
Chapter 2
Theoretical Modeling of Aeroheating Under
Rarefied Gas Effects

In the Chap. 1, it has been mentioned that the utmost critical points concerning
thermal protection are the stagnation point of the leading edge and the reattachment
point behind a separation flow region. The wall surfaces near these points suffer
from peak heat fluxes, and thus the surface temperature is relatively higher than
elsewhere. These most dangerous regions are likely to be ablated first, and should
be specially protected by UHTC materials. Therefore, our target is currently focused
on the prediction of aeroheating performance of the typical stagnation point region,
although the methodology and some conclusions are universal to an extent. In fact,
we have found that the engineering theory established at the stagnation point region
is also useful for analogy analysis of other regions.

In this chapter, nonlinear factors in the flow and heat transfer are regarded as the
macroscopic behavior of rarefied gas effects resulting from the microscopic non-
equilibrium collisions of molecules. We first propose a simplified physical model
and a corresponding mathematical description of the stagnation point flow in the
near-continuum regime. Then after an approximately analytical treatment, we obtain
some quantitative and theoretical results. Finally, based on comparisons with DSMC
results and experimental data, we find that these results could be extended to more
rarefied flow regimes, leading to a qualitatively correct and quantitatively rational
engineering theory.

2.1 Problem Description

Generally, the sharpened nose and wingtip of a near-space hypersonic cruise vehicle
can be modeled, respectively, as a slightly spherically blunted cone and a cylindrically
blunted wedge, as shown in Fig. 2.1, where θ represents the half angle of the cone
or wedge and M∞ the hypersonic free stream Mach number. For a given free stream
condition, a smaller and smaller RN indicates a more and more rarefied flow. As RN

decrease continuously toward 0, the flow will approach the free molecular flow limit.
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Fig. 2.1 Schematic diagram of a sharp leading edge

Fig. 2.2 Typical hypersonic flow field around a nose

A specific aeroheating prediction theory corresponds to a flow field structure
pattern. Before producing an aeroheating prediction theory of sharp leading edges,
we need to gain a clear understanding of the flow field feature near the stagnation
point. Figure 2.2 demonstrates a typical stagnation point flow field (only half is given
due to symmetry), with d, δ and � being the shock wave thickness, SPBL thickness
and the stand-off distance of the bow shock wave, respectively.

For a high Reynolds number continuous flow, � � δ and � � d, i.e., both the
shock wave and the boundary layer are very thin, and the flow field is characterized
by a triple layer structure. The viscous effects are restricted to thin layers of the
shock wave and the boundary layer, and the flow between them could be considered
as inviscid.

The Fay–Riddell equation [1] was introduced based exactly on this flow field struc-
ture, and a typical version for prediction of the SPBL heat transfer of an axisymmetric
nose takes the form of
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where the subscripts s and w indicate the stagnation point and wall surface conditions,
respectively; Pr and Le are the Prandtl number and Lewis number, respectively; and
ρ represents gas density, µ the viscosity, β the tangential velocity gradient at the
outer edge of SPBL, h the enthalpy and hD the dissociation enthalpy at the outer
edge of the SPBL. For a two-dimensional leading edge case, the constant coefficient
on the right-hand side of Eq. 2.1 should be 0.57. The power exponent of Lewis
number takes the value of 0.52 for an equilibrium boundary layer, and 0.63 for the
case with a frozen boundary layer and a fully catalytic wall surface. Since the Lewis
number is approximate to 1, the real gas effects is insignificant, and the predictions
with n = 0.52 and 0.63 are almost identical. However, for the non-catalytic wall
and nonequilibrium boundary layer cases, the conclusion will be different, as will be
detailed in the fourth chapter.

Equation 2.1 shows that the heat flux to the wall surface is mainly determined by
the flow state at the outer edge of the SPBL, and this state needs to be calculated on the
basis of the post-shock inviscid flow. Therefore, the existence of an inviscid external
flow field is a precondition of the Fay–Riddell equation. For hypersonic flows, the
tangential velocity gradient at the outer edge of the SPBL could be obtained from
the modified Newton equation [2],

βs ≈ 1

RN

√
2 (ps − p∞)

ρs
≈ 1

RN

√
2ps

ρs
=

√
2

γ

as

RN
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where p = ρRT represents the pressure, and ps � p∞ in hypersonic flows; a =√
γ RT represents the speed of sound, with R and γ being the gas constant and the

equivalent specific heat ratio.
Substituting Eq. 2.2 into Eq. 2.1, we observe that the stagnation point heat flux is

in inverse proportion to the square root of the radius of curvature of the leading edge,
i.e., qs ∝ 1/

√
RN . This is the main characteristic of aeroheating in the continuous

flow regime. The Fay–Riddell equation will predict an infinite qs if RN continuously
decreases to 0. Of course, it is physically impossible in practice. But we are curious
about what will happen in this process and how the actual aeroheating performance
will evolve. Let us first have an analysis of the evolution of the flow field structure.

With RN decreasing continuously, the flow will become rarefied, and the flow field
pattern will transform gradually. An expansion of the viscous flow region manifests
first, i.e. the shock stand-off distance is small, but the thicknesses of the boundary
layer and the shock wave will grow a lot to lead to δ + d/2 ∼ �. The growing shock
wave and boundary layer will touch, partly overlap, and even merge with each other
to cause viscous interaction effects, and then nonequilibrium and nonlinear factors
become significant. For these cases where the inviscid flow region disappears, the
Fay–Riddell equation fails. If the rarefaction degree increases further, there will be
no distinct shock wave or boundary layer observed, effects of the velocity slip and
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the temperature jump at the surface will also become important, and the flow will
finally approach the free molecular flow limit. There is still no sophisticated theory to
describe these phenomena after successive failures of the boundary layer assumption
and the continuum hypothesis.

A specific performance of the failure of the Fay–Riddell equation is that the actual
stagnation point heat flux is no longer inversely proportional to the square root of the
nose radius, but gradually approaches a limit. The questions at present are how the
variation of heat flux with the nose radius derives from the original relation, what
flow mechanism is involved, and how to give a quantitative description.

2.2 Analysis and Research Idea

According to the above section, we have known that as the flow transits from the
continuous to the rarefied state, the flow field structure will undergo a great change,
and the corresponding aeroheating performance also changes significantly with it.
However, this is a gradual and continuous process without clear boundaries, and the
thickening, touching, and interaction of the shock wave and boundary layer also occur
successively. The gradual failure of NSF equations under the continuum hypothesis,
as well as that of the Fay–Riddell equation based on further boundary layer assump-
tion, must be accompanied by an increasingly significant factor that results in their
invalidations. This factor is one of those that are ignored in NSF equations, but should
be regained and specially considered at present. In order to figure out what factor is
becoming significant to result in the failure of NSF equations, we need to adopt a
more advanced equation system which is valid in both the continuum and rarefied
flow regime.

Accordingly, in the present theoretical modeling study, we turn our attention
to Burnett equations that are of higher order than NSF equations, and propose a
physical model in the near-continuum regime to carry on the analysis. It is found
that the rarefied gas effects resulting from microscopic insufficient collisions of
molecules manifest as an increase in the nonlinear effects in macroscopic flow and
heat transfer. Therefore, we emphatically analyze the failure of the linear Fourier law
and the enhancing effect of the nonlinear non-Fourier heat flux. Additionally, we also
employ the DSMC method which also applies to both rarefied and continuous flows
to carry out supporting calculations. Finally, after systematic validations, results from
the theoretical modeling study are extended to form an engineering theory.

2.3 Nonlinear Heat Transfer in Hypersonic Rarefied Flows

2.3.1 Theoretical Basis

Basically, the transfers of mass, momentum, and energy in fluid are implemented
by the random movements and collisions of molecules, and these processes can be
described by Boltzmann equation [3]. For a simple dilute gas, its expression is
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in which f (t, c, r) is the molecular velocity distribution function, t the time variable,
r = (x, y, z) the position vector, c = (u, v, w) the velocity vector, F the external
force per unit mass, cr the relative velocity, σ the collision cross section, � the solid
angle, and the superscript * indicates an inverse collision. The righthand side of
Eq. 2.3 is called the collision term, representing the rate of increase of molecules of
class c in the phase space element dcdr as a result of the combined direct and inverse
collisions. For a gas mixture, collisions between molecules of different species must
also be considered separately.

Boltzmann equation is a complex multiple integral-differential equation whose
direct solution is extremely vexatious, if not impossible. Consequently, we have to
resort to its Chapman-Enskog asymptotic expansion [3] in the neighborhood of the
flow state with equilibrium collisions, and obtain some approximate equations under
various conditions. The expansion of the velocity distribution function is

f = f (0) + f (1) + f (2) + · · · (2.4)

And then, the corresponding series expansion of heat flux is

q = q(0) + q(1) + q(2) + · · · (2.5)

where q(n) = ∫
Ecf (n)dc with E as the molecular energy. The zeroth order approx-

imation produces Euler equations with the corresponding heat flux q(0) = 0 , and
the first order approximation produces Navier–Stokes equations and the Fourier law
q(1) = −K∇T with K as the heat conductivity. Successively, the second order
approximation leads to the Burnett equations whose heat flux is q(1) + q(2) and q(2)

could be written in the tensor form as
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where δi j is Kronecker-delta function which equals 1 if i = j , or 0 if i 
= j ; θ1 to θ5
are constants in relation to the molecular model, and if the hard sphere model [3] is
employed, θ1 = 11.644 , θ2 = 5.822 , θ3 = −3.090 , θ4 = 2.418 and θ5 = 25.157.

q(2) and the terms after it represent the high order nonlinear factors in the flow
and heat transfer. In the continuous flow regime, the high order nonlinear heat flux
is negligible compared to q(1). But when the flow becomes rarefied, the influence
of the nonlinear heat flux will increase and even exceed that of the linear heat flux.
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Seemingly, Burnett approximation is more suitable to be used to solve the rarefied
flow problems. However, due to its complexity, it is almost impossible to use it in a
theoretical study. Its application in the numerical simulation also suffers from various
complications, and the results calculated are not much better than those from the
NSF-based CFD. Even the stability of its solution is still in debate and needs further
investigations. All these factors restrict the direct application of Burnett equations
and the higher order approximations to very limited problems.

But this does not mean that Burnett approximation is completely useless. An
analysis of the nonlinear terms in its transport equation will help us to judge how
far NSF equations deviate from a competent description. Since the nonlinear feature
is mainly characterized by the product terms of the flow field gradients, its relative
impact is significant only in regions with large gradients, such as those near the shock
wave or close to the wall surface. Just in these regions, the local Knudsen number
K nlocal is relatively larger than elsewhere, indicating that the rarefied gas effects first
appeared or are relatively more significant, as shown in Fig. 2.3. Therefore, similar
to K nlocal , the ratio of the nonlinear non-Fourier heat flux terms to the linear terms
should also be capable of predicting the rarefaction degree of the local flow field.

In fact, as early as 1946, Tisen [4] made a qualitative order of magnitude estimate
of the ratio of the second to first order terms of Burnett equations, and concluded
that Burnett equations should be more suitable than NSF equations in solving the
slightly rarefied hypersonic flow with velocity slip. Recently, Lockerby, Reese and
Struchtrup [5] introduced a type of switching criteria for hybrid rarefied gas flow
solvers by considering the relative error between the flow fields calculated by an NSF

Fig. 2.3 A DSMC result of local Knudsen number contour of a 2.0 mm radius nose flying with a
Mach number 10 at 40 Km altitude
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solver and a molecular/kinetic or higher order continuum solver. It is worth noting
that, although in the introduced parameters the form of the shear stress and heat flux
of Burnett equations are adopted, the involved physical quantities actually come from
the flow field calculated by the NSF-based CFD method or DSMC method, rather
than from that directly computed by Burnett equations. However, their results suggest
that this technique is not only feasible, but also physically reasonable, because of
the fact that in the near-continuum regime, when considering only the macroscopic
flow quantities, for instance temperature and density, there is not much difference
among predictions of NSF equations, Burnett equations, and DSMC method, and the
discrepancy first appears in the higher order gradients of the flow field. With evident
physical meanings, these criteria introduced by Lockerby seem the most useful and
robust among the “local Knudsen number” like parameters. But these criteria could
only be used in numerical simulations, because it is impossible to foresee the flow
field information in practice. It will be meaningful if we can theoretically study the
ratio of the non-Fourier to the Fourier part of the heat flux terms in Burnett equations
to obtain an analytical criterion of rarefied flows. Particularly, this criterion is directly
related to the heat transfer calculation and could be used to predict the aeroheating
performance of rarefied flows.

Actually, almost simultaneously with Lockerby’s work but independently, we
adopted a somewhat similar idea in our theoretical modeling study to get a rarefaction
criterion, which is of physical significance and universal for aeroheating in hypersonic
rarefied flows.

2.3.2 Rarefied Flow Criterion

To take into account the nonlinear factors in rarefied flows, we attempt to design a
heat flux expression as follows in the stagnation point region:

qs = qF + qNF (2.7)

with qF still being the Fourier heat flux and qNF denoting the nonlinear correction
from the non-Fourier heat flux. But instead of directly using Eq. 2.6, we intend in
advance to analyze each of the nonlinear terms to figure out the most important
factors and to get a concise but practical result.

First, as only the flow field near the stagnation streamline is concerned, the
flow quantities p, ρ, T , and v are symmetrical about the stagnation streamline (y-
coordinate), while u is anti-symmetrical, as shown in Fig. 2.2. Therefore, in the
neighborhood of the stagnation point,

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

p = p0(y) + pxx (y)x2/2 + · · ·
ρ = ρ0(y) + ρxx (y)x2/2 + · · ·
T = T0(y) + Txx (y)x2/2 + · · ·
v = v0(y) + vxx (y)x2/2 + · · ·
u = ux (y)x + · · ·

(2.8)
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Substituting Eq. 2.8 into Eq. 2.6 leads to the first simplification, and when high order
terms are truncated, we get
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where J = 0 or 1 corresponds to a two-dimensional or axisymmetric leading edge
model, respectively; the constants α1 = θ1 − 8θ2/3 + 2θ5 ≈ 46.433, α2 = θ1 −
2θ2/3 − θ5 ≈ −17.394, α3 = 2(θ4 − θ2)/3 ≈ −2.269, and α4 = (θ4 − 4θ2)/6 ≈
−3.478. In the deduction, we have used the equation of state and the conclusion that
pressure is approximate to a constant across the SPBL, i.e., ∂p/∂y ≈ 0.

Equation 2.9 is still so complex that further simplifications are needed to catch the
most important factor. The general solutions [6] of the hypersonic laminar boundary
layer suggests the following relations near the stagnation point:

⎧⎪⎨
⎪⎩

∂v

∂y
= −2J βs

∂u

∂x
= − 1

2J ρ

∂ (ρv)

∂y
= ρs

ρ
βs

(2.10)

Since βs is a constant, and inside the SPBL p = ρRT is approximate to a constant,
we get ∂u/∂x ≈ Tβs/Ts , ∂2v/∂x2 ≈ 0 and ∂2u/∂x∂y ≈ (βs/Ts)∂T/∂y. Thus,
Eq. 2.9 becomes
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Equation 2.11 gives a specific expression of qNF in Eq. 2.7, and it could be used to
bring in a first order correction in calculating the heat flux in practice. However, this
is not the point we are most interested in, and we want to theoretically estimate the
relative impact of this heat flux correction. Therefore, we further definite the ratio of
the non-Fourier to Fourier heat flux terms as a flow parameter W , and then find its
characteristic value Wr inside the SPBL, namely

Wr = qNF
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≈ 2J α1
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)√
2
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(
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ρT K

)
r
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where the subscript r indicates that the quantities should be calculated based on
the corresponding reference enthalpy which is chosen as the average value of the
enthalpy at the external edge of the SPBL and the wall surface enthalpy. When
the high temperature real gas effects are not much significant, it is appropriate to
approximately calculate them at the mean temperature inside the boundary layer,
i.e., Tr = (Ts + Tw)/2. For diatomic gases [3], K = (9γ − 5)µR/[4(γ − 1)],
µ ∝ T ω with ω being the viscosity-temperature index. Then, Eq. 2.12 could be
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simplified to
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Furthermore, in hypersonic flows, ρs/ρ∞ ≈ (γ + 1)/(γ − 1), Ts/T∞ ≈ (γ − 1)

M2∞/2, and then,
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where, Re∞ = ρ∞V∞ RN /µ∞ is the free stream Reynolds number. For most prac-
tical hypersonic air flows, ω ≈ 0.75 , and Tw is much lower than Ts. Thus, to be
concise and direct, a final first order approximation about Tw/Ts yields

Wr ≈ 2J M3/2∞
Re∞

� (γ )

(
1 + Tw

Ts

)
(2.15)

in which � (γ ) ≈ 114γ 1/2 (γ − 1)9/4/(γ + 1) (9γ − 5) , and 0.94 > � > 0.56 as
1.4 > γ > 1.3. In Eq. 2.15, Ts rather than a function of T∞ is used, because in most
hypersonic experiments, the stagnation temperature Ts , or approximately saying the
total temperature, can be obtained more easily than T∞.

For highly cooled wall cases ( Tw/Ts � 1 ) with insignificant real gas effects, we
will get the most concise version

Wr ≈ 2J M3/2∞
Re∞

(2.16)

By this means, we find a characteristic flow parameter that depends completely
on the free stream conditions. Wr quantitatively represents the influence of nonlinear
factors relative to the linear Fouriers law in the SPBL heat transfer, indicating the
failure of the continuous NSF equations, and thus could be considered as a criterion
of the rarefied gas effects.

It could be easily observed that the criterion Wr is different in form from the free
stream Knudsen number K n∞ = λ∞/RN , and in fact, Wr ≈ 2J (2M∞/πγ∞)1/2

K n∞. As stated by Macrossan [7], being a ratio of two characteristic lengths, K n∞ is
only a state parameter rather than a flow parameter, and cannot sufficiently describe
hypersonic flows, especially those involving the aeroheating problem. We have found
that Wr is approximately inversely proportional to the modified Cheng’s parameter
K 2

�, a fitted correlation parameter that is popularly used in the engineering practice.
This parameter was first introduced by Cheng [8] based on the TVSL model, and
later modified by Engel [9] according to correlation with the experimental data. Its
expression is
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Fig. 2.4 The stagnation point heat transfer coefficients for slightly blunted cones varies with mod-
ified Cheng’s parameter

K 2
� = γ∞ − 1

2γ∞
Ze Re∞

µ∞Tr

µr Ts
≈ Ze Re∞

γ∞M2∞
µ∞Tr

µr T∞
(2.17)

where Ze is the compressibility factor, and approximately equals 1 if the real gas
effects are insignificant. After simplification and comparison, it is shown Wr ∝
1/K 2

�. In the engineering practice, K 2
� has been widely used to normalize and to

compare various experimental and numerical data [10–14], and fitted formulas based
on K 2

� have extended the scope of application to flows in the near free molecular flow
regime. Figure 2.4 demonstrates the variation trend of the stagnation point heat trans-
fer coefficients of spherically blunted cones with different nose radii under various
incoming free stream conditions. After being normalized by K 2

�, the experimental
data [9, 15, 16], the present DSMC results and two typical fitted formulas basically
fall on the same curve.

Therefore, according to the explicit relationship between the present Wr and K 2
�,

the physical meanings of Wr could also be qualitatively extended to more rarefied
flow regimes, although it is derived in the near-continuum flow regime. It could
be assuredly concluded that Wr is a reliable rarefaction criterion in the whole flow
regime. Particularly in the near continuum flow regime, it quantitatively measures
the relative impact of the non-Fourier terms in calculation of the stagnation point
heat flux.

In the following, we show that Wr has more universal physical meanings. It covers
the influence of the nose shape and wall temperature, and could be used to study the
aeroheating performance of various models in a normalized way, including the two-
dimensional and axisymmetric noses, the highly cooled wall and those not so cold.
It could also be used to predict the evolution of the flow field structure as the degree
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of rarefaction varies, and thus provides a physical basis to classify the flow regime
and design bridging functions for prediction of the aeroheating performance in each
regime. Meanwhile, the heat flux distribution along the surface downstream of the
stagnation point region can also be approximately estimated based on Wr . Even more,
some parameters with a similar expression to Wr have been applied to analysis of
the aerodynamic force-related problems [17].

In order to make a physically meaningful flow regime classification, we need not
only to find a good criterion, but also to determine the boundaries of each regime by
analyzing the flow mechanism to avoid arbitrariness, which leads to the content of
the next subsection.

2.3.3 Analysis of Flow Field Structure Features

As mentioned above, a specific aeroheating prediction method should be based on a
clear understanding of the corresponding flow field structure. In rarefied flow regime,
in the flow field structure shown in Fig. 2.2 there will emerge a gradual and successive
evolution as the rarefaction degree increases. The boundary layer and the shock
wave will thicken and go closer to each other, leading to touch, overlap, and even
mergence. This interaction process is precisely accompanied by the enhancement
of the nonlinear effects in the flow and heat transfer. In many early studies, the
variation of the aeroheating performance was directly considered to be caused by
viscous interaction between the shock wave and the boundary layer. Of course, this
NSF-based viewpoint has some truth to it, and currently, it is still a comparatively
effective method to deal with the slightly rarefied flows. But from a broader point of
view, both the evolutions of the flow field structure and the aeroheating performance
arise from the microscopic insufficient collisions of molecules, and are actually two
specific manifestations of the rarefied gas effects. Hence, an analysis on the evolution
process of the flow field structure and the subsequent exploration on its relation to
the rarefaction criterion will be helpful to more deeply and broadly understand the
aeroheating performance in the rarefied flow regime and to explain the corresponding
physical mechanism.

Therefore, we introduce here a flow field structure parameter Θ in the near-
continuum flow regime to indicate the relative size of the viscous region within the
shock wave stand-off distance

Θ = d/2 + δ

�
(2.18)

It is certain that the feature of the flow field completely depends on the rarefaction
degree of the flow. Since Wr has been shown above to measure the rarefaction degree,
it will be meaningful to explore the inherent relationship between the parameters Θ

and Wr . Therefore, each of the three scales in Eq. 2.18 is discussed one by one as
follows.
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First, the bow shock wave near the stagnation streamline is equivalent to a normal
shock wave, and its thickness is determined by the maximum density gradient across
it, i.e.,

d = ρ2 − ρ1

|∂ρ/∂y|Max
(2.19)

in which subscripts 1 and 2 denote the condition ahead and behind the shock wave,
respectively. Generally speaking, d is only a few times the MFP of molecules. More
detailed studies [18, 19] show that the normalized thickness of shock wave d/L∗ is
Mach number independent in hypersonic flows and approaches about 6.0 for diatomic
gases. L∗ = µ(T ∗)/ρv is a kinetic length scale defined under the sonic condition
of the flow with the critical temperature T ∗ ≈ (γ − 1)M2∞T∞/(γ + 1). Referring
to µ ∝ T ω, and ρv = ρ∞V∞ across the shock wave, it yields L∗/RN = (γ −
1)ω M2ω∞ /[(γ + 1)ω Re∞]. Therefore,

d
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)ω M2ω∞
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≈ 6

2J
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)ω (
1 + Tw

Ts

)−1
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It is shown that d varies nearly proportionally to Wr .
Secondly, the thickness of the SPBL in hypersonic flows could be similar in form

to that in low speed flows on condition that the involved quantities, for instance
viscosity and density, take into account the high temperature and compressibility
correction. It can be expressed as

δ ≈ 2(3−J )/2 x√
Rex

= 2(3−J )/2 x√
ρ̄βs x2/µ̄

≈ 2(3−J )/2

√
µ̄

ρ̄βs
(2.21)

As suggested by Anderson [2], these corrected quantities could be replaced by their
mean or characteristic values in the boundary layer. Herein still, the characteristic
values under the reference temperature are adopted, i.e., δ ≈ 2(3−J )/2√µr/ρrβs .
Similar to what we have done to Eq. 2.12, a simple deduction will lead to

δ

RN
≈ 21−J−ω γ 1/4(γ − 1)ω/2+1/4

(γ + 1)1/2

(
1 + Tw

Ts

)ω/2

W 1/2
r (2.22)

which shows that the SPBL thickness is proportional to the square root of Wr . Hence,
the SPBL thickens slower than the shock wave as the rarefaction degree increases.

Lastly, the shock wave stand-off distance could be expressed as

� = �inv + δ∗ (2.23)

where �inv = 21−J ρ∞as/(ρsβs) is the stand-off distance predicted in an inviscid
flow model [20], while δ∗ is the displacement thickness of the SPBL resulting from
the viscous effects. It is noteworthy that δ∗ can be either positive or negative, due to
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the dual role of the cold wall surface. On the one hand, the clod wall surface will cool
the fluid near it to increase the density and thus to reduce �; but on the other hand, the
possible real gas effects will also be frozen, leading to the increase of �. These dual
effects are competing and may counteract each other, with the final result depending
on the specific flow parameters, which itself is a topic to be studied in-depth. We
will return to this problem in later discussions on the real gas effects. However,
for traditional continuous flows, δ∗ is relatively small and can be neglected. For
hypersonic rarefied flows, the value of δ∗ is generally positive, based on extension
of the traditional definitions of the SPBL and the shock wave stand-off distance.
Therefore, we approximately introduce herein this minor modification δ∗ ≈ 0.285δ,
by comprehensively considering both the two-dimensional and axisymmetric flow
cases. After some deductions, Eq. 2.23 can be rewritten as

�

RN
≈ 21−J

(γ

2

)1/2 γ − 1

γ + 1
+ 0.285

δ

RN
(2.24)

It seems that � is affected slightly by Wr .
Now, substituting Eqs. 2.20, 2.22 and 2.24 into Eq. 2.18, and considering that

ω ≈ 0.75, γ = 1.4 ∼ 1.3 and Tw/Ts is not so large, say less than 0.2, we will
approximately get

Θ ≈ Wr + 0.9W 1/2
r

0.4 + 0.26W 1/2
r

(2.25)

Equation 2.25 shows a one-to-one relationship between the rarefaction criterion
Wr and the flow field structure parameter Θ . Therefore, given a specific value of the
single parameter Wr , the degree of flow rarefaction and the pattern of flow field struc-
ture are immediately and clearly known, which naturally confirms the rich meanings
of Wr .

Figure 2.5 demonstrates the trend that Θ varies with Wr . It could be observed
that Θ � 1, as long as Wr � 1, indicating the continuum regime where both the
boundary layer and shock wave are thin and in most of the region behind the shock
wave, the flow could still be considered to be inviscid; as Wr increases, Θ will also
increase sharply, with Θ approximately being 0.5 or 1.0 when Wr equals 0.05 or 0.2,
respectively, indicating that exactly a half or the entire region behind the shock wave
is dominated by the viscous flow; and Θ > 1 or Θ � 1, according to an extended
meaning, corresponds to the cases where the shock wave is partly overlapped or
completely merged with the boundary layer. Based on these typical flow field patterns,
we can make a physical flow classification, and study the corresponding aeroheating
performance in each flow regime.
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Fig. 2.5 Variation of the flow field structure parameter with the rarefaction criterion

2.3.4 Flow Regime Classification and Flow Field Structure
Discussion

In the above section, it is found that as the flow transits from the continuous to the
rarefied state, from the macroscopic flow field will emerge several typical patterns
which indicate several stages of the rarefied gas effects from weak to strong, and thus
provides a physical basis to determine the boundaries of flow regime classification.
Specifically, based on the criterion Wr , hypersonic rarefied flows can be classified
as follows:

(I) Wr < 0.05, and correspondingly, Eq. 2.25 approximately gives Θ < 0.5. It
means that shock wave and boundary layer are separated from each other by an
inviscid region which still occupies more than half the area between the shock
wave and the wall surface.

(II) 0.05 < Wr < 0.2, and correspondingly, 0.5 < Θ < 1.0. Both the shock
wave and the boundary layer grow, approach, and get in touch with each other
( Θ = 1.0 ) at Wr = 0.2, while the inviscid region gradually disappears.

(III) 0.2 < Wr < 10.0, and Θ > 1.0. In this regime, the shock wave and boundary
layer overlap or even completely merge into each other. The upper limit is set
according to the fact that at Wr = 10.0, the molecular mean free path just
behind the shock wave is found to be roughly equal to the shock wave stand-
off distance based on the analysis in the above subsection, i.e., � ≈ λs ≈√

πγ/2µs/(ρsas). In this situation, molecules passing through the shock wave
can directly impinge on the wall surface, which is regarded as the condition
that the shock wave disappears.

(IV) Wr > 10.0, and Θ � 1.0. There no longer exists shock wave or boundary
layer, and the free molecular flow limit is to be approached.

In this thesis, we have also employed the DSMC method to carry a series of sup-
porting numerical calculations. Figure 2.6 displays some typical patterns of the hyper-
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Fig. 2.6 Typical patterns of hypersonic rarefied flow field structure visualized by numerical shad-
owgraph

sonic rarefied flow field structure visualized by numerical shadowgraph. Although
the patterns shown are two-dimensional flow cases with M∞ = 10, the analysis
on axisymmetric cases and other Mach numbers gives an approximately identical
vision and shares the same conclusion as long as Wr is kept constant. The observed
evolution characteristic of the flow field is also consistent with the above theoretical
analysis, suggesting that Wr is the most important and possibly the only necessary
parameter in the current problem. The corresponding scatter of microscopic mole-
cules is shown in Fig. 2.7 which is produced using Bird’s visual wind tunnel program
DSMCX [21]. It also agrees with our analysis and numerical results, and the corre-
sponding microscopic physical mechanism will be discussed in the next section.

2.3.5 Aeroheating Performance and Bridging Function

As mentioned earlier, the evolution of the flow field structure is accompanied
simultaneously by the enhancement of the nonlinear factors’ effects in flow and
heat transfer. The several typical flow field patterns discussed in the last section are
corresponded by several typical aeroheating characteristics.

In the flow regime (I), since the shock wave and boundary layer are separated
far enough from each other, the viscous interaction effects or saying rarefied gas
effects are negligible, and the continuous NSF equations are still valid. Quantitatively
speaking, Wr represents the relative contribution of the non-Fourier heat flux terms,
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Fig. 2.7 Scatter of molecules for typical hypersonic rarefied flow fields.(The blue dots represent
the undisturbed free stream molecules; the red dots represent molecules that struck the wall surface;
and the yellow dots represent the indirectly affected molecules, i.e., those that did not strike the
wall surface, but collided with the red “molecules” or other yellow ones. The blue-yellow transition
represents the bow shock wave, while the red-yellow mixing represents a type of boundary layer)

and thus the relative error will be no more than 5 % when the NSF-based Fay–Riddell
Eq. 2.1 is directly used to predict the stagnation point heat flux, i.e.,

Error% = qNF

qF + qNF
= Wr

1 + Wr
< Wr ≤ 5 % (2.26)

In flow regime (II), the viscous interaction effects can no longer be ignored. The
shock wave and boundary layer are approaching but still do not touch each other, and
so the interaction effects are not strong. Correspondingly, aeroheating is characterized
by a weak nonlinear performance, and thus the non-Fourier correction terms could
be directly added to the Fourier part to approximately give the actual heat flux, as
shown by Eq. 2.7, or in a nondimensional form, a bridging function is obtained as

Ch = (1 + Wr )Ch,F (2.27)

where the heat transfer coefficient Ch = qs/[ρ∞V∞(hs − hw)], and Ch,F is
that calculated based on Fourier’s law. In practice, it is convenient to use Ch =
2qs/[ρ∞V 3∞(1 − Tw/Ts)], and Ch,F is calculated by the classical Fay–Riddell equa-
tion. The inclusion of the influence of Tw in Ch is significant especially for a better
normalization of cases near the free molecular flow limit. Otherwise, the generally
used 2qs/(ρ∞V 3∞) will approach 1 − Tw/Ts rather than 1 if the wall surface is not
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so cold. In this way, Eq. 2.27 establishes a bridge between the actual heat flux under
rarefied gas effects and the prediction of the classical theory.

As Wr > 0, it is shown the heat flux in this regime is a little higher than the
prediction of Fay–Riddell equation, which is consistent with the results [22, 23]
of VSL method and higher order boundary layer method, as well as the related
experimental data [9]. However, it is worth noting that if CFD method is used to
numerically solve NSF equations, the heat flux will generally be overestimated. In
the present theoretical modeling study, the reference standard is the analytical Fay–
Riddell equation which is based on the first order boundary layer assumption without
considering the viscous interaction effects, and thus underestimates the heat flux.

In fact, from a microscopic point of view, the non-Fourier heat transfer phenom-
enon in this regime originates from the fact that a greater proportion of molecules
can directly impinge on the wall surface with less or even no collision between
molecules because the MFP is larger in a rarefied (nonequilibrium or insufficient
collisions) flow. While in a continuous flow (regime I), most of the molecules have
to indirectly transfer part of their energy to wall surface layer-by-layer via quanti-
ties of collisions between molecules. Also as displayed by Fig. 2.7, when the flow
becomes more rarefied, the concentration of the red “molecules” directly affected
by the wall surface increases and their territory expands outward, while the concen-
tration of the yellow “molecules” indirectly affected by the wall surface decreases
and their territory also expands outward. These two different mechanisms result in
different aeroheating performances.

In the flow regime (III), the shock wave and boundary layer have overlapped, and
the interaction between them is strong. Correspondingly, a strong nonlinearity also
emerges in the flow and heat transfer, and the simple formula Eq. 2.27 in regime
(II) will lose its credibility. Now, it seems that we should resort to the higher order
expansions of Boltzmann equation to seek for more higher order nonlinear correc-
tions. However, it is neither feasible nor necessary, due to the fact that the higher
order nonlinear terms involve even higher order differential, more complexities and
uncertainties, which prohibits an analytical study. More importantly, all the mod-
els based on the continuum hypothesis, including NSF, Burnett, and the subsequent
series of models, will break down if the flow rarefaction degree increases toward the
free molecular flow limit. At present, prediction of aeroheating performance in this
transition regime relies mainly on the empirical fitted formulas.

After re-examining the flow parameter Wr , we find that it is still able to qualita-
tively represent the flow rarefaction degree in this regime, although its quantitative
meaning may no longer hold. Because of its good qualities, it is worth designing a
simple but practical bridging function based on Wr , although lack of a strict theoret-
ical basis like in regime (II). Actually, after comparing with our DSMC results and
related experimental data, we find the following formula could capture the aeroheat-
ing performance in this regime quite accurately:

Ch = W 0.8
r

0.6 + W 0.8
r

(2.28)



38 2 Theoretical Modeling of Aeroheating Under Rarefied Gas Effects

For large values of Wr , the heat transfer coefficient will approach the free molecular
flow limit.

In flow regime (IV), the free molecular flow is approximately encountered, and
the appropriate analysis methods include the discrete kinetic theory and the free
molecular flow theory. The aeroheating performance could also be directly obtained
based extendedly on Eq. 2.28.

In summary, for hypersonic rarefied flows, the aeroheating prediction methods
and their scope of application are

Ch =

⎧⎪⎨
⎪⎩

Ch,F Wr < 0.05

(1 + Wr )Ch,F 0.05 ≤ Wr ≤ 0.2

W 0.8
r /(0.6 + W 0.8

r ) Wr ≥ 0.2

2.3.6 DSMC Results and Experimental Data

Besides the above analysis, DSMC method is used to simulate a series of cases in
which M∞ = 5 ∼ 20 , and Wr ≈ 0.02 ∼ 40.0. Figure 2.8 demonstrates a series
of computed heat transfer coefficients Ch versus Wr , and shows their comparisons
with those from Fay–Riddell equation, the bridging functions built in this thesis and
DSMC results of Santos [24]. A second horizontal axis has also been given to show
the corresponding Knudsen number K n∞ for J = 0, M∞ = 10, γ = 1.4, and
Tw/Ts � 1.

It can be observed that all the data points, including the two-dimensional and
axisymmetric cases, the highly cooled and not so cold wall surface cases, our DSMC
results and those from the literature [24], are normalized to fall on a single curve.
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Fig. 2.8 Demonstration of the non-Fourier heat transfer and flow regime classification in hypersonic
rarefied flows
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This curve coincides with the one predicted by Fay–Riddell equation when Wr � 1;
it departs from and becomes slightly higher than the Fay–Riddell prediction when
Wr gradually increases, indicating the emergence of the weak viscous interaction or
nonlinear effects. This performance is well described by Eq. 2.27; if Wr increases
furthermore, the growth trend of the actual aeroheating begins to slow down, returns
to Fay–Riddell prediction at Wr ≈ 1.0, and finally tends to the free molecular flow
limit. In the free molecular flow regime, almost all of the energy carried by a molecule
will be transferred to the wall surface, and for a fully diffuse reflection wall surface,
the heat transfer coefficient will approach 1 rather than infinity.

The comparison also shows that for a given free stream condition, an axisymmetric
nose (J = 1) will undergo a flow of double rarefaction degree relative to the peer
size two-dimensional nose (J = 0). In the continuous flow regime, the stagnation
point heat flux of an axisymmetric nose is about 40 % higher than that of a peer size
two-dimensional nose. But when the flow becomes rarefied, the difference between
them reduces, and both will approach the free molecular flow limit. This indicates
that the aeroheating performance of a two-dimensional nose varies more quickly
with the increase in the rarefaction degree.

In addition, it is also shown by Eq. 2.25 and Fig. 2.8 that a higher surface tem-
perature means a relative higher rarefaction degree. When the surface temperature
increases, the absolute value of heat flux decreases, but the heat transfer coefficient
which has already considered the influence of surface temperature actually becomes
higher. From a microscopic viewpoint, this is because molecules reflected from a
higher temperature wall surface have relatively higher energy and a larger MFP, and
thus could penetrate further to broaden the region directly influenced by the wall
surface, which is just a behavior of the rarefied flow, as also shown in Fig. 2.7.

Our research group has cooperated with the group headed by Hong-Ru Yu (acad-
emician of Chinese Academy of Sciences) at Institute of Mechanics, Chinese Acad-
emy of Sciences, and carried a series of research experiments in the shock tunnel to
measure the stagnation point heat flux of several small-sized leading edge models by
utilizing the coaxial thermocouple technique. The author has taken part in the design
of experiment program, pre-research of the measurement principle of aeroheating on
small-sized models and analysis of experimental results. In Fig. 2.9 we give two sets
of measurements in the shock tunnel under stable operation. In one set, the duplicated
condition is equivalent to a flight with a Mach number 6.68 at an altitude of 44 km,
and the radii of curvature of spherically blunted cone models are 1 mm, 4 mm and
5 mm, respectively. In the other set, the corresponding condition is Mach number
8.7 at an altitude of 49.8 km, and radii are 1 mm, 3 mm and 5 mm, respectively. The
rarefaction degree Wr ≈ 0.02 ∼ 0.3 in the experimental flows. The distribution and
variation trend of the experimental data in Fig. 2.9 agree with the present analyses
and DSMC results in Fig. 2.8.

In other words, both DSMC results and the experimental data validate the theo-
retical modeling analyses in this chapter.
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Fig. 2.9 A normalization of the shock tunnel measurements

2.3.7 Extension and Discussion of the Rarefaction Criterion

The present rarefaction criterion Wr was first introduced based on analysis of stag-
nation point aeroheating of sharpened noses in the near-continuum flow regime,
and then its physical meanings were extended to more rarefied flows. Actually, in
a broad sense, Wr represents the ratio of two characteristic timescales (the mean
collisions time of molecules in the post-shock flow field to the characteristic time of
local macroscopic flow), namely Wr ∼ τc/τ f , or ratio of two characteristic length
scales (post-shock mean free path of molecules to local macroscopic flow scale),
namely Wr ∼ d/RN ∼ λs/RN ∼ (δ/RN )2, as shown in the earlier discussion on
the flow field structure. Therefore, Wr could be regarded as a basic characteristic
flow parameter of hypersonic rarefied flows, and should apply to a boarder scope,
such as the aeroheating problems downstream of the stagnation point region and the
aerodynamic force-related problems.

Indeed, since Wr is derived from analysis of the nonlinear heat flux terms of
Burnett equations, theoretically speaking, a similar parameter could also be derived
from analysis of the corresponding nonlinear shear stress terms to characterize the
non-Newton shear in hypersonic rarefied flows. In addition, as mentioned earlier, Wr

is directly related to the modified Cheng’s parameter K 2
�, and K 2

� has been used to
study the aerodynamic force-related problems. We have also found some researches
[17] where a parameter similar to Wr is employed to normalize the drag of a flat
plate in rarefied flows.

Next, to give a supporting example, we extend the physical meanings of Wr
qualitatively to the downstream region of the stagnation point to show that its scope
of application could be wider.

In calculating the total amount of aeroheating on TPS of the new generation vehi-
cle, the distribution of heat flux along the downstream wall surface is also noteworthy.



2.3 Nonlinear Heat Transfer in Hypersonic Rarefied Flows 41

θo

q(
θ)

/q
(0

)

0 20 40 60 80
0

0.2

0.4

0.6

0.8

1

Wr≈0.1
Wr≈1.0
Wr≈2.0
Wr≈5.0
Wr≈32
Murzinov
FMF limit
Bridge function

Present DSMC

Fig. 2.10 Heat flux distributions over a spherical nose at different rarefaction degrees

However, as surveyed by the author, studies of the heat flux distribution in rarefied
flows are extremely rare, and even a reliable empirical formula is unavailable. We
hope to design a simple and useful formula based on Wr to estimate the evolution of
the downstream heat flux distribution as the rarefication degree varies.

This extension has some physical bases. On the one hand, as the flow transits from
continuous to rarefied state, the heat flux distribution undergoes a process similar to
that of the stagnation point region, changing gradually from the continuous flow limit
to the free molecular flow limit. In the hypersonic continuous flow regime, Murzinov
[25] has given a fitted formula to describe the heat flux distribution over a spherical
nose model,

q(θ)/q(0) = 0.55 + 0.45 cos 2θ (2.29)

where θ is the angle between the free stream direction and normal direction of the sur-
face element, as shown in Fig. 2.10. For the free molecular flows, the corresponding
distribution is

q(θ)/q(0) = cos θ (2.30)

On the other hand, in the continuous flow regime, some theories derived in the
neighborhood region of stagnation point, for instance the SPBL theory, could be
extended quite far downstream. When the flow becomes rarefied, the related con-
clusions should be quantitatively similar. Therefore, to be concise, we introduce the
following bridging function based on a weighted average.

q(θ)

q(0)
= 0.55 + 0.45 cos 2θ + (Wr/3) cos θ

1 + Wr/3
(2.31)

Figure 2.10 shows that under different flow rarefication degrees, Eq. 2.31 can
predict the heat flux distribution downstream of the stagnation point with relative



42 2 Theoretical Modeling of Aeroheating Under Rarefied Gas Effects

accuracy. This suggests that as a characteristic flow parameter, the extended physical
meanings could also be useful to describe the rarefied gas effects in the region beyond
the stagnation point.

2.4 Engineering Applications

In the above section, most discussions are normalized analyses based on the nondi-
mensional parameters. But in practical engineering applications, what is of most
concern is likely to be the variation of a single dimensional parameter with the oth-
ers fixed. For example, we want to know for what size of the leading edge, the rarefied
gas effects will be significant at a given altitude? Or at what altitude do we have to
consider the rarefied gas effects for a given leading edge? This section will make a
brief discussion of these questions.

First, let us take the altitude 40 Km as a typical example. At this altitude, T∞ ≈
250 K, ρ∞ ≈ 4.0 × 10−3 kg/m3, µ∞ ≈ 1.6 × 10−5 kg/(m · s2), a∞ ≈ 317 m/s,
and the MFP of molecules in the free stream λ∞ ≈ 1.7 × 10−5 m based on the
hard sphere model. Consider furthermore that a two-dimensional leading edge flies
with a Mach number 10, assume the temperature of the wall surface is not so high,
say for instance Tw < 1,000 K, and then we will get an engineering rarefication
criterion Wr ≈ 4 × 10−5/RN . When RN > 0.8 mm, Wr < 0.05, belonging to the
above-mentioned flow regime (I) where Fay–Riddell equation is still valid. Not until
RN < 0.8 mm does the rarefied gas effects on aeroheating become significant. But
for the axisymmetric leading edge model, when RN = 0.8 mm, Wr = 0.1, and thus
Fay–Riddell equation has underestimated the heat flux by about 10 %.

At a higher altitude, the atmosphere density is lower, and then the rarefied gas
effects can appear for relative larger leading edges. When the altitude increases
every 16 km, the density will approximately decrease an order of magnitude. Still,
considering the example of a Mach number 10 flight of a two-dimensional leading
edge model, at altitude of 50 km, Wr ≈ 1.6 × 10−4/RN , and at altitude of 60 km,
Wr ≈ 5.3 × 10−4/RN . The rarefaction gas effects can appear for a nose radius of
3 mm and 10 mm, respectively. And for an axisymmetric model, the corresponding
radii are 6 mm and 20 mm, respectively.

However, as shown in Fig. 2.8, when Wr < 1.0, the actual heat flux is com-
paratively higher than the prediction of Fay–Riddell equation, with the maximum
difference being around 20 %. Only when Wr > 1.0, the actual heat flux begins to
be lower than the prediction of Fay–Riddell equation, which is of utmost interested
in engineering practice. At an altitude of 50 km, the radii satisfying this condition
should be smaller than 0.15 mm and 0.3 mm for a two-dimensional and axisymmetric
leading edge model, respectively. At an altitude of 60 km, the corresponding limit
radii should be 0.5 and 1.0 mm. As we see, for the 1.0 mm-sized leading edges likely
to be used in engineering, not until above the altitude of 60 km, does Fay–Riddell
equation begin to underestimate the stagnation point heat flux.



2.4 Engineering Applications 43

RN  (m)

C
h

10-5 10-4 10-3 10-2 10-10

0.2

0.4

0.6

0.8

1

Ch,F   ( Fay-Riddell )
(1+Wr)Ch,F

Wr
 0.8/(0.6+Wr

 0.8 )

40km

50km 60km

2D leading edges
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Fig. 2.12 The stagnation point heat transfer coefficient of an axisymmetric leading edge varies
with noses’ radii

Figures 2.11 and 2.12 demonstrate variations of the stagnation point heat transfer
coefficient for a two-dimensional and an axisymmetric leading edge model, respec-
tively, as the noses’ radii decrease at three altitudes. Comparison between the bridging
functions and Fay–Riddell prediction shows the rarefied gas effects on aeroheating
performance.

2.5 Chapter Summary

In this chapter, the theoretical modeling method has been used to study the rarefied
gas effects resulting from microscopic insufficient collisions of molecules and their
influence on the aeroheating performance of sharpened leading edges.
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First, we propose a physical model at the stagnation point region of a slightly
blunted nose in the near-continuum flow regime, in order to analyze the macroscopic
performance of rarefied gas effects, i.e., the gradual enhancement of effects of non-
linear factors in the flow and heat transfer. The ratio of the nonlinear non-Fourier to
the linear Fourier heat flux terms is defined as a characteristic flow parameter Wr to
represent the relative impact of the nonlinear factors and to indicate the failure of
NSF equations. A further extension analysis showed that Wr measures the strength of
the rarefied gas effects in the whole flow regime, and could be regarded as a general
rarefication criterion with physical meanings for aeroheating-related problems.

Secondly, it was found that the rarefication criterion Wr could also be useful to
predict the evolution of the flow field structure features as the rarefication degree
of the flow varies. A regime classification of hypersonic rarefied flows was made
based on a detailed analysis of several typical patterns of the flow field structure. In
each flow regime, the aeroheating performance and the corresponding microscopic
physical mechanism were discussed. According to the physical meanings of Wr

and the subsequent extension, bridging functions were established, for the purpose
of engineering applications, to fast predict the stagnation point heat flux and the
distribution of the downstream heat flux.

Lastly, the reasonability of the present theoretical analysis and reliability of the
bridging functions were validated through various comparisons with supporting
DSMC calculations and experimental measurements. In addition, applications of
the rarefication criterion in the engineering practice were also discussed.
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