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Abstract We study the integrated L2-risk, of a wavelet BlockShrink density esti-
mator based on dependent observations. We prove that the BlockShrink estimator is
adaptive in a class of Sobolev space with unknown regularity for uniformly mixing
processes with arithmetically decreasing mixing coefficients.

1 Introduction

The functional estimation by the wavelet method has been intensively used, these
last years, in various areas. The popularity of these methods comes from the ease
of their implementation, their flexibility, ability to catch details, and for their high
compression ratio. In the statistical literature, different types of wavelet estimators
have been proposed. The performance of the first ones depended on the density’s
regularity. Later, adaptive procedures, as thresholding estimators, were developed
to construct an estimate which does not depend on the explicit knowledge of
this regularity. Those estimators are to make a fine selection of the coefficients
estimators Ǒ

jk of the wavelets coefficient ˇjk and several thresholding techniques,
including local, global, and block thresholdings, have been developed.

Donoho and Johnstone developed the theory of thresholding in a general
framework in the beginning of 1990s. They introduced two techniques of local
thresholding: soft and hard thresholding. The word “local” means that individual
coefficients independently of each other are subject to a possible thresholding.
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The idea of block thresholding was introduced by Efroimovich [9] as part of
Fourier analysis. It has been adapted to the wavelet context analysis by Kerkyachar-
ian et al. [13]. They proposed a global thresholding. Its principle, instead of keeping
or deleting individual wavelet coefficients, one can also keep or delete a whole j-
level of coefficients.

The first localized block thresholding estimators have been developed, in case
of iid observations, by Hall et al. [10, 11], Cai [3–6], and Chesneau [7]. This last
author studied an Lp version of the BlockShrink estimator given by Cai [3] and
proved by simulations that BlockShrink estimator is better than the local and global
ones. All these works have been developed in the independent framework. Tribouley
and Viennet [20] explored the global thresholding method in the case of ˇ-mixing
processes. But to our knowledge, the BlockShrink estimator for the density model
has not been studied for dependent processes.

The aim of this work is to extend some results, of BlockShrink estimator, to
dependent processes in L2-norm for the density estimation. The function density f is
supposed to belong to the Sobolev space Hs with compact support. We consider the
�-mixing’s processes [12] and we study the L2-error convergence for BlockShrink
estimator fn. We show that BlockShrink estimator is consistent with an optimal rate,
under certain conditions on wavelet basis and mixing coefficients. Precisely we give
for arithmetically decreasing �-mixing processes an upper bound of the L2-mean
error

Ek f � fnk2L2 D Cn� 2s
1C2s :

The rest of the paper is organized as follows: Sect. 2 describes briefly the wavelet
basis and the Sobolev space. Section 3 introduces the BlockShrink estimator and
presents its asymptotic properties under �-mixing conditions. Section 4 contains
proofs of various results.

2 Wavelets and Sobolev Space

In this section, we give a brief definition of wavelet decomposition and we refer
to Meyer [16] and Mallat [14, 15] for more details. Without loss of generality, we
suppose that f has Œ0; 1� as support and consider a wavelet basis on the interval Œ0; 1�
of the form

� D f'�k; � � 0; k D 0; : : : ; 2j � 1I jk; j � � I k D 0; : : : ; 2j � 1g :

In general, 'jk.x/ and  jk.x/ are “periodic” or “boundary adjusted” dilation and
translation of a “father” wavelet ' and a “mother” wavelet  , respectively. This last
function is supposed to be N-regular (cf. Meyer [16]).
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For the sake of simplicity, we set 'jk.x/ D 2j=2'.2jx�k/ and jk D 2j=2 .2jx�k/,
where ' and  are father and mother wavelet functions, respectively. Let, now, � be
a large enough integer. For any j0 � � , a function f in L2.Œ0; 1�/ can be expanded in
a wavelet series as

f D
2j0�1
X

kD0
˛j0k'j0k C

X

j�j0

2j�1
X

kD0
ˇjk jk ; (1)

where the wavelet coefficients are defined by

˛j0k D
Z

f .x/'j0k.x/dx et ˇjk D
Z

f .x/ jk.x/dx:

Now, let us give a definition of Sobolev space, the main function spaces used in our
study. To unify notations we write ˇ��1;k D ˛�k. We define the Sobolev space Hs as
being the functions space f whose the associated wavelet coefficients ˇjk, satisfy

0

@

X

j���1
22js

0

@

2j�1
X

kD0
jˇjkj2

1

A

1

A

1=2

< 1;

where s 2�0;N C 1Œ with N denotes the wavelet regularity (cf. Meyer [16]).

3 BlockShrink Estimator

Let X1; : : : ;Xn, n observations from a strictly stationary process, with unknown
density f , with respect to the Lebesgue measure on R, which is supposed to be
in L2.Œ0; 1�/.

Then f admits a representation in (1) with ˛j0k D E.'j0k.X// and ˇjk D
E. jk.X//, where X is a random variable having as probability density f .

We define the nonlinear BlockShrink estimator as proposed by Cai [3] by

f b
n D

2j0�1
X

kD0
Ǫ j0k'j0k C

j1
X

jDj0

X

K2Aj

X

k2BjK

Ǒ
jkIfObjK��g jk; (2)

where j0 and j1 are two integers to be precised below such that: j0 is an integer
chosen so that the linear variance term will not contribute to the overall error in
the same spirit that the integer j1 is chosen to make the bias term negligible in the
overall error. We assume that 2j1 � n

1
2 and 2j0 � .log n/" with " > 2. And for
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j 2 fj0; : : : ; j1g, we split the set f0; : : : ; 2j � 1g into blocks of length lj. We define
the sets:

Aj Df1; : : : ; 2jl�1j g;
BjK Dfk 2 f0; : : : ; 2j � 1gI .K � 1/lj � k � Klj � 1g;

for K 2 Aj, where lj is an increasing sequence in j such that lj0 � .log n/", and
we get

ObjK D
0

@l�1j

X

k2BjK

j Ǒ
jkj2
1

A

1
2

and � is some threshold parameter, depending on n, to be defined below.
The choice of block size lj and the threshold � play a crucial role in the

performance of the resulting estimator. Between the two parameters lj and �, the
block lj size is more important. It plays an important role similar to that of the
bandwidth in the kernel estimator. To achieve the optimal adaptability, the block
size must be at least of order log n, see, for example, Hall et al. [10].

Before announcing our result, we recall the uniformly mixing dependance we
work with. Let .˝;A ;P/ be a probability space and let F and G be two sub 	-
fields of A . In order to estimate the dependence between F and G we use the
uniform mixing (or �-mixing) coefficient [12]

�.F ;G / D supfjP.B/� P.B=A/jI B 2 G ;A 2 F and P.A/ > 0g:

When F D 	.X/ and G D 	.Y/ are sigma algebras generated, respectively, by
random variables X and Y, we write �.F ;G / D �.X;Y/.

Remark that, this measure of dependence is not symmetric with respect to F
and G . Therefore we can define an other coefficient by

�rev.F ;G / D �.G ;F /:

A stationary process X D .Xj; j 2 Z/ is said to be �-mixing if

�.l/ D �.F 0�1;FC1
l / ! 0 when l ! 1;

where F k
i is the sigma algebra generated by the random variables fXj; i � j � kg.

In the same way, we can also define a �rev-mixing processes.
The sequence of the mixing coefficients .�.l//l�0 decrease arithmetically if there

exists � > 0 and a constant c > 0 such that �.l/ � cl�.�C1/; and we say X is an
arithmetically �-mixing process.



BlockShrink Wavelet Density Estimator in �-Mixing Framework 33

We now give Theorem 1 providing an upper bound of the L2 error of the
BlockShrink estimator defined by (2).

Theorem 1 Assume that f belongs to the class F .M1;M2;A/ D ff 2
Hs; supp. f / � ŒA;�A�; k f kHs � M1; k f k1 � M2g; with 1=2 < s < N C 1, and
the mixing coefficients decrease arithmetically with � > 6 � 4

1C2.NC1/ , then for

� D 4k kL1k k1k f k1.
P

l�0 �.l//=n1=2 there exists a positive constant C such
that

Ek f � f b
n k2L2 � Cn� 2s

1C2s :

Corollary 1 Under the same conditions of Theorem 1, the estimator f b
n is adaptive

in the class fF .M1;M2;A/; 1=2 < s < N C 1;A > 0;M1 > 0;M2 > 0g.

Proofs of our main theorem are based on the following preliminary results, which
are important in themselves.

Proposition 1 Let us set Ǒ
j0�1k D Ǫ j0k, under the summability

X

l�0
�.l/ � B < 1,

we have for all j 2 fj0 � 1; : : : ; j1g

Ej Ǒ
jk � ˇjkj2 � 4Bk kL1k k1k f k1

1

n
:

Proposition 2 Assume that there exists � > 0 and a constant c > 0 such that
�.l/ � cl�.�C1/, then there exists two positive constants C and K2 such that, for all j

P

0

B

@

0

@l�1j

X

k2BjK

j Ǒ
jk � ˇjkj2

1

A

1=2

� 2K2=n1=2

1

C

A � Cn� �
2

�

2j

lj

�
1
2 .2C�/

.log n/�C1;

where K2 D .4B k kL1k k1 k f k1/
1
2 and B D

X

l�0
�.l/.

4 Derivations

In what follows, we use the symbol C as a generic positive constant, independent
of n, which may take different values at different places.

Let us first prove Propositions 1 and 2. We are inspired by techniques developed
in Tribouley and Viennet [20].
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Proof of Proposition 1 It is easy to have

E

�

j Ǒ
jk � ˇjkj2

�

D n�2
E

0

@

ˇ

ˇ

ˇ

ˇ

ˇ

n
X

iD1

�

 jk.Xi/ � E
�

 jk
�

�

ˇ

ˇ

ˇ

ˇ

ˇ

2
1

A

� 2 n�2
n
X

iD0
.n � i/ jCov

�

 jk.X0/;  jk.Xi/
� j:

From, Rio [17, Theorem 1.4, p. 27], we deduce

jCov
�

 jk.X0/;  jk.Xi/
� j

� 2� 1
p . jk.Xi/;  jk.X0//�

1
q . jk.X0/;  jk.Xi//E

�k jk.X0/kLq

�

E
�k jk.X0/kLp

�

:

Then, for q D 1 and p D 1 we have

E
�k jk.X0/kL1

� � 2� j
2 k kL1k f k1 and E

�k jk.X0/k1
� � 2

j
2 k k1;

and finally, we obtain the desired inequality

E

�

j Ǒ
jk � ˇjkj2

�

� 4 n�1
n
X

iD0
�. jk.X0/;  jk.Xi//E

�k jk.X0/kL1

� k jk.X0/k1

� 4 n�1k kL1k k1k f k1
n
X

iD0
�.i/:

Proof of Proposition 2 To prove Proposition 2, we need the following theorem
which gives an exponential type inequality of block of . Ǒ

jk/ coefficients.

Theorem 2 Let .Xi/i�0 be a strictly stationary uniformly mixing process such that
its sequence of mixing coefficients .�.l//l�0 satisfies the summability

P

l�0 �.l/ �
B < 1. We suppose that Xi has a density f with respect to the Lebesgue measure
and that f is uniformly bounded. Then, there exists a positive constant K1 depending
on k f k1 and K2 such that for any integer q � n, �1 > 0 and �2 > 0 we have

P

0

B

@

0

@

X

k2BjK

j Ǒ
jk � ˇjkj2

1

A

1
2

� �1 C K2l
1
2

j

1p
n

C �2

1

C

A

� exp

0

@�K1n

0

@�21l
�1
j ^ �1

q2
j
2

^ �21
p

n

ql
1
2

j 2
j
2

1

A

1

AC 2C

�2
2

j
2 �.q/

with K2 D .4B k kL1k k1 k f k1/
1
2 and x ^ y D min.x; y/.
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The proof of this theorem is postponed to the end.
Let us return to the proof of Proposition 2. Applying this Theorem 2 with: �1 D

�2 D 1
2
K2l

1
2

j
1p
n
, we get: for all q � n

P

0

B

@

0

@

X

k2BjK

j Ǒ
jk � ˇjkj2

1

A

1
2

� 2K2l
1
2

j

1p
n

1

C

A

� exp

0

B

B

B

@

�K1n

0

B

B

B

@

�

1

2
K2l

1
2

j

1p
n

�2

l�1j ^
1
2
K2l

1
2

j
1p
n

q2
j
2

^

�

1
2
K2l

1
2

j
1p
n

�2 p
n

ql
1
2

j 2
j
2

1

C

C

C

A

1

C

C

C

A

C 2C

1
2
K2l

1
2

j
1p
n

2
j
2 �.q/

� exp

0

@�K1n

0

@

1

n
^ l

1
2

j

q
p

n2
j
2

^ l
1
2

j

q
p

n2
j
2

1

A

1

AC C
p

nl
� 1
2

j 2
j
2 �.q/

� exp

�

�K1
1

q
l
1
2

j 2
� j
2
p

n

�

C C
p

nl
� 1
2

j 2
j
2 �.q/:

Now for q D Œl
1
2

j 2
� j
2
p

n.
 log n/�1� with 
 a positive constant to be precised, we
have

P

0

B

@

0

@

X

k2BjK

j Ǒ
jk � ˇjkj2

1

A

1
2

� 2K2l
1
2

j

1p
n

1

C

A

� exp .�K1
 log n/C C
p

nl
� 1
2

j 2
j
2 �

�

l
1
2

j 2
� j
2
p

n.
 log n/�1
�

:

So for a good choice of 
, the exponential term will be less than the mixing part
(ie. the last term in the above inequality, thanks to the arithmetically decrease of �),
which gives

P

0

B

@

0

@

X

k2BjK

j Ǒ
jk�ˇjkj2

1

A

1
2

� 2K2l
1
2

j

1p
n

1

C

A � C
p

nl
� 1
2

j 2
j
2 �

�

l
1
2

j 2
� j
2
p

n.
 log n/�1
�

:
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As the mixing is arithmetic, �.l/ � c l�.�C1/, we get

P

0

B

@

0

@

X

k2BjK

j Ǒ
jk � ˇjkj2

1

A

1
2

� 2
K2l

1
2

j

n
1
2

1

C

A � C
p

nl
� 1
2

j 2
j
2

�

l
1
2

j 2
� j
2
p

n.
 log n/�1
��.�C1/

� Cn� �
2

�

2j

lj

�
1
2 .2C�/

.log n/.�C1/:

Proof of Theorem 1 The proof uses techniques from conventional calculations. In
fact, recall that

f D
2j0�1
X

kD0
˛j0k'j0k C

X

j�j0

2j�1
X

kD0
ˇjk jk

fn D
2j0�1
X

kD0
Ǫ j0k'j0k C

j1
X

jDj0

X

K2Aj

X

k2BjK

Ǒ
jkIfObjK��g jk

with �=2 D 2K2=n1=2. It is obvious that

Ek f � fnk22 � 3

0

B

@E

�

�

�

�

�

�

2j0�1
X

kD0
. Ǫ j0k � ˛j0k/'j0k

�

�

�

�

�

�

2

L2

C E

�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0
. Ǒ

jkIfObjK��g � ˇjk/ jk

�

�

�

�

�

�

2

L2

C
�

�

�

�

�

�

X

j�j1C1

2j�1
X

kD0
ˇjk jk

�

�

�

�

�

�

2

L2

1

C

A :

(3)

1. Bias term: Applying the Hölder’s inequality and the fact that f 2 F .M1;M2;B/
we obtain

�

�

�

�

�

�

X

j�j1C1

2j�1
X

kD0
ˇjk jk

�

�

�

�

�

�

2

L2

D

0

B

@

X

j�j1C1

0

@

2j�1
X

kD0
jˇjkj2

1

A

1=2
1

C

A

2

D

0

B

@

X

j�j1C1
2js

0

@

2j�1
X

kD0
jˇjkj2

1

A

1=2

2�js

1

C

A

2
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�

0

B

@

0

@

X

j�j1C1
22js

0

@

2j�1
X

kD0
jˇjkj2

1

A

1

A

1=20

@

X

j�j1C1
2�2js

1

A

1=2
1

C

A

2

� 2�2j1s � Cn�s � Cn� 2s
1C2s : (4)

2. Linear stochastic term: Using the Proposition 1, we obtain

E

�

�

�

�

�

�

2j0�1
X

kD0
. Ǫ j0k � ˛j0k/'j0k

�

�

�

�

�

�

2

L2

D C
2j0�1
X

kD0
E
ˇ

ˇ Ǫ j0k � ˛j0k

ˇ

ˇ

2

� C

�

2j0

n

�

� Cn� 2s
1C2s : (5)

3. Nonlinear stochastic term: Using techniques similar to those used in the proofs
of Theorems 2 and 3 of Chesneau [8], we give

E

�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0

� Ǒ
jkIfObjK��g � ˇjk

�

 jk

�

�

�

�

�

�

2

L2

� 2

0

B

@E

�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0
ˇjkIfObjK<�g jk

�

�

�

�

�

�

2

L2

C E

�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0

� Ǒ
jk � ˇjk

�

IfObjK��g jk

�

�

�

�

�

�

2

L2

1

C

A

D 2.G2 C G3/:

(a) The upper bound for G2. We have G2 � 2 .G21 C G22/, where

G21 D E

�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0
ˇjkIfObjK<�gIfbjK�2�g jk

�

�

�

�

�

�

2

L2

G22 D E

�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0
ˇjkIfObjK<�gIfbjK>2�g jk

�

�

�

�

�

�

2

L2

:

Notice that the l2 Minkowski’s inequality yields

IfObjK<�gIfbjK>2�g � IfjObjK �bjK j��g
� I��

l�1j

P

k2BjK
j Ǒjk�ˇjkj2

�1=2��

 : (6)
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• For bounding the term G22 we will use the Large deviation established in
Proposition 2. Using the inequality (6) and the Proposition 2 we obtain

G22 � E

Z j1
X

jDj0

2j�1
X

kD0
jˇjkj2IfObjK<�gIfbjK>2�gj jk.x/j2dx

�
Z j1
X

jDj0

2j�1
X

kD0
jˇjkj2j jk.x/j2E

h

IfObjK<�gIfbjK>2�g
i

dx

�
Z j1
X

jDj0

2j�1
X

kD0
jˇjkj2j jk.x/j2P

��

l�1j

X

k2BjK

j Ǒ
jk � ˇjkj2

�1=2

� �

�

dx

�
�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0
ˇjk jk

�

P
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l�1j

X

k2BjK

j Ǒ
jk � ˇjkj2

�1=2

� �

��1=2

�

�

�

�

�

�

2

L2

� Cn� �
2 l

� 1
2 .2C�/

j1
2

j1
2 .2C�/.log n/.�C1/

�

�

�

�

�

�

1
X

jDj0

2j�1
X

kD0
ˇjk jk

�

�

�

�

�

�

2

L2

� Cn� �
2

�

2j1

lj1

�
1
2 .2C�/

.log n/.�C1/ k f k2L2 :

This quantity is bounded by n� 2s
1C2s for 2j1 � n

1
2 with � > 6 � 4

1C2.NC1/ .
We then obtain for � > 6 � 4

1C2.NC1/ that

G22 � Cn� 2s
1C2s : (7)

• The upper bound for G21. Let js the integer belonging to Œ j0; j1� such that
js is the optimal level of truncation, when the regularity s of the density f

is known (i.e 2js � n
1

1C2s ). So using an elementary inequality of convexity,
we have the following decomposition:

G21 � C

�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0
ˇjkIfbjK�2�g jk

�

�

�

�

�

�

2

L2

� C

0

B

@

�

�

�

�

�

�

js
X

jDj0

2j�1
X

kD0
ˇjkIfbjK�2�g jk

�

�

�

�

�

�

2

L2

C
�

�

�

�

�

�

j1
X

jDjsC1

2j�1
X

kD0
ˇjkIfbjK�2�g jk

�

�

�

�

�

�

2

L2

1

C

A
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� C

0

B

@

�

�

�

�

�

�

js
X

jDj0

2j�1
X

kD0
ˇjkIfbjK�2�g jk

�

�

�

�

�

�

2

L2

C
�

�

�

�

�

�

j1
X

jDjsC1

2j�1
X

kD0
ˇjk jk

�

�

�

�

�

�

2

L2

1

C

A

D C.S1 C S2/: (8)

– The upper bound for S1. Minkowski’s inequality gives the following
bound:

S1 D
�

�

�

�

�

�

js
X

jDj0

2j�1
X

kD0
ˇjkIfbjK�2�g jk

�

�

�

�

�

�

2

L2

D

0

B

@

js
X

jDj0

0

@

2j�1
X

kD0

ˇ

ˇ

ˇˇjkIfbjK�2�g
ˇ

ˇ

ˇ

2

1

A

1=2
1

C

A

2

:

Thus

S1 D C

0

B

@

js
X

jDj0

0

@

X

K2Aj

X

k2BjK

jˇjkj2I��
l�1j

P

k2BjK
jˇjkj2

�1=2�2�



1

A

1=2
1

C

A

2

� C

2

4

js
X

jDj0

�

cardAj lj �
2
�1=2

3

5

2

� C

2

4

js
X

jDj0

2j=2 �

3

5

2

� C2js�2:

– The upper bound for S2. The Minkowski’s inequality, the basis orthonor-
mality and the inclusion Hs 	 Bs

2;1 imply that

S2 D
�

�

�

�

�

�

j1
X

jDjsC1

2j�1
X

kD0
ˇjk jk

�

�

�

�

�

�

2
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D

0

B

@

j1
X

jDjsC1

0

@

2j�1
X

kD0
jˇjkj2

1

A

1=2
1

C

A

2

D

0

B

@

j1
X

jDjsC1
2js

0

@

2j�1
X

kD0
jˇjkj2

1

A

1=2

2�js

1

C

A

2

:
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Then, we obtain

S2 �

0

B

@sup
j�j0

2js

0

@

2j�1
X

kD0
jˇjkj2

1

A

1=2
j1
X

jDjsC1
2�js

1

C

A

2

�
0

@k f kBs
2;1

j1
X

jDjsC1
2�js

1

A

2

� C

0

@2�jss
j1
X

jD1
2�js

1

A

2

� C2�2jss:

Putting the upper bounds of S1 and S2 together in inequality (8), it yields

G21 � C
�

2�2jss C 2js�2
�

:

Since � D 4K2=n1=2 and 2js � n
1

1C2s , we conclude that

G21 � Cn� 2s
1C2s : (9)

(b) For the term G3, we have

G3 D E

�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0

� Ǒ
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�

IfObjK��g jk

�

�

�
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�

�

2
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� 2

0
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�

�

�

�
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X

jDj0

2j�1
X

kD0
. Ǒ
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�

�

�

�

2

L2

C E

�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0
. Ǒ

jk � ˇjk/IfObjK��gIfbjK>�=2g jk

�

�

�

�

�

�

2

L2

1

C

A

D 2 .G31 C G32/ : (10)

• To bound the term G31 we will use the Large deviation established in
Proposition 2. Using l2 Minkowski’s inequality, Hölder’s inequality and
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Jensen’s inequality we obtain

G31 D E

�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0

� Ǒ
jk � ˇjk

�

IfObjK��gIfbjK<�=2g jk

�

�

�

�

�

�

2

L2

� E

Z j1
X

jDj0

2j�1
X

kD0
j Ǒ

jk � ˇjkj2In.l�1j

P

k2BjK
j Ǒjk�ˇjkj2/1=2��=2

oj jk.x/j2dx

�
j1
X

jDj0

2j�1
X

kD0

Z

E

�

j Ǒ
jk � ˇjkj2In.l�1j

P

k2BjK
j Ǒjk�ˇjkj2/1=2��=2

o

�

j jk.x/j2dx

�
j1
X

jDj0

2j�1
X

kD0

�

Ej Ǒ
jk � ˇjkj4

� 1
2

�

E

�

In
.l�1j

P

k2BjK
j Ǒjk�ˇjk j2/1=2��=2

o

�� 1
2 �
� jk

�

�

2

L2

� C
j1
X

jDj0

0

@

2j�1
X

kD0
Ej Ǒ

jk � ˇjkj4
1

A

1
2

0

@P

��

l�1j

X

k2BjK

j Ǒ
jk � ˇjkj2

�1=2

� �=2

�

1

A

1
2

:

Using our Proposition 2 and the Proposition 4.1 from Tribouley and
Viennet [20] we get

G31 � C
j1
X

jDj0

2j

n2

�

n� �
2 l

� 1
2 .2C�/

j 2
j
2 .2C�/.log n/1C�

� 1
2

� C
2j1

n2C �
4

�

2j1

lj1

�
1
4 .2C�/

.log n/
�C1
2

� Cn� 2s
1C2s : (11)

• The upper bound for G32. Let j3 an integer belonging to Œ j0; j1� and M1 such

that k f kHs � M1. Since

0

@

X

j���1
22js

0

@

2j�1
X

kD0
jˇjkj2

1

A

1

A

1=2

< 1. We have, for
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all j 2 Œ j3; j1�
0

@

2j�1
X

kD0
jˇjkj2

1

A

1=2

� M12
�js � M12

�j3s: (12)

Recall that �=2 D 2K2=n1=2 and with choice of 2j3 D
�

M1

2K2

� 2
1C2s

n
1

1C2s . We

will prove that by absurd. Assume that for all j 2 Œ j3; j1�we have bjK > �=2

then

0

@l�1j

X

k2BjK

jˇjkj2
1

A

1
2

> �=2

l�1j

X

k2BjK

jˇjkj2 > .�=2/2

2j�1
X

kD0
jˇjkj2 > .�=2/22j

0

@

2j�1
X

kD0
jˇjkj2

1

A

1=2

> 2
j
2 �=2

0

@

2j�1
X

kD0
jˇjkj2

1

A

1=2

> 22
j3
2

K2

n
1
2

D M12
�j3s

which contradicts (12). We conclude therefor, that the terms corresponding
to j 2 Œ j3; j1� are zero. Thus

G32 D E

�

�

�

�

�

�

j1
X

jDj0

2j�1
X

kD0
. Ǒ

jk � ˇjk/IfObjK��gIfbjK>�=2g jk

�

�

�

�

�

�

2
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D E

�

�

�

�

�

�

j3
X

jDj0

2j�1
X

kD0
. Ǒ

jk � ˇjk/IfObjK��gIfbjK>�=2g jk

�

�

�

�

�

�

2

L2

:
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Using the Proposition 1, we get

G32 D E

�

�

�

�

�

�

j3
X

jDj0

2j�1
X

kD0
. Ǒ

jk � ˇjk/IfObjK��gIfbjK>�=2g jk

�

�

�

�

�

�

2

L2

� E

�

�

�

�

�

�

j3
X

jDj0

2j�1
X

kD0
. Ǒ

jk � ˇjk/ jk

�

�

�

�

�

�

2

L2

� C
j3
X

jDj0

2j�1
X

kD0
Ej Ǒ

jk � ˇjkj2

� C
2j3

n
� Cn� 2s

1C2s : (13)

Combining the previous inequalities (4), (5), (8), (9), (11), and (13) in (3), we obtain
the desired upper bounds.

Proof of Theorem 2 The scheme of this proof is quite classical. We take inspiration
from the proof of Theorem 2.2 in Tribouley and Viennet [20]. The proof is based
on a results of Talagrand [19], the Berbee’s lemma [1] with the fact that the
ˇ-mixing coefficient are less than �-mixing coefficient and mainly on the following
observation

Remark 1 The study of the quantity
P

k2BjK
j Ǒ

jk � ˇjkj2 is related to the study of

supremum of a centered empirical process �n, where �n. jk/ D Ǒ
jk � ˇjk, over the

set F2 D
n

h D P

k2BjK
ak jk=

P

k2BjK
jakj2 � 1

o

. By duality arguments we have

X

k2BjK

j Ǒ
jk � ˇjkj2 D sup

ak;
P

k2BjK
jak j2�1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

X

k2BjK

ak. Ǒ
jk � ˇjk/

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

D sup
h2F2

j�n.h/j2:

Lemma 1 (Berbee [1]) Let .Xi/i>0 be a sequence of random variables taking their
values in a Polish space �. Then, there exists a sequence .X�

i /i>0 of independent
random variables such that for any positive integer i, we have

P.Xi ¤ X�
i / < ˇ.	.XjI j < i/; 	.Xi//:

Return now to the proof of Theorem 2. For the sake of simplicity, we assume in the
following that Xi D 0 and h.Xi/ D 0 if i > n, and that EP.h/ D 0. Let q D Œ

p
n�

be a fixed integer, where Œ:� denotes the integer part. According to Berbee’s lemma,
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there exists a sequence of independent random variables .X�
i /i�0 such that for any

positive integer k, Yk D .XqkC1; : : : ;Xq.kC1// and Y�
k D .X�

qkC1; : : : ;X�
q.kC1// have

the same distribution, and

P.Yk ¤ Y�
k / � ˇ.q/ � �.q/:

Then, the random variables .Y�
2k/k�0 are independent, and even .Y�

2kC1/k�0.
Let ��

n be the empirical process associated with the random variables .X�
i /i�0.

The centered empirical process �n.h/ (that is �n D 1
n

Pn
iD1 ıXi � PX1) is then

decomposed as

�n.h/ D �n.h/� ��
n .h/C ��

n .h/:

Since for any �1 > 0 and �2 > 0 we have

P

 

sup
h2F2

j�n.h/j � �1 C K2l
1
2

j

1p
n

C �2

!

� P

 

sup
h2F2

j�n.h/� ��
n .h/j � �2

!

CP

 

sup
h2F2

j��
n .h/j � �1 C K2l

1
2

j

1p
n

!

: (14)

We just have to control these two terms to get the announced result.
For the first term in the right hand of (14), it is easy to have

j�n.h/� ��
n .h/j D 1

n

ˇ

ˇ

ˇ

ˇ

ˇ

n
X

iD1
ıXi.h/� ıX�

i
.h/

ˇ

ˇ

ˇ

ˇ

ˇ

� 2

n
khk1

n
X

iD1
IXi¤X�

i
:

We obtain then

Ej�n.h/� ��
n .h/j � 2

n
khk1 n �.q/:

Since h 2 F2 D
n

P

k2BjK
ak jk=

P

k2BjK
jakj2 � 1

o

and using Hölder’s inequality,

we have

jh.x/j �
0

@

X

k2BjK

jakj2
1

A

1
2
0

@

X

k2BjK

ˇ

ˇ jk.x/
ˇ

ˇ

2

1

A

1
2

�
0

@

2j�1
X

kD0

ˇ

ˇ jk.x/
ˇ

ˇ

2

1

A

1
2

; x 2 Œ0; 1�:



BlockShrink Wavelet Density Estimator in �-Mixing Framework 45

According to Lemma 6 in Birgé and Massart [2],

�

�

�

�

�

�

2j�1
X

kD0
 2jk

�

�

�

�

�

�1
� C 2j, we get that

khk1 � C 2
j
2 :

Therefore

Ej�n.h/� ��
n .h/j � 2khk1�.q/ � 2C 2

j
2 �.q/:

By Markov inequality, we deduce that for any �2 > 0

P

 

sup
h2F2

j�n.h/� ��
n .h/j � �2

!

� 2C

�2
2

j
2 �.q/: (15)

For the second term in the right hand of (14), we use the following theorem.

Theorem 3 (Talagrand [19]) Let X1; : : : ;Xn, be n independent identically dis-
tributed random variables, and F2 a family of functions that are uniformly bounded
by some constant M1. Let V and H be defined by

1

n
E

 

sup
h2F2

ˇ

ˇ

ˇ

ˇ

ˇ

n
X

iD0
h.Xi/

ˇ

ˇ

ˇ

ˇ

ˇ

!

� H; V D E

 

sup
h2F2

n
X

iD0
h2.Xi/

!

:

Then, there exists a universal constant K1 such that for any �1 > 0,

P

 

sup
h2F2

j�n.h/j � �1 C H

!

� exp

�

�K1n

�

�21
V

^ �1

M1

��

:

Moreover, according to Corollary 3.4 in Talagrand [18], the following bound holds

V � v C 8M1
QH;

where v and QH are defined by

sup
h2F2

Var.h.X// � v;
1

n
E

 

sup
h2F2

n
X

iD0
"ih.Xi/

!

� QH;

where "1; : : : ; "n are n independent Rademacher variables.
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We derive then the following inequality: there exists a positive constant k1 such
that for any �1 > 0,

P

 

sup
h2F2

j�n.h/j � �1 C H

!

� exp

�

�k1n

�

�21
v

^ �1

M1

^ �21

8M1
QH
��

:

Let p D p.n/ be the greatest integer such that n D qp C r with 0 � r < q, then

��
n .h/ D p

n

2

4

1

p

p
X

lD0

0

@

q.2lC1/
X

iD2qlC1
h.X�

i /C
q.2lC2/
X

iDq.2lC1/C1
h.X�

i /

1

A

3

5 :

The control of the second term in the right hand of (14) is made in two steps,
considering odd terms and even ones. They are both treated in the same way,

so we only detail the even part. Since the variables
�

Pq.2lC1/
iD2qlC1 h.X�

i /
�

0�l�p
are

independent by construction, we are allowed to apply the Talagrand’s inequality to
��

p D 1
p

Pp
lD0

Pq.2lC1/
iD2qlC1 h.X�

i /, with adequate choices of �1, H, QH, M1 and v. Let F2
be the family of functions defined previously. We have to determine the quantities
M1, QH, H and v. Since

�

�

�

�

�

�

q.2lC1/
X

iD2qlC1
h.X�

i /

�

�

�

�

�

�1
� q khk1 � C q 2

j
2 ;

we put

M1 D C q2
j
2 : (16)

Let us now determine the quantity H. Applying Hölder’s inequality and Jensen’s
inequality, we have
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� E
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:

In order to bound this last term we have, under the summability condition on the

mixing coefficients B < 1 and the fact that the variables
�

Pq.2lC1/
iD2qlC1  jk.X�

i /
�

0�l�p

are independent and satisfy E
�

 jk.X�
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� D 0,
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We deduce then
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We take, now
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We notice that
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and we choose

QH D H: (18)

Let us now determine the quantity v such that suph2F2 Var.h.X// � v.

Let h 2
8
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:

X
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ak jk=
X
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, we get
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Thus we set

v D K2
2k f k1qlj: (19)

Finally, applying Talagrand’s inequality with H, QH, M1 and v defined
in (17), (18), (16), and (19) , we obtain
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� exp

0
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�21l
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C q2
j
2
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p

n

ql
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j 2
j
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1
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�1
j ^ �1
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j
2

^ �21
p

n

ql
1
2

j 2
j
2

1

A

1

A ; (20)

where K1 is a positive constant depending on k f k1, K2, C and k1. Similarly, we
find for the odd part
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@sup
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ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

p

p
X

lD0
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�1
j ^ �1
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2
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n
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j 2
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1
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1

A : (21)

Regrouping (15), (21), and (20), the proof of Theorem 2 is complete.
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