
Chapter 2
The Algebraic Bethe Ansatz

The algebraic Bethe Ansatz method for quantum integrable models was proposed by
the Leningrad Group [1–7] in the late 1970s, based on YBE. This method was then
generalized to open boundary integrable systems by Sklyanin [8] in 1988, through
developing an equation accounting for the integrable boundaries. In the past sev-
eral decades, the algebraic Bethe Ansatz method has become the most popular one
for solving quantum integrable models. Particularly, the development of the nested
algebraic Bethe Ansatz [9–19] makes it possible to diagonalize multi-component
integrable models in a systematic way.

This chapter is devoted to a detailed description of the algebraic Bethe Ansatz
method and its nested version, with the isotropic spin-chain models as examples.
These approaches are applicable for all the integrable models under the condition
that a proper reference state exists, though different tricks may be used to find proper
generating operators for the eigenstates according to the properties of R-matrices
defined under different algebras [20–24]. Based on the Bethe Ansatz solutions, the
methods to construct low-lying elementary excitations and thermodynamics for the
spin- 12 chain are introduced. In addition, the fusion procedure and a quantity that is
important throughout this book, the quantum determinant, are also introduced. The
last section is devoted to a brief introduction of Sklyanin’s separation of variables
method [25–27].

2.1 The Periodic Heisenberg Spin Chain

2.1.1 The Algebraic Bethe Ansatz

To show the algebraicBetheAnsatz procedure clearly, let us consider again the spin- 12
Heisenberg chain model. For convenience, we define the homogeneous monodromy
matrix and the corresponding transfer matrix as
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24 2 The Algebraic Bethe Ansatz

T0(u) = R0,N (u) · · · R0,1(u), (2.1.1)

and

t (u) = tr0T0(u), (2.1.2)

respectively with the R-matrix defined in (1.5.2). With the properties of the permu-
tation operator we have

∂ ln t (u)

∂u

∣
∣
∣
∣
u=0

= t−1(0)
∂t (u)

∂u

∣
∣
∣
∣
u=0

=
N
∑

j=1

P1,2 · · · P1,N tr0[P0,N · · · P0, j+1P0, j−1 · · · P0,1] =
N
∑

j=1

Pj, j−1. (2.1.3)

The Hamiltonian of the Heisenberg spin chain is thus expressed as

H = 1

2

N
∑

j=1

σ j · σ j+1 = ∂ ln t (u)

∂u

∣
∣
∣
∣
u=0

− 1

2
N , (2.1.4)

with the periodic boundary condition σN+1 ≡ σ1.
To calculate the commutation relations among the elements of the monodromy

matrix, let us write out the explicit forms of the R-matrix and the monodromymatrix
in the auxiliary tensor space:

R0,0̄(u − v) =

⎛

⎜
⎜
⎝

u − v + 1 0 0 0
0 u − v 1 0
0 1 u − v 0
0 0 0 u − v + 1

⎞

⎟
⎟
⎠

, (2.1.5)

T0(u) =
(

A(u) B(u)

C(u) D(u)

)

⊗ I0̄ =

⎛

⎜
⎜
⎝

A(u) 0 B(u) 0
0 A(u) 0 B(u)

C(u) 0 D(u) 0
0 C(u) 0 D(u)

⎞

⎟
⎟
⎠

, (2.1.6)

T0̄(v) = I0 ⊗
(

A(v) B(v)
C(v) D(v)

)

=

⎛

⎜
⎜
⎝

A(v) B(v) 0 0
C(v) D(v) 0 0
0 0 A(v) B(v)
0 0 C(v) D(v)

⎞

⎟
⎟
⎠

, (2.1.7)

where I0 and I0̄ are the identity operators in the 0th space and 0̄th space, respectively.
With the help of the Yang-Baxter relation (1.2.5), we can easily deduce the following
commutation relations:
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[A(u), A(v)] = [D(u), D(v)] = 0,

A(u)B(v) = u − v − 1

u − v
B(v)A(u) + 1

u − v
B(u)A(v),

D(u)B(v) = u − v + 1

u − v
B(v)D(u) − 1

u − v
B(u)D(v),

[B(u), B(v)] = [C(u), C(v)] = 0,

[B(u), C(v)] = 1

u − v
[D(v)A(u) − D(u)A(v)]. (2.1.8)

Based on the above relations, the following useful formulae can be derived:

A(u)B(μ1) · · · B(μM ) =
M
∏

j=1

u − μ j − 1

u − μ j
B(μ1) · · · B(μM )A(u)

+
M
∑

j=1

1

u − μ j

M
∏

l �= j

μ j − μl − 1

μ j − μl
B(μ1) · · · B(μ j−1)

× B(u)B(μ j+1) · · · B(μM )A(μ j ), (2.1.9)

D(u)B(μ1) · · · B(μM ) =
M
∏

j=1

u − μ j + 1

u − μ j
B(μ1) · · · B(μM )D(u)

−
M
∑

j=1

1

u − μ j

M
∏

l �= j

μ j − μl + 1

μ j − μl
B(μ1) · · · B(μ j−1)

× B(u)B(μ j+1) · · · B(μM )D(μ j ). (2.1.10)

Proof From the commutation relations (2.1.8) we know that Eq. (2.1.9) is satisfied
for M = 1. Assuming that Eq. (2.1.9) is also satisfied for an arbitrary M , we have

A(u)B(μM+1)B(μ1) · · · B(μM ) = u − μM+1 − 1

u − μM+1
B(μM+1)A(u)B(μ1) · · · B(μM )

+ 1

u − μM+1
B(u)A(μM+1)B(μ1) · · · B(μM )

=
M+1
∏

j=1

u − μ j − 1

u − μ j
B(μ1) · · · B(μM )B(μM+1)A(u)

+ u − μM+1 − 1

u − μM+1

M
∑

j=1

1

u − μ j

M
∏

l �= j

μ j − μl − 1

μ j − μl

× B(μ1) · · · B(μ j−1)B(u)B(μ j+1) · · · B(μM+1)A(μ j )

+ 1

u − μM+1

M
∏

j=1

μM+1 − μ j − 1

μM+1 − μ j
B(μ1) · · · B(μM )B(u)A(μM+1)
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+ 1

u − μM+1

M
∑

j=1

1

μM+1 − μ j

M
∏

l �= j

μ j − μl − 1

μ j − μl

× B(μ1) · · · B(μ j−1)B(u)B(μ j+1) · · · B(μM+1)A(μ j ). (2.1.11)

Combining the second and the fourth terms in the above equation, we obtain

A(u)B(μ1) · · · B(μM+1) =
M+1
∏

j=1

u − μ j − 1

u − μ j
B(μ1) · · · B(μM+1)A(u)

+
M+1
∑

j=1

1

u − μ j

M+1
∏

l �= j

μ j − μl − 1

μ j − μl
B(μ1) · · · B(μ j−1)

×B(u)B(μ j+1) · · · B(μM+1)A(μ j ). (2.1.12)

Therefore, Eq. (2.1.9) is also satisfied for M + 1. Equation (2.1.10) can be proven
similarly. ��

Let us define the vacuum state of the system as

|0〉 = | ↑〉1 ⊗ · · · ⊗ | ↑〉N , (2.1.13)

where | ↑〉n is the local spin-up state of site n (Accordingly, the local spin-down state
is denoted as | ↓〉n .). For convenience, we introduce the notations

σ±
j = 1

2
(σ x

j ± iσ y
j ). (2.1.14)

The Pauli matrices applying on the states | ↑〉 j and | ↓〉 j thus behave as

σ−
j | ↑〉 j = | ↓〉 j , σ+

j | ↓〉 j = | ↑〉 j ,

σ−
j | ↓〉 j = σ+

j | ↑〉 j = 0,

σ z
j | ↑〉 j = | ↑〉 j , σ z

j | ↓〉 j = −| ↓〉 j . (2.1.15)

From the definition of the R-matrix we have

R0,n(u)|0〉 =
(

u + 1
2 (1 + σ z

n ) σ−
n

σ+
n u + 1

2 (1 − σ z
n )

)

|0〉

=
(

u + 1 σ−
n

0 u

)

|0〉. (2.1.16)
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This directly induces

A(u)|0〉 = a(u)|0〉 = (u + 1)N |0〉,
D(u)|0〉 = d(u)|0〉 = uN |0〉,
C(u)|0〉 = 0. (2.1.17)

The operator B(u) can be treated as the spin flipping operator and used to construct
the Bethe states

|μ1, . . . , μM 〉 =
M
∏

j=1

B(μ j )|0〉, (2.1.18)

where M is the number of flipped spins and {μ j } is a set of parameters. Note that

t (u) = A(u) + D(u). (2.1.19)

Applying t (u) to the Bethe state, with the help of the commutation relations (2.1.9)
and (2.1.10), we have

t (u)|μ1, . . . , μM 〉 = Λ(u)|μ1, . . . , μM 〉

+
M
∑

j=1

Λ j (u)B(μ1) · · · B(μ j−1)B(u)B(μ j+1) · · · B(μM )|0〉, (2.1.20)

where

Λ(u) = a(u)

M
∏

j=1

u − μ j − 1

u − μ j
+ d(u)

M
∏

j=1

u − μ j + 1

u − μ j
, (2.1.21)

Λ j (u) = 1

u − μ j

⎧

⎨

⎩
a(μ j )

M
∏

l �= j

μ j − μl − 1

μ j − μl
− d(μ j )

M
∏

l �= j

μ j − μl + 1

μ j − μl

⎫

⎬

⎭
.

(2.1.22)

To ensure the Bethe state to be an eigenstate of the transfer matrix, the unwanted
termsmust vanish, i.e.,Λ j (u) = 0. This induces the Bethe Ansatz equations (BAEs)

(

1 + 1

μ j

)N

=
M
∏

l �= j

μ j − μl + 1

μ j − μl − 1
, j = 1, . . . , M. (2.1.23)

The solutions {μ j | j = 1, . . . , M} of the above equations are the Bethe roots.
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For convenience, we put μ j = iλ j − 1
2 . The BAEs can be rewritten as

(

λ j − i
2

λ j + i
2

)N

= −
M
∏

l=1

λ j − λl − i

λ j − λl + i
, j = 1, . . . , M. (2.1.24)

From Eq. (2.1.4) we obtain the eigenvalue of the Hamiltonian in terms of the Bethe
roots as

E(λ1, . . . , λM ) = ∂ lnΛ(u)

∂u

∣
∣
∣
∣
u=0

− 1

2
N = −

M
∑

j=1

1

λ2j + 1
4

+ 1

2
N . (2.1.25)

Obviously, the T −Q relation (1.4.1) holds for thismodelwith the parametrization

Q(u) =
M
∏

j=1

(u − μ j ). (2.1.26)

In addition, the unwanted terms Λ j (u) can be expressed in terms of the residue of
Λ(u) at the point u = μ j

Λ j (u) = 1

μ j − u
resΛ(u)|u=μ j , (2.1.27)

which indicates that the regularity of Λ(u) already ensures the “unwanted” terms in
Eq. (2.1.20) to be zero [28].

2.1.2 Selection Rules of the Bethe Roots

As we mentioned in Chap.1, in order to get a self consistent set of BAEs, the poles
μ j must be simple. Indeed by carefully examining the Bethe states we can deduce
the Pauli principle for the Bethe roots [29], i.e., the eigenvector is zero as long as
μ j = μl for j �= l. Such a selection rule can easily be verified by the coordinate
Bethe Ansatz. In fact, to preserve the regularity of Λ(u), doubly degenerate μ j (if
they exist) must satisfy the condition

res{(u − μ j )Λ(u)}|u=μ j = 0, (2.1.28)

which gives rise to an additional equation apart from the M − 1 Eq. (2.1.23) and
makes the M − 1 Bethe roots overdetermined.

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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Moreover, one may find that a pair μ1 = 0 and μ2 = −1 satisfy the BAEs
(2.1.23). However, this solution also induces a zero Bethe vector. A simple proof is
as follows: From the definition we know that

T0(0) = P0,N · · · P0,1 = P0,1P1,N · · · P1,2. (2.1.29)

Therefore,

B(0) = σ−
1 P1,N · · · P1,2. (2.1.30)

From the crossing symmetry property (1.5.6) we know that

T0(−1) = R0,N (−1) · · · R0,1(−1)

= (−1)N σ
y
0 Pt0

0,N · · · Pt0
0,1σ

y
0 , (2.1.31)

which gives

B(−1) = (−1)N−1P1,2 · · · P1,N σ−
1 . (2.1.32)

Equations (2.1.30) and (2.1.32) imply that

B(−1)B(0) = B(0)B(−1) = 0. (2.1.33)

2.1.3 Ground State

A remarkable fact is that based on the BAEs, the physical quantities can be derived.
Particularly, computing physical quantities becomes simpler in the thermodynamic
limit.

Let us first consider the case of all the Bethe roots {λ j | j = 1, . . . , M} being real.
Taking the logarithm of (2.1.24), we have

θ1(λ j ) = 2π I j

N
+ 1

N

M
∑

l=1

θ2(λ j − λl), (2.1.34)

where θn(x) = 2 arctan(2x/n), and {I j } are certain integers (half odd integers) for
N − M odd (N − M even). For convenience, we define the counting function

Z(λ) = 1

2π

[

θ1(λ) − 1

N

M
∑

l=1

θ2(λ − λl)

]

. (2.1.35)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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Obviously, Z(λ j ) = I j/N corresponds to the Eq. (2.1.34). In principle, each possible
I j may correspond to a λ j solution of the BAEs. However, those solutionsmay not be
occupied.We treat the occupied solutions as “particles” and the unoccupied solutions
as “holes”. For any consecutive I j and I j+1 = I j + 1, the following relation holds:

Z(λ j+1) − Z(λ j )

λ j+1 − λ j
= 1

Nδλ j
, (2.1.36)

with δλ j = λ j+1 − λ j . In the thermodynamic limit N → ∞, Eq. (2.1.36) becomes
the density of states ρ(λ) + ρh(λ) in the λ space, where ρ(λ) and ρh(λ) are the
densities of the particles and holes, respectively. Taking the derivative of Eq. (2.1.35)
with respect to λ, we obtain

ρ(λ) + ρh(λ) = d Z(λ)

dλ
= a1(λ) −

∫ ∞

−∞
a2(λ − μ)ρ(μ)dμ, (2.1.37)

where

an(λ) = 1

2π

n

λ2 + n2/4
. (2.1.38)

From Eq. (2.1.25), we know that each real Bethe root λ j contributes negative
energy. In the ground state, the Bethe roots should fill the whole real axis and leave
no hole for an even N , i.e., ρh(λ) = 0. This means that the density of particles in
the ground state ρg(λ) satisfies

ρg(λ) = a1(λ) −
∫ ∞

−∞
a2(λ − μ)ρg(μ)dμ. (2.1.39)

Equation (2.1.39) can be solved by the Fourier transformation defined for an arbitrary
function F(λ) as

F̃(ω) =
∫ ∞

−∞
eiωλF(λ)dλ,

F(λ) = 1

2π

∫ ∞

−∞
e−iωλ F̃(ω)dω. (2.1.40)

Taking the Fourier transform of an(λ), we have

ãn(ω) = e− n|ω|
2 . (2.1.41)

Taking the Fourier transform of Eq. (2.1.39), we obtain

ρ̃g(ω) = 1

2 cosh ω
2

. (2.1.42)
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Thus the solution of Eq. (2.1.39) is

ρg(λ) = 1

2 cosh(πλ)
. (2.1.43)

The density of flipped spins relative to the reference state is

M

N
=
∫ ∞

−∞
ρg(λ)dλ = 1

2
, (2.1.44)

which means that the magnetization of the ground state is zero. The energy density
of the ground state reads

eg = −2π
∫ ∞

−∞
a1(λ)ρg(λ)dλ + 1

2
= 1

2
− 2 ln 2. (2.1.45)

For an odd N , there is a hole at λh = ±∞ in the real axis which carries zero
energy. The energy density of the ground state still takes the form of (2.1.45) but the
state is doubly degenerate.

2.1.4 Spinon Excitations

Now let us consider the elementary excitations of the system.We focus on the even N
case. The simplest excitation is the case of one less spin flipped, i.e., M = N/2− 1.
Such a configuration is described with two holes put at λh

1 and λh
2 in the λ sea. In this

case, the density of holes is

ρh(λ) = 1

N
δ(λ − λh

1) + 1

N
δ(λ − λh

2). (2.1.46)

The density ρ(λ) will deviate from ρg(λ) by δρ(λ) because of the presence of the
two holes. From Eqs. (2.1.39) and (2.1.46) we obtain that

δρ(λ) + ρh(λ) = −
∫ ∞

−∞
a2(λ − μ)δρ(μ)dμ, (2.1.47)

which can be solved by Fourier transformation. After some calculations, we obtain
the total spin Se of this excitation as

Se = −N
∫ ∞

−∞
δρ(λ)dλ = 1, (2.1.48)

and the excitation energy as
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Fig. 2.1 Classical picture of the spin-triplet elementary excitations. Relative to the Neel state, the
net spin carried by the flipped domain is one. Each domain boundary (kink or anti-kink) carries a
spin of 1

2

ΔE = −2π N
∫ ∞

−∞
a1(λ)δρ(λ)dλ = ε(λh

1) + ε(λh
2), (2.1.49)

where ε(λ) is the dressed energy with the definition

ε(λ) = 2πa1(λ) −
∫ ∞

−∞
a2(λ − μ)ε(μ)dμ. (2.1.50)

From Eq. (2.1.49), we see that the energy of such excitations is the summation of
the energies of two quasi-holes. Solving Eq. (2.1.50) by Fourier transformation, we
obtain

ε(λ) = π

cosh(πλ)
= 2πρg(λ). (2.1.51)

Here the two holes together carry spin of one, and each of themmay only carry a spin
1
2 . Note that such elementary excitations are unusual compared to those in the higher
dimensional magnetic systems where one magnon carries a total spin of one. The
classical picture of the spin-triplet excitation is shown in Fig. 2.1. Those excitations
are usually called spinons [30], a typical fractional excitation in the one-dimensional
quantum systems.

2.1.5 String Solutions

In the above we only considered the real Bethe roots. In fact, the BAEs may have
complex solutions. For a complex λ j with a positive imaginary part, we have

∣
∣
∣
∣
λ j − i

2

∣
∣
∣
∣
≤
∣
∣
∣
∣
λ j + i

2

∣
∣
∣
∣
. (2.1.52)

This indicates that the left hand side of BAEs (2.1.24) tends to zero when N → ∞.
To keep the equality, the numerator of the right hand side of Eq. (2.1.24) must also
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tend to zero in this limit, which means that there exists another solution λ∗
j ∼ λ j − i

in the set of solutions. The general complex solutions of the Bethe roots read

λ
(n)
j,α = λ(n)

α − i

2
(n + 1 − 2 j) + o(e−δN ), j = 1, 2, . . . , n. (2.1.53)

This is just the string hypothesis [31]. Here λ
(n)
α indicates the position of the αth

n-string in the real axis, and δ is a small positive number to account for the finite size
deviations.

Substituting the string solutions into the BAEs and taking the product for all j in
the string, we readily obtain

n
∏

j=1

(

λ
(n)
j,α − i

2

λ
(n)
j,α + i

2

)N

=
n
∏

j=1

∞
∏

m=1

∏

m,l,β �=n, j,α

λ
(n)
j,α − λ

(m)
l,β − i

λ
(n)
j,α − λ

(m)
l,β + i

. (2.1.54)

Considering the large N limit and omitting the exponentially small corrections, we
reduce the above equation to

(

λ
(n)
α − i

2n

λ
(n)
α + i

2n

)N

= −
∞
∏

m=1

∏

β

λ
(n)
α − λ

(m)
β − i

2 (m + n)

λ
(n)
α − λ

(m)
β + i

2 (m + n)

×
[

λ
(n)
α − λ

(m)
β − i

2 (m + n − 2)

λ
(n)
α − λ

(m)
β + i

2 (m + n − 2)

]2

× · · ·

×
[

λ
(n)
α − λ

(m)
β − i

2 (|m − n| + 2)

λ
(n)
α − λ

(m)
β + i

2 (|m − n| + 2)

]2
λ

(n)
α − λ

(m)
β − i

2 |m − n|
λ

(n)
α − λ

(m)
β + i

2 |m − n|
. (2.1.55)

Taking the logarithm of the above equation we readily have

θn(λ(n)
α ) = 2π I (n)

α

N
+ 1

N

∑

m,β

θ
′
m,n(λ(n)

α − λ
(m)
β ), (2.1.56)

where I (n)
α are integers or half odd integers depending on the parity of N −∑∞

n=1 nMn

with Mn being the number of n-strings and

θ
′
m,n(λ) = θm+n(λ) + 2θm+n−2(λ) + · · ·

+ 2θ|m−n|+2(λ) + (1 − δm,n)θ|m−n|(λ). (2.1.57)

As for the real solution case, we define the counting functions
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Zn(λ) = 1

2π

⎡

⎣θn(λ) − 1

N

∑

m,β

θ
′
m,n(λ − λ

(m)
β )

⎤

⎦ . (2.1.58)

Obviously, Zn(λ
(n)
α ) = I (n)

α /N corresponds to Eq. (2.1.56). In the thermodynamic
limit, we have

d Zn(λ)

dλ
= ρn(λ) + ρh

n (λ), (2.1.59)

where ρn(λ) and ρh
n (λ) are the densities of n-strings and n-string holes, respectively.

The density of flipped spins is

M

N
=

∞
∑

n=1

n
∫ ∞

−∞
ρn(λ)dλ. (2.1.60)

Taking the derivative of (2.1.58), we obtain the relation between ρh
n (λ) and ρm(λ)

as

ρh
n (λ) = an(λ) −

∞
∑

m=1

∫ ∞

−∞
Am,n(λ − μ)ρm(μ)dμ, (2.1.61)

where

Am,n(λ) = am+n(λ) + 2am+n−2(λ) + · · · + 2a|m−n|+2(λ) + a|m−n|(λ),

a0(λ) ≡ δ(λ). (2.1.62)

Equation (2.1.61) is significant for studying the elementary excitations and thermo-
dynamics.

In order to give the complete picture of the elementary excitations in the system,
let us consider another simple type of elementary excitation, i.e., a 2-string at λs plus
two holes in the real axis. In this case, the corresponding density functions are

ρh
1 (λ) = 1

N

[

δ(λ − λh
1) + δ(λ − λh

2)
]

, (2.1.63)

ρ2(λ) = 1

N
δ(λ − λs). (2.1.64)

For n = 1 in Eq. (2.1.61), we obtain

ρ1(λ) + ρh
1 (λ) = a1(λ) −

∫ ∞

−∞
a2(λ − μ)ρ1(μ)dμ

−
∫ ∞

−∞
[a1(λ − μ) + a3(λ − μ)]ρ2(μ)dμ. (2.1.65)
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Fig. 2.2 Classical picture of the spin-singlet elementary excitations. Relative to the Neel state, the
net spin carried by the flipped domain is zero. One domain boundary carries a spin of 1

2 and the
other carries a spin of - 12

The deviation of the particle density from that of the ground state reads

δρ1(λ) = −ρh
1 (λ) −

∫ ∞

−∞
a2(λ − μ)δρ1(μ)dμ

−
∫ ∞

−∞
[a1(λ − μ) + a3(λ − μ)]ρ2(μ)dμ. (2.1.66)

This allows us to derive the excitation energy as

ΔE = −2π N
∫ ∞

−∞
a1(λ)δρ1(λ)dλ − 2π

[

a1

(

λs + i

2

)

+ a1

(

λs − i

2

)]

= ε(λh
1) + ε(λh

2). (2.1.67)

It is easy to check that M = N/2 in this case, indicating a spin singlet excitation as
shown in Fig. 2.2. Interestingly, the excitation energy takes the same form as that of
Eq. (2.1.49). This means that the contribution of the 2-string is completely canceled
by that of the ρ1(λ) redistribution induced by the presence of the string. It can be
proven that this statement is also valid for the more-holes cases with the presence
of arbitrary strings: the n-strings contribute nothing to the energy, and the excitation
energy only depends on the positions of the holes. However, the strings do affect the
scattering matrix among the holes [32].

2.1.6 Thermodynamics

The thermodynamic Bethe Ansatz was first proposed by Yang and Yang [33] for the
Lieb-Liniger model [34] and subsequently generalized to other integrable models by
Gaudin [35], Takahashi [36–38] and Johnson andMcCoy [39]. The central point lies
in deriving the entropy from the distribution of the Bethe roots.
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For the present model, the energy of an n-string in the external magnetic field h is

ε0n(λ) =
n
∑

j=1

[

λ + i
2 (n + 1 − 2 j) − i

2

λ + i
2 (n + 1 − 2 j) + i

2

+ λ + i
2 (n + 1 − 2 j) + i

2

λ + i
2 (n + 1 − 2 j) − i

2

− 2

]

+ nh

= −2πan(λ) + nh. (2.1.68)

The density of energy can be calculated by

E/N =
∞
∑

n=1

∫ ∞

−∞
ε0n(λ)ρn(λ)dλ + 1

2
(1 − h). (2.1.69)

Let us consider an infinitely small interval [λ, λ+dλ] in the λ space. The number
of states allowed to be occupied by an n-string in this interval is

N [ρn(λ) + ρh
n (λ)]dλ.

Then the number of the possible physical states in this interval is

dΩ(λ) =
∞
∏

n=1

[N (ρn(λ) + ρh
n (λ))dλ]!

[Nρn(λ)dλ]![Nρh
n (λ)dλ]! . (2.1.70)

With the help of Sterling’s formula ln N ! ≈ N ln N , we obtain the entropy in the
interval

d S(λ) = ln dΩ(λ) ≈ N
∞
∑

n=1

{

[ρn(λ) + ρh
n (λ)] ln[ρn(λ) + ρh

n (λ)]

−ρn(λ) ln ρn(λ) − ρh
n (λ) ln ρh

n (λ)
}

dλ. (2.1.71)

We define the relative density of the free energy as

f = F

N
− 1

2
(1 − h) , (2.1.72)

where F = E −T S is the usual free energy, T is the temperature and S is the entropy.
Substituting Eqs. (2.1.69) and (2.1.71) into Eq. (2.1.72), we have

f =
∞
∑

n=1

∫ ∞

−∞
ε0n(λ)ρn(λ)dλ − T

∞
∑

n=1

∫ ∞

−∞

{

[ρn(λ) + ρh
n (λ)] ln[ρn(λ) + ρh

n (λ)]

−ρn(λ) ln ρn(λ) − ρh
n (λ) ln ρh

n (λ)
}

dλ. (2.1.73)
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For a thermal equilibrium state, the free energy should be minimized with the vari-
ation taken with respect to ρn(λ), i.e.,

δ f

δρn(λ)
= 0, (2.1.74)

which leads to

∞
∑

n=1

∫ ∞

−∞

{

ε0n(λ)δρn(λ) − T ln[1 + ηn(λ)]δρn(λ)

−T ln[1 + η−1
n (λ)]δρh

n (λ)
}

dλ = 0, (2.1.75)

where

ηn(λ) = ρh
n (λ)

ρn(λ)
. (2.1.76)

Note that δρn(λ) and δρh
m(λ) are not independent but are related through the following

equation derived from Eq. (2.1.61):

δρh
n (λ) = −

∞
∑

m=1

∫ ∞

−∞
Am,n(λ − μ)δρm(μ)dμ. (2.1.77)

Substituting Eq. (2.1.77) into Eq. (2.1.75) and putting the coefficient of δρn(λ) to
zero, we have

ln[1 + ηn(λ)] = ε0n(λ)

T
+

∞
∑

m=1

∫ ∞

−∞
Am,n(λ − μ) ln[1 + η−1

m (μ)]dμ. (2.1.78)

For convenience, we introduce the integral operators [n] as

[n]F(λ) =
∫ ∞

−∞
an(λ − μ)F(μ)dμ. (2.1.79)

Note that under Fourier transformation, [n] becomes a multiplier exp(−n|ω|/2). It
can be easily demonstrated that the following relation holds:

[m][n] = [m + n]. (2.1.80)
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Further, we define

Âm,n = [m + n] + 2[m + n − 2] + · · · + 2[|m − n| + 2] + [|m − n|],
Ĝ = [1]

[0] + [2] , (2.1.81)

where the kernel of the operator Ĝ is

1

2π

∫ ∞

−∞
e−iλω e− 1

2 |ω|

1 + e−|ω| dω = 1

2 cosh(πλ)
= ρg(λ). (2.1.82)

It can be proven that the following operator identities hold:

Ĝ[ Âm,n+1 + Âm,n−1] = −δm,n + Âm,n, n > 1, (2.1.83)

Ĝ Âm,2 = −δ1,m + Â1,m . (2.1.84)

With the help of the above relations, we rewrite Eq. (2.1.78) as

ln(1 + ηn(λ)) = ε0n(λ)

T
+

∞
∑

m=1

Ân,m ln(1 + η−1
m (λ)). (2.1.85)

Applying the integral operator Ĝ to the summation of Eq. (2.1.85) with n + 1 and
n − 1, we obtain

Ĝ[ln(1 + ηn+1(λ)) + ln(1 + ηn−1(λ))]

= 1

T
Ĝ(ε0n+1(λ) + ε0n−1(λ)) +

∞
∑

m=1

Ĝ( Ân+1,m + Ân−1,m) ln(1 + η−1
m (λ))

= ε0n(λ)

T
− ln(1 + η−1

n (λ)) +
∞
∑

m=1

Ân,m ln(1 + η−1
m (λ)). (2.1.86)

Combining Eqs. (2.1.85) and (2.1.86), we arrive at

ln ηn(λ) = Ĝ[ln(1 + ηn+1(λ)) + ln(1 + ηn−1(λ))]. (2.1.87)

Again, applying the integral operator Ĝ on Eq. (2.1.85) with n = 2, we obtain

ln η1(λ) = −2πρg(λ)

T
+ Ĝ ln(1 + η2(λ)). (2.1.88)
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For the case of n → ∞, from Eq. (2.1.85), we learn that

lim
n→∞

ln ηn

n
= h

T
. (2.1.89)

Equations (2.1.87)–(2.1.89) form a closed set of equations for the thermodynamic
quantity ηn .

Substituting Eq. (2.1.61) into Eq. (2.1.73) and using Eq. (2.1.75), we obtain

f = −T
∞
∑

n=1

∫ ∞

−∞
an(λ) ln[1 + η−1

n (λ)]dλ. (2.1.90)

From (2.1.85), we know that

Ĝ ln(1 + η1(λ)) = 1

T
Ĝε01(λ) +

∞
∑

m=1

[m] ln(1 + η−1
m (λ)). (2.1.91)

Putting λ = 0 in the above equation we have

∞
∑

m=1

∫ ∞

−∞
am(λ) ln[1 + η−1

m (λ)]dλ

= 2 ln 2 − 1
2h

T
+
∫ ∞

−∞
ρg(λ) ln[1 + η1(λ)]dλ. (2.1.92)

Substituting (2.1.92) into (2.1.90), we finally get the expression for the free energy

F/N = eg − T
∫ ∞

−∞
ρg(λ) ln[1 + η1(λ)]dλ. (2.1.93)

We remark that though initially the string hypothesis is used, the final formula for
the free energy is only related to the real root distribution.

Generally, the thermodynamic BAEs cannot be solved exactly. Below, let us con-
sider the low energy limit T → 0 and h → 0. Because ε(λ) > 0, the driving
term of Eq. (2.1.88) tends to −∞ and η1(λ) → 0. This indicates that ρh

1 (λ) = 0
at zero temperature, which coincides with the density configuration of the ground
state previously derived. In this case, all the ηn(λ) become constants and the integral
Eqs. (2.1.87)–(2.1.89) are reduced to

η2n = (1 + ηn+1)(1 + ηn−1), n > 1. (2.1.94)
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The general solution of the above equations is [31]

ηn =
(

bzn − b−1z−n

z − z−1

)2

− 1, (2.1.95)

where b and z are determined by η1 = 0 and (2.1.89), i.e., b = 1, z = e
h
2T . Therefore,

the solution of thermodynamic BAEs in the limit T → 0 is

ηn = sinh2 nh
2T

sinh2 h
2T

− 1. (2.1.96)

In the case of h = 0, we have ηn(h = 0) = n2 − 1. Putting ηn = exp[−εn/T ], then
ε1 ∼ T 0. Comparing the T −1 terms of Eq. (2.1.85) we have

ε1(λ) = −ε01(λ) −
∫ ∞

−∞
a2(λ − μ)ε1(μ)dμ. (2.1.97)

From Eqs. (2.1.50) and (2.1.97), we obtain that ε1(λ) is the dressed energy ε(λ).
Since the quasi momentum is p(λ) = 2π Z(λ), under the Fermi liquid framework

[40] we define the density of states as

N (λ) = 1

π

∣
∣
∣
∣

dp(λ)

dε(λ)

∣
∣
∣
∣
= 2

∣
∣
∣
∣

ρg(λ)

ε
′
(λ)

∣
∣
∣
∣
. (2.1.98)

In the ground state, the density of states reads N (λ) = π−2| coth(πλ)| and at the
Fermi surface it is N (∞) = π−2. Up to leading order, the density of free energy
reads

f = −T
∫ ∞

−∞
N (λ) ln

[

1 + e− |ε(λ)|
T

]

dε(λ)

≈ −T 2

π2

∫ ∞

−∞
ln(1 + e−|x |)dx = −1

6
T 2. (2.1.99)

2.2 The Open Heisenberg Spin Chain

2.2.1 The Algebraic Bethe Ansatz

The algebraic Bethe Ansatz for open integrable models can be performed through the
combination of YBE andRE. As an example, let us consider the isotropic Heisenberg
spin chain with two boundarymagnetic fields, amodel first exactly solved byAlcaraz
et al. via coordinate Bethe Ansatz [41]. The model Hamiltonian is
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H =
N−1
∑

j=1

σ j · σ j+1 + h1σ
z
1 + hN σ z

N , (2.2.1)

where h1 and hN are the boundary fields.
For the open boundary models, rather than the one-row monodromy matrix, we

need to introduce the double-row monodromy matrix

U0(u) = T0(u)K −
0 (u)T̂0(u), (2.2.2)

where K −
0 (u) is the solution of RE and

T̂0(u) ≡ (1 − u2)N T −1
0 (−u) = R1,0(u) · · · RN ,0(u). (2.2.3)

Here, the R-matrix is defined by (1.5.2) and RE reads

R1,2(u − v)K −
1 (u)R2,1(u + v)K −

2 (v)

= K −
2 (v)R1,2(u + v)K −

1 (u)R2,1(u − v). (2.2.4)

It can be demonstrated that U0(u) also satisfies the RE

R1,2(u − v)U1(u)R1,2(u + v)U2(v)

= R1,2(u − v)T1(u)K −
1 (u)T̂1(u)R1,2(u + v)T2(v)K −

2 (v)T̂2(v)

= R1,2(u − v)T1(u)K −
1 (u)T2(v)R1,2(u + v)T̂1(u)K −

2 (v)T̂2(v)

= R1,2(u − v)T1(u)T2(v)K −
1 (u)R1,2(u + v)T̂1(u)K −

2 (v)T̂2(v)

= T2(v)T1(u)R1,2(u − v)K −
1 (u)R1,2(u + v)K −

2 (v)T̂1(u)T̂2(v)

= T2(v)T1(u)K −
2 (v)R1,2(u + v)K −

1 (u)R1,2(u − v)T̂1(u)T̂2(v)

= T2(v)K −
2 (v)T1(u)R1,2(u + v)K −

1 (u)T̂2(v)T̂1(u)R1,2(u − v)

= T2(v)K −
2 (v)T1(u)R1,2(u + v)T̂2(v)K −

1 (u)T̂1(u)R12(u − v)

= T2(v)K −
2 (v)T̂2(v)R1,2(u + v)T1(u)K −

1 (u)T̂1(u)R1,2(u − v)

= U2(v)R1,2(u + v)U1(u)R1,2(u − v). (2.2.5)

Note that the following relations are used in deriving the above relation:

R1,2(u − v)T̂1(u)T̂2(v) = T̂2(v)T̂1(u)R1,2(u − v), (2.2.6)

R−1
1,2(u − v) = 1

1 − (u − v)2
R1,2(−u + v), (2.2.7)

T̂1(u)R1,2(u + v)T2(v) = T2(v)R1,2(u + v)T̂1(u). (2.2.8)

The transfer matrix of the model with open boundary conditions is constructed
by the double-row monodromy matrix as

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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t (u) = tr0
{

K +
0 (u)U0(u)

}

, (2.2.9)

where K +
0 (u) is a solution of the dual RE (1.2.16) which now reads as follows due

toM = id (see (1.5.10))

R1,2(v − u) K +
1 (u) R2,1(−u − v − 2) K +

2 (v)

= K +
2 (v)R1,2(−u − v − 2) K +

1 (u) R2,1(v − u). (2.2.10)

With the help of (2.2.5) and the properties (1.5.4)–(1.5.10), we can derive that

t (u) t (v) = tr1
{

K +
1 (u)U1(u)

}

tr2
{

K +
2 (v)U2(v)

}

= tr1
{

K +
1

t1
(u)U t1

1 (u)
}

tr2
{

K +
2 (v)U2(v)

}

= tr1,2
{

K +
1

t1
(u)U t1

1 (u) K +
2 (v)U2(v)

}

= tr1,2
{

K +
1

t1
(u)K +

2 (v)U t1
1 (u)U2(v)

}

= tr1,2
{

K +
1

t1
(u)K +

2 (v) Rt1,−1
2,1 (v + u)Rt1

2,1(v + u)U t1
1 (u)U2(v)

}

= tr1,2
{

[K +
2 (v)K +

1
t1
(u)Rt1,−1

2,1 (v + u)]t1 [Rt1
2,1(v + u)U t1

1 (u)U2(v)]t1
}

= tr1,2
{

[K +
2 (v)Rt1,−1,t1

2,1 (v + u)K +
1 (u)] [U1(u)R2,1(v + u)U2(v)]

}

= tr1,2
{

[K +
2 (v)Rt1,−1,t1

2,1 (v + u)K +
1 (u)] [R−1

1,2(u − v)R1,2(u − v)]
× [U1(u)R2,1(v + u)U2(v)]

}

= tr1,2
{

[K +
2 (v)Rt1,−1,t1

2,1 (v + u)K +
1 (u)R−1

1,2(u − v)]
× [R1,2(u − v)U1(u)R2,1(v + u)U2(v)]

}

(2.2.5)= tr1,2
{

[K +
2 (v)Rt1,−1,t1

2,1 (v + u)K +
1 (u)R−1

1,2(u − v)]
×[U2(v)R1,2(u + v)U1(u)R2,1(−v + u)]}

(1.2.17)= tr1,2
{

[R−1
2,1(−v + u)K +

1 (u)Rt2,−1,t2
1,2 (u + v)K +

2 (v)]
×[U2(v)R1,2(u + v)U1(u)R2,1(−v + u)]}

= tr1,2
{

R−1
2,1(−v + u) [K +

1 (u)Rt2,−1,t2
1,2 (u + v)K +

2 (v)

× U2(v)R1,2(u + v)U1(u)] R2,1(−v + u)
}

= tr1,2
{

K +
1 (u)Rt2,−1,t2

1,2 (u + v)K +
2 (v)U2(v)R1,2(u + v)U1(u)

}

= tr1,2
{

[K +
1 (u)Rt2,−1,t2

1,2 (u + v)K +
2 (v)]t2 [U2(v)R1,2(u + v)U1(u)]t2

}

= tr1,2
{

[K +
1 (u)K +t2

2 (v)Rt2,−1
1,2 (u + v)] [Rt2

1,2(u + v)U t2
2 (v)U1(u)]

}

http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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= tr1,2
{

[K +
1 (u)K +t2

2 (v) U t2
2 (v)U1(u)]

}

= tr1,2
{

[K +t2
2 (v)U t2

2 (v)] [K +
1 (u)U1(u)]

}

= tr2
{

K +
2 (v)U2(v)

}

tr1
{

K +
1 (u)U1(u)

} = t (v) t (u). (2.2.11)

Therefore, the transfer matrices with different spectral parameters are mutually
commutative,

[t (u), t (v)] = 0. (2.2.12)

The general solutions of K ±
0 (u) were given in [42–45]. Here we choose the

diagonal ones

K −
0 (u) = p + uσ z

0 , K +
0 (u) = q + (u + 1)σ z

0 , (2.2.13)

which allow us to perform the algebraic Bethe Ansatz, where p and q are two
boundary parameters. Taking the derivative of the logarithm of the transfer matrix,
we obtain

∂t (u)

∂u

∣
∣
∣
∣
u=0

= 2pK +
N (0) + 4pq

N−1
∑

j=1

Pj, j+1 + 2qσ z
1 . (2.2.14)

Therefore, the Hamiltonian (2.2.1) can be constructed by the transfer matrix as

H = 1

2pq

∂t (u)

∂u

∣
∣
∣
∣
u=0

− N , (2.2.15)

with the boundary parameters p and q determined by h1 and hN as

p = 1

h1
, q = 1

hN
. (2.2.16)

Denote the double-row monodromy matrix as

U (u) ≡
(

A (u) B(u)

C (u) D(u)

)

. (2.2.17)

By using RE (2.2.5), we can derive the following useful commutation relations:

[B(u),B(v)] = [C (u),C (v)] = 0, (2.2.18)

A (u)B(v) = (u + v)(u − v − 1)

(u − v)(u + v + 1)
B(v)A (u) + u + v

(u − v)(u + v + 1)
B(u)A (v)

− 1

u + v + 1
B(u)D(v), (2.2.19)
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D(u)B(v) = (u − v + 1)(u + v + 2)

(u − v)(u + v + 1)
B(v)D(u) − (u + v + 2)

(u − v)(u + v + 1)
B(u)D(v)

− 2

(u − v)(u + v + 1)
B(v)A (u) + (u − v + 2)

(u − v)(u + v + 1)
B(u)A (v). (2.2.20)

For convenience, let us introduce

D(u) = (2u + 1)D(u) − A (u). (2.2.21)

The transfer matrix thus reads

t (u) = (q + u + 1)A (u) + (q − u − 1)D(u)

= q − u − 1

2u + 1
D(u) +

(
q − u − 1

2u + 1
+ q + u + 1

)

A (u), (2.2.22)

and

D(u)B(v) = (u − v + 1)(u + v + 2)

(u − v)(u + v + 1)
B(v)D(u) − 2(u + 1)

(u − v)(2v + 1)
B(u)D(v)

+ 4(u + 1)v

(2v + 1)(u + v + 1)
B(u)A (v), (2.2.23)

A (u)B(v) = (u + v)(u − v − 1)

(u − v)(u + v + 1)
B(v)A (u) − 1

(u + v + 1)(2v + 1)
B(u)D(v)

+ 2v

(u − v)(2v + 1)
B(u)A (v). (2.2.24)

Let us introduce further the notations

BM = B(λ1) · · ·B(λM ),

B
j
M = B(λ1) · · ·B(λ j−1)B(u)B(λ j+1) · · ·B(λM ). (2.2.25)

By using the commutation relations (2.2.23) and (2.2.24), we can prove that

A (u)BM =
M
∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)
BMA (u)

−
M
∑

j=1

1

(u + λ j + 1)(2λ j + 1)

M
∏

l �= j

(λ j − λl + 1)(λ j + λl + 2)

(λ j − λl)(λ j + λl + 1)
B

j
MD(λ j )
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+
M
∑

j=1

2λ j

(u − λ j )(2λ j + 1)

M
∏

l �= j

(λ j + λl)(λ j − λl − 1)

(λ j − λl)(λ j + λl + 1)
B

j
MA (λ j ), (2.2.26)

D(u)BM = BMD(u)

M
∏

j=1

(u + λ j + 2)(u − λ j + 1)

(u + λ j + 1)(u − λ j )

−
M
∑

j=1

2(u + 1)

(u − λ j )(2λ j + 1)

M
∏

l �= j

(λ j − λl + 1)(λ j + λl + 2)

(λ j − λl)(λ j + λl + 1)
B

j
MD(λ j )

+
M
∑

j=1

4λ j (u + 1)

(u + λ j + 1)(2λ j + 1)

M
∏

l �= j

(λ j + λl)(λ j − λl − 1)

(λ j − λl)(λ j + λl + 1)
B

j
MA (λ j ). (2.2.27)

Proof Obviously, Eq. (2.2.26) is satisfied for M = 1. Suppose it is also satisfied for
an arbitrary M . We have

A (u)BM+1 = A (u)BMB(λM+1)

=
M
∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)
BMA (u)B(λM+1)

−
M
∑

j=1

1

(u + λ j + 1)(2λ j + 1)

M
∏

l �= j

(λ j − λl + 1)(λ j + λl + 2)

(λ j − λl )(λ j + λl + 1)
B

j
MD(λ j )B(λM+1)

+
M
∑

j=1

2λ j

(u − λ j )(2λ j + 1)

M
∏

l �= j

(λ j + λl )(λ j − λl − 1)

(λ j − λl )(λ j + λl + 1)
B

j
MA (λ j )B(λM+1). (2.2.28)

The first term can be calculated as

BM+1A (u)

M+1
∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)

+
M
∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)

2λM+1

(u − λM+1)(2λM+1 + 1)
BM+1

M+1A (λM+1)

−
M
∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)

BM+1
M+1D(λM+1)

(u − λM+1 + 1)(2λM+1 + 1)
. (2.2.29)

The second term can be calculated as

−
M
∑

j=1

1

(u + λ j + 1)(2λ j + 1)

M
∏

l �= j

(λ j − λl + 1)(λ j + λl + 2)

(λ j − λl)(λ j + λl + 1)
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×
[
(λ j − λM+1 + 1)(λ j + λM+1 + 2)

(λ j − λM+1)(λ j + λM+1 + 1)
B

j
M+1D(λ j )

− 2(λ j + 1)

(λ j − λM+1)(2λM+1 + 1)
B

j
MB(λ j )D(λM+1)

+ 4(λ j + 1)λM+1

(λ j + λM+1 + 1)(2λM+1 + 1)
B

j
MB(λ j )A (λM+1)

]

. (2.2.30)

The third term can be calculated as

M
∑

j=1

2λ j

(u − λ j )(2λ j + 1)

M
∏

l �= j

(λ j + λl)(λ j − λl − 1)

(λ j − λl)(λ j + λl + 1)

×
[
(λ j + λM+1)(λ j − λM+1 − 1)

(λ j − λM+1)(λ j + λM+1 + 1)
B

j
M+1A (λ j )

− 1

(λ j + λM+1 + 1)(2λM+1 + 1)
B

j
MB(λ j )D(λM+1)

+ 2λM+1

(λ j − λM+1)(2λM+1 + 1)
B

j
MB(λ j )A (λM+1)

]

. (2.2.31)

Comparing the coefficients of the terms includingA (u),A (λ j ),D(λ j ),A (λM+1),
D(λM+1) and using the properties

BM+1
M+1 = B(u)BM , (2.2.32)

BM+1 = B(λM+1)BM , (2.2.33)

we arrive at Eq. (2.2.26). Equation (2.2.27) can be proven similarly. ��
With the crossing property (1.5.6), we obtain the duality relation between T̂ (u)

and T (u)

σ
y
0 [T̂0(u)]t0σ

y
0 = σ

y
0 [R0,1(u) · · · R0,N (u)]t0σ

y
0

= σ
y
0 Rt0

0,N (u)σ
y
0 σ

y
0 Rt0

0,N−1(u)σ
y
0 · · · σ y

0 Rt0
0,1(u)σ

y
0

= (−1)N R0,N (−u − 1)R0,N−1(−u − 1) · · · R0,1(−u − 1)

= (−1)N T0(−u − 1). (2.2.34)

Thus the matrix elements of T̂ (u) can be expressed by those of T (u) with a different
spectral parameter

T̂0(u) = (−1)N
(

D(−u − 1) −B(−u − 1)
−C(−u − 1) A(−u − 1)

)

. (2.2.35)

The double-row monodromy matrix is thus factorized as

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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(

A (u) B(u)

C (u) D(u)

)

= (−1)N
(

A(u) B(u)

C(u) D(u)

)

×
(

p + u 0
0 p − u

)(

D(−u − 1) −B(−u − 1)
−C(−u − 1) A(−u − 1)

)

. (2.2.36)

With the help of Eq. (2.1.8), we obtain

A (u)|0〉 = (p + u)(u + 1)2N |0〉,
D(u)|0〉 = 2(p − u − 1)u2N+1|0〉,
C (u)|0〉 = 0. (2.2.37)

Therefore, |0〉 is an eigenstate ofA (u) andD(u).B(u) can be used as the generating
operator for the eigenstates.

Assume that the eigenstates of the transfer matrix take the following form

| λ1, . . . , λM 〉 =
M
∏

j=1

B(λ j )|0〉. (2.2.38)

The transfer matrix applied on the state (2.2.38) gives

t (u) | λ1, . . . , λM 〉 = Λ(u) | λ1, . . . , λM 〉

+
M
∑

j=1

Λ j (u)B(λ1) · · ·B(λ j−1)B(u)B(λ j+1) · · ·B(λM ) | 0〉, (2.2.39)

where Λ(u) is the eigenvalue term

Λ(u) =
(

q − u − 1

2u + 1
+ q + u + 1

)

×(p + u)(u + 1)2N
M
∏

j=1

(u + λ j )(u − λ j − 1)

(u − λ j )(u + λ j + 1)

+2
q − u − 1

2u + 1
(p − u − 1)u2N+1

M
∏

j=1

(u − λ j + 1)(u + λ j + 2)

(u − λ j )(u + λ j + 1)
,

(2.2.40)

and the unwanted coefficients Λ j (u) read

Λ j (u) = 4(u + 1)(q + λ j )(p + λ j )λ j

(u − λ j )(u + λ j + 1)(2λ j + 1)
(λ j + 1)2N

M
∏

l �= j

(λ j + λl)(λ j − λl − 1)

(λ j − λl)(λ j + λl + 1)



48 2 The Algebraic Bethe Ansatz

−4(u + 1)(q − λ j − 1)(p − λ j − 1)

(u − λ j )(u + λ j + 1)(2λ j + 1)
λ2N+1

j

M
∏

l �= j

(λ j − λl + 1)(λ j + λl + 2)

(λ j − λl)(λ j + λl + 1)
.

Putting Λ j (u) = 0, we obtain the BAEs

(λ j + q)(λ j + p)

(λ j + 1 − q)(λ j + 1 − p)

(

1 + 1

λ j

)2N

×
M
∏

l �= j

(λ j + λl)(λ j − λl − 1)

(λ j − λl + 1)(λ j + λl + 2)
= 1, j = 1, . . . , M. (2.2.41)

Similarly, the selection rules λ j �= λl and λ j �= −λl − 1 are required as those for
the periodic boundary case discussed in Sect. 2.1.2.

Assume that λ j = iμ j − 1
2 . Equation (2.2.41) can be rewritten as

(μ j − i q̄)(μ j − i p̄)

(μ j + i q̄)(μ j + i p̄)

(

μ j − i
2

μ j + i
2

)2N

=
M
∏

l �= j

(μ j − μl − i)(μ j + μl − i)

(μ j − μl + i)(μ j + μl + i)
,

(2.2.42)

with p̄ = p− 1
2 , q̄ = q − 1

2 and j = 1, . . . , M . The eigenvalue of the Hamiltonian is

E = 1

2pq

∂Λ(u)

∂u

∣
∣
∣
∣
u=0

− N

= −
M
∑

j=1

2

μ2
j + 1

4

+ N − 1 + 1

p
+ 1

q
. (2.2.43)

Note that the unwanted terms can also be expressed as

Λ j (u) = (u + 1)(2λ j + 1)

(λ j − u)(u + λ j + 1)(λ j + 1)
resΛ(u)|u=λ j , (2.2.44)

which indicates that Baxter’s T − Q relation (1.4.1) also holds for this model with

a(u) = 2u + 2

2u + 1
(u + p)(u + q)(u + 1)2N ,

d(u) = 2u

2u + 1
(u − p + 1)(u − q + 1)u2N ,

Q(u) =
M
∏

j=1

(u − λ j )(u + λ j + 1). (2.2.45)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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2.2.2 Surface Energy and Boundary Bound States

Both the boundary fields and the open boundary itself contribute finite values to
physical quantities such as the ground state energy and the free energy. The surface
energy is a typical quantity to describe the boundary effects. It was first studied by
Gaudin [46] and subsequently studied by a number of authors [41, 47–54].

Let us consider the case of p̄, q̄ ≥ 0. In the ground state, all the Bethe roots
should take real values. By taking the logarithm of Eq. (2.2.42), we obtain

θ2 p̄(μ j ) + θ2q̄(μ j ) + 2Nθ1(μ j )

= 2π I j +
M
∑

l=1

[θ2(μ j − μl) + θ2(μ j + μl)] − θ1(μ j ), (2.2.46)

where the θn-functions are defined below (2.1.34) and I j are integers. Similar to the
periodic case, we define

Z(u) = 1

2π

{

θ1(u) + 1

2N
[θ2 p̄(u) + θ2q̄(u) + θ1(u)

−
M
∑

l=1

(θ2(u − μl) + θ2(u + μl))]
}

. (2.2.47)

It is obvious that Z(μ j ) = I j/(2N ). In the thermodynamic limit, the density distri-
butions are determined by

ρ(u) + ρh(u) = d Z(u)

du
. (2.2.48)

Taking the derivative of Z(u), we obtain

ρ(u) = a1(u) + 1

2N

[

a2 p̄(u) + a2q̄(u) + a1(u) − δ(u)
]

−
∫ ∞

−∞
a2(u − v)ρ(v)dv, (2.2.49)

where we put ρh(u) = 1
2N δ(u). The existence of δ(u) in the above equation is due to

the hole at I j = 0, which is a solution of the BAEs but leaves a zero wave function.
The density deviation from that of the periodic case satisfies

δρ(u) = 1

2N

[

a2 p̄(u) + a2q̄(u) + a1(u) − δ(u)
]

−
∫ ∞

−∞
a2(u − v)δρ(v)dv. (2.2.50)
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With the help of Fourier transformation, we obtain

δρ̃(ω) = 1

2N

e− p̄|ω| + e−q̄|ω| + e− |ω|
2 − 1

1 + e−|ω| . (2.2.51)

The surface energy can be calculated as

εb = h1 + hN − 1 − 4π N
∫ ∞

−∞
a1(u)δρ(u)du

= h1 + hN − 1 − 2N
∫ ∞

−∞
ã1(ω)δρ̃(ω)dω

= h1 + hN − 1 − 2
∫ ∞

0

e−pω + e−qω + e−ω − e− ω
2

1 + e−ω
dω

= h1 + hN − 1 + π − 2 ln 2 − 2
∫ ∞

0

e
− ω

h1 + e
− ω

hN

1 + e−ω
dω. (2.2.52)

Note that

N
∫ ∞

−∞
δρ(u)du = Nδρ̃(0) = 1

2
, (2.2.53)

indicating that there is a boundary spin in the system. In fact, this boundary spin is
carried by a boundary hole at λh → ∞. If we replace ρh(u) with

ρh(u) = 1

2N

[

δ(u) + δ(u − λh) + δ(u + λh)
]

, (2.2.54)

we obtain that N
∫∞
−∞ δρ(u)du = 0. This boundary hole carries zero energy and

corresponds to the Majorana modes at the two boundaries [55].
For p̄ < 0, an imaginary mode μ j = i p̄ may exist. This mode contributes a

negative bare energy for − 1
2 < p̄ < 0 and a positive bare energy for p̄ < − 1

2 ,
indicating that the bound state is only stable in the former case.

In addition to the above solutions, the following boundary string

μ
m,n
b,l = i p̄ + il, l = −n, . . . , 0, . . . , m, (2.2.55)

may exist, where n > p̄ > 0 or m > − p̄ > 0 is needed to preserve the equality of
the BAEs. The bare energy of this boundary string reads

−2π
[

a2(m+p)(0) + a2(n−p+1)(0)
]

.

The deviation of ρ(u) implied by the boundary string satisfies
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δρ(u) = −[2]δρ(u) − 1

2N

[

a2(m+1+ p̄)(u)

+a2(m+ p̄)(u) + a2(n+1− p̄)(u) + a2(n− p̄)(u)
]

. (2.2.56)

With the help of Fourier transformation we have

δρ̃(ω) = − 1

2N

[

e−(m+ p̄)|ω| + e−(n− p̄)|ω|] . (2.2.57)

Therefore, the contribution of the boundary string to the energy is

εbs =
∫ ∞

−∞

[

e−(m+ p̄)|ω| + e−(n− p̄)|ω|] e− 1
2 |ω|dω

−2π
[

a2(m+p)(0) + a2(n−p+1)(0)
]

= 0. (2.2.58)

The effect of the boundary string is similar to that of the bulk strings, i.e., contributing
nothing to the energy.

2.3 Nested Algebraic Bethe Ansatz for SU(n)-Invariant
Spin Chain

The integrability of the multi-component models was first studied by Sutherland [56]
on the basis of Yang’s work [57]. Subsequently, Sutherland realized that the corre-
sponding SU (n) spin chain is also exactly solvable [58]. In this section, we introduce
the nested algebraic Bethe Ansatz method with the SU (n)-invariant quantum spin
chain as an example.

The model Hamiltonian reads

H =
N
∑

j=1

Pj, j+1, (2.3.1)

where the permutation operator is defined in the tensor space of n-dimensional linear
spaces

Pj, j+1 =
n
∑

μ,ν=1

Eμ,ν
j Eν,μ

j+1, (2.3.2)

and μ, ν = 1, . . . , n, Eμ,ν
j is the Weyl matrix (or the Hubbard operator)

Eμ,ν = |μ〉〈ν|. (2.3.3)
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The R-matrix of the system is

Ri, j (u) = α(u) + β(u)Pi, j , (2.3.4)

where

α(u) = u

u + η
, β(u) = η

u + η
. (2.3.5)

One can easily check that the above R-matrix satisfies YBE.
The monodromy matrix of the system is constructed by the R-matrices as

T0(u) = R0,N (u)R0,N−1(u) · · · R0,1(u). (2.3.6)

We can easily deduce the following Yang-Baxter relation:

Ř1,2(u − v)[T (u) ⊗ T (v)] = [T (v) ⊗ T (u)]Ř1,2(u − v), (2.3.7)

where Ř is the braided R-matrix with the definition

Ř1,2(u) = P1,2R1,2(u). (2.3.8)

The braided R-matrices satisfy the braided YBE

Ř1,2(u − v)Ř2,3(u)Ř1,2(v) = Ř2,3(v)Ř1,2(u)Ř2,3(u − v). (2.3.9)

We write out the explicit form of the monodromy matrix in the auxiliary space:

T (u) =

⎛

⎜
⎜
⎝

A1,1(u) · · · A1,n−1(u) B1(u)

· · · · · · · · · · · ·
An−1,1(u) · · · An−1,n−1(u) Bn−1(u)

C1(u) · · · Cn−1(u) D(u)

⎞

⎟
⎟
⎠

. (2.3.10)

The transfermatrix of the system is the trace of themonodromymatrix in the auxiliary
space

t (u) = tr0T0(u) = A1,1(u) + A2,2(u) + · · · + D(u). (2.3.11)

From the Yang-Baxter relation (2.3.7) one can easily check that the transfer matrices
with different spectral parameters are mutually commutative,

[t (u), t (v)] = 0. (2.3.12)

Thus the system is integrable and the Hamiltonian (2.3.1) can be derived from the
transfer matrix t (u) as
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H = η
∂ ln t (u)

∂u

∣
∣
∣
∣
u=0

+ N . (2.3.13)

From (2.3.7), we can derive the useful commutation relations:

D(u)Cb1(λ) = 1

α(λ − u)
Cb1(λ)D(u) − β(λ − u)

α(λ − u)
Cb1(u)D(λ), (2.3.14)

Ab1,b2(u)Cb3(λ) = Ř(1)(u − λ)
b3,b2
b4,b5

α(u − λ)
Cb5(λ)Ab1,b4(u)

− β(u − λ)

α(u − λ)
Cb2(u)Ab1,b3(λ), (2.3.15)

Cb1(u)Cb2(λ) = Ř(1)(u − λ)b2,b1
c1,c2 Cc2(λ)Cc1(u), (2.3.16)

where all the subscripts and superscripts take values of 1, . . . , n−1, repeated indices
mean summation and

Ř(1)
i, j (u) =

n−1
∑

b1,b2=1

β(u)Eb1,b1
i ⊗ Eb2,b2

j +
n−1
∑

b1,b2=1

α(u)Eb1,b2
i ⊗ Eb2,b1

j

≡ β(u) + α(u)P(1)
i, j , (2.3.17)

where P(1)
i, j is the permutation operator defined in the SU (n−1) algebra. The Ř(1)(u)

is the braided R-matrix of the SU (n − 1)-invariant spin chain.
To construct the eigenstate, we choose the local vacuum as |0〉 j = (0, 0, . . . , 1)t ,

where t means transposition. The global vacuum state is the direct product of the
local vacuum, |0〉 = ⊗N

j=1|0〉 j . Obviously,

R0, j (u)|0〉 j =

⎛

⎜
⎜
⎝

α(u) 0 · · · 0
0 α(u) · · · 0
· · · · · · · · · 0

β(u)E1,n
j β(u)E2,n

j · · · 1

⎞

⎟
⎟
⎠

|0〉 j . (2.3.18)

The above relation allows us to arrive at

T (u)|0〉 =

⎛

⎜
⎜
⎝

αN (u) 0 · · · 0
0 αN (u) · · · 0
· · · · · · · · · · · ·

C1(u) C2(u) · · · 1

⎞

⎟
⎟
⎠

|0〉. (2.3.19)

Suppose that the Bethe states take the form:

|λ(1)
1 , . . . , λ

(1)
L1

|F1〉 = Ca1(λ
(1)
1 ) · · · CaL1

(λ
(1)
L1

)|0〉F
aL1 ···a1
1 , (2.3.20)
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where F
aL1 ···a1
1 is a function of the Bethe roots λ

(1)
j and L1 is the number of the first

set of Bethe roots. Applying the transfer matrix to the Bethe state (2.3.20) and using
the commutation relations (2.3.14)–(2.3.16) repeatedly, we readily have

t (u)Ca1(λ
(1)
1 ) · · · CaL1

(λ
(1)
L1

)|0〉F
aL1 ···a1
1

=
⎧

⎨

⎩
αN (u)Λ(1)(u)

L1∏

j=1

1

α(u − λ
(1)
j )

+
L1∏

j=1

1

α(λ
(1)
j − u)

⎫

⎬

⎭
|λ(1)

1 , . . . , λ
(1)
L1

|F1〉

−
L1∑

j=1

β(u − λ
(1)
j )

α(u − λ
(1)
j )

⎧

⎨

⎩

L1∏

k=1,�= j

1

α(λ
(1)
j − λ

(1)
k )

αN (λ
(1)
j )t (1)(λ(1)

j )

−
L1∏

k=1,�= j

1

α(λ
(1)
k − λ

(1)
j )

⎫

⎬

⎭
| . . . , λ(1)

j−1, u, λ
(1)
j+1, . . . |F1〉, (2.3.21)

whereΛ(1)(u) is the eigenvalue of the next transfer matrix t (1)(u) defined below and

| . . . , λ(1)
j−1, u, λ

(1)
j+1, . . . |F1〉 ≡ · · · Ca j−1(λ

(1)
j−1)Ca j (u)Ca j+1(λ

(1)
j+1) · · · |0〉F

aL1 ···a1
1 ,

indicates the unwanted terms. If the Bethe state is an eigenstate of the transfer matrix,
the unwanted terms must be canceled. This leads to the first set of BAEs:

L1∏

k �= j

α(λ
(1)
j − λ

(1)
k )

α(λ
(1)
k − λ

(1)
j )

1

αN (λ
(1)
j )

F
bL1 ···b1
1 = t (1)(λ(1)

j )
b1···bN1
a1···aL1

F
aL1 ···a1
1 ,

j = 1, 2, . . . , L1. (2.3.22)

The corresponding eigenvalue of the transfer matrix thus reads

Λ(u) =
L1∏

j=1

1

α(u − λ
(1)
j )

αN (u)Λ(1)(u) +
L1∏

j=1

1

α(λ
(1)
j − u)

. (2.3.23)

We note that the first set of BAEs is in fact a new eigenvalue problem.
Let us define the nested monodromy matrix as

T (1)
0 (u) = R(1)

0,L1
(u − λ

(1)
L1

)R(1)
0,L1−1(u − λ

(1)
L1−1) · · · R(1)

0,1(u − λ
(1)
1 ), (2.3.24)

where R(1)
0, j (u) = P(1)

0, j Ř(1)
0, j (u). Then the nested transfer matrix t (1)(u) is

t (1)(u) = tr0T (1)
0 (u). (2.3.25)
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It can be checked that the following Yang-Baxter relation holds

Ř(1)
1,2(u − v)[T (1)(u) ⊗ T (1)(v)] = [T (1)(v) ⊗ T (1)(u)]Ř(1)

1,2(u − v). (2.3.26)

Note that now some inhomogeneous parameters {. . . , λ(1)
j , . . .} enter the nestedmon-

odromy matrix and the nested transfer matrix. The above process reduces the eigen-
value problem to the SU (n − 1) level. Repeating the process, we obtain

Λ(r)(u) =
Lr+1∏

j=1

1

α(u − λ
(r+1)
j )

Lr∏

l=1

α(u − λ
(r)
l )Λ(r+1)(u)

+
Lr+1∏

j=1

1

α(λ
(r+1)
j − u)

, r = 1, . . . , n − 1, (2.3.27)

with the boundary condition Λ(n)(u) = 1, where Lr is the number of the r th set of
Bethe roots. The BAEs are given by

Λ(r)(λ
(r)
j ) =

Lr∏

k �= j

α(λ
(r)
j − λ

(r)
k )

α(λ
(r)
k − λ

(r)
j )

1

αN (λ
(r)
j )

,

j = 1, . . . , Lr , r = 1, . . . , n − 1. (2.3.28)

Substituting Eq. (2.3.27) into the above equation we readily have

Lr∏

k �= j

λ
(r)
j − λ

(r)
k − 1

λ
(r)
j − λ

(r)
k + 1

=
Lr−1∏

l=1

λ
(r)
j − λ

(r−1)
l

λ
(r)
j − λ

(r−1)
l + 1

Lr+1∏

m=1

λ
(r)
j − λ

(r+1)
m − 1

λ
(r)
j − λ

(r+1)
m

,

j = 1, . . . , Lr , r = 1, 2, . . . , n − 1. (2.3.29)

For convenience, we put λ(r)
j → iμ(r)

j − r/2. The BAEs are thus transformed to
more symmetric form

Lr∏

k �= j

μ
(r)
j − μ

(r)
k − i

μ
(r)
j − μ

(r)
k + i

=
Lr−1∏

l=1

μ
(r)
j − μ

(r−1)
l − i

2

μ
(r)
j − μ

(r−1)
l + i

2

Lr+1∏

m=1

μ
(r)
j − μ

(r+1)
m − i

2

μ
(r)
j − μ

(r+1)
m + i

2

,

j = 1, . . . , Lr , r = 1, 2, . . . , n − 1. (2.3.30)

Note that L0 = N , L N = 0 and λ
(0)
j = 0 are assumed. The eigenvalue of the transfer

matrix is

Λ(u) = αN (u)

n−1
∑

r=1

Lr∏

j=1

1

α(u − λ
(r)
j )

Lr+1∏

l=1

1

α(λ
(r+1)
j − u)
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+
L1∏

j=1

1

α(λ
(1)
j − u)

, (2.3.31)

which allows us to derive the eigenvalue of the Hamiltonian in terms of the Bethe
roots:

E(μ
(1)
1 , . . . , μ

(1)
L1

) = ∂ lnΛ(u)

∂u

∣
∣
∣
∣
u=0

= −
L1∑

j=1

1

μ
(1)
j

2 + 1
4

+ N . (2.3.32)

The physical properties including the ground state energy, the elementary excita-
tions and the thermodynamics of this model can also be derived by a similar process
for the spin- 12 model. For these topics we direct the readers’ attention to some excel-
lent reviews [59–62]. Finally, we note that for the SU (n)-invariant quantum spin
chain (2.3.1), the nested T − Q relation can also be constructed. Details will be
given in Chap.7.

2.4 Quantum Determinant, Projectors and Fusion

An important quantity throughout this book is the quantum determinant, which is
related to the inverse monodromy matrix. To show how the quantum determinant
is defined, let us first check the inverse R-matrix for the X X X spin- 12 chain. The
crossing relation (1.5.6) indicates that

R0, j (−u) = −σ
y
0 Rt0

0, j (u − η)σ
y
0 . (2.4.1)

The unitary relation (1.5.5) indicates that

R−1
0, j (u) = ϕ−1(u)σ

y
0 Rt0

0, j (u − η)σ
y
0 . (2.4.2)

This allows us to define the inverse monodromy matrix

T −1
0 (u) = [R0,N (u) · · · R0,1(u)]−1 = R−1

0,1(u) · · · R−1
0,N (u)

= a−1(u)d−1(u − η)σ
y
0 Rt0

0,1(u − η) · · · Rt0
0,N (u − η)σ

y
0

= a−1(u)d−1(u − η)σ
y
0 T t0

0 (u − η)σ
y
0 , (2.4.3)

where a(u) and d(u) are two R-matrix dependent functions given in (2.1.17) for the
R-matrix (1.5.2). The quantum determinant is thus defined as

Detq{T (u)} = T0(u)σ
y
0 T t0

0 (u − η)σ
y
0 = a(u)d(u − η). (2.4.4)

http://dx.doi.org/10.1007/978-3-662-46756-5_7
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1


2.4 Quantum Determinant, Projectors and Fusion 57

Since

σ
y
0 T t0

0 (u − η)σ
y
0 =

(

D(u − η) −B(u − η)

−C(u − η) A(u − η)

)

, (2.4.5)

we have

Detq{T (u)} = A(u)D(u − η) − B(u)C(u − η)

= D(u)A(u − η) − C(u)B(u − η). (2.4.6)

In addition, the following operator identities also hold:

A(u)B(u − η) = B(u)A(u − η), C(u)D(u − η) = D(u)C(u − η),

D(u − η)B(u) = B(u − η)D(u), A(u − η)C(u) = C(u − η)A(u). (2.4.7)

The exact definition of the quantum determinant is given by the fusion proce-
dure [7, 63–66]. Given a tensor space V ⊗ V spanned by an orthonormal basis
{|Φ j,α〉| j, α = 0, 1, . . .}, a one-dimensional projection operator, which projects all
vectors onto a one-dimensional subspace V( j,α), is defined as

P( j,α)
1,2 = |Φ j,α〉〈Φ j,α|, (2.4.8)

which possesses the properties

P( j,α)
1,2 P(l,β)

1,2 = δ j,lδα,β P( j,α)
1,2 . (2.4.9)

Since all operators defined in the tensor space can be expressed as linear combinations
of |Φ j,α〉〈Φk,β |, for a given operator A1,2(u), the following relation holds:

P( j,α)
1,2 A1,2(u)P( j,α)

1,2 = A( j,α)(u)P( j,α)
1,2 , (2.4.10)

with A( j,α)(u) being a scalar function.
For any R-matrix possessing the properties (1.5.4)–(1.5.9), we define the quantum

determinant of the one-row monodromy matrices as

Detq{T (u)} = tr1,2
{

P(−)
1,2 T1(u − η)T2(u)P(−)

1,2

}

,

Detq{T̂ (u)} = tr1,2
{

P(−)
1,2 T̂1(u − η)T̂2(u)P(−)

1,2

}

. (2.4.11)

Since tr1,2P(−)
1,2 = 1 and P(−)

1,2 is a one-dimensional projector, Detq{T (u)} must be
a scalar function. With YBE and the fusion condition (1.5.9) we have

P(−)
1,2 R1, j (u − η)R2, j (u) = R2, j (u)R1, j (u − η)P(−)

1,2

http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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= P(−)
1,2 R1, j (u − η)R2, j (u)P(−)

1,2 = Detq{R(u)}P(−)
1,2 , (2.4.12)

with

Detq{R(u)} = tr1,2
{

P(−)
1,2 R1, j (u − η)R2, j (u)P(−)

1,2

}

. (2.4.13)

The above relation leads to

Detq{T (u)} =
N
∏

j=1

Detq{R(u)}. (2.4.14)

Accordingly, the quantumdeterminants of the reflectionmatrices,which are useful
to compute the quantum determinant of the double-row monodromy matrix, are
defined as

Detq{K −(u)} = tr1,2
{

P(−)
1,2 K −

1 (u − η)R1,2(2u − η)K −
2 (u)

}

, (2.4.15)

Detq{K +(u)} = tr1,2
{

P(−)
1,2 K +

2 (u)R1,2(−2u − η)K +
1 (u − η)

}

. (2.4.16)

We note that the quantities Detq{K ±(u)} and Detq{R(u)} can easily be derived

with the explicit expressions for the R-matrix, K -matrices and P(−)
1,2 . The quantum

determinant for high-rank R-matrices can be defined similarlywith singlet projectors.
Details will be given in Chap. 7.

In fact, the quantum determinant is only a special case of fusion with a singlet
projector. The fusion procedure can be generalized to cases with high-dimensional
projectors in the associated algebras. For a given j , the states {|Φ j,α〉|α = 1, . . . , n j }
span an n j -dimensional subspace. The corresponding projection operator onto this
subspace is thus defined as

P( j)
1,2 =

n j
∑

α=1

P( j,α)
1,2 , (2.4.17)

which possesses the property

P( j)
1,2 P(l)

1,2 = δ j,l P( j)
1,2 . (2.4.18)

Given an R-matrix defined in the tensor space V1 ⊗ V2 (the dimensions of the
two vector spaces V1 and V2 may be different), at some special point u = u0
(e.g., u0 = ±η in (1.5.9)) the corresponding R-matrix becomes decorated projector,
namely,

R1,2(u0) = P( j)
1,2 × γ

( j)
1,2 = P( j)

1,2 R1,2(u0), (2.4.19)

http://dx.doi.org/10.1007/978-3-662-46756-5_7
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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where P( j)
1,2 is a projector with the same rank of R1,2(u0) and γ

( j)
1,2 is some non-

degenerate matrix. For some particular R-matrices, the corresponding value of u0,
P( j)
1,2 and γ

( j)
1,2 will be seen in the following chapters. From YBE we obtain

R2,m(u)R1,m(u + u0)R1,2(u0) = P( j)
1,2 R1,2(u0)R1,m(u + u0)R2,m(u)

= P( j)
1,2 R2,m(u)R1,m(u + u0)R1,2(u0). (2.4.20)

Multiplying (2.4.20) by the inversion of γ
( j)
1,2 from the right side, we have

P( j)
1,2 R2,m(u)R1,m(u + u0)P( j)

1,2 = R2,m(u)R1,m(u + u0)P( j)
1,2 . (2.4.21)

Similarly, we can derive

P( j)
1,2 T2(u)T1(u + u0)P( j)

1,2 = T2(u)T1(u + u0)P( j)
1,2 . (2.4.22)

The relations (2.4.19)–(2.4.22) are useful to construct operator product identities of
high-rank and high-spin integrable models. Details will be given in Chaps. 7–9.

2.5 Sklyanin’s Separation of Variables

According to Liouville’s theorem, a remarkable feature of classical integrable sys-
tems is that their variables are completely separable. Sklyanin realized that quan-
tum integrable models also possess such a feature and the separation of variables
of quantum integrable models can be performed in the framework of the algebraic
Bethe Ansatz [25–27].We use a simple example, i.e., the periodic spin- 12 Heisenberg
chain to explain the main idea of the quantum SoV method.

2.5.1 SoV Basis

Let us start from the monodromy matrix like (1.5.11) denoted by

T (u) =
(

A(u) B(u)

C(u) D(u)

)

. (2.5.1)

From the definition of the R-matrix we know that D(u) is an operator valued poly-
nomial of u with a degree N and can be expressed as

D(u) = (u − d1)(u − d2) · · · (u − dN ), (2.5.2)

http://dx.doi.org/10.1007/978-3-662-46756-5_7
http://dx.doi.org/10.1007/978-3-662-46756-5_9
http://dx.doi.org/10.1007/978-3-662-46756-5_1
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where {d j | j = 1, . . . , N } are certain u-independent operators. From the commuta-
tive property [D(u), D(v)] = 0 we readily have

[d j , dl ] = 0, j, l = 1, . . . , N , (2.5.3)

which indicate that {d j | j = 1, . . . , N } form amutually commutative operator family
and have common eigenstates. These operators thus serve as the quantum counterpart
of action variables or the canonical momenta in the Liouville theory.

Given a common eigenstate |Ω〉 of {d j | j = 1, . . . , N }, let us assume

d j |Ω〉 = d j |Ω〉, j = 1, . . . , N , (2.5.4)

where {d j | j = 1, . . . , N } are the corresponding eigenvalues. Let us also assume that
the operator D(u) is simple, i.e., there should be 2N (which is equal to the dimension
of the Hilbert space) possible sets of {d j | j = 1, . . . , N }. Such a condition can always
be realized with generic inhomogeneity included in the monodromy matrix, which
allows us to choose one set of them and assume that d j �= dl �= d j ± η for j �= l.

Obviously,

D(d j )|Ω〉 = 0, j = 1, . . . , N . (2.5.5)

This relation allows us to define other non-null eigenstates of D(u) such as

|dp1 , . . . , dpn 〉 =
n
∏

j=1

B(dp j )|Ω〉, (2.5.6)

with p j ∈ {1, . . . , N }, p1 < p2 < · · · < pn and 0 ≤ n ≤ N and

D(u)|dp1 , . . . , dpn 〉 =
n
∏

j=1

(u − dp j + η)

N
∏

l �={p1,...,pn}
(u − dl)|dp1 , . . . , dpn 〉.

(2.5.7)

With the inhomogeneous parameters {θ j | j = 1, . . . , N }, a natural choice of the
initial state is |Ω〉 = |0〉. In this case, d j = θ j and the eigenstates of D(u) read

|θp1 , · · · , θpn 〉 =
n
∏

j=1

B(θp j )|0〉, n = 0, · · · , N , (2.5.8)

〈θp1 , · · · , θpn | =
n
∏

j=1

〈0|C(θp j ), n = 0, · · · , N . (2.5.9)
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Let us consider the quantity 〈θq1, . . . , θqm |D(u)|θp1, . . . , θpn 〉. Acting D(u) to the
left and to the right alternatively, we readily have

〈θq1 , . . . , θqm |θp1 , . . . , θpn 〉 = fn(θp1 , . . . , θpn )δm,n

n
∏

j=1

δp j ,q j , (2.5.10)

with

fn(θp1 , . . . , θpn ) = 〈θp1 , . . . , θpn |θp1 , . . . , θpn 〉. (2.5.11)

The total number of states defined in (2.5.8) from n = 0 to n = N is exactly 2N

by a simple counting. Therefore, the left eigenstates (2.5.9) and the right eigenstates
(2.5.8) are orthogonal and respectively form a left basis and a right basis of theHilbert
space [67].

2.5.2 Functional Relations

Let 〈Ψ | denote a left eigenstate of the transfer matrix t (u) = A(u) + D(u) with the
eigenvalue Λ(u). In addition, we define the scalar product Fn(u1, · · · , un) as

Fn(u1, . . . , un) = 〈Ψ |
n
∏

j=1

B(u j )|0〉, n = 0, . . . , N . (2.5.12)

Note the fact that B(θ j )B(θ j −η) = 0, which can be proven with a similar procedure
in Sect. 2.1.2. With the help of the commutation relations (2.1.9)–(2.1.10) and by
computing the quantities

〈Ψ |t (θ j − η)|θ1, . . . , θn〉, 〈Ψ |t (θ j )|θ1, . . . , θ j − η, . . . , θn〉,

we obtain

Λ(θ j − η)Fn(θ1, . . . , θn) = −
n
∏

l �= j

θ j − θl − η

θ j − θl
a(θ j )Fn(. . . , θ j − η, . . .),

(2.5.13)

Λ(θ j )Fn(. . . , θ j − η, . . .) = −
n
∏

l �= j

θ j − θl

θ j − θl − η
d(θ j − η)Fn(θ1, . . . , θn),

j = 1, . . . , n, (2.5.14)

which readily give the functional relations (1.5.19), where a(u) = d(u + η) =
∏N

j=1(u − θ j +η). Provided that Λ(u) is parameterized by the homogeneous T − Q

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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relation (1.5.22), the associated eigenstates are the usual Bethe states and the solution
of the above Eqs. (2.5.13) and (2.5.14) can be given in terms of a certain determinant
such as (4.6.18). Detailed derivation of Fn(θp1 , . . . , θpn ) for antiperiodic and open
boundary conditions will be introduced in Chaps. 4 and 5 respectively. The derivation
of this quantity for the periodic boundary case can be found in [29, 67].

2.5.3 Operator Decompositions

From the definition of the monodromy matrix we know that B(u) and C(u) are oper-
ator valued polynomials of u with a degree N − 1. From the commutation relations
(2.1.8), we can see that the coefficients of B(u) [or C(u)] are mutually commutative.
Accordingly, we can make the following useful operator decompositions

B(u) =
N
∑

j=1

N
∏

l �= j

u − bl

b j − bl
B(b j ), C(u) =

N
∑

j=1

N
∏

l �= j

u − bl

b j − bl
C(b j ), (2.5.15)

where {b j | j = 1, . . . , N } are arbitrary complex numbers with b j �= bl �= b j ± η.
The above operator decompositions are convenient to compute inner products and

scalar products. Put b j = θ j −η for j = 1, . . . , n and b j = θ j for j = n+1, . . . , N .
We have

B(θn) =
n
∑

l=1

n
∏

k �=l

θn − θk + η

θl − θk

N
∏

k=n+1

θn − θk

θl − θk − η
B(θl − η)

+
N
∑

l=n+1

n
∏

k=1

θn − θk + η

θl − θk + η

N
∏

k=n+1,�=l

θn − θk

θl − θk
B(θl). (2.5.16)

With the above relation and the fact B(θ j )B(θ j − η) = 0, we readily obtain

fn(θ1, . . . , θn) =
n−1
∏

k=1

θn − θk + η

θn − θk

N
∏

k=n+1

θn − θk

θn − θk − η

×〈θ1, . . . , θn−1|C(θn)B(θn − η)|θ1, . . . , θn−1〉. (2.5.17)

The expression (2.4.6) of the quantum determinant implies

fn(θ1, . . . , θn) = −a(θn)d(θn − η)

n−1
∏

k=1

θn − θk + η

θn − θk

×
N
∏

k=n+1

θn − θk

θn − θk − η
fn−1(θ1, . . . , θn−1), (2.5.18)

http://dx.doi.org/10.1007/978-3-662-46756-5_1
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http://dx.doi.org/10.1007/978-3-662-46756-5_4
http://dx.doi.org/10.1007/978-3-662-46756-5_5


2.5 Sklyanin’s Separation of Variables 63

which directly gives the solution

fn(θ1, . . . , θn) =
n
∏

j=1

{

a(θ j )d j (θ j )

n
∏

k �= j

θ j − θk + η

θ j − θk

}

, (2.5.19)

with d j (θ j ) = η
∏N

l �= j (θ j − θl).
The eigenstate 〈Ψ | can be expressed as

〈Ψ | =
∑

{p j }

Fn(θp1 , . . . , θpn )

fn(θp1 , . . . , θpn )
〈θp1 , . . . , θpn |. (2.5.20)

Similarly, the right eigenstate |Ψ 〉 can be derived as

|Ψ 〉 =
∑

{p j }

Fn(θp1 , . . . , θpn )

fn(θp1 , . . . , θpn )
|θp1, . . . , θpn 〉. (2.5.21)

We remark that for each matrix element of a monodromy matrix satisfying the
Yang-Baxter relation or Sklyanin’s reflection relation, its eigenstates can be con-
structed in a similar way, as long as the elements with different spectral parameters
are mutually commutative. In such a sense, the SoV scheme gives a precise definition
of quantum integrability or Yang-Baxter integrability. As we shall show in Chaps. 4
and 5, depending on the boundary conditions, either diagonal or off-diagonal ele-
ments of the monodromy matrices can be used to construct a convenient basis. The
key point is that the number of independent eigenstates must be the same as the
dimension of the Hilbert space. Obviously, the eigenstates of C(u) [or B(u)] for the
periodic spin chain can not form a complete basis.

References

1. E.K. Sklyanin, L.D. Faddeev, Quantum mechanical approach to completely integrable field
theory models. Sov. Phys. Dokl. 23, 902 (1978)

2. L.A. Takhtadzhan, L.D. Faddeev, The quantum method of the inverse problem and the Heisen-
berg XYZ model. Rush. Math. Surv. 34, 11 (1979)

3. E.K. Sklyanin, L.A. Takhtajan, L.D. Faddeev, Qunatum inverse problemmethod. Theor. Math.
Phys. 40, 688 (1980)

4. L.D. Faddeev, Quantum inverse scattering method. Sov. Sci. Rev. Math. C 1, 107 (1980)
5. E.K. Sklyanin, Quantum version of the method of inverse scattering problem. J. Sov. Math. 19,

1546 (1982)
6. L.A. Takhtajan, Introduction to Bethe Ansatz. Lect. Notes Phys. 242, 175 (1985)
7. P.P. Kulish, E.K. Sklyanin, Quantum spectral transform method: recent developments. Lect.

Notes Phys. 151, 61 (1982)
8. E.K. Sklyanin, Boundary conditions for integrable quantum systems. J. Phys.A 21, 2375 (1988)
9. P.P. Kulish, Classical and quantum inverse problem method and generalized Bethe Ansatz.

Physica 3D, 246 (1981)

http://dx.doi.org/10.1007/978-3-662-46756-5_4
http://dx.doi.org/10.1007/978-3-662-46756-5_5


64 2 The Algebraic Bethe Ansatz

10. P.P. Kulish, N. Reshetikhin, Generalized Heisenberg ferromagnet and the Gross-Neveu model.
Sov. Phys. JETP 53, 108 (1981)

11. H.J. de Vega, M. Karowski, Exact Bethe Ansatz solution of O(2N ) symmetric theories. Nucl.
Phys. B 280, 225 (1987)

12. H.J. de Vega, E. Lopes, Exact solution of the Perk-Shultz model. Phys. Rev. Lett. 67, 489
(1991)

13. E. Lopes, Exact solution of the multi-component generalized six-vertex model. Nucl. Phys. B
370, 636 (1992)

14. F.H.L. Essler, V.E. Korepin, Higher conservation laws and algebraic Bethe Ansatz for the
supersymmetric t-J model. Phys. Rev. B 46, 9147 (1992)

15. A. Foerster, M. Karowski, Algebraic properties of the Bethe Ansatz for an spl(2, 1)-
supersymmetric t-J model. Nucl. Phys. B 396, 611 (1993)

16. A. Foerster,M.Karowski, The supersymmetric t-Jmodel with quantum group invariance. Nucl.
Phys. B 408, 512 (1993)

17. H.J. de Vega, A. González-Ruiz, Exact solution of the SUq (n)-invariant quantum spin chains.
Nucl. Phys. B 417, 553 (1994)

18. H.J. deVega,A.González-Ruiz, Exact BetheAnsatz solution for An−1 chainswith non-SUq (n)

invariant open boundary conditions. Mod. Phys. Lett. A 9, 2207 (1994)
19. W. Galleas, M.J. Martins, Solution of the SU (N ) vertex model with non-diagonal open bound-

aries. Phys. Lett. A 335, 167 (2005)
20. M.J. Martins, The exact solution and the finite-size behaviour of the Osp(1|2)-invariant spin

chain. Nucl. Phys. B 450, 768 (1995)
21. M.J.Martins, P.B. Ramos, The algebraic BetheAnsatz for rational braid-monoid latticemodels.

Nucl. Phys. B 500, 579 (1997)
22. M.J. Martins, The thermodynamic limit and the finite-size behaviour of the fundamental

Sp(2N ) spin chain. Nucl. Phys. B 636, 583 (2002)
23. R.-H.Yue, H. Fan, B.-Y.Hou, Exact diagonalization of the quantum supersymmetric SUq (n|m)

model. Nucl. Phys. B 462, 167 (1996)
24. G.-L. Li, R.-H. Yue, B.-Y. Hou, Nested Bethe Ansatz for Perk-Schultz model with open bound-

ary conditions. Nucl. Phys. B 586, 711 (2000)
25. E.K. Sklyanin, The quantum Toda chain. Lect. Notes Phys. 226, 196 (1985)
26. E.K. Sklyanin, Separation of variables in the Gaudin model. J. Sov. Math. 47, 2473 (1989)
27. E.K. Sklyanin, Separation of variables—new trends. Prog. Theor. Phys. Suppl. 118, 35 (1995)
28. R.J. Baxter, Exactly Solved Models in Statistical Mechanics (Academic Press, London, 1982)
29. V.E. Korepin, N.M. Bogoliubov, A.G. Izergin, Quantum Inverse Scattering Method and Cor-

relation Functions (Cambridge University Press, Cambridge, 1993)
30. L.D. Faddeev, L.A. Takhtajan, What is the spin of a spin wave? Phys. Lett. A 85, 375 (1981)
31. M. Takahashi, Thermodynamics of One-Dimensional Solvable Models (Cambridge University

Press, Cambridge, 1999)
32. N. Andrei, K. Furuya, J.H. Lowenstein, Solution of the Kondo problem. Rev. Mod. Phys. 55,

331 (1983)
33. C.N. Yang, C.P. Yang, Thermodynamics of a one-dimensional system of bosons with repulsive

delta-function interaction. J. Math. Phys. 10, 1115 (1969)
34. E.H. Lieb, W. Liniger, Exact analysis of an interacting Bose gas I. The general solution and

the ground state. Phys. Rev. 130, 1605 (1963)
35. M. Gaudin, Thermodynamics of the Heisenberg-Ising ring for Δ > 1. Phys. Rev. Lett. 26,

1301 (1971)
36. M. Takahashi, One-dimensional Heisenberg model at finite temperature. Progress Theoret.

Phys. 46, 401 (1971)
37. M. Takahashi, One-dimensional Hubbard model at finite temperature. Progress Theoret. Phys.

47, 69 (1972)
38. M. Takahashi, Low-temperature specific-heat of one-dimensional Hubbard model. Progress

Theoret. Phys. 52, 103 (1974)



References 65

39. J.D. Johnson, B. McCoy, Low-temperature thermodynamics of the |Δ| ≥ 1 Heisenberg-Ising
ring. Phys. Rev. A 6, 1613 (1972)

40. Y. Wang, Fermi-liquid features of the one-dimensional Luttinger liquid. Int. J. Mod. Phys. B
12, 3465 (1998)

41. F.C. Alcaraz, M.N. Barber, M.T. Batchelor, R.J. Baxter, G.R.W. Quispel, Surface exponents of
the quantum XXZ, Ashkin-Teller and Potts models. J. Phys. A 20, 6397 (1987)

42. H.J. deVega, A.González-Ruiz, BoundaryK-matrices for the six vertex and the n(2n−1) An−1
vertex models. J. Phys. A 26, L519 (1993)

43. H.J. de Vega, A. González-Ruiz, Boundary K-matrices for the XYZ, XXZ and XXX spin
chains. J. Phys. A 27, 6129 (1994)

44. A. Lima-Santos, Reflection K-matrices for 19-vertex models. Nucl. Phys. B 558, 637 (1999)
45. R. Malara, A. Lima-Santos, On A(1)

n−1, B(1)
n , C (1)

n , D(1)
n , A(2)

2n , A(2)
2n−1 and D(2)

n+1 reflection K-
matrices. J. Stat. Mech. P09013 (2006)

46. M. Gaudin, Boundary energy of a Bose gas in one dimension. Phys. Rev. A 4, 386 (1971)
47. A.L. Owuarek, R.J. Baxter, Surface free energy of the critical six-vertex model with free

boundaries. J. Phys. A 22, 1141 (1989)
48. C.J. Hamer, G.R.W. Quispel, M.T. Batchelor, Conformal anomaly and surface energy for Potts

and Ashkin-Teller quantum chains. J. Phys. A 20, 5677 (1987)
49. M.T. Batchelor, C.J. Hamer, Surface energy of integrable quantum spin chains. J. Phys. A 23,

761 (1990)
50. P.A. Bares, G. Blatter, M. Ogata, Exact solution of the t-J model in one dimension at 2t = ±J :

ground state and excitation spectrum. Phys. Rev. B 44, 130 (1991)
51. M.T. Grisaru, L. Mezincescu, R.I. Nepomechie, Direct calculation of the boundary S-matrix

for the open Heisenberg chain. J. Phys. A 28, 1027 (1995)
52. F.H.L. Essler, The supersymmetric t-J model with a boundary. J. Phys. A 29, 6183 (1996)
53. A. Kapustin, S. Skorik, Surface excitations and surface energy of the antiferromagnetic XXZ

chain by the Bethe Ansatz approach. J. Phys. A 29, 1629 (1996)
54. R. Murgan, R.I. Nepomechie, C. Shi, Boundary energy of the general open XXZ chain at roots

of unity. J. High Energy Phys. 01, 038 (2007)
55. A. Kitaev, Anyons in an exactly solved model and beyond. Ann. Phys. (NY) 321, 2 (2006)
56. B. Sutherland, Further results for the many-body problem in one dimension. Phys. Rev. Lett.

20, 98 (1968)
57. C.N. Yang, Some exact results for the many-body problem in one dimension with repulsive

delta-function interaction. Phys. Rev. Lett. 19, 1312 (1967)
58. B. Sutherland, Model for a multicomponent quantum system. Phys. Rev. B 12, 3795 (1975)
59. A.M. Tsvelik, P.B. Wiegmann, Exact results in the theory of magnetic alloys. Adv. Phys. 32,

453 (1983)
60. P. Schlottmann, Exact results for highly correlated electron systems in one dimension. Int. J.

Mod. Phys. B 11, 415 (1997)
61. T. Deguchi, F.H.L. Essler, F. Göhmann, A. Klümper, V.E. Korepin, K. Kusakabe, Thermody-

namics and excitations of the one-dimensional Hubbard model. Phys. Rep. 331, 197 (2000)
62. B. Sutherland, Beautiful Models: 70 Years of Exactly Solved Quantum Many-Body Problems

(World Scientify Publishing, Singapore, 2004)
63. P.P. Kulish, N.Y. Reshetikhin, E.K. Sklyanin, Yang-Baxter equation and representation theory:

I. Lett. Math. Phys. 5, 393 (1981)
64. P.P. Kulish, N.Y. Reshetikhin, Quantum linear problem for the sine-Gordon equation and higher

representation. J. Sov. Math. 23, 2435 (1983)
65. A.N. Kirillov, N.Y. Reshetikhin, Exact solution of the Heisenberg XXZmodel of spin s. J. Sov.

Math. 35, 2627 (1986)
66. A.N. Kirillov, N.Y. Reshetikhin, Exact solution of the integrable XXZ Heisenberg model with

arbitrary spin I. The ground state and the excitation spectrum. J. Phys. A 20, 1565 (1987)
67. N. Kitanine, J.M. Maillet, V. Terras, Form factors of the XXZ Heisenberg spin-1/2 finite chain.

Nucl. Phys. B 554, 647 (1999)



http://www.springer.com/978-3-662-46755-8


	2 The Algebraic Bethe Ansatz
	2.1 The Periodic Heisenberg Spin Chain
	2.1.1 The Algebraic Bethe Ansatz
	2.1.2 Selection Rules of the Bethe Roots
	2.1.3 Ground State
	2.1.4 Spinon Excitations
	2.1.5 String Solutions
	2.1.6 Thermodynamics

	2.2 The Open Heisenberg Spin Chain
	2.2.1 The Algebraic Bethe Ansatz
	2.2.2 Surface Energy and Boundary Bound States

	2.3 Nested Algebraic Bethe Ansatz for SU(n)-Invariant Spin Chain
	2.4 Quantum Determinant, Projectors and Fusion
	2.5 Sklyanin's Separation of Variables
	2.5.1 SoV Basis
	2.5.2 Functional Relations
	2.5.3 Operator Decompositions

	References


