BlockShrink Wavelet Density Estimator
in ¢-Mixing Framework

Mohammed Badaoui and Noureddine Rhomari

Abstract We study the integrated L,-risk, of a wavelet BlockShrink density esti-
mator based on dependent observations. We prove that the BlockShrink estimator is
adaptive in a class of Sobolev space with unknown regularity for uniformly mixing
processes with arithmetically decreasing mixing coefficients.

1 Introduction

The functional estimation by the wavelet method has been intensively used, these
last years, in various areas. The popularity of these methods comes from the ease
of their implementation, their flexibility, ability to catch details, and for their high
compression ratio. In the statistical literature, different types of wavelet estimators
have been proposed. The performance of the first ones depended on the density’s
regularity. Later, adaptive procedures, as thresholding estimators, were developed
to construct an estimate which does not depend on the explicit knowledge of
this regularity. Those estimators are to make a fine selection of the coefficients
estimators ,@k of the wavelets coefficient B and several thresholding techniques,
including local, global, and block thresholdings, have been developed.

Donoho and Johnstone developed the theory of thresholding in a general
framework in the beginning of 1990s. They introduced two techniques of local
thresholding: soft and hard thresholding. The word “local” means that individual
coefficients independently of each other are subject to a possible thresholding.
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The idea of block thresholding was introduced by Efroimovich [9] as part of
Fourier analysis. It has been adapted to the wavelet context analysis by Kerkyachar-
ian et al. [13]. They proposed a global thresholding. Its principle, instead of keeping
or deleting individual wavelet coefficients, one can also keep or delete a whole j-
level of coefficients.

The first localized block thresholding estimators have been developed, in case
of iid observations, by Hall et al. [10, 11], Cai [3—6], and Chesneau [7]. This last
author studied an L, version of the BlockShrink estimator given by Cai [3] and
proved by simulations that BlockShrink estimator is better than the local and global
ones. All these works have been developed in the independent framework. Tribouley
and Viennet [20] explored the global thresholding method in the case of S-mixing
processes. But to our knowledge, the BlockShrink estimator for the density model
has not been studied for dependent processes.

The aim of this work is to extend some results, of BlockShrink estimator, to
dependent processes in Ly-norm for the density estimation. The function density f is
supposed to belong to the Sobolev space H® with compact support. We consider the
¢-mixing’s processes [12] and we study the L,-error convergence for BlockShrink
estimator f,,. We show that BlockShrink estimator is consistent with an optimal rate,
under certain conditions on wavelet basis and mixing coefficients. Precisely we give
for arithmetically decreasing ¢-mixing processes an upper bound of the L,-mean
error

25
Elf —full7, = Cn™ 75 .

The rest of the paper is organized as follows: Sect.2 describes briefly the wavelet
basis and the Sobolev space. Section 3 introduces the BlockShrink estimator and
presents its asymptotic properties under ¢-mixing conditions. Section 4 contains
proofs of various results.

2 Wavelets and Sobolev Space

In this section, we give a brief definition of wavelet decomposition and we refer
to Meyer [16] and Mallat [14, 15] for more details. Without loss of generality, we
suppose that f has [0, 1] as support and consider a wavelet basis on the interval [0, 1]
of the form

E={pu» 1>0,k=0,....20 —Liyp, j>1:k=0,...,2 — 1}
In general, @j(x) and ¥ (x) are “periodic” or “boundary adjusted” dilation and

translation of a “father” wavelet ¢ and a “mother” wavelet i, respectively. This last
function is supposed to be N-regular (cf. Meyer [16]).
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For the sake of simplicity, we set g (x) = 2/2p(2x—k) and Y = 2/2y (2x—k),
where ¢ and i are father and mother wavelet functions, respectively. Let, now, t be
a large enough integer. For any jy > t, a function f in L,([0, 1]) can be expanded in
a wavelet series as

200 —1 21
f Z WjokPjok + Z Z ,Blkw]k s (1)
J=jo k=0

where the wavelet coefficients are defined by

ot = / FOoudr et Py = / £ ().

Now, let us give a definition of Sobolev space, the main function spaces used in our
study. To unify notations we write 8,_; x = o;. We define the Sobolev space H* as
being the functions space f whose the associated wavelet coefficients B, satisty

. 1/2
2—1 /

> o Z|/3,k|2 < o0,

j=>t—1

where s €]0, N 4+ 1[ with N denotes the wavelet regularity (cf. Meyer [16]).

3 BlockShrink Estimator

Let Xi,...,X,, n observations from a strictly stationary process, with unknown
density f, with respect to the Lebesgue measure on R, which is supposed to be
in L, ([0, 1]).

Then f admits a representation in (1) with ojr = E(gj(X)) and B =
E(y (X)), where X is a random variable having as probability density f.

We define the nonlinear BlockShrink estimator as proposed by Cai [3] by

20—

Z WjokPjok + Z Z Z ﬁlkl{bk>k}wlkv (2)

J=jo K€ ot kEBjg

where jo and j; are two integers to be precised below such that: jy is an integer
chosen so that the linear variance term will not contribute to the overall error in
the same spirit that the integer j; is chosen to make the bias term negligible in the
overall error. We assume that 2/! =< n? and 20 = (logn)® with ¢ > 2. And for
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Jj € {jo,---.j1}, we split the set {0,...,2 — 1} into blocks of length /;. We define
the sets:

o ={1,.... 2"},
Bk =tk €{0,....2 —1}; (K- DI <k < Kl; — 1},

for K € .4, where J; is an increasing sequence in j such that /;, =< (logn)®, and
we get

bk = l,_l Z Bl

kegg]‘[(

and A is some threshold parameter, depending on r, to be defined below.

The choice of block size /; and the threshold A play a crucial role in the
performance of the resulting estimator. Between the two parameters /; and A, the
block /; size is more important. It plays an important role similar to that of the
bandwidth in the kernel estimator. To achieve the optimal adaptability, the block
size must be at least of order log n, see, for example, Hall et al. [10].

Before announcing our result, we recall the uniformly mixing dependance we
work with. Let (§2, &7, P) be a probability space and let .# and ¢ be two sub o-
fields of o7. In order to estimate the dependence between % and ¢ we use the
uniform mixing (or ¢-mixing) coefficient [12]

¢(F,9) = sup{|P(B) —P(B/A)|; Be ¥,A € .% and P(A) > O}.

When # = o(X) and 4 = o(Y) are sigma algebras generated, respectively, by
random variables X and Y, we write ¢ (%, ¥) = ¢(X,Y).

Remark that, this measure of dependence is not symmetric with respect to .#
and ¢. Therefore we can define an other coefficient by

¢rev(yy g) - ¢(g, 9)
A stationary process X = (X, j € Z) is said to be ¢-mixing if
() = p(F° o, F7°) — 0 when | — oo,

where .7/ is the sigma algebra generated by the random variables {X;, i < j < k}.
In the same way, we can also define a ¢.,-mixing processes.

The sequence of the mixing coefficients (¢ (/));>0 decrease arithmetically if there
exists & > 0 and a constant ¢ > 0 such that ¢(I) < c¢/~@*+D; and we say X is an
arithmetically ¢-mixing process.
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We now give Theorem 1 providing an upper bound of the L, error of the
BlockShrink estimator defined by (2).

Theorem 1 Assume that f belongs to the class % (M{,M,,A) = {f ¢
H?, supp(f) C [A, —A]L | fllms < M1, ||flloo < M2}, withl/2 <s <N+ 1, and
the mixing coefficients decrease arithmetically with 0 > 6 — m, then for

A=Yl ¥ loollflloo (X0 ¢ (1)) /n'/? there exists a positive constant C such
that

EIlf =/, < Cn” 5.
Corollary 1 Under the same conditions of Theorem 1, the estimator f* is adaptive
in the class {F (M,M,,A),1/2 <s <N+ 1,A>0,M; >0,M, > 0}.

Proofs of our main theorem are based on the following preliminary results, which
are important in themselves.

Proposition 1 Let us set ,3j()_ Ik = Qjok, under the summability Z ¢() < B < o0,
>0
we have forallj € {jo—1,...,j1}

A 1
ElBj — Bil* < 4B|V I, 1 lloo 1/ lloo -

Proposition 2 Assume that there exists 0 > 0 and a constant ¢ > 0 such that
¢ (1) < cI79FD  then there exists two positive constants C and K, such that, for all j

1/2

. Y (2 1(2+0)
P X et =2k | <ot () o
kegg]‘[( J

where Ky = (4B Yl [V lloo | fll0) and B = 3" ¢ ).

>0

4 Derivations

In what follows, we use the symbol C as a generic positive constant, independent
of n, which may take different values at different places.

Let us first prove Propositions 1 and 2. We are inspired by techniques developed
in Tribouley and Viennet [20].
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Proof of Proposition 1 1t is easy to have

n 2

Z (%‘k(Xi) —E (yx) )

i=1

E (1B~ Bul?) = n°E

IA

2072 " (n— i) |Cov (Y(Xo), Yix (X)) |-

i=0
From, Rio [17, Theorem 1.4, p. 27], we deduce
|Cov (Vjx(Xo). V(X)) |
< 2¢% (Ui (X)), Vi (Xo))¢5 (Wi (Xo). i XNE (1Y (Xo) I,) E (Vi Xo) L) -

Then, for ¢ = 1 and p = oo we have

E (|¥Xo)lL) < 272 [Vl | fleo and E ([¥(Xo)loo) < 22 [¥[loo-

and finally, we obtain the desired inequality

E (|l§jk - ,3jk|2) <d4n™! Z ¢ (Vi (Xo). Vi X)E (1 (Xo) I, ) 11k (Xo) lloo

i=0

<4 Yl ¥ llool flloo Y ).

i=0
]

Proof of Proposition 2 To prove Proposition 2, we need the following theorem
which gives an exponential type inequality of block of (8;) coefficients.

Theorem 2 Let (X;)i>0 be a strictly stationary uniformly mixing process such that
its sequence of mixing coefficients (¢ (1))>o satisfies the summability Y",., $(I) <
B < o0o. We suppose that X; has a density f with respect to the Lebesgue measure
and that f is uniformly bounded. Then, there exists a positive constant K| depending
on || flleo and K, such that for any integer ¢ < n, A; > 0 and A, > 0 we have

1

2

N 1]
P Z 1Bi — Bul> | =M +Kzlj27 + As
kEBjx n
MR

S

<exp| —Kin )L%lj_l AN—F A

2C _J
i T +X_22¢(Q)
q2? ql; 22 2

1 .
with Ky = (4B |V |, [ [loo | flleo)* and x Ay = min(x, y).
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The proof of this theorem is postponed to the end.
Let us return to the proof of Proposition 2. Applying this Theorem 2 with: A; =

Ay = 1K212 we get: forall g < n

f,

A~ 1
Pl DY 1Be—Bul| =2kl —

keiﬁﬂ(

1 1 Y
<exp| —Kin (—Kzl?— : A
2 Jﬁ ] qui ql.%2%
J
2C i
+l - 22¢(q)
2
EKzlj 72
1 1
1 12 [? 1
<exp|—-Kmn|-r—L - A L i +Cf12§(q)
noogqyn22 qyn2:

1 1 _1
<exp (—KIZI ljZZ_% ﬁ) + Cﬁlj 22J§<;S(q).

1 .
Now for g = [li2 271 J/n(nlogn)~'] with 5 a positive constant to be precised, we
have ‘

. 1
P Z Bie — B> | = 2Kal? —
kE@jK
Lo
< exp(=Kinlogn) + C v/nl; 2214 (lsz_'é ﬁ(nlogn)_l) .

So for a good choice of 7, the exponential term will be less than the mixing part
(ie. the last term in the above inequality, thanks to the arithmetically decrease of ¢),
which gives

A 1 1
P D 1Bu—Bul? | =2kl — | < C /iy 214 (z 2% Jn(ylogn)~ )

kegg]‘[(
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As the mixing is arithmetic, ¢ (1) < cI7¢*D, we get
1
2 l%
A K>l L L
P X 1Bu—Bul| z2— | =cvn "2 (1.2 2
kEK@/‘K n:

Proof of Theorem 1 The proof uses techniques from conventional calculations. In
fact, recall that

| |
20 —1 2—1
§ ook + Y D Bt
Jj=jo k=0

200 —1

Z ®jokPjok + Z Z Z :Bjkl{h,,(>x}%k

J=jo K€t kEBjx
with A/2 = 2K,/n'/?. It is obvious that

2/0—1 2
Ellf —ful3 <3[E| D @ik — @) @iok
k=0 L
2
o 2 . 2
j1 2-1 21
+EIY Y Bidgyesny = BVi| + | D D BV
Jj=io k=0 L liZzitk=o L
3)
1. Bias term: Applying the Holder’s inequality and the fact that f € . (M, M,, B)
we obtain
2—1 2

" 1/2\ 2
Z Z,Bjklﬁjk = Z Z|.3jk|2
j=j1+1 k=0

I =i+l \ k=0

1/2 2

2i—1
=| X 2| B 27
JZii+1 k=0
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2
. 1/2 1/2
Y1 / /
2j. 2 —2j
|z (zme)) (22
J=ii+1 k=0 J=ir+1
—2j1s —s — R
<279 < Cn™° < Cn 42, 4

2. Linear stochastic term: Using the Proposition 1, we obtain

2

2/0 —1 2i0—1
~ ~ 2
E| Y @ —aidgin| =C Y El&x—an
k=0 Ly k=0
2i0 2s
<c|[=) < cnm, (5)
n

3. Nonlinear stochastic term: Using techniques similar to those used in the proofs
of Theorems 2 and 3 of Chesneau [8], we give

1 2-1 :
= Z Z ('Bjkl{gjkzl} o 'Bjk) Vi
J=io k=0 L
io2—1 2 i 2-1 2
<2|E Z Z Bicl <y Vx| +E Z Z (:Bjk - ﬁik) Lip =2y Vi
j=jo k=0 L Jj=jo k=0 Ly
= 2(G2 + G3).
(a) The upper bound for G,. We have G, < 2 (G, + G»,), where
j1 2—1 ?
Gy =E Z Z ,Bjkl{i,jK<A}I{ij§2/\}Wik
J=jo k=0 L
si2-1 2
Gn=E|> Y Bil g <aylin>213 Vi
Jj=jo k=0 L
2
Notice that the [, Minkowski’s inequality yields
I{i;_,-,(<)k}l{bjk>21} = I{\iJ_/K—h_/K\Z)»}
<1 (6)

{(11'71 Yiemjx |f§jk—ﬂjk|2)l/zzx} ’
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* For bounding the term G», we will use the Large deviation established in
Proposition 2. Using the inequality (6) and the Proposition 2 we obtain

2J—1

J1
Y DI T
J

—jo k=0
12—l

< / DO 1Bl PE [I{i,_,,(d}l{b,-pzx}] dx

J=jo k=0

12—l

[ X E mrrwmerr((5t X 1A~ W)”z - 1)

J=jo k=0 ke%jk

izji:lﬂjkl/fjk[P((lfl 3 |l§jk—ﬁjk|2)l/2 N A):|1/2

J=jo k=0 ke%jk

IA

2

IA

Ly

. 2
oo 2-1

_0 —1@+o) i1
Cn 2L 2727 CH D (1og n) @D NN By
J=jo k=0

IA

L

i\ S +0)

e 21\ 2

<cnt (1_) (logm)™*VIfIIZ, -
J1

This quantity is bounded by n" TS for 2 = n? with 6 > 6 —
We then obtain for 6 > 6 — that

4
T2(N+1)
4
T 2(V+D)

Gy < Cn 5. (7)

* The upper bound for Gy;. Let j; the integer belonging to [jo, /1] such that
Js is the optimal level of truncation, when the regularity s of the density f
is known (i.e 25 =< N ). So using an elementary inequality of convexity,
we have the following decomposition:

o 2
j1 2-1
Gy =C ZZﬁjkI{;,stu}wjk
j=io k=0 n
o 2 o 2
s 21 a2l
= C L2 2 Bt + | D0 D By cony Vi
j=io k=0 R sy n
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Js 21 jio2-1
=cl|XX ﬂ/kl{h_,.,(szx}llf/k + D0 D B
J=jo k=0 L j=js+1 k=0 L
= C(S; + 52). (8)

— The upper bound for ;. Minkowski’s inequality gives the following

bound:
Js -1 2
Si = Zzﬁjkl{bjksﬂ}wjk
J=jo k=0 L
2
i {21 A\
= Z Z"Bjkl{bjkfﬂ}
j=io \ k=0
Thus

172\ 2

Si1=C Z Z Z |,3/k| {l* Zkesajk \ﬁ/k\z)l/zsn}

J=jo \KE€ ke Bk

- 2
Js

> (carder /\2)1/2

L/=Jo

IA
aQ

- 2
Js

c szﬂx

L/=Jo

CYs )\2.

IA

IA

— The upper bound for S,. The Minkowski’s inequality, the basis orthonor-
mality and the inclusion H* € B}  imply that

i . 1/2\ 2
i 2-1 J1 V-1
2
Sy = Z Zﬂ/k%k = Z Z|ﬂ1k|
j=js+1 k=0 L j=js+1 \ k=0
2
Y1 1/2
- S (L) 2
_]v+l
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Then, we obtain

2
. 1/2
2-1 2
Sy < [sup2* [ D 1Bl > 2
J=Zjo k=0 j=js+1
) 2
il
< ’ 2_j5
<l X
J=ist1
2
J1
<cl2#y 2
j=1
< C27Y,

Putting the upper bounds of S; and S, together in inequality (8), it yields

Ga < C (279 427527

Since A = 4K,/n'/? and 2 < n EST , we conclude that

Goi < Cn 75, ©)
(b) For the term G3, we have
o 2
J1 2—1 R
G;=E Z Z (ﬂjk - ﬂ,-k) LTS
J=jo k=0 Ly
o 2
j1 Y—1 R
<2|E|D D (Bu- Bl (g2 <22y Vi
J=Jjo k=0 L
o 2
j1 2—1 R
+E[D Y (B - B (203 oy 221 Vik
J=jo k=0 L
=2(G31 + G3). (10)

* To bound the term Gj3; we will use the Large deviation established in
Proposition 2. Using I, Minkowski’s inequality, Holder’s inequality and
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Jensen’s inequality we obtain

. ; 2
J1 2-1

=E|Y > (3/k - ﬁjk) Ly o2y <2 /2 Wik

J=jo k=0 L

g1 2-1

<E [ 1A Bl I{(z— Sieamy i ﬁ,k\2)1/2>x/z}|‘/’/’<(x)| dx

J=jo k=0

g1 2-1

= ZZ/ ('ﬁfk Pl 0 S 1 ﬁ,k2)1/2>x/2}) [V @)l dx

Jj=jo k=0

g1 2-1

< 2> (Bl —Bul’)

J=jo k=0

2 2
IO Y

=

J

2—1 3
< CY | D EIBu — Bul*
Jj=jo \ k=0

=

1/2
P (1— ) |ﬁ,k—ﬁ,k|) zx/z)

ke Bjk

Using our Proposition 2 and the Proposition 4.1 from Tribouley and

Viennet [20] we get
1

; _ 1
Gs < CZ (n 51 —§(2+9)2-§(z+0)(logn)1+9)

—Jo
; i\ 12+0)
21 2Ji\ 4 041
2 () e
n 4 J1
< CnTE. (11)

» The upper bound for G,. Let j; an integer belonging to [jo, ;] and M, such
. 1/2
2—1
that || f]lgs < M,. Since E 278 E |,3//<| < o0o. We have, for

j=>t—1
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allj € [j3.)1]

2—1 12
STIBl | = M2 < M2 (12)
k=0

2
Recall that A /2 = 2K, /n'/? and with choice of 2% = (ZLKIZ) R We

will prove that by absurd. Assume that for allj € /3, ;] we have bjx > A/2
then

=

U 1Bkl > A2

kE@jK

U Bl > (A2
ke Bk
2—1
D 1Bl > (a2
k=0

. 1/2
2—1 /

S| >2812
k=0

. 1/2
2—1 /

K -
Z |Bil” > 22322 = 27
k=0 n

which contradicts (12). We conclude therefor, that the terms corresponding
toj € [j3,j1] are zero. Thus

j1 2-1 2
Gn=E Z Z(.Bjk - ,Bjk)l{észA}I{ij>A/2}ij
Jj=jo k=0 Ly
. i 2
3 2-1
=E Y B = Bidlgsnd ey Vit
J=jo k=0 L,
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Using the Proposition 1, we get

3 2-1 R 2
Gz =B\ D> (B = Bl a2 Vi
J=jo k=0 Ly
Jj3 2—1 R
<E|Y D Bi—Bvn
J=io k=0 L
j3 -1
< CY Y BBy — Bl
J=io k=0
2j3 2s
<C— <Cn ™5, (13)
n

Combining the previous inequalities (4), (5), (8), (9), (11), and (13) in (3), we obtain
the desired upper bounds. |

Proof of Theorem 2 The scheme of this proof is quite classical. We take inspiration
from the proof of Theorem 2.2 in Tribouley and Viennet [20]. The proof is based
on a results of Talagrand [19], the Berbee’s lemma [1] with the fact that the
B-mixing coefficient are less than ¢-mixing coefficient and mainly on the following
observation

Remark 1 The study of the quantity ), Bk | Iéjk - ,Bjk|2 is related to the study of
supremum of a centered empirical process v,, where v, (Vi) = ,@k — Bjx, over the

set Fp = {h = D ke UVik] Qe lax]? < 1}. By duality arguments we have

2

> 1B — Bul? sup > @B =B

ke By ax-Lreaj P =1 | ke

= sup [v, (W)[*.
heF,

Lemma 1 (Berbee [1]) Let (X;)i~0 be a sequence of random variables taking their
values in a Polish space y. Then, there exists a sequence (X! )iso of independent
random variables such that for any positive integer i, we have

PX; # X) < Bo(Xjzj < 1),0(X))).
Return now to the proof of Theorem 2. For the sake of simplicity, we assume in the

following that X; = 0 and h(X;) = 0 if i > n, and that Ep(h) = 0. Let ¢ = [/7]
be a fixed integer, where [.] denotes the integer part. According to Berbee’s lemma,
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there exists a sequence of independent random variables (X}*);>o such that for any
positive integer k, Y = (Xgit1, ..., Xgk+1)) and ¥ = ( ;k+l’ ... ,X;(,H_l)) have
the same distribution, and

P(Yx # Y) < B(a) < ¢(9).

Then, the random variables (Y3} )x>o are independent, and even (Y7, L 1k=0-

Let v be the empirical process associated with the random variables (X}*);>o.
The centered empirical process v,(h) (that is v, = %ZLI 8x, — Pyx,) is then
decomposed as

Vu(h) = vu(h) — v} (h) + v} (h).

Since for any A; > 0 and A, > 0 we have

1]
P sup |v,(h)| > A1 + Kl?— + A
(hef%' (M| = Ay ol 2)

§P<mwwm—ﬁwﬂzb)

hEF,
11
+P | sup |vy (W) = A1 + Kol? — | (14)
<he£ 1 ZJﬁ

We just have to control these two terms to get the announced result.
For the first term in the right hand of (14), it is easy to have

1
[oa) = v )] =

> 8x() — 8= (h)
i=1

2 n
< ~lhlloo 3 xxs
i=1
We obtain then
N 2
Elvu(h) — v, (h)] < - [Alloo n P (q)-

Since h € F, = {Zke%ﬂ( aYix/ Zke@m lag|? < 1} and using Holder’s inequality,
we have

1 1

2 i1 2
@< Y lal ] | DD @] S lw@ | xelo.
keiﬁﬂ( kEK@/‘K k=0

IA
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2—1
According to Lemma 6 in Birgé and Massart [2], Z Wﬁ( <C%, we get that
k=0

o0
Ihfleo < C22.

Therefore
i
Elva(h) — vy ()] = 2||hllecd(q) = 2C22 p(q).
By Markov inequality, we deduce that for any A, > 0
" 2C_;
P sup [va(h) — v, (h)| = A2 | = =—22¢(q). 15)
heF, A2

For the second term in the right hand of (14), we use the following theorem.
Theorem 3 (Talagrand [19]) Ler Xi,...,X,, be n independent identically dis-

tributed random variables, and F, a family of functions that are uniformly bounded
by some constant M. Let V and H be defined by

lIE (sup Zn:h(Xi) ) <H, V=E (sup Zn:hz(Xi)).
n heF,

i=0
Then, there exists a universal constant K| such that for any A > 0,

A2 A
P{sup|v,(h)|>A +H]| <ex [—Kn(—lA—)i|
(heFlzl W= n ) p v A

Moreover, according to Corollary 3.4 in Talagrand [18], the following bound holds

V <v+8MH,

where v and H are defined by

sup Var(h(X)) < v, %IE (sup Ze,-h(X,-)) <H,

heF, h€F, i=0

where €1, ..., &, are n independent Rademacher variables.
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We derive then the following inequality: there exists a positive constant ky such
that for any A, > 0,

P sup o ()] = Ay +H | <e [k (*U*w A )}
up |v, > <exp|—kin| — A — _ .
heFIZ ! P ! v M, SMH

Let p = p(n) be the greatest integer such that n = gp + r with 0 < r < g, then

r q(21+1) q(2142)

SOELIED I 1D DRI ED DS

1=0 \i=2gl+1 i=q(214+1)+1

The control of the second term in the right hand of (14) is made in two steps,

considering odd terms and even ones. They are both treated in the same way,
. . . q@I+1)
so we only detail the even part. Since the variables (Z, 2qi+1 1 )>O<l<p are

independent by construction, we are allowed to apply the Talagrand’s inequality to

v, = 117 o ?le;}r)l h(X}), with adequate choices of A1, H, H, M; and v. Let F;

be the family of functions defined previously. We have to determine the quantities
M, H, H and v. Since

q(21+1) _
J
Y x| <qlhlle < Cq27.
i=2ql+1 0
we put
M, = Cq2b. (16)

Let us now determine the quantity H. Applying Holder’s inequality and Jensen’s
inequality, we have

p  qQl+1)

w35 hor
heFy | 120 i=2q1+1

P qQl+1)

=E | sup Z Z Z aryin(X)

heF2 V120 i=2qi+1 ke Bk

1 3
p qQl+1)

<E|sup | D el | x| D10 Y wax)

heb2 \ kemjx ke By | 1=0 i=24l+1
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S
Nl—

p qQi+1)
<EL D2 X va)
k€Bjk | 1=0 i=2ql+1
-1
p qQl+1) 22
<|E Z Z Vi (X)
keBjk | 1=0 i=2ql+1

In order to bound this last term we have, under the summability condition on the
mixing coefficients B < oo and the fact that the variables (Zq(zzl;l:_)l ik (X;“))

are independent and satisfy [ (1/fj/< (Xl.*)) =0,

0<I=<p

p qQl+1) p qQl+1)
ZZZW) =) E ZZW)
keBjk |1=0 i=2ql+1 ke Bk 1=0 i=2¢ql+1
q(2l+1)
< Y P4V Yol flleg D 6
kE@jK i=2gl+1
< 45 1Yl ¥ ool flloop @ D 6 (0)

i>0
< 4B ¥l ¥ lloo 1 flloo Lin.

We deduce then

p qQl+1) \/_l
—IE sup Z Z hXH| | <K —2

heF2 | 120 i=2q1+1

1
H= Kz\/gzjz (17)
p

Ky = GBY Il [V oo [l £lloo)? -

1 ‘ 1
—E | sup Z eh(X;) | < Kzl2 \/7
n heF, i=1 14

We take, now

with

We notice that
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and we choose

H=H. (18)

Let us now determine the quantity v such that sup;,cp, Var(h(X)) < v.

Leth € Z aryix/ Z lar]? < 13, we get

kE@jK kE@jK
2I+1)
var| 3o ho) | = ak? [ B
i=2gl+1
2
< qK%/ S a | f

keiﬁﬂ(

=
=

= [[| Xl | | X wi] |7

keiﬁﬂ( kEK@/‘K

5q1<§/ > vif

kEK@/‘K
< K5I flloogl;-
Thus we set
v = K3 || flloodl;. (19)

Finally, applying Talagrand’s inequality with H, H, M; and v defined
in (17), (18), (16), and (19) , we obtain

1 p  qQl+1) i g
Plsup =Y > hx) qulﬂglf\/j
; p

heF2 | P20 i<agig1

a*A A qri N A3
WKW oot Cq23 §C g2t K12 JE
J 4

<exp|—kP
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AL NIV
4K N fllo € g25 qu%zé 8CK,

IA

exp | —kin

A A2
exp | —Kin )L%lj_l/\ l]. A N

T
q2: ql} 23

IA

; (20)

where K| is a positive constant depending on || f||co, K2, C and k;. Similarly, we
find for the odd part

p q(21+2)

P suplljz Z

heFy 1P =0 j=q(21+1)+1

1
hXP)| = qhi + Kal} \/g

A A2

<exp|—Kin | AT A — A= - (21)
q2:  gl’2>
Regrouping (15), (21), and (20), the proof of Theorem 2 is complete. ]
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