Chapter 2
Local and Global Error Estimates

Abstract In this chapter we analyze some simple examples, which suggest that the
error quantification should take into account of the possible grow in time of the error.
This observation provides a motivation for going beyond more classical local-in-time
concepts of error (so-called Local Truncation Error).

Keywords Accuracy of schemes for balance laws + Local truncation error

It’s a well-known fact that quasilinear hyperbolic equations generally admit only
weak solutions, in the sense that discontinuities develop and propagate along distin-
guished directions (at least in one space dimension, the situation in 2D being more
delicate). Their mathematical analysis is usually carried out within a Banach space
of discontinuous functions with finite total variation, BV(IR), sometimes intersected
with L'(R), in order to ensure some integrability properties (positive total mass
should be preserved).

However, when it comes to derive numerical algorithms meant to approximate
their (entropy) solutions on a countable lattice, people frequently evoke so-called
“high-order schemes”, which may seem a puzzling notion, as they rely on Taylor
expansions. Besides, Kuznetsov’s method indicates that, as soon as numerical vis-
cosity is present in the numerical process, the best convergence rate (hence an upper
bound for the L' global error) is of the order of /7 - Ax, much less than any high-
order rate. So, in which sense should one understand high-order, left apart the fact
that one cannot reach more than second-order accuracy when computing only local
cell averages?

Hereafter, important differences between local truncation errors, a notion inher-
ited from smooth solutions of Ordinary Differential Equations (ODE), and global
errors for possibly weak solutions of Partial Differential Equations (PDE) is put at
forefront. It is explained that “high-order”, as a notion, essentially refers to a local
in time residual, in vicinity of a point where the considered solution is as smooth
as possible, which should be further bounded uniformly and integrated in order to
produce a meaningful global error estimate. This sheds light on the apparent dis-
crepancy between second-order, so-called MinMod schemes (see e.g. [3, 27, 28])
for linear advection, and the actual convergence rates (slightly over % see [19]) that
were obtained only recently. Local estimates are most of the times insensitive to

© The Author(s) 2015 9
D. Amadori and L. Gosse, Error Estimates for Well-Balanced Schemes

on Simple Balance Laws, SpringerBriefs in Mathematics,

DOI 10.1007/978-3-319-24785-4_2



10 2 Local and Global Error Estimates

specific features of elaborate numerical schemes [9, 11], whereas global ones may
be better suited for such purposes. This is illustrated on a model of linearized shallow
water equations over topography, admitting smooth solutions.

2.1 Notion of Local Truncation Error (LTE)

Let’s focus onto a one-dimensional convex scalar conservation law,
oru + 0y f(u) =0, u(t=0,) =up € BV(R), (t, x) GR: x R, (2.1)

within a Cartesian uniform computational grid, determined by a space-step Ax and
a time-step At satisfying the standard homogeneous CFL restriction. By defining
Cr = (x_ 1 Xt ) as the generic computational cell of width Ax centered on
xx = kAx, k € Z, one may apply the Divergence Theorem on any rectangle C}/ :=
Cr x (", t"*1) in order to derive a mass-preserving numerical scheme for (2.1):

"

[ ae= [ o [T () () o

This is equivalent to the weak formulation of (2.1) with test-functions being indicator
functions of Cy, denoted x (Cy). Hereafter, as uz = ka u(t", x)g—fc, the observation
yielding Godunov’s scheme is the following: in case u(¢", -) is constant on each
computational cell Cy, then the boundary flux terms can be explicitly obtained by
resolving all the discontinuities, that is to say, Riemann problems at both interfaces
Xy 1 Moreover, since Riemann fans a)(’;‘; ul, uR) display a self-similar structure,

n+1

/lt f (1 (75 y) ) dr = A 1 (0 (0 ) - 2.2)

n

In the context of an explicit time-marching algorithm, one may want to get rid of the
Riemann solution w, thus (2.2) rewrites as a smooth and consistent numerical flux
function, F : R? > R,

) uglggvf(é) if u<v
Yu,v € R*, Fu,v) = f (wO;u,v)) = max FE) i us v (2.3)

v=£<u
For any indexes k,n € Z x N, the Godunov averaging furnished an approximate

(formally first-order) value u} >~ u(¢", x). In order to locally increase its accuracy,
a piecewise-linear reconstruction can be set up in each cell,

v Cr = R, Vi(X) = up + (x — xp)oy . 2.4)
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A common way to proceed is by analogy with Lax-Wendroff second-order scheme

for (2.1) with linear flux, f(u#) = u: the resulting definition of local slopes reads,
Mﬂ _ un un _ un

n_ Lkl kd)(rn)’ k k=1

n
o r =
k Ax k k

n n
Uppr — Uy

The slope-limiter ¢ must meet with several constraints in order to ensure both the
TVD property and formal second-order accuracy in smooth regions, see [26].

Remark 2.1 Another way to motivate MUSCL piecewise-linear reconstructions is
to work out the ODE system obtained by semi-discretization in space (the “Method
of Lines”, evoked in [15]) in order to obtain a Local (space-) Truncation Error in
Ax? for smooth exact solutions u: see e.g. [20, 21, 29, 30].

2.1.1 Semi-discretization in Space (Method of Lines)

Hereafter we follow the canvas of Cullen and Morton [6] in order to shed some light
onto various general mechanisms of error creation/propagation (see also [4, 30]).
Let a Cauchy problem for a given partial differential operator .Z be,

oru = Zu, u( =0,) = uyp. (2.5)

For Ax > 0 fixed and the corresponding griding of the real line, a finite-differences
approximation of .Z acting on Ax - Z is denoted by £, so (2.5) reduces to an
(infinite) differential system (Method of Lines, in [15, Chap. 17]), with u(¢, ) €
IAVAR

d

Eﬁ = Zpxit, Ut =0,) = Pazuo, (2.6)

for which one can worry about the global error u — i at each time ¢ > 0.
e One “triangulates” u(t, -) — (¢, -) by inserting P u(t, -),

u—i=Ud—Pa)u+ (Pau—it) '==apx + eax,

where axy is purely an approximation error, but e o, stands for an evolutionary
error, which may accumulate in time, and satisfies a differential equation,

d d d . -
aem = af@mu — Eu = PpLu — Layl. 2.7

e Triangulating again, one gets

deAx
dt

= (P LU — Lpx P asut) + (Lax P axu — Laxii),
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leading to,

d
aeAx + (ZLaxit — Lax Paxu) = (PaxLu — L Pacu) = L.T.E.,

and by substituting u by P u — eayx, we get finally:

d
ey + [Lax(Paxu — epr) — Lax Pacu]| = L.TE., (2.8)

(L.T.E. standing for Local Truncation Error). Hence, the L.T.E. is just a source
term inside the differential equation (2.8) governing the scheme’s evolutionary
error; this was noted in [17, 20, 30], too.

In case both (2.5) and its (consistent) discrete approximation %4y, are dissipative
(“contractive” [21, 29], “strongly stable” in a terminology of [17]) in some norm,
this source term is responsible for most of the error e ay; if, on the contrary, (2.5)
happens to be accretive, for instance if ||u(¢) — v(¢)|| < K|lup — vo|| with K > 1
like in Bressan-Glimm’s theory of strictly hyperbolic systems of conservation laws
[5], then both £, and the L.T.E. can contribute to the increase of the evolutionary
error.

Remark 2.2 1f the approximation £, is linear, then (2.8) simplifies into,

d
vt > 0, aeAx(t) = ZLareac(t) + 1, (1),

where 7, (¢) stands for the L.T.E. related to (x-derivatives of) the exact solution u(z, -)
to (2.5) at time ¢. Duhamel’s principle yields an expression of the evolutionary error,

t
eax(t) = exp(t - LAy) (eAx(t =0) +/ exp(—s - gAx)Tu(s)ds) .
0

Quantities like exp(z - £, ) may be estimated by “logarithmic norms”, see e.g. [21].

The local truncation error is intrinsically a “low frequency” information: being a
byproduct of a Taylor expansion, it tacitly assumes that higher-order derivatives of the
solution get smaller. Accordingly, it was recast in the formalism of Fourier analysis in,
e.g., [31, sect. 2.4]. In order to cope with oscillating, possibly high-frequency, solu-
tions of linear transport (advection) equations, finite-difference schemes endowed
with “spectral-like resolution” were devised in [12, 14, 25] for which both numeri-
cal dissipation and dispersion were carefully scrutinized. For specific problems, like
the linear wave equation recast as a multi-D “div-grad” hyperbolic system, numerical
schemes can be derived from the exact Kirchoff’s method of spherical means: see
[1] and especially the connections with the classical Lax-Wendroff formalism.
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2.1.2 Local Truncation Error (LTE) and Second-Order
Accuracy

Second-order accuracy in space for (2.1), or linear advection equations, was studied
in [18] (see also [10, 27]). These equations are dissipative in L', so the former
analysis yielding (2.8) indicates that the local truncation error is probably the main
source of evolutionary error. For Zu = —a, f (u), it reads: Vk € Z,

£ (mey)) =7 (e foxey))

Ax

1 el
L@Axfu(t,xk):_a/ k3 e f(uydx = —
X

k—

Bl—

by exact integration of the conservation law (2.1). Now, since high-order accuracy
is only concerned with smooth exact solutions u, one approximates this expression
with a second-order mid-point rule by taking advantage of x, L= m,

f (u(f,Xk+1)2+u(l,Xk)) —f (u(f,Xk)-F;(l.kal)) + O(sz)

Ax

c@Ax"g/pu(l‘a .Xk) =

9

and so, the L.T.E. is the difference between this approximation and the numerical
scheme Z4, applied to the piecewise constant projection of the exact solution,
P avu. Since £, needs to be conservative and consistent with ., we assume it is
given by a (smooth) numerical flux which reads, in standard notation,

Fepi () = F_y ()
Ax

— L R _
Fk+%—F(”k+%,uk+%), Lax P axult, xp) =

9

where u]f/ If are obtained from the set of cell-centered values & ,u by means of a

2
reconstruction like (2.4) and F is, for instance, the exact Godunov flux (2.3). Hence,

[f (u(t,x;c+1)2+u(t,x:()) _ Fk+%] - [f (“(tsxk)+;(t»xk—])) _ Fk, ]
Ax ’

Nl—=

LTE. =

As the CFL condition imposes At = O (Ax), second-order accuracy asks for,

'f(u(t,xk+1)+u(tsxk) = O(sz),

) - F o

which, by the smoothness of the flux functions, reduces simply to,

L/R () _ u(t, xpy1) +ult, xi)

kt3 2

Vi,ke RT x Z, u = 0(Ax?). (2.9)
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And this meets with the definition used by Osher (see Lemma?2.1,in [18, p. 953]) and
Sjogreen (see Theorem 3.9 in [24, p. 47]). A slightly different derivation of a second-
order scheme for smooth solutions is given in [4, p. 53], essentially by keeping the
term % P axu in (2.7) inside the expression of the L.T.E as follows:

%L@Axu(h ) = lima o (,@Axu(z+Az,A-3—,@Axu(z,»))
_ F(u4an).u.) ~ F ()0, —Ax))

Ax ’

where F is the exact flux defined in (2.3). The L.T.E. is now defined like,

gk_i_%(t) - jk_%(l‘)
Ax

’

d
Vk € Z, aa@mu(t,xk) — Lpx P pxult, xp) = —

where Q’H_% (1) = F(u(t, X+ Ax), u(t, xk)) - Fk+% (#). The scheme induced by the
numerical flux Fy 1 is called second-order in space as soon as, for any smooth exact
solution u(¢, -), ﬁk + is a quadratic quantity (possibly depending on |0y u(z, <)),

V0. | FL 0= 0(Ax?). (2.10)

Clearly, both criteria pick up variants of the (unstable) “centered scheme” which is
second-order, but unstable because it lets the total variation increase strongly.

2.1.3 Illustration of Two Errors Not Controlled by LTE

The L.T.E. was defined as, given an approximate function space, the difference
between the projection of the exact (smooth) solution and the outcome of the numer-
ical process, generally after an infinitesimally small time-step Az > 0, with identical
initial values. Its shortcomings are henceforth revealed by putting in default these
two main assumptions: smoothness and identical data.

Let’s first present a classical example of issues which result from a lack of smooth-
ness in the exact solution of the considered problem. Assume (2.5) is a2 x 2 genuinely
nonlinear system of conservation laws, like for instance the p-system. If prescribed
initial data produces (after some time) a forward-going 2-shock, the numerical viscos-
ity inherent in a standard Godunov-type scheme (2.6) breaks that shock into smaller
ones, and the resulting discontinuity appears to be spread on a certain number of
computational cells: see Fig.2.1. However, the 2-shock present in the exact solution
is meant to connect two states (pr, ur) and (pR, ug) belonging to the 2-shock curve
in phase space, which isn’t a straight line because the considered system isn’t in the
Temple class. As soon as it gets broken into smaller jumps by means of artificial
viscosity, there’s no reason for those ones to belong to the same identical curve:
hence, as the time-marching scheme will advance by solving elementary Riemann
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(Curved) shock-locus

Numerical viscosity points
don’t belong to shock-locus

Hugoniot plane T,

Fig. 2.1 Numerical viscosity and its effects for systems with curved shock loci

Fig. 2.2 Nonlinear 2 x 2 4 )
interaction and loss of B
accuracy in a smooth region 5

1-shock

problems, spurious 1-waves are going to develop inside the numerical shock layer, as
shown in e.g. [13]. Formal second-order schemes improve marginally the situation
by displaying shocks spread on a reduced area, but can’t eliminate this drawback of
shock-capturing techniques. A thorough analysis of the deformation of shock curves
in phase space was achieved by [2] and later in [23].

The second well-known example of a fallout for L.T.E. consists in setting up
initial data for which there’s no approximation error, for instance two Riemann
problems exactly represented on the computational grid, but yielding two waves
of different nature which interact in finite time. For instance, always considering
the p-system, suppose that in x = —1 one prescribes a jump between (pr, ur)
and (pys, upy) belonging to the 2-rarefaction curve, whereas in x = 1, another
one between (py, up) and (pg, ug) belonging to the 1-shock curve. After some
time, these two approaching waves interact and a new middle state (pys, ityr)
appears with the 1-shock on the left and the 2-rarefaction on its right: see Fig.2.2.
This pattern is called a “scattering state”, meaning that no wave interaction can
occur anymore. Incoming waves are both the smooth 2-rarefaction, inside which a
second-order scheme will actually display its formal accuracy, and the 1-shock, in
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the vicinity of which only first-order accuracy holds for the sake of stability. The
2-rarefaction spawn from the interaction may not be second-order accurate with
respect to the exact solution because it results of the mixing of both first and second
order data. This example was first presented in [8], and then studied in [7, 22] (see
also [16, 32)).

2.2 Linearized Shallow Water with Topography

Hereafter, an elementary example, despite its simplicity, will reveal already a part
of the specific features that govern the more complex non-linear cases when source
terms are included into a system of equations. By linearizing around a static state
o > 0, u = 0 the usual one-dimensional shallow water equations with topography,

2
dp +d(pu) =0, 9 (ou)+ 0, (pu2 + %) = —pdxa, 2.11)

the following system arises,
orp + 0xJ =0, 0rJ + 0xp = —0xa (2.12)
where a = a(x) stands for the bottom. By linearity, solutions p (¢, -), J(t, -) display

identical integrability and smoothness as initial data. An alternative, customary way
to deal with system (2.12) is to consider a = a(x) as an independent variable,

dp+0xJ =0,
J +0:(p+a)=0 (2.13)
Bta =0.

2.2.1 Study of the Error Growth in Time

Characteristic speeds of system (2.12) are 4-1; diagonal variables f* = p=J satisfy
@ — ) f" =da, (B +3)f"=—da (2.14)

equivalently, the system (2.13) is diagonalized as follows:

¥ frF+a) Lo (ff+a)=0

2.15
3,& =0. ( )
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Accordingly, two approaches coexist for approximating the solutions of (2.12):

1. The standard “centered source method” which consists in processing a set of two
advection equations with a source term, (2.14).

2. The “well-balanced method”, which treats two homogeneous advection equations
from (2.15): 8 f* £ 3. (f* + a) = 0.

Define the Courant number v as At = vAx with 0 < v < 1, together with the
function a € C*°(R) having compact support, and f*(r = 0,-) € C3 N W>®(R).
With respect to the preceding section, errors in both space and time will be considered.

2.2.2 Analysis of Scheme 1

Ineach C;?, the residual R"! of the “centered source method” is computed by plugging
exact solutions into each inhomogeneous advection equation: for instance,

e x) — Rt xp)  fTet xg) — T xjo)
+
At Ax

+k(xj) = R’].,
which is the L.T.E. of the scheme in both space and time. By Taylor expansion,
n Ax + .n At 2
IR}| < > (I =) 100k ST, )0 + Tuaxxa(x)”oo + C(Ax)

where the C above depends on both |3, fX (1", )lloo and |37 fE (", )|lco- By
linearity, the second derivative above, 9, f + (t,-), is bounded by

[8xx FE, Moo < 18x fE( = 0)[loo + tllall s

There are two error amplification mechanisms for the “centered source method”: the

fact that R;’ contains At||dyyal|oo Which doesn’t vanish as v = % = 1 (numerical

viscosity), and the linear growth of 7 — |8, fT (¢, -)|l0o. Yet, the pointwise error,
(EX)) = (f* = [0 xp),

(where ffx stands for the piecewise-constant approximation of the exact solution
) satisfies a slightly modified upwind scheme that easily rewrites under the form
of a convex combination plus a source term: for instance,

At At
+yn+1 +\n =/ 2 o\ n
(E )j =(E )j (1 Ax) + Ax (E )jfl + AtRj.
It remains to take the modulus, maximize, and to sum over n all the residuals in order
to derive that, for any ¢ > 0, the following error estimate holds:
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IEE(t, )l < IEE( =0, )|z

+ Ax -t vllallc2 + (1= v) (1750 = 0.9l 2 + tllalles) | + O(Dr(ax)?
(2.16)

where the O(1) above depends on ||fi(t =0, )|c3, llallc+ and linearly on 7.

2.2.3 Analysis of Scheme 2

Oppositely, for the well-balanced method, the same LTE analysis starts with:

framx) = frat x)) LYo x) = (T e xo) g
At Ax A

The full upwinding of the topography function a yields a smaller residual:
R< 2 Dex [ fE C(Ax)?
IR}l = == (=) [l ) +a0)]]  + CA0)*,

with C depending on the sup norm of 9y, (f * 4 ). Since diagonal variables V =
(f*+a, a) are constant along their characteristics, the sup-norm of their derivatives
doesn’t grow in time:

IR} < %(1 —v) [0l fF (2 =0, +a()]| , + Co(Ax)?,
for some constant C¢. Again, the scheme governing the pointwise error
(EX} =[(f*+a) = (f3, + D", x))
rewrites as a convex combination, so a better global error estimate follows:

IEE(t, e < IEE( =0, )|z

+ A ZA-0IfEa=0.) +alle + Cor(Ax? @17)

2.2.4 Summary and Illustration

Let’s enumerate the main differences between (2.16) and (2.17):

1. The error (2.16) of the standard method is a polynomial (quadratic in the present
case) function of time whereas the well-balanced estimate (2.17) is linear.
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00 01 02 03 04 05 06 07 08 09 10 1000 01 02 03 04 05 06 07 08 09 10
L1 error with time (WB) L1 error with time (WB)

Fig. 2.3 Time-evolution of the L errors of well-balanced (blue) and centered source (black)
methods for smooth fi, a:v=0.9,0.7,0.5,0.3,0.1 (left) and v = 1 (right)

2. In (2.16), the source term always contributes at the same rate regardless to the
value of the Courant number v. Oppositely, fixing v = 1 implies that for the
well-balanced method, the initial error (2.17) stands still,

IE=(t, Yz = |EE(t =0, )| 1.

3. The dependence on a and its derivates of the two estimates (2.16) and (2.17) is
much different: for small times (at the first order in ¢), (2.16) depends on

vllale2 + A=) [ fE@ =0,
while (2.17) depends on
(1=IfEe =0, +allc.

That is, compensation between a and the initial data is allowed. Moreover, as
observed before, the quantity in the above formula vanishes for v = 1.

On Fig.2.3, both these theoretical aspects are illustrated: the graphic on the left
shows that the well-balanced pointwise error E grows more strongly when v — 0
(the numerical viscosity increases) and the right one reveals that E remains constant
in time when v = 1 but this nice property doesn’t hold for a conventional method.

Remark 2.3 One may wonder if the global error estimate for the time-splitting strat-
egy may be improved, in particular its dependence with respect to the derivatives
of a(x). A simple computation, relying on elementary stability theory of position-
dependent ODE, reveals that in general this cannot be the case: the space depen-
dence of a (more precisely, on k = @) usually introduces additional variation in the
unknown, when the time-split update is applied. Intuitively, this occurs because the
differential equation in time, at each time-step, is sensitive to the changing values
of k. Let g : R — R be bounded and Lipschitz continuous and pick ki, ko € R2,
corresponding solutions yj (), y2(¢)
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vi=ki-gy1), y2=ka-g(y2), y1(0) = y2(0),

clearly satisfy!
Iy1(®) = y2(0)] < lIglloc k2 — k11 (2.18)

For a scalar law with source term d;u + 0y f (1) = k(x)g(u), see next Chap. 3, a time
splitting approach typically asks for solving d;u = k(x)g(u); from (2.18), a local
amplification of the approximation u?*, of the order of - TV (k), is induced. Most
of the available error estimates for such equations contain TV (14*), thus one may
expect global errors of time-splitting strategies to grow with 7 - TV (k), especially
if g’(u) is nonnegative. Oppositely, well-balanced strategies can be proved to obey
error bounds depending only on the L' norm of k: assuming thatk € L'N BV (R) has
compact support, say (a, b), there exists an optimal constant of Poincaré’s inequality,

b—a
Ikl L@,y < > TV (b),

a quite interesting property for applications where k displays steep gradients, like
for instance (2.11) with a topography term, or periodic forcing as well.

2.3 Preliminary Conclusions

The L.T.E., as recalled in the beginning of this chapter, is too weak as a notion to
reliably quantify the errors generated by a numerical scheme approximating one-
dimensional (systems of) balanced because it doesn’t take into account for several
things, like for instance the time-propagation of incomplete initial data approxima-
tions. More specifically, the loss of smoothness in a compressive shock can induce
peculiar issues in the form of spurious waves of different characteristic families,
which may react in the presence of an accretive source term. Those issues are still
not perceived by the L.T.E. which generally isn’t well suited for dealing with accre-
tive problems. Error growth taking place in nonlinear wave interactions displays
similar features, namely it combines local reduction of accuracy close to a shock
wave with data mixing. It therefore follows that a more relevant object of interest
appears to be the global error, considered as a function depending on both the time
and grid-size. Especially, it perceives a possible time-amplification of errors already
present in the approximation of initial data. Moreover, it is able to fully account for
limited smoothness of solutions in case it doesn’t rely on Taylor expansions. This is
the main tool which is about to be exploited in the sequel of this book.

Indeed, let Y (¢) satisfy Y/ = g(Y), Y (0) = y1(0) = y2(0), so that vj(t) =Y(k;t),j=1,2,and
then

kit
[y1(@) — y2(0)] = ‘/k g (m)dr| < lIglleo k2 — kil 1.
Jkot
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