
Chapter 2
The Finite Element (FE) Method

The finite element (FE) method has become the standard numerical calculation
scheme for the computer simulation of physical systems [1–3]. The advantages of
this method can be summarized as follows:

• Numerical efficiency: The discretization of the calculation domain with finite
elements yields matrices that are in most cases sparse and symmetric. Therefore,
the system matrix, which is obtained after spatial and time discretization, is sparse
and symmetric, too. Both the storage of the system matrix and the solution of the
algebraic system of equations can be performed in a very efficient way.

• Treatment of nonlinearities: The modeling of nonlinear material behavior is well
established for the FE method (e.g., nonlinear curves, hysteresis).

• Complex geometry: By the use of the FE method, any complex domain can be
discretized by triangular elements in 2D and by tetrahedra in 3D.

• Analysis possibilities: The FE method is suited for static, transient, harmonic as
well as eigenfrequency analysis.

The two essential disadvantages of the FE method are given by

• Discretization: The effort for the discretization of the simulation domain is quite
high, since in 2D the whole cross section and in 3D the whole volume has to be
subdivided into finite elements.

• Open domain problems: Models that need the treatment of an open boundary,
e.g., the simulation of radiation characteristics of an ultrasound array, lead in
the general case to errors due to the limitation of the simulation domain. One
of several approaches to overcome this problem is the use of absorbing boundary
conditions, perfectly matched layer (PML) techniques or so-called infinite elements
(see Sect. 5.5).

The general approach of the FE method is shown in Fig. 2.1. Starting from the
partial differential equation (PDE) with given boundary conditions, we multiply
it by appropriate test functions and integrate over the whole simulation domain.
Performing an integration by parts, we arrive at the variational formulation, also
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called the weak formulation. Applying Galerkin’s approximation method using finite
elements (FE) results in the algebraic system of equations.

As already mentioned, the use of the FE method requires the discretization of the
whole domain (see Fig. 2.2). For the discretization triangular as well as quadrilateral
finite elements are used in 2D and tetrahedral as well as hexahedron finite elements
in 3D. The physical quantity of interest (e.g., temperature, mechanical displacement,
etc.) is approximated by so-called shape functions and the solution of the algebraic
equation yields the physical quantity in the discretization points, the so-called finite
element nodes, for Lagrangian finite elements and along the edges for Nédélec finite
elements.

2.1 Finite Element Formulation

In the following, all steps—from the strong formulation of the partial differential
equation (PDE) to the algebraic equation—will be briefly described by means of
the following simple PDE with the searched for quantity u(r, t), the known source
term f (r, t) at each time t of the interval (0, T ), and the corresponding initial and
boundary conditions.

Given: f : Ω × (0, T ) → R

u0 : Ω → R

Find: u : Ω̄ × [0, T ] → R
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∂u

∂t
= ∇ · ∇u + f (2.1)

u = ue on Γe × (0, T )

∂u

∂n
= un on Γn × (0, T )

u(r, 0) = u0 , r ∈ Ω.

In this so-called strong formulation of the initial-boundary value problem R denotes
the set of real numbers, Ω̄ the simulation domain, Ω the simulation domain without
the boundary Γ = Γe ∪ Γn, Γe the boundary with prescribed Dirichlet boundary
condition, and Γn the boundary with prescribed Neumann boundary condition. Now,
let us introduce for any t ∈ [0, T ] the space Tt

Tt = {u(·, t) | u(·, t) ∈ H1(Ω), u(r, t) = ue(r, t) on Γe} , (2.2)

and G, the space of so-called test functions, as

G = {w | w ∈ H1(Ω),w = 0 on Γe}, (2.3)

with H1 the standard Sobolev space (see Appendix D). It has to be noted that the
spaces Tt , t ∈ [0, T ] vary with time, whereas the space G is time-independent.

In the first step, we multiply the partial differential equation with an arbitrary test
function w and perform an integration over the whole domain Ω

∫
Ω

w

(
∂u

∂t
− ∇ · ∇u − f

)
d� = 0.

Applying Green’s first integration theorem to the above equation results in

∫
Ω

w
∂u

∂t
d� +

∫
Ω

∇w · ∇u d� =
∫

Ω

w f d� +
∫

Γn

w
∂u

∂n
d�. (2.4)

Thus, the weak formulation (often also called variational formulation) for the initial-
boundary problem is as follows:

Given: f : Ω × (0, T ) → R

u0 : Ω → R

Find: u(t) ∈ Tt such that for all w ∈ G and t ∈ [0, T ]
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∫
Ω

w
∂u

∂t
d� +

∫
Ω

∇w · ∇u d� =
∫

Ω

w f d� +
∫

Γn

wun d� (2.5)

u = ue on Γe × (0, T )∫
Ω

wu(0) d� =
∫

Ω

wu0 d�.

Since the Neumann boundary condition is now incorporated into the equation of the
weak form, it is also called natural. The Dirichlet boundary condition on u still has
to be explicitly forced, and is therefore called essential. Formally it can be proven
that the two formulations according to (2.1) and (2.5) are mathematically equivalent,
provided u is sufficiently smooth [4].

To discretize (2.5), which is still infinite dimensional, we now apply the approxi-
mation according to Galerkin’s method. Let us define the finite dimensional spaces
Th

t and Gh according to

Th
t ⊂ T Gh ⊂ G.

Therefore, we perform the domain discretization (see Fig. 2.2), and approximate the
searched for quantity u(t) as well as the test function w by

u(t) ≈ uh(t) w ≈ wh, (2.6)

with h the discretization parameter (defining the mesh size). Furthermore, we decom-
pose uh(t) into the searched for value vh(t) and the known Dirichlet values uh

e (t).
For vh , wh , and uh

e we choose the following ansatz

vh(t) =
neq∑
a=1

Na(r)va(t) (2.7)

wh =
neq∑
a=1

Na(r)ca (2.8)

uh
e (t) =

ne∑
a=1

Na(r)uea(t), (2.9)

where Na(r) denotes appropriate shape functions (often also called interpolation or
basis functions), neq the number of unknowns, which is equal to the number of finite
element nodes with no Dirichlet boundary condition, and ne the number of finite
element nodes with Dirichlet boundary condition. Substituting (2.7)–(2.9) into (2.5)
results in
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∫
Ω

( neq∑
a=1

Naca
∂

∂t

neq∑
b=1

Nbvb

)
d� +

∫
Ω

∇
( neq∑

a=1

Naca

)
· ∇
( neq∑

b=1

Nbvb

)
d�

+
∫

Ω

( neq∑
a=1

Naca
∂

∂t

ne∑
b=1

Nbueb

)
d� +

∫
Ω

∇
( neq∑

a=1

Naca

)
·
(

∇
ne∑

b=1

Nbueb

)
d�

=
∫

Ω

neq∑
a=1

Naca f (ra) d� +
∫

Γn

neq∑
a=1

Nacaun(ra) d�. (2.10)

Now, since we can put the sums before the integrals and having in mind that ∇ just
operates on the shape functions N (r) (ca as well as ub are constants with respect to
the space variables), we may write (2.10) for the 2D plane case as follows

neq∑
a=1

ca

{ neq∑
b=1

( [∫
Ω

Na Nb d�

]
∂vb

∂t

+
[∫

Ω

(
∂Na

∂x

∂Nb

∂x
+ ∂Na

∂y

∂Nb

∂y

)
d�

]
vb

)

−
∫

Ω

Na f d� −
∫

Γn

Naun d�

+
ne∑

b=1

(∫
Ω

(
∂Na

∂x

∂Nb

∂x
+ ∂Na

∂y

∂Nb

∂y

)
d�

)
ueb

+
ne∑

b=1

(∫
Ω

Na Nb d�

)
∂ueb

∂t

}
= 0.

Since the equation has to be fulfilled for all coefficients ca , we obtain the defining
equations for the searched for finite element node values vb: for each a (a = 1, .., neq)
we have to solve an equation as follows

neq∑
b=1

([∫
Ω

Na Nb d�

]
∂vb

∂t
+
[∫

Ω

(
∂Na

∂x

∂Nb

∂x
+ ∂Na

∂y

∂Nb

∂y

)
d�

]
vb

)

−
∫

Ω

Na f d� −
∫

Γn

Naun d�

+
ne∑

b=1

[∫
Ω

(
∂Na

∂x

∂Nb

∂x
+ ∂Na

∂y

∂Nb

∂y

)
d�

]
ueb

+
ne∑

b=1

[∫
Ω

Na Nb d�

]
∂ueb

∂t
= 0. (2.11)
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Thus, the semi-discrete Galerkin formulation can be written in matrix form as follows

Mv̇ + Kv = f , (2.12)

with v̇ = ∂v/∂t , v the nodal unknowns and f the right-hand side vector.

• Mass matrix M:

M = [Mab]
Mab =

∫
Ω

Na Nb d� (2.13)

1 ≤ a, b ≤ neq

• Stiffness Matrix K:

K = [Kab]
Kab =

∫
Ω

(
∂Na

∂x

∂Nb

∂x
+ ∂Na

∂y

∂Nb

∂y

)
d� (2.14)

1 ≤ a, b ≤ neq

• Right-hand side f :

f = [ fa]
fa =

∫
Ω

Na f d� +
∫

Γn

Naun d�

−
ne∑

b=1

[∫
Ω

(
∂Na

∂x

∂Nb

∂x
+ ∂Na

∂y

∂Nb

∂y

)
d�

]
ueb

−
ne∑

b=1

[∫
Ω

Na Nb d�

]
∂ueb

∂t
(2.15)

1 ≤ a ≤ neq

1 ≤ b ≤ ne (2.16)

This example was supposed to illustrate the main steps of the FE method. Note
that the mass and stiffness matrix may take different forms depending on the physical
phenomena they model and on the material parameters (see Chaps. 3, 5, and 6). The
resulting equation (2.12) is still infinite dimensional due to the time dependence.
Therefore, in Sect. 2.5 we will discuss time-discretization schemes, in order to arrive
at the algebraic system of equations. Before, we will provide a detailed description
of the FE method by means of applying it to a 1D problem, followed by discussing
all steps necessary for computer implementation.

http://dx.doi.org/10.1007/978-3-642-40170-1_3
http://dx.doi.org/10.1007/978-3-642-40170-1_5
http://dx.doi.org/10.1007/978-3-642-40170-1_6
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2.2 Finite Element Method for a 1D Problem

In order to illustrate the main idea of the FE method, we will consider the following
1D differential equation

− ∂2u

∂x2 + c u = f (x) (2.17)

u(a) = ua

u(b) = ub,

where [a, b] defines the computational domain. As described in Sect. 2.1, the first
step is to derive the weak form of (2.17). For this purpose, we choose an appropriate
test function v, multiply (2.17) by this test function and integrate over the whole
domain

b∫

a

v

(
−∂2u

∂x2 + c u − f (x)

)
dx. (2.18)

For the first term in (2.18) we perform an integration by parts

b∫

a

v
∂2u

∂x2 dx = v
∂u

∂x

∣∣∣∣
b

a
−

b∫

a

∂v

∂x

∂u

∂x
dx.

Provided that the test function v(x) vanishes on the Dirichlet boundary (first restric-
tion on the test function, second one will be the existence of a first-order derivative
in the weak sense, see Appendix D), we obtain for (2.18)

b∫

a

(
∂v

∂x

∂u

∂x
+ cvu

)
dx =

b∫

a

v f dx. (2.19)

Therewith, the weak (variational) formulation reads as follows:

Given:
f, c : [a, b] → R

Find: u ∈ V = {u ∈ H1(a, b)|u(a) = ua , u(b) = ub} such that for all
v ∈ W = {v ∈ H1(a, b)|v(a) = v(b) = 0}

a(u, v) =< f, v > (2.20)
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with

a(u, v) =
b∫

a

(
∂v

∂x

∂u

∂x
+ cvu

)
dx

< f, v > =
b∫

a

v f dx.

In (2.20) a(u, v) is called a bilinear form and < f, v > an inner product in the
specified functional space.

In the next step, we divide the computational domain into cells, so-called finite
elements. Therewith, in our case, we divide the interval [a, b] into a set of smaller
intervals [xi−1, xi ], i = 1, . . . , M such that the following properties are fulfilled

• Ascending order of node positions

xi−1 < xi for i = 1, . . . , M

• Complete covering of the domain

[a, b] =
M⋃

i=1

[xi−1, xi ] x0 = a, xM = b

• No intersection of intervals

[xi−1, xi ] ∩ [x j−1, x j ] = 0 for i 
= j

For simplicity, we choose an equidistant discretization, so that we obtain (see Fig. 2.3)

xi = a + ih h = b − a

M
i = 0, . . . , M.

The unknown quantity u(x) is now approximated by a linear combination of finite
functions with local support, which means that these functions are just different from
zero in a ‘small’ interval (see Fig. 2.4). Such a choice is given e.g., by piecewise linear
hat-functions, defined as follows (see Fig. 2.5)

Ni (x) =

⎧⎪⎪⎨
⎪⎪⎩

0 a ≤ x ≤ xi−1
x−xi−1

h xi−1 < x ≤ xi
xi+1−x

h xi < x ≤ xi+1
0 xi+1 < x ≤ b

(2.21)
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h
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Fig. 2.3 Subdivision of the computational domain into finite elements

N(x)
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x

Fig. 2.4 Finite element function with local support: suppN (x) = [α,β]
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x

1

Fig. 2.5 Piecewise, linear hat-functions

Our chosen ansatz (shape) functions fulfill the delta-property

Ni (x j ) = δi j =
{

1 i = j
0 i 
= j

(2.22)

and the approximation of the unknown u(x) is given by

u(x) ≈ uh(x) =
M−1∑
i=1

Ni (x)ui + N0(x)ua + NM (x)ub (2.23)

uh(x = xi ) = ui . (2.24)
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The discretized weak (variational) formulation reads as

Given:
f, c : [a, b] → R

Find: uh ∈ Vh = {uh(x) =
M−1∑
i=1

Ni (x)ui + N0ua + NM ub} such that for all

vh ∈ Wh = {vh(x) =
M−1∑
i=1

Ni (x)vi }

a(uh, vh) = < f, vh > (2.25)

with

a(uh, vh) =
b∫

a

(
∂vh

∂x

∂uh

∂x
+ cvhuh

)
dx

< f, vh > =
b∫

a

vh f dx.

For the finite dimensional functional spaces V h , W h we have the property V h ⊂ V ,
W h ⊂ W .

Now, we have to set up the algebraic system of equations in order to obtain the
unknowns ui at all the finite element nodes within our grid. Using the approximation
according to (2.23) for u as well as the test function v results in

b∫

a

∂

∂x

(
M−1∑
i=1

Ni (x)vi

)
∂

∂x

⎛
⎝M−1∑

j=1

N j (x)u j + N0ua + NM ub

⎞
⎠ dx

+
b∫

a

c

(
M−1∑
i=1

Ni (x)vi

) ⎛
⎝M−1∑

j=1

N j (x)u j + N0ua + NM ub

⎞
⎠ dx

−
b∫

a

(
M−1∑
i=1

Ni (x)vi

)
f dx = 0.

Considering that we can interchange the integrals and the sums, and that all vi as
well as u j are constants (no function of x), we obtain



2.2 Finite Element Method for a 1D Problem 17

M−1∑
i=1

vi

⎛
⎝ M−1∑

j=1

u j

b∫

a

(
∂Ni

∂x

∂N j

∂x
+ cNi N j

)
dx

+
b∫

a

(
∂Ni

∂x

(
∂N0

∂x
ua + ∂NM

∂x
ub

)
+ cNi (N0ua + NM ub)

)
dx

−
b∫

a

Ni f dx

⎞
⎠ = 0.

Letting vi with i = 1, . . . , M − 1 run through all unit vectors in RM , we obtain for
each i an equation

M−1∑
j=1

Si j u j = fi i = 1, . . . , M − 1

Su = f (2.26)

with

Si j =
b∫

a

(
∂Ni

∂x

∂N j

∂x
+ cNi N j

)
dx (2.27)

fi =
b∫

a

Ni f dx −
b∫

a

∂Ni

∂x

(
∂N0

∂x
ua + ∂NM

∂x
ub

)
dx

−
b∫

a

cNi (N0ua + NM ub) dx. (2.28)

According to the properties of our chosen ansatz functions (see (2.22)), we get the
following pattern for our system matrix S (see Fig. 2.6)

S =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∗ ∗ 0 0 · · · 0 · · · 0
∗ ∗ ∗ 0 · · · 0 · · · 0
0 ∗ ∗ ∗ · · · 0 · · · 0
...

...
...

...
. . .

...
...

...

0 · · · · · · ∗ ∗ ∗
0 · · · · · · 0 ∗ ∗

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

Si j =
{

0 j 
∈ {i − 1, i, i + 1}
∗ j ∈ {i − 1, i, i + 1}

∗...nonzero entry
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Ni(x)

Ni−1 Ni Ni+1

x

1

x0 = xa M = b

Fig. 2.6 Shape functions for nodes xi−1, xi and xi+1

Now, let us compute the nonzero entries of S by evaluating (2.27) and using (2.21)

Si,i−1 =
xi∫

xi−1

(
∂Ni

∂x

∂Ni−1

∂x
+ cNi Ni−1

)
dx

=
xi∫

xi−1

((
1

h

) (−1

h

)
+ c

(
x − xi−1

h

) (
xi − x

h

))
dx

= −1

h
+ ch

6

Si,i =
xi+1∫

xi−1

(
∂Ni

∂x

∂Ni

∂x
+ cNi Ni

)
dx

=
xi∫

xi−1

((
1

h

) (
1

h

)
+ c

(
x − xi−1

h

) (
x − xi−1

h

))
dx

+
xi+1∫

xi

((
− 1

h

) (
− 1

h

)
+ c

(
xi+1 − x

h

) (
xi+1 − x

h

))
dx

= 2

h
+ 2ch

3

Si−1,i = Si,i−1 = −1

h
+ ch

6
.

For simplicity, we set our source term f (x) equal to 1 over the whole computational
domain and assume ua = ub = 0, which results in
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fi =
xi+1∫

xi−1

Ni (x) dx

=
xi∫

xi−1

x − xi−1

h
dx +

xi+1∫

xi

xi+1 − x

h
dx = h.

Let us choose L = 10 and M = 5, so that our mesh size h is 2. For the parameter
c we choose once the value 0 and once 0.5, and we set the boundary values ua as
well as ub to zero. Substituting these values, results in

Kc=0 =

⎛
⎜⎜⎜⎜⎝

1 − 1
2 0 0

− 1
2 1 − 1

2 0

0 − 1
2 1 − 1

2

0 0 − 1
2 1

⎞
⎟⎟⎟⎟⎠ f =

⎛
⎜⎜⎝

2
2
2
2

⎞
⎟⎟⎠

Kc=0.5 =

⎛
⎜⎜⎜⎜⎜⎝

5
3 − 1

3 0 0

− 1
3

5
3 − 1

3 0

0 − 1
3

5
3 − 1

3

0 0 − 1
3

5
3

⎞
⎟⎟⎟⎟⎟⎠

Solving the two algebraic systems of equations results in the solutions displayed in
Fig. 2.7. It is worth mentioning that the FE solution corresponding to c = 0, which
solves the 1D Poisson equation (Laplace operator, see (2.17)), is exact at the FE
nodes. However, the case c = 0.5 already shows an error at the FE nodes. An a priori
error estimate for the discretization error will be discussed in Sect. 2.8.

u
(c

=
0)

x

u
(c

=
0.

5)

x

Fig. 2.7 Solutions for the cases c = 0 and c = 0.5
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2.3 Nodal (Lagrangian) Finite Elements

As previously discussed, the FE method subdivides the simulation domain into small
elements (e.g., triangles, tetrahedra, etc.) and the unknown quantities are approx-
imated by interpolation functions that have local support. After spatial and time
discretization, we end up with an algebraic system of equations. Now our task is to
discuss the computation of the matrices (stiffness, mass, etc.) as well as the right-hand
side suitable for a computer implementation.

The first important step is to rewrite the integration over the whole domain (see
e.g., (2.14)) as a sum of integrations over the element domains, e.g., for the stiffness
matrix

Kab =
∫

Ω

(
∂Na

∂x

∂Nb

∂x
+ ∂Na

∂y

∂Nb

∂y

)
dΩ

=
ne∑

e=1

∫

Ωe

(
∂Na

∂x

∂Nb

∂x
+ ∂Na

∂y

∂Nb

∂y

)
d�, (2.29)

with ne the number of finite elements within the mesh. Therefore, we can introduce
the so-called element stiffness (mass, etc.) matrix and obtain

K =
ne∧

e=1

ke ke = [kpq ]

kpq =
∫

Ωe

(
∂Np

∂x

∂Nq

∂x
+ ∂Np

∂y

∂Nq

∂y

)
d�

1 ≤ p, q ≤ nen,

with nen the number of element nodes and
∧

the assembly operator (for the assem-
bling procedure see Sect. 2.4).

In the second step, we shall briefly discuss the computation of the element matri-
ces and the right-hand side. For this task, we need to compute the interpolation
functions, their derivatives, and perform numerical integration. The easiest and most
general strategy is to introduce transfer functions for the different geometric elements
(quadrilateral, tetrahedral, etc.) to their parent elements (see Sect. 2.3). For these par-
ent elements, we have to develop appropriate shape functions as well as numerical
integration schemes. In addition, since we need the derivatives of the interpolation
functions with respect to the global coordinates x, y, z (also called global deriv-
atives), we have to develop a procedure for performing this task with the help of
the transformation as well as local shape functions of the geometric elements (see
Sect. 2.3.8). In the case that we choose for the transformation from the local to the
global coordinate system
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x(ξ) =
nen∑
i=1

Ni (ξ)xi

the same interpolation functions Ni as for the unknown quantity

uh(ξ) =
nen∑
i=1

Ni (ξ)uh
i

we call these finite elements isoparametric.

2.3.1 Basic Properties

Let us assume that we want to solve a partial differential equation with the scalar
unknown u on the domain Ω with Dirichlet boundary Γe and Neumann boundary
Γn as displayed in Fig. 2.8. After performing the domain discretization—in this case
with triangular finite elements—we obtain 12 finite elements and 11 finite element
nodes (see Fig. 2.9). The numbers in the parenthesis are the equation numbers, and as
can be seen, for Dirichlet nodes this number is zero (compare with the decomposition
of u into the unknown v and known values ue, see Sect. 2.1). Figure 2.10 displays
the interpolation function N5(r) for Eq. (5) (finite element node 9). As can be seen,
the interpolation function has a local support, which means that it has the value 1 at

Fig. 2.8 Domain to be
discretized Ω

Γn

Γe

Fig. 2.9 Discretization of
the domain with finite
elements

6(2)

7(3)

8(4)

9(5)

10(6)

1(0)

2(0)

3(0)

4(1)

5(0)

11(0)
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Fig. 2.10 Shape (basis)
function for the unknown in
FE node 9

9(5)

the node, decreases to zero approaching the neighboring nodes and is zero outside
the neighboring elements. Therefore, the ansatz according to (2.7)–(2.9) is allowed,
since, e.g., at any node b it exhibits exactly the value vb

vh(t)|r=rb =
neq∑
a=1

Na(rb)va(t) = vb(t).

Thereby, the interpolation function Na (also named shape or FE basis function)
fulfilles the delta-property

Na(rb) =
{

1 for a = b
0 else

(2.30)

In addition, it is now clear that the mass, stiffness as well as effective system matrices
show a sparse profile, since the integrals defining their entries (see (2.13) and (2.14))
are nonzero only if the supports of the interpolation functions Na and Nb overlap,
which only happens if the functions belong to neighboring nodes. For our simple
example we obtain the following matrix structure

⎛
⎜⎜⎜⎜⎜⎜⎝

a11 a12 0 0 0 0
a21 a22 a23 0 0 a26
0 a32 a33 a34 a35 a36
0 0 a43 a44 a45 0
0 0 a53 a54 a55 a56
0 a62 a63 0 a65 a66

⎞
⎟⎟⎟⎟⎟⎟⎠

.

The main properties to be fulfilled by any nodal finite element are:

1. Smoothness on each element interior Ωe

2. Continuity across each element boundary Γ e

3. Completeness

Let us assume that we have to evaluate finite element matrices with partial derivatives
of order m in the weak formulation. Then, properties 1 and 2 demand for any nodal
finite element basis functions, which are m times differentiable in Ωe and (m − 1)
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times differentiable over the boundary Γ e. For example, for m = 1 any finite element
with linear interpolation functions (C0 finite element) fulfills property 1 and 2. In
general we call finite elements satisfying property 1 and 2 conforming, or compatible.

Now, let us illustrate the property completeness. We assume the following ansatz
for the unknown quantity u

uh(x) =
nen∑
a=1

Naue
a ,

with nen the number of nodes for the finite element e, and the property

uh(xe
a) = ue

a .

The finite element is said to be complete if

ue
a = c0 + c1xe

a + c2 ye
a + c3ze

a (2.31)

implies

uh(x) = c0 + c1x + c2 y + c3z, (2.32)

with arbitrary constants c0 . . . c3. This means the element interpolation functions
are capable of exactly representing an arbitrary linear polynomial. Therewith, it is
guaranteed that by reducing the mesh size he, the approximated solution converges
towards the exact solution.

2.3.2 Quadrilateral Element in R2

For the computation of the element matrices, it is convenient to transform each finite
element to its reference element, where the numerical integration can be performed
easily. Therefore, we introduce the bijective map FΩe from the reference element Ω̂

to the global finite element with domain Ωe, which is an element of the computational
grid with index e

Fe : Ω̂ → Ωe. (2.33)

Let us investigate this transformation for the bilinear quadrilateral element in two
space dimension as displayed in Fig. 2.11. The local coordinates

ξ =
(

ξ
η

)
(2.34)
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1
2

3

4

1 (-1,-1) 2 (1,-1)

3 (1,1)4 (-1,1)

y

x

F−1

F

ξ

η

Fig. 2.11 Bilinear quadrilateral element: global and local domain

are related to the global coordinates

x =
(

x
y

)
(2.35)

via the following transformation

x(ξ) =

⎧⎪⎪⎨
⎪⎪⎩

x(ξ, η) =
4∑

i=1
Ni (ξ, η)xe

i

y(ξ, η) =
4∑

i=1
Ni (ξ, η)ye

i

(2.36)

Now, in order to compute explicitly the basis functions Ni , we choose the following
bilinear ansatz

x(ξ, η) = α0 + α1ξ + α2η + α3ξη (2.37)

y(ξ, η) = β0 + β1ξ + β2η + β3ξη. (2.38)

The shape functions have to be constructed in such a way that the relations

x(ξi , ηi ) = xe
i

y(ξi , ηi ) = ye
i

are fulfilled. Since the local coordinates take only the following values

node i ξi ηi

1 −1 −1
2 1 −1
3 1 1
4 −1 1
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N1(ξ, η) N2(ξ, η)

N3(ξ, η) N4(ξ, η)

Fig. 2.12 The four bilinear shape functions of a quadrilateral element

we obtain 8 equations for the eight unknowns α0 .. β3. Using the solution for αi and
βi in (2.37) and (2.38) and comparing the coefficients with (2.36), we arrive at the
following explicit form of the shape function for node i (see Fig. 2.12)

Ni (ξ) = Ni (ξ, η) = 1

4
(1 + ξiξ)(1 + ηiη) . (2.39)

Now, let us investigate the three mentioned properties for the quadrilateral element.

1. Smoothness on each element interior Ωe:
The shape functions Ni define smooth functions, if each interior angle of the
quadrilateral is less then 180◦.

2. Continuity across each element boundary Γ e:
Figure 2.12 displays the shape function Ni for node i defined by (ξi , ηi ), and it
is easy to see that

Ni (ξi , ηi ) = δi j (2.40)

is fulfilled. Along the boundary, e.g., η = −1, we obtain

Ni (ξ,−1) = 1 + ξiξ

2
,
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which is exactly the shape function for the 1D case. Since this shape function is
typically the same for all edges, the quadrilateral element fulfills the continuity
condition.

3. Completeness:

uh =
nen∑
i=1

Ni (ξ, η)ue
i

=
nen∑
i=1

Ni (ξ, η)(c0 + c1xe
i + c2 ye

i )

=
(

nen∑
i=1

Ni (ξ, η)

)
c0 +

(
nen∑
i=1

Ni (ξ, η)xe
i

)

︸ ︷︷ ︸
x(ξ,η)

c1 +
(

nen∑
i=1

Ni (ξ, η)ye
i

)

︸ ︷︷ ︸
y(ξ,η)

c2

Summing up all four shape functions results in

nen∑
i=1

Ni (ξ, η) = 1

4
[(1 − ξ)(1 − η) + (1 + ξ)(1 − η)

+(1 + ξ)(1 + η) + (1 − ξ)(1 + η)]
= 1 ,

which proves the completeness.

2.3.3 Triangular Element in R2

The linear triangular element is defined by its three nodes as displayed in Fig. 2.13.
The local coordinates are as follows

node i ξi ηi

1 0 0
2 1 0
3 0 1

Similar to the quadrilateral element (see above) we obtain the local shape functions
given by

N1 = 1 − ξ − η

N2 = ξ

N3 = η.
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η

Fig. 2.13 Triangular element: global and local domain

2.3.4 Tetrahedron Element in R3

The linear tetrahedron element is defined by its four coordinates as shown in Fig. 2.14.

node i ξi ηi ζi

1 0 0 0
2 1 0 0
3 0 1 0
4 0 0 1

Let us compute the transformation that maps any arbitrary tetrahedral element in
the global (x, y, z)-domain to a parent tetrahedron in the local (ξ, η, ζ)-domain by
choosing the following linear ansatz

xi = α0 + α1ξi + α2ηi + α3ζi (2.41)

yi = β0 + β1ξi + β2ηi + β3ζi (2.42)

zi = γ0 + γ1ξi + γ2ηi + γ3ζi . (2.43)

We know that the transformation has to satisfy the following relations at the four
nodes of a tetrahedron element

x(ξ) = xe
a a = 1, . . . , 4.

Therefore, we obtain (see Fig. 2.14)



28 2 The Finite Element (FE) Method

(1,0,0)

(0,0,1)
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(0,1,0)
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F−1

F

ξ

ζ

η

Fig. 2.14 Tetrahedron element: global and local domain

x1 = α0 y1 = β0 (2.44)

x2 = α0 + α1 y2 = β0 + β1 (2.45)

x3 = α0 + α2 y3 = β0 + β2 (2.46)

x4 = α0 + α3 y4 = β0 + β3. (2.47)

Solving the above system of equations, we arrive at a general expression for the
shape function Ni as a function of the local coordinates

N1 = 1 − ξ − η − ζ

N2 = ξ

N3 = η

N4 = ζ.

2.3.5 Hexahedron Element in R3

In many 3D applications hexahedron elements are used for the domain discretiza-
tion, due to their good approximation property. Figure 2.15 displays the hexahedron
element in its global and local coordinate system.
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3 (1,1,-1)

2 (1,-1,-1)1 (-1,-1,-,1)

4 (-1,1,-1)

6 (1,-1,1)5 (-1,-1,1)

8 (-1,1,1) 7 (1,1,1)

3

21

4

65

8

7

z
y

x

F−1

F ξ

ζ
η

Fig. 2.15 Hexahedron element: global and local domain

node i ξi ηi ζi

1 −1 −1 −1
2 1 −1 −1
3 1 1 −1
4 −1 1 −1
5 −1 −1 1
6 1 −1 1
7 1 1 1
8 −1 1 1

For the element a trilinear mapping is applied between the global (defined by x)
and the local (defined by ξ) element domain [4]

x(ξ) = α0 + α1ξ + α2η + α3ζ + α4ξη + α5ηζ + α6ξζ + α7ξηζ. (2.48)

The coefficients αi are determined by the relations (see Fig. 2.15)

x(ξa) = xe
a a = 1, . . . , 8, (2.49)

which results in

Na(ξ) = 1

8
(1 + ξaξ)(1 + ηaη)(1 + ζaζ). (2.50)
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Using a simple degeneration technique [4], one can obtain a pyramid, a wedge as
well as a tetrahedron element from a hexahedron one.

2.3.6 Wedge Element in R3

The trilinear wedge element is defined by its six nodes as displayed in Fig. 2.16. The
local coordinates are as follows

node i ξi ηi ζi

1 0 0 −1
2 1 0 −1
3 0 1 −1
4 0 0 1
5 1 0 1
6 0 1 1

Thereby, the local shape functions compute as follows

N1 = 1

2
(1 − ζ)(1 − ξ − η)

N2 = 1

2
(1 − ζ) ξ

N3 = 1

2
(1 − ζ) η

(1,0,-1)

(0,0,1)

(0,0,-1)

(0,1,-1)

1

2

3

4

1

4

1

2

(0,1,1)6

(0,1,1)5

6

5

z

x

y

F−1

F

ξ

η

ζ

Fig. 2.16 Wedge element: global and local domain
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N4 = 1

2
(1 + ζ)(1 − ξ − η)

N5 = 1

2
(1 + ζ) ξ

N6 = 1

2
(1 + ζ) η.

2.3.7 Pyramidal Element in R3

The first order pyramidal element is defined by its five nodes as displayed in Fig. 2.17.
The local coordinates are defines as follows

node i ξi ηi ζi

1 1 1 0
2 1 −1 0
3 −1 −1 0
4 −1 1 0
5 0 0 1

This type of element is of great importance, when one performs a meshing of an
inner domain with hexahedral elements and an outer domain with tetrahedrals. Then,
pyramidal elements are necessary as transition elements.

To obtain consistent basis functions for a pyramidal element is not trivial. Using the
classical approach of a polynomial ansatz is not working. According to [5] the main

4 (-1,1,0)

1 (1,1,0)2 (1,-1,0)

3 (-1 ,-1,0)

5 (0,0,1)

4

12

3

5

z

x

y

F−1

F

ξ

η

ζ

Fig. 2.17 Pyramidal element: global and local domain
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idea is to construct basis functions by adding a rational expression to the polynomial
functions. The use of the rational term allows to achieve a non-singular Jacobian and
continuity between triangular faces. Thereby, the basis functions compute as

N1 = 1

4

(
(1 + ξ)(1 + η) − ζ + ξηζ

1 − ζ

)

N2 = 1

4

(
(1 + ξ)(1 − η) − ζ + ξηζ

1 − ζ

)

N3 = 1

4

(
(1 − ξ)(1 − η) − ζ + ξηζ

1 − ζ

)

N4 = 1

4

(
(1 − ξ)(1 + η) − ζ + ξηζ

1 − ζ

)

N5 = ζ.

It has to be noted that the rational term at ζ = 1 is zero, since both ξ and η are zero.

2.3.8 Global/Local Derivatives

For the computation we need to evaluate derivatives of the shape functions with
respect to the global coordinate system (see e.g., (2.14)). Since the shape functions
Ni depend on the local coordinates (ξ, η, ζ), we may write

Na,x = Na,ξξ,x + Na,ηη,x + Na,ζζ,x

Na,y = Na,ξξ,y + Na,ηη,y + Na,ζζ,y

Na,z = Na,ξξ,z + Na,ηη,z + Na,ζζ,z,

with the notation, e.g., ξ,x = ∂ξ/∂x . In matrix form, we obtain

⎛
⎝ Na,x

Na,y

Na,z

⎞
⎠ =

⎡
⎣ ξ,x η,x ζ,x

ξ,y η,y η,y

ξ,z η,z ζ,z

⎤
⎦
⎛
⎝ Na,ξ

Na,η

Na,ζ

⎞
⎠ . (2.51)

Now, we do not have the explicit form of the derivatives of the local coordinates with
respect to the global coordinates. However, we can express this relation as follows

⎛
⎝ Na,ξ

Na,η

Na,ζ

⎞
⎠ =

⎡
⎣ x,ξ y,ξ z,ξ

x,η y,η z,η

x,ζ y,ζ z,ζ

⎤
⎦
⎛
⎝ Na,x

Na,y

Na,z

⎞
⎠ . (2.52)
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Comparing (2.51) and (2.52) we arrive at

⎡
⎣ ξ,x η,x ζ,x

ξy η,y η,y

ξ,z η,z ζ,z

⎤
⎦ =

⎡
⎣ x,ξ y,ξ z,ξ

x,η y,η z,η

x,ζ y,ζ z,ζ

⎤
⎦

−1

︸ ︷︷ ︸
(J T )

−1=J −T

, (2.53)

with J the Jacobi matrix. The computation of J can be performed by the transfor-
mation between the global and local coordinate systems

x(ξ, η, ζ) =
nen∑
a=1

Na(ξ, η, ζ)xe
a

y(ξ, η, ζ) =
nen∑
a=1

Na(ξ, η, ζ)ye
a

z(ξ, η, ζ) =
nen∑
a=1

Na(ξ, η, ζ)ze
a .

Therefore, the explicit expression for the Jacobian reads as

J =
⎡
⎣ x,ξ x,η x,ζ

y,ξ y,η y,ζ

z,ξ z,η z,ζ

⎤
⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎣

nen∑
a=1

Na,ξxe
a

nen∑
a=1

Na,ηxe
a

nen∑
a=1

Na,ζ xe
a

nen∑
a=1

Na,ξ ye
a

nen∑
a=1

Na,η ye
a

nen∑
a=1

Na,ζ ye
a

nen∑
a=1

Na,ξze
a

nen∑
a=1

Na,ηze
a

nen∑
a=1

Na,ζ ze
a

⎤
⎥⎥⎥⎥⎥⎥⎦

. (2.54)

The algorithm can be summarized as follows (nint denotes the number of integration
points, see next section):

for l := 1, nint
Determine: Wl , ξ̃l , η̃l , ζ̃l

for a := 1, nen
Calculate: Na , Na,ξ , Na,η , Na,ζ at (ξ̃l , η̃l , ζ̃l)

end

Compute Jacobi matrix, determinant and its inverse
Compute global derivatives Na,x , Na,y , Na,z at (ξ̃l , η̃l , ζ̃l)

end
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2.3.9 Numerical Integration

For the computation of the element matrices as well as element right-hand sides we
have to numerically evaluate an integral of the form

∫
Ωe

f (x) d�. (2.55)

Since we perform a transformation of each finite element to its parent element, (2.55)
changes, e.g., for a hexahedron, to

1∫

−1

1∫

−1

1∫

−1

f (x(ξ))|J | dξ dη dζ, (2.56)

with |J | the Jacobi determinant (see Sect. 2.3.8). In the 1D case a Gaussian quadra-
ture formula is optimal, since by using nint integration points, we achieve an accuracy
of order 2nint (see e.g., [4])

1∫

−1

g(ξ) dξ =
nint∑
l=1

g(ξ̃l)Wl + E (2.57)

ξ̃l . . . zero positions of Legendre polynomial with order nint
Wl . . . weighting factor for integration point l
E . . . error.

For our 3D case, we can write

1∫

−1

1∫

−1

1∫

−1

f (x(ξ))|J | dξ dη dζ =
n1

int∑
l1=1

n2
int∑

l2=1

n3
int∑

l3=1

g(ξ̃l1 , η̃l2 , ζ̃l3)Wl1 Wl2 Wl3 + E

=
nint∑
l=1

g(ξ̃l , η̃l , ζ̃l) Wl + E . (2.58)

In the following, we give for each discussed geometric element the integration
points as well as the weighting factors.
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• Quadrilateral elements (Gaussian quadrature, 2nd order):

l ξl ηl Wl

1 −0.57735026919 −0.57735026919 1.0
2 0.57735026919 −0.57735026919 1.0
3 0.57735026919 0.57735026919 1.0
4 −0.57735026919 0.57735026919 1.0

• Triangular elements (Gaussian quadrature, 2nd order):

l ξl ηl Wl

1 0.166 666 67 0.166 666 67 0.166 666 67
2 0.666 666 67 0.166 666 67 0.166 666 67
3 0.166 666 67 0.666 666 67 0.166 666 67

• Tetrahedron elements (Gaussian quadrature, 2nd order):

l ξl ηl ζl Wl

1 0.585 410 0.138 196 0.138 196 0.041 666 7
2 0.138 196 0.585 410 0.138 196 0.041 666 7
3 0.138 196 0.138 196 0.585 410 0.041 666 7
4 0.138 196 0.138 196 0.138 196 0.041 666 7

• Hexahedron elements (Gaussian quadrature, 2nd order):

l ξl ηl ζl Wl

1 −0.57735026919 −0.57735026919 −0.57735026919 1.0
2 0.57735026919 −0.57735026919 −0.57735026919 1.0
3 0.57735026919 0.57735026919 −0.57735026919 1.0
4 −0.57735026919 0.57735026919 −0.57735026919 1.0
5 −0.57735026919 −0.57735026919 0.57735026919 1.0
6 0.57735026919 −0.57735026919 0.57735026919 1.0
7 0.57735026919 0.57735026919 0.57735026919 1.0
8 −0.57735026919 0.57735026919 0.57735026919 1.0

• Wedge elements (Gaussian quadrature, 2nd order):

l ξl ηl ζl Wl

1 0.16666666667 0.16666666667 −0.57735026919 0.16666666667
2 0.66666666667 0.16666666667 −0.57735026919 0.16666666667
3 0.16666666667 0.66666666667 −0.57735026919 0.16666666667
4 0.16666666667 0.16666666667 0.57735026919 0.16666666667
5 0.66666666667 0.16666666667 0.57735026919 0.16666666667
6 0.16666666667 0.66666666667 0.57735026919 0.16666666667
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• Pyramidal elements (Gaussian quadrature, 2nd order):

l ξl ηl ζl Wl

1 0.0 0.0 0.69370598373 0.21333333333
2 −0.4879500365 −0.4879500365 0.16548457453 0.28000
3 0.4879500365 −0.4879500365 0.16548457453 0.28000
4 0.4879500365 0.4879500365 0.16548457453 0.28000
5 −0.4879500365 0.4879500365 0.16548457453 0.28000

2.4 Finite Element Procedure

In the previous sections we discussed the basis function of different geometric finite
elements, the global/local derivatives and the numerical integration. For a general
definition of the computation of the element matrices as well as right-hand side, we
use the concept of mapping (see Sect. 2.3.2). Therefore, the transformation to the
integral can be written as

∫

Ωe

f (x) dΩ =
∫

Ω̂

|Je| f̂ (ξ) dΩ̂. (2.59)

In (2.59) Je is the Jacobian of the grid element with index e. The FE basis functions
are defined on the local element and do not need any further mapping. However,
e.g. the nabla operator, which contains the derivatives with respect to the global
coordinates, transforms with the Jacobian Je by

∇ → J −T
e ∇̂. (2.60)

Here, ∇̂ denotes the nabla-operator with respect to the local coordinates. Summa-
rizing, we can write the bilinear form of a simple Laplace-problem (see (2.29)) as
follows ∫

Ωe

∇Na · ∇Nb dΩ =
∫

Ω̂

|Je|J −T
e ∇̂Na · J −T

e ∇̂Nb dΩ̂. (2.61)

Finally, we address the still-open question of the assembly procedure. In the first
step we introduce the nodal equation array NE, which relates the global equation
number P to the global node number A.

NE(A) =
⎧⎨
⎩

P : if the quantity is unknown at A
0 : if the quantity is known at A

(e.g., Dirichlet boundary condition)
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A . . . global node number

P . . . global equation number.

Since the whole simulation domain is discretized with finite elements, and we
first compute the element matrices (right-hand side) and then assemble it to the
global system matrix (right-hand side), we need information given by the following
information element node array IEN

IEN(a, e) = A

a . . . local element node number

e . . . element number

A . . . global node number.

Assuming that we solve a scalar PDE, we have just one unknown per FE node, and
the local node number coincides with the local equation number. Combining the NE
array with the IEN array results in the equation array EQ

EQ(a, e) = N E (IEN(a, e)) = P .

The EQ array connects the element node number (element equation number) a of
element e with the global equation number P . The following simple example, dis-
played in Fig. 2.18, will demonstrate all the steps that have to be performed for the
assembly process. The FE mesh consists of two finite elements with given Dirichlet
boundary conditions u1, u2 at node 1 and 2. Let us write the algebraic system of
equations for some discretized PDE on this domain (e.g., the Poisson equation) in
the following general form

Fig. 2.18 Example: global
node numbers and in
parenthesis the local node
numbers

(3)42(4)

(2)31(1)

(3)6

(2)5

(4)

(1)

u2

u1
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⎡
⎢⎢⎢⎢⎢⎢⎣

K11 K12 K13 K14 K15 K16
K21 K22 K23 K24 K25 K26
K31 K32 K33 K34 K35 K36
K41 K42 K43 K44 K45 K46
K51 K52 K53 K54 K55 K56
K61 K62 K63 K64 K65 K66

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

u1
u2
u3
u4
u5
u6

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

f1
f2
f3
f4
f5
f6

⎤
⎥⎥⎥⎥⎥⎥⎦

. (2.62)

Since we know u1 and u2 we can rewrite (2.62) as

⎡
⎢⎢⎣

K33 K34 K35 K36
K43 K44 K45 K46
K53 K54 K55 K56
K63 K64 K65 K66

⎤
⎥⎥⎦

⎡
⎢⎢⎣

u3
u4
u5
u6

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

f3 − K31u1 − K32u2
f4 − K41u1 − K42u2
f5 − K51u1 − K52u2
f6 − K61u1 − K62u2

⎤
⎥⎥⎦ . (2.63)

The nodal equation array NE is given by

1 2 3 4 5 6
0∗ 0∗ 1 2 3 4

∗: at this node we already know the quantity (Dirichlet boundary condition)

and using it for setting up the algebraic system, we recognize that we obtain a similar
system as in (2.63) with four unknowns. Since there is no connection between the
nodes 1, 2 and 5, 6 (see Fig. 2.18), the values of K51, K52, K61, and K62 are zero.

The number of nodes for the linear quadrilateral element is nen = 4 and the
unknown quantity is a scalar. Therefore, we obtain the following element matrices
as well as right-hand sides for the two finite elements

k1 =

⎡
⎢⎢⎢⎢⎣

k1
11 k1

12 k1
13 k1

14

{k1
21} (k1

22) (k1
23) {k1

24}
{k1

31} (k1
32) (k1

33) {k1
34}

k1
41 k1

42 k1
43 k1

44

⎤
⎥⎥⎥⎥⎦ f 1 =

⎡
⎢⎢⎢⎣

f 1
1

< f 1
2 >

< f 1
3 >

f 1
4

⎤
⎥⎥⎥⎦

k2 =

⎡
⎢⎢⎢⎢⎣

(k2
11) (k2

12) (k2
13) (k2

14)

(k2
21) (k2

22) (k2
23) (k2

24)

(k2
31) (k2

32) (k2
33) (k2

34)

(k2
41) (k2

42) (k2
43) (k2

44)

⎤
⎥⎥⎥⎥⎦ f 2 =

⎡
⎢⎢⎢⎢⎣

< f 2
1 >

< f 2
2 >

< f 2
3 >

< f 2
4 >

⎤
⎥⎥⎥⎥⎦

() ... contributes to the global stiffness matrix K
< > ... contributes to the global right-hand side f
{} ... contributes to the local right-hand side f e.
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Table 2.1 Information
element node (IEN) and
global equation array (EQ)
for our exampled displayed in
Fig. 2.18

IEN el.nr. EQ el.nr.

1 2 1 2

Local 1 1 3 Local 1 0 1

node 2 3 5 node 2 1 3

number 3 4 6 number 3 2 4

4 2 4 4 0 2

The entries of the right-hand side f 1 for element 1 compute as

f 1 =

⎡
⎢⎢⎢⎣

f 1
1

f 1
2 − k1

21u1 − k1
24u2

f 1
3 − k1

31u1 − k1
34u2

f 1
4

⎤
⎥⎥⎥⎦ .

Combining the NE array with the element node array IEN, we arrive at the EQ array
(Table 2.1).

Assembling:

EQ(1, 1) = 0

EQ(2, 1) = 1

{
K11 ← K11 + k1

22

K12 ← K12 + k1
23

f1 ← f 1
2

EQ(3, 1) = 2

{
K22 ← K22 + k1

33

K21 ← K21 + k1
32

f2 ← f 1
3

EQ(4, 1) = 0

EQ(1, 2) = 1

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

K11 ← K11 + k2
11

K13 ← K13 + k2
12

K14 ← K14 + k2
13

K12 ← K12 + k2
14

f1 ← f 2
1

EQ(2, 2) = 3

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

K33 ← K33 + k2
22

K31 ← K31 + k2
21

K34 ← K34 + k2
23

K32 ← K32 + k2
24

f3 ← f 2
2

EQ(3, 2) = 4

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

K44 ← K44 + k2
33

K41 ← K41 + k2
31

K43 ← K43 + k2
32

K42 ← K42 + k2
34

f4 ← f 2
3
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EQ(4, 2) = 2

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

K22 ← K22 + k2
44

K21 ← K21 + k2
41

K23 ← K23 + k2
42

K24 ← K24 + k2
43

f2 ← f 2
4 .

Thus, we obtain the following algebraic system of equations

K =

⎡
⎢⎢⎢⎢⎣

k1
22 + k2

11 k1
23 + k2

14 k2
12 k2

13

k1
32 + k2

41 k1
33 + k2

44 k2
42 k2

43

k2
21 k2

24 k2
22 k2

23

k2
31 k2

34 k2
32 k2

33

⎤
⎥⎥⎥⎥⎦ f =

⎡
⎢⎢⎢⎢⎣

f 1
2 + f 2

1

f 1
3 + f 2

4

f 2
2

f 3
2

⎤
⎥⎥⎥⎥⎦ .

Comparing the result with Fig. 2.18, we can set up the following rules

• Diagonal entries:
K11 is the entry of K due to node 3. Since this node belongs to element 1 as well as
2, the entry in K will be a sum of the contributions from element 1 and element 2.
The entry K33 is due to global node 5, and therefore, only element 2 will contribute
to it.

• Off-diagonal entries:
The same situation as described for the diagonal entries occurs.

Figure 2.19 summarizes the whole assembly procedure, and the following pseudo-
code demonstrates the computer implementation.

//loop over all finite elements
for e := 1, ne

//loop over all element nodes (equations)
for a := 1, nen

eq1 := EQ(a, e)
if (eq1 > 0)

//loop over all element nodes (equations)
for b := 1, nen

eq2 := EQ(b, e)
if (eq2 > 0)

K (eq1, eq2) := K (eq1, eq2) + ke(a, b)

end
end

end
end

end
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Fig. 2.19 FE procedure
Start

Read input
data

Set up
EQ - array

Zero allocated storage
for K and f

e =1

e e
Compute k  and f ; use EQ-array and assemble

to global K and f

e=e+1

e> ne

Stop

no

yes

2.5 Time Discretization

In the following we will describe single time step discretization algorithms for par-
abolic (e.g., electromagnetic field in the eddy current case) as well as for hyperbolic
(mechanical as well as acoustic field) partial differential equations.

2.5.1 Parabolic Differential Equation

Let us consider the following semi-discrete Galerkin formulation (discrete in space
and continuous in time)

Mu̇(t) + Ku(t) = f (t), (2.64)
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Table 2.2 Finite difference
schemes

γP Method

0.0 Forward difference; forward Euler

0.5 Trapezoidal rule; Crank-Nicolson

1.0 Backward difference; backward Euler

with M the mass matrix, K the stiffness matrix, f the right-hand side, u the vector
of unknowns at the finite element nodes and u̇ its derivative with respect to time. In
a first step, let us subdivide the time interval [0, T ] into M sub-intervals, which are
defined as follows

[0, T ] =
M⋃

n=1

[tn−1, tn] , t0 = 0 < t1 < t2 < .... < tn < .. < tM = T .

For simplicity, we assume the time step size Δt = tn − tn−1 = T/M to be constant
over the whole time interval of interest. In a second step, we approximate the time
derivative of the unknown u(t) by the forward time difference scheme

u̇(t) ≈ u(tn+1) − u(tn)

Δt
= un+1 − un

Δt
. (2.65)

In the third step, we have to decide at which point in time we evaluate the elliptic
part Ku(t) and the right-hand side f (t). Applying a convex linear combination with
the time integration parameter γP to these terms, will result in the following system
of equations

M
u(tn+1) − u(tn)

Δt
+ γPKun+1 + (1 − γP)Kun = γP f

n+1
+ (1 − γP) f

n
. (2.66)

Table 2.2 is listing the different time discretization methods depending on the value
of γP.

Rearranging the terms in (2.66), we arrive at

(M + γPΔtK) un+1 = Δt
(
γP f

n+1
+ (1 − γP) f

n

)
+ (M − (1 − γP)ΔtK) un .

(2.67)
We obtain the same system of algebraic equations, when we apply the general

trapezoidal difference scheme [4], which is defined as follows

un+1 = un + Δt
(
(1 − γP)u̇n + γPu̇n+1

)
. (2.68)

From (2.68) we can compute u̇n+1

u̇n+1 = un+1 − un

γPΔt
− 1 − γP

γP
u̇n
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and substituting it into the time discrete version of (2.64) at t = tn+1 leads to

(M + γPΔtK) un+1 = γPΔt f
n+1

+ M
(
un + (1 − γP)Δt u̇n

)
. (2.69)

To see that (2.69) and (2.67) are equivalent, we use the relation

Mu̇n + Kun = f
n

and rewrite the right-hand side of (2.67) as follows

Δt
(
γP f

n+1
+ (1 − γP) f

n

)
+ (M − (1 − γP)ΔtK) un

= γPΔt f
n+1

+ Mun + (1 − γP)Δt
(

f
n

− Kun

)
︸ ︷︷ ︸

Mu̇n

= γPΔt f
n+1

+ M
(
un + (1 − γP)Δt u̇n

)
.

Applying the general trapezoidal difference method, we can write the solution
process as a predictor-corrector algorithm, where we distinguish between an effective
mass and effective stiffness formulation.

1. Effective Mass Formulation

• Perform predictor step:

ũ = un + (1 − γP)Δt u̇n . (2.70)

• Solve algebraic system of equations:

M∗u̇n+1 = f
n+1

− K ũ (2.71)

M∗ = M + γPΔt K .

• Perform corrector step:

un+1 = ũ + γPΔt u̇n+1. (2.72)

2. Effective Stiffness Formulation

• Perform predictor step:

ũ = un + (1 − γP)Δt u̇n . (2.73)
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• Solve algebraic system of equations:

K∗un+1 = f
n+1

+ 1

γPΔt
Mũ (2.74)

K∗ = K + 1

γPΔt
M.

• Perform corrector step:

u̇n+1 = un+1 − ũ

γPΔt
. (2.75)

According to the choice of the integration parameter γP, one distinguishes between
an explicit and implicit algorithm.

1. Explicit Algorithm: γP = 0
For this case, M∗ = M and lumping of the mass matrix might be considered (see
e.g., [4]). Thus, the system matrix of the algebraic system is a diagonal matrix,
and the only time-consuming part of the solution process are the matrix vec-
tor multiplications on the right-hand side. The disadvantage of this algorithm is
clearly the lack of stability, which implies restrictions on the time step value Δt ,
depending on the material parameters and the quality of the mesh. In addition,
one has to consider that the mass matrix must be regular. This is, for example,
not the case within electromagnetic computations, where the entries in the mass
matrix are zero for regions with zero electrical conductivity (e.g., air). A solu-
tion to this problem may be the application of a mixed explicit/implicit time
discretization [4].

2. Implicit Algorithm: 0 < γP ≤ 1
In this case, M∗ computes as the sum of the mass matrix M and the stiffness
matrix K multiplied byγPΔt . Now M∗ is a sparse matrix and the algebraic system
of equations has to be solved by any direct or iterative solver. For γP = 0.5 the
time discretization is called the Crank-Nicolson scheme (second-order accurate),
and for γP ≥ 0.5 the algorithm is absolute stable (independently of Δt).

In order to investigate in the accuracy of the time discretization scheme, we will
expand u(t) at time t = tk+γP in a Taylor series

u(t) = u(tk+γP) + u̇(tk+γP) (t − tk+γP) + ü(tk+γP)
(t − tk+γP)

2

2

+O
(
(t − tk+γP)

3
)

. (2.76)

By considering the relation tk+γP = tk +γPΔt we obtain for the evaluation of (2.76)
at t = tk
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u(tk) = u(tk+γP) + u̇(tk+γP) (−γPΔt) + ü(tk+γP)
(−γPΔt)2

2

+O
(
(−γPΔt)3

)

as well as at t = tk+1

u(tk+1) = u(tk+γP) + u̇(tk+γP) ((1 − γP)Δt) + ü(tk+γP)
((1 − γP)Δt)2

2

+O
(
((1 − γP)Δt)3

)
.

Therewith, we obtain for the difference of u(tk+1) and u(tk), which is used for
approximating the time derivative (see (2.65)), the following expression

u(tk+1) − u(tk) = u̇ Δt + ü
Δt2 − 2γPΔt2

2
+ O(Δt3). (2.77)

Now, (2.77) clearly shows that only for γP = 0.5 (Crank-Nicolson), we arrive at
a second order time discretization scheme, and for all other choices the scheme is
first-order accurate.

2.5.2 Hyperbolic Differential Equation

For the hyperbolic case, we arrive after the spatial discretization at the following
system of second-order ordinary differential equations (still continuous in time)

Mü(t) + Ku(t) = f (t). (2.78)

Now, we will apply a finite difference scheme of second order to approximate ü(t)

ü(t) ≈ u(tn+1) − 2u(tn) + u(tn−1)

Δt2 = un+1 − 2un + un−1

Δt2 (2.79)

with Δt the time step size. Similar to the parabolic case, we substitute the elliptic
part Ku(t) and the right-hand side f (t) by a convex, linear combination at t = tn−1,
tn and tn+1 weighted by the integration parameter αH. Therewith, we obtain the
following algebraic system of equations

M
un+1 − 2un + un−1

Δt2 + αH Kun+1 + (1 − 2αH)Kun + αH Kun−1

= αH f
n+1

+ (1 − 2αH) f
n

+ αH f
n−1

, (2.80)
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which can be rewritten as

(M + αHΔt2 K )un+1 = αHΔt2 f
n+1

+ (1 − 2αH)Δt2 f
n

+ αHΔt2 f
n−1

+ (2M − (1 − 2αH)Δt2 K )un (2.81)

− (M + αHΔt2 K )un−1.

Choosing αH = 0 and transforming M to a diagonal matrix (mass lumping, see e.g.,
[4]), results in an explicit time discretization scheme, which does not need any alge-
braic solver. However, such schemes will not be unconditionally stable. A stability
analysis will exhibit the so-called CFL (Courant-Friedrich-Levi) condition [6]

Δt <
2√

λmax(M−1 K )
. (2.82)

In (2.82) λmax denotes the largest eigenvalue of the matrix (M−1 K ). Since this value
is of the order O(h−2), we should choose the time step size Δt and the mesh size h
of the same order. For αH = 1/4 the above scheme is unconditional stable.

For practical applications, especially if an additional damping matrix C is present,
the Newmark schemes are mainly used. Let us start at the semi-discrete Galerkin
formulation

Mün+1 + C u̇n+1 + Kun+1 = f
n+1

, (2.83)

with M the mass matrix, C the damping matrix (e.g., C = αM M + αK K , see
Sect. 3.7.2), K the stiffness matrix, f the right-hand side, u the vector of unknowns
at the finite element nodes and u̇ as well as ü its first and second derivative with
respect to time. Thus, we have (see e.g., [4])

un+1 = un + Δt u̇n + Δt2

2

(
(1 − 2βH)ün + 2βHün+1

)
(2.84)

u̇n+1 = u̇n + Δt
(
(1 − γH)ün + γHün+1

)
. (2.85)

In (2.84) and (2.85) n denotes the time step counter, Δt the time step value and βH,
γH the integration parameters. Substituting un+1 and u̇n+1 according to (2.84) and
(2.85) into (2.83) leads to the following algebraic system of equations

M∗ün+1 = f
n+1

− C
(
u̇n + (1 − γH)Δt ün

)

−K
(

un + Δt u̇n + Δt2

2
(1 − 2βH)ün

)
(2.86)

M∗ = M + γHΔt C + βHΔt2 K .

According to the choice of the integration parameters βH and γH, one distinguishes
similarly to the parabolic case between an explicit and implicit algorithm.

http://dx.doi.org/10.1007/978-3-642-40170-1_3
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1. Explicit Algorithm: βH = 0 and C = αM M
Choosing for γH the value 0.5 we achieve a second-order accurate scheme. Similar
to the parabolic case, it makes sense to lump the system matrix, so that again the
time-consuming part of the solution process is the matrix vector multiplications on
the right-hand side. Of course, the stability depends on the time step value Δt , the
material parameters and the quality of the mesh. However, this kind of algorithm
is used quite often in acoustic computations, especially when the discretization
is performed by a mapped mesh.

2. Implicit Algorithm: βH 
= 0 , γH 
= 0
In this case, M∗ computes as the sum of the mass matrix M, the damping matrix
C and the stiffness matrix K with appropriate integration factors. The matrix
M∗ is now sparse and the algebraic system of equations has to be solved by any
direct or iterative solver. For βH = 0.25 and γH = 0.5 the time discretization is
second-order accurate with respect to time, if C vanishes. To keep the second-
order accuracy even in the damped case, one has to extend the Newmark scheme
to the Hilbert-Hughes-Taylor scheme (see [4]).

Writing the solution process for one time step as a predictor-corrector algorithm
we arrive at the effective mass as well as effective stiffness formulations.

1. Effective Mass Formulation

• Perform predictor step:

ũ = un + Δt u̇n + (1 − 2βH)
Δt2

2
ün (2.87)

˜̇u = u̇n + Δt (1 − γH)ün . (2.88)

• Solve algebraic system of equations:

M∗ün+1 = f
n+1

− K ũ − C ˜̇u (2.89)

M∗ = M + γHΔt C + βΔt2 K .

• Perform corrector step:

un+1 = ũ + βHΔt2 ün+1 (2.90)

u̇n+1 = ˜̇u + γHΔt ün+1. (2.91)

2. Effective Stiffness Formulation
According to (2.84) and (2.85) we can express ün+1 and u̇n+1 as follows

ün+1 = un+1 − ũ

βHΔt2 (2.92)

u̇n+1 = ˜̇u + γHΔt ün+1 = ˜̇u + γH

βHΔt
(un+1 − ũ). (2.93)
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Therefore, we obtain

• Perform predictor step:

ũ = un + Δt u̇n + (1 − 2βH)
Δt2

2
ün (2.94)

˜̇u = u̇n + Δt (1 − γH)ün . (2.95)

• Solve algebraic system of equations:

K∗un+1 = f
n+1

− C ˜̇u +
(

1

βHΔt2 M + γH

βHΔt
C
)

ũ (2.96)

K∗ = K + γH

βHΔt
C + 1

βHΔt2 M.

• Perform corrector step:

ün+1 = un+1 − ũ

βHΔt2 (2.97)

u̇n+1 = ˜̇u + γHΔt ün+1. (2.98)

2.6 Integration over Surfaces

Very often one has to evaluate an integral over a 3D surface or along a contour in
2D. In the first case the integration is performed within a 2D finite element in a 3D
space and in the second case within a 1D finite element in a 2D space.

Let us assume a scalar function f (x, y, z) as the integrand of a surface integral.
According to [7], we can write

∫

Γ

f (x, y, z) d� =
∫ ∫

f (x(ξ, η), y(ξ, η), z(ξ, η)) |xξ(ξ, η) × xη(ξ, η)| dξ dη

(2.99)
with

xξ =

⎛
⎜⎜⎝

∂x
∂ξ
∂y
∂ξ
∂z
∂ξ

⎞
⎟⎟⎠ xη =

⎛
⎜⎜⎝

∂x
∂η
∂y
∂η
∂z
∂η

⎞
⎟⎟⎠ .

For the second case of a contour integral over a scalar function f (x, y), we obtain

∫

C

f (x, y) ds =
∫

f (x(ξ), y(ξ)) |xξ(ξ)| dξ, (2.100)
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with

xξ =
(

∂x
∂ξ
∂y
∂ξ

)
.

Therefore, with slight modifications we can evaluate such integrals by performing
an integration in the local domain and instead of the Jacobian determinant we have
to compute the expressions given in (2.99) and (2.100).

2.7 Edge Nédélec Finite Elements

Edge finite elements belong to the family of vector finite elements (shape functions
are vectors) and assign the degrees of freedom to the edges rather than to the nodes
of the element. These types of elements were first introduced by Whitney (see e.g.,
[8]). Their importance in electromagnetics were realized by Nédélec (see e.g., [9]),
who constructed edge elements on quadrilateral and tetrahedron elements. Many
important studies followed for the further development of different electromagnetic
field problems (see e.g., [10–14]).

Within edge elements, a physical vector quantity A (e.g., the magnetic vector
potential) is approximated by the following ansatz

A ≈ Ah =
ne∑

k=1

Ae
k Nk . (2.101)

In (2.101) ne defines the number of edges in the finite element mesh, Nk the edge
shape function associated with the k-th edge, and Ae

k the corresponding degree of
freedom, namely the line integral of the physical vector quantity along the k-th edge

Ae
k =

∫

k

A · ds. (2.102)

For edge shape functions Nk of lowest order, the following conditions have to be
fulfilled [15]:

1. The tangential component of Nk along the edge k has to be constant.
2. The tangential component of Nk along edges l 
= k is zero.
3. The divergence of Nk is zero inside the element.

Since, in this work, Nédélec finite elements are exclusively used for 3D magnetic
field computation, we will restrict ourselves to this case using tetrahedron elements.
Let us consider the following vector ansatz function N1 (∇ defines here the deriva-
tives with respect to the global coordinates x)

N1 = N1∇N2 − N2∇N1 (2.103)
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Fig. 2.20 Tetrahedron element: global and local domain with orientation of the edges

along edge 1 defined by the nodes 1 and 2 (see Fig. 2.20) and N1 and N2 the nodal
interpolation functions (see Sect. 2.3.4) in node 1 and 2, respectively. To check con-
dition 1, we compute, e.g., the tangential component of N1 along edge 1

N1 · t1 = N1 t1 · ∇N2 − N2 t1 · ∇N1.

It has to be mentioned that we have to compute the derivatives with respect
to the global coordinate system (see Sect. 2.3.8). Since t1 · ∇N1 = −1/(2l1) and
t1 · ∇N2 = 1/(2l1) (l1 denotes the length of edge 1), we obtain

N1 · t1 = 1

l1
.

Condition 2 is also fulfilled, since N1 vanishes along the edges (4,5,6), N2 along
the edges (2,3,6) and t2 · ∇N1, t3 · ∇N1, t4 · ∇N2, t5 · ∇N2 are zero. Therewith,
shape function N1 has no tangential component along the edges (2,3,4,5,6).

Condition number 3 states that the divergence of N1 has to vanish inside the
element. Applying the divergence to N1 results in

∇ · (N1∇N2 − N2∇N1) = N1ΔN2 + ∇N1 · ∇N2

− N2ΔN1 − ∇N2 · ∇N1

= N1ΔN2 − N2ΔN1.

Since the interpolation functions N1 as well as N2 are linear functions, the value of
∇ · N1 is zero.
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To obtain for the tangential components of Nk the value 1, we have to scale the
vector function with the length of the corresponding edge length, which results in
the following edge interpolation functions for a linear tetrahedron

N1 = (N1∇N2 − N2∇N1) l1
N2 = (N1∇N3 − N3∇N1) l2
N3 = (N1∇N4 − N4∇N1) l3
N4 = (N2∇N3 − N3∇N2) l4
N5 = (N4∇N2 − N2∇N4) l5
N6 = (N3∇N4 − N4∇N3) l6.

These FE basis functions defines the lowest order Nédélec functions for a tetrahe-
dron, which are of polynomial order p = 0, since they have a constant tangential
component along each edge. Higher order elements are discussed in Sect. 6.7.6.

2.8 Discretization Error

When applying the FE method, it is of great importance to have some knowledge of
the discretization error. Since the error analysis is a quite sophisticated task, we will
just provide a short overview containing important results. For a detailed discussion
on this topic we refer to [6].

For our purpose of error analysis let us consider the following variational form:

Given:
f, c : Ω → R

Find: u ∈ Vg such that for all v ∈ V0

a(u, v) = < f, v > (2.104)

with

a(u, v) =
∫

Ω

∇v · ∇u d� +
∫

Ω

c v u d�

< f, v > =
∫

Ω

v f d�

Vg = {u ∈ H1|u = g on Γ }
V0 = {v ∈ H1|v = 0 on Γ }.

http://dx.doi.org/10.1007/978-3-642-40170-1_6
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Applying the FE method to our problem, results in

Given:
f, c : Ω → R

Find: uh ∈ V h
g such that for all vh ∈ V h

0

a(uh, vh) = < f, vh > (2.105)

with

a(uh, vh) =
∫

Ω

∇vh · ∇uh d� +
∫

Ω

c vh uh d�

< f, vh > =
∫

Ω

vh f d�

with V h
g ⊂ Vg and V h

0 ⊂ V0.

In general, we distinguish between a priori and a posteriori error estimates:

• The a priori error estimate is expressed as

||u − uh || ≤ C1(u) hα (2.106)

with α > 0 and C1(u) being a positive constant. In (2.106) u denotes the exact
solution, uh our solution obtained by the FE method, h the discretization parameter
(e.g., longest edge in the FE mesh) and || · || an adequate norm. The constant α
depends on the smoothness of the solution u and the polynomial degree of the
chosen FE basis (shape) functions. In general, this constant is not known.

• The a posteriori error estimate reads as

||u − uh || ≤ C2(u
h, h). (2.107)

As for the a priori error estimate, u denotes the exact solution, uh our solution
obtained by the FE method, h the discretization parameter and || · || an adequate
norm. The constant C2 depends on the FE solution and the discretization parameter
h. Providing an optimal error estimator, it is possible to obtain C2 or at least sharp
bounds for C2 (see e.g., [16]).

In the following, we will concentrate on a priori estimates, and we assume that
our bilinear form as defined in (2.105) is V0-elliptic and V0-bounded (for a proof see
e.g., [6]). V0-ellipticity means that there exists a constant C1 > 0 so that

a(v, v) ≥ C1||v||2H1
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for all v ∈ V0. V0-boundedness states that there exists a constant C2 > 0, such that

|a(u, v)| ≤ C2||u||H1 ||v||H1

for all u, v ∈ V0.
In addition to the norms defined in Appendix D, we introduce the energy norm of

the error e = (u − uh) associated with the bilinear form a(u, v)

||u − uh ||a =
√

a(u − uh, u − uh) = √
a(e, e).

Since V h
0 ⊂ V0, we may rewrite (2.104) by

a(u, vh) = < f, vh >

for all vh ∈ V h
0 . Now, let us subtract from this equation the discrete weak form (see

(2.105)). This operation results in

a(u − uh, vh) = 0

for all vh ∈ V h
0 , which is known as the Galerkin orthogonality of the error. This

result implies that in a certain sense uh is the best approximation of u in V h
g .

The most important theorems for the a priori estimation of the discretization error
in H1(Ω) are Céa’s lemma (see Theorem 1) and the Bramble-Hilbert lemma [17].
The lemma of Céa allows us to transform the estimation of the discretization error
to an estimation of the approximation error [6].

Theorem 1 Let the bilinear form a(·, ·) be V0-elliptic and V0-bounded. Then, the
error estimation reads as

||u − uh ||H1 ≤ C1

C2
inf

wh∈V h
g

||u − wh ||H1 . (2.108)

Since the approximation error

inf
wh∈V h

g

||u − wh ||H1

can be estimated from above by the interpolant (see Fig. 2.21)

Πh(u) =
M∑

i=0

Ni (x) ui ⊂ V h
g ,
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u(x)

x

x0 = xa M = b

u

uh

Πh(u)

Fig. 2.21 Exact solution u, interpolant Πh(u) and the FE solution uh

we may rewrite (2.108) by

||u − uh ||H1 ≤ C1

C2
inf

wh∈V h
g

||u − wh ||H1 ≤ C1

C2
||u − Πh(u)||H1 .

According to this important result and using the Bramble-Hilbert lemma [17],
we will obtain practical a priori error estimates. For our FE discretization we will
use piecewise, continuous polynomial basis functions of order m, and can state the
following theorem [4]:

Theorem 2 Let a(·, ·) be a V0-elliptic and V0-bounded bilinear form. Then, for all
u ∈ Hr with r ≥ 0, there exists a discrete solution uh ∈ V h

g and a constant C
indepent of u and the discretization parameter h, such that

||u − uh ||Hm ≤ C hα||u||Hr , (2.109)

where α = min(k +1−m, r −m) is the rate of convergence. Thereby, m is the order
of the highest derivative in the bilinear form a(·, ·), and k is the order of the FE basis
functions. For lower Hs norms, 0 ≤ s ≤ m, an error estimate can be developed by
the Aubin-Nitsche method (see, e.g., [18]) resulting in

||u − uh ||Hs ≤ C hβ ||u||Hr (2.110)

with C being independent of u and h, and β = min(k + 1 − s, 2(k + 1 − m)).

For our considered bilinear form (see (2.104)), the exact solution u is in H2

(r = 2), and the order of the highest derivative in the bilinear form is m = 1.
Using linear FE basis functions for which k = 1, we arrive at the following practical
estimates using (2.109) and (2.110)
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||u − uh ||H1 ≤ C h|u|H2 = O(h) (2.111)

||u − uh ||L2 ≤ C̃ h2|u|H2 = O(h2) (2.112)

with C , C̃ being constants and independent of the discretization. However, problems
with discontinuous jumps in material parameters (e.g., magnetic permeability at an
iron–air interface) usually do not permit solutions that are smooth enough to be in
H2. In such a case, the bounds deteriorate to

||u − uh ||H1 ≤ C hα|u|H2 = O(hα) (2.113)

||u − uh ||L2 ≤ C̃ h2α|u|H2 = O(h2α) (2.114)

with 0 < α < 1. The value of α depends on the smoothness (regularity) of the
solution u.

2.9 Finite Elements of Higher Order

As explained in the previous sections, the standard FE method utilizes an isopara-
metric approximation, whereby the geometry and the unknown physical field are
interpolated using polynomials of fixed low order (typically 1st or 2nd order). This
approach is commonly referred to as h-FEM, as a further increase in accuracy is
accomplished by refining the mesh and thus decreasing the mesh size h.

In contrast, the p-version method achieves convergence by successively increas-
ing the polynomial degree (commonly referred to as p), while keeping the spatial
discretization fixed, as first introduced by Babuška and Szabó in [19]. It could be
proven that in case of smooth problems exponential convergence can be achieved
[20]. A distinct feature of the p-version is the usage of hierarchical polynomials,
which keeps the polynomials of lower order when increasing p [21]. This is differ-
ent from the classical Lagrange-type elements as the basis functions are not defined
in terms of nodal basis functions anymore, which need distinct spatial supporting
points, but originate from general hierarchical 1D polynomials (e.g. Legendre et al.
[22]) which are then composed to shape functions associated with nodes, edges,
faces and the interior of the elements. In other words, the basis functions are not
interpolatory anymore, and in order to evaluate the field variable, one has to perform
true interpolation involving all shape functions.

To illustrate the convergence of linear finite elements, we consider the Helmholtz
equation (wave equation in the frequency domain, see Sect. 5.4.5)

Δ p̂ + k2 p̂ = 0 (2.115)

with p̂ the acoustic pressure in the frequency domain and k the wave number. Please
note that this PDE has the same structure as our model equation in Sect. 2.2. As an
example, we consider the simple case of an acoustic wave in a channel with given

http://dx.doi.org/10.1007/978-3-642-40170-1_5
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p̂(x = 0) = 1
L

p̂(x = L) = 0

Fig. 2.22 Acoustic wave in a channel with given Dirichlet boundary conditions

Fig. 2.23 Reduction of
numerical error by
h-refinement

Dirichlet boundary conditions on the left and right end (see Fig. 2.22). We use three
different wave numbers k and preform for the computations a successively reduction
of the element mesh size h. For comparison we compute the accumulated error Ea

Ea =

√√√√√√√√

nn∑
i=1

(
p̂h

i − p̂i
)2

nn∑
i=1

p̂2
i

(2.116)

with p̂h
i the FE solution at node i , p̂i the analytical solution at node i , and nn the

number of finite element nodes. The analytic solution p̂ computes by

p̂(x) = cos(kx) − cos(kL)

sin(kL)
sin(kx). (2.117)

In Fig. 2.23 the obtained accumulated error is displayed. It can be seen that the
numerical error decays only slowly even for the finest grid featuring approximately
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150 elements per wavelength for k = 0.5. To increase the rate of convergence we will
now introduce two higher order polynomials which can be utilized within FEM. For
both approaches, an exponential convergence rate can be achieved as demonstrated
for our channel example in Sect. 5.4.5 together with the discretization error analysis.

2.9.1 Legendre Polynomials and Hierarchical Finite Elements

In the FE context, any analytical function u gets approximated by a finite dimensional
subset of interpolation functions, defined on a finite element mesh. In element local
coordinates, this reads as

u(ξ) ≈ uh(ξ) =
neq∑
i=1

Ni (ξ) ui , (2.118)

where uh(ξ) is the approximated function, Ni the ansatz functions (FE basis func-
tions), ui the unknown physical quantity for equation i , and neq the number of
equations.

In the case of standard Lagrangian elements, Ni are defined by the corner coor-
dinates and ui is the related physical quantity at node i . The ansatz functions of first
order on the unit domain Ω̂ ∈ [−1, 1] are defined as follows

N1(ξ) = 1 − ξ

2
N2(ξ) = 1 + ξ

2
. (2.119)

However, one disadvantage of the Lagrangian basis is that for each polynomial
degree, one needs a new set of shape functions (see Fig. 2.24a), which prevents the
use of different approximation orders within one FE-mesh.

In contrast, hierarchic ansatz functions are defined in such a way that every basis
of order p is contained in the set of functions of order p + 1 (see Fig. 2.24b). We
make use of the Legendre based interpolation functions as given by [20]

N1(ξ) = 1

2
(1 − ξ) N2(ξ) = 1

2
(1 + ξ)

Ni (ξ) = φi−1(ξ), i = 3, . . . , p + 1 ,

where φi denotes the integrated Legendre polynomials Li

φi (ξ) =
∫ ξ

−1
Li−1(x) dx (2.120)

Li (x) = 1

2i !
di

dxi
(x2 − 1)i . (2.121)

http://dx.doi.org/10.1007/978-3-642-40170-1_5
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Fig. 2.24 Lagrange and Legendre based ansatz functions up to order 3. a Lagrange functions.
b Legendre functions

These polynomials are mutual orthogonal with respect to the H1 semi-norm (see
(D.11))

1∫

−1

φ′
i (ξ)φ

′
j (ξ) dξ = 0 for i 
= j. (2.122)

Furthermore, the following recursive formula allows a fast evaluation for order i ≥ 2
[23]

φ1(ξ) = ξ

φ2(ξ) = 1

2

(
ξ2 − 1

)

(i + 1)φi+1(ξ) = (2i − 1)ξφi (ξ) − (i − 2)φi−1(ξ) for i ≥ 2. (2.123)

Note that these functions give only a non-zero value within the interval. Therefore
they are also called internal modes or bubble modes.

2.9.1.1 Quadrilateral Element

The definition of shape functions for quadrilateral elements is established by means
of a 2D tensor product. The reference quadrilateral is depicted in Fig. 2.25, which
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Fig. 2.25 Reference
quadrilateral on the unit
domain
Ω̂ ∈ [−1, 1] × [−1, 1]

e1

e2

e3

e4

v1 v2

v3v4

ξ

η

pξ

pη

is connected to the two spatial polynomial degrees (pξ, pη). For the quadrilateral
element, the basis function can be splitted into the following types:

1. Vertex modes: The 4 nodal modes are the standard bilinear functions known from
the first order Lagrange element (see Sect. 2.3.2)

N 1,1
vi

= 1

4
(1 + ξiξ)(1 + ηiη), i = 1, . . . , 4 , (2.124)

where ξi , ηi denote the local coordinates of the reference element vertices in
[−1, 1]. Figure 2.26a displays the shape function for vertex v3.

2. Edge modes: The edge modes are defined individually for each edge and their
number depends on the approximation order in the direction of the edge. The
modes corresponding to edge 1, e.g. are

N
pξ ,1
e1 = 1

2
φpξ (ξ)(1 − η) , (2.125)

where φpξ denote the related one-dimensional integrated Legendre basis function
as given in (2.120).

3. Internal mode: The internal modes are only defined within the element interior
and vanish at its boundaries (see Fig. 2.26c). They are defined as

N
pξ ,pη

int = φpξ (ξ)φpη (η) . (2.126)

In contrast to the one-dimensional case, in 2D the notion of a polynomial degree
involves now the spatial tuple (pξ, pη), spanning the global polynomial space, as
sketched in Fig. 2.27. The single entries can be identified again as vertex (pξ =
1, pη = 1), edge and interior degrees/face degrees of freedom (see Fig. 2.28).
The set of shape functions can now be divided into the following spaces [24]:

• Trunk Space W p
tr (Ω): This space is spanned by the following set of monomials:

– ξiη j i, j = 0, 1, . . . , p; i + j = 0, 1, . . . , p
– ξη for p = 1
– ξ pη, ξη p for p ≥ 2.
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Fig. 2.26 Vortex, edge and
bubble functions for
quadrilateral element.
a Basis function for vertex
v3. b Edge function of order
2 for edge e1. c Interior shape
function of order p = 2

(a)

(b)

(c)

This set of functions is depicted in Fig. 2.29 and the dotted line marks the functions
for the trunk space W 3

tr . The corresponding shape functions are shown in Fig. 2.30.
• Tensor Product Space W p

tp(Ω): This space is spanned by all monomials ξiη j with
i = 0, 1, . . . , p and j = 0, 1, . . . , p. As an example, we display the polynomials
for the tensor product space W 3

tr in Fig. 2.31 and the corresponding shape functions
in Fig. 2.32.
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p p

Fig. 2.27 2D polynomials and type of shape functions

Fig. 2.28 Shape functions according to the polynomials of Fig. 2.27 (scaled for display reasons)

Fig. 2.29 Trunk space with
p = 3

p p

It is obvious that due to the higher number of internal modes, the tensor product
space supplies more FE basis functions. As the internal degrees of freedoms are
purely local to the element, they can be eliminated by static condensation. This pro-
cedure increases the computational time on the element level. However, it dratsically
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Fig. 2.30 Shape functions
of trunk space of order 3
(scaled for display reasons)

Fig. 2.31 Tensor product
space with pξ = pη = 3

p pp p

Fig. 2.32 Shape functions of
tensor product space of order
3 (scaled for display reasons)

improves the overall performance due to the reduced size of the global system matrix
and in addition due to the drastic decrease in the condition number (see Chap. 13),
which is of high importance when applying iterative solvers.

http://dx.doi.org/10.1007/978-3-642-40170-1_13
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Fig. 2.33 Reference
hexahedron with directional
polynomial degrees
pξ, pη, pζ
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2.9.1.2 Hexahedral Element

To build the ansatz functions in 2D and 3D, we simply take the Cartesian product
of the one-dimensional basis functions. As we have three element local directions
ξ, η, ζ, we can accordingly choose three different approximation orders pξ, pη, pζ .
For the hexahedron the resulting basis functions can be distinguished into the fol-
lowing types (see Fig. 2.33):

1. Vertex modes: The 8 vertex modes are the standard trilinear functions known from
the first order Lagrange element (see Sect. 2.3.5)

N 1,1,1
vi

= 1

8
(1 + ξiξ)(1 + ηiη)(1 + ζiζ), i = 1, . . . , 8 , (2.127)

where ξi , ηi , ζi denote the local coordinates of the reference element vertices in
[−1, 1].

2. Edge modes: The edge modes are defined individually for each edge and their
number depends on the approximation order in the direction of the edge. The
modes corresponding to edge 1, e.g. are

N
pξ ,1,1
e1 = 1

4
φpξ (ξ)(1 − η)(1 − ζ) , (2.128)

where φpξ denotes the related one-dimensional integrated Legendre basis function
as given in (2.120).

3. Face modes: Also the face modes are defined for each face separately, e.g. for
face 1

N
pξ ,pη,1
f1

= 1

2
(1 − ζ)φpξ (ξ)φpη (η) . (2.129)

4. Internal modes: The internal modes are only defined within the elements interior
and vanish at its boundaries. They are defined as
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N
pξ ,pη,pζ

int = φpξ (ξ)φpη (η)φpζ (ζ) . (2.130)

The number of nodal functions is always 8, whereas the number of edge, face
and internal modes depends on the choice of pξ, pη and pζ . In order to guarantee
a C0-continuous approximation, the inter-element orientation of edge and surface
functions have to be considered.

2.9.1.3 Enforcing Conformity (Minimum Rule)

In the general 1D case, the polynomial order of each element can be chosen indi-
vidually, as only nodal and interior/bubble modes are present. In the 2D/3D case
however, also edge and face degrees of freedoms are involved. In order to guarantee
a conforming approach, the polynomial degrees of edges/faces between neighboring
elements have to be set accordingly as demonstrated by the example in Fig. 2.34.

2.9.1.4 Duffy Transformation

By viewing a triangle as a collapsed quadrilateral, one can also construct tensorial-
type basis for triangles in a similar way as for quadrilateral elements [25]. Thereby,
the Duffy transformation from a quadrilateral to a triangle reads as

D : (u, v) → (ξ, η)
ξ = 1

4 (1 + u)(1 − v)

η = 1
2 (1 + v).

(2.131)

By using the inverse of the Duffy transformation, we can parameterize the triangle
as follows

u = 2
ξ

1 − η
− 1 = N2 − N1

N1 + N2
∈ [−1, 1]

v = 2η − 1 = 2N3 − 1 = 1 − 2N1 − 2N2 ∈ [−1, 1] (2.132)

Fig. 2.34 Application of
minimum rule results in the
displayed edge degrees

p =2

p =5
p=6

p=4

p=1

p=3

4

1

2

5

3
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with N1, N2, N3 the basis functions as defined in Sect. 2.3.3. In a similar way we can
define the Duffy transformation for tetrahedral elements to use tensorial basis

D : (u, v, w) → (ξ, η, ζ) with

ξ = 1
8 (1 + u)(1 − v)(1 − w)

η = 1
4 (1 + v)(1 − w)

ζ = 1
2 (1 + w).

(2.133)

Here, the inverse map reads as

u = 2
ξ

1 − η − ζ
− 1 = N2 − N1

N1 + N2
∈ [−1, 1]

v = 2
η

1 − ζ
− 1 = 2N3 − (1 − N4)

1 − N4
= N3 − (N1 + N2)

N1 + N2 + N3
∈ [−1, 1] (2.134)

w = 2ζ − 1 = 2N4 − 1 ∈ [−1, 1]

with N1, N2, N3, N4 the basis functions as defined in Sect. 2.3.4. In [23] this approach
has been used in order to construct higher order FE basis functions for all types of
finite elements.

2.9.2 Lagrange Polynomials and Spectral Elements

Spectral methods are high order techniques that are used to solve PDEs either in
their strong or weak formulation. Common to all methods is the approximation
of unknowns by a high order orthogonal polynomial expansion. In the context of
FEM a higher order approximation is mostly limited to order three or four to bal-
ance computational effort and desired accuracy. In the context of spectral methods
approximation orders up to one thousand are utilized. Examples for such methods
are the Fourier Collocation Method or the Fourier Galerkin Method [26]. Although
these methods feature excellent convergence properties their applicability towards
complex geometries is difficult due to their global nature, the incorporation of dis-
continuities in e.g. material parameters is not straight forward and the computational
costs increase when high polynomial degrees are needed to resolve all features of the
problem under investigation. In contrast to these global or single domain methods,
the spectral element method can be introduced for classical FEM [27]. The idea is
to combine the accuracy and computational advantages of spectral methods with the
geometrical flexibility of the finite element method. Within these methods one needs
to find a trade-off between polynomial order and the number of finite elements. The
error within a spectral element method will vary with

E ∼ e−αp

ne
p+1 , (2.135)
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in which we denote the polynomial order by p and the number of elements by ne [26].
For the definition of the spectral element method one needs to define the interpolating
polynomial including its supporting points and a quadrature rule with abscissas at
these supporting points with adequate accuracy for the order of the interpolation
polynomial.

Within the Galerkin spectral element method one chooses Lagrange polynomials
of order p as interpolating polynomials. These polynomials feature the delta property
and extensions towards quadrilateral and hexahedral elements are straight forward.
Giving p supporting points at locations ξ j , distributed on the interval [ξa, ξa+1] one
can associate to each supporting a polynomial as

N p
j (ξ) =

p∏
i=0,i 
= j

ξ − ξi

ξ j − ξi
. (2.136)

We can already see, that for a higher degree of approximation, the complete set of
basis functions changes (see Fig. 2.24). The hierarchical approach as done with the
integrated Legendre polynomials is obviously no longer possible.

The actual choice of supporting points for Lagrange polynomials is a critical one
as we will show in the following. Without further consideration one could choose
equidistant points on the given interval which will give rise to instabilities also known
as Runges phenomenon. Let’s approximate the functional

f (ξ) = 1

1 + 10ξ2 (2.137)

on the interval [−1, 1] by sixth and fourteenth order Lagrange polynomials with
different set of supporting points. The results are shown in Fig. 2.35. It can be seen
that for the equidistant set of supporting points, the interpolated solution does not
converge and shows heavy oscillations at the ends of the interval. In fact the inter-
polation error tends to infinity if the order is increased further. In contrast to this, the
solution obtained by choosing the so called Legendre-Gauss-Lobatto (LGL) nodes
approximates the exact solution smoothly with increasing polynomial order. The
Legendre-Gauss-Lobatto points are located at the roots of the derivative of the Legen-
dre polynomials.

As already pointed out, the extension of Lagrange shape functions to quadrilateral
and hexahedral elements is given by the tensor product. All nine second order shape
functions on the quadrilateral element are displayed in Fig. 2.36 and some of the
third order functions in Fig. 2.37.

Another crucial point in the spectral element method is the choice of quadrature
rule to use. In the case of LGL nodes the natural method would be the Gauss-Lobatto
quadrature rule which is exact for polynomials of order 2p − 1 which is lower than
the optimal Gaussian quadrature but still sufficient. Summarizing, the abscissas and
weight of the Gauss-Lobatto rule are given by [28]
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Fig. 2.35 Interpolation results for (2.137) by using Lagrange polynomials. Locations of supporting
points are marked by red circles. a 6th order: Using equidistant supporting points. b 6th order: Using
non-equidistant Legendre Gauss Lobatto (LGL) nodes. c 14th order: Heavy oscillations at the ends
of the interval. d 14th order: Smooth approximation of exact curve

ξ j = +1,−1 and roots of L ′
p(ξ) ; w j = 2

p(p + 1)
(
L p(ξ j )

)2 (2.138)

with L p the Legendre polynom of order p (see (2.121)). The actual nodes and weights
for arbitrary order of approximation can be found using a Newton method [29].
Explicitly computed values can also be found in various text books such as [28].

The big advantage of spectral element methods for time domain computations is
that it gives rise to exact diagonal mass matrices which enables the use of explicit
time stepping schemes. Although, these are limited in their time step size by the
Courant-Friedrichs-Lewy (CFL) condition [30], they are preferable due to their low
computational cost in each time step especially for problems with a high number of
unknowns.

2.10 Flexible Discretization

In many technical applications a sensor or/and actuator is immersed in an acoustic
fluid, e.g. ultrasound transducers for nondestructive testing as well as medical diag-
nostic and therapy, ultrasound cleaning, electrodynamic loudspeakers, capacitive
microphones, etc. For many applications, the numerical simulation of the actuator
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Fig. 2.36 All quadratic shape functions defined on the quadrilateral element

Fig. 2.37 Four of twelve cubic shape functions on the quadrilateral element

mechanism within the structure is quite complex, since in most cases we have to deal
with a nonlinear coupled problem (e.g. the electrostatic-mechanical principle used
in many micro-electromechanical systems), where in addition to the nonlinear cou-
pling terms each single field is nonlinear (e.g., geometric nonlinearity in mechanics,
moving body problem in the electrostatic field, see Chap. 10). Furtheron, in most
cases the discretization within the structure has to be much finer than the one we
need for the acoustic wave propagation in the fluid. A very similar problem arises
in computational aeroacoustics, when solving the inhomogeneous wave equation
according to Lighthill’s analogy (see Sect. 14.8.2). The inhomogeneous term of the
wave equation is calculated by the fluid flow data within the fluid region and, to

http://dx.doi.org/10.1007/978-3-642-40170-1_10
http://dx.doi.org/10.1007/978-3-642-40170-1_14
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(a) (b) (c)

Fig. 2.38 Mesh types. a Uniform grid. b Unstructured mesh. c Non-conforming mesh

obtain reliable results, the discretization of the wave equation within this domain has
to be very fine (up to 1,000 linear finite elements per wavelength). However, outside
the flow region, the homogeneous wave equation is solved, and one could have a
relatively coarse mesh (about 20 linear finite elements per wavelength).

For standard FEM computational meshes are required to be geometrically con-
forming. This means that either uniform grids which result in many unknowns (c.f.
Fig. 2.38a) or many transition elements between fine subdomain grids and coarse
ones (c.f. Fig. 2.38b) need to be applied. This can lead to grave problems concern-
ing the mesh quality. Meshes with a poor quality can even cause phenomena like
numerical dispersion and reflection in acoustics or mechanics and can therefore lead
to physically wrong results.

A computational framework which does not suffer from the mentioned problems
and provides the necessary flexibility is the Mortar Finite Element Method (Mortar
FEM). In contrast to the traditional FEM, it provides the freedom to apply non-
conforming grids across subdomains as Fig. 2.38c shows. The term Mortar finite
elements refers to all methods where a Mortar method is used in a finite element
context. Here, the coupling is between subdomains with different triangulations and
associated finite element spaces. Due to the non-conforming grids, special attention
has to be paid to the coupling of the physical quantities across the interfaces. The
corresponding projection operation for the involved quantities is in general termed
as mesh intersection problem, inter-grid communication problem or grid transfer
problem.

2.10.1 Mortar FEM

We start with the geometrical properties of the domain decomposition and the cor-
responding geometric operations to handle non-conforming meshes, followed by a
detailed description of the numerical procedure [31–33].
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2.10.1.1 Geometrical Definitions and Terminology

The coupled problem is defined on a decomposition of the global domain Ω into NΩ

non-overlapping subdomains Ωk satisfying

Ω =
NΩ⋃
k=1

Ωk, Ωk ∩ Ωk′ = ∅ for k 
= k′. (2.139)

Such decompositions can either be geometrically conforming or geometrically non-
conforming. Similar to the definition of conforming finite element meshes, the restric-
tion for a geometrically conforming decomposition is that two subdomains are either
allowed to touch along an entire common edge (2D and 3D) or face (3D) Γi , in one
point, or not at all (cf. Fig. 2.39a). In contrast to that, hanging nodes (2D) respec-
tively edges (3D) are allowed for the geometrically non-conforming case as Fig. 2.39b
shows.

In the example in Fig. 2.40 there are three subdomains NΩ = 3. The partition
into subdomains is geometrically non-conforming in this example. There may exist
i ∈ {1 . . . NΓ } inner interfaces in total. The skeleton S of the decomposition,

S =
NΩ⋃
k=1

∂Ωk \ ∂Ω (2.140)

consists of the union of the inner interfaces which satisfy the condition

Γi ∩ Γi ′ = ∅ for i 
= i ′ and i, i ′ ∈ {1 . . . NΓ }. (2.141)

In Fig. 2.40 three inner interfaces NΓ = 3 are depicted as solid lines. The geometric
realization of the skeleton of a d-dimensional domain is given by a number of injective
parametric mappings

Ω1

(a) (b)

Ω6 Ω1

Ω5

Fig. 2.39 Examples for geometrically conforming and non-conforming domain decompositions.
a Conforming decomposition. b Non-conforming decomposition
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Fig. 2.40 Example of a
global domain decomposed
into three subdomains.
Exploded view of the
subdomains with inner
interfaces Γi and mappings
γk, j

Γ1

Γ2

Γ3

Ω1

Ω2

Ω3γ3,1

γ1,1

γ1,2

γ2,1

γ2,2

γk, j : Rd−1 → Rd k ∈ {1 . . . NΩ },

and j being the number of whole curves (d = 2) or faces (d = 3) of the subdomain
Ωk . Therewith, the inner interfaces for the example in Fig. 2.40 can be written more
precisely as

Γ1 = γ1,1 ∩ γ3,1, (2.142)

Γ2 = γ1,2 ∩ γ2,1, (2.143)

Γ3 = γ2,2 ∩ γ3,1. (2.144)

The set of all mappings γk, j admits a partition of the skeleton into a subset Gm of
Nm mortar or master edges or faces

Gm = S =
Nm⋃

m=1

γm, and γm ∩ γm′ = ∅, m 
= m′, γm, γm′ ∈ {γk, j }.

The subdomain Ωk associated with a γm and therefore also with the corresponding
Γi is then denoted as mortar or master side Ωm(i) in respect to γm (c.f. Fig. 2.41). The
choice of mortar faces γm is not unique in general. One possible choice for the given
domain could be Gm = {γ3,1, γ1,2} (cf. Fig. 2.41d). Once this choice has been made
the remaining subset of Ns faces which also make up a partition of the skeleton is
fixed and the γk, j contained therein are called non-mortar or slave faces

Gs = S =
Ns⋃

s=1

γs, and γs ∩ γs′ = ∅, s 
= s′, γs, γs′ ∈ {γk, j } \ Gm .

The function values on the slave side of the interface are determined by the values
on the corresponding master side. For our example (see Fig. 2.41d) the remaining set
of slave faces is Gs = {γ1,1, γ2,1, γ2,2}. Depending on the actual choices, the tuple
of (Nm, Ns) for this example case, maybe either (2,3) or (3,2), since there are five
curves γk, j . An algorithm for partitioning the faces γi, j of the skeleton into mortar
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(a) (b)

(c) (d)

Fig. 2.41 Four possible choices for partitioning the set of main edges making up the skeleton
into master and slave sides. Master sides are marked by a thick line. a Gm = {γ2,1, γ3,1}, Gs =
{γ1,1, γ1,2, γ2,2}. b Gm = {γ1,1, γ2,1, γ2,2}, Gs = {γ1,2, γ3,1}. c Gm = {γ1,1, γ2,1, γ2,2}, Gs =
{γ1,2, γ3,1}. d Gm = {γ1,2, γ3,1}, Gs = {γ1,1, γ2,1, γ2,2}

Fig. 2.42 Subdomains with
cross points in the interior
(filled dots) and on the
Dirichlet boundary Γe
(hollow dots). Master and
slave sides in respect to Γi Cross

point Γi

Ωs(i)

Ωm(i)

ΓeΓn

and slave faces on arbitrary geometrically non-conforming polygonal domains is
proposed in [33].

The points of S, where the interfaces Γi meet and where multiple master sides are
involved are called cross points or vertex points (cf. Fig. 2.42). At these points the
function values for the slave sides are determined by multiple master sides, which
would result in an overdetermined system of equations. Therefore a special treatment
has to be applied for these points. Cross point treatment must also be applied to points
where an interface touches a Dirichlet boundary, since the function value is already
given there.
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2.10.1.2 Formulation of the Coupled Problem

In the following the well-known time independent diffusion or Laplace problem for
the unknown scalar function u on a domain Ω will be considered as a prototype for
the introduction of the Mortar FEM

−∇κ(x)∇u = f in Ω, (2.145)

u = ue on Γ.

In order to reformulate the Laplace problem (2.145) on the decomposed domain with
possibly discontinuous functions on the skeleton, physical coupling conditions have
to be introduced. First of all, the physical quantity has to be continuous across the
inner interfaces. Therefore, the jump [u] has to be zero

[u] = 0 on S.

This condition has to be reformulated as a weak condition using test functions μ
from a suitable Lagrange multiplier space M (cf. [32, 34])

∫

S

[u] μdΓ = 0 ∀ μ ∈ M and [u] ∈ H1/2(S).

Furthermore, the flux of the unknown is continuous across the interfaces S in nor-
mal direction. The condition on the jump of the normal derivatives is therefore
[κ∂u/∂n] = 0, where n is defined in respect to the slave side. This can be achieved
by introducing a Lagrange multiplier (LM)

λ = −κs
∂us

∂n
= −κm

∂um

∂n
◦ Φ on S . (2.146)

Here Φ denotes a spatial mapping, which relates the points on the slave sides to
the points on the master sides of the interfaces. The weak formulation of the Laplace
problem can now be rewritten on many subdomains by substituting the definition of
the Lagrange multiplier according to (2.146). The arising boundary integral over the
outer boundary is set to zero for simplicity. Summing up, one arrives at the symmetric
saddle point problem of finding (ui ,λ) and i = 1 . . . NΩ such that

NΩ∑
i=1

⎛
⎜⎝
∫

Ωi

κ(x)(∇u) · (∇v) d�

⎞
⎟⎠+

∫

S

[v] λ d� = 0

∫

S

[u] μ d� = 0, (2.147)
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for all (μ, vi ). It shall be noted, that μ is a test function with the same basis as the
LM λ. This property is responsible for the symmetry of the arising stiffness matrix.

2.10.1.3 Projection of Coordinates

The jump of the unknown function across a single internal interface Γi from the
master side Γm to the slave side Γs is given by

[u]i = us − um ◦ Φi on Γi , (2.148)

where Φi denotes a bijective global coordinate mapping Φi : Γs → Γm on Γi .
This mapping relates every point on a subset Γs of the curve γs to a point on its
corresponding subset of Γm of the master curve γm along their common intersection
Γi . In the continuous setting it is simply the identity mapping

Φi (x) = x. (2.149)

After the spatial discretization of the subdomains by finite elements the mapping
gets more complicated since the discretizations Γs and Γm of the coincident curves
γs and γm need not coincide any more as Fig. 2.43 shows for two linear elements.

Here an initial point on the curve γs gets mapped onto a linear element on the
slave side by the mapping φs and the same point on the curve γm gets mapped to
an element on the master side by the mapping φm. As long as both mappings are
known, i.e. the finite element code has information about the analytical description
of the geometry of the inner interfaces, the mortar mapping Φi can be written as

Φi (x) = φm ◦ φ−1
s (x). (2.150)

The information about the analytical geometry may simply be lost, when only the
discretized subdomain meshes generated by a preprocessor are available as input. In

slave

master

Φi

φs

φm

Fig. 2.43 Mortar mapping along curved interface
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such a situation it is necessary to find good local approximations of Φ. In practice
this can be achieved by finding pairs of closely spaced elements and by defining a
mapping in respect to these pairs. Algorithms for calculating such approximative
mappings are described in [35].

2.10.1.4 Mesh Intersection Operations

In 2D the intersection of line elements has to be considered. If the interface is planar
this amounts to do simple interval checks. If the interface is curved, the elements
have to be projected onto a common line segment first for doing the interval checks
there. These considerations also apply in a modified way for domains in 3D where
interfaces are surfaces. It has to be noted however that the seemingly simple operation
of finding the intersection domain of arbitrary surface elements is a highly non-trivial
task even for first order elements with straight edges.

• Intersection of Straight Line Elements
If an intersection of two co-linear line elements exists, it is again a line element
sharing two of the four endpoints of both parent elements in the co-linear case.
To check for an intersection one has to project the endpoints [m1, m2] of the
element on the master side of the interface in two dimensional coordinates to the
one dimensional local coordinate system defined by the endpoints of the slave
element [s1, s2].
The local coordinates of the slave nodes [s1, s2] are trivially given by 0 and 1. The
four local coordinates of the pair of lines are then brought into ascending order
and therefore four possible cases for the intersection of two line elements may be
identified as depicted in Fig. 2.44.

1. ξ1 < 0 ∧ 0 < ξ2 ≤ 1: the intersection is the line [s1, m2]
2. 0 ≤ ξ1 < 1 ∧ ξ2 > 1: the intersection is the line [m1, s2]
3. ξ1 ≤ 0 ∧ ξ2 ≥ 1: the intersection is the line [s1, s2]
4. ξ1 > 0 ∧ ξ2 < 1: the intersection is the line [m1, m2]

Fig. 2.44 Four possible
cases of two lines
intersecting each other

case 1 case 2

case 3

0 1 0 1

0 1 0 1

case 4

slave

master

slave

master

ξ1 ξ2 ξ1 ξ2

ξ1 ξ2 ξ1 ξ2
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• Intersection on Coplanar Interfaces
The algorithm for finding intersections of lines can be extended in a straight for-
ward manner to a 3D setting if only axis-parallel quadrilateral elements are to be
considered on the interface. The term axis-parallel does not refer to the global
coordinate axes in this context, but to the fact that the quadrilateral edges on both
sides of the interface have to be parallel. This includes the case of parallelograms.
The method is more thoroughly described in [32, 36].
Again, the local coordinates (ξ1, η1) and (ξ2, η2) of the first and third corner of the
master element are computed in respect to the slave element (c.f. Fig. 2.45). After
bringing the local coordinates for both directions into ascending order there are
sixteen possible cases for the intersection of two quadrilaterals. The ordering is
necessary due to the fact, that the order of nodes for elements is just guaranteed to
be counter-clockwise, but the master element might have been rotated in respect
to the slave element as a whole.
The algorithm used for intersecting a pair of arbitrary planar convex polygons is a
specialization of the Sutherland-Hodgman algorithm [37] and is designed to fit the
needs of finite element grids. The polygons are considered to be cyclic directed
graphs with the same orientation (i.e. clockwise or counter-clockwise). The basic
idea of this algorithm is to find a cut of two edges of the polygons as a starting point
and then to “walk” along the boundary of the intersection. Once the intersection
polygon has been obtained it gets either triangulated or a quadrilateral element is
generated if the number of corners is equal to four. The algorithm is described in
detail in [38].

• Intersection on Arbitrarily Curved Interfaces
The intersection calculation on curved interfaces is quite complicated since the
elements have to be mapped to a common plane before the actual intersection
calculation can be performed. The approach proposed in [32] relies on pair-wise
mappings of the elements to the plane or line of the element on the slave side of
the interface along the face normal vector. Figure 2.46 depicts the situation for two
skewed triangle elements which only intersect in a common line element. In order
to perform the intersection calculation triangle 2 gets projected into the plane of 1
resulting in triangle 3. The actual intersection takes place between the triangles 1
and triangle 3.
It should not go unnoticed that this method still has the drawback of overlapping
elements and gaps are not being treated properly. It may also lead to holes in
the intersection mesh. This inevitably leads to poor results while evaluating the
integrals and can just be counteracted, by increasing the resolution of the interface
mesh.

2.10.1.5 Discrete Problem

For some convergence estimates to hold, each triangulationTk,h is usually assumed to
be quasi-uniform. Quasi-uniformity for a triangular mesh means that there exist two
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0
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1 2

34 master
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e

ξ1 ξ2

η1

η2

Fig. 2.45 Intersection of two axis-parallel parallelogram-shaped elements

(a) (b) (c)

Fig. 2.46 Projection of two triangles onto common plane (taken from [38]). a Intersection of two
triangles. b Projection onto common plane. c Actual configuration for polygon intersection

positive constants τ and σ such that for all triangles T of Tk,h , τhmax ≤ hT ≤ σρT .
In this relation hmax and hT denote the maximum diameter of the triangles in Tk,h

and the diameter of the triangle T respectively. The diameter of the inscribed circle is
denoted by ρT . The associated finite element spaces with piecewise linear elements
are denoted by Sh(Tk,h). The unconfined product space with no continuity condition
between the subdomains is then given by

Xh =
NΩ∏
k=1

Sh(Tk,h) (2.151)

= {u ∈ L2(Ω) | u|Ωk ∈ Sh(Tk,h) for k = 1, . . . , NΩ, u|Γn = uΓe}.

Unfortunately this space is not suitable for the discretization. This fact can quickly
be understood if the jumps of the functions across the skeleton are considered (cf.
Fig. 2.47). The derivatives across those interfaces evaluate to indefinite values. Since
the Lebesgue measure of S is not zero the functions u are elements of L2(Ω) but
not of H1(Ω).

Since the locations where the unknowns are defined are in general not the same
across the inner interfaces, no pointwise continuity of the unknown function can be
required. Therefore, a weak continuity condition is required to be fulfilled. After
some necessary definitions this so-called mortar condition can be stated.
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(a)

(b)

Fig. 2.47 Illustration of the traces of finite element basis functions along a non-conforming inter-
face. The basis functions for two degrees of freedom on the interface are depicted. A bilinear nodal
basis is used on the quadrilateral elements, while a linear basis is used on the triangles. a Non-
conforming meshes along coplanar interface. b Basis functions for two DOFs on the interface and
their traces

Let Tp = Tk,h |γp denote the discretization inherited from the volume discretiza-
tion in subdomain k to which the master or slave edge γp p = m, s belongs. On
every discretization Ts a space of test functions is introduced which, for piece-wise
(bi-)linear basis functions in the slave subdomains Ω(s), fulfill the following con-
ditions which characterize the Mortar method among other domain decomposition
methods:

(i) Ms,h ⊂ Ss,h(Ts) ⊂ H−1/2

(ii) dim(Ms,h) = dim(Ss,h(Ts) ∩ H1
0 (Ts)) (2.152)

(iii) Ms,h contains constants on ∂Ts

Condition (i) states that the space on interface Ts has to be a subspace of the trace
space inherited from the triangulation on the slave side Sh(Tk,h). The second con-
dition (ii) states that the dimension of the space should be equal to the dimension
of the trace space on the slave side with homogeneous Dirichlet conditions on the
boundaries of the discretized interface Ts. The third condition (iii) makes sure, that
the function value from the boundaries of the master triangulations get transferred
to the boundary nodes of the slave side. For higher order basis functions on the slave
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Fig. 2.48 Basis functions
for the standard Lagrange
multiplier for one interface

side, this condition gets modified by stipulating that the space should be able to
represent the first derivative of the functions. In Fig. 2.48 the standard nodal basis
functions derived from the piece-wise linear basis of the unknown function on the
slave side is depicted. It has to be noted that no LM degree of freedom is assigned
to the first and last node of the discretization.

Let q be the number of inner interfaces Γi geometrically corresponding to a single
non-mortar edge γs. With these definitions it is possible to define the discrete Mortar
bilinear form for all Ns slave side discretizations

b(uh,μh) :=
Ns∑

s=1

∫

Ts

(
us,h − um,i,h ◦ Φi

)
μh d� and i = 1...q. (2.153)

Therewith, a global function uh is a Mortar function if the discrete Mortar condition

b(uh,μh) = 0 (2.154)

is fulfilled. It states that the L2-projection of the jump has to be orthogonal to the
Lagrange multiplier space. The domain bilinear form a(·, ·) and right hand side linear
form (·, ·) are defined as

a(uh, vh) =
NΩ∑
k=1

∫

Ωk

κ ∇uh · ∇vh d�, (2.155)

( f, vh) =
NΩ∑
k=1

∫

Ωk

f vh d�, f ∈ L2(Ω). (2.156)

The material parameter κ(x) is continuous in each Ωk and satisfies the following
relation κ(x) ≥ κ0 > 0. For simplicity of the presentation κ(x) = κk = constant for
each Ωk . The previous relation ensures the positive definiteness of the bilinear form
a(·, ·). With these definitions, the mixed formulation of the Mortar coupled problem
can be written as: Find (uh,λh) such that
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a(uh, vh) + b(vh,λh) = ( f, vh) (2.157)

b(uh,μh) = 0 , (2.158)

where

uh ∈ Xh,

vh ∈ {v ∈ Xh | v = 0 on Γe}
λh ,μh ∈ Mh ⊂ H−1/2(S) .

For the special case of k = 2 subdomains the algebraic system arising from (2.157
and 2.158) has the following form

⎛
⎝Ku1 0 D

0 Ku2 M
DT MT 0

⎞
⎠
⎛
⎝u1

u2

λ

⎞
⎠ =

⎛
⎝ f1

f2

0

⎞
⎠ . (2.159)

In (2.159) Ku1, Ku2 are standard stiffness matrices of the subdomains. The new
matrices D and M are due to the non-conforming interface and are formally mass
matrices. They compute element-wise as

D =
nes∧
e=1

de; de = [dab];

dab =
∫

Γe

N s
a N s

b d� , (2.160)

M =
nisec∧
e=1

me; me = [mab];

mab =
∫

Γe

(N m
a ◦ F−1

m ◦ Φ)(N s
b ◦ F−1

s ) d� . (2.161)

Here nes is the number of surface elements on the slave side of the interface and
nisec is the number of intersection elements on the interface. The finite element basis
functions N s

a and N m
a denote the traces of the FE basis on the slave and on the master

side of the interface, N s
b denotes the Lagrange multiplier basis given with respect to

the slave side, Φ is the global coordinate mapping from slave to master side and F−1

is the coordinate mapping from global to element local coordinates (see Sect. 2.3.2).
The integrals in (2.160) are defined in the usual manner with respect to Ts . The
necessary steps for the computation of the integrals in (2.161) are discussed in the
following.
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2.10.1.6 Evaluation of Coupling Integrals

The feature which makes the Mortar FEM so flexible, namely the usage of non-
conforming meshes in different subdomains, comes at the cost of a more elaborate
implementation. Since the grids are allowed to be non-conforming on the interfaces of
two subdomains, the integrals defined on these interfaces involving basis functions
from both sides have to be evaluated with respect to two different meshes. It is
therefore necessary to first compute the domains where pairs of elements on the
interface intersect. In the developed implementation the intersection elements on
curved interfaces are found by projecting the element on the master side to element
on the slave side along the slave side normal vector. The coupling integrals defined
in (2.161) are then evaluated over these intersection elements and it is up to the
assembly operator to assemble the corresponding results into the correct positions
of the coupling matrices.

Once the intersection elements have been found, the coupling integral (2.161) can
be evaluated on these elements by means of standard Gauss quadrature. For a single
element the integral can be rewritten as follows

∫
Γe

(N m
a ◦ F−1

m ◦ Φ)(N s
b ◦ F−1

s ) d� ≈
nint∑
l=1

Wl Na(ξm
l )Nb(ξ

s
l )JFe(ξ

e
l ) . (2.162)

Here nisec is the number of intersection elements, nint is the number of quadrature
points, Wl are the quadrature weights and the determinant of the JacobianJ e accounts
for the change in volume due to the element mapping. The difficulty which arises
when this quadrature formula is applied, is that only the quadrature point ξe

l in respect
to the local coordinates of the intersection element is known in advance and that the
points ξm

l in the master element and ξs
l in the slave element have to be projected into

those elements, before the basis functions can be evaluated there (see Fig. 2.49).
It is very important to notice that nodes of the intersection element do not carry

any degrees of freedom by themselves. The intersection element is just an auxiliary
geometrical entity which only serves as integration domain. The projection operation
for general elements involves the following steps:

1. Map local coordinates ξe
l of quadrature point in intersection element to global

coordinates using Fe

2. Project global coordinates of integration point on slave side to global coordinate
on master side using Φ

3. Map global coordinates of quadrature point to local coordinates ξm
l of master

element using F−1
m

4. Map global coordinates of quadrature point to local coordinates ξs
l of slave ele-

ment using F−1
s .
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master

slave

Fe

F−1
s

F−1
m

n

Φ

Element Nodes

Integration Points

Nodes of Intersection
Element

ξe
lξs

l

ξm
l

Fig. 2.49 Projection of quadrature points from the intersection element into the master element
and into the slave element

Points 3 and 4 in general involve the application of a Newton algorithm. A linear
mapping algorithm may only be used for 2-node isoparametric line elements, 3-node
isoparametric triangle elements or higher order elements which just use a linear
local-to-global mapping. Once the values of the basis functions Na and Nb have
been obtained and (2.162) has been evaluated, the assembly operator has to make
sure, that the contribution gets added to the corresponding entry in the coupling
matrix.

2.10.2 Nitsche Type Mortaring

In the previous section, we have discussed in detail the standard Mortar FEM, which
fulfills the continuity of the trace (the physical quantity) in a weak sense and the
flux (normal derivative of the physical quantity) in a strong sense by introducing the
Lagrange multiplier (LM). The main drawback of this approach can be seen in the
arising saddle point structure of the coupled system of Eq. (2.147). Therefore, we
present a second approach, which is named Nitsche type mortaring.

The method of Nitsche [39] was originally introduced to impose essential bound-
ary conditions weakly. Unlike the penalty method, it is consistent with the original
differential equation. The strong point of Nitsche’s method is that it retains the con-
vergence rate of the underlying FE method, whereas the standard penalty method
either requires a very large penalty parameter or destroys the condition number of
the resulting algebraic system of equations. Let us consider the Laplace problem
as stated in (2.145). For standard FEM, we will require a functional space with the
constraint according to the Dirichlet (essential) boundary condition
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V = {ϕ ∈ H1 | ϕ|Γ = ue}. (2.163)

The weak formulation will then read as follows: Find u ∈ V such that
∫

Ω

κ(x)∇v · ∇u dΩ =
∫

Ω

f v dΩ (2.164)

for all v ∈ V0 = {ϕ ∈ H1 | ϕ|Γ = 0}. Now, Nitsche’s approach incooperates the
Dirichlet boundary condition and the functional space for u is free of constraints.
Thereby the weak formulation reads as follows: Find u ∈ H1 such that

∫

Ω

κ ∇v · ∇u dΩ −
∫

Γ

κv
∂u

∂n
dΓ −

∫

Γ

κu
∂v

∂n
dΓ + βκ

∑
E(Γ )

1

hE

∫

ΓE

uv dΓ

=
∫

Ω

f v dΩ −
∫

Γ

ue
∂v

∂n
dΓ + βκ

∑
E(Γ )

1

hE

∫

ΓE

gv dΓ. (2.165)

Thereby, the boundary Γ is discretized into surface elements and the two terms with
the sum penalize the deviation of u at the boundary from ue. Please note that the
material parameter κ is explicitly within the penalty term. For this formulation, one
can proof convergence for h → 0 and β > 0.

We will now apply Nitsche’s ansatz for a computational domain consisting of
two subdomains Ω1 and Ω2 with a common interface ΓI as display in Fig. 2.50.
Thereby, we introduce two test functions v1 and v2 and write in a first step the weak
formulation of each subdomain individually

∫

Ω1

κ1 ∇w1 · ∇u1d d� −
∫

ΓI

κ1 w1
∂u1

∂n1
d� =

∫

Ω1

w1 f1 d� (2.166)

∫

Ω2

κ2 ∇w2 · ∇u2 d� −
∫

ΓI

κ2 w2
∂u2

∂n2
d� =

∫

Ω2

w2 f2 d�. (2.167)

For the sake of a simpler notation, we choose κ1 and κ2 constant in Ω1 and Ω2, which
is by no means a restriction. In general, the material parameter can even depend on

Fig. 2.50 Domain with two
sub-regions Ω1 and Ω2

Ω1

Ω2

ΓI

Γ

n1

n2
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the physical quantity u (nonlinear case). In a next step, we add the two Eq. (2.166)
and (2.167), and explore the relation

n = n1 = −n2 ; κ1
∂u1

∂n1
= κ1

∂u1

∂n
= κ2

∂u2

∂n2
= −κ2

∂u2

∂n

to arrive at
∫

Ω1

κ1 ∇w1 · ∇u1 d� +
∫

Ω2

κ2 ∇w2 · ∇u2 d� −
∫

ΓI

κ1 [w]∂u1

∂n
d� (2.168)

=
∫

Ω1

w1 f1 d� +
∫

Ω2

w2 f2 d�.

In (2.169) the operator [ ] defines the jump operator, e.g., [w] = w1 − w2. In order
to retain symmetry, we add to (2.169) the following term

−
∫

ΓI

κ1
∂w1

∂n
[u] d� with [u] = u1 − u2.

This operation is allowed, since we postulate on the interface u1 = u2. In a final
step, we add the penalization term

βκ̄
∑
E(ΓI)

1

hE

∫

ΓE

[w] [u] d�

with β a penalty factor and κ̄ = (κ1 + κ2)/2. Therewith, we arrive at the final
formulation for Nitsche’s approach

∫

Ω1

κ1 ∇w1 · ∇u1 d� +
∫

Ω2

κ2 ∇w2 · ∇u2 d�

−
∫

ΓI

κ1 [w]∂u1

∂n
d�

︸ ︷︷ ︸
Consistency

−
∫

ΓI

κ1
∂w1

∂n

︸ ︷︷ ︸
Symmetri zation

[u] d�

+ βκ̄
∑
E(ΓI)

1

hE

∫

ΓE

[w] [u] d�

︸ ︷︷ ︸
Penalty/Stabili zation

=
∫

Ω1

w1 f1 d� +
∫

Ω2

w2 f2 d�. (2.169)
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If the penalty parameter β in (2.169) is chosen large enough, the bilinear form is
coercive on the discrete space Vh ⊂ H1 and one can derive optimal a priori error
estimates in both the energy norm and the L2 norm for polynomials of arbitrary
degree (but same at both sides) [40].

(
2∑

i=1

||∇(u − uh)||20,Ωi
+ h−1||[u]||2ΓI

) 1
2

≤ Ch p||u||Ω,p+1 (2.170)

||u − uh ||0,Ω ≤ Ch p+1||u||Ω,p+1. (2.171)

In order to obtain the system of equations, we rewrite (2.169) as two equations
with all individual terms according to the two test functions w1 and w2

∫

Ω1

κ1 ∇w1 · ∇u1 d� −
∫

ΓI

κ1 w1
∂u1

∂n
d� −

∫

ΓI

κ1
∂w1

∂n
u1 d�

+
∫

ΓI

κ1
∂w1

∂n
u2 d� + βκ̄

∑
E(ΓI)

1

hE

∫

ΓE

w1u1 d�

−βκ̄
∑
E(ΓI)

1

hE

∫

ΓE

w1 u2 dΓ =
∫

Ω1

w1 f1 d�

(2.172)∫

Ω2

κ2 ∇w2 · ∇u2 d� +
∫

ΓI

κ1 w2
∂u1

∂n
d� + βκ̄

∑
E(ΓI)

1

hE

∫

ΓE

w2u2 d�

−βκ̄
∑
E(ΓI)

1

hE

∫

ΓE

w2 u1 d� =
∫

Ω1

w2 f2 d�.

We now assume a discretization with non-conforming meshes at the interface ΓI as
displayed in Fig. 2.51. Furthermore, we perform the FE ansatz according to

w1 ≈ wh
1 =

∑
i

N1i w1i ; u1 ≈ uh
1 =

∑
j

N1 j u1 j (2.173)

w2 ≈ wh
2 =

∑
i

N2i w2i ; u2 ≈ uh
2 =

∑
j

N2 j u2 j (2.174)

to arrive at the discrete system of equations. As in the case of Mortar FEM, we
will also need all operations (projection of coordinates, intersection operations, etc.)
between the two surface meshes in order to compute the entries of the matrices. Now,
the matrix system of equations reads as follows



86 2 The Finite Element (FE) Method

*

* *

* *

*

*

* *

*

*

* ... Inner nodes

... Coupling nodes

... Interface nodes

Ω1

Ω2

Γ1

Γ2

Fig. 2.51 Discretized subdomains Ω1 and Ω2

(
K 11 0
0 K 22

)(
u1
u2

)
+
(

KΓ1 KΓ1Γ2

KΓ2Γ1 KΓ2

)(
u1
u2

)
=
(

f
1

f
2

)
. (2.175)

Thereby, the entries of the matrices as well as right hand side compute as

K i j
11 =

∫

Ω1

κ1 ∇N1i · ∇N1 j d� (2.176)

K i j
22 =

∫

Ω2

κ2 ∇N2i · ∇N2 j d� (2.177)

K i j
Γ1

= −
∫

Γ1

κ1 N1i
∂N1 j

∂n
d� −

∫

Γ1

κ1
∂N1i

∂n
N1 j d�

+βκ̄
∑

E(Γ1)

1

hE

∫

ΓE

N1i N1 j d� (2.178)

K i j
Γ1Γ2

=
∫

Γ1

κ1
∂N1i

∂n
N2 j d� − βκ̄

∑
E(Γ1)

1

hE

∫

ΓE

N1i N2 j d�

=
(

K i j
Γ2Γ1

)T
(2.179)

K i j
Γ2

= βκ̄
∑

E(Γ2)

1

hE

∫

ΓE

N2i N2 j d� (2.180)

f i
1

=
∫

Ω1

N1i f1 d� (2.181)

f i
2

=
∫

Ω2

N2i f2 d� (2.182)
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Here, we have already substituted ΓI by Γ1 as well as Γ2, which are the discretized
interfaces (see Fig. 2.51). Please note that not only nodes on the interfaces but also
neighboring nodes in Ω1 and in Ω2 are involved, since the computation of some
entries requires normal derivatives. Studying the structure of our coupled system
of equations, we see that our formulation is symmetric and does not introduce any
additional unknowns (we have no Lagrange multiplier as in case of Mortar FEM).
However, we have a penalty parameter β, which has to be chosen large enough to
guaranty u1 = u2 and on the other hand should not be too large to deteriorate the
condition number of the system matrix. However, practical computations show that
the result is not very sensitive to the choice of β and a value of about 100 is enough.

2.10.3 Numerical Example

In order to compare the two non-conforming methods, we consider an electromag-
netic computation in 2D, which can be described by (2.145) when using for κ the
magnetic reluctivity ν and Az (z-component of magnetic vector potential) for u (see
Chap. 6). The setup under investigation is a solenoid as displayed in Fig. 2.52.
We have generated three different meshes:

1. Conforming mesh for reference computations;
2. Non-conforming mesh, where the interface is completely inside the air region

(see Fig. 2.52);
3. Non-conforming mesh, where the interface includes a part of the surface of the

yoke (see Fig. 2.53).

For the iron core (yoke and anchor), we consider a nonlinear BH-curve (see
Sect. 6.7.5) and perform computations on the conforming grid as well as the two non-
conforming grids. Figure 2.54 shows the resulting magnetic flux density obtained by
the classical Mortar approach. Comparing the computed fields of the different for-
mulations, no visible differences can be seen. To perform a more detailed analysis,

Coil

Yoke

Non-conforming interface (mesh) 
Anchor 

Symmetry

Fig. 2.52 Computational setup of the solenoid and detail of non-conforming mesh with the non-
conforming interface just in the air region

http://dx.doi.org/10.1007/978-3-642-40170-1_6
http://dx.doi.org/10.1007/978-3-642-40170-1_6
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Coil

Yoke

Non-conforming interface (mesh) 

Anchor 

Symmetry

Fig. 2.53 Computational setup of the solenoid and detail of non-conforming mesh with the non-
conforming interface including the iron core

Fig. 2.54 Computed
magnetic flux lines in case of
non-conforming mesh using
Mortar formulation

Table 2.3 Magnetic energy
in Ws (computations with
classical Mortar and Nitsche
type mortaring on the
non-conforming mesh
according to Fig. 2.52)

Conform Mortar

(Ws) (Ws) Error

Anchor 5288.62 5348.27 1.13 %

Yoke 8268.42 8372.63 1.26 %

Nitsche Nitsche

β = 20 β = 100

(Ws) Error (Ws) Error

Anchor 1 5347.38 1.11 % 5329.47 0.77 %

Yoke 8371.11 1.24 % 8339.55 0.86 %

Nitsche Nitsche

β = 500 β = 1000

(Ws) Error (Ws) Error

Anchor 5275.94 0.24 % 5233.28 1.05 %

Yoke 8243.98 0.30 % 8167.48 1.22 %

we compute the magnetic energy in the yoke and the anchor region. Table 2.3 lists the
results obtained by the conforming mesh as well as non-conforming mesh according
to Fig. 2.52. We have also investigated in different penalty factors β for the Nitsche
type mortaring method. As it can be seen, in case of β = 500 we obtain the smallest
error compared to computations with the conforming mesh. In conclusion, we can
state that the Nitsche type mortaring approach is quite robust w.r.t. the penalty factor
β and can be even superior to the classical Mortar method if the optimal value for β
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Table 2.4 Magnetic energy
in Ws (computations with
classical Mortar and Nitsche
type mortaring on the
non-conforming mesh
according to Fig. 2.53)

Conform Mortar

(Ws) (Ws) Error

Anchor 5288.62 5347.8 1.12 %

Yoke 8268.42 8371.03 1.24 %

Nitsche Nitsche

β = 20 β = 100

(Ws) Error (Ws) Error

Anchor 5360.19 1.35 % 5340.34 0.97 %

Yoke 8393.31 1.50 % 8356.8 1.07 %

Nitsche Nitsche

β = 500 β = 1000

(Ws) Error (Ws) Error

Anchor 5303.95 0.29 % 5274.77 0.26 %

Yoke 8288.53 0.24 % 8233.72 0.42 %

is chosen. These findings also hold in the case, where the non-conforming interface
is not completely in air but also contains a part of the surface of the yoke, where the
magnetic reluctivity ν is discontinuous (see Table 2.4).

For further applications we refer to Sect. 5.4.4 concerning acoustics, to Chap. 11
for rotating systems in electromagnetics, to Sect. 8.3.2 for mechanical-acoustic sys-
tems, to Sect. 14.8.2 for computational aeroacoustics, and for computational mechan-
ics we refer to [41].
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