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Abstract This paper concerns with scalarization processes of set-valued optimiza-
tion problems, whose objective space is a Hausdorff locally convex topological lin-
ear space and the preferences between the objective values are stated through set
orderings. To be precise, general necessary and sufficient optimality conditions for
minimal and weak minimal solutions of these optimization problems are obtained
by dealing with abstract scalarization mappings that satisfy certain order preserving
and order representing properties. Then these conditions are applied to well-known
scalarization mappings in set optimization. This approach extends and unifies the
main nonlinear scalarization results of the literature on set optimization problems
with set orderings.
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1 Introduction

Scalarization methods are one of the most powerful mathematical tools to study set-
valued optimization problems with set orderings (see [1, 7, 13—15, 17-19, 31-34,
36, 38—41, 43]). As an example, let us observe that they have been successfully
used to obtain minimal element theorems (see [13, 17-19, 41]), Ekeland variational
principles (see [7, 13, 15, 17, 18]), well-posedness properties (see [14, 43]), stability
results (see [15]), scalar representations without convexity assumptions (see [19]),
nonconvex separation type theorems and alternative theorems (see [1, 38]), Takahashi
type minimization theorems (see [1]) and optimality conditions through solutions of
associated scalar optimization problems (see [1, 11, 19, 34, 36, 40]).

To the best of our knowledge, the first scalarization mappings for set-valued opti-
mization problems with set orderings were introduced by Hamel and Lohne [17]
(see also [18]), Nishizawa et al. [39] and Ha [15]. The mappings defined by Hamel
and Lohne, and Nishizawa et al. extend the so-called Gerstewitz’s nonconvex sepa-
ration functional (see [8—10]) in order to deal with set orderings through the usual
order in R U {£o0}. The approach due to Hamel and Lohne is more general, since
they consider a fixed set that plays the role of “parameter”. This fact is crucial in
order to characterize minimal solutions of set-valued optimization problems with set
orderings through solutions of associated scalar optimization problems (see [1, 34]).
The scalarization mappings due to Nishizawa et al. do not consider this parameter
and they characterize nondominated solutions (see [40]), a particular type of min-
imal solutions. On the other hand, Ha [15] generalized the well-known weighting
scalarization method, extensively used in convex vector optimization problems.

The ideas, concepts and mathematical tools introduced by Hamel and Lohne
in [17, 18] have motivated a lot of new contributions for scalarizing set-valued
optimization problems with set orderings. In [19], Herndndez and Rodriguez-Marin
introduced a nonlinear scalarization mapping, studied its properties in deep and, for
the first time in the literature, they characterized minimal and weak minimal solutions
of set-valued optimization problems with set orderings via solutions of associated
scalar optimization problems. Some new properties of this scalarization mapping
have been stated in [43], where it has been used to derive well-posedness properties
of set-valued optimization problems with set orderings.

Recently and inspired by this approach, Gutiérrez et al. [14] derived new prop-
erties of the scalarization mappings due to Hamel and Lohne, generalized the well-
posedness properties obtained in [43], and characterized minimal and strict minimal
solutions of set-valued optimization problems with set orderings via scalarization.
Also, Gutiérrez et al. [13] defined a sup-inf type scalarization mapping and via this
mapping they derived approximate strict minimal element theorems and approximate
versions of the Ekeland variational principle for set orderings.

On the other hand, Kuwano et al. [31] and Araya [1] introduced scalarization
schemes that unify several nonlinear scalarization mappings introduced in the lit-
erature and allow to characterize via scalarization minimal solutions of set-valued
optimization problems by considering different set orderings (see [34]). Moreover,
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Maeda [36] characterized via the scalarization mappings due to Hamel and Loéhne
new concepts of solution based on set orderings motivated by fuzzy mathematical
programming problems (see [35]).

This work is structured as follows. In Sect. 2 we introduce the set-valued optimiza-
tion problem and the basic notations. Moreover, some technical results on topological
properties of the conic extension of a set and about the set orderings induced by an
open ordering cone are stated. In Sect.3 we introduce the order representing and
monotonicity properties for mappings defined in the power set of a vector space.
This kind of properties have been widely used in vector optimization to characterize
minimal solutions through scalarization. Moreover, we study in deep some properties
of the nonlinear scalarization mappings introduced by Hamel and Lohne [17, 18]
and Gutiérrez et al. [13]. In particular, we analyze when these scalarization mappings
satisfy the mentioned order representing and monotonicity properties, and we prove
that the scalarization mapping due to Hernandez and Rodriguez-Marin [19] coin-
cides with the scalarization mapping due to Hamel and Lohne. Finally, in Sect.4,
we characterize the minimal and weak minimal solutions of set-valued optimization
problems with set orderings by solutions of scalar optimization problems defined
via generic scalarization mappings that satisfy order representing and monotonicity
properties. We show that these “implicit” characterizations can be done “explicit” by
using Hamel and Lohne scalarization mapping and, in general, by considering any
scalarization mapping that satisfies the required order representing and monotonicity
properties. The results obtained in Sects.3 and 4 extend and clarify some results of
the literature.

2 Preliminaries

Let Y be a Hausdorff locally convex topological linear space. The topological dual
space of Y is denoted by Y*, and the duality pairing by (y*, y), y* € Y*,y € Y. We
denote by int M, cl M and cone M the interior, the closure and the cone generated
by aset M C Y, and we say that M is solid if int M # (. The ordering cone of Y is
denoted by D, which is assumed to be proper (i.e., D # Y), closed, solid and convex.
The nonnegative orthant of R” is denoted by R .

The positive polar cone of D is denoted by D, i.e.,

Dt :={LeY*: (A, d)>0,Yd € D}.
For each g € int D we denote
DY (@):={,eD":(\q) =1}

It is well-known (see, for instance, [10]) that D" (q) is compact in the weak star
topology, convex and cone DV (g) = D™.
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We denote the Minkowski sum of two nonempty sets My, M, C Y by M| + M5,
ie.,

M+ My = {y1 +y2:y1 € M1,y € Ma}.

Moreover, we assume that M + 9 = @+ M = @, forall M C Y,and foreachy € Y,
y + M (resp. M + y) denotes {y} + M (resp. M + {y}). The following topological
properties on the conic extension of a set will be used in the paper. Part (a) was stated
in [4, Lemma2.5] and so its proof is omitted.

Proposition 2.1 Consider a nonempty set M C Y. We have that
(a) intcl(M + D) = M + int D,
(b) cl(M+ D)+intD C M + int D.

Proof Let us proof part (b). It is clear that
cdM+D)+intD Ccl(M+ D)+ D =cl(M+ D).
Then, by part (a) it follows that
int(cl1(M + D) +int D) C M + int D

and the proof is completed. (]

Recall that a set M C Y is D-bounded if for each neighborhood U of zero in
Y there exists « > 0 such that M C oU + D. M is D-compact if any cover of M
of the form {U; + D : U, is open} admits a finite subcover. Observe that the family
{V; +int D : V; C Y} fits with this form, since V; + int D = (V; + int D) + D, and
the sets U; := V; + int D are open. Analogously, we say that M is D-closedif M + D
is closed.

On the other hand, M is D-proper if M + D # Y. Cone properness is a kind
of boundedness weaker than the cone boundedness (see [14]). Next we recall an
important characterization of this property.

Lemma 2.2 []4, Theorem3.6] A nonempty set M C Y is D-proper if and only if
there is not an element e € int D such that —e + M C M + D.

In this paper we study the following set optimization problem:
Min{F(x) : x € S}, P)

where the objective mapping F : X — 2V is set-valued, the decision space X is an

arbitrary set, and the feasible set S C X is nonempty. In [2, 3, 16, 20, 24] the reader

can find some practical problems which are modeled by set optimization problems.
We denote

DomF :={x € X : F(x) # 0}
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and we suppose that F is properin S,i.e., DomF N S # (. We say that F is D-proper
(resp. D-compact, D-closed) valued in § if F(x) is D-proper (resp. D-compact,
D-closed), for all x € S.

To solve this problem one needs to discriminate between the objective values
F(x), x € §. We model this task via the following well-known set orderings (see
[25-30]), where K € {D, int D}:

M\, My CY, My 3% My &< M,C M, +K,
M, 3% My < M, CM,—K,
My ) My < M, 2% Myand My Zh My,
My < My < M, 2% Myand My, =} My (j € {l,u}).

Remark 2.3 (a) Let K € {D, int D}. The following equivalences are clear:

My e My = M, S M,
My 3% My &= My =L My,
M, A My, <— M, V“]_K M,
My <% My < M, < M,
M, <, My < M, C M, + K and M; ¢ M, + K,
M, <% M, < M, CM,—Kand M, ¢ M, — K.

Moreover,

My 'y My < M,+D =M, +D,
M, <% M, < M;—D =M, — D.

These two statements could be false for the relations «~!  ;, and «~ . For example,
consider the following data: ¥ = R?, D =R, M; = intR?, M, = R} It is easy
to check that M; + int D = M, + int D and M, <me M.

(b) Let us observe that there exist in the literature a lot of set relations from which
one can model the preferences between the objective values of the problem (P) (see
[6, 23]).

In the next lemma we state two technical properties of the relation jfm p» Which
will be used in the paper.

Lemma 2.4 Consider q € int D and two nonempty sets A, M C Y. The following
statements hold:

(a) If A is D-bounded, then there exists t € R such that M +1tq 3t A.
(b) If A lis D-compact and M 3! A, then there exists t > 0 such that M +
1q jinlD A.
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Proof (a) Let us consider an arbitrary point y € M. It is obvious that A — y is D-
bounded and —¢g + int D is a neighborhood of zero in Y. Then there exists o >
0 such that A —y C a(—¢g +int D) + D = —aqg + int D. Therefore, A C M —
ag + int D and the proof of part () is finished.

(b) AsA C M + int D and M + int D is an open set, for each y € A there exists
ty > Osuchthat y — t,g € M + int D, and it follows that

Ac | Jyg+ M +int D).
yeA

Since A is D-compact we deduce that there exist {y;, y2, ..., y,} C A such that

Ac|Jt,q+M+intD).

i=1
By considering t := min({t,, : i = 1,2,...,n} > 0 we obtain
ACtq+M+intD,

and the proof is completed. ]

The set orderings </ and <* define the preferences on the feasible points via their
objective values. The concepts of solution of problem (P) were introduced according
with these preferences (see [19, 25-29]) and the classical minimality notion in the
theory of ordered sets.

Definition 2.5 Consider j € {/,u}. A point xo € § is a j-minimal (resp. weak
j—mipimal) solution of problem (P), denoted by xo € M/(F,S) (resp. xo €
WM/ (F,S)), if

x €8, F(x) 20 F(xo) = F(xo) 2 F(x)
(resp.x € S, F(x) =/ F(xo) = F(xo) 3/, F(x)).

~int D ~int D
Remark 2.6 (a) Let G : X — 2" be such that F(x) = G(x) + D (resp. F(x) =
G(x) — D), for all x € S. It is easy to check that M'(F, S) = M'(G, S) and
WM (F, §) = WM!(G, S) (resp. M'(F,S) =M"“(G,S) and WMY“(F,S) =
WM“(G, S)).

(b) Let us recall that the first concepts of solution of problem (P) introduced in
the literature did not use set relations. They consider feasible points whose images
contain minimal points with respect to the whole image of the objective mapping
and the ordering induced by the cone D (see [5, 21]).

As F is proper in S, it follows that M'(F, §) € DomF N S and WM/ (F, §) C
DomF N S. Analogously, if S\DomF # @ then M"(F,S) = WM“(F, S) =
S\DomF. Therefore, without losing generality, in the sequel we assume that
S C DomF. Moreover, we denote ) := 2"\ {#} and F := {F(x) : x € S}.
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Let us observe that if there exists x € S such that F(x) is not D-proper, then
M\(F,8) =WM'(F,S)={zeS:F(z)+ D =Y}

On the other hand, if there exists x € S such that F'(x) is —D-proper, then F(z) is
— D-proper, for all z € M“(F, S) and for all z € WM*(F, S). Therefore, for solving
problem (P) in the sense of the /-minimality or weak /-minimality (resp. u-minimality
or weak u-minimality), one could assume without loss of generality that the objective
mapping F' is D-proper valued (resp. — D-proper valued) in S.

3 Scalarization Processes

The scalarization processes are among the most important techniques to study prob-
lem (P). They relate the solutions of problem (P) with solutions of associated scalar
optimization problems. Usually, these associated scalar optimization problems are
defined by the composition of the objective mapping F with the elements of a
parametric family {¢,} ,cp of extended real-valued mappings ¢, : YV — R U {£o00},
where P is an index set (see [11, 19]). Then, the scalarization processes relate the
minimal and weak minimal solutions of problem (P) with the solutions of the fol-
lowing scalar optimization problems:

Min{(¢, o F)(x) : x € S}. (Py,)

We denote the set of solutions of problem (P,) by S(¢, o F, §). Let us recall that
a point xo € S is a strict solution of problem (P,,) if ¢, (F (x0)) < ¢,(F(x)),Vx €
S\{xo}, i.e.,if S(p, o F, S) = {xo}.

Let M C ), we say that an extended real-valued mapping ¢ : M — R U {£o0}
is proper if ¢(M) > —oo, for all M € M, and

Domg :={M € M : o(M) < o0} # .

It is well-known between practitioners and researchers in vector optimization that
a scalarization mapping is useful to characterize the solutions of a vector optimiza-
tion problem through the solutions of the associated scalar optimization problem
whenever it is monotone and satisfies the so-called order representing property (see
[12, 37, 42]). Next we extend these properties to problem (P).

Definition 3.1 Let¢ : M — RU {400}, A € Mand j € {l, u}.
(a) ¢ is order le -representing (resp. 3%,-representing) at A if

(M eM:pM) <p(A)}C{MeM: M3 A)
(resp. {M € M : ¢(A) < (M)} C{M e M : A=) M)).
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(b) ¢ is strictly order j’D-representing (resp. strictly ZY,-representing) at A if

(M eM:pM) <gp(A)yC{MeM:M< A}
(resp. {M e M : 9(A) < p(M)} C{M € M : A <}, M}).

(c) @is le-monotone (resp. Z'-monotone) at A if

MeMMZLA = oM)<gA)
(tesp. M e M,AZE M = ¢(A) < p(M)).

(d) ¢ is strictly j’D-monotone (resp. strictly =',-monotone) at A if

MeM,M<yA = oM)<pA)
(resp. M e M, A<, M = ¢(A) < p(M)).

(e) ¢is j{)-monotqne (resp. strictly j{)-monotone) on M if ¢ is j{)-monotone
(resp. strictly 37,-monotone) at A, for all A € M.

In the literature one can find several scalarization processes to deal with problem
(P) without assuming any convexity assumption (see [1, 13, 14, 17-19, 31, 33,
34, 36, 39, 40, 43]). All of them generalize the so-called Gerstewitz scalarization
mapping s, : ¥ — R (see [8-10]):

sq(y) =inf{reR:yetqg— D}, VyeY,

where ¢ is an arbitrary point in int D. This mapping has been extensively used for
scalarizing vector optimization problems (see [5, 10] and the references therein). In
particular, it follows that (see [5, Proposition 1.53]):

s¢(y) = max{(x,y) : 1 € D™(q)}, VyeY. ()

Motivated by the scalarization processes due to Hamel and Lhne, we consider
the following families {<I>;;:1;(x)}xes, j €{l,u}, q € int D, of scalarization mappings

of problem (P) (see [1, 14, 17, 18, 34]). Foreach A € ), CD(;IZ Y = RU{%o0},
@) 0 (M) := inf AL (M)
% (M) = sup Ay (M)

where

ALB(M) = {t eR: M 3, tq + A},
AR (M) =t eR:tqg+ A S M),
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and we assume the usual conventions inf # = 400 and sup ¥ = —oo. It is clear that
1,D 1D

e,y (M)=[t,00) C A, 4 (M)

and then, one of the following cases happens: Af]’ﬁ(M) =0, Ai;ﬁ M) =R (e.,
L0 (M) = —00) or ALN(M) #£0, ALD(M) £R (e, @.5(M)eR and
Agia (M) = [0 (M), +00) or AL (M) = (@73 (M), +00)).

On the other hand, it is easy to check that

—ASRM) =AM ={teR:M Sy t(—q)+ A}, VM€,
(observe that Al;;z (M) is defined by — D instead of D) and so we have that
Ul (M) = -t N(M), YMeY. 2)

Thus, in the sequel, the statements on the scalarization process @Z‘g are not proved,
since they follow easily from the corresponding statements on the scalarization
process <1>2’ ﬁ by the equivalences of Remark 2.3(a) and relation (2). Let us observe

that CIDfI’ﬁ and CIDg:AI? reduce to the scalarization mappings introduced by Nishizawa
et al. in [39] by taking A = {0}, i.e., by removing the “parameter” A.

In the next four results we collect some of the main properties of these scalarization
processes. Proposition 3.2 and Theorem 3.5 extend Proposition4.1 and Theorem4.2
of [14]. In order to simplify the notation we write AL’A, Ay 4 deM and @/ | instead
of Af]’ﬁ, A;‘:f , @Zq%(x) and @Z:?m, respectively. Let us recall that mappings q)i,,x
and &y | are defined on Y = 2V\{9}.

Proposition 3.2 Letg eintD, x € Sand M € ).

(a) dDIq,X (M) = —oo if and only if M is not D-proper.
(b) If F(x) is not D-proper, then

I | o0 if M is D-proper,
Py (M) = [ —00 otherwise.
(c) Suppose that F(x) is D-bounded. Then CI>£M (M) < +o0.

Proof (a) If @, (M) = —oo0, then Af]’F(X)(M) =Rand M 3 tq + F(x), for all
t € R. In other words,

Uta + F) c M+D. 3)
teR

As g € int D, it is easy to check that | J, .z (¢ + D) = Y. Then, by (3) we see that
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Y=Y+Fx) =|Jtg+D)+Fx)CM+D+D=M+D
teR

and M is not D-proper. Reciprocally, if M is not D-proper, then it is obvious that
M 2 tqg + F(x), forall t € R, and so @;‘x(M) = —o0.

(b) Suppose that F(x) is not D-proper and let M € ). If M is not D-proper, then
by part (a) we deduce that @é,x (M) = —o0.If M is D-proper and A;’F(x)(M) £ 0,
then there exists ¢ € R such that tqg + F(x) C M + D, and so

Y=tq+Fx)+DCM+D+D=M+D,

that is a contradiction. Thus Ai;, Foy(M) = ¢ and so CI>fM (M) = +o00, which finishes
the proof of part (b).

(c) As F(x) is D-bounded and ¢ € int D, by Lemma2.4(a), there exists r € R
such that F(x) +1g C M + D. Then 1 € A}y (M), and as A} (M) # @ it
follows that CDﬁm(M) < 400, which finishes the proof. O

The next similar properties on ® , are direct consequences of Proposition3.2
and relation (2).

Proposition 3.3 Letq €intD, x € Sand M € Y. Then:

(a) @y (M) = +o0 if and only if M is not —D-proper.
(b) If F(x) is not —D-proper; then

—oo  if M is — D-proper,

u _
D (M) = 400 otherwise.

(c) Suppose that F(x) is —D-bounded. Then CDZJ (M) > —o0.

Remark 3.4 The sufficient condition of Proposition3.2(a) and Proposition 3.2(c)
reduce to [36, Theorem 3.1(i),(ii)] by considering ¥ = R", D = R’ and by assum-
ing that M is D-bounded. Analogously, the sufficient condition of Proposition 3.3(a)
and Proposition 3.3(c) reduce to [36, Theorem 3.1(iv), (iii)] by considering ¥ = R",
D = R and by assuming that M is —D-bounded.

Theorem 3.5 Consider q € int D, x € S, and suppose that F(x) is D-proper.
(a) @, (F(x))=0.

(b) If F is D-proper valued in S, then CDfM : F — R U {z£o0} is proper.

(c) <I>fm(M +1tq) = (Di/,x(M) +t, forall M € Yandt € R.

(d) <I>fM is 3L -monotone on Y.
(e) Let M € Y andt € R. It follows that

@ (M) <t <= F(x) C—tqg+cl(M+ D). (4)

f) <I>fM is strictly order 2! . p-representing at F(x).

~1n
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(g) Consider Q, M € Y such that Q/ is D—compclzct and M 2L, O, and suppose
that F (x) is D-bounded. Then CDq’x(M) < CI>q,x(Q).

(h) Let M C Y be a family of D-compact sets and suppose that F (x) is D-bounded.
Then ®,, s strictly =l p-monotone on M.

~1

Proof (a) Itis clear that &/ (F(x)) < 0,since0 € Alq’F(x)(F(x)). If @) (F(x)) <
0, then there exists t > 0 such that F(x) jID —tq + F(x), ie.,, —tq + F(x) C
F(x) + D. By Lemma?2.2 it follows that F(x) is not D-proper, which is a con-
tradiction. Thus CD’M (F(x)) = 0 and the proof of part (a) is completed.

(b) As F(z) is D-proper for all z € S, by Proposition3.2(a) we deduce that
CIDfM(F(z)) > —oo, for all z € §. Moreover, by part (a) we have that F(x) €
DomCDfM. Then QJZ’X : F — R U {£o00} is proper.

(c) Consider M € Y and t € R. It is easy to check that A;!F(x)(M +1tq) =
A;F(x)(M) + ¢t. Then, CIDQ’X(M + tg) = +oo if and only if dDﬁM(M) = 400, since
AZq,F(X)(M + tq) = @ if and only if Alq,F(X)(M) = (). On the other hand, if CDZ’X (M)
< +o00, then

@) (M +1q) =inf A} p. (M +1q) =inf A} (M) +1 =D (M)+1

and part (c) is proved.
(d) Consider A, M € Y such that M 3/ A. As the relation ) is transitive, it
is easy to check that A;’F(x)(A) c AQ,M(M) and so ®! (M) < ! (A). Thus,

CIDZW is </ -monotone at A, forall A € ).
(e) It follows that

O (M) <t=14eeA o (M), Ve>0
=>Fx)+(t+e)gC M+ D, Ve>0
=>y+eqe—-tq+M+D, Ve>0,Vye F(x).

Then, by taking the limit when ¢ |, 0 we have that
CDiM(M) <t=yecl(—tqg+M+D)=—tqg+cl(M+ D), VyeF(x),

and the necessary condition of part (e) is proved. Reciprocally, if y € —tq +
cl(M + D) for all y € F(x), then by Proposition2.1(b) we have

y+eqe—tqg+cl(M+ D)+eq C —tqg+cl(M+ D)+int D
C—tq+M-+intD, Ve>0,Vye F(x).

Therefore, t + € € AZ’F(X)(M) for all & > 0, and so CDZq,X(M) <t.
(f) Let us consider M € Y such that ®,, (M) < @, (F(x)). By part (a) we see
that <I>f1qX(M) < 0 and there exists ¢ > 0 such that —tg + F(x) C M + D. Thus,
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Fx)ycM+(tq+ D) C M+ int D

and we see that M j{m p F(x).If F(x) j{m p M, thenitis obvious that F (x) j]D M
and as @,  is =<' -monotone on ) we deduce that @ (F(x)) < ®, (M), which
is a contradiction. Therefore M <fm p F(x), which finishes the proof of part (f).

(g) As Q is D-compact it follows that Q is D-proper, and by Proposition3.2(a) we
have that @ (Q) > —oo. If M is not D-proper, then we see that &} (M) = —oo,
and so @ (M) < @, (Q).

Suppose that M is D-proper. By Lemma?2.4(b) it follows that there exists ¢ > 0
such that M + tq le Q. As M is D-proper and F(x) is D-bounded, by Propo-
sition 3.2(a), (¢) we see that CDQ.X (M) € R. Then, by parts (c) and (d) we deduce
that

@ (M) <t+ @, (M)=, (M+1q9) <P, (Q).

Part (h) is a direct consequence of part (g). [l

Similar results for & | are collected without proof in the next theorem.
Theorem 3.6 Consider q € int D, x € S, and suppose that F (x) is —D-proper.

(a) @4 (F(x)) =0.

(b) If F is —D-proper valued in S and F(x) is —D-bounded, then oy, F —
R U {£o00} is finite valued.

(c) @y (M +1q) =, (M)+1, forall M € Y andt € R.

(d) @y, is 2% -monotone on ).

(e) Let M € Y and t € R. It follows that

dy (M) >1 & F(x) C —tq +cl(M — D).

(f) @y, is strictly order 24 p-representing at F(x).

(g) Consider Q, M € Y such that Q is —D-compact and Q 3k, , M, and suppose
that F (x) is —D-bounded. Then @, (Q) < Dy (M).

(h) Let M C Y be a family of —D-compact sets and suppose that F(x) is —D-

bounded. Then ®y , is strictly i p-monotone on M.

~

Remark 3.7 (a) Parts (c) and (d) in Theorem 3.5 have been stated in different papers
(see [18, Theorem 3.1(ii), (iii)], [1, Theorem 3.2(iii), (v)], [34, Proposition 3.2]). The-
orem 3.5(d) reduces to [36, Theorem 3.2, statement (14)] by considering ¥ = R" and
D = R’,. Analogously, parts (c) and () in Theorem 3.6 have been obtained in [18,
Corollary 3.2], [1, Theorem 3.7(iii), (v)], [34, Proposition 3.2], and Theorem 3.6(d)
reduces to [36, Theorem 3.2, statement (13)] by considering ¥ = R" and D = R’,.
On the other hand, Theorems 3.5(g) and 3.6(g) reduce to statements (18) and (17)
of [36, Theorem 3.3], respectively, by considering Y = R", D = R, and by assuming
that Q and M are compact. Analogously, Theorems 3.5(a), (f), (g) and 3.6(a), (f), (g)
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reduce to statements (i)—(v) of [36, Theorem 3.4] by considering ¥ = R", D = R,
and the class of all nonempty and compact sets of R”.

(b) Proposition3.2 and Theorem3.5 extend [18, Theorem3.1]. Analogously,
Proposition 3.3 and Theorem 3.6 extend [18, Corollary 3.2].

In [18, Theorem3.1], the authors prove that <I>’W(M) < 400, for all M € ),
M le F(x). In Theorem 3.5 we obtain <I>£M (M) < +o0, for all M € ) whenever
F(x) is D-bounded. On the other hand, in [18, Theorem3.1], the authors prove
that (sz, is lower bounded on M C ) whenever the elements of M are lower
le -bounded by a bounded set A, i.e., whenever there exists a (topological) bounded
set A such that A ;j’D M, for all M € M. Moreover, let us observe that [18, Theo-
rem 3.1] can be applied if the ordering cone D is not solid whenever D\ (—D) # @.

(c) Proposition3.2 and Theorem3.5 (resp. Proposition3.3 and Theorem 3.6)
extend and clarify [1, Theorem3.2] (resp. [1, Theorem3.7]). To be precise, in [1,
Theorem 3.2] the mapping dbil, 4 1s denoted by hfnf(~ ; A) and it is defined by a point
q € D\(—D) instead of ¢ € int D. Under these assumptions, Theorem 3.2(i) of [1]
states that h{nf(M ; A) > —oo, for all D-proper sets M € ). However, this state-
ment could be wrong if ¢ ¢ int D (compare with Proposition 3.2(a)), as it is showed
in the following example. Consider Y = R?, D = Ri, qg=(1,0) A= {(0,0)} and
M ={(y1, y2) € R?: vy, > 0}. Itis clear that M is D-proper and hfnf(M; A) = —o0.

On the other hand, for each ¢ € R, Theorem 3.2(ii) of [1] states that

X

Rie(M; A) <t <= A+1tq CM+ D,

but this equivalence is true whenever M is D-closed (compare with (4)), as the follow-
ing example shows.LetY = R?, D = Rﬁ_,q =(1,1),A={0,0)}and M = intRi.
It is clear that 4! .(M; A) =0and A ¢ M + D. Analogously, the sufficient condi-
tion of [1, Theorem3.2(xi)] and [1, Theorem 3.2(xii)] could not be true for non-
D-compact sets (compare with parts (g) and (k) of Theorem 3.5). Indeed, consider
Y=R:,D=M= Ri, g=(,1)and A = intRi. It is obvious that M j{mD A,
but hfnf(M ;A) = hfnf(A; A) = 0. Moreover, the necessary condition of [1, Theo-
rem 3.2(xi)] can be generalized as follows:

AMeYteR, h (M;A) <t=tqg+ACM+intD, (5)

i.e., the assumptions on the D-properness and D-closedness of M can be removed.
Let us check (5). If i} .(M; A) < t there exists ¢ > O such that b .(M; A) <t —e.
Thus

tqg+AC(t—e)gq+A+eqCM+(eq+D)CM+intD

and statement (5) is proved.

(d) Theorem 3.5(a) (resp. Theorem 3.6(a)) has been stated in [34, Proposition 3.3]
for any nonempty set F'(x) C Y, i.e., without assuming that F(x) is D-proper
(resp. — D-proper). However, Proposition 3.2 (resp. Proposition 3.3) shows that this
assumption cannot be removed.
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Analogously, Theorem3.5(g) (resp. Theorem 3.6(g)) has been derived in [34,
Proposition 3.6] by assuming that Q is D-closed (resp. —D-closed) instead of D-
compact (resp. — D-compact). The following data show that the D-closedness is not
sufficient to satisfy Theorem3.5(g) (a similar example can be proposed in order to
show that the — D-closedness is not sufficient to satisfy Theorem 3.6(g)). Consider
Y=R>D=M=R},g=(,1)and F(x) = Q = {(y1,y2) € R} : y2 = 1/y1}.
It is easy to check that Q is D-closed, M 3!, O and d>fm (M) = <Df,,x(Q) =0.

~1
. . . [
Next we show an equivalent representation of the mapping @, ..

Theorem 3.8 Consider x € S. We have that

CDI%X(M) = sup q)lq,{y}(M), YMe). (6)
yeF(x)

Proof Let us define the mapping H, : ) x YV — R U {£o0},

Hy(My, My) := sup &, (M), VM, M e,
YEM, i

and consider € R. Let us prove
Hy(M,F(x)) <r < @, (M) <r. (7)

Indeed, by (4) we have that

H,M,F(x)) <r < CDIq’{y}(M) <r, VyeF(x), )
< ye-rqg+c(M+ D), VyeF(x),
< F(x)+rq Ccl(M+ D). ©))

Suppose that H,(M, F(x)) < r and consider an arbitrary ¢ > 0. Then by (9) and
Proposition2.1(b) we see that

Fx)+(r+e)gCccdM+D)+intDCM+ D, Ve>0,

andsor +¢ € A;F(X)(M), for all ¢ > 0. Thus GDQ’X(M) <r.

Reciprocally, if @ (M) <r then r +¢ € AQ’F(X)(M), for all ¢ > 0 and we
have F(x)+ (r +e)g C M + D, for all ¢ > 0. By (8) and (9) we deduce that
H,(M, F(x)) <r+e¢,forall ¢ > 0 and it follows that H,(M, F(x)) <r.

By (7) we have that

@) (M) =—o0 < Hy(M, F(x)) = —o0,
@) (M) =+00 & Hy(M, F(x)) = +00,
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and also @ (M) = H,(M, F(x)) whenever ® (M) € Rand H,(M, F(x)) € R,
which finishes the proof. O

Remark 3.9 The scalarization mapping H, was introduced as G_, in [19] by assum-
ing that the ordering cone D is pointed. Theorem 3.8 shows that it coincides with the
scalarization mapping Cblq’ 4 due to Hamel and Lohne (see [17, 18]).

Let us observe that some properties stated in Theorem 3.5 were obtained implic-
itly in different results of [19] via the formulation H, and by assuming additional
hypotheses. To be precise, part (a) of Theorem 3.5 reduces to [19, Theorem 3.10(1)]
by assuming that F(x) is D-closed; Part (d) extends [19, Theorem 3.8(v)] to non-
empty sets which are not D-proper; Parts (f) and (g) extend [19, Corollary 3.11(31)]
tosets A, B € ), where A could not be D-compact.

The following scalarization process {\I’(’],x}xes, \Ilfm Y - RU {xoo}forallx e
S, was introduced in [13] to study approximate versions of the Ekeland variational
principle in set-valued optimization problems. Consider ¢ € int D and the mapping
&, 1Y xY — RU {Fo0} given by

E,(M,y) = igjfw{max{(k, 7=y :AreD (@)}, YMeY,yeV.

Then, for each x € S,
W) (M) :=suplg,(M,y):y € F(x)}, VMe).

If F=f,where f: X — Y (ie., F is single-valued), then \IIIIM : Y — R reduces
to the Gerstewitz scalarization mapping. Indeed, it is clear that

£, ({z), y) = max{(x,z —y) : L € DT(q)}, Vz,y€Y,
and by (1) we see that

W) ({z) =&z}, () = max{(%,z — f(x)) : A € DT (q)}
=54z — f(x)), Vzel.

Moreover, in view of the definition it is clear that

W, (M) = sup infs,(z—y), YMe). (10)
yEF (x) zZEM

The following theorem shows that W) is a reformulation of @/, .

Theorem 3.10 Consider q € int D and x € S. Then the mappings \IJ(ZM and <I>f],x
coincide.

Proof Foreachy € Y and M € Y we have that:
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@ (M) =inf{t e R: M 3} tq + y}
=inf{teR:tqg+y e M+ D}
=infinf{t eR:z—y etq— D}

zeM

= nfs =)
and the proof follows by (6) and (10). (]

By Remark 3.9 and Theorem 3.10 we see that the mapping G_, by Herndndez
and Rodriguez-Marin, the mapping CDIM due to Hamel and Lohne and the mapping
‘Iﬂl,,x introduced by ourselves are the same function.

4 Minimality Conditions Through Scalarization

Next we obtain necessary and sufficient conditions for weak /-minimal and /-minimal
solutions of problem (P) by scalarization processes {¢,}recs such that for each
x € S, the mapping ¢, : F — R U {£o00} satisfies certain order representing and
monotonicity properties at F'(x). For each xy € S we denote

E(xp) = {x € S: F(x) ~, F(xo)},
S(x0) = (S\E(x0)) U {xo}.

First we derive necessary /-minimality conditions by using order representing map-
pings.

Theorem 4.1 Let {¢,} cs be a scalarization process, ¢, : F — R U {Fo0}, for all
x €.

(a) Let xo € S and suppose that ¢y, is strictly order j{m p-representing at F(xo). If
xo € WM!(F, S), then xy € S(¢y, o F, S).

(b) Let xo € S and suppose that ¢, is order le-representing at F(xp). If xo €
M!(F, S), then S(py, o F, S(x0)) = {xo0}. If additionally ¢y, is j’D-monotone on
F, then S(¢y, o F, S) = E(xo).

Proof (a) Suppose that xo ¢ S(¢y, o F, S). Then there exists x € § such that
©0x, (F (X)) < @x,(F(x0)). As ¢y, is strictly order jfm p-representing at F (xo), it fol-
lows that F'(x) <fm p F (x0), which is a contradiction since xo € WM/ (F, S).

(b) Consider x € S(xp), x # xo. It follows that x € S, F(x) =}, F(xo) and since
xo € M'(F, S) we have F(x) ﬁID F(xp). Thus, as ¢y, is order le-representing at
F(x0) we deduce that ¢, (F (x)) > ¢, (F(x0)) and so S(¢y, o F, S(x9)) = {xo}.

If additionally ¢, is =</ -monotone, then

S(px © F, S(x0)) = {x0} <= S(gx, 0 F, S) = E(xo) (1)
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and so the last statement of part (b) is a direct consequence of the first one. Let us prove
equivalence (11). The sufficient condition is trivial. On the other hand, suppose that
S(¢y, © F, S(x0)) = {x0} and consider x € E (xo). Since F (x) =35, F(xo), F(x0) Zh
F(x) and ¢y, is ;j’D-monotone on F, we have that ¢, (F(x)) = ¢, (F(xp)) and so
S(¢x, o F, S) = E(xp), which finishes the proof. ([l

In the following theorem we obtain sufficient conditions for weak /-minimal and
[-minimal solutions of problem (P) by solutions and strict solutions of scalarization
processes {¢,}res such that for each x € S, the mapping ¢, : F — R U {£o00} is

strictly jfm p-monotone and j’D-monotone at F'(x), respectively.

Theorem 4.2 Let {¢,},cs be a scalarization process, where ¢, : F — R U {f00},
forall x € S.

(a) Let xo € S be such that ¢y, is strictly jfm p-monotone at F(xo). If xo € S(¢y, o
F, S) then xo € WM'(F, S).

(b) Suppose that @, is strictly <!

int p-Monotone on F, for all x € S. Then

U S0 F. ) c WM/ (F. $).

xeS

(c) Letxy € S besuchthat ¢y, is j’D-monotone at F(x0). If S(¢y, o F, S(x0)) = {x0}
then xo € M'(F, S).

Proof Let us prove parts (a) and (c), since the proof of part () is similar to the proof
of part (a).

(a) Suppose that x( ¢ WM! (F, S). Then there exists x € S such that F(x) <fm D
F(x0). As ¢y, is strictly j{m p-monotone at F(xp) we deduce that ¢, (F(x)) <
@y, (F (xp)), which is a contradiction.

(¢) Suppose that xo ¢ M'(F, S). Then there exists x € S such that F(x) <),
F(xp), i.e., F(x) jID F(xo) and F(x) ooID F(x9), and so x € S(xg)\{x0}. We have
that ¢, (F(x)) < ¢y, (F(x0)), since ¢y, is <5 -monotone at F(xq). As S(gy, o
F, S(xg)) = {xo}, it follows that x = x, that is a contradiction and the proof is
completed. (]
Remark 4.3 Let us observe that if ¢, is le-monotone at F(xo) and S(gy, 0

F, S) = {xo} (i.e., xo is a strict solution of problem (P, ) with ¢, = ¢,,), then
S(¢x, o F, S(x0)) = {xo} and by Theorem4.2 it follows that xo € M/ (F, S).

By applying Theorems4.1 and 4.2 to the mappings { Qf]’x}xe s one obtains the
following characterizations for weak /-minimal and /-minimal solutions of problem
(P). Moreover, the same approach can be done to characterize weak u-minimal and
u-minimal solutions of problem (P) by considering the scalarization mapping ®y ,
and the set orderings <% and 3!, instead of 3 and X! ), respectively. In fact,

~vint ~int D

this approach can be extended to other set orderings (see [11]).

Corollary 4.4 Let g € int D. The following statements hold:
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(a) Assume that F is D-compact valued in S. Then, for each xo € X it follows that

xo € WM'(F,S) <= xpe€S(® oF,S).

q,Xo0
Moreover,
WM'(F, S) = JS(®, .o F.S). (12)

xe§

(b) Let xo € S such that F(xq) is D-proper, and assume that F is D-closed valued
in S. Then

xo € M'(F,S) < S(®,, oF.S)=E(x).

Proof (a) By Theorem 3.5 it follows that d> . 1s strictly order ﬁm p-Tepresenting at
F(x), and strictly =% Nmt p-monotone on F, for all x € S.Then part (@) is aconsequence
of part (a) of Theorem4.1 and parts (a) and (b) of Theorem4.2.

(b) As F(xp) is D-proper, by Theorem3.5(d) we have that CDQ_XU :F—-RU
{£oo}is 2 ‘p-monotone on F, and using Theorem 3.5(a), (e) it is easy to check that
CIDZ ) 18 order <! -representing at F (xo), since F is D-closed valued in S. Then the
result follows by Theorem4.1(b), statement (11) and Theorem4.2(c). (Il

Remark 4.5 (a) Corollary4.4(a) improves [19, Corollary4.11], since it general-
izes the sufficient condition of [19, Corollary4.11] to the whole solution set of
the scalarized problem and so the scalar representation (12) holds. Analogously,
Corollary 4.4(b) reduces to [19, Corollary 4.8] by assuming that F (x() is D-bounded
instead of D-proper.

Let us observe that Corollaries 4.8 and 4.11 of [19] characterize also weak
[-maximal and /-maximal solutions of problem (P).

On the other hand, the sufficient condition of Corollary4.4(b) reduces to [34,
Theorem4.3] by assuming that S(@’ ,oF. S) = {xo} (i.e., xo is a strict solution),
since in this case it follows that E(xo) = {x0} and so S(Cblq w © F. 8) = E(xo).
Indeed, suppose that x is a strict solution and consider x € E(xp). As d s le-

q,%X0
monotone on ) we deduce that CD’ (F x)) = Cbﬁ] XO(F (x0)). Then x = xg, since
S(®, o F,S) = {xo} and we have that E (x0) = {xo}.

(b) Corollary 4.4(a) has been stated in [1, Theorem 5.2] and [34, Theorem4.2] by
assuming that F is D-bounded and D-closed in S. The following data show that these
assumptions donot guarantee bothresults. Let X =R, Y = R2,D = Ri,q =(1,1),
Fx) = forallx e R,x #0,and F(0) = {(y1, ) € R2 :yp = 1/y1}. Itiseasy
to check that F is D-closed and D-bounded in X and CD’ o(F (x)) =0forall x € R,
but 0 ¢ WM (F, X), since F(x) <imD F(0), for all x € X\{0}.

Analogously, Corollary 4.4(b) clarifies Theorem 5.2 of [1], which could not be
true. For example, if F is constant in the feasible set S then MZ(F ,8) = S and for
each xo € S it is clear that h{nf(F(x); F(xp)) =0, forallx € S.
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5 Conclusions

In this paper, a detailed study on the scalarization of set optimization problems has
been carried out. Several concepts of solution based on set relations have been char-
acterized via generic scalarization mappings that satisfy suitable properties. Then
these characterizations have been specified by using well-known scalarization map-
pings, whose properties have previously been studied. An useful research direction
motivated by the results of this paper is to derive from them numerical procedures
to solve this kind of optimization problems.

Recently, another approach called vectorization has been proposed to charac-
terize solutions of set optimization problems based on set relations (see [22]). In
this approach, a suitable vector optimization problem is defined whose solutions are
related with the solutions of the set optimization problem. It would be interesting to
relate this approach with the results of this paper. In particular, one can analyze if
some of these results can be derived by combining the vectorization approach with
some of the well-known scalarization processes used in vector optimization.

Acknowledgments The authors are grateful to the anonymous referees and the editor who have
contributed to improve the quality of the paper.
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