
Preface

This book is about how symmetric functions can be used in enumeration. The devel-
opment is entirely self-contained, including an extensive introduction to the ring of
symmetric functions. Many of the proofs are combinatorial and involve bijections or
sign-reversing involutions. There are numerous exercises with full solutions, many
of which highlight interesting mathematical gems.

The intended audience is graduate students and researchers in mathematics or
related subjects who are interested in counting methods, generating functions, or
symmetric functions. The mathematical prerequisites are relatively low; we assume
the readers possess a knowledge of elementary combinatorics and linear algebra.
We use the basic ideas of group theory and ring theory sparingly in the book, using
them mostly in Chapter 6.

Chapter 1 introduces fundamental combinatorial objects such as permutations
and integer partitions. Statistics on permutations and rearrangements are defined
and relationships between q-analogues of n, n!, and

(n
k

)
are given, as these are used

in later chapters. We also provide an introduction to generating functions. Much of
the material in this introductory chapter is classic.

Symmetric functions are introduced in Chapter 2. Our development emphasizes
the combinatorics of the transition matrices between bases of symmetric functions
in a way that cannot be found elsewhere. Readers may find this approach more
accessible than those in other books that discuss symmetric functions. This material
is essential to understanding the later chapters in the book; after all, this book is all
about how to use the relationships between symmetric functions to solve counting
problems.

One of the major ideas this book highlights is that ring homomorphisms ap-
plied to the ring of symmetric functions can be used to find interesting generating
functions. This is first applied in Chapter 3, where we use the background material
introduced in Chapters 1 and 2 to find an assortment of generating functions for
permutation statistics. We are able to count and refine permutations according to
restricted appearances of descents and prove a number of results about words.
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In Chapter 4, the techniques introduced in Chapter 3 are extended to find gener-
ating functions for a variety of objects. The exponential formula and the generating
functions derived from linear recurrence equations can be found with the methods
introduced in Chapter 4.

The Robinson-Schensted-Knuth algorithm is presented in Chapter 5, an impor-
tant algorithm which needs to be included in any book on symmetric functions and
enumeration. Connections are made to increasing subsequences in permutations and
words and the Schur symmetric functions. A q-analogue of the celebrated hook
length formula is proved.

Symmetric functions are used to prove Pólya’s enumeration theorem in Chap-
ter 6, allowing us to count objects modulo symmetries. This is a standard topic in
many courses on combinatorics, but too often it is not made clear that Pólya’s enu-
meration theorem can be properly phrased using the language of symmetric func-
tions. We also give a new combinatorial proof of the Murnaghan-Nakayama rule
from the Pieri rules.

Chapters 7 and 8 are more specialized chapters than the others, and may appeal
to researchers in this area. In Chapter 7 we study consecutive pattern matches in
permutations, words, cycles, and alternating permutations. Chapter 8 introduces the
reciprocity method, an approach which can provide a way to define ring homomor-
phisms with desirable properties.

Most of the results and exercises found in Chapters 3, 4, 7, and 8 are appearing
in book form for the first time.

The chapter dependency chart for the text is as follows:

Chapter 1

Chapter 2

Chapter 3

Chapter 4

Chapter 7

Chapter 8

Chapter 5

Chapter 6
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