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Exercises 1 Introduction

1.1
Function Comment Conclusion
u(z,y) = Aly) uy = A'(y) False
’U,(LL', y) = A(y) Ugy = 0 True
_ Ugy = 0 concerns different
u(z, 1) = A(@)B(?) independent variables! False
u(z,t) = A(z)B(t) gy = ABA'B' = uzuy True
u(z,t,y) = A(z,y) ur = 0pA(z,y) =0 True
u(x,t) = A(z+ct) + B(x—ct) | up + uge = 2¢2(A” + B") False
1.3

These are not the only possible cases; you might find other PDEs:
(a) u(z,t) = A(z+ct) + B(z—ct): uy = cA'(x+ct) — cB'(z—ct), uy, = A'(xz+ct) + B'(z—ct),

uy = 2A" (w+ct) + AB" (x—ct), ugy = A" (z+ct) + B"(x—ct) so uy — Puz, = 0 (wave
equation).
(b) u(x,t) = A(x) + B(t): uy = B'(t) so uy = 0.
(c) u(x,t) = A(x)/B(t): Inu=1InA(z) — In B(x) so (Inu)t; =0 or uug, — ugy = 0.
(d) u(x,t) = A(xt): up = xA'(xt), u, = tA (at), so tus — xu, = 0.
(e) u(z,t) = A(x?t): up = 2? A’ (22t), uy = 20t A’ (2%t) so 2tuy — zu, = 0.
() u(z,t) = A(2?/t): uy = ff—jA’(zQ/t), Uy = f%A’(xQ/t) 80 2tu; + xug, = 0.
1.5
Suppose that u(z, t) = 4csech®(z), where z = 3\/c(z—ct—xp). Then z; = —3¢/? and z, = 1c!/2

so, by the chain rule, we find

inh z sinh z
Owu(z,t :lc5/2&, Opu(z, t) = —132 22
(. ) 2 cosh® z (1) cosh® z
h?(z) — 3
O + 6udyu = %cs/Q(sinh z)% = —3u(z,t)
cosh” z
and so u; + 6uty + Ugper = 0.
1.7
Since u = —20,¢ = —2¢,, /¢, the partial derivatives are
2
up = _ofut o Patt _ _gPu 5 (&x)

¢ ¢2 ) uz - ¢ ¢2 )

¢ ¢?

4_
o TP g T

Upy = —2
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Figure 1: Soliton solutions of the KdV equation with ¢ = 2 (solid) and ¢ = 4 (dashed) for
Exercise 1.5 travel with speed c.

SO, with ¢t = ¢$$ and ¢$t = ¢zzza

s g

and uy + Uty = Ugy. With ¢ = t7/2exp(—22/(4t)) we find log ¢ = — 3 log(t) — 2%/(4t) and so
u = x/t, which is a special case of equation (9.32).

’U,t:*2

1.9

The given function ¢(z, t) is a linear combination of solutions of the heat equation and is therefore
a viable candidate for use in the Cole-Hopf transformation. We find

26—211(1—2@15) + e—a(z—zo—at)

’U,(ZL', t) = 20’1 4 e—2a(z—2at) | o—a(z—zo—at)

which is shown in Fig. 2 when a = 1 and 29 = 10. Two “step”-like solutions coalesce into one.

. A
N =3
\t=10 t=5 t=10 \t=15
S22 Figure 2: The solution of Burger’s
N equation at times t = 0, 5,10, 15 for
T T T T . T Exercise 1.9.
—20 -10 0 10 20 30 40 ¢



Exercises 2 Boundary and initial data

2.1

(a) u(z,0) = A(x) + B(z) = f(z) so A(x) + B(x) = f(z). There is not enough information to
determine both A(-) and B(-).

(b) u(x,0) = A(z)+B(0) = f(x) so A(z) = f(x)—B(0). We would only need to know one value
of B, namely B(0) to determine A. However, the initial conditions gives no information
about B.

(c) u(x,0) = A(x)/B(0) = f(z) so A(x) = B(0)f(z). We would only need to know one value
of B, namely B(0) to determine A, but we have no information about B.

(d) u(z,0) = A(0) = f(x) so A(0) = f(x). This tries to set a constant A(0) to something that
is not constant f(z), which is not possible!

(e) (exactly the same)

(f) u(z,0) = A(co) = f(x) so A(co) = f(x). This tries to set a constant A(co) to something
that is not constant f(x), which is again not possible!

2.3
From (1.2) with g(:z:) as given,
1 > 2 1 & 2
—(z—s) /4td _ e |
e s e z,
\/47r Vart Jo VT ) ayva

where we have made the change of variable s = = + 2v/4t in the integrand. Thus u(0,t) = 1/2
from the given result.

3 1 > 722 — 1 > 72 72
U(z,O)tlg%\/_E/z/\/Ee dzﬁ/ dzf2—/ dz =1,

since the integrand is an even function of z.

u(zx,t) _(I_S)z/ug(s) ds =

2.5
First note that L(au) = —k(au)ze = a(—Kuze) = alu. Similarly, B(au) = aBu. Then
(auw)¢(z,t) + (Lau)(z,t) a(ug(z,t) + Lu(z,t)) for (x,t) € (0,1) x (0,T)
(ZLau)(z,t) = § (Bau)(z,t) = ¢ aBu(z,1) for (z,t) € {0,1} x (0,T) .
au(z, 0) au(z,0) for t =0,z € [0,1]

and the right hand side is equal to a.Zu(z,t).

2.7
First we confirm that v = AT/2 (T—t)_l/Qe_zz/‘l(T_t) is a solution of u; = —Ugy:

1 1
up = 5AT1/2(T_t)—3/2e—z2/4(T—t) _ ZAT1/2$2(T_t)—5/26—z2/4(T—t)’

Uy = _lAT1/2x(T_t)—3/2e—z2/4(T—t)
2 Y

Upy = _%AT1/2(T—t)_l/Qe_Z2/4(T_t) + iATl/Q:L,Q(T_t)—5/2€—m2/4(T—t) = —uy



so that uy = —ugy.

Note that with this solution |u(x,0)] < A and u(0,t) - cc ast — T

Hence, given any ¢ > 0 and any position (X, T), the solution u = T'*/? (T—t)fl/Qef(I*X)z/‘l(T*t),
satisfying the initial condition u(x,0) = ge=(@=X)*/4T for which |u(z,0)| < e, becomes infinite
as (z,t) = (X, 7).

Because of this, the negative heat equation is ill-posed for ¢ > 0 when subjected to initial
conditions at t = 0; we can always find solutions that are arbitrarily small initially but that
become infinite at any chosen time later on.

Suppose that the negative heat equation is subjected to final conditions u(z,ts) = g(z) at some
time t = tf, say. Then it is well posed for times before the final time, t < ty.

2.9
The highest derivatives take the form awuy + bug, + cug, (or different subscripts for different
independent variables):

(a) Ut + Uy — Uge + u2 = sinwu : semilinear.
(b) ug + Uy + Uy + Uy, = sin(xy): linear and inhomogeneous.

(d
(e

)
)
(€) Ug + Ugy — Uy — Uyy = cos(xzyu): semilinear.
) wpt + XUy + up = f(x,t): linear and inhomogeneous.
)

Up + Ulgr + U — Ure = 0: quasilinear.



Exercises 3 Origins of PDEs

3.1
Since H does not depend on ¢, we can differentiate h; + Hv, with respect to ¢:

hy + Hvgy =0 = hy + HOpv, = 0.
But vy = —gha, 50 Op0; = —ghae and by — c?hy, = 0, where ¢ = gH.

3.3
This simply requires the vector form of differentiation of a product:

V- (@T)=TV -7+ 7-VT.

For example, suppose that @ = (u, v), then in R?,

—

V- (@T) = (ul)y + (vT)y = u,T + uTy + v, T + 0T,
= T(ug +vy) + (Wl +0vT,) =TV -G+ 7-VT.



Exercises 4 Classification of PDEs

4.1
If o(x) = /(1 + |z|), then ¢ is a continuous function for € R and

T4 220 e 20
w(w)={1+ =>90’(w)={(+1) :

Therefore 1 1
. ’ T 11 _ /
Jm ¢(w) = lim 7y =1 = lim gy = im, (@)

That is, ¢’ (07) = ¢’(0") showing that ¢ is continuously differentiable at the origin.

4.3
u(z,t) = F(x — ct) + G(z + ct) and so the initial conditions give

u(@,0) = go(z) = F(x) + G(x)
ur(z,0) = g1(x) = —cF'(z) + G ()

Integrating the second of these over the interval (z — ct,z + ct) leads to

1 x+ct
—F(x—i—ct)—l—F(:c—ct)—l—G(ac—i—ct)—G(ac—ct):—/ g1(s)ds

c —ct

while, from the first,

—F(x+ct) + Gz + ct) = go(z + ct)
—F(z —ct) + G(x — ct) = go(x — ct).

Combining these gives d’Alembert’s formula (4.20).

4.5
The highest derivatives take the form awuy + bug, + cug, (or different subscripts for different
independent variables):

(a) ut + Uy — Uy + ui =sinu. b — 4ac =1 > 0 so hyperbolic.

(b) Uy + Ugy + Uy + Uy, = sin(zy). b? — dac = —4 < 0 so elliptic.

)
)

(€) Ug + Ugy — Uy — Uyy = cos(zyu). b? — 4ac = 4 > 0 so hyperbolic.
)

(d) wuet + Tuge +ug = f(z,t). b? — dac = —4x so: elliptic for x > 0, hyperbolic for z < 0,

parabolic for x = 0.

(€) ut+Utlyy +uupy — Uy = 0. b —4ac = 1 —4u? so elliptic for u® > i, hyperbolic for u? < i,

. 3_ 1
parabolic for u® = 3.

4.7

With the change of variables s = 4+ y, t = z — y, it follows from the previous answer that
Ugz — Uyy = T + Yy becomes 4u,, = s. Integrating with respect to ¢ gives u, = ist + f(s) (where
f is an arbitrary function) then integrating with respect to s, u = %SQt + F(s) + G(t), where G



is an arbitrary function and F(s) = [, f(s) ds is also an arbitrary function. The general solution
of Ugy — Uyy = x + y is, therefore u(z,y) = $(z +y)*(z —y) + F(z +y) + Gz — y).
The boundary conditions give:

u(z,0) = 32°+ F(z) +G(z) =x
u(0,9) = —3y° + F(y) + G(—y) = —3¢°

and, when we replace y by z in the second of these, we find that F(xz) + G(—2) = —22% and so

G(z) — G(—z) =z + La®.
With the identity’ G(z) = 2(G(z) — G(—x)) + 3(G(z) + G(—=z)) we have
G(z) =tz + ia° + E(z)
where we have used E(x) for the even part of G (which is, as yet, undetermined). Then
F(z) =tz —12° — E(2)
so that the solution is (after some algebra)
w(z,y) = 2(1 —zy) — 5(z +y)y° — E(x +y) + E(z — y)
and involves an arbitrary even function E(-).

4.9
Comparing the equation 2ug, + Suz: + 3uy = 0 with the template (4.12) we see that a = 2, b=
5/2 and ¢ = 3 s0 b? — ac = i > 0, so the equation is hyperbolic. The factorisation

Qg + DUzt + 3uy = (20 + 30y) (0 + Oy)u
suggests the change of variables y = z — ¢, s = 3z — 2t and the chain rule gives

0o = (0:y)dy + (9:5)05 =30, + 0, | _ 0o+ O =40,
8t = (aty)ay + (8ts)35 = Gy — 88 835 — 36,5 = 465

Hence 2ugyy + Sug + 3ug = (205 + 30;) (05 + Or)u = 16wy, which, on integrating twice gives the
general solution u = F(y) + G(s) = F(z — t) + G(3z — 2t).
The initial conditions give

F(z) +G(3z) =0, —F'(z)—2G'(3z) =ae *

and integrating the second of these we find F(z)+ 2G(3z) = e=*" 4+ C, where C is the constant

of integration. It follows that

1
2

F(z) =3¢ +30, GBz)=—3e —3C = G(z) = -2/ - 3C.

Hence u(z,y) = %(e_(l_t)2 — e_(3z_2t)2/9) in which there is no arbitrary constant.

4.11
Substituting u(r,t) =™ f(t — r) into the PDE and collecting terms leads to

P2t —rym(m = 2) " (=) (2m 4+ n—1) = 0.

IEvery function can be written as the sum of an odd and an even function.



This will hold for all differentiable functions f if, and only if,
m(m+n—2)=0and 2m+n—1=0.
Thus, either m =0 and n =1 or n = 3 and m = —1 giving the solutions u(r,t) = f(t — r) when

n=1and u(r,t) = f(t — r)/r when n = 3 (see the previous question).

4.13
The change of independent variables x = scosa — tsina, y = ssina + t cos a gives

0s = (052)0y + (05y)0y =  cosady + sinad,
Oy = (O1x)0y + (01y)0y = — sinady, + cos ady
(92 4 07)u = (cos ady, + sin ady)?u + (— sin ady + cos ady)*u = Uy + Uy,

2

since « is constant and cos? o + sin® o = 1.
4.15
Y
Figure 3: With a = 2, b= 0 and ¢ = 3 then Q = (32 + 2y?) in the
z  solution (4.29). The figure shows a typical elliptical curve :BT@:B =
constant.
4.17
With G(z,y,t) = & (log(z? + (y + t)?) — log(z® + (y — t)?)) we find
1 2y +t) —2(y —t)
oG t)=— -
Sl = 32 (G 1~ T =77
1 Y
0G(2,y,0)] 10 = — (m) = k(z,y)
from (4.32).

With the change of variables s = x 4+ ytan § the interval —oo < s < oo becomes f%w <l < %7‘(
and ds = ysec? #df so that

0o 0o /2
Y
Kao—s,y)ds= [ —2L ——ds= do = r,
/—oo (z ° y) ° [oo ((E - 8)2 +y2 ° /7r/2 "

where we have used the identity 1 + tan? 6 = sec? 6.

4.19
The identity
tan(a — b) = tana —tanb
1+ tanatanbd
with tana = (z + 2)/y and tanb = (z — 2)/y gives, after a little manipulation,

dy

tan(a — b) = m

= tan(mu)



and, in the limit u — 1/2, we have x? + y? — 4. In particular, when y — 0 and z — +2 we see
that u(+2,0) = 1/2. However, the boundary condition is discontinuous at (£2,0): ¢g(27,0) = 0,
g(27,0) =1, g(—27,1) =0, g(—27%,0) = 0 from which we see that

u(2,0) = £(g(27,0) + g(27,0)) and u(—2,0) = $(g(—27,0) + g(—2T,0)).

4.21
(a) From Exercise (4.22) with u = F(r), we find VZu = 1(rF'(r))’) so —V?u = 1 leads to

A
(F' () = —r = rF'(r) = 4% + A= F(r) = ~4r+ £ = F(r) = -3 + Alogr + B,

which is the general solution with arbitrary constants A and B. The boundary condition F'(1) = 0
requires B = i and, since logr — —oo as 7 — 0, a bounded solution on any region contain the
origin, requires A = 0. Thus u(r,0) = 1(1 —r?).
(b) We look for a solution of the form u(r, ) = F(r) cos . Substituting into Laplace’s equation
gives

Viu = (F”(r) + %F’(r) - T%F(T)) cosf = 0.

We try a solution in the form F(r) = Ar™ and find V?u = A(n?—1) cos@. This will be a solution
if n = £1. This gives two linearly independent solutions Ar cos @ and (B/r) cosf but the second
of these is unbounded when r — 0. Therefore u(r,0) = Arcos@ and the boundary condition
u(1,6) = cos 6 requires A = 1. Hence u = rcosf, i.e., u = x.

4.23
Under the change of variables z = x + iy, 2* = x — iy, the chain rule gives

Oy = 0, + 0.+, Oy =10, —i0,-
and so,

Uzz = (az + Oy )QU = Uz + 2Ugpr A U

Uyy = —(0, — az*)Qu = —(Ugz — 2Uppr + Ugrpr)

giving uzq + Uyy = 4u,.~. Integrating the PDE u,,- = 0 with respect to z* gives u, = f(z)
(where f is an arbitrary function) then integrating with respect to z, u = F(z) + G(z*), where G
is an arbitrary function and F(s) = [, f(s) ds is also an arbitrary function. The general solution
of ugy + uyy = 0 is, therefore, u(z,y) = F(z + iy) + G(x — iy).

If F is a real function then, since RF(z) = 1(F(z) + (F(2))*) = 3(F(2) + F(z*). This will be a
solution if we choose G(s) = F(s). (The PDE is homogeneous, so v = ¢(F(z +iy) + G(z — iy)
is also a solution for any constant c.)

Since SF(z) = 3(F(z) — (F(2))*) = 4(F(2) — F(z*). This will be a solution if we choose
G(s) = —F(s).

4.25
Since —V?u = v and —V?v = f,

—V3(=V?u) = -V =f

10



and so V4u = f.
With u = Cr?log(r) and VZu = (1/r)(ru,),

ur = 2Crlogr + Cr,= ru, = 2072 logr + Cr?
(ru), = 4Crlogr 4+ 4Cr = V2u = 4Clogr 4 4C

so v = —V?u = —4Clogr — 4C which satisfies V2v = 0 (see Exercise 4.20). Hence u satisfies
the biharmonic equation.

11



Exercises 5 Boundary value problems in R!

5.1

First we look for a particular solution u(z) = C, where C' is constant. Substituting into the ODE
gives —4C' =1 and so C = —1/4.

Next we look for a solution of the homogeneous equation u” + 3w’ —4u = 0 in the form u = Ae*,
where A and A are constants. Substituting into the ODE gives

AN (AN 43\ —4) = 0.

Thus, either A = 0 (leading to the trivial solution u(z) = 0) or A2 +3A—4 = (A+4)(A—1) = 0,
that is, A = —4 or A = 1. The ODE is linear and homogeneous so the principle of superposition
applies and the general solution of homogeneous ODE (often referred to as the complementary
function) is u = Ae™** 4 Be®. The general solution of the given ODE is therefore

—4x T
u(z) = Ae™** + Be® — 1.

Applying the boundary conditions ©(0) = 1 and u(1) = 3 leads to

-1 13 — He~4
Lgpo e B g Bose”
e—e 4 e—e 4

which uniquely determine u(z).

5.3
The key identities are

cosh A—cosh B = 2sinh 1 (A+ B)sinh $(A—B), cosA—cosB = —2sin1(A+ B)sini(A-B).
The first of these with A = 1v/b and B = vb(z — 3) allows us to rewrite (5.6) as

2¢ sinh(%\/gx) sinh %\/5(1 -x) € sinh v/bx sinh %\/5(1 —x)
b Vb Vb

u(x) = =
(=) b cosh 3v/b cosh 3v/b
Now as z — 0, coshz — 1, sinh(az)/z — a (for any constant a) and consequently u(z) —
—sex(l — ).

Similarly, (5.8) may be rewritten as

77§sin%\/mxsin%\/W(1—x) € (sm(%ﬁx)) (sin%ﬁ(l—x))

u(z) = -2
(=) b cos 2+/|b] cos 2+/|b]

and, since cosz — 1, sin(az)/z — a as z — 0 we again obtain u(z) — —3ez(l — ).

0] 0]

5.5
It follows from the inverse monotonicity of .Z that there is a comparison function ¢(x) such that
Z¢ > 1. Then

Lu=F > —|F| = -] x 1 = 7] x (L)

and so, using the linearity of .Z, Z(u+ ||.-#||¢) > 0 which, by inverse monotonicity, implies that
u+ || F|l¢) > 0, as required.

12



5.7
(0 (0
The given equations imply d_ 4 © - © from which «’(0)v(0) — u(0)v’(0)) = 0 follows.
bo  w(0)  w(0)

5.9
Multiplying both sides of —2zu” — v’ = 2f(x) by %x_l/Z we obtain

—a'2 — Jam P = 2T f(a) = —(22P0) = 272 f ()

which has the form (5.28) with p(z) = x'/2, q(z) = 0 and g(z) = 2~ 7>f(2). The change of
independent variable £ = £(z) given by (5.30), that is,

5:/ Lds:2501/2
o P(s)

then leads to (5.31), i.e.,

2
d“u 1

e =90 =p)g@) =2/ () = 2/ (1),

in which ¢(§) = 0. This boundary value problem with Dirichlet boundary conditions may be
written in the form Zu = %, where £ is identical to the operator defined in Example 5.2 except
that the independent variable is & rather than x. The arguments used there establish that this
equation has a unique solution.

5.11 .
With (u,v) = [  u(z)v*(z) dz :

(a) <v,u>* = (/OL v(x)u* () dz)* = /OL v*(z)u(z) dz = (u,v) since (u*)* = w.

L
(b) (u,u) = / |u(2)|* dz > 0 since the integrand is non-negative.
0

(c) Suppose that (u,u) = 0 but that u(z) is not identically zero. There must therefore be
point a € (0,L) where u(a) # 0. By continuity there must be an ¢ > 0 such that w is

non-zero in the interval (a —e,a+¢) so (u,u) = faajj |u(z)|? dz > 0 giving a contradiction.

L L L
(d) <c1u1 + cous, v> = / (crur + coug)v* de = 1 / wiv* dx + co / uov™ dx by the property
0 0 0
of integrals and so <clu1 + CQUQ,’U> = cl<u1, v> + 02<U2, v>.

(e) Suppose that u and v are orthogonal with respect to the inner product <u,v> and are
linearly dependent. Thus <u, ’U> = 0 and there are non-zero constants a, b such that au(z)+
bu(z) = 0. However, since v(z) = —(a/b)u(x),

(u,v) = (u, —(a/b)u(z)) = —(a/b)u(z){u,u) # 0

(having used properties (d) with ¢; = —b/a, c2 = 0 and (c) 5) giving a contradiction.

13



5.13
¢(x) = sin 27z satisfies the differential equation and boundary conditions.
Multiplying —u” — 47%u = f(x) by ¢ and integrating over (0, 1), then integrating by parts twice,

gives
/0 ¢(x)f(x)dx = /0 (z)(—u" — 4r?u) dz 1
= —olap @) + @) + [ @) —aro)ar =

The ODE cannot be satisfied with the given BCs unless fol ¢(z)f(z)dz = 0.
This condition is clearly violated when f(z) = ¢(z) = sin2rz. The ODE —u" — 472y = sin(27x)
has the general solution

cos 2w

u(z) =x 2 + Asin 27z + B cos 2z
0

and applying the BCs we find u(0) = B = 0 and u(1) = ﬁ + B = 0 which are contradictory.
There cannot therefore be a solution.
When f(z) = 1 we find [ ¢(x)f(z)de = 0. In this case the ODE —u” — 4n%u = 1 has the

general solution

1
u(zx) = e + Asin 27z + B cos 2z
and, applying the BCs we find u(0) = — 7 + B and u(1l) = — & + B
Thus,
u(x) = — iz + Asin 2z — 25 cos 21w

satisfies the differential equation and boundary conditions for any choice of constant A so we
have a non-unique solution: the solution is unique up to an arbitrary multiple of ¢(x).

5.15

(a) The standard argument shows that ¢ cannot satisfy the boundary conditions unless A > 0.
So, with A = 2, the general solution of the ODE is ¢(z) = Asin ux + B cos ux. The boundary
condition ¢(0) = 0 requires B = 0 and ¢’(1) = 0 requires Acosp = 0. Since A # 0 (since
it would lead to a trivial solution), it follows that A = X, := (n — 1)272%, n = 1,2,..., with
corresponding eigenfunctions ¢, (x) = sin(n — %)mc

(b) Suppose that w? = \,, for some value of n. If ¢(x) is the corresponding eigenfunction, then

/¢ —i—wudx—/qﬁ

Integrating the left hand side by parts twice and using the boundary conditions on both u and
¢, we find

1

~sen @)+ [ @)+t = [ owsean,

0

(oo @)+ ]|+ [ o)+ ot = [ ows)an

0
26(1) — ¢/(0) = / o(2)f(z) de,
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since —¢"(z) + w?¢ = 0. The data for the problem are inconsistent unless this condition is
satisfied.
When w? = \; = 3, then ¢(z) = sin g7z and, with f(z) = ¢, we find that ¢ = ;7 (2— 7). The
general solution of —u”(z) = w?u(z) + ¢ is u(z) = Asin 27z + Bcos 37z — ¢/w?. Applying the
BCs:

u(0) =1 =B — ¢/w?, uW'(l)=-2=—-1irB
both of which give the same value B = 4/7 because the value of ¢ was carefully chosen. The
solution is, therefore, u(z) = 1+ Asin$7wz + (4/7)(cos(3mx) — 1) which is unique up to an
arbitrary multiple of ¢.

5.17
When u(z) = M (x)w(x) we find

' (x) = M'(2)w(z) + M(2)w'(z), u(z) = M"(2)w(z) + 2M'(x)w' (z) + M (2)w” (z)
so that
' —au —bu=Muw" + (2M' —aM)w' + (M" —aM' — bM)w.

The coefficient of w’ can be made to vanish by choosing M such that 2M’ = aM in which case
2M" = a'M + aM’ = (a’ + $a®)M and

M" —aM'—bM = —1(2b+ 1a* — a’)M.

Thus, v” — au’ — bu = f becomes

—w" + Q(z)w(z) = G(x),
where Q(z) = —(M" —aM’ — bM)/M = 1(2b+ 3a*> — d'), G(z) = f(z)/M(z) and M(z) =
Aexp([* a(s)ds).

5.19
With ¢, (x) = e*™"*/L then, for m # n,

L L
<¢n’ ¢m> — / e2minz/L—2mima/L 4, _ / e2mi(n—m)z/L q..
0 0

. L .
_ i L e?ﬂ'l(nfm)x/L‘ _ i L (eQﬂl(nfm) . 1) =0
27i(n —m) 0o 2rmi(n—m)

since n — m is an integer and so e2™("=™) = 1. Also, when m = n,

L . . L
<¢n;¢n> :/ e27TlnI/Le—2ﬂ'l’nI/L dx :/ de = L.
0 0

5.21

Suppose that the eigenvalue problem is defined by Lu = Au with boundary conditions Bu = 0.
Let v = cu, where c is a constant. By the linearity of £ and B, Lv = L(cu) = cLu = chu = \v
and B(v) = B(cu) = cBu = 0. Thus, v satisfies the same equations as u: Lv = Av and Bv = 0.

15



5.23
With ¢,, = cos(n — 3)z for 0 < 2 < 7 and m # n,

(bn, bm) = /07T cos(n — %)z cos(m — 2z dz

=1 / (cos(n +m — 1)z + cos(n — m)x) dx
0

=0.
0

e

5.25

When A < 4 the argument from the previous exercise is easily adapted to show that only trivial
solutions are possible for the ODE —u" + 4u = Au with BCs u(0) = u(r) = 0. When A\ > 4 we
have the general solution

u(z) = Asin vV — 4o + Bceos vV — 4x

and the BCs give
u(0) =0= B and u(r) =0 = Asin VA —4r = 0.

Since A cannot be zero (this would imply that u(z) = 0, the trivial solution) so A must satisfy
sin VA — 47 = 0. Hence VA — 47 = nm, n = £1,+2, ... giving A\, = 4 + n? with corresponding

eigenfunction w, (x) = sinnrz, n = 1,2,3,.. (we do not include negative values of n, since
sin(—nnz) = — sin(nrz) and we would have linearly dependent eigenfunctions).
5.27

With « = Mw the ODE —z2u” + 2zu’ — 2u = Az?u becomes (see Exercise 5.17)
—2?(M" —aM’ —bM) + 22(M'w + Mw') — 2Mw = \a® Mw
—*Muw" + (2eM — 222 M) w' + (—2*M" + 2zM' — 2M)w = Az’ Mw

and the coefficient of w’ vanishes when M — M’ = 0. Therefore we may choose M (z) = x and
the eigenvalue problem becomes —w” = Aw. Since v/ = w 4 zw’, the BC 4/(0) = 0 becomes
w(0) = 0 and u(1) = «/(1) becomes w’'(1) = 0.

The standard argument can be applied to show that A = 0 and A < 0 both lead to trivial solutions.
For the case A > 0, let A\ = pu? then —w” = p?w has general solution w = Asin uz + B cos pz.
The BC w(0) = 0 implies B = 0 and w’'(1) = 0 then leads to Ap cos u = 0. Choosing A = 0 gives
immediately the trivial solution, choosing u = 0 leads to the earlier case A = 0 so we are left
with cosp = 0. Therefore = (n — 3)m, n =1,2,... and the eigenvalues are \, = (n — 3)*x?

with corresponding eigenfunction w,, = sin(n — %)mc, ie., up(z) = zsin(n — %)ﬂ'x, n=12...

5.29
We shall work from first principles. Multiplying the differential equation —u(z) = Aw(z)u(x)
by u*(x) and integrating by parts gives, on applying the boundary conditions,

/01 — (z)u*(z) dz = )\/01 w(z)u(z)u* (z) de

—u'(m)u*(x)‘: + /Olu'(ac)(u'(x))* dz — )\/Olw(x)|u(x)|2dx
u(f + W@ dr = A / w(@lu(e)P do

16



and so

| [P+ J (@)
Jy w@)lu(z)|? dz

in which both numerator and denominator are real and positive.

5.31
This requires on the insertion of a factor w(x) in each of the integrands in the solution of
Exercise 5.11.

5.33
Choosing u = ¢, (z) and v = ¢, () so that

Lu = A\pwo, and Ly = N\ wo,

then by Lagrange’s identity (5.25) fol (U*Eu — uEU*) dx = 0. However, the eigenfunctions are
real by Exercise 5.30, so

1 1
0= /0 (U*Eu — uﬁv*) dx = /0 (d)n)\mw(bm - ¢mAnw¢n) dx
= (Am — )‘n)<¢na ¢m>w

and therefore <¢n, ¢m>w = 0 provided A, # Ap.

17



Exercises 6 Finite difference methods in R!

6.1
Using Taylor series expansions with remainder terms, (6.13) with « = x,,, becomes

V(T £ h) = v(xy) £ W' () + %h%”(xm) + %hgv”’(zm) + ﬁhzlv””(&i),
where 2, — h < &, < @, < & < T + h. Adding these series together we obtain
U(xm-i-l) + U(xm—l) = QU(xm) + hQU”(wm) + ih4 (U””(‘Er;) + UHH(@;’;))-

but, by the Intermediate Value Theorem, there must be a point &, € (&,,&}) such that

2" (&) V(&) = 0" (&m). Consequently, on rearranging,

U//(-Tm) = h2 (U($m+1) — QU(xm) + U(xm_l)) _ %h%)“”(fm),

6.3

N A, = S (K vp) = S (Vmgr — vm) = K vy — Koy,
= (Um+2 - Uerl) - (varl - Um) = Um+2 — 2rUerl + U = 52'0m+1-
Then solution to Exercise 6.1 gives
2N A vy, = B 282040 = vy + O(R?)
but v/ 1 = V" (xm + h) = v, + ol + O(h3) = v}, + O(h), Hence, h=24" &t v,,, = v/, + O(h).
The corresponding results for A A v, are:

R2 N N vy = h™20%0,, 1 = v, + O(h?) =, + O(h).

6.5
At m =0, the equation Z,Up, = Fp m gives Uy = .
For 0 <m < M,
*amUmfl + mem - CmUerl - fm

and at m = M, Uy = 3. With u = [Uy,Us, ..., Up—1]", these equations may be combined to
give Au = f, where

b1 — fl + aay
L e bo —co f2
A= ﬁ ) f = :
—ap—2 by—2 —cm—2 fr—2
—an—1 by—1 fav—1+ Beamr—a
6.7
m =h72, by =202+ 22 ¢ =h72, dp, =y, form=1,2,..., M — 1.
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Referring to Definition 6.9, these coefficients are all positive and b, = an, + ¢ + xfn > 0 and
the corresponding operator L, is of positive type.

6.9
Since &(x) is a quadratic function of z, h=2§2®,,, = & (x,,) = 2¢. Also,

pp — Dr—1 = D(1) — B(1 — h) = hd'(1) — 3h*®"(1) = —ch(1 — a) + ch®
Consequently,
~h™25%®,, = —2c and h™}(®(1) — &(1 — h)) = —c(1 — a) + ch.

Since h < % we choose a = i so that 1—a—h:%—h2 i and therefore ¢(1 —a) —ch > 1
with ¢ = —4. Then —h=262®,, = —2¢ = 8 > 1. Thus &(z) = x(4 — x) is a possible comparison
function for Exercise 6.8.
When Uy, = 22,(3 — 2p—1) we find Uy = 0, —h~26°U,, = 1 and 2o~ (Ups — Upy—1) = 1 and
so U satisfies exactly the finite difference equations from Exercise 6.8. This is the only solution
since %}, is inverse monotone.
The general solution of the differential equation —u”(z) = 1 is w = A + Bx — 22°. The BC
u(0) = 0 implies A = 0 while v/(1) = 1 requires B = 3/2. Thus u(z) = 32(3 — z) and the global
error is

E, =u(xy) — Uy, = %xm(:cm — Tpo1) = %h:cm.

and so ||El|, ., = O(h)—convergence is at a first order rate.

6.11
The ODE is approximated by L,U,, = fp, for m =1,2,..., M — 1, where

LyUp = —h"?6°Up, + 200" AU,
= —h2(1 + 10h)Up_1 + 202Uy, — h™2(1 — 10h)Upp i1
and f,, = (mh)?. Comparing the coefficients of £;, with those of Definition 6.9, a,, = h=2(1 +

10h) > 0 for all h > 0, ¢,, = h=2(1 — 10h) > 0 for h < 1/10 and b, = 2h~2 = a,, + ¢. Hence
Ly, is a positive type operator for h <1/10, i.e., M > 10.

With ¢(z) = Az + B and Lu(z) = —u”(z) + 20u/(z) we find Lo(x) = 204 > 1if A > 1/20.
Also ¢(0) > 1 and ¢(1) > 1if B > 1 and A+ B > 1, respectively. All these conditions can be
met by choosing A = 1/20 and B = 1 so ¢(z) = 1 + x/20 is a comparision function for £ with
Dirichlet BCs. Since ¢ is a linear function, then Lpp(z,,) > 1 so it also acts as a comparison
function for £;,. C' = maxo<z<1 ¢(x) = 21/20 and therefore £, with Dirichlet BCs is stable by
Lemma 6.8 for h < 1/10.

6.13
The local truncation error is Ry, = LU — Fp,, where L,U,, := —eh™262U,, + 2R~ 1/ U,, and
Fh,m = fm. Using the results in Table 6.1,
Rhm = —eh™28%m,, + 2h 1 N, — fm
= —c(ul), + Sh*u) + O(hY)) +2(ul, + 2hull, + O(h?)) = fm
= (—eull, +2ul, — fm) + hul, + O(h*) = O(h)
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since —eu” + 2u’ = f. The order of consistency is therefore first order. Also
LyUp = —(eh™2 4+ 2h)Upp—1 + (26h™2 + W)Uy, — eh™2Upia

so, according to Definition 6.9, is of positive type for all € > 0 and h > 0. The comparison
function ¢(z) = 1z + 1, being linear in z, also satisfies £,¢(zm) > 1. Therefore L, is stable
by Lemma 6.8 (with stability constant C' = 3/2). Finally, convergence at a first order rate is a
consequence of Theorem 6.7.

6.15
From (6.51) the local truncation error %, = £u— %), and, since 5 u,,, = hul, — h?ull, + O(h?)
(see Table 6.1),

Pn,v = (a+ $bhrar)un +bh ™ N ups — (B4 Sbhfar)
= (a+ 3bhr(1))u(1) +b(w'(1) — ghu” (1) + O(h?)) = (B + 5bhf(1))
= au(1) +bu'(1) = B+ hb[—u" (1) + r(Du(1) — f(1) + O(h?)]
and so % = O(h?) since au(1l) + bu'(1) = B and —u"(1) + r(1)u(1) = f(1). Had we used

N up, = hul, — Sh2ull, + %h3u’”(§m), where z,, — h < &, < T, we would have found that
R = bh2u" (€m). In both cases the local truncation error is of second order.

6.17

The leading term in the local truncation error from the previous question is —2bhu”(0) and,
using the ODE —u” + ru = f at x = 0, this becomes $bh(f(0) — 7(0)u(0)). Thus subtracting
this term from the left of the BC gives the modified condition

aUO - bh71A+ 0 — %bh(fo - 7’0U0) = .
The corresponding local truncation error is

Fn, v = aug — bh™ LA ug — —bh(fo — roug) — @
= aug — b(u'(0) + $hu”(0) + O(R?)) — 2bh(fo — roug) — c
= (au(0) — bu/(0) — @) — h(—u"(0) + roug — fo) + O(h*) = O(h?)

since au(0) — bu/(0) = o and —u(0) + rouo = fo.

6.19

The proof of Theorem 6.10 can be used to prove that U, cannot have a negative minimum for
1 <m < M —1. It remains to prove that U,, cannot have a negative minimum for either m =0
orm=M.

We begin with the left end-point. Suppose that, contrary to the statement of the theorem, U,,
has a negative minimum at m = 0 so that Uy > Uy (which implies —cqU; < —coUp) and

ghUo = boUo — CoU1 S (bo — Co)UO S 0.

If this inequality were strict (because by > ¢g) it would contradict the assumption £,U > 0 and
prove that a negative minimum at m = 0 could not occur. Suppose therefore that equality holds
which means that by = ¢g and U; = Uy < 0.

The argument at the right end-point is essentially the same—either a negative minimum cannot
occur at m = M or by = cpr and Upy—q1 = Uy < 0.
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We now turn to the interior grid points. Suppose that, contrary to the statement of the theorem,
U, has a negative minimum at m, where 0 < m < M. The argument in Theorem 6.10 proves that
either there is a contradiction of Z,U,, > 0 or both U,,—1 = U,,, = Upy41 < 0 and by, = @y + Cip.-
Combining all three cases we see that either there is a contradiction of Z,U,, > 0 or the same
negative minimum is attained at all grid points and b,, = @, + ¢, for all m (recall ag = cpr = 0).
However, this last possibility is ruled out by Definition 6.17 which requires that b,, > a.,, + ¢
for at least one value of m.

6.21
We find that
apg=0,bp=cp =1 bo = ag + ¢co
am=1,b,, =2,¢, =1 b =@m +m, 0<m<M
apy =by =1,cp1 =0 by = an +cu
so that b, = am + ¢, for all m and we do not have strict inequality for any m. Thus %}, is not
of positive type.
If V,, = C form =0,1,..., M then AV =0, 6?V,, =0form=1,2,...,M—1and X Vy; =0.
Consequently £, V,,, =0 for m =0,1,..., M . By linearity of %,
L(U+V)=4U+ 4V =%,

so, if a solution exists then there are infinitely many solutions.
With %, given by (6.22), the equation £,U = %, corresponds to

*hil(Ul - Uo), a, m=20,
ZhU = _h_252Um’ 5 gzh: fm; m:1523"'7M_1’
h= Uy — Uni—1) B, m=M,

which is consistent with the BVP —u”(z) = f(z) (0 < z < 1) with BCs —u/(0) = o, v/(1) = 8.
If we integrate this ODE over the interval (0,1) and apply the BCs, we find

—u'(1) +4/(0) = /0 flz)de = —p—a= /0 f(z)dz.

Thus, no solution is possible unless the data satisfy this compatibility condition. When they do,
u(z) + ¢ is a solution for any constant ¢ whenever u(z) is a solution.
Using the identity 62 = ATA™ (see Exercise 6.2) we see that

M—1 M—1
> Un =Y A(KUn)
m=1 m=1
=(NUpy —ONUp-1)+ (N Upo1 — N Upro)+ -+ (XU — N Uy)
= A_UI\/[ — A+U0
by virtue of a telescoping series and A Uy = Uy — Uy = A U,.

Summing the equations £, Uy, = Fp m overm = 1,2,..., M —1 gives, using the BCs AN
aand I Uy = 8,

=
L

—h~2 [A_UI\/[ — A+U0] = fm
]7\7;— M-1

—h Y B4 a) = fm = —5—a=hz_:fm
m=1

m=1 =



which is a discrete analogue of the compatibility condition found earlier for the ODE. Since

for any continuous function f as h — 0, the continuous and discrete satisfy the same compatibility
condition in the limit, but not necessarily for finite values of h.

6.23
Comparing the coefficients of £; with those in Definition 6.9, a,, = ¢,, = 8 > 0 and b,,, = 65 >
am + ¢y and so Ly, is of positive type.

L A8™ = AL,8™ = A8 1(8 x 82 —65 x 8 +8) =0
LyB8™ ™ =DBL,8 ™ =B "8 -65x8+8x8%) =0
so both sequences satisfy £, U = 0. Since L}, is a linear operator,
Lp(A8™ + B8 ™) = ALp8™ + BLp8 ™ =0
and U,, = A8 + B8~ ™ is a solution for any A, B. The BCs lead to the equations
A+B=a, A8M 4+ Bg™M —
which are readily solved to give

A78_M57a8_M Bioefﬂé%_M
o 1—8-2M> T 1_82M

leading to
1 — _ m -
Un = 7—5=z7 (8" M(B = a87M) 4 8™ (a — f871)).

When M = 10 we find 8719 =~ 9 x 10719 and so, when a = £1 and 8 = £2 we have U,, ~
a8~ 4 B8M =™ The solutions with a = +1, 3 = 2 are shown in Fig. 4. On the left o = 1,3 = 2
so that min(0,,8) = 0 < U,, < max(0,«,3) = 2. On the right « = —1,5 = 2 so that
min(0, a, f) = =1 < Uy, < max(0, o, 8) = 2.

L)

Figure 4: The points U,, = a8 ™+ 38" M form =0,1,...,M and M =10 witha =1, =2
(left) and oo = —1, 8 = 2 (right).
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6.25
The operator Ly, is of positive type by Example 6.12 (with r(z) = 02 > 0)

*hilﬁ—i_UO + %hO'QUO

LU =< LUy = —h=26%U,, + 02Uy,
(0 + %0'2h)U]\/I +hIN Uy
(A"t + Lho?)Uy — h1Un, m =0,
=h 2(~Up-1+ 242Uy, — Upy1), m=1,2,...,M —1,
(a—l—%th—l—h_l)UM—h_lUM_l, m=M,

which satisfy the criteria of Definition 6.17 for o > 0.

6.27
The argument used in (6.29) and (6.30) established a second order local truncation error for
0 <m < M. The local truncation error is identically zero at m = M. It remains to examine the
situation for m = 0. We use the expansion h~*A"uy = (u(h)—u(0))/h = ' (0)+ 3hu” (0)+ O(h?)
(see Table 6.1)

R =—h""LNup—1=(—u(0) — 1) — 1hu"(0) + O(h?) = —3hu" (0) + O(h?)

since —u/(0) = 1. The order of consistency is therefore first order.
For the second case,

Rho=—h""LNuyg— 14 th=(—u/(0) — 1) — Lhu"(0) + 2h + O(R®) = Lh(—u"(0) — 1) + O(h?).

However, the ODE —u"(z) + zu(x) = 1 evaluated at x = 0 gives —u”(0) = 1 so that % =
O(h?): the order of consistency is second order.

6.29
Since h=26%u,, = u!l, + O(h?) and h='Au,, = ul, + O(h?) (see Table 6.1), the given scheme is
consistent of second order.

At z = 1, we use a backward difference:
R N up = h M (u(l) —u(l — k) =4/(1) — $ha' (1) + O(K?)

and, since the ODE evaluated at z = 1 gives —u” (1) + 4u/(1) = 0, the BC u/(1) = 2 gives
u” (1) = 8. Consequently,
u'(1) = h N ups + 4h + O(R?)

and the finite difference replacement h=*/A" Uy = 2 — 4h of the BC v/(1) = 2 is consistent of
second order.

6.31

LLT:h,72 . —

-1 1+p2
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When r(z) = 0 and apr,ar = 1+ ah/b, the matrix A in (6.47) becomes

2 -1

2 -1
-1 1+4ah/b

Thus LLT = A by choosing p?> = ah/b. This leads to a real value of p provided that a and b
have the same sign.

It follows that v" Av = v LLTv = (LTv)T(LTw) = wTw > 0 when w = LTv (as in Lemma 6.1).
This proves that A is positive semi-definite. We need to check that it is not possible to choose a
nonzero vector v such that v’ Av = 0. This can only occur if w = 0 but it is easily verified that
the only solution of LTv = 0is v = 0.

6.33
Using (6.60) and the fact that §2 f,,, = 1262, = 0 leads to

2 (=Um—1 4 2Um — Ups1) + (Un—1 + 10U, + Upg1) = 123,
e, —(M?*—=1)Un_1+ @2M*+10)U,, — (M?* = 1)Upy1 = 122,

since h=! = M. With BCs u(0) = 3 and u(1) = —5, these can be written when M = 4 as

42 —15 0 Uy 45 + 12z,
—15 42 15| |Uz2| = 12z9 ,
0 -—15 42| |Us —75+ 12x3

where z,, = m/4.

6.35
For indices m for which .%}, ,, # 0 we have the standard inequalities:

LoUnm = Fnm < Pullnco < 1 Fnmlly o Ln®om.

The same end result also holds for indices m such that .7}, ,, = 0since Z,Uy, = 0 < || Fhmll), oo L0 Pm

(because the right hand side is automatically non-negative).
Thus, Z,Un < || Fhmll), o0 ZLh®Pm for all m from which we have

gh(Um - ||yh,m||h,00¢m) S 0

and then Uy, — || Zh,ml|), o Pm < 0 by inverse monotonicity.

This result is particularly useful when dealing with the local truncation error since it is frequently
identically zero at some grid points (see the following example).

6.37
Suppose that LU, := —anUm—1 + bpnUnm — ¢ Um+1 and the coefficients have to be chosen so
that this is to be consistent with the operator defined by Lv(x) := —v"(z) + r(z)v(z).

We require Lpv,, = (Ev(x))‘zzx for v(x) = 1, (x — 2,,) and (x — 2,,)%. Since My, := Ly, — L
is a linear operator (i.e., Mp(u+ v) = Mpu+ Mpv and Mp(cu) = eMpu for any sufficiently
smooth functions u and v and any constant ¢) it follows that

Mu(A+ Bz —xp) + Oz — 2,,)%) = A(./\/lhl) + B(Mh(x — zm)) + C(Mh(x — zm)Q)) =0
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for arbitrary constants A, B and C. Thus Mpp(z) = 0 for any quadratic polynomial p(z).

Applying the conditions Lvm = (Lv(z))| for v(z) =1, (x — x,,) and (x — x,,)? we find

Lyl = —am + by — Cm = Tm = (£1)|Z .
Ln(x —xmy) = ha, —hey, = 0 =(L(zx- :L'm | .
Lz —zm)? = —h2an, —h2c, = -2 =(L(x—xm) ‘m:z

The first and third combine to give b,,, = —2h~2 4 r,,, and the second and third give a,, = ¢, =
h=2. Thus Ly, coincides with the approximation used in standard finite difference approximation
(6.20).

6.39

Case (a) is entirely standard: u(z) =1 — 16(z — 3)*.

In case (b), u”(z) = 0 for 0 < z < % and u(0) = 0 which gives u(z) = Ax for an arbitrary
constant A.

For 1 <z <1, —u”(x) = 384(x —3)? which, on integrating twice gives u(z) = az+b—32(z—3)*.

The three conditions u(1) = a + b — 2 = 0, continuity of u at = £: u(3—) = u(3+), ie.,
+A = la+ B and continuity of v’ at = 3: w/(3—) = v/(3+), i.e., A = a lead to the solution
0 0<x<1
u(x) =2z + ’ - _,7:_/2.
—32(x —35)%, lY2<ax <1

A similar procedure in case (c¢) leads to

0 0<r<1t
u(x)2z+{ ’ _,7:_/2.

—16(z — 3)3, Y2<az<1
These are shown in Fig. 5. These boundary value problems are solved numerically using the
Figure 5: The solutions for Exercise 6.39: case

(a) solid line, case (b) dashed line and case (c)
dotted line.

standard “second order” scheme
—h725%U,, = fm, m=1,2,...,.M—1

with BCs Uy = Upr = 0. The values of M chosen for the experiments are 8/, 9/ and 5/
(j = 1,2,...,7) and the results are summarised in Fig. 6. On the left are shown graphs of
M? x global error for M = 9 (dots) and M = 16 (crosses) in cases (a), (b) and (c). We also
include the case labelled “Test” where f(z) = 8 and the exact solution u(z) = 4x(1 — z) is a
polynomial of degree two, for which the global error should be identically zero. The graphical
results show an error of less than 10~!* attributable to roundoff error. Including such a test
in numerical experiments is recommended to test the integrity of the code. In cases (a) and
(b) the graphs with different values of M are indistinguishable, in keeping with the global error
E oc 1/M?. In case (c) the graphs of M? x E appear to be two distinct continuous piecewise
linear functions. Note that a grid point lies exactly on the discontinuity in f/(z) at x = /2 when
M = 16 but this is not the case when M =9.
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On the right we show loglog plots of the global error as a function of h. For cases (a) and (b) the
results are almost identical and lie on a line having slope two, again in keeping with E oc h? The
global error in case (¢) is more erratic, especially for the larger values of h. However, the error
itself is never larger than in cases (a) and (b) and appears to behave more smoothly as h — 0.
The theory developed in this chapter requires that the first four derivatives of the exact solution
to be bounded in order that the local truncation error be bounded by a multiple of h2, and for
the global error to converge to zero at a second order rate. The results of these experiments
suggest that a second order convergence rate is attainable under less onerous constraints, but
that goes beyond the scope of this book.

-14 10
4x 10 4
X X
21 3 ;
2 A 107}
;
o X3¢ T, 2 (a)
V! ]
! 1
-2 ‘>\(: ;(/ 1 w0l
-4
0 0.5 1 0 0.5 1
10° b
6 4
3 §
4 10°
b) 2 (c)
2 1 10,
X=X L
3 SXo 10 - =
T ¢ X<\ 107 10 107 107 107 10°
0 05 1 0 05 1 h.

Figure 6: The graphs show M? x E (E is the global error) for M = 9 (dots) and M = 16 (crosses)
in the test case and cases (a), (b) and (c).

26



Exercises 7 Maximum principles and energy methods

7.1

With v(z,t) = u(x,t) +e(r —t) in place of (7.2) and it follows that —kv,, + vt = —KUgzy +ur—KE
so that —kv., +v; < 0 for all positive values of € and the proof proceeds as before (but restricted
to 0<t<7).

7.3

If Lu(x,t) > 0 then —Kuy, + ur > 0 and therefore, by Theorem 7.1 applied to —u (or part (b)
of the previous solution), u(x,t) is either constant or else attains its minimum value on I;. But
Zu(z,t) > 0 also implies that u(z,t) > 0 for (z,t) € I;. Hence u(z,t) > 0 for (x,t) € (2.

7.5
The PDE u; = 2uz, + u, may be written as u; = (2uy ), so, multiplying by u and integrating
over the interval (0,1) gives

1 1 1
/ wuy de = / u(zuy ), doe = (uxuz) |i:O - / x(uz)2 dz
0 0 0

d 1 1
%—/ u2dz:f/ z(ug)? de < 0.

The boundary terms vanish by virtue of the BCs u(0,t) = w(1,t) = 0. Thus, the energy
E(t) = fol u? dz is a decreasing function of t so E(t) < E(0) = fol sin? rx do = 1/2.

7.7
Differentiating under the integral sign we find

d 1
— | (ux)?’dz= 2 / UplUge AT

but u,: = Uzee, and so

d [t 1

dt Jo

r=

1 2
(uy)? do = 2/ UpUpps AT = —2/ (tUpe)? dr + 2(umum)
0 1

The boundary terms clearly vanish if homogeneous Neumann conditions u, = 0 are applied at
z = 0 and z = 1. When homogeneous Dirichlet conditions u = 0 are applied we deduce, from
the PDE, that u,, = u; and boundary terms again vanish because u¢(0,t) = u;(1,¢) = 0. Thus

fol (uz)? dz is a decreasing function of ¢ and

/Ol(um(fv,t))2 dz < /Ol(um(fv,()))2 dz = /Ol(g’(x))2 da.

7.9
With homogeneous Neumann BCs: u,, := 7+ grad u = 0 on 3f2. Thus, after application of the
Divergence Theorem the boundary terms still vanish so v again satisfies

/ (v2)? + (vy)?) dR2 =0
2
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from the previous solution. However, the BCs no longer allow us to conclude that v = 0 from
vy = vy = 0 in (2. In fact the solution is only unique up to an arbitrary constant.

7.11
Differentiating m(¢) and using the PDE gives

/(1) = / " weds = / " (taas — 6uuy) da = /O (taas — 3(u),) da

— 00 — 00

= (um - 3u2) ~

T=—00

=0

since u and its derivatives tend to zero at £oo. Therefore m(t) is constant in time.
Similarly for M (t):

M'(t) = / 2uuy dr = 2/ (uumm — 6u2um) dz

— 00 — 00

and, integrating the term involving uu,,, by parts,

M'(t) = 2(utigy)

iooo _ 2/2 (umuzz + 2(,“3)96) dr = 2(utte,) 21700 — /O; (81(11,1)2 + 4(u3)z) dx

= (2utigy — (ug)?* — 4u3)‘oo =0

— 00

since u and its derivatives tend to zero at too. Therefore M(t) is constant in time.
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Exercises 8 Separation of variables

8.1

As in Example 8.1, u(z,t) = X (x)T'(t), where X satisfies —X” = AX for 0 < 2 < 1 but, in this
case, the BCs are X'(0) = X'(1) = 0.

When A\ = —p? < 0, the general solution is X = Ae*® + Be % and the BC X’(0) = 0 gives
(A — B) = 0. Thus, since 1 = 0 is not possible (since A < 0) we must have A = B . The second

BC then gives Au(e —e ) = 0. But e” # e * for u # 0 so we are left with A = 0, leading to
the trivial solution X (z) = 0.

When A = 0, the general solution is X = A + Bz and the BCs X’(0) = X’(1) = 0 both require
B = 0 with no restriction on A. Thus X(z) = A is a nontrivial solution corresponding to an
eigenvalue A = 0. Since T"(t) = —AT'(t), we have T'(t) = constant and the corresponding solution
of the heat equation is u(x,t) = A.

When A\ = p? > 0, the general solution is X = Asin yx + B cos ux and the BC X’(0) = 0 gives
#A = 0. Thus, since g = 0 is not possible (since A > 0) we must have A = 0 . The second
BC then gives Businp = 0. To avoid the trivial solution, p must be chosen so that sinyu = 0,
thus pu = nr for n = 1,2,.... Correspondingly, T"(t) = —A\T'(t), so T'(t) = Ce= ("™’ leading to
fundamental solutions e~ ("™ cos nrrz.

The general solution is a linear combination of all fundamental solutions and so takes the form
u(z,t) = ulx, t) = lA + i Ane™ ™ cos
) ) ) 0 ‘ n .
n—

The factor 1/2 in the leading term allows all the coefficients to be determined by the same
formula

1
An:2/ g(x)cosnrrdr, n=0,1,2,....
0

(see Example 8.2). When g(z) = = we find Ay = 2 fol xdx =1 and, using integration by parts,

1 . 1 1
sin nmwx 2 .
A, =2 rcosnmrdr =2z ’ - — sinnmx de
0 nTt o nmw j,

(!

= COSNTTT
n2m?

n2m?
Thus, A, = 0 when n is even and A,, = 4/(n7)? when n is odd.

8.3
The mean value theorem states that if g is continuous on an interval [a,b] and differentiable on
the open interval (a,b) then there is a point ¢ € (a, b) such that

iy 9(b) —g(a)
g'(c)= T h—a

If we choose b =z, a = 1 — x, then, for x > %,

g(x) —g(1—x)

97 — 1 =0, l-z<ec<uz.

g'(c) =
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It follows that ¢’(3) = 0 by taking the limit 2 — 1.
With the change of variable z = 1 — s and v(s, t) = u(1 — s, 1),

ve =u(l —s,t), vs=—uz(l—5,1), vss=tgs(l—s,t)
and therefore
vy — KUgs = ug(1 — 8,t) — Kuge (1 — 8,t) = ug(x,t) — Kug(x,t) = 0.

Also v(0,t) = u(1,t) =0, v(1,t) = u(0,t) = 0 and v(s,0) = u(l —s,0) = g(1 — s) = g(s) (since
g is symmetric about = = 1/2).

8.5

From Example 8.1 the general solution of the heat equation with BCs u = 0 at both x = 0 and
x =1 is given by (8.6) and the coefficients by (8.8). When g(1 — z) = g(x) we have, making a
change of variable x =1 — s,

1 1 1
(9, Xn) = / g(x)sinnrrde = / g(1 — z)sinnredr = / g(s)sinnm(l — s)ds
0 0 0
1 1
= 7/ g(s) cosnmsinnwsds = (—1)”+1/ g(s)sinnrsds = (—1)""{g, X,,).
0 0

It follows that (g, X,,) = —(g, X,,) when n is even. Consequently <g, > =0,and so A, =0
when n is even.

8.7
From Exercise 4.20

1
Uy = cosQu, — — sinQug = cosOf (1),
r

since u = f(r). Allowing x,y — 0 would lead to u,(z, y) being multivalued at the origin (because
it would depend on the angle at which the origin was approached) unless f'(0) = 0.

8.9
When g(r) =1—(r/b)? for 0<r <band g(r) =0forb<r <a

/Oarg( Vo (7{") dr—/obr(l b))y (%) d

From Exercise D.4 and writing w = b¢,,/a,

[ron () = @ [[asicse- St

n

and, using [ 2 Jo(z) dz = 222 Jy(z) + z(2? — 4)J1(z), we find

b rén aa [¢ b 9
/0 (b) Jo( 2 ) dr = b%(f_n) /0 23 Jo(2) da = J(Qw Jo(w) + w(w?® — 4)J1 (w)).

These combine to give the required result.
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8.11
When a = 1/2, b = 1/4, and g(r) = 1 for 0 < r < b and is otherwise zero, we find on integration
by parts,

1
1 1 1 1 1
A, =4 rsin(2nmr) dr = W(sm 5NT — 5N COS 5NT)
0
Hence
1 1 m—1
74 cosmm = —— 4 (71) ) when n = 2m
A = mm mm
! 1 1 m—1
G =gz a2 = T = Gy (F1T when n=2m — 1.
8.13

The solution is given by (8.26) with the coefficients in Exercise 8.11 with a = 1 and g(r) = 1.
Thus,

1
2 2
A, = 2/ rsin(nar) dr = —— cos(nw) = —(—1)""!
0 nm nw
and the solution is
i -1 _nwtsmmrr
— nmr
The result follows by taking the limit » — 0 and using the fact that 5‘% — 1.
At large times the leading term dominates and u(0,t) ~ 2e~™ *.
8.15
When gg is given by (8.43)
go(x + ct) + go(x — ct) = Z (sinnm(z + ct) + sinnw(z — ct)) = 2 Z A, sinnwx cosnrct.

n=1 n=1
When ¢, is given by (8.44)

x+ct x+ct
/ z)dz = g B cmr/ sinnmzdz
xT

—ct ct

=—c Z By, (cosnr(z + ct) — cosnm(x — ct)) = 2¢ Z B, sinnmx sinnrwet.
n=1 n=1
Combining these in d’Alembert’s solution (4.20) leads to (8.42).
8.17
Substituting u(z,t) = X (2)T(t) into the PDE gives, on dividing by X (x)T'(¢),
X//(x) _ T//(t) B
X(z) — T(t)

leading the the eigenvalue problem —X"(x) = AX(z), —a < z < a with X(—a) = X(a

) =0.
The standard arguments can be used to show that only trivial solutions are possible when A <0
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When the origin is not one of the endpoints the calculations are simplified by writing the general
solution for A = p? > 0 as

X(z) = Asinp(z + B)
for arbitrary constants A and 8. The BC X(—a) = 0 immediately sets § = a and X(a) = 0
leads to Asin2ua = 0. Thus, to avoid trivial solutions we must choose p = inm/a and the
eigenvalues are A\, = (4nm)? with corresponding eigenfunctions X, (z) = sin(znm(z + a)/a).
These eigenfunctions are closely related to those in Example 8.1.
The ODE T"(t) + p?T'(t) = 0 has the general solution T'(t) = C'sin ut + D cos ut, for arbitrary
constants C' and D. This leads to the general solution

oo

it
E C sm—+D cos—)sinw
= 2a 2a

that satisfies the PDE and all BCs.
The initial conditions u(z,0) = go(z) and us(x,0) = 0 give

m(x + a) = (x+a)
ZD” sm > , szCn—sm

a 2a

Since the eigenfunctions are orthgonal on the interval (—a,a),

<90aXn>

Dn = )
<Xn7Xn>

Cn =0.

and (X, X,) = 3a.

When go(x) = max(0,1 — (z/b)?) (b < a) a change of variable x = bs and integrating by parts
twice gives

9 b 2 1 b
Dn:—/ (1—(%)2)sin%nﬂ'($+a)/adx:—/ (1 —s%)sinw(s + a)ds, w:ﬂ, o=
a J_q

a —b a

Sl

1 sinow ,sinw

=8= (

W aw w

— COSW).

The solution is shown in Fig. 8.7 (dashed line) at time ¢t = .75 with a = /2, b = 1/4 (see
Example 8.11).

8.19
Suppose u = ®(x,y,a,b) represents the solution (8.56) of subproblem P; in Example 8.12; so

that
&(x,0,a,b) ZA sm(mm)

on E; and ¢ = 0 on the remaining edges. The PDE is unchanged under the linear change of
variable y — b — y (z unchanged) and maps the rectangle into itself with the edges E; being
interchanged E3. This gives the solution

u(z,y) = &(z,b—y,a,b) i wsm (ﬂ), u(z, b) :icnsin (?)
n=1

sinh (nm/a) a

and v = 0 on edges E;, j = 1,2,4. This is the solution to P3.
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The PDE is unchanged under the interchange x <> y and the domain is also unaltered if we make
the interchange a <+ b. Thus

oo

e =) =5, BI040 (2) )= 5 0o ()

is the solution to Py4.
Finally, applying the linear change of variable  — a — = (y unchanged) gives the solution to Pj:

u(z,y) = P(y,a — x,b,a) i —SH:H}TFS;/(Z){) sin (n_zy)’ u(a,y) = i Bnsin (”_Zy)
n—=1 n=1

8.21
By virtue of Exercise 8.19 the solution to problem P is given by

oo h 0o
u(z,y) = Z sinh(nmx) sin(nmy), u(l,y) = ZB" sin(ny)

“sinhnm
n=1

and, with u(1,y) =1 —y,

2 sinnm

1 1
2 1
Bn:2/ (lfy)sin(mry)dy:—fQ/ —cosnrydy = — —2—— = —.
0 nmw 0 N nmw n2m nmw

8.23
Substituting u(z,y) = X (2)Y (y) into the PDE and dividing by X ()Y (y) gives

—X"(2) +2X'(x) _ Y"(y)
X(z) Y(y)

and, the left hand side being a function of  only, while the right hand side is a function of y only,
we deduce that both must be constant. The homogeneous BCs u(z,0) = u(z,1) = 0 imply that
Y (0) =Y (1) = 0. We therefore look for eigenfunctions in the y-variable and set the separation
constant to —\ so that —Y” = \Y.

This is the eigenvalue problem solved in Example 8.1 (for X (z)) and so the eigenvalues are
An = (nm)? with corresponding eigenfunctions Y;, = sin(nwy), n = 1,2,.... The corresponding
ODE for X is —X"” 42X’ + AX = 0. The general solution is a linear combination of e*79% and
e~ 7% where o = v/1 + A2. This may be written in several equivalent ways but, in view of the
BC X’(1) = 0 being applied at « = 1, the most convenient form is

X(z) =e"(Ccosho(l — z) + Dsinho(1 — z))
which satisfies X'(1) = 0 if C' = oD. Thus the fundamental solutions are
u, = e”(ocosho(l —z) +sinho(l — z)) sinnry, o=/1+ A2,

for n =1,2,... and the general solution is u(z,y) = > .~ Dpun(z,y).
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To match the additional BC u(0,y) = y(1 — y), we have
y(l—y) = ZAn sinnwy, A, = D, (o cosho + sinh o),
n=1

so that (see the discussion from equation (8.7) to (8.8))

1
4
A, =2 1- i dy = 1—(=1)").
/0 y(1 —y)sinnry dy (m)3( (-=1)")
Hence,
= 4 ocosho(l —z)+sinho(1 —2) |
=e 1 (~1)"
ulz,y) =e T; (nﬂ')3( (=1)") o cosho +sinho SmnTy
B 8 ocosho(l —x)+sinho(l —z) .
- Zl (nm)3 ocosho + sinh o SmnTy.
n odd
8.25

Using Exercise 4.20 we find that Laplace’s equation in polar coordinates becomes
1
Upp + —Up + —2U99 =0
r r
and substituting u(r,0) = R(r)O(0) into the PDE leads to

r?R"(r) +rR'(r) B o ()

R(r) ECION

The left hand side is a function of r only, while the right hand side is a function of 6 only so
we deduce that both must be constant. The BCs u(r,0) = u(r,7/4) suggest that we look for
eigenfunctions in the #-variable and set the separation constant to A so that —0"” = \O.

(a) A = —p? < 0, then —O"” = —;26 has general solution © = Aet? + Be ", This cannot
satisfy ©(0) = ©(n/4) = 0 for any p # 0 unless A = B = 0.

(b) A =0, then —©@” = 0 has general solution © = A+ B which cannot satisfy ©(0) = O(r/4) =
0 unless A =B = 0.

() A = pu? > 0, then —O” = 12X has general solution © = Asin uf+ B cos jufl. The BC ©(0) = 0
requires B = 0. Then O(w/4) = 0 requires Asin um/4 = 0. This will lead to the trivial solution

A = 0 unless p = 4n, n = 1,2,.... The eigenvalues are therefore given by A\, = 16n? and
corresponding eigenfunctions ©,, = sin(4nf) Then R satisfies

r?R"(r) +rR'(r) = 16n°R.

Looking for solutions of the form R = Ar® we find that r>R"(r) + rR'(r) = o?Ar® and so
« = +4n. There are two solutions and, by linearity of the ODE, a linear combination is also a

solution and therefore
R(r) = Dr*" 4+ Er—*n
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for arbitrary constants D and E. The BC u(1,0) implies that R(1) = 0 so that E = —D and
the general solution satisfying the PDE and the homogeneous BCs is

u(r,0) = Z Dy, (r*™ — r=*") sin 4né.
n=1

The BC u(2,0) = ¢g(#) then means that the coefficients are given by

8

/4
D, (24" — 274y = —/ g(0) sin4nf db.
0

™

due to the mutual orthogonality of the eigenfunctions over (0,7/4) and

/4
/ sin® 4nfdf = %W.
0

8.27
Written in polar coordinates, we require the eigenvalues A and eigenfunctions u (not identically
zero) such that

1 1
— (uw + —u, + —2u99) = A\u.
T r
Substituting u(r,0) = R(r)©(0) into the PDE leads to

r2R(r) +rR/(r) + M2R(r) _ 6"(6)
R(r) CION

The left hand side is a function of r only, while the right hand side is a function of 8 only so we
deduce that both must be constant. The periodic BCs u(r,0) = u(r,0 + 2kw) for any integer k
suggests that we look for eigenfunctions in the #-variable and set the separation constant to «
so that —@" = a6O.

It is readily shown that there are no periodic solutions for o < 0 so we set o = v2 > 0, so that
O = Asinvf + Bcosvf. This will be periodic of period 27 if v = n, n = 0,1,... (Note that
n = 0 is permissible). This being the case, then

R’ +rR' (\r? —n*)R = 0.

The simple change of variable 2 = rv/ A converts this into Bessel’s equation (D.1) with v = n.
The general solution that remains bounded at the centre of the circle is

Ry (r) = Cdn(rV'X),

where J, is the Bessel function of the first kind of order n (see Appendix D). It is necessary to
have R(a) = 0 in order for u(a,f) = 0. Therefore, since C' = 0 leads to the trivial solution, we
have to choose A in such a way that v\ = &n, m, the mth nonnegative zero of J,,, m =1,2,....
Hence the eigenvalues are A, = (£,.m/a)? and the eigenfunctions are as given in the question.
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Exercises 9 The method of characteristics

dt dx du dx du

Efv

E—’LL

1 t u

giving, in terms of (t,k): x =k + 3t2, u = A(k)e.
In terms of (z,t): u= A(z — 1t?)e.
(b) tuy —u, = 1:

ﬁi dx du du
de

dt du
= —t

= =
dx ’

t -1 1 -
giving, in terms of (x,k): ¢t = ke™® and u = A(k) — .
In terms of (z,t): u= A(te”) — .

(¢) ut + 2uy = —us

dt  dzx

1 T

ﬂ dz du

= = . —
IRy

giving, in terms of (¢, k): = ket and u = A(k)e™.
In terms of (z,t): u = A(ze t)e".
(d) zuy —u, =t

dt du

= — = —X
dx ’

ﬂi dx du du
de

x -1t -
d 1
giving, t = k — %xQ and so d_u = —k+ -2%
x
Hence in terms of (z,k): u = A(k) — kx + $a°.
In terms of (z,t): u= A(t + 32?) — (t + 32?)x + ¢a°.

(e) tus + zu, = a:

dt dr du / dt “dx du
S DD o[22 2y
t T T t x dx
giving, in terms of (x,k): ¢t = kx and u = A(k) + .
In terms of (z,t): u= A(t/z) + x.
(f) tus — 2u, =t:
dt dzr du / dt dr du
—_—= = — = _— = — —, e 1
t —x t t x dt

giving, in terms of (¢,k): x = k/t and u = A(k) + ¢.
In terms of (z,t): u= A(tx) + t.
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3

S\
)/

t
\\—t/
s/
dt / \ T
giving, in terms of (¢,k): 2% = k +t? and u = A(k)e~t. Zei g
In terms of (z,t): u = A(z? — t?)e " /\\

9.3

The nonzero component of f; is equal to the first component of VTg(X — \T). Thus f; =
D1V Tg(X — M\ T), where D; is the d x d matrix zero matrix except that its (1,1) entry is equal
to one. Hence,

up =V IDIVTg(X = MT) = [l < [V 2| D2 [V T2 lg(X = M T2

However, [|[V=T|l2 = [[V Y2, [VTll2 = V2, |D1]l2 = 1 and ||g(X — A\ T)]||2 < Ms so the result
follows.

A similar argument holds for VTu; = f;, where the only nonzero component of f; is its jth
component, which is vag(X — \;T). This time we can write f; = D;VTg(X — \;T), where D;
is the d x d matrix zero matrix except that its (4, j) entry is equal to one.

(&) zus — tu, = at:
dt dz du du f-
— === tdt=— [zde, — =t
r  —t it / /x T \C
giving, in terms of (¢,k): #* =k —t* and u = A(k) + 3¢2. k

In terms of (z,t): u= A(z? + t?) + ¢

(h) zus + tu, = —zuw:

ﬁ:%:ﬂé tdt:/zdz, @:fu
T t —TU

The bound on the solution of (9.6) follows by applying the triangle inequality to u = 2?21 u;:

d
[ulla < 3751 lTujll2-
When A is symmetric its eigenvalues are mutually orthogonal and k2(V) = 1.

9.5
At Py, where X7 > 277, (see Fig. 7, Left)

(a) AP isa Ij-characteristic: z+t = X147 along which u4+w = constant. Thus zp = X747

and
u(P) +w(P) = u(A) + w(A). (9.5a)
(b) BP; is a I'x-characteristic: x—t = X1 —T} along which v+w = constant. Thus g = X1—T}
and
v(P) + w(P) = v(B) + w(B). (9.5b)

(c) CPj3 is a Is-characteristic: x — 2t = X; — 27T along which u + v = constant. Thus
z(C) = X1 — 217 and
u(P) +v(P) = u(C) + v(A). (9.5¢)
Equations (9.5a-c) are clearly of the form (9.13), where the columns of V' are the eigenvectors of
AT and
f=[vjg(A),v39(B),v{g(C)]".
The initial-conditions provide values for u, v and w at A, B, and C and these equations may be
solved to give u, v and w at P;.

At P3, where X3 < T3, (see Fig. 7, Centre)
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t x =1t
/
P(X,T)
/
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C B A =z C B A «x D CB A =z

Figure 7: Left and Centre: The characteristics through points P, and P3 for Example 9.2 drawn
backwards in time, with reflections when they intersect the t-axis. The dashed lines show the
characteristics x —t = 0 and « — 2t = 0 that pass through the origin. Right: The characteristics
for Exercise 9.7.

(a) APj3isa I'j-characteristic: z+t = X3+T5 along which u4+w = constant. Thus za = X3+7T3
and
u(P) +w(P) = u(A) + w(A). (9.5A)

(b) The I»-characteristic through Pj3 intersects the t-axis at D: @ — t = X3 — T3 along which

v+ w = constant. Thus tp = T5 — X3 and v(P) + w(P) = v(D) + w(D). One of the BCs on

2 =01is w(0,t) = 0 and so v(P)+w(P) = v(D). Now CD is a I'-characteristic so z¢ = tp,

u + w is constant and, applying the BCs, gives u(C) + w(C) = v(D). Combining these
results leads to

v(P) + w(P) = u(C) + w(C). (9.5B)

(c¢) The I'3-characteristic through P3 intersects the t-axis at E: x — 2t = X3 — 275 along which
u+ v = constant. Thus tg = T3 — £ X3 and u(P) + v(P) = u(E) + v(E). On of the BCs
on z =0 is u(0,t) = v(0,t) and so u(P) + v(P) = 2u(E). Now BE is a I'j-characteristic so
B = g, u + w is constant and, applying the BCs, gives u(B) + w(B) = u(E). Combining
these results leads to

u(P) +v(P) = 2u(B) 4 2w(B). (9.5C)

Equations (9.5A-C) are clearly of the form (9.13), where the columns of V are the eigenvectors
of AT and the components of f are linear combinations of the values of u evaluated at the points
where the characteristics intersect the z-axis.

9.7

The three families of characteristics are:
Ih: M =—2, x4 2t = constant, vlTu = u + w = constant,
I5: X =—1, x4+ t= constant, vQTu = v 4+ w = constant,
I3: 3= 1, x— t= constant, vgu = u + v = constant.

In order to find the solution at P(X,T) withX < T (see Fig. 7, Right) we follow the characteristics
through P backwards in time until they intersect the initial line ¢ = 0 (z > 0). When a
characteristic interests the t-axis (at E, for example), we also have to include the characteristics
through E as shown.

AP: This is a I characteristic x + 2t = X + 2T along which v + w is constant. Thus,
u(A) + w(A) = u(P) + w(P), x(A) = X +2T. (9.7a)
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BP: This is a I characteristic x +t = X 4+ T along which v 4+ w is constant. Thus,

v(B) + w(B) = v(P) + w(P), z(B)=X+T. (9.7b)
EP: This is a I's characteristic x —t = X — T along which u + v is constant. Thus,

u(E) +v(E) = u(P) + v(P), tE)=T-X. (9.7¢)

CE: This is a Iy characteristic  + 2¢ = 2(T — X) along which u + w is constant. The BC
specifies w(0,t) = 0, and so,

u(E) = u(C) + w(C), z(C) =2(T — X). (9.7d)
DE: This is a I'; characteristic z +t¢ = (T — X)) along which v+ w is constant. The BC specifies
w(0,t) = 0, and so,

v(E) = v(D) + w(D), z(D) = (T — X). (9.7¢)

Hence, from (9.7c-e),
u(P) 4+ v(P) = u(C) + w(C) + v(D) + w(D).

This, together with (9.7a-b) constitute three linearly independent equations to determine u(P),

v(P) and w(P). The coefficient matrix of this system is VT whose rows are the eigenvectors of
AT,

9.9
With u = [u,v]" and f = [f, g]7, the equations become

0 1
u; + Au, = f, AL 0}

The matrix A has eigenvalue A\ = 1 with eigenvector v; = [1,1]7 and eigenvalue A = —1 with
eigenvector v; = [1, —1]T.

Multiplying u; + Au, = f by v{ = [1,1] and supposing that f = 0, g = Gy, we find that
Ut =v]u = u+ v satisfies U;” + U} = G, for which the characteristic equation is (see (9.2))

dt  dz AUt

1 1 Gy
so that
d U+
=15 =G sa=ttk U =Gt +A(R) S ut v = Gla,t) + Al —1),

where k is an arbitrary constant and A(k) an arbitrary function. Similarly, multiplying w: +
Au, = f by vJ = [1,—1], we find that U~ = vJu = u — v satisfies U, + U, = —G, for which
the characteristic equation is

dt  dz AU~
1 -1 -Gy

so that

d dU-

d—f:—l,F:Gt Sx=—t+k U =Gat)+Bk),=u—v=—Gt)+ Bz +1)
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where B is an arbitrary function.
Combining these we have

u=L1(A(x —t)+ Bz +1)), v=G(z,t)+ (Al —t) — B(z +1)).
The initial condition u(x,0) = 0 gives B(x) = —A(x) and then v(x,0) = 0 gives A(z) = —G(x,0).
Hence the solution is

u(z,t) = %(G(z +1t,0)—G(z —1t,0), v(z,t)=G(x,t)— %(G(z —t,0) 4+ G(z +t,0)).

9.11
Suppose that P has coordinates (X,Y).

(a) For X > 2Y > 0 (see Fig. 8) both characteristics through P intersect the boundary on the
x-axis. Hence u(X,Y) is determined by the initial conditions—the solution to Exercise 9.10
fulfils these conditions.

Y \

(X —Y,0) (X —2Y,0) (X -Y,0) ’

Figure 8: The characteristics through three general points P; (j = 1,2, 3) for Exercise 9.11.

(b) For 0 < X < Y both characteristics through P3 intersect the boundary on the y-axis.
Hence u(X,Y) is determined by the boundary conditions. We begin with the general
solution u(z,y) = F(x —y)+ G(xz —2y) of the PDE derived in the solution to Exercise 9.10.
Applying the BCs leads to

F(-p)+G(-2) = foly), F'(—p)+C'(~2y) = fily) = —F(—y)—1G(~2y) = /yfl(s)ds
from which we obtain
y —t/2
G(—29) = 2fo(y) +2 / fs)ds= G = 2fo(~bt)+2 / f1(s) ds,

—t

y
Fey) = ~h -2 [ f)ds=  FO=-2h(-0-2 [ fi(s)ds
The solution satisfying the BCs is, therefore,

u(,y) = 2foly — 1) — foly — x) +2 / f1(s)ds.

y—x
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(¢) For 2Y > X > Y > 0 (see Fig. 8) one characteristic through Py intersects the boundary
on each axis. Hence u(X,Y") is determined by both the initial and boundary conditions.
Using u(z,y) = F(z — y) + G(x — 2y) we find that, along z = y, u(y,y) = F(0) + G(—y)
while, along = = 2y, u(2y,y) = F(y) + G(0). Hence

F(y) =u(2y,y) - G(0),  G(y) =u(-y,—y) — F(0).
and
u(X,V)=u2(X -Y), X -Y)+u2Y - X,2Y — X) — F(0) — G(0).
Setting X =Y = 0 shows that F(0) + G(0) = u(0,0). The characteristics y =z +Y — X
and 2y = x + 2Y — X through P3 intersect the characteristics y = = and 2y = = through

the origin at Q and R whose coordinates are (2Y - X,2Y — X) and (2(X -Y), X - Y),
respectively. Hence, u(P) = u(Q) + u(R) — (0, 0).

9.13
The operator associated with the PDE wus; + uty — 2u,, = t factorizes:

Uty + Uty — 2”11 = (at - az)(at + QGE)U
Hence, with v = (0 + 20, )u we have (9; — 0, )v = t whose characteristic equations are

at_de ,

oo de do
1 -1 ¢t ¢ 77 dt

so the characteristics are z + ¢ = ki along which v = $¢? + a(k1), where a(-) is an arbitrary
function. Then w is the solution of (9; 4+ 20, )u = v whose characteristic equations are

o de de | odr o du
o oAt

= = — =
1 2 v dt

v

so the characteristics are « — 2t = ko along which u = §¢3 + ft a(x + s)ds + B(kz). This gives
the general solution
u(z,t) = 2t + A(z +t) + B(z — 2t),

where A(z +1t) = [*a(z + 5)ds.
The initial conditions u(z,0) = us(z,0) = 0 give

A(z) + B(x) =0, A'(z)—2B'(x)=0 = A(x)—2B(z) = constant = C
and therefore A(z) = $C = —B. Hence u(z,t) = §t°.

-3

9.15

£1£2 = (a@t + b@z)(cat + d@z) = a@t (c@t + d@z) + b@z (c@t + d@m)
= a(ctdy + O} + d10y + d0;0;) + b(cy0r + €040y + dpOy + dO20;)
= L+ (act + beg )0y + (ady + bdy)0,

and so L1Ly = L if ac; + be, = 0 and ad; + bd, = 0.
Thus, Lu = 0 is equivalent to £1v = 0 where Lou = v.
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For the given PDE, comparing coefficients we find ac = 1, ad+bc = t—1 and bd = —t. A solution
of theseisa =c=1,b=1t, d= —1so that L1 = 0; + t0,, L2 = 0y — 0. The characteristic
equations of Liv = 0 are

dt dz dv dx dv

1t 0 dt g SO ekt v=Ak)
and so v = us — u, = A(ky) is constant along x — %tQ = ky. The characteristic through the
point (z,t) cuts the z-axis at (z — 3¢2,0), at which point u; = g1 (z — 1t?) and u, = gj(z — 3t2).
Hence,

up — ugy = A(z — 3t%), where A(2) = g1(2) — go(2).
This PDE Lou = v has characteristic equations

A dv du  de
1 -1 a - T rTRTh
d t
d_?:A(x—%tQ):A(kzg—t—%f) :u:/o Az +t—s—3s?)ds+ go(z + 1)

using the initial condition u(z,0) = go(z).

9.17
The PDE u; + uu, = —2u has the characteristic equations
dt  dr  du
1w —2u
leading to
dz du 9
a - oar "

The second of these has general solution u = Ce™2?! from which the first ODE gives x = k —
%Ce_%, where k and C are related arbitrary constants—which we express by writing C = A(k).
Consider a characteristic emanating from a point on the boundary given by x = 0 and ¢ = t*,
say. We then have k = £ A(k)e™2"" and the BC u(0,t") = e~ = A(k)e™2 so that A(k) =e!,
k= %e’t* and therefore kA(k) = % These results tie the arbitrary constants for a characteristic
to its point of intersection on the t-axis. Furthermore, u = !’ 2 and z = 1(e™* — et ~2).
Eliminating t* shows that u is related to x and t via the quadratic equation

w4+ 2zu—e?=0

whose roots are
u=—xE£\Vx2+e 2t
Since u > 0 for x = 0 the positive root is appropriate and, by rationalising the result, we obtain

e—2t

r+ Va2 fe 2t

u =

9.19
Under the change of variables s = —x, v(s,t) = —u(—s,t) the PDE becomes

v+ (—v)(—v)_s =v = v +vvs = —u
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so remains invariant. The initial condition becomes v(s,0) = —u(—s,0) = —g(—s) for s € R.
Thus v(s,0) = g(s) when g is an odd function in which case v satisfies the same PDE and initial

condition as u so v(s,t) = u(s,t) = —u(—s,t) so that u must be an odd function of z.
With g(z) = /(1 + |z|), which is an odd function, in (9.27) we have, for k > 0,
koo, koo,
= = - 1 .
U= @ k+ T (e )

Defining U = ue® and a(t) = e~ — 1 to simplify the notation, we find

k U U

which gives the relationship between U, x and ¢t. On rearranging we obtain the quadratic equation
a)U? —(1+z+at))U+2=0

whose roots are
1 2
U= m((lJrana(t)):I: V(I +z +a(t)? — da(t)z.

Since a(t) — 0 as t — 0, we have to choose the root for which the numerator also vanishes at
t = 0—this is the negative root. Thus, since u = Ue™!

3

—t

2a(t)

u(z,t) = (1+z+alt) — V(1 4z +a(t))? —da(t)x)

2qe~t

(I+z+a®)++/(1+2+a(t)? —4da(t)x

which is valid for 2 > 0. The solution for x < 0 follows since u must be an odd function of x.

9.21
The general solution of Burgers’ equation takes the form (9.30):

u=g(k), z=g(k)t+k.

The characteristics pass through the point x = k at t = 0 and u(z,0) = g(z) and u = constant
along characteristics. When g(z) = max{0, 1 — |z|} the initial condition is u = 0 for |z| > 1 and
the characteristics are therefore x = constant if there are no shocks present.

(a) Consider characteristics emanating from the points (z,t) = (k,0) for 0 < k& < 1. Here
g(x) =1— 2 and so

11—z

1—1

u=1-k a=0-kt+k =u(zt)=

so this solution is valid only until ¢ = 1 when the entire family of these characteristics
intersect at (1,1) and a shock forms. Note that u(1,¢) =0 for 0 <t < 1.

(b) Consider characteristics emanating from the points (x,t) = (k,0) for —1 < k < 0. Here
g(x) =1+ and so

1+x
1+t

a solution that is valid for ¢ > 0. Note that u(—1,t) =0 for ¢t > 0.

u=1+k z=1+kt+k =u(zt)=
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(c) We have seen that the characteristics in case (a) intersect to form a shock at x = t =
1. However, the rightmost characteristic from case (b) (i.e., k¥ = 07) also intersects the
characteristic x = 1 and the speed and location of the shock is determined by the interaction
of characteristics of case (b) with those for 2 > 1, which are vertical lines since v = 0 on
each (see Fig. 9). The appropriate Rankine-Hugoniot condition (see Example 9.11) is

sSt)=4ut+u")

with ut =0 and v~

= 1+ k. Along the (b)-characteristics we have k = (z —t)/(1 +1t) and
therefore, when z = s(t),

1
21 4¢’

This has solution s(t) = /2 + 2t — 1. The solution for ¢ > 1 is therefore given by

0, r<—1
u(a,t) = ¢ 92, —1<xz<st)
0, x > s(t).

t)
t=3/2 L//7 44444 w=1/v5
T T T T
7 t=1
Q pr—
T /I\ T
1 t=1/2
T T T
t=20
[ 1 T T T
—1 0 1 2 x 1 0 1 9 T

Figure 9: The characteristics (left) and solutions at selected times (right) for Exercise 9.21.

The triangular profile persists for all time. Prior to shock formation it has a fixed base of length
2 and a constant height © = 1 so the area of the triangle is 1 for 0 < ¢ < 1.

After shock formation the base of the triangle has length (1 + s(t)) and height u(s(t),t) =
(14 s(t))/(1 4+ t) so the area is

1+ s(t)
L(1+s(t =1
S0+ s0) 7
since 1+ s(t) = /2 + 2t.
9.23
1 4 x>0
r)=1- = 4 -
9() 1+ o] {?1 <0,



Hence, for k = kT > 0, (9.41) leads to

t 2
— - _ _1 _ —
S—k—i—l v = k (s Yek+t—s=0

and, therefore,

k=1(s—1£+/(s—1)2—A4(t-s)).
Since k = kT > 0 we have to choose the positive square root (this is readily checked at ¢ = 0).
Similarly, for k =k~ < 0, (9.41) leads to

2k -1

=k+t
s + 1

= K -(Q4+s-2)k+s—t=0

and, therefore,

k=3(1+s—2t£+/(1+5-2t)2—4(s—1)).
This time we have to choose the negative square root since k = k= < 0.
Clearly, when s(t) = ¢ these give k* =k~ =0=k* for ¢ > 1.
9.25

Differentiating the expression ¢'(u) = £=22 with respect to x and t gives
7

Tr — X
— 2

1
02q' (u) = ¢" (u)u, = n 9q' (u) = ¢" (w)uy =

so that ¢" (uv)ur = —¢'(u)q¢" (w)uy, that is, us + ¢’ (u)u, = 0 provided that ¢”(u) # 0.

9.27
q(u) =logu so ¢'(u) = 1/u = (x — x0)/t gives the expansion fan
A U = Uy,
Uy, x—x0 < t/ug, U= U
u=qt/(x—1x0), t/u,<x—2x0<t/ug,
Ug, t/ug < x — x0. T T
t t x
T + L To + Py

9.29

The behaviour of the solution is broadly similar to that in the example—an expansion fan forms
at x = 0 and a shock at x = 1 and they will collide at some point in time.

The expansion fan with v, = 1 and ur = 2 is given by

1, T <t,
u=qz/t, t<x<2t,
92, 2t <u.

A shock is already present at © = 1, t = 0 with u, = 2, ugx = 1. The shock speed is s'(t) =
2 (uy, 4 ug) = 2 and its location is therefore z = s(t) = 14 3¢ (since s(0) = 1).

The rightmost characteristic from the expansion fan meets the shock wave when z = 2t = 1+ %t,
i.e., when t = 2 and x = 4.

The solution is illustrated in Fig. 10 for ¢ = & (left) and ¢ = 2 (right).
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=

Figure 10: The solution of Exercise 9.29 when t = % (left) and ¢ = 2 (right). The dashed lines
show the initial condition.
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Exercises 10 Finite difference methods for elliptic PDEs

10.1
Weduse the replacements ug, = hy202u— 15h205u+O(h}) and uyy = b, 262u— $5h205u+ O(h;)
and so

VU = Uy + tyy = hy *Sou+ by *0ou — 35 (h20pu + hi0,u) + O(hy) + O(hy).
Hence the local truncation error for Poisson’s equation: —V?2u = f is

R = = (hy*63u + hy*60u) — f
= —V2u— L (h20%u + h20M) + O(hd) + O(hd) — f
— 2 (h20%u+ B20M) + O(hh) + O(h?).

Our finite difference replacement is
—252 —2¢62
- (hx 6m + hy 5y) Uﬂ,m = f@,m

anda because 5§U€,m = Uéfl,m*2U€,m+Ul+l,m7 5§Ul,m = Ul,m71*2U€,m+U€,m+l this becomes,
on multiplying by hgh,
h

hz
h_y (Uéfl,m - 2U€,m + U€+1,m) + h_ (Ul,mfl - 2U€,m + Ul,erl) = hxhyfé,m
x Y

2(9 + oil)Ul,m -0 (Ulfl,m + UlJrl,m) - 971 (Ul,mfl + Ul,erl) = hxhyfé,m-

If we use this scheme to solve Poisson’s equation on the rectangle {0 < x < L;,0 <y < L,} with
hy = Ly /M, and hy = L, /M, (where M, and M, are specified integers indicating the number
of grid points in each direction) the totality of equations can me written in matrix vector form
by defining the M, x M, tridiagonal matrix

20+671) -0t
-7t 204671  —67!
D= .
—0=1 204671  —67!

-6t 200+0671)
and the M, x M, block tridiagonal matrix
D —60I
—-0I D —0I
-0 D —60I
—-6I D

then, in the natural column ordering of points, Au = f. This reduces to the standard 5—point
formula (10.6) when 6 = 1.

10.3
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We use the standard finite difference operators
6§U€,m = U€+1,m - 2U€,m + Ué—l,ma 6§U€,m = Uﬂ,m—i-l - 2U€,m + Ué,m—l
o)
2 <2 2 (52 2 2 2
020,Ue.m = 0 (5yU)e,m = (6yU)e+1,m -2 (6yU)g7m + (6yU)e_17m

= (Utt1,m+1 — 2Uts1,m + Urg1,m—1) — 2 (Umy1 — 2Upm + Upm—1)
+ (Urc1ma1 — 2Up—1m + U1 m—1) -

The stencil of this result may be visualized as the “outer” product of a column and a row vector:

1 1 -2 1
-2 [1,-2,1]=|-2 4 -2
1 1 -2 1
Then
—2 1 -2 1 ~1 -1
2L — 035, =|-2 8 2| —|-2 4 —2|= 4 = 2h*L)
—2 1 -2 1 -1 -1

We know from equation (10.13) that
Etul,m = *v2ul,m + Rzmv

where
RZm == 112 h? (a;LU + a;lu) + O(h4)

so it then follows from £; Upm = L} Upm — ;h*25§5§U&m that

AC; Ug,m = KZUg7m - %h_Qéi(S;uZ,m = E;U&m — %h2 (h_45i5§1u,m)
= —V?u— 1% (0hu+ yu) + O(h*) — $h* (9207w m + O(h?))
= —V?u — $5h° (8pu + 60;0;u + Oyu) + O(h*).

10.5
In standard column-wise order, the equations £; U = F are

4 -1 [ bo + ba + b1a ]

4 ~1 ~1 b1 + bs

4 -1 bo + by + bg

-1 4 -1 b1z + bis
-1 -1 4 -1 -1 |u= 0

-1 4 -1 bs + by

-1 4 bio + bi2 + b1a
-1 -1 4 by + b1t

-1 4 _b6+bg+b10_
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where b; denotes the boundary value at the jth boundary node and these have been numbered
clockwise from 0-15 starting at the origin. For general M, the coeflicient matrix has the block
tridiagonal structure:

41 T -1
T 41 T -1 -1

. i , where T' = L. i

T 4I T -1 -1

T 41 -1

The diagonal blocks of A are a multiple of the identity I and the nonzero off-diagonal blocks T
are themselves tridiagonal.
Switching to an odd-even numbering system where a node (z¢,y) is even if £ + m is even.

The numbering on a grid with h = 1/M and M = 4 is shown below. The numbers outside the

box refer to the boundary nodes where, unlike Exercise 10.2, the corner nodes are now involved.
There are Neyen = 5 even nodes (numbered 1-5) and Nyqq = 4 odd

nodes (numbered 6-9).

4 5 6 7 8

w = [U1,1,U1,3,U22,U31,U33,U12,Uz1,Us3, U3,2]T 3/2 8 5 ]9
216 3 9 10
In terms of this ordering, we define 111 7 4 |11
0 15 14 13 12

Ueven = [Ul’ UQ’ U37 U4’ U5]T y  Uodd= [UGa U77 US; UQ]T y, U= |:ueven:| :
Uodd

With this numbering system the equations £, U = F become, in matrix-vector form,

4 —1 [ bo + ba + b1y
4 -1 by + by + bg
-1 -1 4 -1 -1 Uodd =

-1 4 bio + b1a + b1y
-1 4_ _b6+bg+b10

4 -1 -1 ) [ by + b3

-1 4 -1 b3 + b5

1 4 1 | Pedd T | g py

-1 -1 4 | L bg + by

The general pattern is difficult to detect with such a small value of M but, for even nodes (say),
the structure is

4I, B -1
BT 41, B 1 -1
BT 41, B ; B = 1 -1 :

where I; and I are identity matrices whose dimensions are the number of even nodes in odd and
even numbered columns, respectively. The matrix B is square when there are the same number
of nodes in consecutive columns, otherwise it is rectangular. The structure is similar for odd
nodes with the roles of the pairs I, B and I,, BT being interchanged.

One reason for studying different orderings of unknowns is the profound effect these can have on
the time taken to solve the finite difference equations.
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10.7
If Q(0) = Q(h) + Ch? + O(h?) for some constant C, then Q(0) = Q(h/2) + C(h/2)* + O(h3).
Subtracting these gives Ch? = 4(Q(h/2) — Q(h))/3 + O(h?) and so

Q(h) = Q(0) + 5(Q(h) — Q(h/2)) + O(R?).

Thus 4(Q(h) — Q(h/2))/3 = 4(Uk — UQ/Q)/S gives an estimate of the leading term in the error
in Q(h) = UL.

10.9
Suppose that the Neumann BC —u, = ¢(0,y) is approximated at y = y,, by the second-order
central difference formula

=N, Uom =g(0,mh) = —Uypm +U_1m =2hg(0,mh)
while (10.6) with ¢ = 0 gives
4Uo.m — Uom+1 — Utm — Uom—1 — U—1.m = B> fo.m
and adding these two equations gives
AU m — Uom+1 — 2Utm — Uom—1 — U—1.m = 2hgo.m + h* fo.m
which is (10.22b), as required.

10.11
The local truncation error associated with (10.24) is

Rnlo = —h~ O ug a4 B S yuo = Shfor — g(17,0) — g(07,1).
We have, from the previous exercise,
hilA_;uO,M = Uz(07 1) + %h’uxm(ov 1) + %h2uzzz(§v 1)
and by making the change of variables 2 +— 1—y, y + 1—x, h — —h (so that A~ AT s —h71A7),
R w0 = uy(0,1) — Shuyy(0,1) + h%uy,, (0,1 —1n), 0<n<h.
Hence,
%h‘O,M = _(UZ(Oa 1) + %huzz(oa 1) + %hQUzmm(ga 1))

(1 (0,1) = SRy (0,1) + Eh%uyyy (0,1 = 1))
- %th,M - g(1+a 0) - g(O_, 1)

= (—uz(0,1) — g(17,0)) + (uy(0,1) — g(07,1)) — 2h( — Vu(0,1) — fo,n)
- %h2 (umm(& 1)+ “yyy(oa 1- 77))

and therefore ‘%h‘o M= O(h?) if the third partial derivatives of u are bounded in the neighbour-
hood of the corner (0, 1).

10.13

The factors are:
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Geometry The domain 0 < x,y < 1 is unaffected by the interchange = < y.
Boundary values u(z,y) = 22 + y? is unaffected by the interchange z < y.

PDE Neither the source term f(x,y) = zy nor the differential operator
—V? = 02 + 0] is affected by the interchange x < y.
Thus u(z,y) = u(y, z).
Since the finite difference grid is also unaffected by the interchange x < y, the numerical solution

U must also share the same symmetry, that is Uy ,, = Uy, . It follows that Ug¢y1 = Upy1,¢ and
Ur—1,0 = Upg—1 so the 5—point formula (10.6) applied at the grid point (¢h, ¢h) gives

LyUe = h™*(4Use = Upsre = Ugesr = Ur—1,0 = Ure1)
= h72(4UM — U106 —Upy10—Upp-1 — Ue,eq)
=h7?(4Use = 2Ur41,0 — 2Ur 1)
and fgﬁg = XyYp = £2h2.
When M = 4 then symmetry reduces the number of unknowns to

N = %M(M —1) = 6 and these, together with the boundary nodes,
are numbered as shown.

4 5 6 7 8
314 5 67
w=[U1,1,U21,U22,Us1,Us2,Us 3] 2al2 3 516
f=:%501,2,4,2,69" 111 2 4|5
_ T_ 1 T 0o 1 2 3 4
g= [29179270;93+g57967297] - 1_6[2ﬂ470527720550] )
where g; is the value of U at the jth boundary node.
The numerical solution is then found by solving Au = f + g, where
4 -2 2 -1
-1 4 -1 -1 -1 4 -1 -1
-2 4 -2 -1 2 -1
A=16 1 4 1 =16D 1 4 1 ,
-1 -1 4 -1 -1 -1 4 -1
-2 4 -1 2

where the diagonal matrix D is equal to the identity matrix except for entries corresponding to
nodes on the diagonal of the grid, where Dy, = 2. The purpose of introducing D being that A is
the product of a diagonal matrix and a symmetric matrix. When M is large the cost of solving
(D71A)u = D~1(g + f) is approximately half the cost of solving the original system.

10.15

QQ\

With M =5 (h =2/5) the implications of sym-
metry are shown in the figure and reveal that
there are only 3 independent unknowns. Ap-
plying the 5—point approximation of the Poisson
equation at nodes 1, 2 & 3 leads to the system:

I\ |

— o — b = o — o —

2 -2 U, 1
-1 3 —1| [Uz2f = |1
-2 4| |Us 1

— o — = = — N ——

25
4

|
_3_
|
_2_
|
_2_
|
_3_
|

— D — = — = — ) ——

o1



For general odd values of M, there are (M —1)? unknowns (1 per grid point) of which only about
one eighth are independent. We therefore have to solve for £(M — 1)? unknowns.

10.17

3

Y

B
18¢ Node h4 ki
3 1/32 1/36
17 5 2/32 2/36
7 3/32 3/36

169

A 15 14 13 C €T
The 6 internal grid points and the 12 active boundary nodes are numbered as shown. The
standard 5—point finite difference equations

—h=2 ((5926 + (55) Ug,m + Ugﬂn =0.
can only be deployed at points 1, 2 and 4 where there is a uniform grid in both directions. These
give:
Py 65U — 16U — 16Uy = 16(Uss + U1g) = 16 [42(9 — 8:1:)]96:1/4 =112,
Py: —16U; + 65U — 16Us — 16Us = 16U17 = 0,
Py: —16U; + 65U4 — 16Us — 16Us = 16U14 = 16 [42(9 — 81‘)]121/2 = 160.

We focus first on the approximation of u,, at the points 3, 5 and 6. At points 3, 5 and 6 we use
equation (10.26) to give

P3 : th = 3%, h_=h= i : (uxx)g =~ 69—4 (31—2(U8 — ’LL3) — 4(’(,&3 - ulg)) y
P5 th = 3%, h_=h= i : (uxx)5 ~ % (32—2(11,10 — U5) — 4(U5 — UQ)) y
PG th = 3%, h_=h= i : (UII)G ~ % (33—2(U12 — UG) — 4(U6 — U4)) .

The uy, derivatives are treated similarly.
P3 : k+ = I{j_ = kj =
Ps: ky=+5, ko=k=

Po: k=32, ko=k=

(uyy)s ~ % (%(QW —u3) — 4(uz — UQ)) )
~ 72

(uyy)s = 75 (% (ug — us) — 4(us — ua)) ,

(uyy)g ~ 75 (T (w1 — up) — 4(us — u13)) .

Putting these together we find the following finite difference expressions for the approximations
to —V2u +u = 0 at the 3 grid points closest to the hypotenuse.

Py: -8 (8(Us—Us) —4(Us — Urs)) — B (38(U7 = Us) —4(Us — Us)) + Us =0

545U3 — 12U, =0
Ps: =9 (82U —Us)—4(Us — U2)) — B (B(Ug — Us) —4(Us — Us)) + Us =0

273U; — 1280, - 28U, =0
4 (32(Uyy — Us) — 4(Us — Un)) — 2 (38(Uyy — Us) — 4(Us — Uz)) =

%UG — By, = 24U,

o L=

N N N

|<7>

P62 —

-
—



where Uiz = [42(9 — 82)],_5,4 = 9. These provide 6 equations in the 6 unknowns.

10.19
In view if the identity

2(Uex = Uo) = (U1 = 2Ug,0 + Up,—1) + (U1 = Ue,—1) = 65U 0 + 2280Us,0
equation (10.33b) may be written
BrUeo = —A07 ' NyUp o — 217 AOLL Uy o,

where L}, (defined by (10.33)) is an approximation of Lu = (1/r)(ru,), + uge/r*. The local
truncation error of the BC BpUpo = 0 is

|€ 0 —BhUg 0= = A0~ AGUg 0— T?A@Eh’lu 0
=[—up +O(A0%)], , — 377 A0[Lu+ O(h?)]
=[—ug— 31} Aozu] +0(A0%) + O(h?) = (9(A92) + O(h?)
as required (since ugp = 0 and Lu = 0 at (¢h,0)).

10.21
With

3

u(r,0) = 7“2(1 [1og(1) sin 26 + (

we find that u(r,0) = 0, u(r, i7) = 0 and u(1,0) = $(1 — 49/7r) cos20—1.
Consider the functions f(r, 9) = r2log(1)sin26, g(r,0) = (X — 0)r? cos 29 and h(r,0) = 1r2.

— 9)r2 cos 29} — %)TQ

e Ll

fr = —r(2rlog(r) + 1) sin(20), fo =2r? log(%) cos 20
frr = —(2rlog(r) + 3) sin(20), foo = 4r? log(r) sin 20
so that V2f := f,.. + %ur + %zfee = —4in 26. Similarly
gr = 2(% — 0)r cos 20, go = —1°cos(20) — 2 (27 — 0) r*sin 20
Grr = 2(% —0) cos 20, goo = 4r°sin20 — 4(17 — 0)r? cos 20

and so V2g = 4sin260. Hence L(f +g) = 0: f + g is a harmonic function. Also V2h = —1. Thus
—V?u=1sinceu=f+g+h.
Also,

Upr = —2 log(r) sin 20 + terms involving 6 only

so that |uyr| — 0 as r — 0 so long as sin 260 # 0.

10.23
We rewrite (10.41) as

1
LrUpm = —hglhgl (;a(Ue—1,m—2Ue,m+Ue+1,m)+%b(Ue+1,m+1—Ue—1,m+1+Ue—1,m—1—Ue+1,m—1)
+ cp(Up,m—-1 — 2Up,m + U m+1)
7%’7(4Ul,m72U€+1,m+U€+1,m+172U€,m71+U€71,m7172U€71,m+U€71,m7172U€,m71+U€+1,m71))-
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This is of the form .
Ehu|P = h;%;l (OZOU‘P — Zosz|Qj)
j=1

with (these are easiest to calculate by adjusting the coefficients in Fig. 10.15)

ag = 2a/p+ 2cp — 27, ay =a/p—r, oeng%bJr%'y
a3 cp—7, Q4 = %b‘i’ %'}’, a5 = (1
046:—%54‘%% a7 = a3, agzéb—i—%y.

These coefficients will be non-negative if v is chosen such that |b| < v, v < a/p and v < ¢p.
When p = y/a/c these become

b] <~ < Vac

which can always be achieved when b? < ac.

10.25
Using A, = A— %(5926, then the analogue of the operator £, defined by (10.51) that is appropriate
for the PDE —eV?u 4 pu, = 0 with p > 0 may be written as
Ly U = —eh™ (6% + 6.)Usm + ph™ " 5, Upm
=—(ch 2+ 3ph™ )07 — ch 26, Up.m + ph ™ A, Upm
= —eh™*(1 + Pey)8z — eh 262 Up m + ph™ A Upm,
where Pej, = ph/(2e¢).

When p < 0, the backward difference /X, should be replaced by a forward difference A’ and,
with the identity AT = A + 162, the corresponding manipulations are

27T

LFUsm = —eh (07 4+ 62)Usm + ph™ K, Upm
= —(ch™? = 3ph™")67 — ch 26, Up.m + ph ™' 2 Upm
= —eh™?(1 — Pey)dz — ch™ 0. Up m + ph™ " 2 Upm.

Here Pej, < 0 so that Pep, = —|Pey,| and therefore both cases are accommodated in the single
formula

Li;Upm := —eh™*(1+ [Pen|)52Upm — eh™ 267U m + h™'pA,Usm.
The generalization to the PDE —&(ugy + Uyy) + puy + quy = 0, is

—eh™*(1 + [Pep 4 )03Um — h™ (1 + [Pen y )8, Usm + b~ A, Upm + h ™ g Upm = 0,

where Pey, , := ph/(2¢) and Pey, , := qh/(2¢).
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Exercises 11 Finite difference methods for parabolic PDEs

11.1
Differentiating u; = wug, with respect to ¢ we find uy = wug,: while differentiating twice with
respect to = leads t0 Uzgpr = Uget. Hence (11.12) becomes

Ry, = skuy|, — 5h Usans |, + O(k?) + O(h*)
= 3h*(r — Ptgat|,, + O(K*) + O(RY).
When r = 1/6 the order of consistency is O(k?) + O(h?).

11.3
Equations (11.8b) give, for m =1,2,..., M — 1,

UMt = rgo(nk) + (1 — 2r) U + rUS

Uptt = rUP + (1 = 2r)UY + U
Uyt = rUN—3 + (1 —=2r)Upy;_o + 17U _4
U]\‘;_ll = rUy_o + (1 —2r)Uy;_; + rg1(nk)

which, in matrix-vector form, become

1—-2r T o - 0 [g0(nk)]
T 1-2r r 0
"ttt =1 0 r u” +r :
0
. T 0
0 r 1-2r g1 (k)|
where u™ = [UP,UR, ..., U%_,]T. The coefficient matrix is clearly the same as that in the BTCS

scheme (11.25) with r replaced by —r.

11.5
The finite difference scheme U™t = %TU,?L_Q +(1-r)U} + %TU:;H_I can be written in the form
(11.10) with

LyU}, = —5h™>(U}

m—2

—3U% + 207, ).

Using the Taylor expansions of u;, _, and w),,, about the point (z,,,t"), we find that (all the
terms on the right hand side are evaluated at (x,,,t"))

1 1
Lpuy, = f%ifQ( u — 2huy + E(Qh)Qum — 5(2h)3umz + O(h4)

—3u
1

3'h3um + O(h"))

1
+ 2u + 2hu, + 2§h2um +
= —Ugz + O(h).

Since Lpu = Lu+ O(h), Ly, is first order consistent with £ and, from (11.11), the given method
is therefore consistent with the heat equation. The stencil and domain of dependence are shown
in Fig. 11.
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«<——— Interval of dependence —— >

Figure 11: Stencil (left) and domain of dependence (right) for Exercise 11.5.

11.7
Replacing U by —U in Theorem 11.5 we have

—h205(=Up) + k7N ((=Un™) = (=Up)) <0
ie, —h22UN + K~ UMT —UR) >0

for (m,tni1) € £2;. Thus, if r = k/h? < 1/2 then U is either constant or else attains its minimum
(—U attains its maximum) value on I;.

If —h=2620" + k=1 (Ut —U) = 0 then U is either constant or else attains its maximum and
minimum value on I;. The case when U is constant can only occur if U is the same constant on
I7. So, when Uy = Uy, = 0, the maximum absolute value must occur at ¢ = 0.

11.9
The local truncation error of the BTCS approximation (11.22) is, by definition,
1

n+1 n 2. n+1\ __ n+1 n —2¢2 n+1
(um — Uy, — T(qum ) - E(um - um) —h 6mum

Rh‘n =

m

=

and, using u?, = u™ — kue|T + Lk | + O(K®) together with 62ultt = wg, |t +
%h2uzzzz|nm+1 =+ O(h4)7 we find

Rl = (welp™ = Shuss|™ + O(k?)) = (toalin™ + F5h tgzaali* + O(h*))
= (Ut - umm) ‘::rl - %h2 (rutt + %Uzzzz) ’nerl) + O(k2> + O(h’4)

and so Ry, = O(k) + O(h?). Since uy = Utzr = 02Ut = Ugzas, this becomes

n+1
m

n

Rulo = =30 (r + e ) + O(k%) + O(h*).

m

11.11
Replacing U by —U in Theorem 11.11 we deduce that

—h2E(=U) + kT (=URT) = (=UR))
e, —h 22U + kTN UM —UD)

AVARRVAN

0
0

and so U is either constant or else attains its minimum value on I when r = k/h? < 1/2. Thus,
if —h725200 1 + k=Y (U —UR) = 0 then U is either constant or else attains its maximum and
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minimum value on I;. The case when U is constant can only occur if U is the same constant on
I7. So, when Uy = Uyp; = 0, the maximum absolute value must occur at ¢ = 0.

11.13
With £,U = —h™262U, the defining equation (11.30) of the —method becomes

Uttt —ora2Unt = U + (1 — 0)ro2U;"
ie.,
—rQURTY + (14 200) U — QUYL = (1 — O)UR _y + (1 —2(1 — 0)r)U + (1 — O)UL 4
so, with the given BCs, these give, for m =1 and m = M — 1,
(1+2r) U7 = rUZ ! = (1= (1= 20)r)UT + r(1 = 0)U3 +7((1 = 0)go(tn) + 090 (tn+1))
U + (L4 200U, = r(1 = 0)URy o + (1 — (1= 20)r)Ugyr_y + (1 = 0)g1(tn) + 091 (tnt1)).
Thus, for (M — 1) x (M — 1) matrices B and C:

Bu"t! = Cu" + f"

where
[1+2r0  —r6 0 e 0
—rf 14+2r0 —r6
B = 0 —rd = A(fr)
" —7rf
| 0 —rf 1+ 2rf
[1—2r(1—0) r(1—26) 0 0
r(l1—0) 1-2r(1-6) r(1-20)
C= 0 r(1—0) =A((0—1)r),
6
| 0 r(1—6) 1-—2r(1-20)

where A = A(r) is the coefficient matrix appearing in (11.25). Also,

I =r[(1 = 0)go(tn) + 090 (tn11),0, ..., 0, (1 = 0)g1(tn) + 091 (tns1)]"-

11.15
Replacing U by —U in Theorem 11.16 we deduce that

—3h 2 (URT) + (UR)) + k(UL = (=UR))) <0

ie., —gh (UM +UR) + k(UG = UR) 20
for (Zm,tns1) € §2,. If r = k/h? < 1 then, from Theorem 11.16, —U is either constant or else
attains its maximum value—therefore U attains its minimum value, on I.
Thus, if —1h=262(ULT + UR) + k=1 (Ut — U) = 0 then U is either constant or else attains
both its maximum and minimum value on I;. The case when U is constant can only occur if U
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is the same constant on I;. So, when Uy = Uy, = 0, the maximum absolute value must occur
at £t =0.

11.17
We use two properties of a sum of non-negative terms: it is always smaller than the (largest
term) x (the number of terms) and it is always larger than the largest single term. The norm

M 1/2 M 1/2
- " 2 1 -
1U-1l,2 = (hz |Unm| ) < <hz_0 1) o208 Ul = U1l oo-

m=0

If the largest term among {U}},})_, occurs at m = 0 or m = M, then ||U.|, ., = |Uo| or [Un|
and [[U.]l; 5 = g VAU, -
I (|U[l} oo = [Um| with 0 <m < M, then ||U.[|;, , > \/E||U||hOo Thus, in general,

VUl o < U]

ne < Ul o
For the two possible grid functions a simple calculation reveals

Case | MU oo UL
(a) 1 1 Right hand bound attained
(b) 1 %\/E Left hand bound attained

These examples show that the bounds are attained so they cannot be improved upon.

11.19
From the solution to Exercise 11.13, the #-method applied to the heat equation gives

URtL — gro2Untt = UL, + (1 — 0)ro2U,.

We now substitute U? = £"e*™" and use the relationships U2+l = ¢€U” and (11.47b) to give
(we define s = sin®*($xh) as a convenient abbreviation)

- " _1-4(—0)s
[1+4r0s]EUy, = [ —4r(1 = 0)s|U;, = €= 1+ 4r6s

We can rewrite this as
4rs

= 1 ]
¢ 1+ 4r0s
so & <1 forall »>0and # > 0. In order that £ > —1 we require
1—4r(1—0)s > —-1—4rfs = 2r(1—-20)s<1.
This holds for all 7 > 0 when § > 1 otherwise, it will hold for all s € [0,1] only when r is
restricted by

1
< — .
"=51-20)

This reduces, as it should, to r < % when 6 = 0 and the method becomes the FTCS scheme.

11.21
The FTCS scheme (11.53)

Urtt = U 4+ r2U" + e, U
= (r—=3nUp_1+ (1 =20 U + (r+ 3p)Us 11
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is of the form
Uttt = a1 Uy + aoU + aq Ul 4

with a1 = r — %p,ao =1-2ra =1r+ %p. Non-negativity of the coefficients requires
%p <r< % The left inequality simplifies to & < 2e (so that stability is only possible if the
spatial grid size is sufficiently small compared to €), that is, Pe;, < 1, where Pej, := h/(2¢) is the
mesh Peclet number. The right inequality leads to k < h?/2e—the stability region is shown in
Fig. 12 (Left).

The conditions % p?<r< % for £5-stability require k < 2¢ and k < h?/2¢, both coinciding when
Pep, = 1. The corresponding stability region is shown in Fig. 12 (Right). Thus the scheme is
{5-stable for any spatial grid size.

\ A
g {0 stabilit i y £ stabilit, i
9e oo stability region 9 | 12 stability region
| I
2¢ h 2e h
(Pep, =1) (Pep =1)

Figure 12: The stability regions for Exercise 11.21.

The proof of Theorem 11.5 may be used to establish a maximum principle under the conditions
% p<r< % The only change necessary is the derivation of an upper bound on U7 !: This now

reads
- . , .
Ut <a UL+ U, + qUl

and, because U,Zl_l, Ui, Uﬁl 41 < K and the non-negativity of the coefficients
U,,Jy-;rl S (0471 + Qo + Oél)KT = KT
since av_1 + ag + a1 = 1.

11.23
We substitute U, = £"el*™" into the finite difference scheme

Ut = grUp o+ (L=1)Up + 31U
and use the relationships U™l = £UR, UR _, = e=2¢mhgn and UP, | = e"™hUT to give
UL = tre 200 UN 4 (1= r)UR + 2re™ U = E=1—1+ ir(2e"" + 7200,
Extracting real and imaginary parts of the right hand side we have
&= (1—r—rcoskh)+ irsinkh = (1 —2r sin® 1kh) + irsinkh
so that, after expressing sin kh in terms of half-angles,

1€ —1 :—4r5[1—r+%r(1—5)], s = sin® 1kh.
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Hence |¢|? — 1 < 0 if the bracketed term on the right hand side is positive for s € [0, 1], Since it
is a linear expression in s, only its end-points need to be examined. It is non-negative at s = 0
if r <9/8 and at s =1 if » < 1. The method is therefore ¢5 stable for r < 1.

11.25
With the Robin end condition —u,(0,t) + ou(0,t) = go(t), the numerical boundary condition
(11.57) is replaced by

—IhN(=U" + U) 4 oUY = go(nk).

Using (11.59) to eliminate U™, leads to

1
%(USH — (1 =2r —2hro)U§ — 2rUT) = go(nk).

or, for computational purposes,
Ugtt = (1 — 2r — 2hro)UJ + 2rUT + 2rhgo(nk).

However, it is the former version that is correctly scaled for determining the local truncation

error (all the terms involving u on the right hand side in the following expansions are evaluated
at (0,nk)):

n . n n
Rh‘o = %(UOH — (1 =2r = 2hro)ug — 2ruy) — go(nk)
1
= %(U + I{/’Ut + %k2U/tt + O(ks)

— (1 —=2r —2hro)u

—2r(u + hug + %h2um + %hgumz + O(h4))) — go(nk)

1
= %((1 — (1 =2r —2hro) — 2r)u + kuy — 2hru, + %kQUtt — kg, + - ) — go(nk)
= (ou — ugy — go(nk)) + $h(us — uee) + §h(3kuy — 2hUgae) + - - - .

Hence Ry, = O(hk) + O(h?) is consistent of second order in h since k = O(h), u(0,t) —u,(0,t) =
go(t) and uy = ugy,.

11.27
The Crank—Nicolson scheme (11.34b) for the heat equation at m = 0 is

—%rUﬁfl + (1 +r)Uptt — %TUI”Jr1 = %rU’jl +1-rU+ %TU{‘.
and using (11.57) at t = nk and also with n replaced by n + 1 gives

féhfl(fol + U = go(nk) = U, =U7 +2hgo(nk)
—sh ' (U + UMY = go((n + 1)k) = UM = UM 4 2hgo((n + 1)k).

On substituting for U”; and U™ the Crank-Nicolson scheme then becomes

(1+7) Ug‘“ - 7’U{’Jrl =1-rU}+rU7 + hr(go(nk) + go((n+ l)k))
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11.29

We prove the result by induction on n. Let Ko = ||U°|| h.oos then the induction hypothesis
1000 < |\U0||h’oo is satisfied at n = 0. Let us suppose that it holds up until n = j so that
U711, 00 < Ko. We need to prove that [[U7H!, . < Ko when r < 3. This is done in a two
step process, exploiting the one-dimensional nature of the factors constituting the scheme. Let
Vit =1+ rs2)U7,, then

Vi = |rUf oy + (1= 20U + U]

;MM m+1
<(r+1=2r|+7r)Ko= Ko

+

since 1 — 2r > 0. A similar argument with Ug;;l =1+ réi)i/zml gives
- 4 4 ,
|Ug+ | = ‘T‘/ijl,m + (1 - QT)%J,m + r‘/éJJrl,m|

S (T+|1—27"|+7")K0:K0

and so the induction hypothesis holds with n = j+1. Thus [|[U"||, ., < Ko holds forn =0, 1,...
provided that r < %

11.31
(a) The given finite difference scheme may be written

n n k n n n n
Um+1 = Um + m (Terl/Q(Uerl - Um) - rm71/2(Um - Umfl)) ’

Since ry,41/2 = rm £ h/2, this may be written as
n n k n n n n n
Untl = pn 4 e (rm(Up oy =200 + U _)) + 20U — UL _y))

1
kY untt —un) = hT252Un + —hT AU
m
which is the same as the scheme obtained by replacing the spatial dervatives in u,, + %ur with

second order accurate differences and the time derivative by a forward difference k=1 A%,
(b) We may also write the scheme as

k h k k h
n+1 _ v o n ) Y n v e n
Um - h2 (1 27"m>Um71 + (1 2h2>Um + h2 (1 + 2rm> m+1

which is of positive type provided that k¥ < h?/2 (the formula is valid only for m > 1 so
h/(2rm) =1/(2m) < 3).
It was shown in Exercise 8.7 that u, — 0 as » — 0 when u possesses circular symmetry. Hence
uy, /7 is of the form 0/0 at the origin and, by 'Hopital’s rule:

Up o Oruy

lim — = lim
r—0 7 r—0 Opr

= Uy (0, 1)

so that the PDE becomes u; = 2u,, at » = 0. The standard FTCS approximation of this
equation is

k k
— 82Uy = Uy +2— (U — 208 + U7)

n+1 __ n
UO _UO +2h2 T h2
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but, because of symmetry, U™, = U7* and so

Uyttt =U; +4ﬁ(U1 UM =01 —4ﬁ)UO +4EU1

which is of positive type for k < h?/4.

11.33
We use the expressions derived for £}, Uy ,,, derived in the solution to Exercise 10.17—the notation,
and numbering of nodes, is taken from that solution. Then

P UM = U7 — k( 65U7 — 16U3 — 16U} — 112),
Py: Uyt = — 16U + 65U% — 16U% — 16U,

14

4
Py: Ut = 54503 — TU;),

L 128 288
20303 — U3 — T UY).

979 256
5 U8 Ui —9).

Uy — k(
Uz — k(
P, U =Uf — k(- 16U7 + 65U% — 16U — 16U§ — 160),
P UM = UP — k(
Pg: Ugt = UG — k(

These equations will be of positive type if the coefficient of U;" is non-negative at the point
P;. The most restrictive condition occurs at P3 where it is required that & < 1/545. The
corresponding limit for a regular grid is k < 1/64 (as, for instance, at P;, j = 1,2,4).
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Exercises 12 Finite difference methods for hyperbolic PDEs

12.1
Differentiating the PDE wu; + au, = 0 with respect to ¢ gives:

g +aut; =0 = wup+adur =0 =  wuy+ady(—auy) =0
and 80 Uy = a?ug,. Using this in (12.21) leads to

Ra|" = Jah(c — ug.|" + O(h?) + O(k?),

m

as required.

12.3

The product of the coefficients of U]}, ; have opposite sign so it is not possible for both to be
non-negative.

The amplification factor of the scheme is

€=1—icsinkh = [{? =14 sinkh

thus £(17) = 1+ ¢? and it is not possible to find a constant C, independent of h and k such that
|€] < 1+ Ck (see Definition 11.20).

12.5

(a) The Lax—Friedrichs scheme can be written as?

Up =31+ 0Un 1 + U + 31— U
so its stencil is the same as that of the Lax-Wendroff method (see Fig. 12.6 (left)).
(b) The local truncation error is (note the scaling), using the results from Table 6.1,
Ra| o=k~ (upt — up, + e g, — $0%ur,)
= (ur + Skuy + O(K%)) + a(ug + $h*tags + O(h?)) — $(h?/k)uze + O(R?)
= (uy + aug) + skugy — (h*/k)uzs + O(K*) + O(h*) + O(h*/k)
so that R, = O(h) 4+ O(k) if ¢ is fixed—the method is consistent of first order.

(c) We see from part (a) that the coefficients on the right hand side are non-negative for
—1 < ¢ <1 in whch case the scheme is of positive type.

(d) The amplification factor of the scheme is, writing 6 = xh,
€ =1—1icsinf — 2sin? %9 = cosf — icsin 6.

Therefore,
I€> =1 =cos?0 — 1+ c*sin?0 = —(1 — ¢*)sin 0

and [£]? < 1 for all § € [—7, 7] if, and only if, —1 < ¢ < 1.

2Note that this can also be deduced from (12.26) by replacing U by the average %(U:fkl +UN )
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(e) The Lax-Friedrichs method has the same order of consistency as the FTBS and FTFS
methods so holds no advantage in that department. One major advantage that is does
hold is that it is stable for |¢| < 1 regardless of the sign of the advection speed so that it
can be applied to systems of hyperbolic equations that have both right and left moving
characteristics.

(f) The end product of the calculation in part (b) may be reorganized to give

n h?

Rh}m = (ut + aug — %?(1 + Augy) + O(K?) + O(h?) + O(h* k)

where we have used uy = a?ugz,. Thus the local truncation error is consistent of order

O(k?) + O(h?) (provided that ¢ = ak/h is fixed) with the PDE u; + au, = €uz., where

e=1n*(1+2)/k.

The scheme is consistent with an advection-diffusion equation which is of parabolic type.
The numerical solutions will therefore become smoother (damped) as time proceeds.

%R?e. Zubstitute Ur = ¢mel" ™ into the Lax-Wendroff method scheme
Uptt =1 —ch, + 22021 U
and use the relationships U1 = €U | (11.47b) and (11.47c¢) to give
EUY = UL —iesin(kh)U)), — 2¢%sin®(3kh)US, = £ =1—lcsinkh — 2¢”sin® xh.
Then, writing s = sin? %,‘ih
1€)> — 1= (1 —2c%5)% — 1+ ?sin®(kh) = —4c?s + 4c?s® + 4c?s(1 — 5)
= —4c?s%(1 — ¢2).
Clearly [([* —1<0if 2 < 1.

12.9
With p = 2,v = 0 the formula (12.17) leads to the coefficients

0 0 0
l+c 1 l+c l+c
a_g = ZEQ ke —5c(l=c), a1 = ZEQ =c(2—c), ap= 6112 = 5(1=c)(2—¢)

0£-2 £-1 (40

[
+
—_

Urtl = a_oU" 5+ a_1U% | + U gives the Warming—Beam scheme (12.64).

12.11

(a) The local truncation error of Leith’s method is
Rl =k~ up™ =+ e U — (r + 56%)52uy),
=w + 1kuy + O(k?) + a(ug + 2R°Ugee + O(R?)) — (€ + 2a°k) (uze + O(R?))
= (Ut + aug — sum) + %k(utt - a2um) + O(k2) + O(hQ)

and so is consistent of order O(k)+ O(h?) with the advection-diffusion equation u; +au, =
ElUgy-
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(b) Differentiating the PDE with respect to ¢ and x gives

Utt + AUyt = EUggpt
Ugt + QUzy = EUggy
so, subtracting a x second from the first equation leads to usy = a?uzy + &(Upwt — AUzzs)

and, therefore,
Rh ; = %kg(uwmt - aummm) + O(k2) + O(h2)

From the point of view of convergence as h, k — 0 the scheme is clearly consistent of order
O(k)+ O(h?) with the advection-diffusion equation. However, the factor ¢ multiplying the
leading term in the local truncation error means that in computations where ¢ < 1, the
method will, on coarser grids, effectively perform as a second order scheme.

(c) We observe that the amplification factor for Leith’s scheme
€=1—A4(r+ Lc?)sin®(Lkh) +1ipsin(kh)

is the same as the FTCS scheme (11.53) with r replaced by (r + 3¢?) and p replaced by
—c = —ak/h. The stability conditions (11.56) become

1.2 1.2 1
¢ =Tt s3

so the left inequality is always satisfied leaving 2r 4 ¢ < 1. Written in terms of h and k,
this requires
2¢k + a’k* < 2.

If both sides are multiplied by a?/c? we find

ka? ah .2
) <5

ka® T2 72
2?+( ) = 2k + k<R
where the stability region is independent of any parameters when expressed in terms of
k= ka? /e and h = = ha/e (known as non-dimensional variables because their values are
independent of the units used to measure k, h, a and €). Thus, in the h-k plane the
boundary is a branch of the hyperbola

(1+k)?2—-h2=1

whose centre is at k = —1, h = 0 and has asymptotes k= —14h. The region bounded
by this curve and the h-axis is shown shaded in Fig. 13 but the scales shown on the axes
are for the grid sizes h and k. Also shown for reference is the curve is k = eh?/2 (dashed),
which is the corresponding stability limit for the FTCS approximation of the heat equation
Ut = EUgz,. We can see that this is the relevant limit when e/a is large (when we should
focus on the stability region near the origin where h and k are small). On the other hand,
when ¢/a is small—the advection dominated case—we enjoy a limit which is approximately
that for the FTCS approximation of the advection equation u; 4+ au, = 0, i.e., k < ah.

12.13

(a) We evaluate the coefficients supplied in (12.33a) at the Courant numbers ¢ = —1,0,1,2
and display the results in the following table.
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{5 stability region
Figure 13: The ¢5-stability region for Leith’s method.
The dashed curve shows k = ¢h?/2 and the dashed

T T I .
e/a % /a 3¢/q h  line the asymptote k = (ah —€)/a?.
Coeffs. a_o a_1 g a1
c| —gc1=¢*) icl+0)2-—c) 1(1-c2-0c) iclc=1(2-0)
2 1 0 0 0
1 0 1 0 0
0 0 0 1 0
-1 0 0 0 1
and so UPtl =Un _ for c = —1,0,1,2.
Using (12.33a), the LTE is given by
Ra| o=k (upt — w4 edup, — 5670%un, — (1 — )X, 600l )

The expansion of all terms except the last on the right hand side are available in Table 6.1.
For the final term we proceed as follows (many other routes to the same destination are
possible): Since A v = hv, — 1h%v,, + O(R®) (Table 6.1) then, with v = §2ul’, =
h2ug, + O(hY),

N, 02ul = hoy (hPuge + O(hY)) + O(hY) = BPugee — h'ugees + O(R°).

Now
Rh‘; =+ Skup + 2K une + 9k uge + O(KY)
— %ka2 (Uzz + 11_2h2uzzzz + O(h4))
— %a(l — 02)(h2’uzzz - hgummmm + O(h‘4))
so that
Rhm = u;+auy + %k(utt - a2um) + %kQ (Uttt + a2uzzz)

+ 2—141@3 (umt + a2umm) + ﬁazlhg(l +o)(1—¢)(2 = )uggaa + O(h4).
But &/u = (—ad,)7u so that this reduces to
Rh’; = iazlhg(l +¢)(1 = ¢)(2 = O)Ugzee + O(RY).

Notice how the leading coefficient vanishes at ¢ = —1,1,2 (as do all subsequent coefficients
in deference to part (a)).

(¢) The CFL condition follows immediately from Example 12.3.
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(d) We substitute U, = £"e*™" into the finite difference scheme and use the relationships
Untl =¢ur, N Um = (1 —e *h (11.47b) and (11.47c) to give

£=1—icsinf —2c®sin® 10 — 2c(1 — ?)(1 —e" %) sin® 19,

where § = kh. We now write s = sin® 26 and then 1—e™"¢ = (1—cos @) +isinf = 2s+isind
so that, collecting real and imaginary parts

£=1-2c%—3¢(1—c?)s® —ic(1+ Z¢(1 — c?)s) sinb.

Therefore, since sin?@ = 4s(1 — s) and defining A = %c(l — ¢%)s in order to lighten the
complexity,
€=1-2c%s —2As —i(A + ¢)sind.
2 —1=(1-25(A+)> =1+ 4(A+)%s(1 — s)

= —4s(A+c?) + 453 (A+ ) +4(A+c)%s — 4(A+¢)%s?

=—4s((A+c*) —(A+0) )+45(A+c —(A+*)?)

= —4sA(1 — 2c — A) +45%(? — ¢)(c* + ¢+ 24)

= —45A(1 —2c — A) —45*c*(1 — ¢*) —85*Ac(1 — ¢)

T
= —4sA(1 — %C—A +2sc(l—c¢)) = fgc(l — c2)(2 — 0)52 [1 + %sc(l — c)}

2
gsc(l—c)(c—2)

(e) For fy-stability it is necessary to have |£[*> — 1 < 0. Since F(s) := (|¢|*> —1)/s? is linear in
s and, in order for it to be non-positive for 0 < s < 1, it must be non-positive at s = 0 and

s = 1. Now
F(0)=—-3c(1-c*)(2-¢) <0 =ce[-1,—-3Ul0,1]U[3,2
F(1) = =8c(1-¢*)(2-c)(1 +2¢)(3 - 20) = c € (—o0,—1]U[0,1] U [2,00)

and the only interval held in common is ¢ € [0, 1].

12.15
The mth component of Cv; is

(Cvj), =—c(v;), +1+0)(v;), = —ce?mim=DI/M (1 4 ¢)e2mim i/ M
= (1+c—ce M (y)

this holds for allm = 1,2, ..., M (at M = 1 we need to recognise that (vj)M = (vj)M71 because

of the periodic nature of its components). Thus Cv; = \jv;, where \; = 1+ ¢ — ce™2™/M,
Comparing this with the amplification factor £(kh) given by (12.36), it is seen that

N = 1/€(2jh)

corresponding to the wavenumber x = 27j. This result generalises readily to all constant co-
efficient finite difference approximations of parabolic and hyperbolic PDEs with periodic BCs
because all circulant matrices of a given dimension share the same set of eigenvectors.
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12.17

From (12.22) and Exercise 12.16 we find, respectively,

. 1 1
5}7‘(9) =1- C+06716 and gB(e) = 1 — ¢+ celf = €* (9)
F

(where &f:(0) is the complex conjugate of {p(6)) so that &5(0)Ep(0) =

Since |&p(0)] [€5(0)| = 1 it follows that if |{p(0)| < 1 (the FTBS scheme is stable) for some scaled
wavenumber 6, then |£5(6)] > 1 (the BTFS scheme is unstable) at that wavenumber, and wvice
versa. Their stability regions are therefore complements of each other. Since the FTBS scheme
is stable for 0 < ¢ < 1 we deduce that the BTFS scheme is stable for ¢ > 1 and ¢ < 0.

12.19
With n = (1 —¢) + (1 + ¢)e™"*", then
=(1—c)+(1+c)e" = ((1—cle ™"+ (1+c))e""
so that (12.39) becomes ¢ = e~'*hy/p*. Tt follows that |¢| = 1 (for all ¢) since |n| = |n*| and

le=i®h| = 1.

12.21
The amplification factor of the method (12.5) is

v
& — Z ajeijnh

Jj=—u
and its LTE is
Ry, = k7" (up ! = Z Qi y5)-

j==n
The solution of the advection equalion u; + au, = 0 with initial condition u(z,0) = exp(ikx) is
u(z,t) = exp(ic(z — at) so the LTE becomes

Rh|n _ k—1(ein(zm—a(n+1)k) _ Z ajeiﬁ(wm,+j—ank))
J=—p
= k! (e—aink _ Z ajeijnh)eiﬁ(zm—ank) = k! (e—ciG _ 5(9))1/;”
J=—p

where § = kh. This shows that equation (12.50) holds more generally than just for the Lax-
Wendroff method.

Now hPFT19PH1y = (ikh)PHly = (10)PH1u with a similar expression for hPT29212y and the given
error expansion gives

k’Rh‘ Cpi1(10)P u + Cpia(i0)PT2u + O(hPT?)
and, using (12.50), we obtain
£(0) = €70 — Cpp (1071 — Cpy2(i0)72u + O(h7+)

showing that the amplification factor is an order (p + 1) approximation of e~
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(a) pis odd: then (i0)PT! is real and (i#)P*2 is imaginary. In fact, supposing that p = 2¢q — 1
(where ¢ is a positive integer),

(i0)PH = 2agpt1 = (—1)9gPt! = (—1)(PHD/2gpH
and (i0)P+? = (—1)PT1/2igr+2, Hence
€(0) = (cosch — (—1)PTD/2C, L 0PF1) —i(sined + (—1)PTD/2iP+2) + O(63)
leading to

€(O)2 = (coscd — (~1)PTD/2C,10771) 4 (sined + (—1)PHI/20, ,072)? 4+ O(9P+?)
= cos? cf + sin cf — 2(—1)PHD/2C L 0PH L cos e + O(6PF3)
=1- 2(71)(p+1)/20p+19p+1 + O(6P*3),
where we have used P+ cosc = 0P + O(6P+3) and 0PT2 sin c) = O(9PF3).

(b) p is even: then (i0)P*! is imaginary and (i0)P*2 is real. In fact, supposing that p = 2¢
(where ¢ is a positive integer),

(i0)P+! = i(i20)PH = (—1)%grtt = (—1)P/ 2P+
and (i0)P*2 = (—1)P/2+19P+2, Hence
£(0) = (cosch — (—1)P/2F1C, 1007 72) —i(sined + (—=1)P/2Cpy107) + O(0PT3)
leading to

16(0)]% = (cos el — (—1)P/2H1C00P2)% + (sinch + (—1)P/2Cpp1671)° + O(6P )
= cos? cf + sin’ cf — 2(—1)P/2H1C, 20PF 2 cos e + 2(—1)P/2C, 167 sin ch + O(6P+3)
=1 —2(—=1)P/2HC, 00772 4 2(—1)P/2C, 10712 + O(9PF3)
=1—2(=1)P2(cCpi1 + Cpi2)dP2 + O(BPF3),

where we have used 0712 coscf = P72 + O(6P+*) and 6P sin e = P2 + O(9PT).

The bottom line is that for a method whose order of consistency p (odd), the order of dissipation
is (p+ 1) but, if the order of consistency p (even), the order of dissipation is (p + 2).

12.23
When ¢ > 0, characteristics travel from left-to-right (see Fig. 14, left) and the domain of depen-
dence of the anchor point (shown as o) is shaded. The method must be used as

Ur'rrzl-i-l:(UT’Irll_i_cUZtll)/(l_i_c)’ m:1’2,...,M

so the BC must be placed at x = 0.
The corresponding situation when ¢ < —1 is shown in Fig. 14 (right) and the BC needs to be at

xr=1.

12.25
The Lax-Wendroff method is applied at the points (z,,,nk), 0 < m < M, n > 0. At these points
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Figure 14: The two modes of operation of the
BTBS scheme in Exercise 12.23 with target
points (o). Both modes are stable provided that
the characteristics lie in the shaded regions.

the LTE R}, = 0 because the exact solution is a quadratic polynomial and the expression for
the LTE involves the 3rd derivatives of u (see (12.30)). So

1
Ry = E(Uz;_l —up, + e, — 2P52ul) =0,

and so the global error E = u — U itself is a solution of the Lax-Wendroff scheme:

EMtl = (1—ch, + 33262) EL
=31+ B, 1+ (1 —)Ey + 5e(c— DEp 4

with starting condition EY, = 0 and a homogeneous BC EJ = 0 at z = 0. Thus, by a domain of
dependence argument, E = 0 for z,, +t, < 1.
The LTE of the FTBS scheme (see (12.21)) at = = 1 is, for u(x,t) = (r — )% and a = 1,

M= k_l(urzlv;rl —cupyrq —(1- C)“%) =—h(l-c¢)

and so
Byt = cBjy_y — (1 ¢)Bjy — hk(1 - o)

forn=0,1,2,....
Assuming now that £} — A,, as n — oo, the Lax-Wendroff equations reduce to

(I+c)Am—1—2cAn+ (c—1)Apn+1 =0,

Setting

1-M
1+c¢ c+1
C=11-c?n*|- =
2( ) 1—c ’ c—1
then the proposed solution is A,, = Cp™. Substituting, we find,

1
(14 ) Aot — 2¢Am + (¢~ 1) Amy1 = cm(%ﬂw(ﬁnp) — Cp™((c—1)—2c+(c+1)) =0

so these equations are satisfied.
When Em — A, as n — oo, the FTBS equations reduce to Ay — Ay—1 = —h%(1 — ¢).
Substituting the putative solution into the left hand side of this, we find

2

Ay — Ay =CpM 1 (p—1) = 1

Cp]M—l _ —h2(1 _ C)
as required.

12.27
The FTCS method is stable only for positive eigenvalues and the FTBS method is stable only
for negative eigenvalues but the matix A has eigenvalues +a of both signs.
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(a) Applying the FTBS method to (12.66a) and the FTBS method to (12.66b) leads to

(Ut =Vt = (U, = Vi) = e85, (Uy, = Vi)

c(
(U + Vit = (Up + Vi) + e (UR + Vi) = (1

so, by adding and subtracting, we find

Uptt = (1= o)U + scUn =V )+ 35¢Up o+ Vi)
= (14 2c2)UL + cA, V)

Vit = (1 —o)Vy —c(U) = Vi) + (U1 +Vinit)
= (14 2c2)Vr 4+ cA UL

UL = (1+ 5e8)Up — (k/W)ADUY, =

(14 1c62) e\,
e, (1+ 1c62)

1 1

(b) With A = { i

72 8} the matrix of eigenvectors is V = [

la|VV =1 = |a|I. The method now reads
Uy =Uy, = (k/h)ALU,, + 51cl 02U,
which is identical to the method in part (a) provided a > 0.
(c) Following the steps in Example 12.18 the Lax—Friedrichs scheme is found to be
Ut =11 = (k/h) AL, + 563107,

which is identical to the method in part (b) when |¢| = 1.

12.29
Consider the critical factor in the final term on the right hand side of (12.77)

Ko (e SLUR) = o 8U, — on 1 85U
but AU"_| = A, U so that this becomes
L (P BLUR) = o SLU, — o 1 5,U
= (£ g )
where pl', = /N U /AL U and the result follows.
12.31

The minmod limiter is a special case of the Chakravarthy—Osher limiter.
Chakravarthy—Osher:

p<0: max{0, min(p, ¥)} = max{0,p} =0
0<p<: max{0, min(p, ¢)} = max{0, p} = p
p>9:  max{0,min(p, )} = max{0, ¥} = ¥.
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m*

Uy =V )+ (1 =o)(Uy, = Vi)
=) Uy + V) +cUpir + Vi)

] and A = diag(—a,a).
Therefore |A| = |a|l (where I is the 2 x 2 identity matrix) and so |A| = V|A|V~!



Superbee:

Chakravarthy—Osher

} =max{0,p)} =0
} = max{0,2p, p} = 2p

}=max{0,1,p} =p

) Superbee
2 —
L DR
1 —
0 T T !
0 1 2 3 P
Figure 15: The flux limiters for Exercise 12.31.
p<0: max{0, min(2p, 1), min(p, 2)
0<p<3: max{0, min(2p, 1), min(p, 2)
1<p<l: max{0, min(2p, 1), min(p, 2)} = max{0,1,p} =1
l<p<2 max{0, min(2p, 1), min(p, 2)
p>2 max{0, min(2p, 1), min(p, 2)
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