Chapter 2
The biprojective space P! x P!

In this chapter we introduce bigraded rings and their properties, we introduce
the biprojective space P! x P! and its subvarieties, and we introduce the required
background on Cohen-Macaulay rings. In particular, we build the correspondence
between the bihomogeneous ideals of the bigraded ring R = k[xo,x1,y0,y1] and the
varieties of P! x P!, mimicking the well-known correspondence between graded
ideals of a polynomial ring and the varieties of P". While many of the results of this
chapter extend quite naturally to any multiprojective space P! x --- x P we will
focus primarily on the case of P! x P! (see the discussion at the end of the chapter for
what is known in the general setting). Similarly, our discussion of Cohen-Macaulay
rings takes place within the context of the bigraded ring R = k[x¢,x1,y0,1]-

Throughout this monograph, k denotes an algebraically closed field of charac-
teristic zero. In addition, N:= {0, 1,2, ...} denotes the set of non-negative integers.
We let N2 := N x N and let < denote the natural partial order on the elements of N2
defined by (a,b) < (¢;d) in N? if and only if a < c and b < d.

2.1 Bigraded rings

Let R:= k[xo,x1,y0,y1] be a polynomial ring with coefficients in k. We let m :=
(x05%1,Y0,y1)- Set degxp = degx; = (1,0) and degyy = degy; = (0, 1). A monomial
m = x¢x7y5y4 € R has bidegree (or simply, degree) degm = (a+b,c +d). We make
the convention that 0, the additive identity, has deg0 = (i,j) for all (i,j) € N2. Note
that the elements of k all have degree (0,0).

For each (i,j) € N, let R;; denote the vector space over k spanned by all the
monomials of degree (i,j). (Because 0 € R;; for all (i,j) € N2, R;; satisfies all the
axioms of a vector space). The ring R is then a bigraded ring because there exists a
direct sum decomposition
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8 2 The biprojective space P! x P!

such that R; jRi; C Riyji for all (i,j), (k,1) € N2,

An element F € R is bihomogeneous if F € R;; for some (i,j) € N2, If F is
bihomogeneous, we say its degree is degF = (i,j). Any polynomial F € R can be
written uniquely as F = F| + - -- 4+ F; where each F; is bihomogeneous. We call the
F;’s the bihomogeneous terms of F.

Example 2.1. The element F = x(z)xl y(3) + 17x0x%y(2)y1 - 34x(3)y? is a bthomogeneous
element of R because it is an element of R3 3. In particular, degF = (3,3).-On the
other hand, the element G = —16xpx1y0y1 + 14x‘1‘ is not bihomogeneous because
deg(—16x0x1y0y1) = (2,2) but deg 14x} = (4,0). Note that if R has the standard
grading , i.e., degxg = degx; = degyy = degy; = 1, then G is'a homogeneous
element of degree 4.

Suppose that I = (Fy,...,F,) C R is an ideal. If each F; is bihomogeneous, then
we say that I is a bihomogeneous ideal. Just as in the standard graded case, it can
be shown that I is a bihomogeneous ideal if and only if forevery F € I, all of the
bihomogeneous terms of F also belong to 1.

If I C Ris any ideal, then set I; ; := INR; ; for all (i,j) € N2, Each I; j is a subvector
space of R; j, and furthermore, I 2 EB(l- J)eN? I;;.If I is bihomogeneous, then we have
an equality, i.e., I = ®(i,j)€N2 I;;, because the bihomogeneous terms of F belong
to [ if F € 1. When I is a bihomogeneous ideal of R, then the quotient ring R/I
also inherits a bigraded ring structure. In particular, let (R/I);j := R;j/1;; for all
(i,j) € N?. Then

R/I= D (R/D)i;.

(ij)eN?

An R-module M is a bigraded R-module if it has a direct sum decomposition

M= P M,

(i) eN?

with. the, property that R; jMy; C My j; for all (i,j), (k1) € N2. If I is a biho-
mogeneous ideal of R, then I and R/I are both examples of bigraded R-modules.
Another example is the polynomial ring R but with a shifted grading. Specifically,
let (a,b) € N?. Then R(—a, —b) is the polynomial ring, but the (i,)-th graded piece
of R(—a,—D) is defined by

R(—a, _b)iJ = Rifa,jfb-

Note that R; j = 0 if (0,0) Z (i,).
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2.1 Bigraded rings 9

Remark 2.2. Any bigraded R-module M = P ; j 2 Mi,j can also be viewed as a
graded R-module if we view R as a standard graded ring, i.e., degx; = degy; = 1 for
i=0,1. Indeed, for each r € N, set

M[ = @ M,’J.

i+j=t

Then M = @, M; is a graded R-module. So, for example, if / is a bihomogeneous
ideal of R = k[xo,x1,y0,¥1], then we can also view R/I as a graded ring using
the standard grading. We will find it expedient from time-to-time to “forget” the
bigraded structures of our modules and consider only the standard graded structure.

Because of our interest in the interpolation problem, we shall be interested in the
bigraded Hilbert function, and its associated first difference function, both of which
are defined below.

Definition 2.3. Let / be a bihomogeneous ideal of R = k[xq,X1;Y0,1]. The Hilbert
function of R/I is the numerical function Hp E N? — Ndefined by

HR/I(i,j) = dimk(R/I),‘J' = dimkRiJ—diminJ.

Example 2.4. As a simple example, we compute the Hilbert function of R/I when
1= (0). In this case, Hg/;(i,j) = dimy R;j. But wenow have

dimgR;j = (i+1)(j+1) forall (i,j) € N?

because there are precisely (i<1)(j+ 1) monomials of the form x&x5y5y¢ with
a+b=iand c+d = j, and furthermore, these monomials form a basis for the
k-vector space R; ;.

Notation 2.5. When R/I is a bigraded ring, we write the output of the Hilbert
function of R/I as an infinite matrix, where the initial row and column are indexed
with 0 as opposed to 1. By Example 2.4, dimgR;; = (i+ 1)(j+ 1) for all (i,j) € N2.
Consequently, the Hilbert function Hg/; when = (0) is given by

(123 45 ..]
4 6 810---
6 91215 ---
Hryi=14 8 121620 ---
510152025 ---

W N =

Example 2.6. We consider a slightly more interesting example. Let

I = (x0,y0) N (x1,y1) = (X0X1,X0)1,X1Y0,Y0)1)-
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10 2 The biprojective space P! x P!

The ideal I is a monomial ideal and clearly bihomogeneous. Now dimylpo =
dimy 1, o = dimy Ip 1 = 0, which can be seen by the fact that the generators of I have
degree (2,0), (1,1), or (0,2). Now consider any (i,j) € N*\ {(0,0),(1,0),(0,1)}.
Every monomial of degree (i,j) is an element of /;j except xé){) and x’i y’l, whence
dimgf;j = (i+1)(j+ 1) — 2. So, the Hilbert function of R/I is given by

122...
207 ...
Hryi=199219...

In the standard graded case, information about R/I can be found in the first
difference of its Hilbert function. An analog of the first difference Hilbert function
can also be defined for bigraded Hilbert functions.

Definition 2.7. Let H : N> — N be a numerical function. The first difference
function of H , denoted AH, is the function AH : N> — Ndefined by
AH(i,j):==H(i,j) —H(i—1,j)—H(i,j— 1)+ H(i—1,j—1)

where H(i,j) = 0 if (i,j) # (0,0).

Example 2.8. We computed the Hilbert function of R/I when I = (xo,y0) N (x1,y1)
in Example 2.6. The first difference function of Hg; is then given by

110--
1-10---
AHgii=10 0 0 ...

An R-module homomorphism between two bigraded R-modules M and N, say
@ : M — N, has degree (0,0) if 9(M;;) C N;; for all (i,j) € N2. Just as in the graded
case, if

O0—=M,—M,_y—--—M —My—0

is an exact sequence of bigraded R-modules with all morphisms with degree (0,0),
then we have the following relation among the Hilbert functions of My, ..., M):

Huyy(i,j) — Hp, (i,]) + Hu, (i,j) — -+ (=1)"Hp, (i,j) = 0
for all (i,j) € N2,

Associated with any bigraded R-module M is a bigraded minimal free resolution,
that is, an exact sequence with degree (0,0) homomorphisms of the form
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2.2 Biprojective space P! x P! 11

0— D R(—j1, =)l ™) —; o —
(j142)EN?

D R =)o — @ R )™ —m—o.
(i12)EN? (j1j2)EN2

For details on how to construct this resolution, see [20, Chapter 6]; note that while
this reference describes how to construct the graded minimal free resolution of a
graded ideal, by taking into account the bigrading, we can adapt this procedure to
construct a bigraded minimal free resolution. By Hilbert’s Syzygy Theorem [20,
Theorem 2.1], I < 4 because we are considering ideals in a polynomial ring with
four variables. The numbers f3; ;, ;,)(M) are the bigraded Betti numbers of M.

2.2 Biprojective space P! x P!

We now generalize the definition of a projective space P and its subvarieties to
a multiprojective setting. While multiprojective spaces can be defined using the
modern scheme language, it will suffice for our purposes to only consider the
classical construction, i.e., the algebra-geometry dictionary between radical ideals
and closed subsets. We only sketch out the relevant details to describe the algebra-
geometry dictionary for bihomogeneous ideals of R = k[xo,x1,yo,y1] and closed
subsets of P! x P!, The proofs are similar to the graded case (see, for example, the
book of Cox, Little, and O’Shea [19]) so they are omitted.
The biprojective space P*'x P! is the set of equivalence classes

o neither (ag,a1) # (0,0)
P' x P! .= {((ao,al),(bo,bl)) €k x k? o (bo,(;n)l7é (0.0 }/N

where ~ is the equivalence relation ((ag,a;), (bo,b1)) ~ ((co,c1), (do,dy)) if there
exist nonzero A, € k such that (ag,a;) = (Aco,Acy) and (bg,b1) = (Udy, udy).
An element of P! x P! is called a point. We denote the equivalence class of
((ag,ay), (bo,b1)) by [ap : a1] x [bg : by]. It follows that [ag : a1], respectively [bg : b1],
is a point of P!,

If F € R is a bihomogeneous element of degree (i,j) and P = [ag : a1] X [bo : b]
is a point of P! x P!, then

F(Aag,Aay, uby, uby) = A'u/'F(ag,ay,by,by) for all nonzero A, € k.

To say that F vanishes at a point of P! x P! is, therefore, a well-defined notion.
If T is any set of bihomogeneous elements of R, then we define

V(T):={PeP'xP!' | F(P)=0forall F€T}.
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12 2 The biprojective space P! x P!

If I is a bihomogeneous ideal of R, then V(I) := V(T) where T is the set of all
bihomogeneous elements of 1. If I = (Fy,...,F,), then V(I) = V({Fy,...,F;}).

The biprojective space P! x P! can be endowed with a topology by defining the
closed sets to be all the subsets of P! x P! of the form V(T) where T is a collection
of bihomogeneous elements of R. If Y is a subset of P! x P! that is closed and
irreducible with respect to this topology, then we say Y is a biprojective variety, or
simply, a variety.

If Y is any subset of P! x P!, then we set

I(Y):={FeR|F(P)=0forall P e Y}.

The set I(Y) is a bihomogeneous ideal of R and is called the bihomogeneous ideal
associated with Y, or simply, the ideal associated with Y. If P.€ PLxP! is a
point, then we abuse notation and write /(P) instead of I({P}). We call R/I(Y)
the bihomogeneous coordinate ring of Y, or simply, the coordinate ring of Y. If
Hp/i(y) is the Hilbert function of R/I(Y), then we sometimes write Hy for Hg/;(y)s
and we say Hy is the Hilbert function of Y.

By adapting the proofs from the well-known homogeneous case, one can prove
the following facts.

Theorem 2.9. (i) IfI; C I are bihomogeneous ideals, then V(1) 2 V(I).
(ii) If Y, C Y, are subsets of P' x P!, then I(Y,) D 1(Y,).
(iii) For any two subsets Y1,Y, of P! xPULI(Y,UY,) =1(Y])NI(Y,).

Example 2.10. Consider the ideal of Example 2.6, that is, 1 = (xo,y0) N (x1,¥1)-
Since V((x,y0)) = {[0: 1] x [0 1]} and V((x1,y1)) = {[1:0] x [1: 0]}, we have

V() ={[1:0]x[1:0],[0:1] x[0: 1]} CP' xP".

One can build an algebra-geometry dictionary between bihomogeneous ideals of
R and subvarieties of P! x P! similar to the standard algebra-geometry dictionary
between graded ideals and varieties in [P". The correspondence between these
objects requires a bigraded version of the Nullstellensatz. Again, the proof follows
as in the graded case, so it is omitted.

Theorem 2.11 (Bigraded Nullstellensatz). [f1 C R = k[xo,x1,Y0,y1] is a bihomo-
geneousideal and if F € R is a bihomogeneous polynomial with deg F # (0,0) such
that F(P) = 0 for all P € V(I) CP' x P!, then F' € I for some t > 0.

One difference between the standard graded case and the bigraded case is the
notion of irrelevant ideals.

Definition 2.12. A bihomogeneous ideal I of R = k[xo,x1,y0,y1] is called projec-
tively irrelevant if either (xo,x1)" C I or (yo,y1)" C I for some integer 7. An ideal
I C R is projectively relevant if it is not projectively irrelevant.

151

165



2.3 Cohen-Macaulay rings 13

Example 2.13. To understand the nomenclature, suppose that [ is an ideal with
(x0,x1)" € I. In particular, x{, and x| € I. If we now consider V(I), we must have
V(I) = 0 since there is no point P = [a : b] X [c : d] that vanishes at both x{, and x}.
If P did vanish, we must have a = b = 0, which is not allowed.

The following result can be proved by adapting the proof of the graded case and
using the Bigraded Nullstellensatz (Theorem 2.11).

Theorem 2.14. There is a bijective correspondence between the non-empty closed
subsets of P! x P! and the bihomogeneous ideals of R that are radical, i.e., | = \/7,
and projectively relevant. The correspondence is given by Y +— I(Y) and I — V(I).

We conclude this section with a special case of Bezout’s Theorem for curves
ol 1
inP' x P

Theorem 2.15 (Bigraded Bezout (Special Case)). Let F € R = k[xo,x1,Y0,Y1] be
a bihomogeneous form with degF = (a,b), and let H € R . If the curves V(F) and
V(H) meet at more than b points (counting multiplicities), then F = HF'.

Proof. After a change of coordinates, we can assume that H = xo. After applying
the Division Algorithm for polynomials (see [19, Theorem 2.3.3]), we have
F = F'xo+ F" where F"" = x{G(yo,y1) and G(yp,y1) is a homogeneous polynomial
of degree b in the y;s.

Any point P € V(F) N V(H) must have the form P = [0: 1] x [b; : by] because
P lies on V(H). But then [b; : by] € P! is.a point that must vanish on G(yo,y1).
Because G(yo,y1) is homogeneous polynomial of degree b, it has exactly b roots
(counting multiplicity). So, if there are more than b points (counting multiplicities)
that lie in the intersection, we-must have G(yo,y;) = 0, as desired.

Although we will not require it in this monograph, here is the more general
statement of Bezout’s Theorem for the bigraded ring R = k[xq, X1, Y0, Y1]-

Theorem 2.16 (Bigraded Bezout). Let F,G € R = k|xo,x1,Y0,y1] be a bihomoge-
neous form with degF = (a,b) and degG = (c,d), and furthermore, suppose that
G is irreducible. If the curves V(F) and V(G) meet at more than ad + bc points
(counting multiplicities), then F = GF'.

Theorem 2.15 is just Theorem 2.16 when G is the irreducible form H € Ry o. Note
that a result similar to Theorem 2.15 holds if we take an irreducible form V € Ry ;.
We leave it to the reader to verify the details.

2.3 Cohen-Macaulay rings

In this section, we review the relevant background on Cohen-Macaulay rings.
We continue to work within the context of the bigraded ring R = k[xo,x1, Y0, 1],
although these definitions and results hold more generally.
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14 2 The biprojective space P! x P!

Definition 2.17. If I C R is a bihomogeneous ideal, then a sequence F1,...,F, of
elements is a regular sequence modulo I if and only if

(i) (I,Fy,...,F,) Cm,
(if) Fy is not a zero-divisor in R/I, and
(iti) F;isnotazero-divisorin R/(I,Fy,...,F;_1) for 1 <i<r.

The depth of R/I, denoted depth(R/I), is the length of the maximum regular
sequence modulo /.

Definition 2.18. If / C R is a bihomogeneous ideal, then the height of a primeideal
#1in R/I, denoted htg (), is the largest integer # such that there exist prime ideals
§ of R/I such that g C 0, C --- C 21 2 = 0. For any ideal I of R, the Krull
dimension of R/I, denoted K-dim(R/I), is

K-dim(R/I) := sup{htg /() | 2 a prime ideal of R/I}.

One always has the inequality depth(R/I) < K-dim(R/I) (see, [88, Corol-
lary 16.30]). The equality of these two invariants leads to an important class of
rings.

Definition 2.19. If 7/ C R is a bihomogeneous ideal, then the ring R/I is Cohen-
Macaulay if depth(R/I) = K-dim(R/I).

In this monograph, we are primary interested in arithmetically Cohen-Macaulay

varieties of P! x P!,

Definition 2.20. If 7 = I(Y) is the bihomogeneous ideal of the variety ¥ C P! x P!,
then we say Y is arithmetically’ Cohen-Macaulay (ACM) if R/I(Y) is a Cohen-
Macaulay.

The following results from homological algebra allow us to link the depth of a
ring to its projective dimension.

Definition 2.21. The projective dimension of an R-module M, denoted
proj-dim(M), is the length of a minimal free resolution of M.

Given a homogeneous ideal / of the ring R (not necessarily a bihomogeneous
ideal), a beautiful result of Auslander and Buchsbaum links the projective dimension
of R/I to the depth of R/I. We continue to assume that R = k[xo,x1,Y0,y1], although
this result holds much, much more generally.

Theorem 2.22 (Auslander-Buchsbaum Formula). Let I be a homogeneous ideal
in the ring R = k[xo,x1,y0,y1]- Then

proj-dim(R/I) + depth(R/I) = K-dim(R) = 4.

Proof. See [79, 15.3] for both the general statement and its proof.
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2.3 Cohen-Macaulay rings 15

We can use short exact sequences to place bounds on the projective dimen-
sions of R-modules. The following results can deduced from the Depth Lemma
[98, Lemma 1.3.9] and the Auslander-Buchsbaum Formula.

Lemma 2.23. Let M|, M,, and M3 be R-modules, and suppose that we have a short
exact sequence

0—M, —M; — Mz —0.

Then

(i) proj-dim(M3) < max{proj-dim(My), proj-dim(M;) + 1}.
(ii) proj-dim(M;) < max{proj-dim(M, ), proj-dim(M3)}.

Two special classes of Cohen-Macaulay rings that we will encounter are
complete intersections and artinian rings. We recall their definitions and properties.

Definition 2.24. An ideal / C R is a complete intersection. if it is generated by a
regular sequence.

A complete intersection is also Cohen-Macaulay because of the following result.

Lemma 2.25. Suppose that {F\,...,Fs} is a regular sequence of homogeneous
elements in the polynomial ring R = k[xo,..,X,]. If I is the complete intersection
generated by {F\,...,Fs}, then R/I is Cohen-Macaulay and dimR/I = (n+1) —s.

Proof. See [98, Lemma 1.3.10] and [98, Proposition 1.3.22]. Note that for both of
these references, the ring is assumed to be a local ring. However, the results also
hold for graded ideals in a polynomial ring.

The following lemma provides an explicit description of the bigraded minimal
free resolution of a complete intersection generated by two bigraded forms in R. We
shall find this a very useful tool.

Lemma 2.26. Suppose that I = (F,G) C R = k[xo,x1,y0,y1] is a complete inter-
section. Furthermore, suppose that degF = (a;,a,) and degG = (by,b,). Then the
bigraded minimal free resolution of I is given by

0 —>R(—a1 —bl,—az—bz) &R(—al,—az)@R(—bl,—bz) ﬂ> I —0

where ¢1 =[G F] and ¢ = [ FG}
Proof. This result is simply a special case of the fact that the Koszul complex is
a minimal free resolution of a complete intersection (see [79, Theorem 14.7]). We
also take into account the fact that the generators of I are bigraded.

Definition 2.27. Let S = k[x;,y;] be a bigraded ring with degx; = (1,0) and
degy; = (0,1). A bihomogeneous ideal J C § is an artinian ideal if /7 = (x1,y1).
The ring S/J is a bigraded artinian quotient if J is a bihomogeneous artinian ideal.
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16 2 The biprojective space P! x P!

Remark 2.28. Because the dimension of an artinian ring is zero, and because we
always have 0 < depth(S) < K-dim(S) when S is a quotient of a polynomial ring,
we deduce that an artinian ring is Cohen-Macaulay.

Although we do not have a complete classification of bigraded Hilbert functions,
we can classify the bigraded Hilbert functions of artinian quotients of k[x;,y].

Theorem 2.29. Let H : N> — N be a numerical function. Then H is the Hilbert
function of a bigraded artinian quotient of k|x,y1] if and only if

(i) H(0,0)=1,
(it) H(i,j) =0 or 1 forall (i,j) € N?,
(iii) H(i,j) = 1 for only finitely many (i,j) € N?, and
(iv) H(i,j) = 0 implies that H(k,l) = 0 for all (i,j) =< (k,1) € N2,

Proof. (=) Suppose that there is a bihomogeneous artinian ideal J C § = k[x1,y;]
such that H = Hg/;. Because J is artinian, J # (1), so dimg(S/J)oo = 1, that is,
Hs;;(0,0) = 1, thus proving (i).

Because dimy S;; = 1 for all (i,j) € N2, we have

H(i,j) = Hs;(i,j) = dimy S — dimg Ji; = 1 —dimy Ji; for all (i,f) € N>,

Thus H,(i,j) = 0 or 1 for all (i,j) € N2, proving (ii).

Because J is artinian, there exist positive integers a and b such that x{ € J and
y’l’ € J. Thus, for all (i,j) € N?, if i > a orif j > b, then dimy J;; = 1, whence
Hg;(i,j) = 0. So, if Hg/,(i,j) = 1, then (i,j) < (a—1,b— 1). Because there are
only a finite number of such (i;/), this proves (iii).

Finally, if HS/J(i,j) = 0, this means that dim; J;; = 1, and thus dimy J;; = 1 for
all (i,j) = (k,1). This, in turn, implies that Hy/,(k,l) = 0, thus proving (iv).

(«<=) Let H be a numerical function that satisfies (i) through (iv). In S = k[x1,y1],
let J be the ideal generated by {x}y} | H(i,j) = 0}. We claim that H = Hg; and J is
artinian.

First, note. that dimy J;; = 1 if and only if H(i,j) = 0. One direction of this
statement follows directly from the definition of J. On the other hand, if dimy J;; =1,
then x} )} € J;j. Thus, there is some generator x%y| € Ji; with (k1) < (i,j) that
divides x}y|. Because x{y| is a generator of J, H(k,[) = 0. But then by (iv),
H(i,j) = 0 since (k,[) = (i,). Note that J # (1) since H(0,0) = 1 by (i). Finally,
since H(i,j) = 1 for only a finite number of (i,j), there must exist an (i,j) of the
form (a,0) such that H(a,0) = 0. But this means x{ € J. Similarly, we can find
some (0,b) such that H(0,b) = 0, which means y? € J. So, J is artinian.
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2.4 Additional notes 17
2.4 Additional notes

The material in this chapter is quite standard. The first two sections are a natural
generalization of the algebra-geometry dictionary from the graded case to the
multigraded case. While we have focused on the case of P! x P!, everything we have
presented in this chapter extends naturally to the case of P! x --- x P"". To the best
of our knowledge, Van der Waerden [90] was the first to consider the multigraded
version of the algebra-geometry dictionary (although he focused on the bigraded
case, and left the general situation to the reader). Readers may also be interested in a
later paper of Van der Waerden [91]. The construction of the multigraded dictionary
can also be found in a paper of the second author [93]. A different approach using
the language of schemes and the notion of Proj can be found in the PhD thesis of
Vidal [97]. The results on Cohen-Macaulay rings can be found, in much greater
generality, in most graduate level books on commutative algebra, e.g., [12, 24, 88].

As mentioned in Chapter 1, classifying bigraded (or" multigraded) Hilbert
functions remains an open problem. Ideally, one would like to find a multigraded
analog of Macaulay’s classification [68] of Hilbert functions of graded quotients
of k[xy,...,x,]. Van der Waerden’s work [90] contains some early results on this
problem. More recently, Aramova-Crona-De Negri [2] and Crona [22] presented
some necessary conditions on the growth of bigraded Hilbert functions. The case
of the bigraded ring k[x;,y1,...,y,] with'degx; = (1,0) and degy; = (0,1) with
i=1,...,n was studied by the second author [92]. In this chapter, we have only
presented this result for the case of k[x;,y;]. Any improvements on these results
would be a welcome addition to the literature.
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