Chapter 2
Metrics on Modular Spaces

Abstract In this chapter, we address the metrizability of modular spaces.

2.1 Modular Spaces

A pseudomodular w on X (cf. Fig. 1.2 on p. 5) induces an equivalence relation ~ on
X as follows: given x,y € X,

x~y iff W™ £ o0 iff wy(x,y) < oo forsome A > 0,

where A = A(x,y), possibly, depends on x and y. A modular space is any
equivalence class with respect to ~. More explicitly, let us fix an element x° € X.
The set

X =X,(x°) ={xeX:31=A(x) > 0 such that wy(x,x°) < oo}

is called a modular space (around x°), and x° is called the center of X, (x° is a
representative of the equivalence class X). Note that w* # oo for allx,y € X\.

If wio and w_ are the right and left regularizations of w, then (1.2.4) imply
XV";+0 =X, , =X

Two more modular spaces (around x°) can be defined making use of other

equivalence relations on X:
X0 =X0(x°) = {x € X 1wy (x,x°) — 0 as A — oo}
and
X = xin(x°) = {x € X : w(x,x°) < oo forall A > 0}.

Asabove, X, ==X,  =X)andX]" =X[" =X
Clearly, X C X* and X" C X (with proper inclusions in general). However,
if w is convex, then Xg = X (see Proposition 1.2.3(c)); moreover, note that this

property is independent of the center x°, i.e., X? (x°) = X (x°) for all x° € X.
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20 2 Metrics on Modular Spaces

Example 2.1.1. The inclusion relations between the three modular spaces are
illustrated by the modular wy (x,y) = g(A1)d(x,y) on a metric space (X,d) from
(1.3.1):

e (B i g =00, o (0] i limag(3) £0,
v X if g # oo, v X if limy o g(A) =0,

and

xfin — {x°} if g(A) = oo for some A > 0,
vl X if g() <ooforall A > 0.

In particular, for modulars Wy (x, y) = d(x, y) (nonconvex) and w; (x,y) = d(x,y)/A
(convex) from Example 1.3.2(a), we have

X, = CcXp =X = x =X = x* = xn,

In the sequel, by the modular space we mean the set X (the largest among the
three) if not explicitly stated otherwise.

2.2 The Basic Metric

We begin by introducing the basic (pseudo)metric d°, on the modular space X*.

Theorem 2.2.1. Let w be a (pseudo)modular on X. Set
d(x,y) =inf{A>0:wy(x,y) <A}, xyeX (inf@=00).

Then d° is an extended (pseudo)metric on X. Furthermore, if x,y € X, d°(x,y) < 00
is equivalent to x ~ 'y, and so, d° is a (pseudo)metric on X* = X*(x°)
(for any x°€X).

Proof. 1. Clearly, d%(x,y) € [0,00], d°(x,x) = 0, and d°(x,y) = d°(y,x) for
all x,y € X. Now, suppose w is a modular on X, and x,y € X are such that
d?(x,y) = 0. The definition of d, implies wy (x,y) < u for all > 0. So, for all
A >0and 0 < pu < A, we have from (1.2.1): w(x,y) < wy(x,y) < u — Oas
s — +0. Thus wy (x,y) = 0 for all A > 0, and so, by axiom (i), x = y.

In order to prove the triangle inequality d°(x,y) < d%(x,z) + d°(z,y) for
all x,y,z € X, we assume that d°(x,z) and d’(z,y) are finite (otherwise, the
inequality is obvious). By the definition of d, given A > d%(x,z) and u >
d%(z,y), we find wy(x,z) < A and w;,(z,y) < u, and so, axiom (iii) implies

W)L"l‘ll-('x’y) S Wl(xa Z) + W/L(Z’y) S A’ + /.L

It follows that d°(x,y) < A + u, and it remains to take into account the
arbitrariness of A and p as above.
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. Ifd(x,y) < oo, then, for any A > d°(x,y), we have w; (x,y) < A < oo, which

means that x ~ y. Conversely, suppose x ~ y, i.e., w,(x,y) < oo for some
u > 0. We set A = max{u, w,(x,y)}. Since A > u, the monotonicity (1.2.1) of
w implies wy (x,y) < wy(x,y) < A, and so, d%(x,y) < A < oc.

. Givenx,y € X*, we have x ~ y, and so, d° (x,y) < co. By step 1, this means that

d? is a (pseudo)metric on X*. |

The pair (X*, d°), being a (pseudo)metric space generated by the (pseudo)modular

w?

w, is called a (pseudo)metric modular space, and we will apply this terminology if
we are interested in metric properties of X7 with respect to d® (or some other metric
induced by w). We call X} the modular space if the main concern is its modular
properties (Sects. 4.2 and 4.3), which are outside the scope of metric properties.

Example 2.2.2. Suppose w) (x,y) = g(A)d(x,y) is the modular from (1.3.1), where

8

: (0,00) — [0,0¢] is a nonincreasing function, g # 0, and g # oo. In the

examples 1-6 below, we have X = X, and x,y € X and A, > O are given.

1.

If g(A) = 1/A” (p = 0), then d%(x, y) = (d(x,y))"/@*+D,

2. Letg(A) = 1if 0 < A < Ag, and g(A) = 0if A > Ay. Then w is nonstrict and

nonconvex, and d° (x,y) = min{Ao, d(x,y)}.

. Ifg(A) =1/Afor0 < A < Ag, and g(A) = 0 for A > A, then w is nonstrict and

convex, and d° (x,y) = min{Ao, \/d(x,y)}.

. For g(1) = max{1, 1/A}, we have: w is strict and nonconvex, and d° is given by

dd(x,y) = max{d(x,y), /d(x.y)}.

. Ifg(d) = ocofor0 < A < A, and g(A) = 0 for A > A, then w is nonstrict and

convex, and d° (x,y) = Ao8(x,y), where § is the discrete metric on X.

. Putting d = 8§, for any function g as above, we have d° (x,y) = g°(x,y) with

g’ =inf{l >0:g(1) <A

Remark 2.2.3. 1. If p is a classical modular on a real linear space X (cf. Sect. 1.3.3),

the set X, = {x € X : limy— 40 p(ax) = 0} is called the modular space (with
zero as its center). The modular space X, is a linear subspace of X, and the
functional | - |, : X, — [0, 00), given by |x|, = inf{e > 0 : p(x/e) < &}, is
an F-norm on X, i.e., given x,y € X,,, it satisfies the conditions: (F.1) |x[, = 0
iftx = 0; (F2) |—x|, = |x|,; (F3) x4+, < |x],+1ylp; and (F.4) |cpx,—cx|, — O
as n — oo whenever ¢, — cinR and |x, — x|, — 0 as n — oo (where x, € X,
for n € N). The modular space X9, which is a counterpart of X,, does not play
that significant role in our theory as X, does in the classical theory of modulars
(see also Remark 2.4.3(3)).

. Under the assumptions of Proposition 1.3.5, where X is a real linear space and

p(x) = wi(x,0), we also have: X, = X%(0) is a linear subspace of X, and the
functional |x|, = d?v(x, 0), x € X,,, is an F-norm on X,,.



22 2 Metrics on Modular Spaces

In Theorem 2.2.1 (and Example 2.2.2(6)), we have encountered the quantity
g’ =inf{l >0:g(1) <A}, (2.2.1)

evaluated at the nonincreasing function g = w*Y : (0,00) — [0, 0o], which we
denoted by d? (x,y) = (w*)". This quantity is worth a more detailed study.

Lemma2.24. If ¢ : (0,00) — [0,00] is a nonincreasing function, then
g% € [0, 00], and

(a) g° = infy-omax{A, g(1)} (where max{\, oo} = oo for A > 0);
(b) g° < oo ifand only if g # oo (so, g° = co & g = 00);
(c) g°#0ifand onlyifg # 0 (so, g* =0 & g =0).

Proof. 1. Let us prove inequality (<) in (a) and implication (<) in (b). We may
assume g # oo (otherwise, (a) reads inf @ = oo and holds trivially). For each
A > 0 such that g(1) < oo, we set A; = max{A, g(1)}. Then A; € (0, c0),
g(X) < Ay, and since A < A; and g is nonincreasing, g(1;) < g(1). So, g(1;) <
A1 It follows that g% < A; = max{A, g(1)}. This proves (b)(<=). Taking the
infimum over all A > 0 such that g(1) < oo (or over all A > 0), we establish the
inequality g° < ... in (a).

2. Let us prove inequality (>) in (a) and implication (=) in (b). Suppose g* is finite.
Given A; > g° we have g(1;) < A1, and so, g # oo. This establishes (b)(=).
Moreover (note that the monotonicity of g is not used),

/{Ilf(; max{A,g(1)} < A>0:;?{)<mmaX{A’g(A)} < max{A,g(A1)} = A;.

Passing to the limit as A; — g°, we obtain the inequality g° > ... in (a).
3. (c)(=) If g = 0, then g° = inf(0, 00) = 0 (equivalently, if g° # 0, then g # 0).
(c)(«<) Let g = 0. Then g(u) < p for all w > 0. Given A > 0, for any
0 < u < A, by virtue of the monotonicity of g, we get 0 < g(1) < g(n) < u.
Letting 4 — 40, we find g(A) = O for all A > 0, i.e., g = 0. In other words, we
have shown that g # 0 implies g° # 0. O

Remark 2.2.5. Tt is seen from the proof of Lemma 2.2.4(a) that
g’ =inf {max{A, g(A)} : A > 0 such that g(1) < oo} € [0,00) if g # .

Following the same lines as in the proof of Lemma 2.2.4, it may be shown that
g =sup{A >0:g(L) > 1} (sup@ = 0) and g° = sup,_, min{A, g(1)}.

As a consequence of Theorem 2.2.1 and Lemma 2.2.4, we get the following
Corollary 2.2.6. dg,(x, y) = in‘(f) max{A, wy(x,y)}, x,y € X.

Given a nonincreasing function g : (0,00) — [0, c0], we denote by g4 and
g—o the right and left regularizations of g, defined (as in (1.2.2) and (1.2.3)) by:
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g+0(A) = g(A +0) and g_o(A) = g(A — 0) for all A > 0. Functions g4, and
g—o map (0, 00) into [0, co] and are nonincreasing on (0, co). Furthermore, g4¢
is continuous from the right and g_, is continuous from the left on (0, c0), and
inequalities similar to (1.2.4) hold:

gl) <g(A—0) <g(n+0) <g(pn) in [0,00] forall 0 < pu < A. (2.2.2)

Taking the above and (2.2.1) into account, we have

Lemma 2.2.7. If g : (0, 00) — [0, 00] is nonincreasing, then (g10)° =g° = (g_o)°.

Proof. Inequalities (g40)° < g° < (g_0)° are consequences of the inclusions
A>0:gA—-0)<A}C{A>0:gA) <A} C{A>0:g(A4+0) <A},

which follow from (2.2.2). Now, we may assume that g % oo. Then g4 # oo and
g_o # 00, which ensures that g%, (g40)°, and (g_o)° are finite.

Let us show that g° < (g40)°. Given A > (g40)° choose u such that
(g+0)° < p < A. By (2.2.2) and definition of (g4¢)°, we get

g(A) =g +0) = gro(u) = < A.

Hence g° < A. Since A > (g0)° is arbitrary, we find g° < (g4)°.
In order to show that (g_)° < g° we let A > g°. Then, for any ;& > 0 such that
g% < u < A, inequalities (2.2.2) and definition of g® imply

(8-0)(A) =g(A —0) < g(n) <p <A.

Therefore (g_o)° < A. Letting A — g°, we get (g—o)° < g°. O

Putting, for a (pseudo)modular w on X, g = w*” in Lemma 2.2.7 and noting that

g+0 = (wxo)™ and dy,, (x,y) = (g+0)", we have

Corollary 2.2.8. d?wro (x,y) = d?v,o (x,y) = d°(x,y) for all x,y € X.

In particular, if w and w are (pseudo)modulars on X such that wyy = W4 or
w_o = W_g, then d?v = de\, onX x X.

We conclude that the right and left regularizations of a (pseudo)modular w on X
provide no new modular spaces as compared to X*, X9 and X" (cf. Sect.2.1) and
no new (pseudo)metrics as compared to d°.

Yet, in Sect.2.5, we establish the existence of continuum many (equivalent)
metrics on the modular space X

This section is continued by studying the basic metric d°(x,y) at the level of
the map g > g°, applied later to nonincreasing functions g = w*>. Our next lemma
clarifies the definition of go and Lemma 2.2.7 and, along with (2.2.1), gives a method
for evaluating g° in terms of solutions of certain inequalities.
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Lemma 2.2.9 (inequalities for g°). Ler g : (0,00) — [0, 00] be a nonincreasing
function with 0 < g° < oo (i.e., g # 0 and g # o), and A > 0. We have:

(@) g° < Aifand only if g(A —0) < A;
(b) g° > Aifand only if g(A +0) > A;
(c) g = Aifandonlyif g(A +0) <A < g(A —0).

Proof. (a)(=) Suppose g’ < A. Given A; and A, such that g < A, < A, < A,
by the monotonicity of g, g(A2) < g(A;), and the definition of g° implies g(1;) <
A1. Hence g(A;) < A;. Passing to the limits as A, — g° and A, — A, we get
g(A —0) < g% where g° < A, and so, g(A — 0) < A.

(a)(«) By the assumption, g(A —0) < A, where g(A —0) = lim, o g(t) and
A =1lim,3—o . So, there exists po with 0 < p19 < A such that g(p) < p forall p
with ;1o < ;< A. By the definition of g°, we find g° < u, which implies g° < A.

(b)(=) Let ¢g° > A. For any A, and A, such that g° > 1, > A; > A, we have
g(A1) > g(A2) > A,, where the last inequality follows from the definition of g°: if,
on the contrary, g(A;) < A, then g° < A,, which contradicts the inequality g° > .
Therefore g(A1) > A,. Letting A, — g% and A; — A, we find g(A + 0) > g* > A.

(b)(«<=) Since limy,3408(n) = g(A +0) > A = lim,_ 4o U, there exists
io > A such that g(p) > wu for all u with A < . < po. It follows that g° > u
(otherwise, if g° < pu, then the definition of g implies g(1) < u, which is a
contradiction). Since ;1 > A, we get g* > A.

(c) The statement in (a) is equivalent to the following:

g’ > A ifandonlyif g(A —0) > A, (2.2.3)
and the one in (b) is equivalent to the assertion:
g’ < A ifand only if g(A +0) < A. (2.2.4)

From these two observations, (c) follows. O

Remark 2.2.10. (a) Actually, alittle bit more is shown in the proof of Lemma 2.2.9:
P <A=gl—-0)<g’<lin(a),and g° > 1 = g(A +0) > g° > X in (b).

(b) We have g° = inf{L > 0: g(A) < A} = g% (cf. (2.2.1) and Lemma 2.2.4).
In fact, this is clear if g = O or g = o0, solet 0 < g° < oo. Since
A>0:80) <A} C {A > 0: g(A) < A}, we get g% < g% Now, given
A > g°, inequalities (2.2.2) and Lemma 2.2.9(a) imply g(1) < g(A — 0) < A,
and so, g” < A, which yields g% < g°.

(c) Assuming one-sided continuity of g on (0, 00), in view of (2.2.4) and (2.2.3),
we get some useful particular cases of Lemma 2.2.9:

g’ <A & g(A) < A, provided g is continuous from the right;
g’ <A & g(1) < A, provided g is continuous from the left;
g’ =1 & g(A) = A (i.e., A is a fixed point of g), provided g is continuous.
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(d) To illustrate Lemma 2.2.9, consider g : (0, c0) — (0, 00) defined by: g(A) = 3
if0 <A < 1,gd) =2if A = 1,and g(A) = 0if A > 1. Clearly, g is
nonincreasing and g° = inf(1, 0o) = 1. Inequalities in Lemma 2.2.9(c) are of
the form:

g14+0)=0<g"=1<3=g(1-0).
Although strict inequality g(1 —0) = 3 > 1 = A holds in (2.2.3), we have
g’ =A=1.Similarly, g(1+0) =0<1=21in(224)andg’ =1 = A.

Setting ¢ = w*” in Lemma 2.2.9 (for x,y € X), we obtain the following
important result for modulars w on X (cf. also Remark 2.2.10(a), (c)).

Theorem 2.2.11. Let w be a (pseudo)modular on the set X, X, be the modular
space, A > 0, and x,y € X}\. Then we have:

(a) condition d°(x,y) < A implies wi—o(x,y) < d°(x,y) < A, and conversely,
condition wy_o(x,y) < A implies d°(x,y) < A;

(b) inequality d°(x,y) > A implies wj4o(x,y) > d°(x,y) > A, and conversely,
inequality wy1o(x,y) > A implies d° (x,y) > A;

(¢) equality d°(x,y) = A is equivalent to wy1o(x,y) < A < wa_o(x,y).

Under the continuity assumptions on w, additional equivalences hold:

(d) if w is continuous from the right, then d°(x,y) <A < wy(x,y) < A;
(e) if wis continuous from the left, then d°(x,y) < A < wy(x,y) < A;
(f) if wis continuous on (0, 00), then d°(x,y) = A & wy(x,y) = A.

The conclusions of Theorem 2.2.11 are sharp (cf. Remark 2.2.10(d) and (1.3.1)).
Example 2.2.12. Let w be given by (1.3.2) with k(1) = A? (p > 0). Since w is

continuous on (0, 00), by virtue of Theorem 2.2.11(f), the value A = d (x, y) with
x # y satisfies the equation w; (x,y) = A, that is,
M d(x,y)A —d(x,y) = 0. (2.2.5)

If p = 1, then solving the corresponding quadratic equation, we get

_ V@) +4dxy) —dxy)

> (2.2.6)

) (x,)

For p = 2, the solution A of the corresponding cubic equation (2.2.5) is given by
Cardano’s formula:

o= {5+ O+ @ {5+ @@ e
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where a = d(x, y), and the square and cube roots of positive numbers have uniquely
determined positive values. The solution by radicals of the fourth-order equation
(for p = 3) can be obtained by Ferrari’s method, and is left to the interested reader.

Note that, for any function / from (1.3.2), we have d° (x,y) < 1.

In fact, if & is continuous on (0, 00), equality w,(x,y) = A is of the form
f(A) =0, where f(1) = Ah(A)—(1—A)d(x,y), and Ah(L) — 0as A — +0. Setting
Ah(A) = 0if A = 0, we find that f is continuous on [0, 00), f(0) = —d(x,y) < 0
(if x # y), and f(1) = h(1) > 0. By the Intermediate Value Theorem, f (1) = 0 for
some 0 < A < 1,and so, d°(x,y) = A < 1.

In the general case, we first show that if there exists ;. > 0 such that

wi—o(x,y) < p forall A > 0 and x,y € X, then d?v(x,y) < pforallx,y € X.

Since wy (x,¥) < wa—o(x,y) < W, and this holds for A = pu, we find d° (x,y) < p.
If we assume that d° (x,y) = u (for some x # y), then, by Theorem 2.2.11(b), we
have wy (x,y) > wato(x,y) > A forall 0 < A < d%(x,y) = w, and so, wy,—o(x,y)
is equal to limy—,—o wy (x,y) > u, which contradicts the assumption. It remains to
note that wy_o(x,y) < 1 = pu for our modular w from (1.3.2).

One more example of a (pseudo)metric from Theorem 2.2.1 is given by the
quantity d9}, on the power set 2 (X) of X, where W is the Hausdorff pseudomodular
on Z(X) induced by a (pseudo)modular w on X. There are two ways of obtaining a
distance function on & (X) starting from w on X, namely

Theorem 2.2.1

Appendix A.1
wonX ————== 4%onX _Appendix A1,

Dd& on e@(X)

and

Section 1.3.5

wonx —Sectionl3d .y oy gp(x) Theorem221,

d, on 2(X).

Fortunately, the resulting distance functions Dy and dy, coincide on 2 (X) as the
following theorem asserts.

Theorem 2.2.13. Let w be a (pseudo)modular on X, D = Dy be the Hausdorff

distance on P (X) generated by the extended (pseudo)metric d°, on X, and W be the
Hausdorff pseudomodular on 2 (X) induced by w. Then

d%(A,B) = D(A,B) for all A,B € P(X).

Proof. Since d%(@, @) = 0 = D(2, @), and d% (A, @) = co = D(A, @) for all
A # @, we may assume that A # @ and B # @.

(>) Suppose dY,(A, B) = inf{A > 0 : Wy (A, B) < A} is finite, and A > d,,(A, B).
Applying (1.2.4) and Theorem 2.2.11(a) (cf. also Remark 2.2.10(b)), we get
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Wy (A, B) = max{E, (A, B),E;(B,A)} < A,

and so, E3(A,B) < A and E;(B,A) < A. By (1.3.12), we have infyeg wi(x,y) < A
for all x € A. So, for each x € A there exists y, € B (depending also on A) such that
wa(x,y:) < A. The definition of d° gives d° (x,y,) < A. Since

inf d(x,y) <d’(x,y)) <A forall x € A,
yE

we get e(A,B) = sup,e, infyepd’(x,y) < A. Similarly, E;(B,A) < A implies
inequality e(B,A) < A. Therefore D(A, B) = max{e(A, B),e(B,A)} < A for all
A > dY%(A, B), and so, D(A, B) < d,(A, B) < .

(<) Let D(A,B) < 0o, and A > D(A, B) be arbitrary. Then A > e(A, B) as well
as A > e(B,A). Inequality A > e(A, B) = sup,¢, infyep d° (x, y) implies that, given
x €A, A > infiep d?v(x, ¥). So, for every x € A there exists y, € B (also depending
on A) such that A > d° (x,y,). By the definition of d°, we have w; (x, y,) < A. Since

W

ing wr(x,y) <wa(x,y) <A forall x € A,
S

we find E) (A, B) = sup,, infyep wy(x,y) < A. Similarly, inequality A > e(B,A)
implies E;(B,A) < A. Hence Wy (A,B) = max{E;(A,B),E;(B,A)} < A. The
definition of dY, yields d{,(A,B) < A for all A > D(A, B), and so, dy,(A,B) <
D(A, B) < oo. O

2.3 The Basic Metric in the Convex Case

Now we treat the case when a (pseudo)modular w on X is convex: w gives rise to an
additional (pseudo)metric on the modular space X, to be studied below.

We make use of the following observation. As we have seen in Remark 1.2.2(d),
the convexity of a (pseudo)modular w on X is equivalent to the fact that the function
wa(x,y) = Awy(x,y) is a (pseudo)modular on X. On the other hand, if a function w
on (0, 00) x X x X is initially given, then we have: w is a (pseudo)modular on X if
and only if w) (x,y) = wy(x,y)/A is a convex (pseudo)modular on X.

From Sect. 2.1, we find

X\ cx)=X'=X; and X"=X"CX:=X;. (2.3.1)
By Theorem 2.2.1, W generates a (pseudo)metric on X;; of the form
dd(x,y) =inf{d > 0: W (x,y) <A} =inf{A > 0:wy(x,y) < 1}. (2.3.2)

The last expression is given in terms of w and is denoted by &} (x, y).



28 2 Metrics on Modular Spaces

Properties of d are gathered in the following theorem, where Theorem 2.2.1 and
Corollary 2.2.6 are applied to w; (x,y) = Aw; (x,y) and expressed via w.

Theorem 2.3.1. Let w be a convex (pseudo)modular on X. Then
di(x,y) =inf{d > 0:wy(x,y) <1} = )iLnE max{A, Aw; (x,y)}, x,y€X,
>

(2.3.3)

is an extended (pseudo)metric on X (with d(x,y) < 0o < x ~ y), whose restriction
to the modular space X, is a (pseudo)metric on X,

Furthermore, d° and d* are nonlinearly equivalent in the following sense: given
x,y € X, we have

min{d%(x,y), \/d5(x,y)} < do(x,y) < max{d}(x,y), /d*(x,y)}. (2.3.4)
or, equivalently (written in a different way),
do(x,y) -min{1,d"(x,y)} < di(x.y) < dd(x.y) - max{l,d’(x,y)}. (2.3.5)

Only the second part of Theorem 2.3.1 is to be verified. For this, we need some
precise inequalities for d = dﬁ» which are reformulated from Theorem 2.2.11
(applied to w) in terms of w and stated, for ease of reference, as

Theorem 2.3.2. Let w be a convex (pseudo)modular on X, A > 0, and x,y € X}.
Then we have:

(a) di(x,y) < Aimplies wy—o(x,y) < d}(x,y)/A < 1, and conversely,
wi—o(x,y) < 1 implies d}i(x,y) < A;

(b) di(x,y) > Aimplies wyyo(x,y) > di(x,y)/A > 1, and conversely,
Wwito(x,y) > 1implies di(x,y) > A;

(c) di(x,y) = A is equivalent to wy4o(x,y) < 1 < wy_o(x,y).

In addition, under the continuity assumptions on w, we get:

@) di(x,y) <A & wilx,y) < 1, provided w is continuous from the right;
(e) di(x,y) <A & wa(x,y) < 1, provided w is continuous from the left;
) di(x,y) = A & walx,y) = 1, provided w is continuous on (0, 00).

Proof (of Theorem 2.3.1 (second part)). In steps 1 and 2, we show that inequalities
d%(x,y) < 1and d*(x,y) < 1 are equivalent, and if one of them holds, then

di(x,y) < dp(x.y) < \/dE(x.y). (2.3.6)

Since d(x,y) < limplies d}(x,y) < /d*(x,y), inequality (2.3.6) proves (2.3.4).

1. Suppose d° (x,y) < 1. Letus show that &*(x,y) < d°(x,y) (and so, d*(x,y) < 1).
In fact, for any number A such that d?(x,y) < A < 1, the definition of d° gives
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wy(x,¥) < A < 1, whence, by the definition of &}, d;(x,y) < A. Passing to the
limit as A — dg, (x,y), we obtain the left-hand side inequality in (2.3.6).

2. Assume that d*(x,y) < 1. Let us prove that &° (x,y) < /d*(x,y), which is the
right-hand side inequality in (2.3.6) (and so, d°(x,y) < 1). Since d*(x,y) <

VdE(x,y) < 1, for any A such that \/d}(x,y) < A < 1, inequalities (1.2.4) and,
by virtue of convexity of w, Theorem 2.3.2(a) imply

* 2
wi(x,y) < wa—o(x,y) < hlxy) L. A

A A
By the definition of d°, d° (x,y) < A. Letting A tend to \/d*(x,y), we obtain the
desired inequality.

As a consequence of steps 1 and 2, inequalities d° (x,y) > 1 and d*(x,y) > 1
are equivalent, as well. In steps 3 and 4, we show that if one of these inequalities

holds, then
Vantey) = dy(xy) < djy(x.y). (2.3.7)

Since d};(x,y) > 1 implies d%(x,y) > /d*(x,), (2.3.7) establishes (2.3.4).

3. Inequality d*(x,y) > 1 implies d° (x,y) < d*(x,y): in fact, by the definition of
dy, wi(x,y) < 1forall A > d}(x,y), and since A > 1, wy(x,y) < A. From
the definition of d°, we get d°(x,y) < A. The assertion follows thanks to the
arbitrariness of 1 > d (x, ).

4. Suppose d°(x,y) > 1, and let us show that \/d*(x,y) < d°(x,y), which is the
left-hand side inequality in (2.3.7). Given A > d(x,y), we have w; (x,y) < A,
and since A > 1, A> > A. The convexity of w and (1.2.5) imply

A A
w2 (x,y) < ﬁwx(x,y) < [E A =1,
whence d(x,y) < A2, Letting A go to dﬂ,(x, y), we get dj (x,y) < (dgv (x, )%

O

Remark 2.3.3. 1. If w is nonconvex, the quantity d}(x,y) € [0, oo] from (2.3.3)
has only two properties: d;;(x,x) = 0, and d;(x,y) = d;(y, x). It follows from
(2) in this Remark that d}j(x,y) = 0 > x = y, and from (4)—that the triangle
inequality may not hold for d;.

2. The convexity of w is essential for inequalities (2.3.4) and (2.3.5): modular
(1.3.2) is nonconvex, and d?v is a well-defined metric on X (e.g., (2.2.6) and
(2.2.7)), but, since wy(x,y) < 1 forall A > 0, we have d;(x,y) = 0 for all
x,y € X (and, in particular, d; is not a metric on X).

3. In the proof of Theorem 2.3.1, the implications in steps 1 and 3, which are
of the form d)(x,y) < 1 = df(x.y) < do(x,y), and di(x,y) > 1 =
d%(x,y) < d*(x,y), do not rely on the convexity of w and are valid for
those (pseudo)modulars w, for which the quantity dJ(x, y) is well-defined. The
example in (2) above is consistent with the former implication.
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4. For the modular w) (x,y) = d(x,y)/A? (p > 0) from Example 2.2.2(1), we have
d’(x,y) = (d(x,y))/®*D and d*(x,y) = (d(x,y))"/?, where we note that d*
is a metric on X if and only if w is convex, i.e., p > 1. So, for p > 1, setting
a = d(x,y), inequalities (2.3.6) and (2.3.7) assume the form:

1 1 1 1 L.
<artl <a if 0<a<1,and a%» <art! <gqr if a>1.

-

a

5. Inequalities (2.3.4) are the best possible: see Example 2.3.5(1).

Remark 2.3.4. 1. If p is a classical convex modular on a real linear space X
(cf. Sect.1.3.3 and Remark 2.2.3), then the modular space X, coincides with
the set X; = {x € X : p(ax) < oo forsomea > 0}, and the functional
[xl, = inf{e > 0:p(x/e) < 1} (x € X7) is a norm on X, = X, which is
nonlinearly equivalent to the F-norm [x|, in the same sense as in Theorem 2.3.1.
Moreover, under the assumptions of Proposition 1.3.5, where X is a linear space
and p(x) = wi(x, 0), we have: X = X (0) = X, is a linear subspace of X, and
the functional ||x||, = d}(x,0), x € X7, is anorm on X}.

2. Similar to Corollary 2.2.8, if w is convex, thendy, = dy = djonX x X.In
fact, W) (x,y) = wi(x,y) = Awy(x,y) is also a (pseudo)modular on X, and
(Wx0)® = (W)xo = (W")xo, which can be seen as follows. Given A > 0 and
x,y € X, (1.2.2) and (1.2.3) imply

(W=0)"), (x.y) = A(wx0)a(x.y) = Awpzo(x.y) = Mli)ﬁo Uw i (x, y)

MEI&O(WA);L(X, y) = Wrzox.y) = ((W)+0), (x. ).

By virtue of (2.3.3) and (2.3.2), d} = d?vm and Corollary 2.2.8 yields

* _ 40 _ 40 40  _ g*
dwio - d(w:to)A - d(w/\)io - YN = dw'

Example 2.3.5. Consider the modular w; (x,y) = ¢(d(x,y)/A) from (1.3.5), where
the function ¢ : [0, 00) — [0, o] is nondecreasing and such that ¢(0) = 0, ¢ # 0,
and ¢ # oo, (X, d) is a metric space, x,y € X, = X, and A > 0.

1. Let o(u) = u” (p > 0). Then w is strict, convex if p > 1, and nonconvex if
0 < p < 1. For any p > 0, we have

d(x,y) = (d(x,y)”/P*Y and  di(x.y) = d(x,y).

To show that inequalities (2.3.4) are the best possible, we note that if p = 1, then
d°(x,y) = \/d*(x,y), and if p > 1, then (w is convex and) we find

d)(x,y) = (d(x,y)"/ PV - d¥(x,y) as p— oo.
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2. Let w be the (a,0)-modular from (1.3.9). If a = oo, then w is nonstrict and
convex, and we have: d%(x,y) = d*(x,y) = d(x,y). Now, if a > 0, then w is
nonstrict and nonconvex, and we have: d%(x,y) = min{a, d(x,y)}, d*(x,y) = 0
ifa <1,and d}(x,y) = d(x,y)ifa > 1.

3. if o(u) = ufor0 <u <1,and ¢(u) = 1 for u > 1, then the modular

d(x,y)

wilx,y) =11if 0 < A <d(x,y), and w (x,y) = if A >d(x,y),

is strict and nonconvex, and d° (x,y) = min{1, \/d(x, y)}.
4. Letp(u) =0for0 <u <1,and ¢(u) = u— 1 for u > 1. We have:

d(x,y)

T 1if 0 <A <d(x,y),and wy(x,y) =0 if A > d(x,y),

WA(X, y) =

is nonstrict and convex, and (note that d° (x, y) < d(x,y) if x # y)

d9(x,y) = 1+4d2(x’y)_1 and di(x,y)=d(xz’y).

5. Suppose p(0) =0, p(u) = 1if0 <u < 1, and ¢(u) = uifu > 1. Given A > 0
and x,y € X, we have: wy(x,y) = 0ifx = y, and if x # y,

d(x,y)
A

wy(x,y) = if 0 <A <d(x,y),and wy(x,y) =1 if A > d(x,y).

Then the modular w is strict and nonconvex, d(x,y) = max{l, \/d(x,y)} if
x#y,andd’(x,y) = 0ifx = y.

6. Suppose ¢ is given by: () = uif 0 <u < 1,¢om) = 1if 1 < u < 2, and
@) = u—1if u > 2. The corresponding modular w is strict and nonconvex,
and we have: d° (x,y) = /d(x,y) if d(x,y) < 1,d%(x,y) = 1if | <d(x,y) <2,
and d9(x,y) = (/1T + 4d(x.y) — 1) if d(x,y) > 2.

2.4 Modulars and Metrics on Sequence Spaces

Let (M, d) be a metric space, X = M"—the set of all sequences x = {x,} from M,
and x° = {x;} C M—a given sequence (the center of a modular space). In this
section, we study two special modulars defined on X.

1. The modular w from (1.3.10) with ¢(u) = u” (p > 0) and h(X) = A9 (¢ > 1) is
strict and continuous, and it is convex if p > 1. The modular spaces (around x°)
are given by
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X5 =X = X = {x =t} € X1 D (00 x7)) < oo}

n=1

(if M = R with metric d(x,y) = |x —y| and x° = 0 = {0}°2,, then X (0) is the
usual space £, of all real p-summable sequences).
Let H(A) = A(h(X))? = AP7+!. The metric d° on X* is of the form:

oo

o0 1/(pg+1)
Ay =1 (Lt ) = (Zwwmor)

n=1 n=1

where H~! () = p!/®4+1 is the inverse function of H on [0, 00).
If p > 1, then w is convex, and we also have metric d; on X7 of the form:

1/pq

aicy =17 ([atsnar] ") = (Sawonr)
n=1 n=1

where 17! : [0,00) — [0, c0) is the inverse function of 4 (see Example 1.3.10,
and Appendix A.l concerning general superadditive functions £).
2. Given A > O0and x = {x,},y = {y,} € X = MV, we set
d(xn, yn)\ 1/
M) . 2.4.1)

wy(x,y) = Sup( T

neN

Proposition 2.4.1. w = {w) },-¢ is a strict nonconvex continuous modular on X.

Proof. Axioms (i), (is), and (ii) are clear, and axiom (iii) follows from inequalities
(1.3.11) with ¢(u) = u'/" and h(1) = A.

In order to see that w is nonconvex, we show that X°(x°) # X*(x°) for some
x° € X (cf. Sect.2.1). Choose any x° € M and x € M, x # x°, and let x° = {x°}°2 |
and x = {x}72, also denote the corresponding constant sequences from X. Given
A > d(x,x°) > 0, we find

d(x/»\x"))”” = lim (d(x’xo))l/" =1,

wi(x,x°) = sup( Jim_

neN
and so, x € X*(x°) \ X2(x°).
Let us show that wy (x,y) < wjto(x,y) and wy—o(x,y) < wy(x,y) forall A > 0

and x,y € X, which, by virtue of inequalities (1.2.4), establish the continuity
property of w. For any n € N and u > A, the definition of w implies

(d(xn, Yn)

1/n
" ) <wux,y),
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and so, as . — A + 0, we get

(M)]/n < wato(x, y).

Taking the supremum over all n € N, we obtain the first inequality above. Now,
given A, u > 0, we have

d ns Yn 1/n AN1/n n
() = sup (L2 (5) 7 = mi s (/)"

neN neN
= wa(x,y) -max{l, )L//L}, x,yeX. (2.4.2)
It follows that if 0 < p < A, then wy, (x,y) < wx(x,y) - A/, and so, passing to the
limit as p — A — 0, we get wy_o(x,y) < wa(x,y). O

Note that (2.4.2) with y = x° proves that X"(x°) = X*(x°), and establishes the
following characterization of this modular space in terms of sequences x = {x,} and
x° = {x7} themselves:

xeX*(x°) ifandonlyif wi(xx%) = sup (d(x,x))"" < co. (2.4.3)

neN
The modular space X0 (x°) is characterized in the following way.
Proposition 2.4.2. Givenx € X, x € X°(x°) if and only if lim (d(xn,x,‘i))l/ "=0.
n—>oQ

Proof. Suppose x € X°(x°). Then wj (x,x°) — 0 as A — oo, and so, for each & > 0
there exists Ag = Ag(g) > 0 such that

d(xy, ;)\ 1/n
Wi, (x,x°) = sup (%) <e. (2.4.4)
neN 0

This inequality is equivalent to
(dCen )" < (A0)'/"-& forall neN, (2.4.5)

Passing to the limit superior as n — 0o, we get

1/n§8

lim sup (d(x,, 7))

n—>oo

Due to the arbitrariness of & > 0, (d(x,, x°))"/" — 0 as n — oo.

n
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Now, assume that (d(xn,x,‘;))l/” — 0 as n — oo. Given ¢ > 0, there exists a
number ny = ny(e) € N such that (d(x,,,xﬁ))l/” < ¢ for all n > ny. Setting

A1(e) = max{l,1/&"} - max d(x,,x;)

1<n<ny
and noting that

d(x,, x;
d(x,,x;) = M ce" < Ai(g)- " for all 1 <n <ny,
Sﬂ
we obtain (2.4.5) with Ay = A¢(¢) = max{l, A;(e)}. It follows that inequality
(2.4.4) holds, whence, by virtue of (1.2.1), wy(x,x°) < wy,(x,x°) < ¢ for all
A > Ao. This means that wj (x,x°) — 0 as A — 00, i.e., x € X0 (x°). O

The metric d° on the modular space X*(x°) is given by

1/(n+1 °
4 (x,y) = sup (A ) /""", xy e XE(O). (2.4.6)

neN

Recalling that w is nonconvex, we note that d(x,y) = sup,ey d(x,, y,) is only an
extended metric on X} (x°) and X (however, d); is a metric on the set of all bounded
sequences in M; see Remark 2.4.3 below).

Writing x = {x,} € c(x°) if lim,—o0 d(x,,x;) = 0, and x = {x,} € Loo(x°) if
Sup,en d(x4, X;) < 00, we have the following (proper) inclusion relations:

X0(x°) C e(x°) C Loo(x®) C XI(x°) = X*(x°). (2.4.7)

(Here ¢(x°) is the set of all sequences in M, which are metrically equivalent to
x° = {x;}, and £ (x°) is the set of all sequences in M, which are bounded relative
to x°.) The first inclusion is a consequence of Proposition 2.4.2, and the third one is
established as follows: if b = sup, ¢y d(x,, X)) < 00, then, for all A > 0, we have:

< sup (;)l/n = max{1,b/1} < oo.

neN

d(x,,,x;’))l/n

wy(x,x°) = sup( p

neN

Remark 2.4.3. 1. If x° = {x}} is a convergent sequence in M, then every sequence
x = {x,} € c(x°) is also convergent in M (to the limit of x°), and if x° is bounded
in M (i.e., sup, ey d(x;, X;,) < 00), then every x € £o0(x°) is also bounded in M.

2. In the particular case when M = R with metric d(x,y) = [x — y| and x° = O is
the zero sequence, we have: ¢y = ¢(0) is the set of all real sequences convergent
to zero, and £, = £ (0) is the set of all bounded real sequences. The following
examples are illustrative (see (2.4.7)): (a) {1/n} € co \ X°(0); (b) {2"} € X*(0) \
loo; (€) 1277} € X0(0); (d) {27} & X2(0); () if x = {n}, then x € X}(0),
d° (x,0) = sup,cy n'/ "D < 0o, while d*(x,0) = sup,cy 1 = 00.
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3. The classical F-norm |x|, = d%(x,0) = sup,ey |[x:|"/"*D, corresponding to
p(x) = wi(x,0) with w from (2.4.1) and M = R, is well-defined for x = {x,}
from X, = XS,(O) C ¢ and satisfies conditions (F.1)—(F.4) from Remark 2.2.3.
However, on the larger modular space X; = X (0) (see Remark 2.3.4(1)), the
functional | - |, does not satisfy the continuity condition (F.4): for instance, if
x = {2"*1}%  and a; = 1/k, then x € X} \ X, and ox — 0 as k — o0, but

. 1\ /(41
|ogx|, = sup (ozk . 2”+1)1/( L. 2 sup (—) =2 forall keN.
neN

neN

2.5 Intermediate Metrics

In Theorem 2.2.1 and Corollary 2.2.6, we have seen two expressions for metric d°
on X (see also Theorem 2.3.1 if w is convex). In this section, we define and study
infinitely many metrics on the modular space X

Theorem 2.5.1. Let w be a (pseudo)modular on the set X. Given 0 < 6 < 1 and
X,y € X, setting

di(x.y) = inf [(1 = 0y max{a wy (w00} + 0 + waw.v) | (2.5.1)

we have: d“i is an extended (pseudo)metric on X, and a (pseudo)metric on the
modular space X, = X (x°) for any x° € X, and the following (sharp) inequalities
hold:

dy(x.y) < (1=0)dy)(x. y)+0d,,(x.y) < d(x.y) < d),(x.y) < 2d(x.y). (252)

Proof. Clearly,0 < d’(x,y) < ooforallx,y € Xand0 <6 < 1.

1. First, we prove our theorem for 6 = 0 and 8 = 1 simultaneously (for d?v, this
is the second proof). Given u, v € [0, o], we denote by u @ v either max{u, v}
oru+v(andu®v = ooif u = ocoorv = 00). Then d(x,y) and d! (x, y) are
expressed by the formula:

d®(x,y) = i‘lg A®wy(x,y), xyeX. (2.5.3)

la. If x,y € X, then dj‘f(x,y) < 00. In fact, since x ~ y, there exists Ay > 0
such that wy,(x,y) < oo, and so, the set {1 @ w,(x,y) : A > 0} \ {oo} is
nonempty and bounded from below by O (i.e., is contained in [0, c0)).

1b. Given x € X, we have, by (i"), A ® wy(x,x) = A ® 0 = A forall A > 0, and
S0, d;? (x,x) = infys9 A = 0. Now, suppose w is a modular. Let x, y € X, and
d®(x,y) = 0. If we show that wy (x,y) = 0 for all A > 0, then axiom (i) will
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imply x = y. On the contrary, assume that wy,(x,y) # 0 for some Ay > 0.
Given A > 0, we have two cases: if A > A, then

A@wi(x,y) =A®0=21> A,
and if A < Ao, then, by the monotonicity (1.2.1) of w, we find
ADwi(x,y) = 0D wilx,y) = walx,y) = wy,(x,y).

Hence A @ wy(x,y) > min{Ag, w;,(x,y)} = A; for all A > 0. By
the definition of d®, we get d®(x,y) > A; > 0, which contradicts the
assumption.

Axiom (ii) for w implies the symmetry property of d®.

Let us establish the triangle inequality d® (x, y) < d®(x,z) + d®(z, y) for all
x,y,z € X. The inequality is clear if at least one summand on the right is
infinite. So, we assume that both of them are finite. By (2.5.3), given ¢ > 0,
there exist A = A(¢) > 0 and u = u(e) > 0 such that

ADwy(x,z) < ds,a(x,z) +¢e and p@®wu(z,y) < dga(z,y) + &.
Since @ is max or +, (2.5.3) and axiom (iii) imply

d®(x,y) < (A + 1) & waru(x.y) < (A + 1) & (Wa(x.2) + wu(z.y))
(2.5.4)

<(Aewmn)+ (k@ wuzy) <d®(x2) +e+d2(zy) +e

It remains to take into account the arbitrariness of ¢ > 0.

2. That dﬁ, is well-defined, nondegenerate (when w is a modular), and symmetric
can be proved along the same lines as in steps la—1c. Let us show that dz satisfies
the triangle inequality. Suppose dﬁ(x, z) and dﬁ(z, y) are finite. Given & > 0, by
virtue of (2.5.1), there exist A = A(¢) > 0 and u = p(e) > 0 such that

(1 —0)ymax{A, wi(x,2)} + O(A + wa(x,2)) < d’(x,2) +e,

(1= 0)ymax{p, wu(z.y)} + (1 +wu(z,y) <di(z.y) +e.

Taking into account (2.5.1), axiom (iii) and the last inequality in (2.5.4), we get:

df(x.y) < (1= 0) max{A 4 p.wat (6. 9)} + 0 (A + 1+ wiu(x.y))
<(1 — 6) max{A+pu, wa (x, 2)Fwp (2, ¥) } +0 (A+u+wa (x, 2)+wu(z. )

<(1- 9)[max{k,wl(x, )} + max{u,wﬂ(z,y)}]

+ G[A +walx,2) +p+ WH(Z,Y)]
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= [(1 — ) max{A, wi(x,2)} + 0 (X + wi(x, z))]

+ [(1 — G)max{u,wﬂ(z,y)} +0(u+ w#(z,y))]

< dﬁ,(x, z)+e+ dz(z, y) +e.

By the arbitrariness of ¢ > 0, the triangle inequality for dﬂ follows.
3. The inequalities max{u, v} < u + v < 2max{u, v} for u, v > 0 imply

d(x,y) <dl(x,y) <2d°(x,y) forall x,yeX. (2.5.5)
This proves also the first and fourth inequalities in (2.5.2). Since, for any A > 0,
d(x,y) < max{A, wi(x,y)} and d,(x,y) < A+wilx,y),
we find
(1= 0)d)(x,y) + 0d),(x.y) < (1 —0) max{A, wy(x,y)} + O(A +wa(x,))
<A+ walxy),

which establishes the second and third inequalities in (2.5.2). O
The sharpness of inequalities (2.5.2) is elaborated in Examples 2.5.5 and 2.5.6.

Remark 2.5.2. Not only intermediate (pseudo)metrics dfv between d?v and d! can be
introduced as in (2.5.1): given ¢, B > 0 with o + B # 0, we set

dP(x,y) = irlg [a max{A, w(x,y)} + B(A + wx(x,y))], x,y€X.

In this case, we have d%” (x,y) = (a + B)d’ (x,y) with & = B/(a + B).

Remark 2.5.3. Different binary operations & on [0, 00) can be used in formula
(2.5.3) to define d® (x, ), but then only the generalized triangle inequality holds:

d®(x,y) < C(d®(x,2) + d®(z,y)) with C> 1. (2.5.6)

This can be seen as follows. Suppose ¢ : [0, c0) — [0, o0) is a continuous function
such that ¢(0) = 0, ¢(u) > 0 for u > 0 and, for some constant C > 1,

go(HTv) <o) +¢) <pu+v) foral uwv=>0. (2.5.7)
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(Here the right-hand side inequality is the superadditivity property of ¢, which is
satisfied, e.g., by any convex function ¢; see Appendix A.1). Denoting by ¢! the
inverse function of ¢ and setting

u®v =09 "(¢u) +¢) foral urv>0, (2.5.8)
we find, from (2.5.7), that
udv<u+v=<Cudvv). (2.5.9)

For instance, if (1) = u” with p > 1, then u @ v = (” + v?)"/?, and inequalities
(2.5.9) hold with sharp constant C = 21=0/p) and if o) =e"— 1, thenu v =
log(e*+e”—1), and (2.5.9) hold with sharp constant C = 2. Now, in order to obtain
(2.5.6), we take into account (2.5.3) and (2.5.9), and find that the right-hand side in
(2.5.4) is less than or equal to

A+ )+ (Wi x,2) +wuzy) = (A +wax2) + (1 4+ wu(z.y))
< C[(A®wi(x,2) + (1 ® wu(z.))]
< C[df?(x,z) +e+ dj‘f(z,y) + 8], e>0.

The generalized triangle inequality (2.5.6) can also be obtained if, instead of
d&? (x,y) from (2.5.3), we consider the quantity

a7 (x,y) = inf (max{2, wi(x,)}) & (2 + wa(x.y)

with the operation & on [0, co) of the form (2.5.8).

As in Corollary 2.2.8, the right w4 and left w_, regularizations of w do not
produce new metrics of the form (2.5.1) in the following sense.

Proposition 2.54. d; . (x.y) = dj_ (x.y) = dj(x.,y) forall 0 < 6 < 1 and
x,y € X.

Proof. For instance, let us verify this for § = 1. By virtue of (1.2.4), we have
A+ wirol,y) <A +wilx,y) <A+ wy—o(x,y) forall A>0,

whence d,,  (x,y) < d,(x,y) <d,_ (x.y).

Let us show that d! Ly = d! (x,y). Suppose d! @y < oo, and u >
dvlv+0(x’)’)~ Letu > u; > dvlv+0(x’)’)~ By (2.5.1) with 8 = 1, there exists A; > 0

such that

Ajglﬁ@ +wi(x,y) = A1 + wa +ox,y) < up <.
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It follows that A, 4+ wy, (x,y) < u for some A, > A, which implies

dl(x,y) = inf (A + wa(ey) = 22 + wip(xy) <

and it remains to pass to the limit as u — d., +o (x,y).
Now, we show that d! (x,y) > d!_(x,y). Letd! (x,y) < oo, and u > d!(x,y).

w—0
Choose u; such that u > u; > d! (x,y). By (2.5.1) with 6 = 1, there exists u; > 0
such that p; + wy, (x,y) < uy < u. It follows from (1.2.4) that

wi—o(x,y) <wy (x,y) <u—py forall Ay > py,
and so,
d&y_o(x!y) = A1 +WA]_0(X,y) < )Ll + Uu—pup.

Passing to the limit as A; — u; + 0, we get dvlv_0 (x,y) < u, and it remains to take
into account the arbitrariness of u as above. O

Example 2.5.5 (metric dvlv).

1. Let wy(x,y) = A7Pd(x,y) be of the form (1.3.1) with p > 0. By Exam-
ple 2.2.2(1), d° (x,y) = (d(x,y))"/¢+D.

Let us calculate d!(x,y) = infi=of(X), where f() = A + A7Pd(x,y)
(and x # y). The derivative f/(A) = 1 — pA™7'd(x,y) vanishes at 1y =
(pd(x, )PV (1) < 0if 0 < A < Ao, and f/(A) > 0if A > A, and so,
f attains the global minimum on (0, co) at the point A¢, which is equal to

dL(x,y) = f(ko) = y(p) - (d(x,y))"/?TD for all x,ye€X,

where

y(p) = (p+ HpY, - p>o.
Note that 1 < y(p) < 2, y(p) = 2 ifand only if p = 1, and y(1/p) = y(p).
The inequalities for y(p) can be established directly by taking the logarithm and

investigating the resulting function for extrema, or they follow from (2.5.5). In
particular, if p = 1, the expressions for dg, and dvlv are of the form:

d?v(x,y) = /d(x,y) and d}v(x,y) = 24d(x,y), x,yeX.

2. Formulas for d° and d!, above are valid in a somewhat more general case when a
(pseudo)modular w on X is p-homogeneous with p > 0 in the sense that

wa(x,y) = APwi(x,y) for all A >0 and x,y € X.
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In this case, we have

d(x,y) = (e y)/P*D and  d)(x,y) = y(p) - (wi(x,) 0.
(2.5.10)
One more example of a p-homogeneous modular w on a metric space (X, d)

is given by wy (x,y) = (d(x,y)/A)? = APw;(x,y) (see Example 2.3.5(1)).

3. Given a metric space (X,d) and a convex function ¢ : [0,00) — [0, 00)
vanishing at zero only, we set (cf. (1.3.5))

d(x,y)
A

wA(x,y)z)L(p( ), A>0, x,yeX.
Then w is a strict modular on X (cf. (1.3.8)), and since ¢ is increasing, continuous,
and admits the continuous inverse ¢!, we find

dy(x.y) = inf{X > 0: p(d(x,y)/2) < 1} = d(x,3) /¢~ (1).

In particular, if ¢(u) = u” with p > 1, we have d°(x,y) = d(x,y), and taking
into account that

d(x,y)

W) = A5

p
) =270y = 27w ),
we conclude from (2.5.10) (replacing p there by p — 1) that

dy(x,y) =y = 1) - w1 )P = pp = PP - d(x, y).

4. Setting w; (x,y) = e *d(x,y) and following the same reasoning as in Exam-
ple 2.5.5(1), we get

d(x,y) if dix,y) <1,

dy(x,y) = i
W) =0 log d(x,y) if d(x,y) > 1,

x,y € X.

Example 2.5.6 (metric d°). Tn order to be able to calculate the value d’ (x,y) from
(2.5.1) explicitly for all 0 < 6 < 1, here once again we consider the modular
wy(x,y) = A7Pd(x,y) of the form (1.3.1) with p > 0. Since the cases 6 = 0
and & = 1 were considered in Example 2.5.5(1), we are left with the case when
0 < 8 < 1 (in calculations below, we assume that x # y).

To begin with, we note that @’ (x,y) = infy~f(6, 1), where the function f(6, 1)
under the infimum sign in (2.5.1) is expressed as

— fl(k) = W/\(x9y) + oA it A =< WA(X,}’),

f(ev)\‘) fZ(A) =)+ le(x’y) if A > WA(xay)’
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with fi(A) = A7Pd(x,y) + 6A and 4(A) = A + OA7Pd(x,y), and the inequality
A < wi(x,y) = A7Pd(x,y) is equivalent to A < A9 = d%(x,y) = (d(x,y))/P*D.
Hence

6 _ . . .
d, (x,y) = min 0<1An5fxofl (L), A13{0]3(/\) , (2.5.11)

where we note that f1(1o) = f2(Ao) = Ao(1 + 6).

The derivative f{(A) = —A7P"pd(x,y) + 0 is equal to zero only at the point
At = Ao(p/O)VPFTD fI(A) <0if 0 < X < Ay, and f{(X) > 0if A > Ay, and so, the
global minimum of f; on (0, co) is attained at A; and is equal to

(A1) = Aoy (p)oP/ @ Hh,

Similarly, the derivative f;(A) = 1 — A"~ '0pd(x,y) is equal to zero at the point
Ay = )to(Gp)l/(P“),fz’(k) <0for0 <A < Ay, and fj(A) > 0 for A > A,, and so, f>
attains the global minimum on (0, c0) at A,, where it has the value

£(A2) = Aoy ()0 ¥ th.

Givenp > 0and 0 < 8 < 1, we have four cases: (I) p > 1 and 6 < 1/p; (IN)
p>landl/p<8;(Ill)p<landf <p;and IV)p < landp < 6.

Cases (I), (Il1). We have p > 1 > 0 in case (I), and p > 6 in case (III), and
s0, A9 < A;. Since f; decreases on (0, A;], the value infy<y, fi(1) is equal to
fi(Ao) = Ap(1 4 6). Also, we have 8p < 1 in case (I), and Op < 1 in case (III),
and so, A, < A. Since f; increases on [A;, 00), the value inf) ., f2(1) is equal to
£(Xo) = Ao(1 + 0). By virtue of (2.5.11), d? (x,y) = Xo(1 + 0).

Case (II). As in case (I), since p > 1 > 6, infi<;,i(A) = Ao(1 + 0).
Furthermore, 8p > 1 implies 4y < A,, where A, is the point of minimum of
f> on [Ag, 00), and so,

Aiillfofz(k) = f2(A2) < fa(Ao) = Ao(1 4+ 0) = Aigfofl(k)-

It follows from (2.5.11) that d% (x, y) = fr(A2) = Aoy(p)8"/®+D.
Case (IV). Inequality p < 6 implies A; < A¢, and since A; is the point of
minimum of f; on (0, A¢], we find

Jnf fi () = fi(d1) <fi(Ro) = Ao(1 4 0).

As in case (III), since Op < 1, infy,,f2(A) = Ao(1 + ). By (2.5.11), we
conclude that dﬁ,(x,y) = fi(A1) = Aoy (p)or/®P+D,
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In this way, we have shown that

1+6 if0<f<1/p<lor
0<0=<p<l,

Y/t if 0 <1/p <6 <1,

y(@OP/Pt) if 0 <p <6 <1.

i (x,y) = (d(x,y) /@D (2.5.12)

A few comments on this formula are in order. If # = 0 or 6 = 1, then it gives
back the values d° (x, y) and d! (x,y) from Example 2.5.5(1). If p > 1and 6 = 1/p
in the third line of (2.5.12), then y(p)#"/®+D = 140 (as in the first line). Similarly,
if p < 1 and @ = p in the fourth line of (2.5.12), then y(p)6?/?*+D =1 4 4.

Note that, for any p > 0 and 0 < 6 < 1, we have (cf. (2.5.2))

(1= 0)d(x,y) + 0d.(x,y) = (1 — 0 + 0y(p)) - (d(x, )"/ "FD.

Forp # 1, wehave 1 < y(p) < 2,s0if (a)p > 1and0 < 6 < 1,0r (b) p < 1 and
0<0<p,thenl -6+ 0y(p) <1+ 6, and so,

(1—0)d%(x,y) + 0d.(x,y) < d’(x,y), x#».

Now, if p = 1, then y(p) =2 and 1 — 0 + Oy(p) = 1 + 6, which imply

dz(x,y) =(1+6)ydx,y) =01- Q)dg,(x, y) + delv(x, y) forall0 <6 <1.

For a convex (pseudo)modular w on X, wy(x,y) = Awy(x,y) is a
(pseudo)modular on X, so setting dﬁ* = d?v and applying Theorem 2.5.1, we
get

Theorem 2.5.7. Ifw is a convex (pseudo)modular on X and 0 < 6 < 1, then
dﬁ@yﬁz?ﬂﬂ—9ﬁmﬂkkw&yﬂ+9@+km@y»} XyeX,
>

is an extended (pseudo)metric on X and a (pseudo)metric on X*, and

di(x,y) < (1= 0)di(x,y) + 0dL (x.y) < d2* (x,y) < df(x,y) < 2d%(x,y),

where (see (2.3.3)) d*(x,y) = d°*(x,y).

Remark 2.5.8. Given 0 < 0 < 1,d%(x,y) < 1 implies d?*(x,y) < d’(x, y). In fact,
for any r such that d’ (x,y) < r < 1 there exists A = A(r) > 0 such that

(1 =6)ymax{A, wy(x, )} + (A +wr(x,y)) <r< 1.
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It follows that A = (1 — O)A + 04 < 1,
max{A, Aw; (x,y)} < max{A,wy(x,y)} and A+ Awy(x,y) <A+ wi(x,y),
and so,
d?* (x,y) < (1 — 0) max{A, Awy (x,y)} + O(A + Aws(x,y)) < 7.

It remains to pass to the limit as r — d? (x, y).

Example 2.5.9. Let p > 1 and w,(x,y) = (d(x,y)/A)’ be the p-homogeneous
modular from Example 2.3.5(1). Then, by Example 2.5.5(1), (2),

d(x,y) if p=1,

1 _ . /(p+1) 1% _
d,(x,y) = y(p) - (d(x, )’ and d,"(x,y) V(o — Ddx.y) if p> 1.

2.6 Bibliographical Notes and Comments

Sections 2.1 and 2.2. Modular spaces X} and X! were introduced in
Chistyakov [22] and studied in [24, 25, 28]. The space X?V is a counterpart
of the classical modular space X, defined in Musielak and Orlicz [77]; see
Remark 2.2.3(1), in which the main results of [77] are briefly described. As
condition (p.4) from Sect.1.3.3 is crucial for defining the F-norm |x|, on X,,
axiom (iii) in Definition 1.2.1 is a proper tool to define the (pseudo)metric d° (x, y)
on the space X, which is larger than X°.

The properties of d? (x,y) are based on the properties of quantity g° from (2.2.1)
(recall that d°(x,y) = (w*)°). This allows us to obtain an alternative expression
for the (pseudo)metric d? (x,y) in Corollary 2.2.6.

Modular space X is (natural and) new. Its role will be more clear below (see
Theorem 3.3.8): some ‘duality’ holds between the modular spaces.

Corollary 2.2.8 was first established in Chistyakov [28].

Lemma 2.2.9 and Theorem 2.2.11 are sharp refinements of Theorem 2.10 from
Chistyakov [24]. Counterparts of Theorem 2.2.11(d), (e) for classical modulars are
presented in Maligranda [68, Theorem 1.4].

Theorem 2.2.13 is new.

Section 2.3. In the convex case, the results of the classical modular theory are
presented in Remark 2.3.4(1). They were established by Nakano [81, Sect. 81],
Musielak and Orlicz [78], and Orlicz [90] (for s-convex modulars with 0 < s < 1).
For Orlicz modulars (i.e., integral modulars of the form p(x) = [, ¢(|x(1))dp),
the norm |[x[|, = inf{e > 0 : p(x/e) < 1} on X7 was considered by Morse
and Transue [73] and Luxemburg [66]. Note that the norm ||x||, is the Minkowski
functional p4(x) = inf{e > 0 : x/e € A} of the convex set A = {x:p(x)<1}.
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Furthermore, Musielak and Orlicz [78] proved inequalities of the form (2.3.6)
and (2.3.7) for classical convex modulars p, and Orlicz [90] established the
representation ||x||, = inf,-o sup{r~"', p(tx)r~'} (cf. the second equality in (2.3.3)).

The (pseudo)metric &} (x, y) on X was introduced in Chistyakov [22]. It is seen
from the expressions for 4} (x,y) and ||x||, that d};(x,y) is a counterpart of the
norm |[|x||,. Interestingly, the idea of definition of &*(x,y) = ()" has no relation
with the idea of Minkowski’s functional of a convex set, and relies on g0 from
(2.2.1), however, by virtue of the ‘embedding’ (1.3.3), for convex modulars p on
linear spaces, we get ||x||, = d};(x, 0) (see Remark 2.3.4(1)).

Section 2.4. The first modular stands for illustrative purposes—its idea is to
generalize, in a straightforward way, the well-known space £, of p-summable
sequences. The second modular (2.4.1), mentioned in [24, Example 3.2], is more
interesting and studied in detail (see also Example 4.2.7(2)). Note that modular
(2.4.1) can be obtained, via (1.3.3), from the classical modular p(x) = sup,,cy W
for x = {x,} € RY, see Rolewicz [95, Example 1.2.3].

Section 2.5. The whole material of Sect.2.5 is new. Connections with the
classical modular theory are as follows. Metric df;(x, y) from (2.5.1) for 6 = 1
is a counterpart of the F-norm |x|/'7 = info(1 + to(tx))/t, x € X, from Koshi and
Shimogaki [53], where inequality |x|, < |x|/1) < 2|x|, of the form (2.5.5) was also
established; here |x|, = inf{e > 0 : p(x/e) < &} is the Musielak-Orlicz F-norm.

The idea to define the operation @ in (2.5.8) is taken from Musielak [74] and
Musielak and Peetre [79] (see also Musielak [75, Sect. 3]).

The classical variant of Example 2.5.5 was elaborated in Maligranda [68, p. 4].

Metric d?* (x,y) from Theorem 2.5.7 for § = 1 is a counterpart of the Amemiya
norm ||x||/1) = inf;-o(1 + p(tx))/t, x € X;‘ = X, (see Nakano [81, Sect. 81], Hudzik
and Maligranda [48], Maligranda [68, p. 6], Musielak [75, Theorem 1.10]).

For more information about the modular theory on linear spaces and Orlicz
spaces we refer to Adams [1], Kozlowski [55], Krasnosel’skii and Rutickii [56],
Lindenstrauss and Tzafriri [65], Luxemburg [66], Maligranda [68], Musielak [75],
Nakano [80, 81], Orlicz [89], Rao and Ren [92, 93], Rolewicz [95].
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