Chapter 2
Neutrinos and Weak Interactions

in the Standard Model

Abstract Neutrinos are produced and detected by weak interactions. It is necessary
to understand the weak interactions to calculate the energy spectrum of neutrinos
generated in sources and the reaction cross section with detector materials. In this
chapter, the weak interactions associated with the neutrinos are reviewed and neutrino
reaction probabilities that will be used in the later sections are calculated. Starting
from the wave function of the massless left-handed neutrinos, the neutrino-associated
parts of the standard model Lagrangian are introduced. Based on the Lagrangian,
the general matrix element for the four fermion interactions that include neutrino
is formulated. The spectra of neutrinos produced in the pion decay, muon decay, B
decay, and the neutrino detection cross section via ve elastic scatterings and inverse
beta decay are quantitatively calculated.

Keywords Standard model - Weak interaction - Helicity + Neutrino source - Neu-
trino interaction

2.1 Introductions

In order to investigate the neutrino oscillation in experiments, we need to understand
the properties and the reactions of neutrinos qualitatively within the standard model.
In planning experiments and understanding their data, the production mechanism of
neutrinos and its reaction cross sections with matter are particularly important. In this
chapter we focus on the weak interactions that are related to the neutrino reactions
based on the Lagrangian which is summarized in Sect. 8.2.

2.2 Quarks, Charged Leptons and Neutrinos

In the standard model of elementary particles, the six fermions which couple to the
strong interactions are called quarks
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where u, c, t quarks have charge +2/3 and d, s, b quarks have charge —1/3 in the
unit of e. The six fermions which do not couple to the strong interactions are called

the leptons
Vg V“ V‘[
(e_) ’ (“_) ’ (T_) ' 22

The v, vy and v do not couple to the electromagnetic interactions and are called
neutrinos. The e, L and T have the electric charge —1 and are called charged leptons.
All the fermions have their antiparticles,!

@0 0 ) () ¢ e

As for the interactions, the electromagnetic interactions are mediated by the mass-
less spin-1 photon
Y- 2.4)

The weak interactions are mediated by the massive spin-1 charged and neutral

bosons,
w*, z°. (2.5)

The strong interactions are mediated by the massless spin-1 vector boson called
gluon,
g. (2.6)

Finally the Higgs field generates the fermion and weak boson masses.
H. (2.7)

The three interactions have a nesting structure, illustrated as a Matryoshka doll in
Fig.2.1. The fermions that feel the EM interactions also feel the weak interactions.
Fermions that feel the strong interactions also feel the EM interactions and therefore
feel the weak interactions.

What makes the standard model neutrinos unique is that the neutrinos do not
feel the electromagnetic, strong, nor gravitational interactions. In other words, the
neutrinos are chargeless, colorless and massless particles.

Ov=0, gi{=0, my=0. (2.8)

Only left-handed (LH) neutrinos and right-handed (RH) antineutrinos couple to the
weak bosons. Therefore, it can be regarded that there are only LH neutrinos or RH
antineutrinos in our world.

VL, VR. (2.9)

The LH and RH denote helicity states which will be explained in the next subsection.

! Neutrinos are treated as Dirac particle in this book unless otherwise specified.
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Fig. 2.1 Fermions are
named based on the
interactions they feel. There
is a nesting structure of
interactions like a
Matryoshka doll

2.2.1 Wave Function of Fermions

The wave function of a spin 1/2 fermion can be obtained as the solution of the Dirac
equation,

Pnﬁ“—m]wzo, (2.10)

where v, are 4 x 4 matrices called gamma matrices or Dirac matrices.
We use the Dirac representation,

(1 0 . 0 o

I is the identity matrix and oy are the Pauli matrices,

10 01 0—i 1 0
R R O R o B R ™

From Sect. 8.4, the plane wave solution of the Dirac equation with normalization
ly|> = 2E is

_ i —ipx , ((M-OV\ ipx|. . _ P
"’(X)‘V“’"[(m'o)ﬁ)e ’ +( v ),,} "Ew @9

where p = (E, p) is the four momentum and E = /p? + m? is the energy. ii
and ¥ are two component spinors with the normalization of || + |[9|> = 1, which
represent the spin direction. The first term of (2.13) is the positive energy state and
the second term is the negative energy state that corresponds to the antiparticle.
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2.2.1.1 Helicity and Spin Direction

The charged weak boson, W= couples only to the left-handed fermions. The left-
handed (LH) and right-handed (RH) components of a state y are defined by

_ =y ] 1 -1
VL=nv=——Vv=5l_; [V

(2.14)
and Ygr =TV = D) V= E I I v,
where
. 017
vs = iy"y'y?y? = ( I O) : (2.15)

Any fermion wave functions are either LH or RH states, W = yy + ;..
The LH and RH components of the positive energy state at space-time x = O are,

wL<0>=%(’ ")m( u ):@(U—ncm)

-1 1 nou 2 —(1 —no)u
1(1 1 VE+m ((1+n0) 210
_ L u _ m no)u
and \|JR(0)—2(I I)VE-’_m(T]Gu)_—z ((1+n6)u)'
The probability of a fermion to be LH state is,
0 E (1 —no)? 1
p, = WLOF  Edmluid =no)yul 1, g i) 2.17)

v 2 2EuP 2

In the case that the velocity vector is § = B(sinOcos ¢, sinOsind, cos6) and the

spin points to +z direction u = ((1)), the probability becomes

P = %(1 — Bcos6). (2.18)

This means that the probability is the largest when the momentum direction is oppo-
site to the spin direction, O = 7, and the smallest when the momentum direction is
the same as the spin one, © = 0. For ultrarelativistic case, p = 1 and Py = sin?(6/2).
This means that the spin direction is opposite to the momentum direction. Similarly,
for the RH state of an ultrarelativistic particle, the spin is parallel to the momentum.
For a particle at rest, f = O and P = Pgr = 1/2.

Table 2.1 summarizes the relation between the helicity and relative direction of
spin and momentum.
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Table 2.1 The probability of LH and RH states for relative direction between the spin and
momentum

P VL YR
sl —p 1+p)/2 1-py/2
sl p (1-Ppy/2 (1+P)/2

This property causes the helicity suppression of the n decay. s || p” means s and p are parallel

2.2.2 Wave Function of Neutrinos

Since neutrino is massless and only LH state exists in the standard model, the neutrino
wave function becomes simple. By taking m — 0 in Eq.(2.13), the wave function
of a positive energy massless fermion becomes,

V,,_o(x) = vk (kzlm) etk —kx) (2.19)

where p — (k, k) is the four momentum with the relation k = |k|. The pure LH
state has to satisfy

Nk (A +kO)A\ _ipe
YRV m—o(X) = > ((1 n lA(G)ﬁ) e '"P* =0, (2.20)

at arbitrary space-time x. Since k = (sin 6 cos ¢, sinOsin¢, cos0),

2.21)

A i g
(1 + koyi — (1 +cosBe sme)ﬁ _o.

e®sin® 1 —cosH
This relation can be satisfied if

PRI —ie~ /2 5in(0/2)
uo<s(—k) = ( ) c0s(8/2) ) , (2.22)

where §(P) is the spin polarization which points toward the direction of p. Finally
the wave function of the positive energy neutrino is

vl = vk (f{i({k}()) emitkiTkn) (2.23)
S(—

where the state propagates only forward in time. Similarly the wave function of the
negative energy neutrino is

vy (x) = vk (kﬁ’§ (Tk)) ol ki—kx) (2.24)
$(—k)

where the state propagates only backward in time and we recognize it as antineutrino.
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Fig. 2.2 Feynman diagram of a fi fi. Z° coupling, b fr fr Z° coupling and ¢ fufb W= coupling,
where f; is the up-type fermions and f; 7, is the down-type flavor eigenstate fermions

2.3 Weak Interactions and Neutrinos

In this section, the fundamental processes of the weak interactions are described based
on the standard model Lagrangian and probabilities of various neutrino interactions
are calculated. The probabilities calculated here will be used later to understand
neutrino oscillation experiments and their results. See also the books [2-8, Chap. 1]
for details of the calculations.

2.3.1 Lagrangians for Weak Interactions

The Lagrangian of the standard model weak interaction can be obtained by set-
ting the neutrino mixing matrix as the identical matrix in the working Lagrangian
defined in Sect.8.2. The Feynman diagrams of the weak interactions are shown in
Fig.2.2. Figure2.2a, b shows the neutral current interactions and Fig.2.2c shows
the charged current interactions. We call (u, ¢, ¢, V., vy, V1), up-type fermions ( f;;)
and (d, s, b, e, W, 1), down-type fermions (fj). The weak (flavor) eigenstates
(d', s’, b") are mixed with the mass eigenstates (d, s, b) by the Cabbibo-Kobayashi-
Maskawa matrix as shown in Eq. (8.25) and £/, isused instead of fp when necessary.’

2.3.1.1 Neutral Current Interactions

The Lagrangian of the fermion f for the neutral current interactions is,

Lz = —iCrgzl AV flZy — iCrrgzl fRYM fR1Zy, (2.25)

2 For neutrinos, the flavor eigenstate and mass eigenstate are identical (V' = v) in the standard
model and f}, and fp can be interpreted equivalently.
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where g7 is the coupling constant. C s, and Cyg are coefficients for the couplings
between Z° boson and the LH and RH components of the fermions. According to
the standard model, Csr and Cr, are given by

CfUR = —2Qf Sin2 ew CfDR = —2Qf Sin2 GW (2 26)
CryL=—2Q sin® Oy + 1, Cyp = =20 sin’ Oy — 1, '

where Q ; is the charge of the fermion f. Oy is the parameter called the weak mixing

angle or Weinberg angle, which is measured to be sin? 8y ~ 0.23.
The fermion currents in Eq. (2.25) can be modified as

_ — — 1
v = vy Oy =yt f = P A=),

| (2.27)
fx* fe = P fo= S A+,
and the Lagrangian (2.25) can be rewritten as
— 1
Lyrz = —igzlfY"S(Crv = Crav) 12, (2.28)

where Cry and Cya are called the Vector Coupling coefficient and Axial-vector
Coupling coefficient which are defined by

Crv=CntCm (2.29)
Csa=CyL—Cyr

Contrarily, an arbitrary mixture of vector and axial vector couplings can be expressed
by a combination of LH and RH couplings

a+by> = (a+b)yg + (a—b)y.. (2.30)
This means that the weak and the electromagnetic interactions can be expressed by a
sum of the LH and RH couplings, as well as by a sum of the vector and axial vector

couplings. These coefficients are summarized in Table2.2.

Table 2.2 Z°-fermion coupling coefficients. xy = sin? Oy ~ 0.23

Fermions Q CL Cr Cy Ca Cﬁ + CI2{
Ve, Vs V1 0 1 0 1 1 1
I —1| 2xy—1 2xy dxy — 1 —1 8x3, — dxwy + 1

. 2 4 4 8 32 .2 8
u, ¢, t +5 fgxw+l —3Xw 7§xw+l 1 gxwfgxw+l
1
3

2 4 8.2 2
d, s, b - Fxw — 1 IxXw Fxw — 1 —1 oXw — 5xw + 1
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2.3.1.2 Charged Current Interactions

As for the quark-W= coupling, the Lagrangian is given by

Lrpw = —igwlfp " fulWa — igw iy v* Fou1Wa. (2.31)

Finally, the Lagrangian for the electromagnetic interactions of the fermion f is
Lrra=—iQrel fY" f1Ay, (2.32)

where Ay, represents the photon field. The Feynman diagram of the EM interactions
is shown in Fig.2.3. Since Qy = 0 for neutrinos, they do not feel EM interactions.

Within the framework of the standard model, the weak interactions and electro-
magnetic interactions have the same origin and the three coupling constants, gw, gz,
and electric charge e, are related as,’

e = +/2gw sinOy = gz sin 20y (2.33)

In general, reaction rates are proportional to powers of (g2 /4m). Expressing the
couplings in this form, the strength of the coupling between Z° boson and neutrinos is

2
o
8 - 2~ o010, (2.34)
4 sin“ 20w
where o= e?/4n ~ 0.0073 is the electromagnetic fine structure constant. The
strength of the coupling between W+ boson and neutrino is

2
Bw _ 2~ oot (2.35)
47 28in” Oy

Fig. 2.3 Fermion coupling f 4
with the photon

3w = g/«/Z gz = g/2cos By, where g is the SU(2) gauge coupling constant.
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Therefore, the magnitudes of the electromagnetic and weak couplings are not so
different.

2.4 Neutrino Interaction Probabilities

The Lagrangians for the neutrino interactions are summarized as

Lz = —igz [WY“VIL] Zy, (2.36)
Law = —igw [lILY*Vvie] Wy — igw [VizYHIL] Wy, (2.37)

where the wave function/ stands for the charged leptons such as e, L, T. The Feynman
diagrams which correspond to these vertexes are shown in Fig.2.4.

The general diagram of the reaction A + B — A’ + B’ through intermediate
gauge boson G is shown in Fig. 2.5. Its matrix element is written by

MAB—A'B

[V v o0 | [V s matsva (e
= _gG 2 _ M2
4 G

\ (2.38)

where g¢ is the coupling constant between the fermion and the intermediate boson
G, py is the four momenta of the fermion X, and ¢ is the four-momentum transfer,
q = pa — par = pp’ — pB. Mg is the intermediate boson mass. Yy is helicity state

Fig. 2.4 Feynman diagram (a) A b A
of avv;Z% and b viIiW ViL (b) I
couplings
Z W
. u . u
—igzy +------- —igyy* @uunnnunn
Vi ViL

Fig. 2.5 Scattering —ig Yty

amplitude of fermions A and ¥a(Pa) o Va(py)
B through intermediate H

boson G G

—
>

-
1/’5(19 B) -18:YYB Yp(Pg)
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of the coupling between fermion X and the boson G. If G is W, yy = vy, and for
7%, vx = (Cxv — CxaY5)/2.
The wave function of each fermion is expressed as

Yy (x) = wye XY, (2.39)

where wy is the four component spinor of the fermion X.
For low energy interactions, |¢?| <« M2, the reaction amplitude (2.38) can be
expressed by the product of the spin and the exponential terms,

2
8G [— — —i P
MAB— AR = —Mi I:WA"Yu'YAWA] [WeyMygwp] e PATPE=PA=PEIX (2.40)
G

The exponential term becomes the delta function 8(ps + pp — par — pp’) when
integrated with respect to x, indicating the energy and momentum conservations,
pa+ pp=pa+pp.
The reaction probability is proportional to the absolute square of the matrix ele-
ment,
Papap o | Mapap| <G, (2.41)

where Fermi constant G r, defined by (2.42) is often used to express reaction prob-
abilities of the weak interactions.
g 87 5 GeV?
Gr = = ~ 1.17 x 10°[/GeV~]. (2.42)
W, ol /

2.4.1 Neutrinos from Charged Pion Decay

In accelerator based neutrino experiments, the neutrinos produced in the charged
pion decays are often used. The charged pion is a spin-0 pseudoscalar boson with
mass myg ~ 140MeV. It decays with lifetime of 26 ns via the decay modes shown
below,

= uE v /Yy (99.99 %),

2.43
t = eT +v./v, (0.012%), (243)

where the values in the parentheses are their branching fractions. There is a huge
difference between the two branching fractions despite the lepton universality.

The Feynman diagram of the fundamental process of this decay is shown in
Fig.2.6a* and its physical process in the pion rest frame is shown in Fig. 2.6b. Since

4 Actually the two quarks in the pion are in a bound state and the free wave functions can not be
used. Nevertheless, this graphical view is useful to understand various properties of the pion decay.
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Fig. 2.6 ©" decay.a A (a) (b)
diagram. b Physical process
in the pion rest frame. The

z-axis is taken along the
charged lepton’s direction of
motion. The neutrino moves .

to —z and its spin points to W+ ! <
the 4z direction -
p e p

this is a two body decay, the final state leptons have definite energies and momentum.
The energies and momentum of / and v are’

2 2 2 2 2 2
my; —m m- +m my; —m
Ey=-"22—L Ep=-"Z2—L p=-Z% L (2.44)
2m7'[ 2mn 2m71?

From the Feynman diagram Fig. 2.6a, the effective matrix element of this decay is,

Myt sy, < GF[\HYHIL][EYMML], (2.45)

where [ represents L or e. The quark current is a bound system in the strong interaction
potential and can be parametrized as

[dryurl = fagy. (2.46)

where g, is the four momentum transfer and f; ~ my is the structure function of
the pion, which corresponds to the overlapping density of the wave functions of the
quarks in the pion. In the pion rest frame, gy = (my, 0) and the matrix element (2.45)
becomes

Muiyv=< Gr fnmn[\KYolL] = Ganmn[V;rLlL]- (2.47)

By defining the z axis as the [T direction of motion as shown in Fig. 2.6b, the spinors
of the neutrino and the charged lepton are,

X VE +my (—(1 —n,cz)x,)
=/ E , = — , 2.48
viL v (—xl) L 2 (1 —n,6% (24%)

where y, represents the spin direction of the /" andm; = ﬁ. Therefore, the matrix
element (2.47) becomes

m,zl—m,z+m$

5 If the neutrino has a finite mass my, the energies and the momentum are E, = o ,
=

E = ™ and

L A Orm=m)2=md)(nz-tm)?—m?)

2my 2mg
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My G fomay Ey(Er + m) (1 —)Ixiw]. (2.49)

In this equation only ¥; = ¥, (the [ spin points in the —z direction) is allowed and
the matrix element becomes

M1y o< GanmrcV Ey(E; +my)(1 — nl)~ (2.50)
The decay rate is proportional to the absolute square of the matrix element,
[y os | Mnsiy | o< G f (my — m)m}, 2.51)

where Eqs. (2.44) are used to substitute the pion and charged lepton masses for the
energies and momentum.
By taking into account the phase space, the decay rate of the pion can be calculated

as [4, Chap. 1]
G2 m? :
I =—Lfmmmi(1-—=) . (2.52)
T my

The ratio of the decay rates of ev and v modes is, therefore,

r m 2 m2 — m? g
Imoev (_e) (%) =128 x 1074, (2.53)
Fﬂ:_)uv mu mn - m“

This agrees with the observation (2.43). The fact that the decay to muons dominates
makes it possible to obtain almost pure vy, or v, beam in accelerator based neutrino
experiments.

The mechanism to highly suppress T — eV decay is called the helicity suppres-
sion. Using the relation between helicity and spin polarization shown in Table 2.1,
the helicity suppression can be described as follows. The produced massless neutrino
is in the LH state and its spin points 100 % to +z direction. Since the pion spin is
0, the only allowed charged lepton spin direction is —z as shown in Fig.2.7. On the
other hand, the charged lepton is antifermion and therefore, it is in the RH state. The
probability that el"{ spin points —z is, from Table 2.1, given by

> Z
v " +
) VA 5 S P €r . ,V / 5 P u »
0.0013% 36%
+ ot
(a) (b)

Fig. 2.7 Spin states and probabilities of a 1 — ev and b 1 — pv decays
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1— 2
Pe _ e~ 13x 1077, (2.54)
2 my + m?2

PVe:

where f3, is the velocity of the positron. Therefore, this decay channel is highly
suppressed.
For m — uv decay, the same discussion can be applied, but the muon velocity Bp

is much smaller than B, and the probability that ui{ spin points to —z is much larger,

_1—[3“_ mﬁ

2 _m%+mﬁ

~ (.36. (2.55)

Therefore, 1 — vl decays are not suppressed so much. Note that this suppression
mechanism is not a unique property of the charged current weak interactions in
which only a LH particle and a RH antiparticle can interact. It comes from the
property of helicity conservation and takes place in decays of spin-0 particles with
any combinations of vector and axial vector couplings.

2.4.2 Neutrinos from Muon Decay

The muons decay to
u_ —> e +V“ +Ve’

2.56
M+—)€++v“+\/g, ( )

with almost 100 % branching fraction. The lifetime of the muon, 2.2 us, is much
longer than the typical lifetime of other particles which decay weakly.

In some experiments, the muons are stopped in target or beam dump materials.
The u~ forms muonic atom with a nucleus in the material and quickly interact with
the nucleus before it decays. On the other hand, pu* is repulsed from the nucleus and
it decays before interacting with the nucleus. These properties can be used to obtain
pure pt-originated neutrinos.

Since this weak decay process involves only leptons, the lifetime can be accurately
calculated. From the experimental point of view, a large amount of controlled muons
can be obtained and it is possible to measure its lifetime precisely. Therefore, the
Fermi constant G ¢ has been precisely measured from the muon lifetime.

The Feynman diagram of the muon decay is shown in Fig. 2.8. The matrix element
of the decay can be written from Egs. (2.40) and (2.42) as,

My o5 = 2V 2G FlETYpVeL IVELY 1y 1. (2.57)

Ignoring the small m./my terms, the calculation of the decay matrix element
(2.57) shows that the energy spectrum of vy, is given by [2, Chap. 1] (Fig.2.9),
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Fig. 2.8 The Feynman V,uL
diagram of the muon decay _V

Wiy
4y, -
\\ eL
W=
v
ST R
—18yY :
Fig. 2.9 Energy spectra of u—e v +v
daughter particles of muon ¢ H
decay. m./my, terms are g
ignored /,—"-)<
L LN
5 .
77—
Ve“' / e, Vy ‘.
\
A
\
\
L}
\
m,, /2
0 10 20 30 40 50 60
EMeV)
2.4 2
dar Gim E E
- F;(J& 341, (2.58)
d EVH l 2TE m u m l,,[
in the muon rest frame. For V, and e, the energy spectra are
2.4 2
dar Ggmy [ Es Ey
- f}“(_k) O—Q—ﬁ), (2.59)
d Evg 2n my my
and 2.4 2
ar Ggm E E
= 2(=) (3-4=2). (2.60)
dE, 121 my my

The electron from the muon decay is called the Michel electron. Note that the Michel
electron and muon neutrino have the same energy spectra. The angular distribution
of v, with respect to the muon spin is given by,

md

Fu s

dr G2 5 By
i =<3 (1 + (1 — 4xy,) cos 7“) ,

(2.61)
where xy, = Ey, /my and By, is the v, emission angle with respect to the muon spin.
Forv,, itis
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dr  Gim) 0y
= F —x2 (1 - 2xy,) cos® ; (2.62)
Xy, I ¢ )

where xy, = Ey,/my and Oy, is the v, emission angle with respect to the muon spin.
The total decay rate is calculated by integrating one of the energy distributions

(2.58)—(2.60).

dr . _ Gim,,

Iy= | —dE = .
H dE 19273

(2.63)

The lifetime of the muon is the inverse of the total decay rate. From the measurements
of the muon lifetime and mass, G r is precisely determined to be

Gr = (1.166 378 7 £ 0.000 000 6) x 107> GeV 2. (2.64)

The G value can be memorized by the empirical relation, Gr ~ (1.08)2 x 1073
GeV~2 with a precision of 20 ppm.

2.4.3 Neutrinos from Nuclear Beta Decays

Nuclear reactors produce a huge amount of low energy V.’s, which have been used
for various neutrino studies. The reactor neutrinos are produced in the B-decays of
the unstable fission products. The fundamental reaction is the  decay of a neutron,

n—p+e +V. (2.65)

The Feynman diagram of this process is shown in Fig.2.10. This diagram is similar
to the muon decay diagram shown in Fig. 2.8. However, the nucleons have internal
structure and the weak coupling to the W+ boson is modified from the muon’s. The
effective matrix element of the neutron 3-decay can be written as

My = ~2G p cos Bc[ery*veL I[Py, (1 — Cavs)nl, (2.66)

where B¢ is the Cabbibo angle and Cj is the effective axial vector coupling coefficient
of the neutron which is measured to be Ca ~ 1.3.

Fig. 2.10 Diagram of

. 1
neutron -decay " —igy cosO.y, 5 (1-C,¥5)
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Using the non-relativistic reduction for the nucleon current, the squared matrix
element can be expressed as

| M2 = 4G% cos> O E, Ey [(1 +3C2) +B,(1 — C2)cos e] , (2.67)

where 0 is the angle between the electron and neutrino and B, = p./E,. The decay
rate is then given by

r—/ d’pe__dpy 2m3(A E, — Ey)| 43
"= | 2K (2n)32Ev(2n)3 Mup = Ee = Ev)|- 4

G% cos? 0c(1 +3C3) [Amw

= 3 dEeEepeEvpv (268)
T e
1.7m3G% cos? O (1 + 3C3)
273 ’

where Am,,, = m, —m, and the factor 1.7m} came from the integration. The mea-
sured neutron lifetime 1, = 1/T",, = 880s is consistent with the expectation from
the above discussions.

In nuclear B-decays, the electron in the final state is attracted by the positive charge
of the final state nucleus and the decay rate is modified as follows:

I'a = dE.E.p.EvpyF(E,., Z), (2.69)

G?% cos? 6c((1)? + C3 (5)?) /AEff

2m3 m,
where AE;y = E; — Ey and (1) and (o) terms are called the Fermi (spin non-flip) and
the Gamow-Teller (spin-flip) matrix elements, respectively. F(E,, Z) corresponds
to the correction factor for the final state Coulomb interactions, called the Fermi
function, given by

ITE+i0))

. =2(1 2De 2(6-D) g ,
F(E., 7) =2(1 +&)2p.R) T

(2.70)

where R is the radius of the nucleus, § = /1 — o2Z? and {= Z“E" . The Fermi
function can be simplified for the nonrelativistic case as

2ng

F(E,Z)~ ————.
(E.2)~ =

Q2.71)

The neutrino energy spectrum is, then,

dr
A o EX(AEi; — Ev)\/(AElf — Ey)2 — m2F(E,, Z). (2.72)
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2.4.4 ve~ Scatterings

The neutrino-electron elastic scatterings are used for detection of solar neutrinos. In
this section, those scattering cross sections are reviewed.

The description starts with vye™ scattering since it involves a single reaction
diagram. Then the other scattering cross sections are calculated making use of the
formula developed for the ve™ scattering. Those scattering processes include only
leptons and the cross sections can be calculated precisely.

2.44.1 vy + e~ — vy + e~ Scattering

The Feynman diagram of v, +e~ — vy +e™ scattering process is shown in Fig. 2.11.
The target electron is supposed to be at rest. The matrix element of the scattering is,
from (2.40), given by

Mye = 232G VL& ) YpVuL () 1[e(p)Y (Cer Yy, + CerYg)e(me, 0)]

o - (2.73)
= 2v2G r[Vur vVl (CeLlery er] + Cer[eRY er]) ,
where the e — Z° coupling coefficients are, from Table 2.2,
Cor = 25sin” Oy, C,. = —1+ 2sin’ 0y, (2.74)

respectively. The cross section is proportional to the absolute square of the scattering
amplitude and is expressed by

Ove o< C2 ((kp+pe)?—m2)*+Ch (ki — pe)* —m2)? +Cor Corm (k f—ki)*. (2.75)
From the detailed calculation, the differential cross section is given by

Gv,e

dy

= ob(k) (C2L+ CRU = = Calaey),  (276)

where T, is the kinetic energy of the recoiled electron, y = T, /k; and € = m,/k;.
036 (k;) is a reference ve scattering cross section expressed by

2GEmeki

o, (ki) = ~ 1.7 x 107*(k; /MeV) cm?. (2.77)

Fig. 2.11 Feynman diagram - _i v (;
of vye™ scattering \ (k,-) 8VulL u ( f)
{20
5

6_(6) _igzy#(CeLYL+CeRYR) e-(ﬁE)
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The total cross section can be calculated by integrating the differential cross
section (2.76) and is given by

YMAX do . 1 1
Oyye = / — dy = o9, (ki) (CSL +2Ch - —ceLceRe) L @8)
0 dy 3 2

where ymax = W corresponds to the maximum Kkinetic energy that the
recoil electron can have. If we ignore the third term in (2.78), the total cross section
is approximately given by

Oy,e = 1.55 x 107 (k; /MeV) em?. (2.79)
The cross section is proportional to the incident neutrino energy k;.

Since the electron density in the water is ~3 x 103 /cm?, the mean free path of
10MeV neutrinos for v, — e scattering in water is two light years.

2.4.4.2 vy + e~ — Vy + e~ Scattering

Figure 2.12 shows the Feynman diagram of vy e~ scattering. Since only Vg interacts,
the matrix element of the scattering is written by

My,e = 2V2G VY Vpr] (CeLleLY eL] + Cer[eRY er ). (2.80)

The antineutrino wave function in Eq. (2.80) can be rewritten using the negative
energy neutrino wave function as follows:

My,e = 272G pIVuL(—k)YpVuL (—K)] (CoLlery’eL] + Cer[ery er]) . (2.81)

This amplitude is obtained by the substitution of the neutrino momentum k y < —k;
in Eq. (2.73). Therefore, the cross section for the matrix element (2.80) can also be
obtained from the same substitution in the v, e cross section formula of (2.75):

O5,e o Cop (pe — ki) —m2)? + Cop((ky + pe)* — m3)* + CoL.Corm(ky — ki)
(2.82)

<l

Fig. 2.12 Feynman diagram . -ig.y
of Vye™ scatterin, uR e R
u g —0—

70

e —ig YMCoy+Copr¥r) €
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Ver, _i‘giz.y“ Ver,
¥4
e —ig " Cryi+Corvp) € e —igwrt €

Fig. 2.13 The Feynman diagram of v,e
have to be added

scattering. The neutral and charged current diagrams

This is exactly the same formula obtained by substituting C,r <> C,L in (2.75).
Therefore, the form of the Ve~ cross section is equivalent to the forms of the vye™
cross section, (2.76) and (2.78), after substituting

(CeLv CeR) - (CeR, CeL)~ (283)

2443 v, + e~ — v, + e~ Scattering
For the v.e™ scattering, the contribution from the charged current scattering has to

be added to the neutral current scattering amplitude as shown in Fig. 2.13. The matrix
element of this scattering is then given by

My,e = 232G p (VeL¥pVeL1CeLleLY eL] + Cer[eRY er]) — [ VpVeLl[VeLY e, 1),

(2.84)
where the relative minus sign in the charged current term comes from the exchange
of the two leptons. Making use of the Fierz identity,’

[ YpVeLllVeLY e ] = —[VeLYpVeL llerY e 1. (2.85)
equation (2.84) can be factorized as
My,e = 282G Ve ¥pVer] ((Co + DIEy’eL] + CerleRYer]) . (2.86)
Therefore, the cross section can be obtained by substituting
(CeL, Cr) — (CeL + 1, Cer), (2.87)

in Egs. (2.76) and (2.78).

6 See Sect. 8.1.6 and the solution of the Problem 13.9 in [4, Chap. 1].
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2444 Vv, + e~ — V, + e~ Scattering

The Feynman diagram for v,e™ scattering is shown in Fig. 2.14. The matrix element
of the scattering is given by

Mo =2V2G F (VerVVerl (ColTT¥ er] + Cor[eRY er D~ [ 1, Ver [Ver Y e ]).
(2.88)

As in the previous subsection, this amplitude can be rewritten using the negative
energy neutrino wave function.

[VeL (—ki)YpVeL (—k )] (Cerlery e ] + ceR[aypeR])]

My,e =2V2GF [ - T
+le YpVeL (—k D1VeL (—ki) Y er ]

(2.89)
Applying the Fierz identity again,

Mo = 282G FIVeL (—ki YoVel (—k )] ((Cer. + Dlery’eL] + CerlerY er]) .
(2.90)

The cross section can be obtained by substituting
(C€L7 CeR) g (CeR» CeL + 1)7 (291)

in Egs. (2.76) and (2.78).

2.4.4.5 Summary of ve Scattering Cross Sections

As we saw, various neutrino-electron scattering modes can be treated with the same
formula. The difference is the coefficients of the electron currents. In summary, the
general ve scattering cross section forms for d6y./dy and Gy, are

Ve —’8z.3’u Vo Ve igupt Ver
—o— > - ~I8wYyu 3
e” —igM(Co v +CorYr) € € €

Fig. 2.14 The Feynman diagram of v.e~ scattering. The neutral and charged current diagrams

have to be added
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do
dve = 60, (ki) (gf +gr(1—y)? - ngRSy) ,
Y (2.92)
0 2 1 2 1
Ove = Oy, (ki) | g + 38R EngRS .

The reference ve cross section (586 (ki) is shown in Eq. (2.77). The effective coupling
coefficients g /r for various ve scattering modes are summarized in Table2.3. The
energy spectra of the ve scatterings for k; = 10 MeV neutrinos are shown in Fig. 2.15.

The numerical total cross sections for the ve scatterings are summarized in

Eq.(2.93).
Oy,e = Oy ~ 155 x 1074 (k; /MeV) cm?,
Oy,e~ = Oy~ ~ 134 x 1075 (k;/MeV) cm?, 2.93)
Oy,e- ~ 9.52 x 1074 (k;/MeV) cm?,
Ov,e- ~ 3.99 x 107 (k; /MeV) cm?.

Table 2.3 Z%-fermion coupling coefficients xy = sin? Oy ~ 0.23 is used for the numerical
calculations

Mode 8L 8Rr gE + %8121 %ngR
vpe, vie~ —142xw 2xw 0.36 0.12
Vpe , Vee~ 2xw —1 4+ 2xy 0.31 0.25

vee~ 14 2xw 2xw 2.1 0.34
Vee~ 2xw 14 2xw 0.93 0.34
1
k=10[MeV]
L |
>
L
=
o
=
]
1
o
i
LR

12

Fig. 2.15 Energy spectra of ve™ scatterings for incident neutrino energy k; = 10 MeV
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Since there is the following relation between the electron scattering angle and
kinetic energy,

2cos0
Me—————————5—,
€(2+¢)+sin“ 0

(2.94)

T,

the differential cross section as a function of the scattering angle is

dGye 0 2
=4 1
dcos 0, Ovee(l +2)
2,2 2 2 2 2 2
x cosO(F(0))7 (gL + gr(1l — 2ecos”OF (0))” — 2g1.gre" cos” OF (0)),
(2.95)
where 1
F(8) (2.96)

T e(e+2) +sin20

For k; > m,, the electrons are scattered forward with width of 80 ~ /€. Figure 2.16
shows the cos 0 distribution of the scattered electron for k; = 5 and 10 MeV.

2.4.5 Inverse 3 Decay

The inverse process of the 3 decay,
Vet ZA > et 4+ 27Dy, (2.97)
is called the inverse B decay (IBD) reaction. The IBD reaction for the proton target,
Ve+p— e +n, (2.98)

is often used to detect reactor neutrinos. The cross section of the low energy IBD
reaction is more accurately known than those of other neutrino-nucleus interactions.

Fig. 2.16 The cos6
distribution of electron in ve
scattering. The solid line is
for k; = 10MeV and the
dashed line is for

ki = 5MeV

Arbitrary

cos0
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Fig. 2.17 Diagram of the

+
inverse beta decay reaction g

=
=

. 1
—18w COSGny 5(1 - CA)/S)

Figure2.17 shows the diagram of the IBD reaction. The matrix element of the IBD
reaction can be written as the same form as Eq. (2.66) and is given by

Mp = V2G  cos ¢ [Ey“veL][ﬁyu(l — CaYs)pl. (2.99)

From this matrix element and the neutron decay width (2.68), the IBD cross section
can be related to the neutron lifetime 7T, as

G2 (1 +3C%)cos? 6 2n?
omp(Ey) = —L nA E.p. = E.pe

1.7m3, (2.100)
~ 1.0 x 1073 (Ey — Am,,p)\/(Ev — Ampp)? —m? cm?,

where the masses and energies are expressed in MeV and Amy,, =m, —m), =
1.29MeV. The energy dependence of the cross section is shown in Fig.5.32. The
momentum transfer is small for reactor neutrino detection, since the typical neu-
trino energy is ~4 MeV. Therefore, radiative and recoil corrections are small and the
uncertainty is dominated by the error of the neutron lifetime measurement.
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