∑
p=3

(x+)p

p!

where x+ = max(0,x) stands for the positive part of x. It follows from the monotone
convergence theorem that for all 1 � k � n and for any positive t,

E[exp(tXk)]� 1+ tE[Xk]+
t2
E[X2

k ]

2
+

∞

∑
p=3

t p
E[(max(0,Xk))

p]

p!
. (2.13)

Consequently, as E[Sn] = 0, we deduce from Bernstein’s condition (2.2) that

n

∑
k=1

E[exp(tXk)]� n+
Vn

2

∞

∑
p=2

cp−2t p.

Hence, as soon as 0 < tc < 1,

exp(�(t)) =
1
n

n

∑
k=1

E[exp(tXk)]� 1+
vnt2

2(1− tc)
.
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Therefore, we find from Lemma 2.6 that for any positive t such that 0 < tc < 1,

1
n

logE[exp(tSn)]� �vn(t) where �vn(t) = log
(

1+
vnt2

2(1− tc)

)
. (2.14)

Hereafter, if we choose tn(x) = x/(vn+cx) with x > 0, we obtain from the definition
of the Legendre-Fenchel transform that

�∗vn
(x)� xtn(x)− �vn(tn(x)) =

x2

vn + cx
− log

(
1+

vnt2
n(x)

2(1− tn(x)c)

)
,

=
x2

vn + cx
− log

(
1+

x2

2(vn + cx)

)
. (2.15)

Then, (2.3) and (2.4) immediately follow from (2.8) and (2.15). Finally, it only
remains to prove (2.6). Applying Lemma 2.7 to Sn, we obtain that

P

(
Sn > n inf

tc∈]0,1[

( �vn(t)+ x
t

))
� exp(−nx). (2.16)

Now, it follows from (2.14) and the elementary inequality log(1+ x)� x that

inf
tc∈]0,1[

( �vn(t)+ x
t

)
� inf

tc∈]0,1[

( vnt
2(1− tc)

+
x
t

)
= cx+

√
2xvn (2.17)

where the infimum of the right-hand side is given by the optimal value

t =

√
2x√

vn + c
√

2x
.

Finally, we clearly deduce (2.6) from (2.16) and (2.17), which completes the proof
of Theorem 2.1. ��
Example 2.8. Let ε1, . . . ,εn be a finite sequence of independent random variables
sharing the same Exponential E (λ ) distribution with λ > 0. Let a = (a1, . . . ,an) be
a vector with positive real components. For all 1 � k � n, denote

Xk = ak

(
εk − 1

λ

)
.

One can easily check that

Vn =
n

∑
k=1

E[X2
k ] =

1
λ 2

n

∑
k=1

a2
k =

‖a‖2
2

λ 2 .

In addition, it is not hard to see that condition (2.2) holds true with

c =
1
λ

max(a1, . . . ,an) =
‖a‖∞

λ
.
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Therefore, it follows from (2.6) that for any positive x,

P
(
Sn > ‖a‖2

√
2x+λ‖a‖∞x

)
� exp(−λ 2x).

In Section 2.7, we will give a more efficient inequality for sums of random variables
with exponential distributions.

2.1.2 Two-sided inequalities

In this subsection, we provide two-sided versions of Bernstein’s inequality. The
main difference between the two-sided version and the previous one-sided version
lies in the assumption on the random variables. More precisely, we shall consider a
condition involving the algebraic moments of the random variables.

Theorem 2.9. Let X1, . . . ,Xn be a finite sequence of independent random variables
with finite algebraic moments at any order. Let Sn, Vn, and vn be defined as in (2.1).
Assume that E[Sn] = 0 and that there exists some positive constant c such that, for
any integer p � 3,

∣
∣
∣

n

∑
k=1

E
[
X p

k

]∣∣
∣�

p!cp−2

2
Vn. (2.18)

Then, for any positive x,

P(|Sn|� nx) � 2
(

1+
x2

2(vn + cx)

)n
exp

(
− nx2

vn + cx

)
(2.19)

� 2exp
(
− nx2

2(vn + cx)

)
. (2.20)

In addition, we also have, for any positive x,

P
(|Sn|> n(cx+

√
2vnx)

)
� 2exp(−nx). (2.21)

Remark 2.10. Obviously, the one-sided bounds for Sn and −Sn hold with the con-
stant one instead of the constant two. One can observe that Condition (2.18) slightly
differs from condition (2.2) applied to the two random finite sequences X1, . . . ,Xn

and −X1, . . . ,−Xn. To be more precise, (2.18) is weaker than the two-sided version
of (2.2) for odd integers p and stronger for even integers p.

Proof. For any integer p � 2, denote

Ap,n = E[X p
1 ]+ · · ·+E[X p

n ]. (2.22)
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It follows from condition (2.18) that for any real t such that |t|c < 1,

n

∑
k=1

E[cosh(tXk)] =
n

∑
k=1

∞

∑
p=0

1
(2p)!

E[(tXk)
2p] = n+

∞

∑
p=1

A2p,n

(2p)!
t2p,

� n+
A2,n

2
t2

1− c2t2 < ∞.

Consequently the random variables |X1|, . . . , |Xn| have finite Laplace transforms on
the interval [0,1/c[. As E[Sn] = 0, it ensures that for any real t such that |t|c < 1,

n

∑
k=1

E[exp(tXk)] = n+
∞

∑
p=2

Ap,n

p!
t p. (2.23)

Furthermore, as A2,n = Vn, we can deduce from condition (2.18) that for any real t
such that |t|c < 1,

∣
∣
∣

∞

∑
p=2

Ap,n

p!
t p
∣
∣
∣� Vn

t2

1−|tc| . (2.24)

Therefore, we obtain (2.23) and (2.24) and that for any real t such that |t|c < 1,

log
(1

n

n

∑
k=1

E[exp(tXk)]
)
� log

(
1+

vnt2

2(1−|tc|)
)
� vnt2

2(1−|tc|).

Finally, the rest of the proof is left to the reader inasmuch as it follows the same
lines as the proof of Theorem 2.1. ��

2.1.3 About the second term in Bernstein’s inequality

In this subsection, we are interested in the second term in Bernstein’s type inequal-
ities. Recall that under assumption (2.2), the first improvement of Bennett is given,
for any positive x, by

P(Sn � nx)� exp
(−ngn(x)

)
where gn(x) =

x2

vn + cx+
√

v2
n + 2cvnx

. (2.25)

As x goes to zero, the rate function gn has the asymptotic expansion

gn(x) =
x2

2vn + 2cx+O(x2)
=

x2

2vn
− cx3

2v2
n
+O(x4).
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Consequently, the two first terms in the expansion of gn into powers of x are the
same as in the initial inequality of Bernstein. We shall now provide an inequality
with a smaller second term.

Theorem 2.11. Let X1, . . . ,Xn be a finite sequence of independent random variables
with finite variances. Let Sn and vn be defined as in (2.1). Assume that E[Sn] = 0 and
suppose that there exists some positive constant c such that

an = sup
p�3

(
c3−p 2

p!
1
n

n

∑
k=1

E
[
(max(0,Xk))

p]
)
< ∞. (2.26)

For any positive constant c satisfying the above condition, denote

fn(x) =
x2

vn + cx+
√
(vn − cx)2 + 4anx

. (2.27)

Then, for any positive x,

P(Sn � nx)�
(
1+ fn(x)

)n
exp

(−2n fn(x)
)
� exp

(−n fn(x)
)
. (2.28)

Remark 2.12. Under assumption (2.2), we clearly have an � cvn. Then, for any pos-
itive x,

√
(vn − cx)2 + 4anx � vn + cx, which immediately leads to

fn(x)�
x2

2(vn + cx)
.

Hence, (2.28) is sharper than the first improvement of Bennett (2.25). Let us now
give the asymptotic expansion of fn. As x goes to zero, it follows from straightfor-
ward calculation that

fn(x) =
x2

2vn + 2(an/vn)x+O(x2)
=

x2

2vn
− anx3

2v3
n
+O(x4).

Consequently, under assumption (2.2), the second term in the expansion of fn is
greater than the second term in the expansion of gn, which also shows that (2.28) is
sharper than (2.25).

Remark 2.13. Denote

αn =
1

3n

n

∑
k=1

E
[
(max(0,Xk))

3].

Obviously an � αn. Now, under the assumptions of Theorem 2.11, an = αn if c is
large enough. Hence it seems convenient to choose the smallest c such that an = αn

in Theorem 2.11.

Remark 2.14. The function fn can easily be compared with the rate function gn given
in (2.25). By definition of fn, fn(x)> gn(x) iff (vn−cx)2+4anx < v2

n+2cvnx, which
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is equivalent to x < 4(cvn − an). Under this condition, the right-hand side term in
(2.28) is smaller than the right-hand side term in (2.25).

Proof. We deduce from (2.13) and the definition of an that for any positive t such
that 0 < tc < 1,

1
n

n

∑
k=1

E[exp(tXk)]� 1+
vn

2
t2 +

an

2(1− tc)
t3.

Therefore, we find from Lemma 2.6 that for any positive t such that 0 < tc < 1,

1
n

logE[exp(tSn)]� log(1+ψn(t)) where ψn(t) =
vn

2
t2 +

an

2(1− tc)
t3. (2.29)

Hence, we immediately obtain from (2.8) and the above upper bound that, for any
positive x and for any positive t such that 0 < tc < 1,

P(Sn � nx)� (1+ψn(t))
n exp(−ntx). (2.30)

Hereafter, we can choose t in such a way that ψn(t) = tx/2, which is equivalent to
the second order equation

(vnc− an)t
2 − (vn + cx)t + x = 0.

If an = vnc, then the above equation has a unique solution t = x/(vn + cx), which
clearly belongs to the interval ]0,1/c[. In that case, (vn − cx)2 + 4anx = (vn + cx)2

and fn(x) = tx/2. Otherwise, the above equation has two real solutions. The solution
which lies in the interval ]0,1/c[ is

t =
vn + cx−

√
(vn − cx)2 + 4anx

2(vnc− an)
=

2x

vn + cx+
√
(vn − cx)2 + 4anx

.

Hence, once again, we find that fn(x) = tx/2. Finally, we obtain (2.28) by choosing
this value of t in (2.30). ��
Example 2.15. Let ε1, . . . ,εn be a finite sequence of independent random variables
sharing the same Exponential E (1) distribution. In addition, let B1, . . . ,Bn be a finite
sequence of independent random variables with Bernoulli B(1/4) distribution. As-
sume that these two sequences are mutually independent. For all 1 � k � n, denote

Xk = Bkεk − 1
6

(
1−Bk

)
ε2

k .

One can easily check that, for all 1 � k � n, E[Xk] = 0, E[X2
k ] = 1 = vn, and

E[(max(0,Xk))
p] = p!/4. Taking c = 1, we obtain from the definition (2.26) of an

that an = 1/2. Then, it follows from Theorem 2.11 that, for any positive x,

P(Sn � nx)�
(
1+ fn(x)

)n
exp

(−2n fn(x)
)
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where

fn(x) =
x2

1+ x+
√

1+ x2
.

Figure 2.3 below compares the rate function

Ψ(x) =
2x2

1+ x+
√

1+ x2
− log

(
1+

x2

1+ x+
√

1+ x2

)

appearing here with the two rate functions of Figure 2.1. One can realize in this
example that inequality (2.28) is more efficient than (2.5) and (2.3).
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Fig. 2.3 Comparisons in Bernstein’s inequalities with the new second term

2.2 Hoeffding’s inequality

In this section, we focus our attention on the classical Hoeffding’s inequality [11],
which requires that the random variables are bounded from above and from below.
We shall also establish Antonov’s type extensions of this inequality. Let us start with
the classical inequality of Hoeffding.

Theorem 2.16 (Hoeffding’s inequality). Let X1, . . . ,Xn be a finite sequence of
independent random variables. Assume that for all 1 � k � n, one can find
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two constants ak < bk such that ak � Xk � bk almost surely. Denote Sn = X1

+ . . .+Xn. Then, for any positive x,

P(|Sn −E[Sn]|� x)� 2exp
(
−2x2

Dn

)
where Dn =

n

∑
k=1

(bk − ak)
2. (2.31)

Remark 2.17. We shall see in the proof of Theorem 2.16 below that Dn � 4Vn where
Vn = Var(Sn). Clearly, the equality Dn = 4Vn does not hold true, unless the ran-
dom variables X1, . . . ,Xn have the Bernoulli distribution given, for all 1 � k � n,
by P(Xk = ak) = P(Xk = bk) = 1/2. In Section 2.5, we will establish a more effi-
cient inequality. To be more precise, we will improve Hoeffding’s inequality (2.31)
replacing Dn by the lower bound given by the inequality

Dn �
2
3

Dn +
4
3

Vn.

The proof of Hoeffding’s inequality relies on the following lemmas which give up-
per bounds for the variances and the Laplace transforms of the random variables
X1, . . . ,Xn.

Lemma 2.18. Let X be a random variable with finite variance σ2. Assume that
a � X � b almost surely for some real constants a and b. Denote m = E[X ]. Then,

σ2 � (b−m)(m− a)� (b− a)2

4
. (2.32)

Proof. The convexity of the square function implies that X2 � (a+b)X −ab almost
surely. Hence σ2 = E[X2]−m2 � (a+ b)m− ab−m2 � −ab+(a+ b)2/4, which
implies the lemma. ��
Lemma 2.19. Let X be a random variable with finite variance σ2. Assume that
a � X � b almost surely for some real constants a and b. Then, for any real t,

log
(
E[exp(tX)]

)
� tE[X ]+

t2

8

(
b− a

)2
.

Proof. Let L and � be the Laplace and log-Laplace transforms of X . As the ran-
dom variable X is bounded from above and from below, L and � are real analytic
functions. Moreover, for any real t, �(t) = logL(t),

�′(t) =
L′(t)
L(t)

and �′′(t) =
L′′(t)
L(t)

−
(L′(t)

L(t)

)2
.

Consider the classical change of probability

dPt

dP
= exp

(
tX − �(t)

)
=

exp(tX)

L(t)
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and denote by Et the expectation associated with Pt . One can observe that for any
integrable random variable Y ,

Et [Y ] =
E[Y exp(tX)]

L(t)
.

In particular,

Et [X ] =
E[X exp(tX)]

L(t)
=

L′(t)
L(t)

, Et [X
2] =

E[X2 exp(tX)]

L(t)
=

L′′(t)
L(t)

.

Consequently, �′′(t) = Et [X2]−E
2
t [X ], which means that �′′(t) is equal to the vari-

ance of the random variable X under the new probability Pt . As the random variable
X takes its values in [a,b] almost surely, we may apply Lemma 2.18 under the new
probability Pt , which gives �′′(t) � (b− a)2/4. Since �(0) = 0 and �′(0) = E[X ], it
completes the proof of Lemma 2.19. ��
Proof of Theorem 2.16. We shall now proceed to the proof of Hoeffding’s inequal-
ity. We deduce from Lemma 2.19 together with the independence of the random
variables X1, . . . ,Xn that, for any real t,

logE
[
exp(tSn)

]
=

n

∑
k=1

logE
[
exp(tXk)

]
� tE[Sn]+

t2

8
Dn (2.33)

where Dn is given by (2.31). For any positive t, it follows from Markov’s inequality
applied to exp(tSn) that

logP(Sn � E[Sn]+ x)�−tx− tE[Sn]+ logE[exp(tSn)]. (2.34)

Consequently, inequalities (2.34) and (2.33) imply that for all x � 0 and t > 0,

P(Sn −E[Sn]� x)� exp

(
−tx+

t2

8
Dn

)
.

By taking the optimal value t = 4x/Dn, we find that

P(Sn −E[Sn]� x)� exp

(
−2x2

Dn

)
. (2.35)

Replacing Xk by −Xk, we obtain by the same token that for all x � 0,

P(Sn −E[Sn]�−x)� exp

(
−2x2

Dn

)
. (2.36)

Therefore, (2.31) follows from (2.35) and (2.36), which completes the proof of
Theorem 2.16. ��
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It is necessary to add some comments on Hoeffding’s inequality. Recall that for
all 1 � k � n, ak � Xk � bk almost surely, where ak < bk. For all 1 � k � n, let
Zk be the random variable defined by Zk = (Xk − ak)/ck with ck = bk − ak, which
is equivalent to Xk = ak + ckZk. For all 1 � k � n, the random variable Zk takes its
values in the interval [0,1] and

Sn −E[Sn] =
n

∑
k=1

ck(Zk −E[Zk]). (2.37)

Consequently Sn −E[Sn] is a weighted sum of independent random variables whose
laws have a support included in an interval of length 1. Hence, the support of the
law of Sn is included in an interval of length ‖c‖1 = c1 + · · ·+ cn and

P(|Sn −E[Sn]|> ‖c‖1) = 0, (2.38)

which cannot be deduced from Hoeffding’s inequality. Furthermore, for any p � 1,
denote

‖c‖p =
( n

∑
k=1

cp
k

)1/p
.

Hoeffding’s inequality (2.31) is clearly equivalent, for any positive x, to

P(|Sn −E[Sn]|� ‖c‖2x)� 2exp(−2x2). (2.39)

Antonov [1] extended inequality (2.39) by proving that for any p in ]1,2] and for
any positive x,

P(|Sn −E[Sn]|� ‖c‖px)� 2exp(−Cqxq) (2.40)

where q = p/(p− 1) and the constant Cq obtained by Antonov converges to 0 as q
tends to ∞. Observe, however, that Antonov [1] also proved inequality (2.40) under
the more general tail assumption that, for all 1 � k � n, P(|Zk|� x)� α exp

(−β xq)
for some positive constants α and β . Here, we will prove that the constant Cq ap-
pearing in (2.40) is larger than 2. We refer the reader to Rio [21] for more details
about the constants in (2.40).

Theorem 2.20. Let X1, . . . ,Xn be a finite sequence of independent random variables.
Assume that for all 1 � k � n, one can find two constants ak < bk such that ak �
Xk � bk almost surely and let ck = bk −ak. Denote Sn = X1 + · · ·+Xn. Then, for any
p in ]1,2] and for any positive x,

P(|Sn −E[Sn]|� ‖c‖px)� 2exp(−2xq) (2.41)

where q = p/(p− 1).

Remark 2.21. Let x be any real in ]1,∞[. Then, by taking the limit as q tends to
infinity in (2.41), we obtain (2.38).

The proof of Theorem 2.20 relies on the following lemma on convex functions.
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Lemma 2.22. Let � be a convex and increasing function from [0,∞[ to [0,∞] such
that �(0)= 0 and �′(0) = 0. Denote by �∗ the Fenchel-Legendre transform of �. Then,
for any real p in ]1,2], we have

a�(p) = sup
t>0

(
t−p�(t)

)
= p−1(q inf

x>0

(
x−q�∗(x)

))1−p
where q = p/(p− 1). (2.42)

Proof. Since � is a convex function �= (�∗)∗. Hence, for any positive t,

�(t) = sup
x>0

(
xt − �∗(x)

)
,

which implies that
a�(p) = sup

x>0

(
sup
t>0

t−p(xt − �∗(x)
))
. (2.43)

For any positive t, denote f (t) = t−p(xt − �∗(x)). In order to prove (2.42), it
is necessary to compute the maximum of the function f . From the assumption
�(0) = �′(0) = 0, we know that �∗(x) > 0 for any positive x. Moreover, we also
have

f ′(t) = t−1−p(p�∗(x)− (p− 1)xt).

Hence, f has a unique maximum at the point tx = q�∗(x)/x where q = p/(p− 1).
Therefore,

sup
t>0

t−p(xt − �∗(x)
)
= (q− 1)�∗(x)t−p

x = (q− 1)q−p(xq/�∗(x)
)p−1

. (2.44)

Consequently, we deduce from (2.43) and (2.44) that

a�(p) =
q− 1

q
sup
x>0

( xq

q�∗(x)

)p−1
,

which implies Lemma 2.22. ��
Proof of Theorem 2.20. Let Z be a centered random variable with values in the in-
terval [a,a+ 1] with a < 0. It follows from Lemma 2.19 that for any real t,

�Z(t) = logE[exp(tZ)]� t2

8
.

Moreover, as a < 0, Z � 1 almost surely, which implies that

�′Z(t) =
E[Z exp(tZ)]
E[exp(tZ)]

� 1.

From the two above inequalities and the convexity of the log-Laplace transform �Z ,
we obtain that, for any real t,

�Z(t)� �(t), (2.45)
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where �(t) = t2/8 if t � 4 and �(t) = t − 2 if t � 4. Hereafter, starting from (2.37)
and applying (2.45) to the random variables Zk −E[Zk], we find that for any real t,

logE[exp(tSn)]− tE[Sn]�
n

∑
k=1

�(ckt)� sup
x>0

(
x−p�(x)

)‖c‖p
pt p. (2.46)

Denote by �∗ the Legendre-Fenchel transform of the convex function �. It follows
from straightforward calculation that �∗(x) = 2x2 for x in [0,1] and �∗0(x) = +∞ for
x > 1. Hence, for any q � 2,

inf
x>0

x−q�∗0(x) = 2.

Consequently, we obtain from (2.46) and Lemma 2.22 that, for any real t,

logE[exp(tSn)]− tE[Sn]� p−1(2q)1−p‖c‖p
pt p. (2.47)

Hence, we deduce from (2.47) together with Markov’s inequality that for all x � 0
and t > 0,

P(Sn −E[Sn]� ‖c‖px)� exp
(
tx− (2q)1−p(t p/p)

)
.

By taking the optimal value t = 2qxq−1 in this inequality, we find that

P(Sn −E[Sn]� ‖c‖px)� exp
(−2xq). (2.48)

Replacing Xk by −Xk, we obviously obtain the same inequality, which completes
the proof of Theorem 2.20. ��

2.3 Binomial rate functions

Throughout this section, we assume that X1, . . . ,Xn is a finite sequence of indepen-
dent random variables bounded from above. More precisely, we assume that there
exists a positive constant b such that, for all 1 � k � n,

Xk � b a.s. (2.49)

The purpose of this section is to compare the tails of their sum Sn on the right with
the tails of binomial random variables. The fundamental tool of the proofs is the
lemma below, whose second part is due to Bennett [2]. We refer to Bentkus [4] for
the first part of the lemma and for other results in this direction under condition
(2.49), and to Pinelis [19] for a refinement of (2.49) under some additional condi-
tion on the random variable X appearing in the lemma below. Next we will deduce
Theorems 1 and 3 of Hoeffding [11] from this key lemma.
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Lemma 2.23. Let X be a centered random variable with finite variance σ2. Assume
that X � b almost surely for some positive real b. Let v be any positive real such that
σ2 � v. Denote by ξ the Bernoulli type random variable with mean 0 and variance
v defined by

P(ξ = b) =
v

b2 + v
and P(ξ =−v/b) =

b2

b2 + v
.

Then, for any real t,
E[(X − t)2

+]� E[(ξ − t)2
+]. (2.50)

Consequently, for any positive real t,

E[exp(tX)]� E[exp(tξ )] =
v

b2 + v
exp(tb)+

b2

b2 + v
exp(−tv/b). (2.51)

Proof. If t � b, then the two expectations in (2.50) vanish and there is nothing to
prove. If t �−v/b, then

E[(X − t)2
+]� E[(X − t)2] = σ2 + t2 � v+ t2 = E[(ξ − t)2] = E[(ξ − t)2

+].

If t belongs to [−v/b,b], then for any x ∈ [−v/b,b],

(x− t)+ � b− t
b2 + v

(bx+ v)+

leading to

E[(X − t)2
+]�

(b− t)2

(b2 + v)2E[(bX + v)2
+]�

(b− t)2

(b2 + v)2E[(bX + v)2].

However,
(b− t)2

(b2 + v)2E[(bX + v)2] =
(b− t)2v

b2 + v
= E[(ξ − t)2

+],

which shows that (2.50) still holds. We are now in position to prove (2.51). For any
x ∈ R and any positive t, we have the integral representation

E[exp(tX)] =
t2

2

∫

R

E

[(
X − s

t

)2

+

]
exp(s)ds.

Consequently, (2.51) immediately follows from (2.50), which completes the proof
of Lemma 2.23. ��

We now apply (2.51) to sums of independent random variables X1, . . . ,Xn

bounded from above. In the case of centered random variables, the result below
coincides with Theorem 3 in Hoeffding [11]. We also refer to Bennett [3] for
an analogous bound under the additional assumption that the random variables
X1, . . . ,Xn are symmetrically distributed about their mean.
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Theorem 2.24. Let X1, . . . ,Xn be a finite sequence of independent random variables
with finite variances satisfying (2.49) for some positive real b. Let Sn and vn be
defined as in (2.1) and assume that E[Sn] = 0. Then, for any v � vn and for any x in
[0,b],

P(Sn � nx) � exp
(
−n

((v+ bx
v+ b2

)
log

(
1+

bx
v

)
+
(b2 − bx

b2 + v

)
log

(
1− x

b

)))
,

� exp
(−ng(b,v)x2), (2.52)

where

g(b,v) =

⎧
⎪⎨

⎪⎩

b2

(b4 − v2)
log

(b2

v

)
if v < b2,

1
2v

if v � b2.

(2.53)

Remark 2.25. Note that Sn � nb almost surely, which implies that P(Sn > nb) = 0.

Proof. We shall only prove Theorem 2.24 in the particular case b = 1, inasmuch as
the general case follows by dividing the initial random variables by b. According to
Lemma 2.6, we have for any real t

1
n

logE[exp(tSn)]� �(t) where �(t) = log
(1

n

n

∑
k=1

E[exp(tXk)]
)
.

Denote by X a random variable with distribution

μ =
1
n
(μ1 + · · ·+ μn)

where, for all 1 � k � n, μk stands for the distribution of Xk. We clearly have X � 1
almost surely. In addition, E[X ] = 0 and

E[X2] =
1
n
(E[X2

1 ]+ · · ·+E[X2
n ])� v.

Hence, according to (2.51), we have for any positive t,

1
n

n

∑
k=1

E[exp(tXk)] = E[exp(tX)]� v
1+ v

exp(t)+
1

1+ v
exp(−vt).

It implies that, for any positive t,

logE[exp(tSn)]� nLv(t) (2.54)

where
Lv(t) = log(vet + e−vt)− log(1+ v).
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In order to prove the first part of Theorem 2.24, it remains to prove that the
Legendre-Fenchel transform L∗

v of Lv is given by

L∗
v(x) =

{( v+ x
v+ 1

)
log

(
1+

x
v

)
+
(1− x

1+ v

)
log(1− x) if x ∈ [0,1],

+∞ if x > 1.
(2.55)

In order to compute L∗
v(x), we have to solve the equation L′

v(t) = x. On the one hand,
for x < 1,

L′
v(t) =

v(1− e−t(1+v))

v+ e−t(1+v)
= x ⇐⇒ (1+ v)t = log

(
1+

x
v

)
− log(1− x).

For this value of t,

tx−Lv(x) =
( v+ x

v+ 1

)
log

(
1+

x
v

)
+
(1− x

1+ v

)
log(1− x) = L∗

v(x),

which gives (2.55) in the case x < 1. On the other hand, for x � 1, the function
t → tx−Lv(t) is increasing. Hence, if x = 1,

L∗
v(x) = lim

t→∞
(t −Lv(t)) = log

(
1+

1
v

)

while, if x > 1, L∗
v(x) = +∞, which completes the proof of (2.55). We deduce the

first part of Theorem 2.24 from (2.54) and (2.55). It now remains to prove the second
part of Theorem 2.24. This second part immediately follows from the lower bound
below on L∗

v , due to Hoeffding [11]. ��
Lemma 2.26. Let L∗

v be defined as in (2.55). Then, we have

inf
x>0

(L∗
v(x)
x2

)
=

⎧
⎪⎨

⎪⎩

| log(v)|
1− v2 if v < 1,

1
2v

if v � 1.
(2.56)

Proof. Since L∗
v(x) = +∞ for x > 1,

inf
x>0

(L∗
v(x)
x2

)
= inf

0<x�1

(L∗
v(x)
x2

)
.

Let ψv be the function defined by ψv(x) = x−2L∗
v(x) if x in ]0,1] and ψv(0) = 1/(2v).

Then, ψv is differentiable on [0,1[, and for any x in [0,1[,

x2ψ ′
v(x) = (L∗

v)
′(x)− 2x−1L∗

v(x). (2.57)

We already saw that (1+ v)(L∗
v)

′(x) = log(1+ x/v)− log(1− x). Hence, if ϕv is the
function defined, for all x in ]0,1[, by ϕv(x) = (1+ v)x2ψ ′

v(x), it follows that
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ϕv(x) =
(

1− 2
x

)
log(1− x)−

(
1+

2v
x

)
log

(
1+

x
v

)
.

Apparently it seems difficult to find the roots of the above function. However,

(
1+

2v
x

)
log

(
1+

x
v

)
= −

(
1+

2v
x

)
log

( v
v+ x

)
,

=
(

1− 2(v+ x)
x

)
log

(
1− x

v+ x

)
.

Therefore, one can realize that, for all x in ]0,1[,

ϕv(x) = H(x)−H
( x

v+ x

)
where H(x) =

(
1− 2

x

)
log(1− x). (2.58)

Furthermore, for all x in ]0,1[, we have the expansion

H(x) = 2+
∞

∑
k=2

(k− 1)
k(k+ 1)

xk.

In this expansion, the coefficients are positive. Thus, H is increasing on ]0,1[. Hence,
it follows from (2.57) and (2.58) that ψ ′

v(x) > 0 if and only if x > x/(v+ x), that is
x > 1− v. Therefrom, if v � 1, then ψv is increasing on ]0,1]. Consequently, the
value of the minimum is

Cv = lim
x↘0

L∗
v(x)
x2 =

1
2v

,

which gives the second part of Lemma 2.26. If v < 1, then ψv has its minimum at
x = 1− v and the value of this minimum is

Cv = ψv(1− v) =
| log(v)|
1− v2 ,

which completes the proof of Lemma 2.26. ��
To conclude this section, we apply Theorem 2.24 to independent random vari-

ables with values in [0,1]. The result below is exactly Theorem 1 in Hoeffding [11].

Theorem 2.27. Let X1, . . . ,Xn be a finite sequence of independent random variables
with values in [0,1] and denote μ = E[Sn]/n. Then, for any x in ]μ ,1[,

P(Sn � nx) � exp
(
−n

(
x log

( x
μ

)
+(1− x) log

( 1− x
1− μ

)))
,

� exp
(−ng(μ)(x− μ)2), (2.59)

� exp
(−2n(x− μ)2),
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where

g(μ) =

⎧
⎪⎨

⎪⎩

1
1− 2μ

log
(1− μ

μ

)
if 0 < μ <

1
2
,

1
2μ(1− μ)

if
1
2
� μ < 1.

Proof. If μ = 0 or μ = 1, then Sn = nμ almost surely, and there is nothing to prove.
Hereafter, assume that 0 < μ < 1 and denote, for all 1 � k � n, Yk = Xk − μ . The
random variables Y1, . . . ,Yn satisfy the assumptions of Theorem 2.24 with b= 1−μ .
Moreover, if Σn =Y1+ · · ·+Yn, we clearly have E[Σn] =E[Sn]−nμ = 0. In addition,
for all 1 � k � n,

E[Y 2
k ] = E[X2

k ]− 2μE[Xk]+ μ2 � (1− 2μ)E[Xk]+ μ2,

since E[X2
k ]� E[Xk]. It leads to

Var(Σn) = E[Y 2
1 ]+ · · ·+E[Y 2

n ]� nμ(1− 2μ)+ nμ2 = nμ(1− μ).

Finally, Theorem 2.27 immediately follows from Theorem 2.24 with b = 1−μ and
v = μ(1− μ). ��

2.4 Bennett’s inequality

In this section, we deduce Bennett’s type inequalities from the results of Section 2.3.
First of all, let h and hw be the functions defined by

h(x) =

⎧
⎨

⎩

(1+ x) log(1+ x)− x if x >−1,
1 if x =−1,
+∞ if x <−1,

(2.60)

and

hw(x) =

⎧
⎪⎨

⎪⎩

h(wx)
w2 if w 
= 0,

x2

2
if w = 0.

(2.61)

Theorem 2.28. Let X1, . . . ,Xn be a finite sequence of independent random variables
satisfying (2.49) for some positive constant b. Let Sn and vn be defined as in (2.1)
and assume that E[Sn] = 0. Let wn = (b/vn)− (1/b). Then, for any x in [0,b],

P(Sn � nx) � exp
(
− n

vn
hwn(x)

)
, (2.62)

� exp
(
−nvn

b2 h
(bx

vn

))
,
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where the above functions are given by (2.60) and (2.61). Hence, if vn � b2, then,
for any positive x,

P(Sn � nx)� exp
(
−nx2

2vn

)
. (2.63)

Furthermore, for any x in [0,b],

P(Sn � nx) � exp
(
− nx2

2(vn + bx/3)(1− x/(3b))

)
(2.64)

� exp
(
− nx2

2(vn + bx/3)

)
.

Remark 2.29. The second upper bound in (2.62) is known as Bennett’s inequality.
This inequality was called second improvement of Bernstein’s inequality in Bennett
[2]. This second improvement is more efficient than the first improvement of Ben-
nett, which corresponds to inequality (2.4) with c = b/3. We now discuss the first
upper bound. Elementary computations show that hw are decreasing with respect to
w. Hence, the first upper bound is more efficient than Bennett’s inequality. For ex-
ample, if vn � b2, then wn � 0. In that case, hwn(x)� x2/2, which implies (2.63). On
the other side, (2.63) cannot be deduced from Bennett’s inequality. Note, however,
that (2.63) has already been established in Theorem 2.24 of Section 2.3. It comes
from the proof of Theorem 2.28 that the above upper bounds are increasing with
respect to vn. Consequently, one can replace vn by any real v � vn in Theorem 2.28.

Remark 2.30. Inequality (2.64) is an improved version of Bernstein’s inequality for
bounded random variables, which implies (2.63). Figure 2.4 below compares the
rate functions given in Theorem 2.28 in the particular case b = 1 and vn = 1. For
any x in [0,1],

Φ(x) =
x2

2(1+ x/3)
and Ψ(x) =

x2

2(1+ x/3)(1− x/3)

are the rate functions in Bernstein’s inequality and its improvement for bounded
random variables, respectively. In addition, for any x in [0,1],

h(x) = (1+ x) log(1+ x)− x, �(x) =
x2

2
,

ϕ(x) =
1
2
(1+ x) log(1+ x)+

1
2
(1− x) log(1− x)

are the rate functions in Bennett’s inequality, the improvement of Bennett’s inequal-
ity, and the Binomial rate function. One can realize that inequality (2.52) with the
Binomial rate function outperforms Bernstein and Bennett inequalities.
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Fig. 2.4 Comparisons in Bennett’s inequalities

Remark 2.31. An interesting situation occurs when wn is different from zero and
vn is small. Figure 2.5 below compares the more efficient rate functions of Theo-
rem 2.28 given, for any x in [0,1], by

Ψn(x) =
x2

2(vn + bx/3)(1− x/(3bn))
,

hn(x) =
1

vnw2
n

(
(1+wnx) log(1+wnx)−wnx

)
,

and

ϕn(x) =
( vn + x

vn + 1

)
log

(
1+

x
vn

)
+
( 1− x

1+ vn

)
log(1− x)

in the special case b = 1 and vn = 1/20. One can observe that inequality (2.52)
with the Binomial rate function still outperforms the improvements of Bernstein
and Bennett inequalities. However, the improvement of Bennett’s inequality behaves
better than the improvement of Bernstein’s inequality.

Proof. The fact that (2.62) implies (2.63) is already proven in Remark 2.29. We
shall only prove Theorem 2.28 in the special case b = 1, inasmuch as the general
case follows by dividing the initial random variables by b. Throughout the proof,
v = vn and w = wn = (1− v)/v. According to (2.52), we have for any x in [0,1],

P(Sn � nx)� exp(−nL∗
v(x))
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Fig. 2.5 Comparisons in the situation where wn is different from zero

where

L∗
v(x) =

( v+ x
v+ 1

)
log

(
1+

x
v

)
+
(1− x

1+ v

)
log(1− x)

with the convention 0 log0 = 0. Furthermore, P(Sn > n) = 0. Consequently (2.62)
and (2.64) follow from the lower bounds below on L∗

v , which achieves the proof of
Theorem 2.28. ��
Lemma 2.32. For any x in [0,1], we have

L∗
v(x)�

hw(x)
v

� vh
(x

v

)

where w = (1− v)/v. Moreover, for any x in [0,1],

L∗
v(x)�

x2

2(v+ x/3)(1− x/3)
.

Proof. In order to prove the first part of Lemma 2.32, one can observe that L∗
v(0) =

(L∗
v)

′(0) = 0 and

(L∗
v)

′′(x) =
1

(v+ x)(1− x)
.

Consequently, for any x in [0,1],

L∗
v(x) =

∫ x

0
(x− t)(L∗

v)
′′(t)dt =

∫ x

0

(x− t)
(v+ t)(1− t)

dt.
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For any t in [0,1[, 0 < (v+ t)(1− t)� v+(1− v)t � v+ t. Hence,

L∗
v(x)�

∫ x

0

x− t
v+(1− v)t

dt �
∫ x

0

x− t
v+ t

dt. (2.65)

Now, ∫ x

0

x− t
v+(1− v)t

dt =
hw(x)

v
and

∫ x

0

x− t
v+ t

dt = vh
(x

v

)
,

which completes the proof of the first part. The main tool of the proof of the second
part is an expansion of L∗

v into power series. We start by noting that

(1+ v)L∗
v(x) = vh

(x
v

)
+ h(−x). (2.66)

Next, for any x in [0,1],

h(−x) =
x2

2

∞

∑
k=0

2xk

(k+ 2)(k+ 1)
. (2.67)

In order to give an expansion of vh(x/v), we note that, for any positive x,

h(x) =−(1+ x) log
(

1− x
1+ x

)
− x =

∞

∑
k=2

1
k

xk

(1+ x)k−1 ,

which leads to the expansion

vh
(x

v

)
=

x2

2(v+ x)

∞

∑
k=0

2
k+ 2

( x
v+ x

)k
. (2.68)

Consequently, starting from (2.67) and noticing that (k+ 1)(k+ 2)� 2(3)k for any
nonnegative integer k, we find that for any x in [0,1],

h(−x)� x2

2

∞

∑
k=0

( x
3

)k
=

x2

2(1− x/3)
. (2.69)

In a similar way, k+ 2 � 2(3/2)k for any nonnegative integer k. Hence, it follows
from (2.68) that for any positive x,

vh
(x

v

)
� x2

2(v+ x)

∞

∑
k=0

( 2x
3(v+ x)

)k
=

x2

2(v+ x/3)
. (2.70)
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Finally, putting together (2.69) and (2.70) into (2.66), we obtain that for any x in
[0,1],

(1+ v)L∗
v(x)�

x2

2

( 1
1− x/3

+
1

v+ x/3

)
=

(1+ v)x2

2(v+ x/3)(1− x/3)
,

which completes the proof of Lemma 2.32. ��

2.5 SubGaussian inequalities

This section is devoted to concentration inequalities with Gaussian rate functions.
Let us recall Hoeffding’s inequality for independent and bounded random variables,
given in Section 2.2. Let X1, . . . ,Xn be a finite sequence of independent and centered
random variables satisfying, for all 1 � k � n, ak � Xk � bk almost surely for some
real constants ak and bk such that ak < bk. Let Sn = X1 + · · ·+Xn. Then, for any
positive x,

P(Sn � x)� exp
(
−2x2

Dn

)
where Dn =

n

∑
k=1

(bk − ak)
2. (2.71)

Our goal in this section is twofold. First, our aim is to weaken the assumptions on
the random variables appearing in Hoeffding’s inequality. Next, our aim is to ob-
tain smaller constants than Dn in this inequality. This section is divided into four
subsections. In Subsection 2.5.1, we are interested in Gaussian rate functions for
the deviations on the right of sums of independent random variables bounded from
above. In the next subsection, we apply the results of Subsection 2.5.1 and Sec-
tion 2.3 to the deviation on the left of sums of independent and nonnegative random
variables. In Subsection 2.5.3, we establish subGaussian inequalities for sums of
random variables satisfying symmetric boundedness conditions. Finally, Subsec-
tion 2.5.4 is devoted to several improvements of Hoeffding’s inequality (2.71). In
particular, this subsection includes the so-called Kearns-Saul inequality [12] and
the following improvement of Hoeffding’s inequality. For any positive x,

P(Sn � x)� exp
(
− 3x2

Dn + 2Vn

)
(2.72)

where Vn stands for the variance of Sn. To the best of our knowledge, this improve-
ment is new. In fact, this improvement will be derived from inequalities for sums of
random variables bounded from above. This is the reason why we start this section
by inequalities for sums of random variables bounded from above, which are the
fundamental tools of Section 2.5.
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2.5.1 Random variables bounded from above

Throughout this subsection, we assume that X1, . . . ,Xn is a finite sequence of inde-
pendent and centered random variables satisfying, for all 1 � k � n,

Var(Xk)� vk and Xk � bk (2.73)

almost surely, for some finite sequences v1, . . . ,vn and b1, . . . ,bn of positive real
numbers. We start with our main result.

Theorem 2.33. Let X1, . . . ,Xn be a finite sequence of independent and centered ran-
dom variables satisfying (2.73). Denote Sn = X1 + · · ·+Xn and Vn = v1 + · · ·+ vn.
Let ϕ be the function defined by

ϕ(v) =

⎧
⎨

⎩

1− v2

| log(v)| if v < 1,

2v if v � 1.
(2.74)

Then, for any positive x,

P(Sn � x)� exp
(
− x2

An

)
where An =

n

∑
k=1

b2
kϕ

( vk

b2
k

)
. (2.75)

Consequently, for any positive x,

P(Sn � x)� exp
(
− 3x2

6Vn+Bn

)
� exp

(
− 3x2

5Vn +Cn

)
(2.76)

where

Bn =
n

∑
k=1

(
bk − vk

bk

)2

+
and Cn =

n

∑
k=1

max
(
b2

k,vk
)
.

Remark 2.34. The function ϕ is continuous and increasing.

Remark 2.35. It immediately follows from (2.76) that, for any positive x,

P(Sn � x)�
(
− x2

2Cn

)
. (2.77)

This inequality was stated and proved in the more general framework of martingale
difference sequences bounded from above, by Bentkus [5]. On the one hand, assume
that for all 1 � k � n, vk � b2

k . Then, the two above inequalities are equivalent to

P(Sn � x)� exp
(
− x2

2Vn

)
.

On the other hand, (2.76) is more efficient than (2.77) if Vn < b2
1 + · · ·+ b2

n.
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The proof of Theorem 2.33 relies on the two lemmas below, which will play an
important role in the rest of the section. The first one gives an upper bound for the
Laplace transform of a centered random variable bounded for above.

Lemma 2.36. Let X be a centered random variable such that X � 1 almost surely
and Var(X)� v for some positive constant v. Then, for any positive t,

logE[exp(tX)]� 1
4

ϕ(v)t2 (2.78)

where ϕ is the function given by (2.74).

Proof. According to Lemma 2.23, we have for any nonnegative t,

logE[exp(tX)]� Lv(t)

where
Lv(t) = log(vet + e−vt)− log(1+ v).

Moreover, we already saw in Lemma 2.26 that the Legendre-Fenchel transform
L∗

v of Lv satisfies L∗
v(x) � ψ(x) for any positive x, where ψ(x) = x2/ϕ(v). Taking

the Legendre-Fenchel transforms in this inequality, we then derive that (L∗
v)

∗(t) =
Lv(t)� ψ∗(t) for any positive t. Moreover, it is not hard to see that, for any positive
t, ψ∗(t) = ϕ(v)t2/4, leading to

Lv(t)�
1
4

ϕ(v)t2,

which completes the proof of Lemma 2.36. ��
The second lemma provides a computationally tractable upper bound for the

function ϕ .

Lemma 2.37. For any v in ]0,1],

ϕ(v)� 1
3
(1+ 4v+ v2). (2.79)

Proof. By the very definition (2.74) of the function ϕ , inequality (2.79) holds if and
only if, for any v in ]0,1[,

−(1+ 4v+ v2) logv � 3(1− v2).

Via the change of variables u = 1− v, the above inequality is equivalent to

−(6− 6u+ u2) log(1− u)+ 3u(u−2)� 0.

However, we deduce from the Taylor expansion of the logarithm

− log(1− u) =
∞

∑
k=0

uk

k
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that, for any u in ]0,1[,

−(6− 6u+ u2) log(1− u)+ 3u(u− 2)=
∞

∑
k=5

(k− 3)(k− 4)
k(k− 1)(k− 2)

uk � 0,

which is exactly what we wanted to prove. ��
Proof of Theorem 2.33. We deduce from Lemma 2.36 together with the indepen-
dence of the random variables X1, . . . ,Xn that, for any positive t,

logE
[
exp(tSn)

]
=

n

∑
k=1

logE
[
exp(tXk)

]
=

n

∑
k=1

logE
[
exp

(
tbk

Xk

bk

)]
,

� t2

4

n

∑
k=1

b2
kϕ

( vk

b2
k

)
. (2.80)

Consequently, (2.75) immediately follows (2.80) via the usual Chernoff calculation.
It only remains to prove (2.76). According to Lemma 2.37, we have for any 1 � k �
n, as soon as vk < b2

k ,

3b2
kϕ

( vk

b2
k

)
� b2

k + 4vk +
v2

k

b2
k

= 6vk +
(

bk − vk

bk

)2
.

Hence, for any 1 � k � n such that vk < b2
k ,

3b2
kϕ

( vk

b2
k

)
�
(

6vk +
(

bk − vk

bk

)2

+

)
.

Obviously, the above inequality still holds if vk � b2
k , as the left-hand side in this

inequality is exactly 6vk. Therefore,

An =
n

∑
k=1

b2
kϕ

( vk

b2
k

)
� 1

3

n

∑
k=1

6vk +
(

bk − vk

bk

)2

+
=

1
3
(6Vn +Bn),

which leads to the first inequality in (2.76). Finally, for any 1 � k � n, as

(
bk − vk

bk

)2

+
� bk

(
bk − vk

bk

)

+
=
(
b2

k − vk
)
+
,

we find that

6Vn +Bn � 5Vn +
n

∑
k=1

vk +
(
b2

k − vk
)
+
= 5Vn +

n

∑
k=1

max
(
b2

k ,vk
)
= 5Vn +Cn

which clearly implies the second inequality in (2.76). ��
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We shall now apply Theorem 2.33 to weighted sums of independent random vari-
ables bounded from above. It yields an exponential inequality with a Gaussian rate
function.

Corollary 2.38. Let Z1, . . . ,Zn be a finite sequence of independent and centered
random variables such that, for all 1 � k � n, Zk � 1 almost surely. Assume
that there exists some positive real v such that, for all 1 � k � n, E[Z2

k ] � v.
Denote Sn = b1Z1 + · · ·+ bnZn for some positive real numbers b1, . . . ,bn and let
‖b‖2 = (b2

1 + · · ·+ b2
n)

1/2. Then, for any positive x,

P(Sn � ‖b‖2 x)� exp(−g(v)x2) (2.81)

where

g(v) =

⎧
⎪⎨

⎪⎩

| log(v)|
1− v2 if v < 1,

1
2v

if v � 1.

Remark 2.39. One can observe that for any positive v, g(v) = 1/ϕ(v). Hence, the
function g is decreasing. In particular, if v � 1, then g(v)� 1/2.

Remark 2.40. For v � 1, we will give a more efficient inequality in Section 2.6.

Proof. Corollary 2.38 immediately follows from inequality (2.75) applied to the
sequence X1, . . . ,Xn where, for all 1 � k � n, Xk = bkZk with vk = b2

kv. ��

2.5.2 Nonnegative random variables

We shall now focus our attention on concentration inequalities for nonnegative ran-
dom variables. Throughout this subsection, we assume that X1, . . . ,Xn is a finite
sequence of nonnegative independent random variables with finite variances. For all
1 � k � n, let

mk = E[Xk] and vk = Var(Xk).

Theorem 2.33 leads to the result below for the deviation on the left of sums of
nonnegative random variables.

Theorem 2.41. Let X1, . . . ,Xn be a finite sequence of independent and nonnegative
random variables with finite variances. Denote Sn = X1+ · · ·+Xn and Vn = Var(Sn).
Then, for any positive x,

P(Sn � E[Sn]− x)� exp
(
− x2

2Vn +Wn

)
(2.82)
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where

Wn =
1
3

n

∑
k=1

(m2
k − vk

mk

)2

+
. (2.83)

Proof. For all 1 � k � n, let Zk be the random variable defined by Zk = mk−Xk. The
sequence Z1, . . . ,Zn satisfies the assumptions of Theorem 2.33 with bk = E[Xk] and
vk = Var(Xk). Hence, (2.82) clearly follows from the first inequality in (2.76). ��
Remark 2.42. Let Vn =E[X2

1 ]+ · · ·+E[X2
n ]. It is not hard to see that Vn+3Wn � Vn.

Hence, 2Vn +Wn � (5Vn +Vn)/3 � 2Vn. Consequently, one can replace 2Vn +Wn

by 2Vn in (2.82). The inequality with the denominator 2Vn may be found in Maurer
[16].

Example 2.43. Let X1, . . . ,Xn be a finite sequence of independent random variables
sharing the same Exponential E (λ ) distribution with λ > 0. In that case, Wn = 0,
which ensures that for any positive x,

P(Sn � E[Sn]− x)� exp
(
− x2

2Vn

)
.

In Section 2.7, we will give more efficient inequalities for sums of independent
random variables with exponential distributions. This is the reason why we give a
second example below.

Example 2.44. Let ε1, . . . ,εn be a finite sequence of independent Poisson random
variables and let B1, . . . ,Bn be a finite sequence of independent Bernoulli random
variables. Assume that these two sequences are mutually independent. In addition,
suppose that, for each 1 � k � n, εk has the Poisson P(λk) distribution, while Bk

has the Bernoulli B(pk) distribution with λk = k+ 1 and pk = k/(k+ 1). For all
1 � k � n, let Xk be the random variable defined by Xk = Bkεk. One can easily check
that, for all 1 � k � n, E[Xk] = k, E[X2

k ] = k(k+ 2), which implies that vk = 2k and
(m2

k − vk)+ = k max(0,k− 2). Hence, for any n � 2, Vn = n(n+ 1),

Wn =
1

18
(n− 1)(n− 2)(2n− 3) and Vn =

1
6

n(n+ 1)(2n+ 7).

According to Theorem 2.41, we find that for any positive x,

P(Sn � E[Sn]− x)� exp
(
− 18x2

2n3 + 27n2+ 49n− 6

)

Under the same assumptions, Maurer’s inequality yields

P(Sn � E[Sn]− x)� exp
(
− 3x2

n(2n2 + 9n+ 7)

)
.
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When n = 10, the first upper bound is equal to exp(−x2/288), while the second
upper bound is equal to exp(−x2/990). For example, if x = 40, the first bound is
equal to 3.866× 10−3, while the second bound is equal to 1.986× 10−1.

2.5.3 Symmetric conditions for bounded random variables

Throughout this subsection, we assume that X1, . . . ,Xn is a finite sequence of inde-
pendent and centered random variables satisfying, for all 1 � k � n,

|Xk|� bk (2.84)

almost surely, for some finite sequence b1, . . . ,bn of positive real numbers. As usual,
denote Sn = X1 + · · ·+ Xn. In order to state our concentration inequality for Sn,
we need the elementary observation: it follows from condition (2.84) that, for all
1 � k � n,

vk = Var(Xk)� b2
k. (2.85)

The result below is an immediate consequence of Theorem 2.33. The proof being
obvious is omitted.

Theorem 2.45. Let X1, . . . ,Xn be a finite sequence of independent and centered ran-
dom variables satisfying (2.84). Denote Sn = X1 + · · ·+Xn and Vn = Var(Sn). Let ϕ
be the function defined, for v in ]0,1[, by

ϕ(v) =
1− v2

| log(v)| (2.86)

with ϕ(1) = 2. Then, for any positive x,

P(Sn � x)� exp
(
− x2

An

)
� exp

(
− 3x2

5Vn+Bn

)
� exp

(
− x2

2Bn

)
(2.87)

where

An =
n

∑
k=1

b2
kϕ

( vk

b2
k

)
and Bn =

n

∑
k=1

b2
k.

Remark 2.46. Note that for any v in ]0,1[, ϕ(v)< 2. Consequently, An < 2Bn unless
all the random variables X1, . . . ,Xn have the Bernoulli distribution given, for all 1 �
k � n, by P(Xk =−bk) = P(Xk = bk) = 1/2.
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2.5.4 Asymmetric conditions for bounded random variables

This subsection is devoted to improvements of Hoeffding’s inequality. We start by
an improvement of Hoeffding’s inequality which holds for non-centered random
variables. Up to our knowledge, this result is new.

Theorem 2.47. Let X1, . . . ,Xn be a finite sequence of independent random variables.
Assume that for all 1 � k � n, one can find two constants ak < bk such that ak �
Xk � bk almost surely. Denote Sn = X1 + · · ·+Xn and Vn = Var(Sn). Then, for any
positive x,

P(Sn −E[Sn]� x)� exp
(
− 3x2

Dn + 2Vn

)
(2.88)

where
Dn =

n

∑
k=1

(bk − ak)
2.

Remark 2.48. As mentioned in Remark 2.17, Dn � 4Vn. Consequently, Theo-
rem 2.47 clearly improves Theorem 2.16. One can observe that Dn > 4Vn except
if all the random variables X1, . . . ,Xn have the Bernoulli distribution given, for all
1 � k � n, by P(Xk = ak) = P(Xk = bk) = 1/2.

Proof. For all 1 � k � n, let Yk be the random variable defined by Yk = Xk −E[Xk].
One can observe that Y1, . . . ,Yn is a sequence of independent and centered random
variables such that, for all 1� k � n, αk �Yk � βk almost surely with αk = ak−E[Xk]
and βk = bk −E[Xk]. In addition, for all 1 � k � n, αk < 0 and βk > 0, except if
Yk = 0 almost surely, which means that Yk can be removed. For all 1 � k � n, we
have |Yk|� ck almost surely where ck = max(−αk,βk), and vk = Var(Xk) = Var(Yk).
Consequently, the sequence Y1, . . . ,Yn satisfies the assumptions of Theorem 2.45
which ensures that, for any positive x,

P(Sn −E[Sn]� x)� exp
(
− x2

An

)
where An =

n

∑
k=1

c2
kϕ

(vk

c2
k

)
(2.89)

Furthermore, we deduce from Lemma 2.37 that

An �
1
3

n

∑
k=1

(
c2

k + 4vk +
v2

k

c2
k

)
=

1
3

n

∑
k=1

(
2vk +

(
ck +

vk

ck

)2)
. (2.90)

In order to prove (2.88), it only remains to show that Δn � Dn where

Δn =
n

∑
k=1

(
ck +

vk

ck

)2
.

According to Lemma 2.18, Var(Yk)�−αkβk = min(−αk,βk)max(−αk,βk), which
implies that

Δn �
n

∑
k=1

(
max(−αk,βk)+min(−αk,βk)

)2
=

n

∑
k=1

(βk −αk)
2 = Dn. (2.91)
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Finally, (2.88) follows from (2.89), (2.90) and (2.91), which achieves the proof of
Theorem 2.47. ��

To conclude this subsection, we give an improvement of Hoeffding’s inequality
due to Kearns and Saul [12]. This improvement takes into account the centering of
the random variables X1, . . . ,Xn.

Theorem 2.49. Let X1, . . . ,Xn be a finite sequence of independent random variables
and let Sn = X1 + · · ·+Xn. Assume that for all 1 � k � n, one can find two constants
ak < bk such that ak � Xk � bk almost surely. For all 1 � k � n, denote mk = E[Xk],

pk = (bk −mk)
2ϕ

(mk − ak

bk −mk

)
and qk =

(bk − ak)(bk + ak − 2mk)

log
(
(bk −mk)/(mk − ak)

)

with the convention that qk = (bk − ak)
2/2 if mk = (ak + bk)/2, where ϕ is the

function given by (2.74). Then, for any positive x,

P(Sn −E[Sn]� x)� exp
(
− x2

Pn

)
� exp

(
− x2

Qn

)
(2.92)

where

Pn =
n

∑
k=1

pk and Qn =
n

∑
k=1

qk.

Remark 2.50. One can observe that, for all 1 � k � n, qk < (bk − ak)
2/2 as soon

as mk 
= (ak + bk)/2. Note also that the coefficients qk are symmetric functions of
(ak,bk). Hence, we obtain that, for any positive x,

P(|Sn −E[Sn]|� x)� 2exp
(
− x2

Qn

)
.

Proof. We shall proceed as in the proof of Theorem 2.47. We already saw that, for
all 1 � k � n, Yk � βk almost surely and Var(Yk)�−αkβk with αk = ak −E[Xk] and
βk = bk −E[Xk]. Then, we immediately deduce from inequality (2.75) that, for any
positive x,

P(Sn −E[Sn]� x)� exp
(
− x2

Pn

)
.

It only remains to prove that Pn �Qn. If −αk � βk, then pk = qk and there is nothing
to prove. On the other side, if −αk > βk, we may apply the elementary inequality
log(x)� (x−1/x)/2, which holds if x > 1, to x =−αk/βk. This inequality ensures
that

log
(
−αk

βk

)
� β 2

k −α2
k

2αkβk
,
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leading to pk =−2αkβk � qk. Finally, we have shown that Pn �Qn, which completes
the proof of Theorem 2.49 ��

2.6 Always a little further on weighted sums

The goal of this section is to go a little bit further on concentration inequalities for
weighted sums. Let Z1, . . . ,Zn be a finite sequence of independent and centered ran-
dom variables with finite Laplace transform on a right neighborhood of the origin.
More precisely, we will assume that there exists a convex and increasing function �
from [0,+∞[ to [0,∞] such that �(0) = �′(0) = 0 and, for all 1 � k � n, and for any
t � 0,

logE
[
exp(tZk)

]
� �(t). (2.93)

Our aim is to establish one-sided deviation inequalities for Sn = b1Z1 + · · ·+ bnZn,
for some positive real numbers b1, . . . ,bn. As usual, we denote for all p � 1,

‖b‖p =
(
bp

1 + bp
2 + · · ·+ bp

n)
1/p

and ‖b‖∞ = max(b1,b2, . . . ,bn). One can notice that there are only a few results
on that direction. In a paper devoted to McDiarmid’s inequality, Rio [20] uses the
concavity of �′ to establish an upper bound for P(Sn � x). Below, we give a more
general version of this inequality and another inequality for functions � with a con-
vex derivative.

Theorem 2.51. Let Z1, . . . ,Zn be a finite sequence of independent and centered ran-
dom variables such that, for all 1 � k � n, the random variable Zk satisfies (2.93).
Denote Sn = b1Z1 + · · ·+ bnZn for some positive real numbers b1, . . . ,bn.

1) If the function � has a concave derivative, then, for any positive x,

P
(
Sn � x

)
� exp

(
−‖b‖2

1

‖b‖2
2

�∗
( x
‖b‖1

))
, (2.94)

where �∗ stands for the Legendre-Fenchel dual of �.
2) If the function h defined, for any positive t, by h(t) = �′(t)/t, is nondecreasing on

R
+, then, for any positive x,

P

(
Sn � x

)
� exp

(
− ‖b‖2

2

‖b‖2
∞
�∗
(‖b‖∞x

‖b‖2
2

))
. (2.95)

Remark 2.52. If the function � has a convex derivative, then h is nondecreasing, and
consequently (2.95) holds true.

Proof. We clearly obtain from (2.93) that, for any positive t,

logE
[
exp(tSn)

]
� �(b1t)+ · · ·+ �(bnt). (2.96)
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Starting from (2.96), we now prove (2.95). As the function h is nondecreasing, we
have for any 1 � k � n,

�(bkt) =
∫ t

0
bk�

′(bkx)dx �
∫ t

0

b2
k

‖b‖∞
�′(‖b‖∞x)dx =

b2
k

‖b‖2
∞
�(‖b‖∞t),

which ensures that, for any positive t,

�(b1t)+ · · ·+ �(bnt)� ‖b‖2
2

‖b‖2
∞
�(‖b‖∞t). (2.97)

It follows from Markov’s inequality together with (2.96) and (2.97) that, for any
positive t,

logP(Sn � x)�−xt +
‖b‖2

2

‖b‖2
∞
�(‖b‖∞t) =− ‖b‖2

2

‖b‖2
∞

(‖b‖∞xs

‖b‖2
2

− �(s)
)

where s = ‖b‖∞t. Hence, we immediately deduce (2.95) taking the infimum over all
positive reals s. We now proceed to the proof of (2.94). Since �(0) = 0, we have for
any positive x,

�(b1x)+ · · ·+ �(bnx) =
∫ x

0

(
b1�

′(b1t)+ · · ·+ bn�
′(bnt)

)
dt.

Next, the concavity of �′ implies that

b1�
′(b1t)+ · · ·+ bn�

′(bnt)� ‖b‖1�
′
(‖b‖2

2t
‖b‖1

)
.

Hence, for any positive t,

�(b1t)+ · · ·+ �(bnt)� ‖b‖2
1

‖b‖2
2

�
(‖b‖2

2t
‖b‖1

)
. (2.98)

Therefore, we infer from Markov’s inequality together with (2.96) and (2.98) that,
for any positive t,

logP(Sn � x)� −xt +
‖b‖2

1

‖b‖2
2

�
(‖b‖2

2t
‖b‖1

)
=−‖b‖2

1

‖b‖2
2

( xs
‖b‖1

− �(s)
)

where s = (‖b‖2
2/‖b‖1)t. Finally, we obtain (2.94) taking once again the infimum

over all positive reals s. ��
Example 2.53. Let Z1, . . . ,Zn be a finite sequence of independent and centered ran-
dom variables such that, for all 1 � k � n, Zk � 1 almost surely. Assume that there
exists some real number v� 1 such that, for all 1� k � n, E[Z2

k ]� v. Then, it follows
from Lemma 2.23 that, for all 1 � k � n and for any positive t,
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logE[exp(tZk)]� Lv(t) where Lv(t) = log(vet + e−vt)− log(1+ v).

For any positive t, denote f (t) = log(vet + 1)− log(1+ v) with this notation, we
have Lv(t) = f ((1+ v)t)− vt. Consequently, the function L′

v is concave on R
+ if

and only if f ′ is concave on R
+. However, it is not hard to see that for any positive t,

f (3)(t) = vet(1− vet)(1+ vet)−3 < 0.

Hence, f ′ and L′
v are concave. Hence, we deduce from (2.55) and (2.94) that, for

any x in [0,1],

P(Sn � ‖b‖1x)� exp
(
−‖b‖2

1

‖b‖2
2

( v+ x
v+ 1

log
(

1+
x
v

)
+

1− x
1+ v

log(1− x)
))

. (2.99)

For example, assume that the random variables Z1, . . . ,Zn are with values in [−v,1]
for some v � 1. Then, it follows from Lemma 2.18 that, for all 1 � k � n, E[Z2

k ]� v,
which means that the above inequality holds true.

Example 2.54. Let Z1, . . . ,Zn be a finite sequence of independent and centered ran-
dom variables satisfying a Bernstein’s type condition: there exists some real v in
]0,1] such that, for any 1 � k � n, E[Z2

k ]� v and, for any integer p � 3,

E[(max(0,Zk))
p]� p!v

2
.

According to (2.14) with c = 1, we have for all 1 � k � n and for any t in [0,1],

logE[exp(tZk)]� �v(t) where �v(t) = log
(

1+
vt2

2(1− t)

)
.

Hereafter, let hv be the function defined, for any positive t, by hv(t) = �′v(t)/t. It is
not hard to see that

log(hv(t)) = log(v/2)+ log(2− t)− log(1− t)− log(1− t+ vt2/2)

which leads to

log(hv(t))
′ =

1
(2− t)(1− t)

+
1− vt

1− t + vt2/2
> 0

for any t in [0,1], since vt � 1 for all t in [0,1]. Consequently, we obtain from (2.15)
and (2.95) in the particular case ‖b‖∞ = 1 that, for any positive x,

P(Sn � ‖b‖2
2x)� exp

(
−‖b‖2

2

( x2

v+ x
− log

(
1+

x2

2(v+ x)

)))
.

This inequality cannot be deduced from Theorem 2.1.
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2.7 Sums of Gamma random variables

In this section, we are interested in deviation inequalities for sums of independent
nonnegative random variables with Gamma distributions. Let a and b be some posi-
tive real numbers. A random variable X has the Γ (a,b) distribution if its probability
density function fX is given by

fX (x) =
xa−1 exp(−x/b)

baΓ (a)
I{x>0} (2.100)

where
Γ (a) =

∫ ∞

0
xa−1 exp(−x)dx

stands for the Euler’s Gamma function. From the definition, if X has the Γ (a,b)
distribution, then X/b has the Γ (a,1) distribution. One can observe that the Γ (1,b)
distribution coincides with the Exponential E (1/b) distribution. Moreover, if Z is
distributed as a normalN (0,1) random variable, then Z2 has the Γ (1/2,2) distribu-
tion. Consequently, sums of Gamma random variables include sums of exponential
random variables as well as sums of weighted chi-square random variables.

As shown by the lemma below, the Gamma random variables have a nice Laplace
transform.

Lemma 2.55. Let X be a random variable with Γ (a,b) distribution. Then, for any
real t,

logE[exp(tX)] = a�(bt) (2.101)

where � is the strictly convex function given by

�(t) =

{− log(1− t) if t < 1,
+∞ if t � 1.

Remark 2.56. We immediately deduce from Lemma 2.55 that E[X ] = ab�′(0) = ab
and Var(X) = ab2�′′(0) = ab2.

Proof. It is enough to prove Lemma 2.55 in the special case b = 1. It follows from
(2.100) that for any real t,

E[exp(tX)] =
1

Γ (a)

∫ ∞

0
xa−1 exp(−x(1− t))dx.

From the above equality, E[exp(tX)] = ∞ if t � 1. Moreover, if t < 1, we obtain via
the change of variables y = x(1− t) that

E[exp(tX)] =
(1− t)−a

Γ (a)

∫ ∞

0
ya−1 exp(−y)dy = (1− t)−a,

which proves Lemma 2.55. ��
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Hereafter, let X1, . . .Xn be a finite sequence of independent random variables such
that, for all 1 � k � n, Xk has the Γ (ak,bk) distribution, where ak and bk are positive
real numbers. Define

‖b‖1,a =
n

∑
k=1

akbk and ‖b‖2,a =
( n

∑
k=1

akb2
k

)1/2
. (2.102)

We now state our concentration inequalities for sums of Gamma random variables.

Theorem 2.57. Let X1, . . .Xn be a finite sequence of independent random variables
such that, for all 1 � k � n, Xk has the Γ (ak,bk) distribution. Let Sn = X1+ · · ·+Xn.
Then, for any positive x,

P(Sn � ‖b‖1,a + x‖b‖2
2,a) � exp

(
−‖b‖2

2,a

‖b‖2
∞

(
‖b‖∞x− log(1+ ‖b‖∞x)

))
(2.103)

� exp
(
− ‖b‖2

2,ax2

1+ ‖b‖∞x+
√

1+ 2‖b‖∞x

)
. (2.104)

In addition, for any x in ]0,1[,

P(Sn � ‖b‖1,a − x‖b‖1,a) � exp
( ‖b‖2

1,a

‖b‖2
2,a

(
log(1− x)+ x

))
, (2.105)

� exp
(
−‖b‖2

1,a

‖b‖2
2,a

x2

2

)
. (2.106)

Remark 2.58. Note from Remark 2.56 that E[Sn] = ‖b‖1,a and Var(Sn) = ‖b‖2
2,a.

Consequently, Theorem 2.57 provides an exponential concentration inequality for
Sn around its mean with the adequate variance term. Moreover, (2.104) is a Bern-
stein’s type inequality, which may be found in the monograph of Boucheron, Lu-
gosi, and Massart [7]. We now compare inequalities (2.103) and (2.104), as well
as inequalities (2.105) and (2.106) in the particular case where the random vari-
ables X1, . . .Xn share the same Γ (a,1) distribution for some positive a. Figure 2.6
compares the four rate functions

ΦR(x) = x− log(1+ x) and ΨR(x) =
x2

1+ x+
√

1+ 2x
,

ΦL(x) =−x− log(1− x) and ΨL(x) =
x2

2

for x in the interval ]0,4/5] while Figure 2.7 compares the rate functions ΦL and ΨL

for x in the interval [4/5,1[. One can see in Figure 2.6 that (2.103) and (2.105) out-
perform (2.104) and (2.106), respectively. It is even more spectacular in Figure 2.7
that (2.105) is much more accurate than (2.106).
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Remark 2.59. Assume that ‖b‖∞ = 1. Starting from inequality (2.103) and using the
upper bound

Φ−1
R (x)� Λ(x) = x+ log(1+ x+

√
2x)+

log(1+ x+
√

2x)−√
2x

x+
√

2x
(2.107)

given in Del Moral and Rio [9], one can prove that, for any positive x,

P
(
Sn � ‖b‖1,a +Λ(x)‖b‖2

2,a

)
� exp

(−‖b‖2
2,ax

)
. (2.108)

Since Λ(x)< x+
√

2x, (2.108) is more efficient than the reversed form of (2.104).

Proof. We shall prove (2.103) in the particular case ‖b‖∞ = 1, inasmuch as the gen-
eral case follows by dividing the initial random variables by ‖b‖∞. Let �c be the con-
vex function defined, for any real t, by �c(t) = �(t)− t. We infer from Lemma 2.55
that, for any real t,

logE[exp(t(Sn −E[Sn]))]�
n

∑
k=1

ak�c(bkt). (2.109)

Moreover, let hc be the function defined, for any positive t, by hc(t) = �c(t)/t2. The
function hc is increasing on ]0,+∞[. Hence, for any positive t, �c(bkt) � b2

k�c(t),
which implies that

logE[exp(t(Sn −E[Sn]))]� ‖b‖2
2,a�c(t). (2.110)

We deduce from Markov’s inequality that for any positive x and for any t in ]0,1[,

logP(Sn −E[Sn]� x‖b‖2
2,a)�−‖b‖2

2,a(xt − �c(t)). (2.111)

The optimal value t in the above inequality is given by the elementary equation
�′c(t) = t/(1− t) = x, leading to t = x/(1+x). By taking this value of t, we find that

�∗c(x) = xt − �c(t) = (x+ 1)t + log(1− t) = x− log(1+ x), (2.112)

which, via (2.111), achieves the proof of (2.103). One can observe from (2.112)
that, for any x � 0, �∗c(x) = �c(−x). From the reflexivity properties of the Legendre-
Fenchel dual, this equality also holds true for any x � 0. The proof of (2.104) im-
mediately follows from the fact that, for any positive t, �c(t) < ϕ(t) = t2/(2− 2t),
which implies that for any positive x,

�∗c(x)> ϕ∗(x) =
x2

1+ x+
√

1+ 2x
.

We are in position to prove (2.105). It follows from (2.109) that, for any positive t,

logE[exp(t(E[Sn]− Sn))]� L(t) (2.113)
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where

L(t) =
n

∑
k=1

ak�c(−bkt) =
n

∑
k=1

ak�
∗
c(bkt).

According to (2.112), (�∗c)′ is a concave function as (�∗c)′(t) = t/(1+ t). It ensures
that, for any positive t,

L′(t) =
n

∑
k=1

akbk

( bkt
1+ bkt

)
� ‖b‖1,a

( ‖b‖2
2,at

‖b‖1,a+ ‖b‖2
2,at

)
.

Integrating this inequality, we obtain that, for any positive t,

L(t)�
‖b‖2

1,a

‖b‖2
2,a

�∗c
(‖b‖2

2,at

‖b‖1,a

)
. (2.114)

Therefore, we find from (2.113) and (2.114) together with Markov’s inequality that
for any positive x and for any positive t,

logP(E[Sn]− Sn � ‖b‖1,ax) � −‖b‖2
1,a

‖b‖2
2,a

(‖b‖2
2,axt

‖b‖1,a
− �∗c

(‖b‖2
2,at

‖b‖1,a

))
,

� −‖b‖2
1,a

‖b‖2
2,a

(‖b‖2
2,a(x− 1)t

‖b‖1,a
+ log

(
1+

‖b‖2
2,at

‖b‖1,a

))
.

In view of the above inequality, it is necessary to assume that x belongs to ]0,1[. By
taking the optimal t = ||b||1,ax/(||b||22,a(1− x)) in this inequality, we find that

logP(E[Sn]− Sn � ‖b‖1,ax)�−‖b‖2
1,a

‖b‖2
2,a

�c(x),

which clearly leads to (2.105). Finally, (2.106) immediately follows from (2.105),
which completes the proof of Theorem 2.57. ��

2.8 McDiarmid’s inequality

This section is devoted to the so-called McDiarmid inequality for functions of inde-
pendent random variables. First of all, we recall the usual version of this inequality.
Let (E1,d1), . . . ,(En,dn) be a finite sequence of separable metric spaces with respec-
tive finite diameters c1, . . . ,cn. Denote En the product space En = E1 ×·· ·×En.

Definition 2.60. A function f from En into R is said to be separately 1-Lipschitz if,
for any x,y in En with x = (x1, . . . ,xn) and y = (y1, . . . ,yn),

| f (x1, . . . ,xn)− f (y1, . . . ,yn)|�
n

∑
k=1

dk(xk,yk). (2.115)
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Let X1, . . . ,Xn be a finite sequence of independent random variables such that the
random vector (X1, . . . ,Xn) takes its values in En. McDiarmid’s inequality says that
for any separately 1-Lipschitz function f , the random variable

Z = f (X1, . . . ,Xn) (2.116)

satisfies the concentration inequality given, for any positive x, by

P(Z −E[Z]� x)� exp
(
−2x2

Cn

)
where Cn =

n

∑
k=1

c2
k. (2.117)

This inequality was obtained by McDiarmid [17, 18]. We refer to Exercise 9 in
Chapter 3 for the proof of this inequality, which uses a martingale method due to
Yurinskii [23].

Remark 2.61. If the space En is countable and the distances d1, . . . ,dn are defined,
for all 1 � k � n, by dk(xk,yk) = ck if xk 
= yk, then (2.115) is equivalent, for any x,y
in En with x = (x1, . . . ,xn) and y = (y1, . . . ,yn), to

| f (x1, . . . ,xn)− f (y1, . . . ,yn)|�
n

∑
k=1

ckIxk 
=yk .

It ensures that f is uniformly bounded. In that case, the optimal reals ck in the above
inequality are

ck= sup
(x,yk ,zk)

| f (x1, . . . ,xk−1,yk,xk+1, . . . ,xn)− f (x1, . . . ,xk−1,zk,xk+1, . . . ,xn)|.

We now propose an improvement of McDiarmid’s inequality in the style of De-
lyon [10]: instead of assuming a uniform bound on each oscillation, we only assume
a bound on the sum of squares. For all 1� k � n, denote by F (k) the σ -algebra gen-
erated by X1, . . . ,Xn except Xk,

F (k) = σ(X1, . . . ,Xk−1,Xk+1, . . . ,Xn).

Theorem 2.62. Let X1, . . . ,Xn be a finite sequence of independent random variables
and let Z be a measurable function of X1, . . . ,Xn. Assume that for each 1 � k � n,
there exist two F (k)-measurable bounded random variables Ak and Bk such that

Ak � Z � Bk a.s. (2.118)

Then, for any positive x,

P(Z � E[Z]+ x)� exp
(
−2x2

Dn

)
where Dn =

∥
∥
∥

n

∑
k=1

(Bk −Ak)
2
∥
∥
∥

∞
. (2.119)
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Remark 2.63. Assume that the space En is countable and Z = f (X1, . . . ,Xn) where
f is a separately 1-Lipschitz function on En. For all 1 � k � n, denote

Ak = inf
xk∈Ek

f (X1, . . . ,Xk−1,xk,Xk+1, . . . ,Xn),

and
Bk = sup

xk∈Ek

f (X1, . . . ,Xk−1,xk,Xk+1, . . . ,Xn).

Then, we clearly have
Bk −Ak � ck a.s.

which shows that Dn � Cn. It means that Theorem 2.62 improves McDiarmid’s in-
equality.

The proof is based on Log-Sobolev type inequalities, which have been widely
developed by Ledoux [14]. The following lemma, due to Boucheron, Lugosi, and
Massart [8], will be the main tool in the proof of our result.

Lemma 2.64. Let X1, . . . ,Xn be a finite sequence of independent random variables
and let Z be a measurable function of X1, . . . ,Xn. Let Z(1), . . . ,Z(n) be any finite
sequence of real bounded random variables such that, for each 1 � k � n, Z(k)

is F (k)-measurable. Denote by ϕ the function defined, for any real x, by ϕ(x) =
exp(−x)+ x− 1. Then, for any positive t,

E[tZetZ ]−E[etZ] log
(
E[etZ ]

)
�

n

∑
k=1

E
[
etZϕ(tZ − tZ(k))

]
. (2.120)

Proof. We shall only prove Lemma 2.64 in the particular case t = 1, as the general
case follows by multiplying Z by t. Let F0 be the trivial σ -algebra F0 = { /0,Ω},
and for all 1 � k � n, denote Fk = σ(X1, . . . ,Xk) and Zk = log

(
E[eZ |Fk]

)
. We have

by a standard telescopic argument

E[ZeZ ]−E[eZ] logE[eZ ] =
n

∑
k=1

E
[
eZ(Zk −Zk−1)

]
. (2.121)

The right-hand side of (2.121) can be rewritten as

E
[
eZ(Zk −Zk−1)

]
= E

[
eZ(k)

eZ−Z(k)
(Zk −Zk−1)

]
.

Then, it follows from the Young type inequality xy� x log(x)−x+exp(y) with x> 0
and y in R, applied to x = exp(Z −Z(k)) and y = Zk −Zk−1, that

E
[
eZ(Zk −Zk−1)

]
� E

[
eZ(Z −Z(k))− eZ + eZ(k)+Zk−Zk−1

]
.

However, the independence of the underlying random variables implies that the ran-

dom variable E[eZ(k) |Fk] is Fk−1-measurable. Hence,
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E
[
eZ(k)+Zk−Zk−1

]
= E

[
E[eZ(k) |Fk]e

Zk−Zk−1
]
,

= E
[
E[eZ(k) |Fk−1]e

Zk−Zk−1
]
,

= E
[
eZ(k)]

.

Consequently,

E[eZ(Zk −Zk−1)]� E
[
eZ(Z −Z(k))− eZ + eZ(k)]

,

which, together with (2.121), leads to (2.120). ��
Proof of Theorem 2.62. For any positive t, denote F(t) = E[exp(tZ)] and L(t) =
log(F(t)). It follows from Lemma 2.64 that, for any positive t,

F(t)(tL′(t)−L(t))�
n

∑
k=1

E[exp(tZ)ϕ(tZ − tZ(k))]. (2.122)

Now, the function ϕ is convex. Since the random variable Z belongs to [Ak,Bk]
almost surely, it implies that

ϕ(tZ − tZ(k))� max
(
ϕ(tAk − tZ(k)),ϕ(tBk − tZ(k))

)
.

Consequently, it is natural to choose Z(k) in such a way that

ϕ(tAk − tZ(k)) = ϕ(tBk − tZ(k)).

The solution of this equation is given by

Z(k) =
1
t

(
tAk + log(tCk)− log(1− exp(−tCk))

)

where Ck = Bk −Ak. For this choice of Z(k), we find that for any positive t,

ϕ(tZ− tZk)� �(tCk) (2.123)

where the function � is defined by �(0) = 0 and, for any x 
= 0,

�(x) =
x

1− exp(−x)
+ log

(1− exp(−x)
x

)
− 1,

=
xexp(x)

exp(x)− 1
− x+ log

(exp(x)− 1
x

)
− 1,

=
x

exp(x)− 1
+ log

(exp(x)− 1
x

)
− 1. (2.124)

One can observe that �(−x) = �(x). We now claim that, for any real x,
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�(x)� x2

8
. (2.125)

As a matter of fact, denote by hr the function defined, for any r in [0,1] and for any
real x, by

hr(x) = log
(
re(1−r)x +(1− r)e−rx).

The function hr is convex with respect to x and concave with respect to r. Now, for
any x 
= 0, its maximum with respect to r is attained for

rx =
ex − x− 1

xex − x
.

Therefore,
sup

r∈[0,1]
hr(x) = hrx(x) = �(x). (2.126)

However, for any r in [0,1], hr is the log-Laplace transform of a centered random
variable ε with two-value distribution given by P(ε = 1− r) = r and P(ε = −r) =
1− r. We immediately deduce from Lemma 2.19 that, for any r in [0,1] and for
any real x, hr(x)� x2/8. Consequently, (2.126) clearly leads to (2.125). Hereafter, it
follows from the conjunction of (2.122), (2.123), and (2.125) that, for any positive
t,

F(t)(tL′(t)−L(t))� t2

8
E

[
exp(tZ)

n

∑
k=1

C2
k

]
� t2

8
DnF(t),

which implies that
tL′(t)−L(t)

t2 � Dn

8
.

Integrating this inequality, we obtain that, for any positive t,

L(t)
t

−L′(0)� tDn

8
,

leading to

logE
[
exp(tZ)

]
� tE[Z]+Dn

t2

8
. (2.127)

Finally, we infer from Markov’s inequality and (2.127) that for any positive x and
for any positive t,

logP(Z � E[Z]+ x)�−tx+
Dnt2

8
.

By taking the optimal value t = 4x/Dn in this inequality, we immediately obtain
(2.119), which achieves the proof of Theorem 2.62. ��
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2.9 Complements and Exercises

Exercise 1. Let X be a real-valued random variable with finite Laplace transform on
a right neighborhood of the origin. Denote LX(t) = logE[exp(tX)]. Let ΨX be the
function defined, for any x � 0, by

ΨX(x) = inf
t>0

(
t−1(LX (t)+ x)

)
.

Let L∗
X be the Legendre-Fenchel dual of LX . Prove that (ΨX(x) < y) if and only if

(L∗
X (y)> x). Deduce that ΨX = L∗−1

X . Moreover, let X and Y be real-valued random
variables with finite Laplace transforms on a right neighborhood of the origin. Prove
that

L∗−1
X+Y � L∗−1

X +L∗−1
Y .

Hint: Apply the Hölder inequality to the product exp(tX)exp(tY ).

Exercise 2 (A reversed Bernstein’s type inequality). Let X1, . . . ,Xn be a finite se-
quence of independent random variables, satisfying (2.2) with c = 1 and E[Sn] = 0.
Let vn be defined by (2.1). Prove that for any positive x,

P

(
Sn > n

(1
2
+

log(1+ x)
2x

)(√
2vnx+ x2 + x

))
� exp(−nx).

Hint: Use (2.16) and choose t in such a way that vnt2 = 2x(1− t). Compare this
inequality with the inequalities of Theorem 2.1.

Exercise 3 (A Bernstein’s type inequality for symmetric random variables). Let
X1, . . . ,Xn be a finite sequence of independent random variables with symmetric
distribution, satisfying the two-sided Bernstein’s condition (2.18) with c = 1.

1) Prove that, for any t in ]0,1[,

logE
[

exp(tSn)
]
� n log

(
1+

vnt2

2(1− t2)

)
.

2) Choosing t into (2.7), in such a way that vnt = x(1 − t2), prove that for any
positive x,

P(Sn � nx)�
(
1+ γn(x)

)n
exp

(−2nγn(x)
)

where
γn(x) =

x2

vn +
√

v2
n + 4x2

.

Exercise 4 (Direct proof of Bennett’s inequality). Let X1, . . . ,Xn be a finite se-
quence of independent random variables with values in ]−∞,1] and finite variances.
Assume that E[Sn] = 0.

1) Let X be a centered random variable with values in ]−∞,1] and finite variance v.
Prove that, for any positive t, E[exp(tX)]� 1+ v(exp(t)− t − 1).
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2) Use Lemma 2.6 to prove that, for any positive t,

logE
[

exp(tSn)
]
� n log

(
1+ vn(exp(t)− t − 1)

)
� nvn

(
exp(t)− t − 1

)
.

3) Prove that, for any positive x,

P(Sn � nx)�
(
1+ x− vn log(1+ x/vn)

)n
exp

(−nx log(1+ x/vn)
)
.

4) Deduce from the above result that, for any positive x,

P(Sn � nx)� exp
(−nvnh(x/vn)

)

where h(x) = (1+ x) log(1+ x)− x.

Exercise 5 (Massart’s inequality, [15]). Let Sn be a random variable with Binomial
B(n, p) distribution. Use Theorem 2.28 to prove that, for any x in [0,1− p],

P(Sn − np � nx)� exp
(
− nx2

2(p+ x/3)(1− p− x/3)

)
.

Exercise 6. Let X1, . . . ,Xn be a finite sequence of independent random variables
such that Xk � b a.s. for some positive constant b. Let Sn and vn be defined as in
(2.1). Prove that, for any positive t,

P
(
Sn �

√
2nvnt +max(0,b− vn/b)t/3

)
� exp(−t).

Deduce that
P
(
Sn �

√
2nvnt + bt/3

)
� exp(−t).

Hint: Use the first part of Theorem 2.28.

Exercise 7 (Hoeffding Binomial inequality for nonnegative random variables).
Let X1, . . . ,Xn be nonnegative independent random variables. Denote

En =
1
n

n

∑
k=1

E[Xk] and Dn =
1
n

n

∑
k=1

E[X2
k ].

Prove that, for any x in ]0,1[,

P
(
Sn � xE[Sn]

)
� exp

(
− n

Dn

(
(Dn −E2

n x) log
(Dn −E2

n x
Dn −E2

n

)
+E2

n x logx
))

.

Exercise 8. Let ε1, . . . ,εn be a finite sequence of independent random variables shar-
ing the same Exponential E (1) distribution. Let a1, . . . ,an be a finite sequence of
real numbers. For all 1 � k � n, let Xk = ak(εk − 1). Prove that, for any positive x,

P
(
Sn � ‖a‖2

√
2x+max(0,a1,a2, . . . ,an)x

)
� exp(−x).
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Exercise 9 (Krafft’s inequality, [13]). Let X1, . . . ,Xn be a finite sequence of inde-
pendent random variables with values in [0,1]. Prove that, for any positive x,

P(Sn � E[Sn]+ nx)� exp
(
−2nx2 − 4

9
nx4

)
.

Exercise 10 (Weighted sums). Let X1, . . . ,Xn be a finite sequence of independent
random variables.

1) Assume that, for all 1� k � n, Xk = bkZk where bk is a real number, not necessar-
ily positive, and Z1, . . . ,Zn is a finite sequence of independent random variables
such that, for all 1� k � n, Zk has the Γ (ak,1) distribution where ak > 0. Assume
that β = max(b1, . . . ,bn)> 0. Prove that, for any positive x,

P(Sn −E[Sn]� ‖b‖2
2,ax)� exp

(
−‖b‖2

2,a

β 2

(
β x− log(1+β x)

))
.

where ‖b‖2,a is defined by (2.102).
2) Assume that, for all 1 � k � n, Xk = ckεk where ck is a positive real number and

ε1, . . . ,εn is a finite sequence of independent random variables sharing the same
Bernoulli B(p) distribution. If 0 < p � 1/2, prove that for any x in [0, p],

P(Sn � ‖c‖1x)� exp
(
−‖c‖2

1

‖c‖2
2

(
x log

( x
p

)
+(1− x) log

( 1− x
1− p

)))
.
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