Chapter 1
Introduction

1.1 One-Way Quantum Computation

1.1.1 Quantum Computation

The historical origin of quantum mechanics was the quantum hypothesis proposed
by Planck in 1900 [1]. From that time, considerable efforts have been devoted to the
research of quantum mechanics. Since it predicted curious phenomena contradictory
to classical mechanics, several researchers were skeptical about the new-coming
theories. In order to show the incompleteness of quantum mechanics, several thought
experiments were proposed. They included the paradox of nonlocal correlations
proposed by Einstein et al. [2]. Afterward, it was experimentally demonstrated that
such curious phenomena are observable in the real world. After long discussions
on quantum mechanics, it is now accepted and hailed as one of the great scientific
theories.

Recently, it was found that quantum mechanics can be applied to information
processing. The birth of quantum information processing was the proposal of the
quantum Turing machine by Deutsch in 1985 [3]. Although the superiority of quan-
tum computation over classical computation had not initially been demonstrated, it
was later proved that a quantum computer can solve some problems more efficiently
than a classical computer [4—8]. A well-known example is the factoring of integers.
Its discovery expedited research on quantum computers.

In the same way as the classical computation, the input of a quantum computer
is classical information (Fig. 1.1). It is firstly encoded into a quantum state |, ).
A quantum computer has the ability to apply a unitary operator U onto the quan-
tum state, leading to the output quantum state |V,,;) = U |in). This quantum state
manipulation is the key part of the quantum computation. The final answer of the
quantum computation is also classical information, which will be read out by per-
forming a measurement on the output quantum state.

The superposition of quantum states and quantum entangled states are character-
istic traits of in quantum theory. Consider a two-level system labeled by |0) and |1),
such as photon number states, or ground and excited states of an atom. An arbitrary
one qubit state is represented by
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Fig. 1.1 Quantum computation

al0) + b|1). (1.1)

This is called a superposition of |0) and [1). Different from a statistical mixture of
two quantum states, it leads to quantum interference.

An entangled state (Sect.3.7.1) refers to a quantum state which cannot be decom-
posed into two independent subsystems. The following is an example of entangled
states in a two-qubit system:

10)410)g + [1)all) B
7 .

This state cannot be represented by a tensor product of a state in the subsystem A and
another state in the subsystem B. As mentioned above, entanglement was originally
proposed by Einstein, Podolsky, and Rosen as a paradox which pointed out the
apparent incompleteness of quantum mechanics. However, it was later demonstrated
experimentally [9, 10], and it is now understood as a characteristic property of
quantum mechanics. The quantum state proposed by Einstein, Podolsky, and Rosen is
called the Einstein-Podolsky-Rosen state (EPR state). Itis thought that the superiority
of quantum computations originate from the parallelism of computation, based on
superposition and entanglement [11].

(1.2)

1.1.2 Quantum Teleportation

Another application of quantum entanglement is quantum teleportation [12-21]
(Sect.4.1.1). It is a protocol with which one can transmit an unknown quantum
state to a receiver at a distance (Fig. 1.2). The sender and the receiver are usually
named “Alice” and “Bob”, respectively.

For this purpose, Alice and Bob share an EPR state in advance. The procedure
of quantum teleportation is as follows. Firstly, Alice entangles the quantum state to
be transmitted and half of the EPR state which belongs to Alice. Alice measures the
two outcomes in an appropriate measurement basis. The measurement results are
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sent to Bob through classical channels. By performing correction operations on the
other half of the EPR state, Bob can reconstruct the quantum state which was initially
prepared by Alice.

Quantum teleportation has features in common with quantum computation,
including that both handle entanglement, and require (some) quantum state trans-
formations. Quantum teleportation can be considered as an identity operation on
an input state, since the quantum state which Bob reconstructs is equivalent to that
which was initially owned by Alice.

1.1.3 Application of Quantum Teleportation to Quantum
Computation (Gate Teleportation, Offline Scheme)

Although quantum teleportation was initially proposed as a protocol to transmit
a quantum state, it was later found that it can be applied to implement quantum
computation. In quantum teleportation, an EPR state | E P R) is utilized as a resource
for its protocol (Fig. 1.2). The first scheme of its application is to replace the resource
state | E P R) with another state blEPR) [22, 23] (Fig. 1.3, Sect. 4.1.2).

By changing the resource state, Bob reconstructs ﬁ|1ﬁ>, which is a unitary trans-
formed version of the initial state [). The unitary operator D is determined by the
resource state ﬁ|E PR). This scheme is called a gate teleportation since the uni-
tary operator D, which was initially applied to the resource state, becomes applied
to the input state through the quantum teleportation. In addition, it is also called
an offline scheme of quantum computation. This is because the unitary operator D
can be considered to be applied to the offline resource state | E P R), leading to the
revised resource state D|E PR). During the online computation, it is applied to the
input state through the quantum teleportation.

Quantum State
to be teleported

" Classical
EPR .-~"Communications

Resource /'

Fig. 1.2 Quantum teleportation
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Fig. 1.3 Gate teleportation, offline scheme
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Fig. 1.4 One-way quantum computation

1.1.4 Application of Quantum Teleportation to Quantum
Computation (One-Way Quantum Computation)

Another application of quantum teleportation to quantum computation was later
proposed. It is called one-way quantum computation [24-29] (Sect. 4.2 and Chap. 5),
which is the main topic of this thesis. In one-way quantum computation, we change
the measurements from the quantum teleportation (Fig. 1.4).

Since the quantum state is projected to another basis, the state after the mea-
surements is dependent on the measurement basis. Therefore, the state which
Bob reconstructs becomes ﬁhﬁ), where D is determined by the basis of the
measurements Alice has performed. One-way quantum computation is a model of
quantum computation where operations are controlled by measurement bases. It is
also called the cluster model of quantum computation, or cluster computation, since
a multi-partite entangled state, called the cluster state, is used as a resource for
quantum computation.
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1.1.5 Circuit Model and Cluster Model

Quantum computation is usually studied by using the circuit model [11, 30], where
computation is described by the order of unitary gates onto the initial states. The
circuit model is a universal model of quantum computation: an arbitrary quantum
computation can be described in this model.

The cluster model is an alternative to the standard circuit model. In this model,
the actual process of computation is focused on: operations are achieved by a suc-
cession of measurements on an entangled state. In the example of Fig. 1.4, a bipartite
entangled state (EPR state) is utilized as a resource for the computation. Since the
number of measurements is equivalent to the number of resource modes, two mea-
surements are involved. In addition, it is also equivalent to the degrees of freedom
(DOF) of unitary transformations since each measurement provides a DOF. There-
fore, Fig. 1.4 has the ability to perform unitary transformations with two DOF.! In this
manner, the DOF of unitary operations achieved by one-way quantum computation is
determined by the number of resource modes. By using a larger-scale resource state,
we can perform unitary operations with more DOF.

The procedure of cluster-model quantum computation is summarized by the fol-
lowing:

e Prepare a multi-partite entangled state (cluster state, Sect.5.1), which will be used
as a resource for quantum computation.

Couple an input state with the cluster state (Sect.5.3).

Perform reshaping of the cluster state based on the operation to be achieved
(Sect.5.4).

Perform unitary operations through measurements (Sect.5.5).

Read out the unmeasured modes, which give us the solution of the computation.

A sufficiently large cluster state can be used as a universal resource for one-way
quantum computation, that is, an arbitrary computation is achieved by using the
same cluster state. Once a requested unitary operation is determined, the cluster
state is transformed so that it can be efficiently implemented through the one-way
quantum computation. The operation determines the set of measurement bases. By
choosing an appropriate set of measurement bases, we can implement an arbitrary
unitary transformation. Since operations can be switched by adjusting measurement
bases using the same resource cluster state, one-way quantum computation can be
considered as a software-based quantum computation. Note that the resource cluster
state is consumed irreversibly during the computation. This is the reason why it is

! To be precise, Fig. 1.4 shows the teleportation-based input coupling scheme (Sect.5.3.3), where
both measurements are homodyne measurements. A homodyne measurement has one DOF: the
relative phase 6 between the signal beam and the local oscillator beam. Thus, Fig. 1.4 has two
DOF. In general, we can implement a transformation with multiple DOF using an elementary one-
mode one-way gate (Sect.4.2.3) by choosing a complicated measurement. However, we usually
assume that we construct a large-scale quantum computation by concatenating several kinds of
elementary gates with limited DOF. Therefore, the total DOF of operations still increase as well by
concatenating elementary gates.
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called the one-way scheme. However, the transformation of the input state to the
output state is unitary, thus reversible.

1.1.6 Continuous-Variables and Universality

1.1.6.1 Continuous-Variable Quantum Computation

We have so far used two-level systems with |0) and [1) in order to show sev-
eral examples. However, quantum computation is also discussed by using more
high-dimensional systems, including continuous-variable (CV) systems where com-
putational bases are continuously varying quantum states, such as eigenstates of
momentum operators |p = s) (Sect.3.1).

In recent experimental demonstrations of quantum computations using quantum
states of light (Chap. 2), not only discrete-variable (DV) systems but also CV systems
are utilized. We use optical CV systems in this thesis. The main merit of optical CV
systems is that entangled states can be generated deterministically (success probabil-
ity is equal to 100 %), and thus operations can also be implemented deterministically.
It is stark contrast to optical DV systems where entangled states are generated prob-
abilistically and experiments are verified via postselections.

We mention here that there also exists a drawback in optical CV systems: ideal
computational basis states such as |p = s) require an infinite amount of energy.
It is different from the DV systems where computational basis states are physi-
cal states. Since we cannot employ such unphysical states in actual experiments,
they are approximated by other physical states. For example, the zero eigenstate of
the momentum operator |p = 0) is approximated by a p-squeezed vacuum state
(Sect.2.2.3). Approximations of these states lead to unavoidable errors in CV quan-
tum computations.’

1.1.6.2 Universality

It is known that an arbitrary digital classical computation can be achieved by cas-
cading NAND gates in an appropriate order. In a similar manner, an arbitrary CV
quantum computation can be achieved by cascading the following elementary gates
in an appropriate order (Sect.3.6):

e Gate which can perform an arbitrary one-mode Gaussian operation.
e Gate which can perform a two-mode Gaussian operation.
e Gate which can perform a one-mode non-Gaussian operation.

2 Since both optical DV and CV systems have merits and demerits of their own, a hybrid scheme is
also being studied [31], where DV gates are implemented using optical CV setups. It is thought that
the imperfections of quantum states may be compensated by limiting the dimension of computational
bases.
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Fig. 1.5 History of CV one-way quantum computation. Works in our laboratory are shown with
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Here, Gaussian operations correspond to unitary transformations with inhomoge-
neous quadratic polynomial Hamiltonians in the canonical operators (Sect.3.4.3).
Similar to the classical computation, multi-step operations should also become pos-
sible because a total quantum computation is achieved by cascading these elementary
gates.
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1.2 History of One-Way Quantum Computation
and This Thesis

1.2.1 History of One-Way Quantum Computation

Figure 1.5 shows a brief history of CV one-way quantum computation and the status
of this thesis. In this figure, we include CV quantum teleportation as well since it
has a connection with CV one-way quantum computation (Sect. 1.1).

Although quantum teleportation was originally proposed in the DV systems [12],
it was later extended to the CV systems [13, 15]. An experimental realization of CV
quantum teleportation was first reported in 1998 [17].

Since quantum teleportation is a protocol to transmit a one-mode quantum state
without applying any unitary transformations, we can consider it as an identity oper-
ation on a one-mode state. Note that a two-mode entangled state called EPR state
is utilized as a resource for quantum teleportation. Since we equate the number of
resource modes with the number of operations in one-way quantum computation,
we can consider that a quantum teleportation is a two-step operation.

Similar to quantum teleportation, one-way quantum computation was first defined
in the DV systems [24, 32]. Several years after the original proposal, DV one-way
quantum computation experiments were also reported [33, 34].

The CV cluster state was introduced in 2006 [26] by extending the DV counterpart.
Shortly after, one-way quantum computation was proposed by Menicucci [27]. They
were basic theories of CV cluster states and one-way quantum computations where
controlled-Z gates are utilized as entangling gates for the generation of a cluster
state and the coupling of an input state with the cluster state® (Sects.5.2.1 and 5.3.2).
However, they were not desirable theories especially for experimentalists because a
controlled-Z gate required a large-scale experimental setup [36, 37], and thus it was
not realistic to prepare multiple controlled-Z gates for generations of cluster states
and demonstrations of one-way quantum computations.

One of these problems was solved by van Loock et al. [35] (Sect.5.2.2). They
showed that, compared to the original proposal that an ideal cluster state is generated
by entangling eigenstates of momentum operators by using controlled-Z gates, an
approximation of the ideal cluster state can be generated by combining squeezed
vacuum states by using beam splitters. In the limit of infinite squeezing, it becomes
identical to the ideal cluster state. It made it easier to generate cluster states, lead-
ing to several experimental reports including four-mode cluster state generations
[38, 39] and eight-mode cluster state generations [40]. In addition, an experimental
demonstration of cluster state reshaping (Sect.5.4) was also reported [41].

As for the coupling of an input state with a cluster state, we found that a quantum
teleportation can be applied for this purpose, where a beam splitter, not a controlled-
Z gate, plays the role of input coupling [42] (Sect.5.3.3). Together with the cluster

3 In Ref. [26], it was already mentioned that special shapes of cluster states can be generated by
using beam splitter networks. However, its generalization was given in Ref. [35].
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state generation with beam splitter networks, it became possible to implement one-
way quantum computations without using controlled-Z gates. Afterward, we found
that not only quantum teleportation but also a squeezing operation can be applied to
input coupling in one-way quantum computations as well (Sect.5.3.4).

We then move onto implementations of one-way quantum computations. In the
original paper of CV one-way quantum computations [27], it was already given how
the operation is determined by a specific measurement basis. However, conversely,
it was an open question how the set of measurement bases should be chosen for
a specific operation using a multi-partite cluster state. An example of multi-step
one-way quantum computation was first given in Ref. [29]: approximate squeezing
operations, which are members of one-mode Gaussian operations, are achieved by
using four-mode cluster states with homodyne measurements. Note that the operation
was inevitably an approximate version of the ideal squeezing operation even though
the resource cluster state was an ideal state. This is because the sets of measurement
bases were not optimum for the squeezing operations.

In 2009, we reported several general answers for choices of measurement
bases [42] (Sect.5.5). One main result was that arbitrary one-mode Gaussian opera-
tions, including squeezing operations, can be achieved by using a four-mode linear
cluster state with homodyne measurements. Different from the earlier proposal [29],
we have shown the set of measurement bases with which we can achieve an ideal one-
mode Gaussian operation when we can utilize an ideal cluster state as a resource. We
have also proved that several one-mode Gaussian operations cannot be implemented
by using a three-mode linear cluster state as a resource, thus the four-mode linear
cluster state is the minimum resource which satisfies the universality of one-mode
Gaussian operations. In addition, we have also proposed the set of measurement
bases for arbitrary multi-mode Gaussian operations though it was not the optimal
choice of measurement bases.

By combining the methodology of one-mode Gaussian operations with the
teleportation-based input coupling scheme [42], we have experimentally demon-
strated several one-mode Gaussian operations (rotation and squeezing operations)
using four-mode linear cluster states as resources. Although we have demonstrated
only several members of one-mode Gaussian operations, the experimental setup had
the ability to implement an arbitrary one-mode Gaussian operation.

As a next step for universal one-way quantum computation, demonstrations of
multi-mode Gaussian operations were highly anticipated. Its first trial was reported
in Ref. [43]. Although they tried to demonstrate a two-mode gate which had an ability
to entangle two separable states, they could not observe entanglement at the output.
The main reason was that the level of entanglement present in the cluster state was
not sufficient. Entanglement at the output is the key criterion of the entangling gate,
thus the operation was not successful.
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1.2.2 This Thesis

1.2.2.1 Spatial-Mode Experiments

In this thesis, we show the first successful demonstration of a two-mode operation
(controlled-Z gate) in one-way quantum computation (Chap.7), which has already
been reported in Ref. [44] as well. Though it was a similar experiment to the previous
report [43], we have successfully observed entanglement at the output, which was
sufficient to show the nonclassical nature of the gate.

By combining with the demonstrations of one-mode Gaussian operations, we
now have all the tools to implement an arbitrary multi-mode Gaussian operation in
a framework of one-way quantum computation.

Including the controlled-Z gate experiment, three experimental demonstrations
of one-way quantum computations on two-mode input states are reported in this
thesis [44]. They have a common property that they are demonstrations of two-input
quantum gates which have the ability to entangle two independent quantum states.
In addition, each mode of the quantum states is distinguished from the others by its
spatial location (spatial modes).

The inherent features of each experiment are summarized as follows.

Controlled-Z Gate Experiment

This is an experiment of a two-mode Gaussian operation using a four-mode linear
cluster state as a resource. The operation which is implemented is the unity-gain
controlled-Z gate [27]: it does not impart an additional squeezing operation on each
quantum mode. It can be considered as an experimental demonstration of gate tele-
portations [22, 23] on a two-mode system, because it is nothing but the circuit which
is acquired by exchanging the order of the controlled-Z gate in the circuit where a
controlled-Z gate is applied to the outcomes of two quantum teleportations.

Optimum Nonlocal Gate Experiment

This is an experiment of a two-mode Gaussian operation using a two-mode cluster
state as a resource. The nonlocal controlled-Z gate (with additional squeezing opera-
tions) is implemented using the minimum resource: a bipartite entangled state shared
in advance, and a classical channel in each direction (two channels in total) [45]. Here,
a nonlocal gate refers to a quantum gate whose target two modes are located at a
distance from each other [36, 45-49].
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Gain-Tunable Entangling Gate Experiment

This is an experiment of two-mode Gaussian operations using a three-mode cluster
state as aresource. In contrast to the other two experiments where operations are fixed,
we can control the on-off switching as well as the gain of the entangling interaction
by changing the measurement basis [42]. It shows the property of one-way quantum
computations where operations are controlled by measurement bases onto cluster
states.

Temporal-Mode Theories

In this thesis, one-way quantum computation using femporal-mode cluster states
is also studied [50, 51]. It will lead to the experimental generation of ultra-large
entangled states and experimental demonstrations of many-step one-way quantum
computations.

Similar to classical computations where an arbitrary computation is achieved by
concatenating NAND gates, an arbitrary CV quantum computation can be achieved
by concatenating several basic quantum gates. For that purpose, many-step operations
should be implemented. Nonetheless, the current schemes for one-way quantum
computation experiments lack extensibility. This is because each mode of cluster
states is encoded spatially, thus the experimental setup becomes larger in proportion
to the number of operations. Although it is proposed that one can encode each mode
in a different frequency using a frequency comb [52, 53], it would not be easy to
implement one-way quantum computations using the frequency-mode cluster states.

Recently, one-way quantum computation using femporal modes was proposed
[50, 51]. In this scheme, each mode is encoded in a different time, instead of its spa-
tial location. It enables us to implement many-step one-way quantum computations
without enlarging our experimental setup.

In Ref. [51], the schematic for the generation of temporal-mode cluster states was
proposed, with which one can generate cluster states of an arbitrary size by using a
limited and fixed optical setup (Sect. 10.1.3). It was a giant step toward the realization
of many-step one-way quantum computation.

However, since the cluster states to be generated had complex structures, it was not
known how all resource modes can be utilized for computation. It was proposed that
quantum computation can be achieved by using a half or a quarter of the generated
cluster states after eliminating the other modes. Although it was sufficient to show
superiority of the temporal-mode scheme theoretically, it was expected that a strategy
for implementing one-way quantum computations without disposing cluster modes
would be discovered (Sect. 10.1.4).

In this thesis, we propose a solution to this problem. We show that computation
using a temporal-mode cluster state is equivalent to a repetition of quantum tele-
portations (Sect. 10.3.3). Since we can implement one-mode Gaussian operations
with two DOF by controlling the measurement basis in a quantum teleportation
(Sect.5.3.3), we can utilize all modes of the temporal-mode cluster state in one-
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way quantum computations without eliminating any of them. In addition, we show
that non-Gaussian operations and multi-mode Gaussian operations are also achieved
without eliminating resource modes (Sects. 10.5 and 10.6) by considering repetitions
of a one-way quantum computation circuit with the three-mode linear cluster state,
and the quantum computation circuit of the controlled-Z gate experiment (Chap. 7).
It is expected that these findings will lead to the development of both theories and
experiments over temporal-mode one-way quantum computation.

1.3 Structure of This Thesis

In Chap. 2, we briefly review quantum optics. In Chap. 3, we describe CV quantum
states and quantum state manipulations.

Theories of one-way quantum computation is described in Chaps.4 and 5. In the
former section, we will introduce one-way quantum computation by comparing it
with the offline scheme. The details of one-way quantum computation are discussed
in the latter section.

Through Chaps. 6-9, we show experiments of one-way quantum computations.
Chapter 6 describes the generation of cluster states which are used in the following
three demonstrations of quantum gates. In Chap. 7, we show the theory, experimental
setup, and results of the controlled- Z gate experiment using a four-mode linear cluster
state as a resource. In Chap. 8, we show the optimum nonlocal gate experiment using
a two-mode cluster state. In Chap. 9, we show the gain-tunable entangling gate using
a three-mode cluster state as a resource.

Before concluding this thesis, we show theories of one-way quantum computation
using temporal-mode cluster states in Chap. 10.
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