
Chapter 2
Nonlinear Discrete Systems

In this chapter, a theory for nonlinear discrete systems is reviewed. The local and
global theory of stability and bifurcation for nonlinear discrete systems is presented.
The stability switching and bifurcation on specific eigenvectors of the linearized
system at fixed points under a specific period are discussed. The higher-order
singularity and stability for nonlinear discrete systems on the specific eigenvectors
are also presented.

2.1 Definitions

Definition 2.1 For Xa � Rn and K � Rm with a 2 Z, consider a vector function
fa : Xa � K ! Xa which is Cr (r ≥ 1)-continuous, and there is a discrete (or dif-
ference) equation in a form of

xkþ1 ¼ faðxk; paÞ for xk; xkþ1 2 Xa; k 2 Z and pa 2 K ð2:1Þ

with an initial condition of xk ¼ x0, the solution of Eq. (2.1) is given by

xk ¼ faðfað. . .ðfa|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
k

ðx0; paÞÞÞÞ

for xk 2 Xa; k 2 Z and p 2 K:

ð2:2Þ

(i) The difference equation with the initial condition is called a discrete
dynamical system.

(ii) The vector function faðxk;paÞ is called a discrete vector field on Xa.
(iii) The solution xk for each k 2 Z is called a flow of discrete system.
(iv) The solution xk for all k 2 Z on domain Xa is called the trajectory, phase

curve, or orbit of the discrete dynamical system, which is defined as

C ¼ xkjxkþ1 ¼ faðxk; paÞ for k 2 Z and pa 2 Kf g � [aXa: ð2:3Þ
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(v) The discrete dynamical system is called a uniform discrete system if

xkþ1 ¼ faðxk; paÞ ¼ fðxk; pÞ for k 2 Z and xk 2 Xa: ð2:4Þ
Otherwise, this discrete dynamical system is called a non-uniform discrete

system.

Definition 2.2 For the discrete dynamical system in Eq. (2.1), the relation between
state xk and state xkþ1 (k 2 Z) is called a discrete map if

Pa : xk ����!fa xkþ1 and xkþ1 ¼ Paxk ð2:5Þ

with the following properties:

Pðk;lÞ : xk ������!fa1 ;fa2 ;...;fal xkþl and xkþl ¼ Pal � Pal�1 � � � � � Pa1xk ð2:6Þ

where

Pðk;lÞ ¼ Pal � Pal�1 � � � � � Pa1 : ð2:7Þ

If Pal ¼ Pal�1 ¼ � � � ¼ Pa1 ¼ Pa, then

Pða;lÞ � PðlÞ
a ¼ Pa � Pa � � � � � Pa ð2:8Þ

with

PðnÞ
a ¼ Pa � Pðn�1Þ

a and Pð0Þ
a ¼ I: ð2:9Þ

The total map with l-different sub-maps is shown in Fig. 2.1. The map Pak with
the relation function fak (ak 2 Z) is given by Eq. (2.5). The total map Pðk;lÞ is given
in Eq. (2.7). The domains Xak (ak 2 Z) can fully overlap each other or can be
completely separated without any intersection.

Definition 2.3 For a vector function in fa 2 Rn; fa : Rn ! Rn. The operator norm
of fa is defined by

fak k ¼
Xn
i¼1

max
xkk k� 1;pa

jfaðiÞðxk; paÞj: ð2:10Þ

For an n� n matrix faðxk; paÞ ¼ Aaxk and Aa ¼ ðaijÞn�n, the corresponding norm
is defined by

Aak k ¼
Xn
i;j¼1

aij
�� ��: ð2:11Þ
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Definition 2.4 For Xa � Rn and K � Rm with a 2 Z, the vector function
faðxk; paÞ with fa : Xa � K ! Rn is differentiable at xk 2 Xa if

@faðxk; paÞ
@xk

����
ðxk ;pÞ

¼ lim
Dxk!0

faðxk þ Dxk; paÞ � faðxk; paÞ
Dxk

: ð2:12Þ

@fa=@xk is called the spatial derivative of faðxk; paÞ at xk, and the derivative is
given by the Jacobian matrix

@faðxk; paÞ
@xk

¼ @faðiÞ
@xkðjÞ

� �
n�n

: ð2:13Þ

Definition 2.5 For Xa � Rn and K � Rm, consider a vector function fðxk; pÞ with
f : Xa � K ! Rn where xk 2 Xa and p 2 K with k 2 Z. The vector function
fðxk; pÞ is said to satisfy the Lipschitz condition if

fðyk; pÞ � fðxk; pÞk � Lk kyk � xkk ð2:14Þ

with xk; yk 2 Xa and L a constant. The constant L is called the Lipschitz constant.

2.2 Fixed Points and Stability

Definition 2.6 Consider a discrete, dynamical system xkþ1 ¼ faðxk; paÞ in
Eq. (2.4).

(i) A point x	k 2 Xa is called a fixed point or period-1 solution of a discrete
nonlinear system xkþ1 ¼ faðxk; paÞ under a map Pa if for xkþ1 ¼ xk ¼ x	k

x	k ¼ faðx	k ; pÞ: ð2:15Þ

The linearized system of the nonlinear discrete system xkþ1 ¼ faðxk; paÞ in
Eq. (2.4) at the fixed point x	k is given by

1kα +
Ω

kαΩ

kx 1k+x
kαf

1αΩ
2αΩ

1αf

lαΩ1
Pα

k
Pα

Fig. 2.1 Maps and vector functions on each sub-domain for discrete dynamical system
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ykþ1 ¼ DPaðx	k ; pÞyk ¼ Dfaðx	k ; pÞyk ð2:16Þ

where

yk ¼ xk � x	k and ykþ1 ¼ xkþ1 � x	kþ1: ð2:17Þ

(ii) A set of points x	j 2 Xaj ðaj 2 ZÞ is called the fixed point set or period-1 point
set of the total map Pðk;lÞ with l-different sub-maps in nonlinear discrete system
of Eq. (2.5) if

x	kþjþ1 ¼ faj0 ðx	kþj; paj0 Þ for j 2 Zþ and j0 ¼ modðj; lÞ þ 1;

x	kþmodðj;lÞ ¼ x	k :
ð2:18Þ

The linearized equation of the total map Pðk;lÞ gives

ykþjþ1 ¼ DPaj0 ðx	kþj; paj0 Þykþj ¼ Dfaj0 ðx	kþj; paj0 Þykþj with

ykþjþ1 ¼ xkþjþ1 � x	kþjþ1 and ykþj ¼ xkþj � x	kþj for

j 2 Zþ and j0 ¼ modðj; lÞ þ 1:

ð2:19Þ

The resultant equation for each individual map is

ykþjþ1 ¼ DPðk;lÞðx	k ; pÞykþj for j 2 Zþ ð2:20Þ

where

DPðk;nÞðx	k ; pÞ ¼
Y1

j¼l
DPajðx	kþj�1; pÞ

¼ DPalðx	kþl�1; panÞ � � � � � DPa2ðx	kþ1; pa2Þ � DPa1ðx	k ; pa1Þ
¼ DfðalÞðx	kþl�1; panÞ � � � � � Dfða2Þðx	kþ1; pa2Þ � Dfða1Þðx	k ; pa1Þ:

ð2:21Þ

The fixed point x	k lies in the intersected set of two domains Xk and Xkþ1, as
shown in Fig. 2.2. In the vicinity of the fixed point x	k , the incremental relations in
the two domains Xk and Xkþ1 are different. In other words, setting yk ¼ xk � x	k and
ykþ1 ¼ xkþ1 � x	kþ1, the corresponding linearization is generated as in Eq. (2.16).
Similarly, the fixed point of the total map with n-different sub-maps requires the
intersection set of two domains Xk and Xkþn, and there are a set of equations to
obtain the fixed points from Eq. (2.18). The other values of fixed points lie in
different domains, i.e., x	j 2 Xj ðj ¼ k þ 1; k þ 2; . . .; k þ n� 1Þ, as shown in
Fig. 2.3.

The corresponding linearized equations are given in Eq. (2.19). From Eq. (2.20),
the local characteristics of the total map can be discussed as a single map. Thus, the
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dynamical characteristics for the fixed point of the single map will be discussed
comprehensively, and the fixed points for resultant map are applicable. The results
can be extended to any period-m flows with PðmÞ.

Definition 2.7 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . The linearized system of the discrete nonlinear
system in the neighborhood of x	k is ykþ1 ¼ Dfðx	k ; pÞyk (yl ¼ xl � x	k and
l ¼ k; k þ 1) in Eq. (2.16). The matrix Dfðx	k ; pÞ possesses n1 real eigenvalues
jkjj\1 (j 2 N1), n2 real eigenvalues jkjj[ 1 (j 2 N2), n3 real eigenvalues kj ¼ 1
(j 2 N3), and n4 real eigenvalues kj ¼ �1 (j 2 N4). N ¼ f1; 2; . . .; ng and Ni ¼
fi1; i2; . . .; inig [Ø ði ¼ 1; 2; 3; 4Þ with im 2 N (m ¼ 1; 2; . . .; ni) and R4

i¼1ni ¼ n.
Ni � N [ Ø; [4

i¼1Ni ¼ N; Ni \ Np ¼ Ø ðp 6¼ iÞ. Ni ¼ Ø if ni = 0. The corre-
sponding eigenvectors for contraction, expansion, invariance, and flip oscillation
are fvjg (j 2 Ni) (i ¼ 1; 2; 3; 4), respectively. The stable, unstable, invariant, and
flip subspaces of ykþ1 ¼ Dfðx	k ; pÞyk in Eq. (2.16) are linear subspace spanned by
fvjg (j 2 Ni) (i ¼ 1; 2; 3; 4), respectively, i.e.,

kx 1k+x

αf

k
∗x

αΩ

Fig. 2.2 A fixed point between domains Xk and Xkþ1 for a discrete dynamical system

1jα +
Ω

jαΩ

k j+x 1k j+ +x
jαf

1αΩ
2αΩ

1αf

lαΩ

1
Pα

j
Pα

lαf

l
Pα

k l+x

kx

Fig. 2.3 Fixed points with l-maps for discrete dynamical system
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Es ¼ span vj
ðDfðx	k ; pÞ � kjIÞvj ¼ 0;

jkjj\1; j 2 N1 � N [Ø

����
� �

;

Eu ¼ span vj
ðDfðx	k ; pÞ � kjIÞvj ¼ 0;

kj
�� ��[ 1; j 2 N2 � N [Ø

����
( )

;

Ei ¼ span vj
ðDfðx	k ; pÞ � kjIÞvj ¼ 0;

kj ¼ 1; j 2 N3 � N [Ø

����
� �

;

Ef ¼ span vj
ðDfðx	k ; pÞ � kjIÞvj ¼ 0;

kj ¼ �1; j 2 N4 � N [Ø

����
� �

ð2:22Þ

where

Es ¼ Es
m [ Es

o [ Es
z with

Es
m ¼ span vj

ðDfðx	k ; pÞ � kjIÞvj ¼ 0;

0\kj\1; j 2 Nm
1 � N [Ø

����
� �

;

Es
o ¼ span vj

ðDfðx	k ; pÞ � kjIÞvj ¼ 0;

�1\kj\0; j 2 No
1 � N [Ø

����
� �

;

Es
z ¼ span vj

ðDfðx	k ; pÞ � kjIÞvj ¼ 0;

kj ¼ 0; j 2 Nz
1 � N [Ø

����
� �

;

ð2:23Þ

Eu ¼ Eu
m [ Eu

o with

Eu
m ¼ span vj

ðDfðx	k ; pÞ � kjIÞvj ¼ 0;

kj [ 1; j 2 Nm
2 � N [Ø

����
� �

;

Eu
o ¼ span vj

ðDfðx	k ; pÞ � kjIÞvj ¼ 0;

�1[ kj; j 2 No
2 � N [Ø

����
� �

:

ð2:24Þ

Herein, subscripts “m” and “o” represent the monotonic and oscillatory evolutions.

Definition 2.8 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . The linearized system of the discrete nonlinear
system in the neighborhood of x	k is ykþ1 ¼ Dfðx	k ; pÞyk (yl ¼ xl � x	k and
l ¼ k; k þ 1) in Eq. (2.16). The matrix Dfðx	k ; pÞ has complex eigenvalues aj 
 ibj
with eigenvectors uj 
 ivj (j 2 f1; 2; . . .; ng), and the base of vector is

B ¼ u1; v1; . . .; uj; vj; . . .; un; vn
	 


: ð2:25Þ

The stable, unstable, center subspaces of ykþ1 ¼ Dfkðx	k ; pÞyk in Eq. (2.16) are linear
subspaces spanned by fuj; vjg(j 2 Ni, i ¼ 1; 2; 3), respectively. Set N ¼
f1; 2; . . .; ng plus Ni ¼ fi1; i2; . . .; inig [Ø � N [Ø with im 2 N (m ¼ 1; 2; . . .; ni)
and R4

i¼1ni ¼ n. [4
i¼1Ni ¼ N with Ni \ Np ¼ Ø(p 6¼ i). Ni ¼ Ø if ni ¼ 0: The stable,

unstable, center subspaces of ykþ1 ¼ Dfðx	k ; pÞyk in Eq. (2.16) are defined by
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Es ¼ span ðuj; vjÞ
rj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2j þ b2j

q
\1;

ðDfðx	k ; pÞ � ðaj 
 ibjÞIÞðuj 
 ivjÞ ¼ 0;

j 2 N1 � f1; 2; . . .; ng [Ø

��������

8>><
>>:

9>>=
>>;;

Eu ¼ span ðuj; vjÞ
rj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2j þ b2j

q
[ 1;

ðDfðx	k ; pÞ � ðaj 
 ibjÞIÞðuj 
 ivjÞ ¼ 0;

j 2 N2 � f1; 2; . . .; ng [Ø

��������

8>><
>>:

9>>=
>>;;

Ec ¼ span ðuj; vjÞ
rj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2j þ b2j

q
¼ 1;

ðDfðx	k ; pÞ � ðaj 
 ibjÞIÞðuj 
 ivjÞ ¼ 0;

j 2 N3 � f1; 2; . . .; ng [Ø

��������

8>><
>>:

9>>=
>>;:

ð2:26Þ

Definition 2.9 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . The linearized system of the discrete nonlinear
system in the neighborhood of x	k is ykþ1 ¼ Dfðx	k ; pÞyk (yl ¼ xl � x	k and
l ¼ k; k þ 1) in Eq. (2.16). The fixed point or period-1 point is hyperbolic if no any
eigenvalues of Dfðx	k ; pÞ are on the unit circle (i.e., jkij 6¼ 1 for i ¼ 1; 2; . . .; n).

Theorem 2.1 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . The linearized system of the discrete nonlinear
system in the neighborhood of x	k is ykþ1 ¼ Dfðx	k ; pÞyk (yj ¼ xj � x	k and
j ¼ k; k þ 1) in Eq. (2.16). The eigenspace of Dfðx	k ; pÞ (i.e., E � Rn) in the lin-
earized dynamical system is expressed by direct sum of three subspaces

E ¼ Es � Eu � Ec ð2:27Þ

where Es;Eu and Ec are the stable, unstable, and center subspaces, respectively.

Proof The proof can be referred to Luo (2011). h

Definition 2.10 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . Suppose there is a neighborhood of the equilibrium
x	k as Ukðx	kÞ � Xk , and in the neighborhood,

lim
jjyk jj!0

jjfðx	k þ yk; pÞ � Dfðx	k ; pÞykjj
jjykjj

¼ 0; ð2:28Þ

and

ykþ1 ¼ Dfðx	k ; pÞyk: ð2:29Þ

2.2 Fixed Points and Stability 17



(i) A Cr invariant manifold

Slocðxk; x	kÞ ¼ fxk 2 Ukðx	kÞj lim
j!þ1

xkþj ¼ x	k and

xkþj 2 Ukðx	kÞ with j 2 Zþg
ð2:30Þ

is called the local stable manifold of x	k , and the corresponding global stable
manifold is defined as

Sðxk; x	kÞ ¼ [j2Z� fðSlocðxkþj; x	kþjÞÞ ¼ [j2Z� f
ðjÞðSlocðxk; x	kÞÞ: ð2:31Þ

(ii) A Cr invariant manifold Ulocðxk; x	kÞ

Ulocðxk; x	kÞ ¼ fxk 2 Ukðx	kÞj lim
j!�1

xkþj ¼ x	k and

xkþj 2 Ukðx	kÞ with j 2 Z�g
ð2:32Þ

is called the local unstable manifold of x	, and the corresponding global
unstable manifold is defined as

Uðxk; x	kÞ ¼ [j2Zþ fðUlocðxkþj; x	kþjÞÞ ¼ [j2Zþ f
ðjÞðUlocðxk; x	kÞÞ: ð2:33Þ

(iii) A Cr�1 invariant manifold Clocðx; x	Þ is called the center manifold of x	 if
Clocðx; x	Þ possesses the same dimension of Ec for x	 2 Clocðx; x	Þ, and the
tangential space of Clocðx; x	Þ is identical to Ec.

As in continuous dynamical systems, the stable and unstable manifolds are
unique, but the center manifold is not unique. If the nonlinear vector field f is
C1-continuous, then a Cr center manifold can be found for any r\1.

Theorem 2.2 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a hyperbolic fixed point x	k . The corresponding solution is xkþj ¼
fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the hyperbolic fixed
point x	k (i.e., Ukðx	kÞ � Xa), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ. The
linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k ) in Ukðx	kÞ. If the
homeomorphism between the local invariant subspace Eðx	kÞ � Ukðx	kÞ and
the eigenspace E of the linearized system exists with the condition in Eq. (2.28), the
local invariant subspace is decomposed by

Eðxk; x	kÞ ¼ Slocðxk; x	kÞ �Ulocðxk; x	kÞ: ð2:34Þ
(a) The local stable invariant manifold Slocðx; x	Þ possesses the following

properties:

(i) for x	k 2 Slocðxk; x	kÞ; Slocðxk; x	kÞ possesses the same dimension of Es

and the tangential space of Slocðxk; x	kÞ is identical to Es;
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(ii) for xk 2 Slocðxk; x	kÞ; xkþj 2 Slocðxk; x	kÞ and lim
j!1

xkþj ¼ x	k for all j 2 Zþ;

(iii) For xk 62 Slocðxk; x	kÞ; jjxkþj � x	k jj 
 d for d[ 0 with j; j1 2 Zþ and
j
 j1 
 0:

(b) The local unstable invariant manifold Ulocðxk; x	kÞ possesses the following
properties:

(i) for x	k 2 Ulocðxk; x	kÞ; Ulocðxk; x	kÞ possesses the same dimension of Eu

and the tangential space of Ulocðxk; x	kÞ is identical to Eu;
(ii) for xk 2 Ulocðxk; x	kÞ; xkþj 2 Ulocðxk; x	kÞ and lim

j!�1
xkþj ¼ x	k for all

j 2 Z�;
(iii) for xk 62 Ulocðxk; xk	Þ; jjxkþj � x	k jj 
 d for d[ 0 with j1; j 2 Z� and

j� j1 � 0:

Proof See Nitecki (1971). h

Theorem 2.3 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . The corresponding solution is xkþj ¼ fðxkþj�1; pÞ
with j 2 Z. Suppose there is a neighborhood of the fixed point x	k (i.e.,
Ukðx	kÞ � Xa), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ. The linearized
system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k) in Ukðx	kÞ. If the homeomor-
phism between the local invariant subspace Eðx	kÞ � Ukðx	kÞ and the eigenspace E
of the linearized system exists with the condition in Eq. (2.28), in addition to the
local stable and unstable invariant manifolds, there is a Cr�1 center manifold
Clocðxk; x	kÞ. The center manifold possesses the same dimension of Ec for
x	 2 Clocðxk; x	kÞ, and the tangential space of Clocðx; x	Þ is identical to Ec. Thus,
the local invariant subspace is decomposed by

Eðxk; x	kÞ ¼ Slocðxk; x	kÞ �Ulocðxk; x	kÞ � Clocðxk; x	kÞ: ð2:35Þ
Proof See Guckenhiemer and Holmes (1990). h

Definition 2.11 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) on domain Xa 2 Rn. Suppose there is a metric space ðXa; qÞ, then the map
P under the vector function fðxk; pÞ is called the contraction map if

qðxð1Þkþ1; x
ð2Þ
kþ1Þ ¼ qðfðxð1Þk ; pÞ; fðxð2Þk ; pÞÞ� kqðxð1Þk ; xð2Þk Þ ð2:36Þ

for k 2 ð0; 1Þ and xð1Þk ; xð2Þk 2 Xa with qðxð1Þk ; xð2Þk Þ ¼ jjxð1Þk � xð2Þk jj:
Theorem 2.4 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) on domain Xa 2 Rn. Suppose there is a metric space ðXa; qÞ, if the map P
under the vector function fðxk; pÞ is the contraction map, then there is a unique
fixed point x	k which is globally stable.

Proof The proof can be referred to Luo (2011). h
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Definition 2.12 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . The corresponding solution is given by xkþj ¼
fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point x	k (i.e.,
Ukðx	kÞ � Xa), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ. The linearized
system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k ) in Ukðx	kÞ. Consider a real
eigenvalue ki of matrix Dfðx	k ; pÞ (i 2 N ¼ f1; 2; . . .; ng) and there is a corre-

sponding eigenvector vi. On the invariant eigenvector vðiÞk ¼ vi, consider yðiÞk ¼
cðiÞk vi and yðiÞkþ1 ¼ cðiÞkþ1vi ¼ kic

ðiÞ
k vi, and thus, cðiÞkþ1 ¼ kic

ðiÞ
k .

(i) xðiÞk on the direction vi is stable if

lim
k!1

jcðiÞk j ¼ lim
k!1

jðkiÞkj � jcðiÞ0 j ¼ 0 for jkij\1: ð2:37Þ

(ii) xðiÞk on the direction vi is unstable if

lim
k!1

jcðiÞk j ¼ lim
k!1

jðkiÞkj � jcðiÞ0 j ¼ 1 for jkij[ 1: ð2:38Þ

(iii) xðiÞk on the direction vi is invariant if

lim
k!1

cðiÞk ¼ lim
k!1

ðkiÞkcðiÞ0 ¼ cðiÞ0 for ki ¼ 1: ð2:39Þ

(iv) xðiÞk on the direction vi is flipped if

lim
2k!1

cðiÞk ¼ lim
2k!1

ðkiÞ2k � cðiÞ0 ¼ cðiÞ0

lim
2kþ1!1

cðiÞk ¼ lim
2kþ1!1

ðkiÞ2kþ1 � cðiÞ0 ¼ �cðiÞ0

9=
;for ki ¼ �1: ð2:40Þ

(v) xðiÞk on the direction vi is degenerate if

cðiÞk ¼ ðkiÞkcðiÞ0 ¼ 0 for ki ¼ 0: ð2:41Þ

Definition 2.13 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . The corresponding solution is given by xkþj ¼
fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point x	k (i.e.,
Ukðx	kÞ � Xa), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ: Consider a pair of
complex eigenvalues ai 
 ibi of matrix Dfðx	k ; pÞ (i 2 N ¼ f1; 2; . . .; ng, i ¼ ffiffiffiffiffiffiffi�1

p
)

and there is a corresponding eigenvector ui 
 ivi. On the invariant plane of

ðuðiÞk ; vðiÞk Þ ¼ ðui; viÞ, consider xðiÞk ¼ xðiÞkþ þ xðiÞk� with

20 2 Nonlinear Discrete Systems



xðiÞk ¼ cðiÞk ui þ dðiÞk vi; x
ðiÞ
kþ1 ¼ cðiÞkþ1ui þ dðiÞkþ1vi: ð2:42Þ

Thus, cðiÞk ¼ ðcðiÞk ; dðiÞk ÞT with

cðiÞkþ1 ¼ Eic
ðiÞ
k ¼ riRic

ðiÞ
k ð2:43Þ

where

Ei ¼
ai bi
�bi ai

� �
and Ri ¼

cos hi sin hi
� sin hi cos hi

� �
;

ri ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
; cos hi ¼ ai=ri and sin hi ¼ bi=ri;

ð2:44Þ

and

Ek
i ¼

ai bi
�bi ai

� �k
and Rk

i ¼
cos khi sin khi
� sin khi cos khi

� �
: ð2:45Þ

(i) xðiÞk on the plane of ðui; viÞ is spirally stable if

lim
k!1

jjcðiÞk jj ¼ lim
k!1

rki jjRk
i jj � jjcðiÞ0 jj ¼ 0 for ri ¼ jkij\1: ð2:46Þ

(ii) xðiÞk on the plane of ðui; viÞ is spirally unstable if

lim
k!1

jjcðiÞk jj ¼ lim
k!1

rki jjRk
i jj � jjcðiÞ0 jj ¼ 1 for ri ¼ jkij[ 1: ð2:47Þ

(iii) xðiÞk on the plane of ðui; viÞ is on the invariant circles if

jjcðiÞk jj ¼ rki jjRk
i jj � jjcðiÞ0 jj ¼ jjcðiÞ0 jj for ri ¼ jkij ¼ 1: ð2:48Þ

(iv) xðiÞk on the plane of ðui; viÞ is degenerate in the direction of ui if bi ¼ 0:

Definition 2.14 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . The corresponding solution is given by xkþj ¼
fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point x	k (i.e.,
Ukðx	kÞ � Xa), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ with Eq. (2.28). The
linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k) in Ukðx	kÞ. The
matrix Dfðx	k ; pÞ possesses n eigenvalues ki (i ¼ 1; 2; . . .; n).

(i) The fixed point x	k is called a hyperbolic point if jkij 6¼ 1 (i ¼ 1; 2; . . .; n).
(ii) The fixed point x	k is called a sink if jkij\1 (i ¼ 1; 2; . . .; n).
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(iii) The fixed point x	k is called a source if jkij[ 1 (i ¼ 1; 2; . . .; n).
(iv) The fixed point x	k is called a center if jkij ¼ 1 (i ¼ 1; 2; . . .; n) with distinct

eigenvalues.

Definition 2.15 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . The corresponding solution is given by xkþj ¼
fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point x	k (i.e.,
Ukðx	kÞ � Xa), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ with Eq. (2.28). The
linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k) in Ukðx	kÞ. The
matrix Dfðx	k ; pÞ possesses n eigenvalues ki (i ¼ 1; 2; . . .; n).

(i) The fixed point x	k is called a stable node if jkij\1(i ¼ 1; 2; . . .; n).
(ii) The fixed point x	k is called an unstable node if jkij[ 1 (i ¼ 1; 2; . . .; n).
(iii) The fixed point x	k is called an ðl1 : l2Þ-saddle if at least one jkij[ 1 (i 2 L1

� f1; 2; . . .; ng) and the other jkjj\1 (j 2 L2 � f1; 2; . . .; ng) with L1 [ L2 ¼
f1; 2; . . .; ng and L1 \ L2 ¼ Ø. l1 ¼ spanðL1Þ and l2 ¼ spanðL2Þ.

(iv) The fixed point x	k is called an lth-order degenerate case if ki ¼ 0
(i 2 L � f1; 2; . . .; ng).

Definition 2.16 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . The corresponding solution is given by xkþj ¼
fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point x	k (i.e.,
Ukðx	kÞ � Xa), and fðxk; pÞ is Cr(r
 1)-continuous in Ukðx	kÞ with Eq. (2.28). The
linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k) in Ukðx	kÞ. The
matrix Dfðx	k ; pÞ possesses n-pairs of complex eigenvalues ki (i ¼ 1; 2; . . .; n).

(i) The fixed point x	k is called a spiral sink if jkij\1 (i ¼ 1; 2; . . .; n) and Imkj 6¼ 0
(j 2 f1; 2; . . .; ng).

(ii) The fixed point x	k is called a spiral source if jkij[ 1 (i ¼ 1; 2; . . .; n) with
Imkj 6¼ 0 (j 2 f1; 2; . . .; ng).

(iii) The fixed point x	k is called a center if jkij ¼ 1 with distinct Imki 6¼ 0
(i ¼ 1; 2; . . .; n).

The generalized stability and bifurcation of flows in linearized, nonlinear
dynamical systems in Eq. (2.4) will be discussed as follows.

Definition 2.17 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ in
Eq. (2.4) with a fixed point x	k . The corresponding solution is given by xkþs ¼
fðxkþs�1; pÞ with s 2 Z. Suppose there is a neighborhood of the fixed point x	k (i.e.,
Ukðx	kÞ � Xa), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ with Eq. (2.28). The
linearized system is ykþsþ1 ¼ Dfðx	k ; pÞykþs (ykþs ¼ xkþs � x	k) inUkðx	kÞ. Thematrix
Dfðx	k ; pÞ possesses n eigenvalues ki (i ¼ 1; 2; . . .; n). Set N ¼ f1; 2; . . .;m;mþ
1; . . .; ðnþ mÞ=2g; Nj ¼ fj1; j2; . . .; jnjg [Ø with jp 2 N (p ¼ 1; 2; . . .; nj; j ¼ 1; 2; . . .; 7),
R4
j¼1nj ¼ m and 2R7

j¼5nj ¼ n� m: [7
j¼1Nj ¼ N with Nj \ Nl ¼ Ø(l 6¼ j). Nj ¼ Ø

if nj ¼ 0. Na ¼ Nm
a [ No

a (a ¼ 1; 2) and Nm
a \ No

a ¼ Ø with nma þ noa ¼ na
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where superscripts “m” and “o” represent monotonic and oscillatory evolutions. The
matrix Dfðx	k ; pÞ possesses n1-stable, n2-unstable, n3-invariant, and n4-flip real
eigenvectors plus n5-stable,n6-unstable, and n7-center pairs of complex eigenvectors.
Without repeated complex eigenvalues of jkij ¼ 1 (i 2 N3 [ N4 [ N7), an iterative
response of xkþ1 ¼ fðxk; pÞ is an ð½nm1 ; no1� : ½nm2 ; no2� : ½n3; j3� : ½n4; j4�jn5 : n6 : n7Þ
flow in the neighborhood of the fixed point x	k . With repeated complex eigenvalues of
jkij ¼ 1 (i 2 N3 [ N4 [N7), an iterative response of xkþ1 ¼ fðxk; pÞ is an ð½nm1 ; no1� :
½nm2 ; no2� : ½n3; j3� : ½n4; j4�jn5 : n6 : ½n7; l; j7�Þ flow in the neighborhood of the fixed
point x	k , where jj 2 fØ;mjg (j ¼ 3; 4; 7). The meanings of notations in the afore-
mentioned structures are defined as follows:

(i) ½nm1 ; no1� represents n1-sinks with nm1 -monotonic convergence and no1-oscil-
latory convergence among n1-directions of vi if jkij\1 (i 2 N1 and
1� n1 � n) with distinct or repeated eigenvalues.

(ii) ½nm2 ; no2� represents n2-sources with nm2 -monotonic divergence and no2-oscil-
latory divergence among n2-directions of vi if jkij[ 1 (i 2 N2 and
1� n2 � n) with distinct or repeated eigenvalues.

(iii) n3 ¼ 1 represents an invariant center on 1-direction of vi if ki ¼ 1 (i 2 N3

and n3 ¼ 1).
(iv) n4 ¼ 1 represents a flip center on 1-direction of vi if ki ¼ �1 (i 2 N4 and

n4 ¼ 1).
(v) n5 represents n5-spiral sinks on n5-pairs of ðui; viÞ if jkij\1 and Imki 6¼ 0

(i 2 N5 and 1� n5 � n) with distinct or repeated eigenvalues.
(vi) n6 represents n6-spiral sources on n6-directions of ðui; viÞ if jkij[ 1 and

Imki 6¼ 0 (i 2 N6 and 1� n6 � n) with distinct or repeated eigenvalues.
(vii) n7 represents n7-invariant centers on n7-pairs of ðui; viÞ if jkij ¼ 1 and Imki

6¼ 0 (i 2 N7 and 1� n7 � n) with distinct eigenvalues.
(viii) Ø represents none if nj ¼ 0 (j 2 f1; 2; . . .; 7g).
(ix) ½n3; j3� represents ðn3 � j3Þ-invariant centers on ðn3 � j3Þ-directions of vi3

(i3 2 N3) and j3-sources in j3-directions of vj3 (j3 2 N3 and j3 6¼ i3) if ki ¼ 1
(i 2 N3 and n3 � n) with the ðj3 þ 1Þth-order nilpotent matrix Nj3þ1

3 ¼ 0
(0\j3 � n3 � 1).

(x) ½n3;Ø� represents n3-invariant centers on n3-directions of vi if ki ¼ 1 (i 2 N3

and 1\n3 � n) with a nilpotent matrix N3 ¼ 0.
(xi) ½n4; j4� represents ðn4 � j4Þ-flip oscillatory centers on ðn4 � j4Þ-directions

of vi4 (i4 2 N4) and j4-sources in j4-directions of vj4 (j4 2 N4 and j4 6¼ i4) if
ki ¼ �1 (i 2 N4 and n4 � n) with the ðj4 þ 1Þth-order nilpotent matrix
Nj4þ1

4 ¼ 0 (0\j4 � n4 � 1).
(xii) ½n4;Ø� represents n4 flip oscillatory centers on n4-directions of vi if ki ¼ �1

(i 2 N4 and 1\n4 � n) with a nilpotent matrix N4 ¼ 0.
(xiii) ½n7; l; j7� represents ðn7 � j7Þ-invariant centers on ðn7 � j7Þ-pairs of ðui7 ; vi7Þ

(i7 2 N7) and j7-sources on j7-pairs of ðuj7 ; vj7Þ (j7 2 N7 and j7 6¼ i7) if
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jkij ¼ 1 and Imki 6¼ 0 (i 2 N7 and n7 � n) for ðlþ 1Þ-pairs of repeated
eigenvalues with the ðj7 þ 1Þth-order nilpotent matrixNj7þ1

7 ¼ 0 (0\j7 � l).
(xiv) ½n7; l;Ø� represents n7-invariant centers on n7-pairs of ðui; viÞ if jkij ¼ 1 and

Imki 6¼ 0 (i 2 N7 and 1� n7 � n) for ðlþ 1Þ-pairs of repeated eigenvalues
with a nilpotent matrix N7 ¼ 0.

2.3 Stability Switching Theory

To extend the idea of Definitions 2.11 and 2.12, a new function will be defined to
determine the stability and the stability state switching.

Definition 2.18 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ
2 Rn in Eq. (2.4) with a fixed point x	k . The corresponding solution is given by
xkþj ¼ fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point
x	k (i.e., Ukðx	kÞ � X), and fðxk; pÞ is Cr(r
 1)-continuous in Ukðx	kÞ with
Eq. (2.28). The linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k ) in
Ukðx	kÞ and there are n linearly independent vectors vi (i ¼ 1; 2; . . .; n). For a

perturbation of fixed point yk ¼ xk � x	k , let y
ðiÞ
k ¼ cðiÞk vi and yðiÞkþ1 ¼ cðiÞkþ1vi,

sðiÞk ¼ vTi � yk ¼ vTi � ðxk � x	kÞ ð2:49Þ

where sðiÞk ¼ cðiÞk jjvijj2. Define the following functions

Giðxk; pÞ ¼ vTi � ½fðxk;pÞ � x	k � ð2:50Þ

and

Gð1Þ
sðiÞk
ðxk; pÞ ¼ vTi � DsðiÞk

fðxkðsðiÞk Þ; pÞ ¼ vTi � Dxk fðxkðsðiÞk Þ;pÞ@
cðiÞk
xk@sðiÞk

cðiÞk

¼ vTi � DxfðxkðsðiÞk Þ; pÞvijjvijj�2
ð2:51Þ

GðmÞ
sðiÞk

ðxk; pÞ ¼ vTi � DðmÞ
sðiÞk

fðxkðsðiÞk Þ; pÞ ¼ vTi � DsðiÞk
ðDðm�1Þ

sðiÞk
fðxkðsðiÞk Þ; pÞÞ ð2:52Þ

where D
sðiÞk
ð�Þ ¼ @ð�Þ=@sðiÞk and DðmÞ

sðiÞk
ð�Þ ¼ D

sðiÞk
ðDðm�1Þ

sðiÞk
ð�ÞÞ:

Definition 2.19 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ
2 Rn in Eq. (2.4) with a fixed point x	k . The corresponding solution is given by
xkþj ¼ fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point
x	k (i.e., Ukðx	kÞ � X), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ with
Eq. (2.28). The linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k ) in
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Ukðx	kÞ and there are n linearly independent vectors vi (i ¼ 1; 2; . . .; n). For a per-

turbation of fixed point yk ¼ xk � x	k , let y
ðiÞ
k ¼ cðiÞk vi and yðiÞkþ1 ¼ cðiÞkþ1vi.

(i) xkþj (j 2 Z) at fixed point x	k on the direction vi is stable if

jvTi � ðxkþ1 � x	kÞj\jvTi � ðxk � x	kÞj ð2:53Þ

for xk 2 Uðx	kÞ � Xa. The fixed point x	k is called a sink (or stable node) on
the direction vi.

(ii) xkþj (j 2 Z) at fixed point x	k on the direction vi is unstable if

jvTi � ðxkþ1 � x	kÞj[ jvTi � ðxk � x	kÞj ð2:54Þ

for xk 2 Uðx	kÞ � Xa. The fixed point x	k is called a source (or unstable node)
on the direction vi.

(iii) xkþj (j 2 Z) at fixed point x	k on the direction vi is invariant if

vTi � ðxkþ1 � x	kÞ ¼ vTi � ðxk � x	kÞ ð2:55Þ

for xk 2 Uðx	kÞ � Xa. The fixed point x	k is called to be degenerate on the
direction vi.

(iv) xðiÞkþj (j 2 Z) at fixed point x	k on the direction vi is symmetrically flipped if

(v) vTi � ðxkþ1 � x	kÞ ¼ �vTi � ðxk � x	kÞ ð2:56Þ

for xk 2 Uðx	kÞ � Xa. The fixed point x	k is called to be degenerate on the
direction vi.

The stability of fixed points for a specific eigenvector is presented in Fig. 2.4.
The solid curve is vTi � xkþ1 ¼ vTi � fðxk; pÞ. The circular symbol is fixed point. The
shaded regions are stable. The horizontal solid line is for a degenerate case. The
vertical solid line is for a line with infinite slope. The monotonically stable node
(sink) is presented in Fig. 2.4a. From the fixed point x	k , let yk ¼ xk � x	k and
ykþ1 ¼ xkþ1 � x	k . v

T
i � xk ¼ vTi � xkþ1 and vTi � ykþ1 ¼ �vTi � yk are represented by

dashed and dotted lines, respectively. The iterative responses approach the fixed
point. However, the monotonically unstable (source) is presented in Fig. 2.4b. The
iterative responses go away from the fixed point. Similarly, the oscillatory stable
node (sink) after iteration with a flip vTi � yk ¼ �vTi � ykþ1 is presented in Fig. 2.4c.
The dashed and dotted lines are used for two lines vTi � ykþ1 ¼ �vTi � yk and
vTi � xk ¼ vTi � xkþ1, respectively. In a similar fashion, the oscillatory unstable node
(source) is presented in Fig. 2.4d. This illustration can be easily observed from the
stability of fixed points. In Fig. 2.4e, f, the oscillatory stable and unstable nodes are
presented as usual through the two-time iterations.
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Fig. 2.4 Stability of fixed points: a monotonically stable node (sink); b monotonically unstable
node (source); c oscillatory stable node (sink) and d oscillatory unstable node (source);
e oscillatory stable node (sink) and f oscillatory unstable node (sink). Shaded areas are stable
zones. (yk ¼ xk � x	k and ykþ1 ¼ xkþ1 � x	k )
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Theorem 2.5 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ
2 Rn in Eq. (2.4) with a fixed point x	k . The corresponding solution is given by
xkþj ¼ fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point
x	k (i.e., Ukðx	kÞ � X), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ with
Eq. (2.28). The linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k ) in
Ukðx	kÞ and there are n linearly independent vectors vi (i ¼ 1; 2; . . .; n). For a

perturbation of fixed point yk ¼ xk � x	k , let y
ðiÞ
k ¼ cðiÞk vi and yðiÞkþ1 ¼ cðiÞkþ1vi.

(i) xkþj (j 2 Z) at fixed point x	k on the direction vi is stable if and only if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki 2 ð�1; 1Þ ð2:57Þ

for xk 2 Uðx	kÞ � Xa.
(ii) xkþj (j 2 Z) at fixed point x	k on the direction vi is unstable if and only if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki 2 ð1;1Þ and ð�1;�1Þ ð2:58Þ

for xk 2 Uðx	kÞ � Xa.
(iii) xkþj (j 2 Z) at fixed point x	k on the direction vi is invariant if and only if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ 1 and GðmiÞ

sðiÞk
ðx	k ; pÞ ¼ 0 mi ¼ 2; 3; . . . ð2:59Þ

for xk 2 Uðx	kÞ � Xa.

(iv) xðiÞkþj (j 2 Z) at fixed point x	k on the direction vk is symmetrically flip if and
only if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ �1 and GðmiÞ

sðiÞk
ðx	k ; pÞ ¼ 0mi ¼ 2; 3; . . . ð2:60Þ

for xk 2 Uðx	kÞ � Xa.

Proof The proof can be referred to Luo (2012). h

The monotonic stability of fixed points with higher-order singularity for a spe-
cific eigenvector is presented in Fig. 2.5. The solid curve is vTi � xkþ1 ¼vTi � fðxk; pÞ.
The circular symbol is fixed pointed. The shaded regions are stable. The horizontal
solid line is also for the degenerate case. The vertical solid line is for a line with
infinite slope. The monotonically stable node (sink) of the ð2mi þ 1Þth-order is
sketched in Fig. 2.5a. The dashed and dotted lines are for vTi � xk ¼ vTi � xkþ1 and
vTi � ykþ1 ¼ �vTi � yk , respectively. The nonlinear curve lies in the stable zone, and
the iterative responses approach the fixed point. However, the monotonically
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unstable (source) of the ð2mi þ 1Þth-order is presented in Fig. 2.5b. The nonlinear
curve lies in the unstable zone, and the iterative responses go away from the fixed
point. The monotonically lower saddle of the ð2miÞth-order is presented in
Fig. 2.5c. The nonlinear curve is tangential to the line of vTi � xk ¼ vTi � xkþ1 with the
ð2miÞth-order, and the upper branch is in the stable zone and the lower branch is in
the unstable zone. Similarly, the monotonically upper saddle of the ð2miÞth-order is
presented in Fig. 2.5d. The oscillatory stability of fixed points with higher-order
singularity for a specific eigenvector after iteration with a flip vTi � yk ¼ �vTi � ykþ1
is presented in Fig. 2.6. The oscillatory stable node (sink) of the ð2mi þ 1Þth-order
is sketched in Fig. 2.6a. The dashed and dotted lines are for vTi � ykþ1 ¼ �vTi � yk
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Fig. 2.5 Monotonic stability of fixed points with higher-order singularity: a monotonically stable
node (sink) of ð2mi þ 1Þth-order, b monotonically unstable node (source) of ð2mi þ 1Þth-order,
c monotonically lower saddle of ð2miÞth-order, and d monotonically upper saddle of ð2miÞth-
order. Shaded areas are stable zones. (yk ¼ xk � x	k and ykþ1 ¼ xkþ1 � x	k )
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and vTi � xk ¼ vTi � xkþ1, respectively. The nonlinear curve lies in the stable zone,
and the iterative responses approach the fixed point. However, the oscillatory
unstable (source) of the ð2mi þ 1Þth-order is presented in Fig. 2.6b. The nonlinear
curve lies in the unstable zone, and the iterative responses go away from the fixed
point. The oscillatory lower saddle of the ð2miÞth-order is presented in Fig. 2.6c.
The nonlinear curve is tangential to and below the line of vTi � ykþ1 ¼ �vTi � yk with
the ð2miÞth-order, and the upper branch is in the stable zone and the lower branch is
in the unstable zone. Finally, the oscillatory upper saddle of the ð2miÞth-order is
presented in Fig. 2.6d. For clear illustrations, the oscillatory stability of fixed points
with higher-order singularity for the two-time iterations is presented in Fig. 2.7.
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Fig. 2.6 Oscillatory stability of fixed points with higher-order singularity after iteration with a flip
vTi � yk ¼ �vTi � ykþ1: a oscillatory stable node (sink) of ð2mi þ 1Þth-order, b oscillatory unstable
node (source) of ð2mi þ 1Þth-order, c oscillatory lower saddle of ð2miÞth-order, and d oscillatory
upper saddle of ð2miÞth-order. Shaded areas are stable zones. (yk ¼ xk � x	k and
ykþ1 ¼ xkþ1 � x	k )
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Definition 2.20 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ
2 R2n in Eq. (2.4) with a fixed point x	k . The corresponding solution is given by
xkþj ¼ fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point
x	k (i.e., Ukðx	kÞ � X), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ with
Eq. (2.28). The linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k ) in
Ukðx	kÞ and there are n linearly independent vectors vi (i ¼ 1; 2; . . .; n). For a per-

turbation of fixed point yk ¼ xk � x	k , let y
ðiÞ
k ¼ cðiÞk vi and yðiÞkþ1 ¼ cðiÞkþ1vi.

(i) xkþj (j 2 Z) at fixed point x	k on the direction vi is monotonically stable of
the ð2mi þ 1Þth-order if
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Fig. 2.7 Oscillatory stability of fixed points with higher-order singularity for the two-time
iterations: a oscillatory stable node (sink) of ð2mi þ 1Þth-order, b oscillatory unstable node
(source) of ð2mi þ 1Þth-order, c oscillatory lower saddle of ð2miÞth-order, and d oscillatory upper
saddle of ð2miÞth-order. Shaded areas are stable zones. (yk ¼ xk � x	k and ykþ1 ¼ xkþ1� x	k )
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Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ 1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi;

Gð2miþ1Þ
sðiÞk

ðx	k ; pÞ 6¼ 0;

jvTi � ðxkþ1 � x	kÞj\jvTi � ðxk � x	kÞj

ð2:61Þ

for xk 2 Ukðx	kÞ � Xa. The fixed point x	k is called a monotonic sink (or
stable node) of the ð2mi þ 1Þth-order on the direction vi.

(ii) xkþj (j 2 Z) at fixed point x	k on the direction vi is monotonically unstable of
the ð2mi þ 1Þth-order if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ 1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi;

Gð2miþ1Þ
sðiÞk

ðx	k ; pÞ 6¼ 0;

jvTi � ðxkþ1 � x	kÞj[ jvTi � ðxk � x	kÞj

ð2:62Þ

for xk 2 Ukðx	kÞ � Xa. The fixed point x	k is called a monotonic source (or
unstable node) of the ð2mi þ 1Þth-order on the direction vi.

(iii) xkþj (j 2 Z) at fixed point x	k on the direction vi is monotonically unstable of
the ð2miÞth-order, lower saddle if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ 1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi � 1;

Gð2miÞ
sðiÞk

ðx	k ; pÞ 6¼ 0;

jvTi � ðxkþ1 � x	kÞj\jvTi � ðxk � x	kÞj for sðiÞk [ 0;

jvTi � ðxkþ1 � x	kÞj[ jvTi � ðxk � x	kÞj for sðiÞk \0

ð2:63Þ

for xk 2 Ukðx	kÞ � Xa. The fixed point x	k is called a monotonic, lower
saddle of the ð2miÞth-order on the direction vi.

(iv) xkþj (j 2 Z) at fixed point x	k on the direction vi is monotonically unstable of
the ð2miÞth-order, upper saddle if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ 1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi � 1;

Gð2miÞ
sðiÞk

ðx	k ; pÞ 6¼ 0;
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jvTi � ðxkþ1 � x	kÞj[ jvTi � ðxk � x	kÞj for sðiÞk [ 0;

jvTi � ðxkþ1 � x	kÞj\jvTi � ðxk � x	kÞj for sðiÞk \0
ð2:64Þ

for xk 2 Ukðx	kÞ � Xa. The fixed point x	k is called a monotonic, upper
saddle of the ð2miÞth-order on the direction vi.

(v) xkþj (j 2 Z) at fixed point x	k on the direction vi is oscillatory stable of the
ð2mi þ 1Þth-order if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ �1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi;

Gð2miþ1Þ
sðiÞk

ðx	k ; pÞ 6¼ 0;

jvTi � ðxkþ1 � x	kÞj\jvTi � ðxk � x	kÞj

ð2:65Þ

for xk 2 Ukðx	kÞ � Xa. The fixed point x	k is called an oscillatory sink (or
stable node) of the ð2mi þ 1Þth-order on the direction vi.

(vi) xkþj (j 2 Z) at fixed point x	k on the direction vi is oscillatory unstable of the
ð2mi þ 1Þth-order if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ �1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi;

Gð2miþ1Þ
sðiÞk

ðx	k ; pÞ 6¼ 0;

jvTi � ðxkþ1 � x	kÞj[ jvTi � ðxk � x	kÞj

ð2:66Þ

for xk 2 Ukðx	kÞ � Xa. The fixed point x	k is called an oscillatory source (or
unstable node) of the ð2mi þ 1Þth-order on the direction vi.

(vii) xkþj (j 2 Z) at fixed point x	k on the direction vi is oscillatory unstable of the
ð2miÞth-order, lower saddle if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ �1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi � 1;

Gð2miÞ
sðiÞk

ðx	k ; pÞ 6¼ 0;

jvTi � ðxkþ1 � x	kÞj[ jvTi � ðxk � x	kÞj for sðiÞk [ 0;

jvTi � ðxkþ1 � x	kÞj\jvTi � ðxk � x	kÞj for sðiÞk \0

ð2:67Þ

for xk 2 Ukðx	kÞ � Xa. The fixed point x	k is called an oscillatory lower
saddle of the ð2miÞth-order on the direction vi.
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(viii) xkþj (j 2 Z) at fixed point x	k on the direction vi is oscillatory unstable of the
ð2miÞth-order, upper saddle if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ �1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi � 1;

Gð2miÞ
sðiÞk

ðx	k ; pÞ 6¼ 0;

jvTi � ðxkþ1 � x	kÞj\jvTi � ðxk � x	kÞj for sðiÞk [ 0;

jvTi � ðxkþ1 � x	kÞj[ jvTi � ðxk � x	kÞj for sðiÞk \0

ð2:68Þ

for xk 2 Ukðx	kÞ � Xa. The fixed point x	k is called an oscillatory, upper
saddle of the ð2miÞth-order on the direction vi.

Theorem 2.6 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ 2
Rn in Eq. (2.4) with a fixed point x	k . The corresponding solution is given by
xkþj ¼ fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point x	k
(i.e., Ukðx	kÞ � X), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ with Eq. (2.28).
The linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k) in Ukðx	kÞ and
there are n linearly independent vectors vi (i ¼ 1; 2; . . .; n). For a perturbation of

fixed point yk ¼ xk � x	k , let y
ðiÞ
k ¼ cðiÞk vi and yðiÞkþ1 ¼ cðiÞkþ1vi.

(i) xkþj (j 2 Z) at fixed point x	k on the direction vi is monotonically stable of the
ð2mi þ 1Þth-order if and only if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ 1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi;

Gð2miþ1Þ
sðiÞk

ðx	k ; pÞ\0

ð2:69Þ

for xk 2 Uðx	kÞ � Xa.
(ii) xkþj (j 2 Z) at fixed point x	k on the direction vi is monotonically unstable of

the ð2mi þ 1Þth-order if and only if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ 1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi;

Gð2miþ1Þ
sðiÞk

ðx	k ; pÞ[ 0

ð2:70Þ

for xk 2 Uðx	kÞ � Xa.
(iii) xkþj (j 2 Z) at fixed point x	k on the direction vi is monotonically unstable of

the ð2miÞth-order, lower saddle if and only if
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Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ 1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi � 1;

Gð2miÞ
sðiÞk

ðx	k ; pÞ\0 stable for sðiÞk [ 0;

Gð2miÞ
sðiÞk

ðx	k ; pÞ\0 unstable for sðiÞk \0

ð2:71Þ

for xk 2 Uðx	kÞ � Xa.
(iv) xkþj (j 2 Z) at fixed point x	k on the direction vi is monotonically unstable of

the ð2miÞth-order if and only if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ 1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi � 1;

Gð2miÞ
sðiÞk

ðx	k ; pÞ[ 0 unstable for sðiÞk [ 0;

Gð2miÞ
sðiÞk

ðx	k ; pÞ[ 0 stable for sðiÞk \0

ð2:72Þ

for xk 2 Uðx	kÞ � Xa.
(v) xkþj (j 2 Z) at fixed point x	k on the direction vi is oscillatory stable of the

ð2mi þ 1Þth-order if and only if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ �1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi;

Gð2miþ1Þ
sðiÞk

ðx	k ; pÞ[ 0

ð2:73Þ

for xk 2 Uðx	kÞ � Xa.
(vi) xkþj (j 2 Z) at fixed point x	k on the direction vi is oscillatory unstable of the

ð2mi þ 1Þth-order if and only if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ �1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi;

Gð2miþ1Þ
sðiÞk

ðx	k ; pÞ\0

ð2:74Þ

for xk 2 Uðx	kÞ � Xa.
(vii) xkþj (j 2 Z) at fixed point x	k on the direction vi is oscillatory unstable of the

ð2miÞth-order, upper saddle if and only if

34 2 Nonlinear Discrete Systems



Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ �1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi � 1;

Gð2miÞ
sðiÞk

ðx	k ; pÞ[ 0 stable for sðiÞk [ 0;

Gð2miÞ
sðiÞk

ðx	k ; pÞ[ 0 unstable for sðiÞk \0

ð2:75Þ

for xk 2 Uðx	kÞ � Xa.
(viii) xkþj (j 2 Z) at fixed point x	k on the direction vi is oscillatory unstable of the

ð2miÞth-order, lower saddle if and only if

Gð1Þ
sðiÞk
ðx	k ; pÞ ¼ ki ¼ �1;

GðriÞ
sðiÞk

ðx	k ; pÞ ¼ 0 for ri ¼ 2; 3; . . .; 2mi � 1;

Gð2miÞ
sðiÞk

ðx	k ; pÞ\0 stable for sðiÞk \0;

Gð2miÞ
sðiÞk

ðx	k ; pÞ\0 unstable for sðiÞk [ 0

ð2:76Þ

for xk 2 Uðx	kÞ � Xa.

Proof The proof can be referred to Luo (2012). h

Definition 2.21 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ
2 Rn in Eq. (2.4) with a fixed point x	k . The corresponding solution is given by
xkþj ¼ fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point
x	k (i.e., Ukðx	kÞ � X), and fðxk; pÞ is Cr(r
 1)-continuous in Ukðx	kÞ with
Eq. (2.28). The linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k ) in
Ukðx	kÞ. Consider a pair of complex eigenvalues ai 
 ibi (i 2 N ¼ f1; 2; . . .; ng,
i ¼ ffiffiffiffiffiffiffi�1

p
) of matrix Dfðx	; pÞ with a pair of eigenvectors ui 
 ivi. On the invariant

plane of ðui; viÞ, consider rðiÞk ¼ yðiÞk ¼ yðiÞkþ þ yðiÞk� with

rðiÞk ¼ cðiÞk ui þ dðiÞk vi;

rðiÞkþ1 ¼ cðiÞkþ1ui þ dðiÞkþ1vi
ð2:77Þ

and

cðiÞk ¼ 1
D
½D2ðuTi � ykÞ � D12ðvTi � ykÞ�;

dðiÞk ¼ 1
D
½D1ðvTi � ykÞ � D12ðuTi � ykÞ�;

D1¼jjuijj2;D2¼jjvijj2; D12 ¼ uTi � vi;
D ¼ D1D2 � D2

12:

ð2:78Þ
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Consider a polar coordinate of ðrk; hkÞ defined by

cðiÞk ¼ rðiÞk cos hðiÞk ; and dðiÞk ¼ rðiÞk sin hðiÞk ;

rðiÞk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcðiÞk Þ2 þ ðdðiÞk Þ2

q
; and hðiÞk ¼ arctanðdðiÞk =cðiÞk Þ:

ð2:79Þ

Thus,

cðiÞkþ1 ¼
1
D
½D2GcðiÞk

ðxk; pÞ � D12GdðiÞk
ðxk; pÞ�

dðiÞkþ1 ¼
1
D
½D1GdðiÞk

ðxk; pÞ � D12GcðiÞk
ðxk; pÞ�

ð2:80Þ

where

G
cðiÞk
ðxk; pÞ ¼ uTi � ½fðxk; pÞ � x	k � ¼

X1
mi¼1

1
mi!

GðmiÞ
cðiÞk

ðhðiÞk ÞðrðiÞk Þmi ;

G
dðiÞk

ðxk; pÞ ¼ vTi � ½fðxk; pÞ � x	k � ¼
X1
mi¼1

1
mi!

GðmiÞ
dðiÞk

ðhðiÞk ÞðrðiÞk Þmi ;

ð2:81Þ

GðmiÞ
cðiÞk

ðhðiÞk Þ ¼ uTi � @ðmiÞ
xk fðxk;pÞ½ui cos hðiÞk þ vi sin h

ðiÞ
k �mi

���
ðx	k ;pÞ

;

GðmiÞ
dðiÞk

ðhðiÞk Þ ¼ vTi � @ðmiÞ
xk fðxk; pÞ½ui cos hðiÞk þ vi sin h

ðiÞ
k �mi

���
ðx	k ;pÞ

:
ð2:82Þ

Thus,

rðiÞkþ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcðiÞkþ1Þ2 þ ðdðiÞkþ1Þ2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX1
m¼2

ðrðiÞk ÞmiGðmiÞ
rðiÞkþ1

ðhðiÞk Þ
r

¼
ffiffiffiffiffiffiffiffiffiffi
Gð2Þ

rðiÞkþ1

r
rðiÞk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðGð2Þ

rðiÞkþ1

Þ�1
X1

m¼3
ðrðiÞk Þmi�2GðmiÞ

rðiÞkþ1

ðhðiÞk Þ
r

hðiÞkþ1 ¼ arctanðdðiÞkþ1=c
ðiÞ
kþ1Þ

ð2:83Þ

where

GðmiÞ
rðiÞkþ1

ðhðiÞk Þ

¼
X1
ri¼1

X1
si¼1

1
ri!

1
si!
½GðriÞ

cðiÞkþ1

ðhðiÞk ÞGðsiÞ
cðiÞkþ1

ðhðiÞk Þ þ GðriÞ
dðiÞkþ1

ðhðiÞk ÞGðsiÞ
dðiÞkþ1

ðhðiÞk Þ�dðriþsiÞ
mi

¼ 1
mi!

Xmi

ri¼1

Cri
mi
GðriÞ

cðiÞkþ1

ðhðiÞk ÞGðmi�riÞ
cðiÞkþ1

ðhðiÞk Þ þ GðriÞ
dðiÞkþ1

ðhðiÞk ÞGðmi�riÞ
dðiÞkþ1

ðhðiÞk Þ

ð2:84Þ
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and

GðmiÞ
cðiÞkþ1

ðhðiÞk Þ ¼ 1
D
½D2G

ðmiÞ
cðiÞk

ðhðiÞk Þ � D12G
ðmiÞ
dðiÞk

ðhðiÞk Þ�;

GðmiÞ
dðiÞkþ1

ðhðiÞk Þ ¼ 1
D
½D1G

ðmiÞ
dðiÞk

ðhðiÞk Þ � D12G
ðmiÞ
cðiÞk

ðhðiÞk Þ�:
ð2:85Þ

From the foregoing definition, consider the first-order terms of G-function

Gð1Þ
cðiÞk
ðxk; pÞ ¼ Gð1Þ

cðiÞk 1
ðxk; pÞ þ Gð1Þ

cðiÞk 2
ðxk; pÞ;

Gð1Þ
dðiÞk

ðxk; pÞ ¼ Gð1Þ
dðiÞk 1

ðxk; pÞ þ Gð1Þ
dðiÞk 2

ðxk; pÞ
ð2:86Þ

where

Gð1Þ
cðiÞk 1

ðxk; pÞ ¼ uTi � Dxk fðxk; pÞ@cðiÞk xk ¼ uTi � Dxk fðxk; pÞui
¼ uTi � ð�bivi þ aiuiÞ ¼ aiD1 � biD12;

Gð1Þ
cðiÞk 2

ðxk; pÞ ¼ uTi � Dxk fðxk; pÞ@dðiÞk xk ¼ uTi � Dxk fðxk; pÞvi
¼ uTi � ðbiui þ aiviÞ ¼ aiD12 þ biD1;

ð2:87Þ

and

Gð1Þ
dðiÞk 1

ðxk; pÞ ¼ vTi � Dxk fðxk; pÞ@cðiÞk xk ¼ vTi � Dxk fðxk; pÞui
¼ vTi � ð�bivi þ aiuiÞ ¼ �biD2 þ aiD12;

Gð1Þ
dðiÞk 2

ðx; pÞ ¼ vTi � Dxk fðxk; pÞ@dðiÞk xk ¼ vTi � Dxk fðxk; pÞvi
¼ vTi � ðbiui þ aiviÞ ¼ aiD2 þ biD12:

ð2:88Þ

Substitution of Eqs. (2.86)–(2.88) into Eq. (2.82) gives

Gð1Þ
cðiÞk
ðhðiÞk Þ ¼ Gð1Þ

cðiÞk 1
ðxk; pÞ cos hðiÞk þ Gð1Þ

cðiÞk 2
ðxk; pÞ sin hðiÞk

¼ ðaiD1 � biD12Þ cos hðiÞk þ ðaiD12 þ biD1Þ sin hðiÞk ;

Gð1Þ
dðiÞk
ðhðiÞk Þ ¼ Gð1Þ

dðiÞk 1
ðxk; pÞ cos hðiÞk þ Gð1Þ

dðiÞk 2
ðxk; pÞ sin hðiÞk

¼ ð�biD2 þ aiD12Þ cos hðiÞk þ ðaiD2 þ biD12Þ sin hðiÞk :

ð2:89Þ

From Eq. (2.85), we have
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Gð1Þ
cðiÞkþ1

ðhðiÞk Þ ¼ 1
D
½D2G

ð1Þ
cðiÞk
ðhðiÞk Þ � D12G

ð1Þ
dðiÞk

ðhðiÞk Þ�

¼ ai cos h
ðiÞ
k þ bi sin h

ðiÞ
k ;

Gð1Þ
dðiÞkþ1

ðhðiÞk Þ ¼ 1
D
½D1G

ð1Þ
dðiÞk

ðhðiÞk Þ � D12G
ð1Þ
cðiÞk
ðhðiÞk Þ�

¼ ai sin h
ðiÞ
k � bi cos h

ðiÞ
k :

ð2:90Þ

Thus,

Gð2Þ
rðiÞkþ1

ðhðiÞk Þ ¼ ½Gð1Þ
cðiÞkþ1

ðhðiÞk ÞGð1Þ
cðiÞkþ1

ðhðiÞk Þ þ Gð1Þ
dðiÞkþ1

ðhðiÞk ÞGð1Þ
dðiÞkþ1

ðhðiÞk Þ�
¼ a2i þ b2i :

ð2:91Þ

Furthermore, Eq. (2.83) gives

rðiÞkþ1 ¼ qir
ðiÞ
k þ oðrðiÞk Þ and hðiÞkþ1 ¼ hðiÞk � #i þ oðrðiÞk Þ: ð2:92Þ

where

#i ¼ arctanðbi=aiÞ and qi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
: ð2:93Þ

As rðiÞk � 1 and rðiÞk ! 0, we have

rðiÞkþ1 ¼ qir
ðiÞ
k and hðiÞkþ1 ¼ #i � hðiÞk : ð2:94Þ

With an initial condition of rðiÞk ¼ r0k and hðiÞk ¼ hðiÞk , the corresponding solution of
Eq. (2.94) is

rðiÞkþj ¼ ðqiÞjr0k and hðiÞkþj ¼ j#i � hðiÞk : ð2:95Þ

From Eqs. (2.80), (2.81), and (2.90), we have

cðiÞkþ1 ¼ air
ðiÞ
k cos hðiÞk þ bir

ðiÞ
k sin hðiÞk ¼ aic

ðiÞ
k þ bid

ðiÞ
k ;

dðiÞkþ1 ¼ air
ðiÞ
k sin hðiÞk � bir

ðiÞ
k cos hðiÞk ¼ �bic

ðiÞ
k þ aid

ðiÞ
k :

ð2:96Þ

That is,

cðiÞkþ1

dðiÞkþ1

( )
¼ ai bi

�bi ai

� �
cðiÞk
dðiÞk

( )
¼ qi

cos#i sin#i

� sin#i cos#i

� �
cðiÞk
dðiÞk

( )
: ð2:97Þ
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From the foregoing equation, we have

cðiÞkþj

dðiÞkþj

( )
¼ ai bi

�bi ai

� �j
cðiÞk
dðiÞk

( )
¼ ðqiÞj cos j#i sin j#i

� sin j#i cos j#i

� �
cðiÞk
dðiÞk

( )
: ð2:98Þ

Definition 2.22 Consider a discrete, nonlinear dynamical system xkþ1 ¼
fðxk; pÞ 2 Rn in Eq. (2.4) with a fixed point x	k . The corresponding solution is
given by xkþj ¼ fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the
fixed point x	k (i.e., Ukðx	kÞ � X), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ
with Eq. (2.28). The linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k)
in Ukðx	kÞ. Consider a pair of complex eigenvalues ai 
 ibi (i 2 N ¼ f1; 2; . . .; ng,
i ¼ ffiffiffiffiffiffiffi�1

p
) of matrix Dfðx	; pÞ with a pair of eigenvectors ui 
 ivi. On the invariant

plane of ðui; viÞ, consider rðiÞk ¼ yðiÞk ¼ yðiÞkþ þ yðiÞk� with Eqs. (2.73) and (2.75). For
any arbitrarily small e[ 0, the stability of the fixed point x	k on the invariant plane
of ðui; viÞ can be determined.

(i) xðiÞk at the fixed point x	k on the plane of ðui; viÞ is spirally stable if

rðiÞkþ1 � rðiÞk \0: ð2:99Þ

(ii) xðiÞk at the fixed point x	k on the plane of ðui; viÞ is spirally unstable if

rðiÞkþ1 � rðiÞk [ 0: ð2:100Þ

(iii) xðiÞk at the fixed point x	k on the plane of ðui; viÞ is spirally stable with the mith-

order singularity if for hðiÞk 2 ½0; 2p�

qi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
¼ 1;

G
ðsðiÞk Þ
rðiÞkþ1

ðhkÞ ¼ 0 for sðiÞk ¼ 1; 2; . . .;mi � 1;

rðiÞkþ1 � rðiÞk \0:

ð2:101Þ

(iv) xðiÞk at the fixed point x	k on the plane of ðui; viÞ is spirally unstable with the

mith-order singularity if for hðiÞk 2 ½0; 2p�

qi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
¼ 1;

G
ðsðiÞk Þ
rðiÞkþ1

ðhkÞ ¼ 0 for sðiÞk ¼ 1; 2; . . .;mi � 1;

rðiÞkþ1 � rðiÞk [ 0:

ð2:102Þ
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(v) xðiÞk at the fixed point x	k on the plane of ðui; viÞ is circular if for hðiÞk 2 ½0; 2p�

rðiÞkþ1 � rðiÞk ¼ 0: ð2:103Þ

(vi) xðiÞk at the fixed point x	k on the plane of ðui; viÞ is degenerate in the direction
of ui if

bi ¼ 0 and hðiÞkþ1 � hðiÞk ¼ 0: ð2:104Þ

Theorem 2.7 Consider a discrete, nonlinear dynamical system xkþ1 ¼ fðxk; pÞ 2
Rn in Eq. (2.4) with a fixed point x	k . The corresponding solution is given by
xkþj ¼ fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the fixed point
x	k (i.e., Ukðx	kÞ � X), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ with
Eq. (2.28). The linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k ) in
Ukðx	kÞ. Consider a pair of complex eigenvalues ai 
 ibi (i 2 N ¼ f1; 2; . . .; ng;
i ¼ ffiffiffiffiffiffiffi�1

p
) of matrix Dfðx	; pÞ with a pair of eigenvectors ui 
 ivi. On the invariant

plane of ðui; viÞ, consider rðiÞk ¼ yðiÞk ¼ yðiÞkþ þ yðiÞk� with Eqs. (2.73) and (2.75). For
any arbitrarily small e[ 0, the stability of the equilibrium x	k on the invariant plane
of ðui; viÞ can be determined.

(i) xðiÞk at the fixed point x	k on the plane of ðuk; vkÞ is spirally stable if and only if

qi\1: ð2:105Þ

(ii) xðiÞk at the fixed point x	k on the plane of ðui; viÞ is spirally unstable if and only if

qi [ 1: ð2:106Þ

(iii) xðiÞk at the fixed point x	k on the plane of ðui; viÞ is stable with the mith-order

singularity if and only if for hðiÞk 2 ½0; 2p�

qi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
¼ 1;

G
ðsðiÞk Þ
rðiÞk

ðhðiÞk Þ ¼ 0 for sk ¼ 1; 2; . . .;mi � 1;

GðmiÞ
rðiÞk

ðhðiÞk Þ\0:

ð2:107Þ

(iv) xðiÞk at the fixed point x	k on the plane of ðui; viÞ is spirally unstable with the

mith-order singularity if and only if for hðiÞk 2 ½0; 2p�
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qi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
¼ 1;

G
ðsðiÞk Þ
rðiÞk

ðhðiÞk Þ ¼ 0 for sðiÞk ¼ 0; 1; 2; . . .;mi � 1;

GðmiÞ
rðiÞk

ðhðiÞk Þ[ 0:

ð2:108Þ

(v) xðiÞk at the fixed point x	k on the plane of ðui; viÞ is circular if and only if for

hðiÞk 2 ½0; 2p�

qi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ b2i

q
¼ 1;

G
ðsðiÞk Þ
rðiÞk

ðhðiÞk Þ ¼ 0 for sðiÞk ¼ 0; 1; 2; . . .:
ð2:109Þ

Proof The proof can be referred to Luo (2011). h

2.4 Bifurcation Theory

Definition 2.23 Consider a discrete, nonlinear dynamical system xkþ1 ¼
fðxk; pÞ 2 Rn in Eq. (2.4) with a fixed point x	k . The corresponding solution is
given by xkþj ¼ fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the
fixed point x	k (i.e., Ukðx	kÞ � X), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ
with Eq. (2.28). The linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k)
in Ukðx	kÞ and there are n linearly independent vectors vi (i ¼ 1; 2; . . .; n). For a

perturbation of fixed point yk ¼ xk � x	k , let y
ðiÞ
k ¼ cðiÞk vi and yðiÞkþ1 ¼ cðiÞkþ1vi.

sðiÞk ¼ vTi � yk ¼ vTi � ðxk � x	kÞ ð2:110Þ

where sðiÞk ¼ cðiÞk vik k2.

sðiÞkþ1 ¼ vTi � ykþ1 ¼ vTi � ½fðxk; pÞ � x	k �: ð2:111Þ

In the vicinity of point ðx	kð0Þ; p0Þ, vTi � fðxk; pÞ can be expanded for ð0\h\1Þ as

vTi � ½fðxk; pÞ � x	kð0Þ� ¼ aiðsðiÞk � sðiÞ	kð0ÞÞ þ bTi � ðp� p0Þ

þ
Xm
q¼2

1
q!

Xq
r¼0

Cr
qa

ðq�r;rÞ
i ðsðiÞk � sðiÞ	kð0ÞÞq�rðp� p0Þr

þ 1
ðmþ 1Þ! ½ðs

ðiÞ
k � sðiÞ	kð0ÞÞ@sðiÞk þ ðp� p0Þ@p�mþ1

� ðvTi � fðx	kð0Þ þ hDxk; p0 þ hDpÞÞ

ð2:112Þ
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where

ai ¼ vTi � @sðiÞk fðxk; pÞ
���
ðx	

kð0Þ;p0Þ
; bTi ¼ vTi � @pfðxk; pÞ

��
ðx	

kð0Þ;p0Þ
;

aðr;sÞi ¼ vTi � @ðrÞ
sðiÞk
@ðsÞ
p fðxk; pÞ

����
ðx	

kð0Þ;p0Þ
:

ð2:113Þ

If ai ¼ 1 and p ¼ p0, the stability of the fixed point x
	
k on an eigenvector vi changes

from stable to unstable state (or from unstable to stable state). The bifurcation
manifold on the direction of vi is determined by

bTi � ðp� p0Þ þ
Xm
q¼2

1
q!

Xq
r¼0

Cr
qa

ðq�r;rÞ
i ðsðiÞk � sðiÞ	kð0ÞÞq�rðp� p0Þr ¼ 0: ð2:114Þ

In the neighborhood of ðx	kð0Þ; p0Þ; when other components of fixed point x	k on the

eigenvector of vj for all j 6¼ i; (i; j 2 N) do not change their stability states, Eq. (2.114)

possesses l-branch solutions of equilibrium sðiÞ	k ð0\l�mÞ with l1-stable and
l2-unstable solutions (l1; l2 2 f0; 1; 2; . . .; lg). Such l-branch solutions are called the
bifurcation solutions offixed point x	k on the eigenvector of vi in the neighborhood of
ðx	kð0Þ; p0Þ. Such a bifurcation at point ðx	kð0Þ; p0Þ is called the hyperbolic bifurcation

of mth-order on the eigenvector of vi. Consider two special cases herein.

(i) If

að1;1Þi ¼ 0 and bTi � ðp� p0Þ þ
1
2!
að2;0Þi ðsðiÞ	k � sðiÞ	k0 Þ2 ¼ 0 ð2:115Þ

where

að2;0Þi ¼ vTi � @ð2Þ
sðiÞk
@ð0Þ
p fðxk; pÞ

����
ðx	

kð0Þ;p0Þ
¼ vTi � @ð2Þ

sðiÞk
fðxk; pÞ

����
ðx	

kð0Þ;p0Þ

¼ vTi � @ð2Þ
x fðxk; pÞðvkvkÞ

��
ðx	

kð0Þ;p0Þ
¼ Gð2Þ

sðiÞk
ðx	kð0Þ; p0Þ 6¼ 0;

bTi ¼ vTi � @pfðxk; pÞ
��
ðx	

kð0Þ;p0Þ
6¼ 0;

ð2:116Þ

að2;0Þi � ½bTi � ðp� p0Þ�\0; ð2:117Þ

such a bifurcation at point ðx	0; p0Þ is called the saddle–node bifurcation on the
eigenvector of vi.

(ii) If

bTi � ðp� p0Þ ¼ 0 and

að1;1Þi � ðp� p0ÞðsðiÞ	k � sðiÞ	kð0ÞÞ þ
1
2!
að2;0Þi ðsðiÞ	k � sðiÞ	kð0ÞÞ2 ¼ 0

ð2:118Þ
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where

að2;0Þi ¼ vTi � @ð2Þ
sðiÞk
@ð0Þ
p fðxk; pÞ

����
ðx	

kð0Þ;p0Þ
¼ vTi � @ð2Þ

sðiÞk
fðxk;pÞ

����
ðx	0;p0Þ

¼ vTi � @ð2Þ
xk fðxk; pÞðviviÞ

��
ðx	

kð0Þ;p0Þ
¼ Gð2Þ

sðiÞk
ðx	kð0Þ; p0Þ 6¼ 0;

að1;1Þi ¼ vTi � @ð1Þ
sðiÞk
@ð1Þ
p fðxk; pÞ

����
ðx	

kð0Þ;p0Þ
¼ vTi � @sðiÞk @pfðxk; pÞ

���
ðx	

kð0Þ;p0Þ

¼ vTi � @xk@pfðxk; pÞvi
��
ðx	

kð0Þ;p0Þ
6¼ 0;

ð2:119Þ

að2;0Þi � ½að1;1Þi � ðp� p0Þ�\0; ð2:120Þ

such a bifurcation at point ðx	kð0Þ; p0Þ is called the transcritical bifurcation on

the eigenvector of vi.

Definition 2.24 Consider a discrete, nonlinear dynamical system xkþ1 ¼
fðxk; pÞ 2 Rn in Eq. (2.4) with a fixed point x	k . The corresponding solution is
given by xkþj ¼ fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the
fixed point x	k (i.e., Ukðx	kÞ � X), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ
with Eq. (2.28). The linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k)
in Ukðx	kÞ and there are n linearly independent vectors vi (i ¼ 1; 2; . . .; n). For a

perturbation of fixed point yk ¼ xk � x	k , let yðiÞk ¼ cðiÞk vi and yðiÞkþ1 ¼ cðiÞkþ1vi.
Equations (2.110), (2.111), and (2.113) hold. In the vicinity of point ðx	k0; p0Þ,
vTi � fðxk; pÞ can be expended for ð0\h\1Þ as
vTi � ½fðxk; pÞ � x	kþ1ð0Þ� ¼ aiðsðiÞk � sðiÞ	kð0ÞÞ þ bTi � ðp� p0Þ

þ
Xm
q¼2

1
q!

Xq
r¼0

Cr
qa

ðq�r;rÞ
i ðsðiÞk � sðiÞ	kð0ÞÞq�rðp� p0Þr

þ 1
ðmþ 1Þ! ½ðs

ðiÞ
k � sðiÞ	kð0ÞÞ@sðiÞk þ ðp� p0Þ@p�mþ1

� ðvTk � fðx	k0 þ hDxk;p0 þ hDpÞÞ ð2:121Þ

and

vTi � ½fðxkþ1; pÞ � x	kð0Þ� ¼ aiðsðiÞkþ1 � s	kþ1ð0ÞÞ þ bTi � ðp� p0Þ

þ
Xm
q¼2

1
q!

Xq
r¼0

Cr
qa

ðq�r;rÞ
i ðsðiÞkþ1 � sðiÞ	kþ1ð0ÞÞq�rðp� p0Þr

þ 1
ðmþ 1Þ! ½ðs

ðiÞ
kþ1 � s	kþ1ð0ÞÞ@sðiÞkþ1

þ ðp� p0Þ@p�mþ1

� ðvTi � fðx	kþ1ð0Þ þ hDxkþ1; p0 þ hDpÞÞ: ð2:122Þ

2.4 Bifurcation Theory 43



If ai ¼ �1 and p ¼ p0, the stability of current equilibrium x	k on an eigenvector vi
changes from stable to unstable state (or from unstable to stable state). The bifur-
cation manifold in the direction of vi is determined by

bTi � ðp� p0Þ þ aiðsðiÞ	k � sðiÞ	kð0ÞÞ

þ
Xm
q¼2

1
q!

Xq
r¼0

Cr
qa

ðq�r;rÞ
i ðsðiÞk � sðiÞ	kð0ÞÞq�rðp� p0Þr ¼ ðsðiÞ	kþ1 � sðiÞ	kþ1ð0ÞÞ;

bTi � ðp� p0Þ þ aiðsðiÞ	kþ1 � sðiÞ	kþ1ð0ÞÞ

þ
Xm
q¼2

1
q!

Xq
r¼0

Cr
qa

ðq�r;rÞ
i ðsðiÞkþ1 � sðiÞ	kþ1ð0ÞÞq�rðp� p0Þr ¼ ðsðiÞ	k � sðiÞ	kð0ÞÞ:

ð2:123Þ

In the neighborhood of ðx	kð0Þ; p0Þ; when other components of fixed point x	kð0Þ on
the eigenvector of vj for all j 6¼ i; (j; i 2 N) do not change their stability states,

Eq. (2.123) possesses l-branch solutions of equilibrium sðiÞ	k ð0\l�mÞ with l1-
stable and l2-unstable solutions (l1; l2 2 f0; 1; 2; . . .; lg). Such l-branch solutions are
called the bifurcation solutions of fixed point x	k on the eigenvector of vi in the
neighborhood of ðx	kð0Þ; p0Þ. Such a bifurcation at point ðx	kð0Þ; p0Þ is called the

hyperbolic bifurcation of mth-order with doubling iterations on the eigenvector of
vi. Consider a special case. If

bTi � ðp� p0Þ ¼ 0; ai ¼ �1; að2;0Þi ¼ 0; að2;1Þi ¼ 0; að1;2Þi ¼ 0;

½að1;1Þ � ðp� p0Þ þ ai�ðsðiÞ	k � sðiÞ	kð0ÞÞ þ
1
3!
að3;0Þi ðs	k � s	kð0ÞÞ3 ¼ ðsðiÞ	kþ1 � sðiÞ	kþ1ð0ÞÞ;

½að1;1Þ � ðp� p0Þ þ ai�ðsðiÞ	kþ1 � sðiÞ	kþ1ð0ÞÞ þ
1
3!
að3;0Þi ðs	kþ1 � s	kþ1ð0ÞÞ3 ¼ sðiÞ	k � sðiÞ	kð0ÞÞ

ð2:124Þ

where

að3;0Þi ¼ vTi � @ð3Þ
sðiÞk
@ð0Þ
p fðxk; pÞ

����
ðx	

kð0Þ;p0Þ
¼ vTi � @ð3Þ

sðiÞk
fðxk; pÞ

����
ðx	

kð0Þ;p0Þ

¼ vTi � @ð3Þ
xk fðxk; pÞðviviviÞ

��
ðx	

kð0Þ;p0Þ
¼ Gð3Þ

i ðx	kð0Þ; p0Þ 6¼ 0;

að1;1Þi ¼ vTi � @ð1Þ
sðiÞk
@ð1Þ
p fðxk; pÞ

����
ðx	

kð0Þ;p0Þ
¼ vTi � @sðiÞk @pfðxk; pÞ

���
ðx	

kð0Þ;p0Þ

¼ vTi � @xk@pfðxk; pÞvi
��
ðx	

kð0Þ;p0Þ
6¼ 0;

ð2:125Þ

að3;0Þi � ½að1;1Þi � ðp� p0Þ�\0; ð2:126Þ
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such a bifurcation at point ðx	kð0Þ; p0Þ is called the pitchfork bifurcation (or period-

doubling bifurcation) on the eigenvector of vi.

For the saddle–node bifurcation of the first kind, the ð2mÞth-order singularity of
the fixed point at the bifurcation point exists as a saddle of the ð2mÞth-order. For the
transcritical bifurcation, the ð2mÞth-order singularity of the fixed point at the bifur-
cation point exists as a saddle of the ð2mÞth-order. However, for the stable pitchfork
bifurcation (or saddle–node bifurcation of the second kind, or period-doubling
bifurcation), the ð2mþ 1Þth-order singularity of the fixed point at the bifurcation
point exists as an oscillatory sink of the ð2mþ 1Þth-order. For the unstable pitchfork
bifurcation (or the unstable saddle–node bifurcation of the second kind, or unstable
period-doubling bifurcation), the ð2mþ 1Þth-order singularity of the fixed point at
the bifurcation point exists as an oscillatory source of the ð2mþ 1Þth-order.
Definition 2.25 Consider a discrete, nonlinear dynamical system xkþ1 ¼
fðxk; pÞ 2 Rn in Eq. (2.4) with a fixed point x	k . The corresponding solution is
given by xkþj ¼ fðxkþj�1; pÞ with j 2 Z. Suppose there is a neighborhood of the
fixed point x	k (i.e., Ukðx	kÞ � X), and fðxk; pÞ is Cr (r
 1)-continuous in Ukðx	kÞ
with Eq. (2.28). The linearized system is ykþjþ1 ¼ Dfðx	k ; pÞykþj (ykþj ¼ xkþj � x	k)
in Ukðx	kÞ. Consider a pair of complex eigenvalues ai 
 ibi (i 2 N ¼ f1; 2; . . .; ng,
i ¼ ffiffiffiffiffiffiffi�1

p
) of matrix Dfðx	; pÞ with a pair of eigenvectors ui 
 ivi. On the invariant

plane of ðui; viÞ, consider rðiÞk ¼ yðiÞk ¼ yðiÞkþ þ yðiÞk� with

rðiÞk ¼ cðiÞk ui þ dðiÞk vi and rðiÞkþ1 ¼ cðiÞkþ1ui þ dðiÞkþ1vi: ð2:127Þ

and

cðiÞk ¼ 1
D
½D2ðuTi � ykÞ � D12ðvTi � ykÞ�;

dðiÞk ¼ 1
D
½D1ðvTi � ykÞ � D12ðuTi � ykÞ�;

D1 ¼ uik k2; D2 ¼ vik k2; D12 ¼ uTi � vi;
D ¼ D1D2 � D2

12:

ð2:128Þ

Consider a polar coordinate of ðrk; hkÞ defined by

cðiÞk ¼ rðiÞk cos hðiÞk ; and dðiÞk ¼ rðiÞk sin hðiÞk ;

rðiÞk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcðiÞk Þ2 þ ðdðiÞk Þ2

q
; and hðiÞk ¼ arctanðdðiÞk =cðiÞk Þ:

ð2:129Þ

Thus,

cðiÞkþ1 ¼
1
D
½D2GcðiÞk

ðxk; pÞ � D12GdðiÞk
ðxk; pÞ�;

dðiÞkþ1 ¼
1
D
½D1GdðiÞk

ðxk; pÞ � D12GcðiÞk
ðxk; pÞ�

ð2:130Þ
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where

GcðiÞk
ðxk; pÞ ¼ uTi � ½fðxk; pÞ � x	kð0Þ�

¼ aTi � ðp� p0Þ þ ai11ðcðiÞk � cðiÞ	kð0ÞÞ þ ai12ðdðiÞk � dðiÞ	kð0ÞÞ

þ
Xmi

q¼2

1
q!

Xq
r¼0

Cri
mi
Gðmi�ri;riÞ

cðiÞk
ðx	k ; p0Þðp� p0ÞriðrðiÞk Þmi�ri

þ 1
ðmi þ 1Þ! ½ðc

ðiÞ
k � cðiÞ	kð0ÞÞ@cðiÞk þ ðdðiÞk � dðiÞ	kð0ÞÞ@dðiÞk þ ðp� p0Þ@p�miþ1

� ðuTi � fðx	k0 þ hDxk; p0 þ hDpÞÞ;

GdðiÞk
ðxk; pÞ ¼ vTi � ½fðxk; pÞ � x	kð0Þ�

¼ bTi � ðp� p0Þ þ ai21ðcðiÞk � cðiÞ	kð0ÞÞ þ ai22ðdðiÞk � dðiÞ	kð0ÞÞ

þ
Xmi

q¼2

1
q!

Xq
r¼0

Cri
mi
Gðmi�ri;riÞ

dðiÞk
ðx	k ; p0Þðp� p0Þri rmi�ri

k

þ 1
ðmi þ 1Þ! ½ðc

ðiÞ
k � cðiÞ	kð0ÞÞ@cðiÞk þ ðdðiÞk � dðiÞ	kð0ÞÞ@dðiÞk þ ðp� p0Þ@p�miþ1

� ðvTi � fðx	kð0Þ þ hDx; p0 þ hDpÞÞ;
ð2:131Þ

and

Gðs;rÞ
cðiÞk

ðx	kð0Þ; p0Þ

¼ uTi � ½@xk ðÞui cos hðiÞk þ @xkðÞvi sin hðiÞk �s@ðrÞ
p fðxk; pÞ

���
ðx	

kð0Þ;p0Þ
;

Gðs;rÞ
dðiÞk

ðx	kð0Þ; p0Þ

¼ vTi � ½@xkðÞui cos hðiÞk þ @xk ðÞvi sin hðiÞk �s@ðrÞ
p fðxk; pÞ

���
ðx	

kð0Þ;p0Þ
;

ð2:132Þ

aTi ¼ uTi � @pfðxk; pÞ; bTi ¼ vTi � @pfðxk; pÞ;
ai11 ¼ uTi � @xk fðxk; pÞui; ai12 ¼ uTi � @xk fðxk; pÞui;
ai21 ¼ vTi � @xk fðxk; pÞui; ai22 ¼ vTi � @xk fðxk; pÞvi:

ð2:133Þ

Suppose

ai ¼ 0 and bi ¼ 0 ð2:134Þ
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then

rðiÞkþ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcðiÞkþ1Þ2 þ ðdðiÞkþ1Þ2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX1
m¼2

ðrðiÞk ÞmGðmÞ
rðiÞkþ1

s

¼
ffiffiffiffiffiffiffiffiffiffiffi
Gð2;0Þ

rðiÞkþ1

r
rðiÞk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kðiÞ þ

X1
m¼3

kðiÞm ðrðiÞk Þm�2

s

hðiÞkþ1 ¼ arctanðdðiÞkþ1=c
ðiÞ
kþ1Þ

ð2:135Þ

where

Gð2Þ
rðiÞkþ1

¼ Gð2;0Þ
rðiÞkþ1

þ Gð1;1Þ
rðiÞkþ1

and kðiÞ ¼ Gð1;1Þ
rðiÞkþ1

=Gð2;0Þ
rðiÞkþ1

with

Gð2;0Þ
rðiÞkþ1

¼ ½Gð1;0Þ
cðiÞkþ1

ðhðiÞk ; p0Þ�2 þ ½Gð1;0Þ
dðiÞkþ1

ðhðiÞk ; p0Þ�2;

Gð1;1Þ
rðiÞkþ1

¼
XM
r¼1

XM
s¼1

½Gð1;rÞ
cðiÞkþ1

ðhðiÞk ; p0Þ �Gð1;sÞ
cðiÞkþ1

ðhðiÞk ; p0Þðp� p0Þrþs

þ ½Gð1;rÞ
dðiÞkþ1

ðhðiÞk ; p0Þ �Gð1;sÞ
dðiÞkþ1

ðhðiÞk ; p0Þ � ðp� p0Þrþs�;

ð2:136Þ

and

kðiÞm ¼ GðmÞ
rðiÞkþ1

=Gð2;0Þ
rðiÞkþ1

with

GðmÞ
rðiÞkþ1

¼
XM
mi¼0

XM
mj¼0

1
mi!

1
mj!

½Gðmi�ri;riÞ
cðiÞkþ1

ðhðiÞk ; p0Þ � ðp� p0Þmi�ri �

�Gðmj�sj;sjÞ
cðiÞkþ1

ðhðiÞk ; p0Þ � ðp� p0Þmj�sj

þGðmi�ri;riÞ
dðiÞkþ1

ðhðiÞk ; p0Þ � ðp� p0Þmi�ri �

�Gðmj�sj;sjÞ
dðiÞkþ1

ðhðiÞk ; p0Þ � ðp� p0Þmj�sj �dðriþsjÞ
m

¼ 1
m!

Xm�1

r¼1

Cr
m

XM
s¼1

1
s!

1
ð2M � mÞ! ½G

ðr;sÞ
cðiÞkþ1

ðhðiÞk ; p0Þ �Gðm�r;2M�m�rÞ
cðiÞkþ1

ðhðiÞk ; p0Þ

þGðr;sÞ
dðiÞkþ1

ðhðiÞk ; p0Þ �Gðm�r;2M�m�rÞ
dðiÞkþ1

ðhðiÞk ; p0Þ� � ðp� p0ÞM�m;

ð2:137Þ

Gðm�r;rÞ
cðiÞkþ1

ðhk; p0Þ ¼
1
D
½D2G

ðm�r;rÞ
cðiÞk

ðx	kð0Þ; p0Þ � D12G
ðm�r;rÞ
dðiÞk

ðx	kð0Þ; p0Þ�;

Gðm�r;rÞ
dðiÞkþ1

ðhk; p0Þ ¼
1
D
½D1G

ðm�r;rÞ
dðiÞk

ðx	kð0Þ; p0Þ � D12G
ðm�r;rÞ
cðiÞk

ðx	kð0Þ; p0Þ�:
ð2:138Þ
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If Gð2;0Þ
rðiÞkþ1

¼ 1 and p ¼ p0, the stability of current fixed point x	k on an eigenvector

plane of ðui; viÞ changes from stable to unstable state (or from unstable to stable
state). The bifurcation manifold in the direction of vi is determined by

kðiÞ þ
X1

m¼3
kðiÞm ðrðiÞk Þm�2 ¼ 0: ð2:139Þ

Such a bifurcation at the fixed point ðx	kð0Þ; p0Þ is called the generalized Neimark

bifurcation on the eigenvector plane of ðui; viÞ.
For a special case, if

kðiÞ þ kðiÞ4 ðrðiÞk Þ2 ¼ 0; for kðiÞ � kðiÞ4 \0 and kðiÞ3 ¼ 0 ð2:140Þ

such a bifurcation at point ðx	0; p0Þ is called the Neimark bifurcation on the
eigenvector plane of ðui; viÞ.

For the repeating eigenvalues of DPðx	k ; pÞ, the bifurcation of fixed point x	k can be
similarly discussed in the foregoing Theorems 2.5 and 2.6. Herein, such a proce-
dure will not be repeated. From the foregoing analysis of the Neimark bifurcation,
the Neimark bifurcation points possess the higher-order singularity of the flow in
discrete dynamical system in the radial direction. For the stable Neimark bifurca-
tion, the mth-order singularity of the flow at the bifurcation point exists as a sink of
the mth-order in the radial direction. For the unstable Neimark bifurcation, the
mth-order singularity of the flow at the bifurcation point exists as a source of the
mth-order in the radial direction.

Consider a 2D map

P : xk ! xkþ1 with xkþ1 ¼ fðxk; pÞ ð2:141Þ

where xk ¼ ðxk; ykÞT and f ¼ ðf1; f2ÞT with a parameter vector p. The period-n fixed
point for Eq. (2.141) is ðx	k ; pÞ; i.e., PðnÞx	k ¼ x	kþn where PðnÞ ¼ P � Pðn�1Þ and
Pð0Þ ¼ 1, and its stability and bifurcation conditions are given as follows.

(i) period-doubling (flip or pitchfork) bifurcation

trðDPðnÞÞ þ detðDPðnÞÞ þ 1 ¼ 0; ð2:142Þ

(ii) saddle–node bifurcation

detðDPðnÞÞ þ 1 ¼ trðDPðnÞÞ; ð2:143Þ

(iii) Neimark bifurcation

detðDPðnÞÞ ¼ 1: ð2:144Þ
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The bifurcation and stability conditions for the solution of period-n for
Eq. (2.141) are summarized in Fig. 2.8 with detðDPðnÞÞ ¼ detðDPðnÞðx	kð0Þ; p0ÞÞ and
trðDPðnÞÞ ¼ trðDPðnÞðx	kð0Þ; p0ÞÞ. The thick dashed lines are bifurcation lines. The

stability of the fixed point is given by the eigenvalues in complex plane. The
stability of the fixed point for higher-dimensional systems can be identified by using
a naming of stability for linear dynamical systems in Luo (2011, 2012). The saddle–
node bifurcation possesses stable saddle–node bifurcation (critical) and unstable
saddle–node bifurcation (degenerate).
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Fig. 2.8 Stability and bifurcation diagrams through the complex plane of eigenvalues for 2D
discrete dynamical systems
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