Chapter 2
Neurocomputing with High Dimensional
Parameters

Abstract Neurocomputing has established its identity for robustness toward
ill-defined and noisy problems in science and engineering. This is due to the fact that
artificial neural networks have good ability of learning, generalization, and associa-
tion. In recent past, different kinds of neural networks are proposed and successfully
applied for various applications concerning single dimension parameters. Some of
the important variants are radial basis neural network, multilayer perceptron, support
vector machines, functional link networks, and higher order neural network. These
variants with single dimension parameters have been employed for various machine
learning problems in single and high dimensions. A single neuron can take only
real value as its input, therefore a network should be configured so that convention-
ally use as many neurons as the dimensions (parameters) in high dimensional data
for accepting each input. This type of configuration is sometimes unnatural and also
may not achieve satisfactory performance for high dimensional problems. It has been
revealed by extensive research work done in recent past that neural networks with
high dimension parameters have several advantages and better learning capability for
high dimensional problems over conventional one. Moreover, they have surprising
ability to learn and generalize phase information among the different components
simultaneously with magnitude, which is not possible with the conventional neural
network. There are two approaches to naturally extend the dimensionality of data
elements as single entity in high dimensional neural networks. In first line of attack
the number field is extended from real number (single dimension) to complex number
(two dimension), to quaternion (four dimension), to octanion (eight dimension). The
second tactic is to extend the dimensionality of data element using high dimensional
vector with scalar components, i.e., three dimension and N-dimension real-valued
vectors. Applications of these numbers and vectors to neural networks have been
extensively investigated in this chapter.

2.1 Neuro-Computing with Single Dimensional Parameters

In recent years, neurocomputing have emerged as a powerful technique for various
tasks such as function approximation, classification, clustering, and prediction in
wide spectrum of applications. Multilayer neural network and back-propagation
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learning algorithm for its training are most popular in neural networks community.
The primary aim of the neural network is to learn input to output mapping, and the
learning algorithm achieves it by adjusting the parameters of the network, which are
weights and threshold values. As these weights and thresholds are real values in the
conventional neural network, it is also called real valued neural network (RVNN) or
conventional ANN or refers to neurocomputing with single dimension parameters.

A conventional ANN is a model that apes the real neuron described by many
researchers in the model description suggested time to time. The artificial neurons are
shown connected with links going from one layer to the one immediately succeeding
it, and some applications of neural networks, however, have had synapses that link the
neurons of the present layer with the ones not only of the immediately succeeding
layer, but also to the neurons that lie further up in the line (Lang and Witbrock
1988). The strength of the synapses (connections) is the synaptic strength, is the
weight associated with the connection. In the human brain, the weight is actually the
potential that controls the flow of electric impulses through the link. Each neuron has a
well defined aggregation function to process the integration of impinging signals and
an activation function that limits the output in predefined range. A typical activation
function that closely resembles the activation of real biological neuron is sigmoid
function as shown in Fig.2.1. A steepness factor was introduced to adjust the shape
of the activation function and tailor it to a form that closely resembles the actual
characteristic. A number of neurobiological studies and biophysics of computation
have inspired researchers to precisely state different aggregation function in literature.
Chapter 4 of this book presents three new higher order neuron models based on these
studies.

ANN in real domain have limitations such as slow convergence and degree of accu-
racy achieved is normally lower, specially for many applications, which deal with
high dimensional signals. The easiest solution would be to consider a conventional
real domain neural network, where high dimensional signals are replaced by inde-
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Fig.2.1 Comparing the actual response curve of biological neuron with the mathematical function.
a The actual characteristic at the output of the neuron in the brain. b The characteristic described
by sigmoid function
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pendent real-valued signals. Such a real-valued neural network is unable to perform
mapping in higher dimensions because corresponding learning algorithms cannot
preserve each input point’s angle in magnitude as well as in sense. Besides that the
huge network topology is another limiting factor, which enhances storage memory
requirement, If conventional ANN is applied for high dimensional problems, they
also require a large number of training iterations for the acceptable solutions and pro-
vide poor class distinctiveness in classification. There may be cases in which learning
speed is a limiting factor in practical applications of neural networks to problems
that require high accuracy. The most acceptable solution resulted from researches is
to consider neural network designed with high dimensional parameters. High dimen-
sion neural networks have been found worth while in recent researches to overcome
from these problems considerably. This book is an attempt to further improve many
issues through consideration of theoretical and practical aspects of high dimensional
neurocomputing.

2.2 Neurocomputing in High Dimension

In our day to day life, we come across many quantities that involve only one value
(magnitude), which is a real number. However, there are also many quantities that
involve magnitude and direction. Such quantities are generally called vectors, which
may be represented by hypercomplex number system and/or real-valued vectors. It
is a matter of universal incidence that a vector represents a cluster of particles in the
factual world. The recent researches in neurocomputing are dedicated to formulate a
model neuron that can deal with N signals as one cluster, called N-dimensional vector
neuron. In this book, high dimensional neurons are defined through these vectors,
and high dimensional neural networks such as complex neural networks, quater-
nary neural networks, and three-dimensional exterior neural networks are unified in
terms of a vector representation. These vectors (signals), which are supposed to flow
through a high dimensional neural network, are the unit of learning. Therefore, they
are capable of learning high-dimensional motions as its inherent property, which is
not possible in real domain neural networks.

In science and engineering, we frequently come across with both types of
quantities. In mathematics, a hypercomplex number is a traditional term for an
element of algebra over a Field.! The hypercomplex numbers are the generalization
of the concept of real numbers to n dimensions which come up with an unexpected
outcome. Our idea of “number like” behavior in R" is motivated by the cases n=1
(real numbers R), 2 (complex numbers C) that we already know. In trying to gener-
alize the real number to higher dimensions, we find only four dimensions where the

! In abstract algebra, a field is a set F, together with two associative binary operations, typically
referred to as addition and multiplication.
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idea works: n=1, 2, 4, 8. These number systems have many common algebraic and
geometric properties.

A literature survey into the vector algebra brings out the fact that many searches
had gone to enable the analysis of quantities, which involve magnitude and direc-
tion in three-dimensional space, in the same way as complex numbers had enabled
analysis of two-dimensional space, but no one could arrive at a complex numbers
like system. Therefore, another way to represent a vector in three dimensional space
(or R?) are identified with triples of scalar components. These quantities are often
arranged into a real-valued vectors, particularly, when dealing with matrices. These
standard basis vectors can also be generalized into n-dimensional space (or R").

This chapter is devoted to present a theoretical foundation of hypercomplex num-
ber system and high dimensional real-valued vector. This chapter also establishes
their basic concepts for vector representation along with their algebraic and geomet-
ric properties in view of designing high dimensional neural networks. The successive
chapters of the book lead to their vital applicability in various areas.

2.2.1 Hypercomplex Number System

The nineteenth century is observed as the very thrilling time for philosophy of
complex numbers. Though, complex numbers had been discussed in works pub-
lished in the sixteenth century, the study of complex numbers was totally dismissed
as worthless at that time. After three centuries the sensibleness of complex numbers
was truly understood when most of the fundamental results, which now form the core
of complex analysis, were exposed by Cauchy, Riemann along with many others.
Even Irish mathematician and physicist William Rowen Hamilton was fascinated by
the role of complex number system in two-dimensional geometry in the nineteenth
century before discovering quaternions. Indeed, set of real numbers ‘R’ is a sub-
set of set of complex numbers ‘C’; C is a Field extension over R. It is a number
system where we can add, subtract, multiply, and divide. The algebraic structure
“doublets” or “couplets” (a + ib € R?) was regarded as a algebraic representation
of the Complex Numbers, which can easily use complex arithmetic to do various
geometric operations. The Field of complex numbers is defined by

C={a+ib | ab e R i’=-1}

The field of complex numbers is a degree two field extension over the field of real
numbers; the vector space of C forms the basis {1, i} over R. This means that every
complex number can be written in the form a + i b, where a and b are real numbers
and i is an imaginary unit (i> = —1). Mathematicians want to construct a new fields
for hypercomplex numbers such that C becomes a subset of hypercomplex number
system, and the new operations in them are compatible with the old operations in
C. Therefore, mathematicians were looking for a field extension of C to higher
dimensions, hence hypercomplex numbers.
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As next natural step, Hamilton was eager to extend the complex numbers to a new
algebraic structure with each element consisting of one real part and two distinct
imaginary parts, which would be known as “Triplets” and forms the basis {1, i, j}.
There are necessary and sufficient mathematical reasons, why one should attempt for
such a construction. He desired to use these triplets to operate in three-dimensional
space, as complex numbers were used to define operations in the two-dimensional
plane. He attempted for years to invent an algebra of triplets (@ +i b + je € R?) to
play same role in three dimensions.

Can triplets be multiplied? Hamilton worked unsuccessfully in creating this struc-
ture for over 10 years. After a long work he observed that they can only be added and
subtracted; Hamilton could not solve the problem of multiplication and division of
triplet. We now know that this pursuit was in vain. Historically, it was noted that on
October 16th, 1843, while walking with his wife along the Royal Canal in Dublin,
the concepts of using quadruple with the rules of multiplications dawned on him.
Hamilton discovered a four dimensional algebraic structure called the quaternions.
The discovery of the quaternions is one of the most well documented discoveries in
mathematics. In general, it is very rare that the date and location of a major math-
ematical discovery are known. Hamilton explicitly stated, “I then and there felt the
galvanic circuit of thought and the sparks which fell from it were the fundamental
equations between i, j, k; exactly such as I have used them ever since in complex
number system”.

The set of quaternions, often denoted by H in honor of its discoverer, constitute a
noncommutative field (a skew field) that extends the field C of complex numbers. The
quaternions is constructed by adding two new elements j and k in complex number,
thus new algebraic structure would require three imaginary parts along with one real
part. For this new structure to work, Hamilton realized that these new imaginary
elements would have to satisfy the following conditions:

==k =ijk=—1

One could now talk about the additive and multiplicative operations that can be
defined on elements of H and turn it into a field. The field of quaternions can then be
written as

H={g=qo+qi+q@j+qk | g €R; and i* = j> =k*=ijk=—1}

If Hamilton had been able to develop his Theory of Triplets, he would have
effectively built a degree three field extension of R whose vector space forms the
basis {1; i; j} over R such that i> = j> = —1. This field must be closed under
multiplication. After struggling with all possibilities, researchers including himself
came in conclusion that there is no third degree Field extension over R with basis
{1; i; j} holding the properties as in C. Thus, it is not possible to create the Theory
of Triplets while satisfying the requirements of a Field. Hamilton had to abandon
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the Theory of Triplets.” The extensive investigations show why Hamilton had to
consider a four dimensional Field extension by adding a new element k that is
linearly independent of the generators 1, i, and j; and whose vector space forms the
basis {1; i; j; k} such that i = j> = k? = —1.

A quaternion is a hypercomplex number, which is an extension to the complex
numbers. The hypercomplex number domain possesses a “Numberlike” behavior in
R" and consists of symbolic expression of n terms with real coefficients, where n
may be 1 (real numbers), 2 (complex numbers), 4 (quaternion), 8 (cayley numbers
or octonion). These numbers can also be considered as Field extension of classical
algebra in hypercomplex number domain. They share many properties with com-
plex numbers with interesting exceptions. Quaternion algebra has all the required
properties except commutative multiplication, whereas the octonion algebra has all
the required properties except commutative and associative multiplication. They are
now used in computer graphics, computer vision, robotics, control theory, signal
processing, attitude control, physics, bioinformatics, molecular dynamics, computer
simulations, and orbital mechanics.

2.2.2 Neurocomputing with Hypercomplex Numbers

The brief survey into the development of family of hypercomplex numbers point
out the fact that the idea of developing these numbers may generate normed division
algebras only in dimensions 1 (real numbers), 2 (complex numbers), 4 (quaternions),
and 8 (octonions). Hypercomplex numbers are direct extension of the complex num-
ber into the high dimension space. They can be seen as high dimensional vectors
comprising of components with one scalar and a vector in space. High-dimensional
neural networks developed using these numbers has natural ability of learning motion
in corresponding dimension because the unit of learning are these numbers (sig-
nals) flowing through respective neural network. The neural network in hypercom-
plex domain is an extension of the classical neural network in real domain, whose
weights, threshold values, input, and output signals are all hypercomplex numbers.
This chapter will clarify the fundamental properties of a neuron and neurocomputing
with hypercomplex number system.

2.2.3 Neurocomputing with Vectors

The word vector was originated from the Latin word vectus, which stands for “to
carry”. The modern vector theory was evolved from early nineteenth century when an

2 Interested readers may consult modern abstract algebra to understand difficulty of building a
three-dimensional field extension over R and Hamiltons breakthrough concerning the necessity of
three distinct imaginary parts along with one real.
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interpretation of vector in different dimensions had been given through the tuples of
scalar components. Vectors in a three dimensional space (or R*) can be represented
as coordinate vectors in a Cartesian coordinate system and can be identified with
an ordered list of three real numbers (tuples [X, y, z]). These numbers are typically
called the scalar projections (or scalar components) of the vector on the axes of
the coordinate system. In wide spectrum, a vector in n-dimensional space (or R" or
spatial vector) is a geometric quantity having magnitude (or length) and direction
expressed numerically as n-tuples, splitting the entire quantity into its orthogonal-
axis components. The vector-valued neurons were introduced as natural extension of
conventional real-valued neuron, which influence the behavioral characteristics of the
neuron in high dimensional space. We live in a three dimensional world, certainly
all of our movements are in 3D. There are many natural aspects of learning 3-D
motion in space particularly through neurocomputing. The purpose of 3D vector-
valued neural network to 3D geometry is that it makes the neurocomputing study
simple and elegant.

2.3 Neurocomputing with Two Dimensional Parameters

The neurocomputing has found application in almost all industry and every branch
of science and technology. Our understanding of the ANN improved over the years
with the much light research in the direction threw, with the lasting contributions
of McCulloch and Pitts (1943), Donald Hebb (1949), Minsky (1954), Rosenblatt
(1958), Minsky and Papert (1969), Werbos (1974), Fukushima and Miyaka (1980),
John Hopfield (1982), Nitta (1997), Adeli (2002), Aizenberg (2007), Tripathi (2010)
to name a few. Among the most recent developments in the area are the complex
variable based neural networks (CVNN) that represent a second generation of archi-
tectures and also scored over the standard real variable based networks (ANN) in
certain aspects. All the parameters including synaptic weights, bias, input-output,
and signals flowing through network are complex numbers, aggregation, and activa-
tion functions are also in complex domain. Since it operates in the complex vari-
ables setting, the conventional Back-Propagation Algorithm (BP) that trains the
ANN is not suitable to train the CVNN. The operations on functions in complex
domain are not as straightforward as in real domain; therefore, variations in exten-
sion of the BP to the complex variables was reported by Leung and Haykin (2010)
[1], Piazza (1992) [2], Nitta (2000) [3], Aizenberg (2007) [4], Adeli (2002) [5]
called the Back-Propagation Algorithm in Complex Domain (CBP). It is imperative
that we study the ANNs with two-dimensional parameters with a view to investi-
gate how the new tools of approximation perform in comparison with the existing
ones.

In order to preserve the relationship between phase and magnitude in signals,
one certainly requires a mathematical representation; and this representation is only
possible in the domain of complex numbers. Hence, the model representation of the
systems involving these signals should deal with complex values rather than real
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values. This indicates that the complex variable-based neural network may be useful
for such applications. CVNN is the extension of RVNN, in which all the parameters
and signals flowing through it are complex numbers (Two Dimension Parameters) in
contrast to real numbers in the RVNN. The different neurobiological studies revealed
that the action potential in human brain may have different pulse patterns and the
distance between pulses may be different. This justifies the introduction of complex
numbers representing phase and magnitude by a single entity into neural networks.
CVNN has been applied to various fields like adaptive signal processing, speech
processing, and communicating, but are not limited. These applications often use
signals, which have two types of information embedded in it, the magnitude and
the phase. In real domain it is not possible to represent both these quantities by
a single quantity; so the magnitude and phase is represented by two numbers and
then the neural network can be trained using these two quantities as separate inputs.
While the neural network trained on this topology may give satisfactory results, but
the relationship between phase and magnitude of a signal cannot be represented
by the model because of their separation. Chapter5 demonstrate that the CVNN
can learn and generalize linear and bilinear transformation over typical geometric
structures on plane. These transformations cannot be learned using RVNN. The
CVNN shows excellent generalization capabilities for these transformations because
representation of magnitude and phase by single quantity i.e. complex number. It also
worth to mention here that CVNN has yielded far better result even in case of real-
valued problem (Chap.4), hence outperformed over equivalent real-valued neural
network.

2.3.1 Properties of Complex Plane

The complex plane is the geometric analog of complex numbers, which has along and
mathematically rich history. It is the set of dual numbers over the real that possesses
one to one correspondence with the points of cartesian plane. The complex plane
is unlike real line, for it is two-dimensional with respect to real numbers and one-
dimensional with respect to the set of complex numbers (Halmos 1974). A point on
the plane can be viewed as a complex number with the x and y coordinates regarded
as the real and imaginary parts of the number. The set of complex numbers is a Field
equipped with both addition and multiplication operations, and hence makes a perfect
platform of operation. But the order that existed on the set of real numbers is absent
in the set of complex numbers, and as a result, no two complex numbers could be
compared as being big or small with respect to each other, but their magnitudes (which
are real numbers) could well be compared. The properties of the complex plane are
different from those of the real line. The set of real numbers was one-dimensional,
while as was pointed out, the set of complex numbers is one-dimensional if the field in
question is the set of complex numbers itself, while it is two-dimensional if the filed
is the set of real numbers. The complex numbers have a magnitude associated with
them and a phase that locates the complex number uniquely on the plane. It is hence
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clear that the learning algorithm on complex plane (CBP) that trains the CVNN must
not only obtain a convergence with respect to the magnitude, but also with respect
to the phase. This is equivalent to stating that the real as well as imaginary parts of
the complex numbers must be separately captured by the CBP.

2.3.1.1 Beauty of Complex Numbers

Complex domain (C) itself is gaining more attention because many real applications
involve signals that are inherently complex-valued. A complex number is directly
related to the two-dimension data. It comprises of two real numbers and comes with
phase information embedded into it. Addition and multiplication are much easier in
C. Any complex number has a length and angle, hence forms a plane. Their oper-
ations are very related to two-dimensional geometry where one can use complex
arithmetic to do various geometric operations. Thus, it is more significant in prob-
lems where we wish to learn and analyze signal amplitude and phase precisely. Let
C be the set of complex numbers and triplet (F, e, ®) be a Field equipped with
operations e, ®, satisfying the Closure, Commutative, Associative, Identity, Distrib-
ute (® distributes over o), and Inverse properties for arbitrary elements belonging to
F. A two-dimensional Field with basis {1, i} forms a two-dimensional vector space
of C over R.

Definition 2.1 The triplet (F, o, ®) is said to be a Field equipped with operations
e, ®;Vcy, e, c3 € F, if it satisfies the following axioms with respect to e:

ClosureIf c;,cp e F—cjecy €F.

Commutative c1 @ co = cy @ CJ.

Associative c; o (co @ c3) = (c] @ ¢2) ® C3.

Identity 3 an element called ‘0’ such that c; ¢ 0 =0 e ¢y = ¢y.
Inverse 3 a unique c for every ¢, such that c; e ¢ = 0.

ARl

and following axioms with respect to ®:

ClosureIfci,cp e F—c; ® ¢ € F.

Commutative c; ® cp = ¢ Q cq.

Associative c1 @ (¢ ® ¢3) = (c1 ® ¢2) ® c3.

Identity 3 an element called ‘1’ suchthatc; ® 1 =1 ® ¢1 = ¢y.
Inverse 3 a unique ¢ for every c2(5# 0) such that c; ® ¢; = 1.

ARl

and also Distributive Property, ® distributes over e such that ¢y ® (¢ e ¢3) =
c1®crecy Qcs.

Definition 2.2 The Field of complex numbers is a degree two field extension over
the field of real numbers. The set of complex numbers is a Field equipped with
operations +, x such that for every two elements a + jb, ¢ + jd:

e (a+jb)+(c+jd)y=(a+c)+jb+d).
o (a+ jb) x (c+ jd) = (ac —bd) + j(bc + ad).
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where j is the imaginary unit defined by the equation j> = —1. It can be verified that
the definitions for 4, x satisfy all the postulates of the Field.

2.3.1.2 Cauchy-Riemann Equations and Liouville’s Theorem

In real domain, the property of differentiability is not a very strong property for
functions of real variables. It is surprisingly true that study of complex function for
differentiability (analyticity) is a different topic from real analysis. The power and
importance of complex numbers cannot be exploited until a full theory of analytic
(holomorphic) function is developed. Interested readers may consult the theory of
complex numbers for details, this section only presents the brief discussion on differ-
entiability necessary for the development of learning algorithm in neurocomputing.

Definition 2.3 A complex valued function f: C — C is said to be analytic (com-
plex differentiable) at z € C if the following limit exists at every point z in the
complex plane. If the function is analytic over the whole finite complex plane, it is
said to be an entire function.

fz+382) — f(2)

Limit(;z_)() 5 2.1)
Z

The definition demands that the function be differentiable at every point in some
neighborhood of the point z. The function f is said to be differentiable at z when its
derivative at z exists. The limit will be called the first derivative of f at z and denoted

by f'(2).

Further, there are a pair of equations that the first-order partial derivatives of the
component functions of a function ( f) with complex variable, must satisfy at a point
when the derivative of f exists there.

Let f(z) = U(x, y)+ jV(x, y) be a complex valued function. Cauchy-Riemann
equations (CR) are pair of equations that first-order partial derivatives of the com-
ponent functions, U and V, of function f must satisfy at a point when the derivative
of f exist there.

Definition 2.4 The first order partial derivatives of component function of f must
exist. A complex valued function f(z) = U(x,y) + jV(x, y) is said to satisfy CR
equations if the following equalities hold:

sU 8V sU %
—=— and — = —— 2.2)
Sx Sy Sy Sx

It can be shown that every analytic function satisfies CR equations. The converse
is true if an additional condition of continuity of the partial derivatives of the CR is
assumed (Ahlfors 1979).

Above equations, not only give the derivative of f in terms of partial derivatives
of component function, but also they (CR equations) are necessary conditions for the
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existence of the derivative of a function at a point z. They can be used to locate points
at which function does not have a derivative. These equations are not sufficient to
ensure the existence of the derivative of a function at that point.

The complex plane unlike the real line is a two-dimensional space. The second
dimension adds flexibility and at the same time restricts the choice of activation
functions for neural network applications by imposing certain constraints. More
precisely, the important constraint imposed by the complex plane is epitomized in
the Liouville Theorem.

Theorem 2.1 The theory of functions in complex domain imposes its own constraint
in the form of Liouville Theorem, which states that if a function in complex domain
is both entire and bounded, it must be a constant function. As a ramification of the
theorem, the constraints emerge:

e No analytic function except a constant is bounded in the complex plane.
e Ananalytic complex function cannot be bounded on all points of the complex plane
unless it is constant.

Analyticity, boundedness are the parameters of concern in the search for complex
activation functions. The term regular and holomorphic are also interchangeably used
in the litrature to denote analyticity. In view of theorem, if a nontrivial complex-valued
function is analytic it must go unbounded at least one point on the complex plane,
and if the function is bounded it must be nonanalytic in some region for it to qualify
as activation function. Hence, a search for activation function should make sure these
conditions are satisfied. The second dimension of the complex plane necessitates a
study of three-dimensional surfaces (Chap. 3), as the real and imaginary parts of the
complex activation functions are both functions of real and imaginary parts of the
variable.

Definition 2.5 If a function fails to be analytic at a point zg, but is analytic at some
point in every neighborhood of zg, then z is called a singular point or singularity of
function.

2.3.2 Complex Variable Based Neural Networks

Complex numbers form a superset of real numbers, an algebraic structure that defines
real world phenomenon like signal magnitude and phase. These are useful in ana-
lyzing various mathematical and geometrical relationships in two dimension space.
For nearly a decade, the extension of real-valued neurons for operation on complex
signals [2, 5-7] has received much attention in the field of neural networks. The
main motivation in designing complex variable based neural networks is to utilize
the promising capabilities of complex numbers. Complex numbers are a subfield of
quaternions. The decision boundary of the complex-valued neuron consists of two
hypersurfaces, which intersect orthogonally each other and divides a decision region
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into 22 (=4) equal sections. Now, neural network dealing with complex numbers
are not the new entrants to the field of neural networks; they have established the
basic theories, yet they require more exploration in new coming applications. A brief
survey into the CVNN brings out the fact that it provides faster convergence with
better results, reduction in learning parameters (network topology), and the ability to
learn two-dimensional motion of signal [3, 8]. The weight update rule for the CVNN
is exactly same as the one used to training networks using the most popular error
correction learning.
1 OE) 2.3

w(t + )_W(t)+n8w(t) (2.3)
where w is the weight that get updated as the algorithm runs iteratively, E is the Error
Function that gets minimized in the process of weight update and » is the learning
rate. The difference of course lies in the fact that the weights are complex numbers,
while the error function and learning constant are positive real numbers. All the
signals that the neurons fire in response to aggregation and activation functions are all
complex in nature. It must be emphasized here that continuity and differentiability of
a function in complex domain play a central role in development of complex variable
based neural networks. It is hence obvious that a thorough discussion of complex
variables and complex mappings is essential to comprehend the mechanism by which
a CVNN operates. The definitions discussed here are required to prepare the ground
for a systematic study to develop a theory for analysis.

2.4 Neurocomputing with Three Dimensional Parameters

Artificial neural networks have been studied for many years in the hope of achiev-
ing human like flexibility in processing typical information. Some of the recent
researches in neurocomputing concerns the development of neurons dealing with
three-dimensional parameters [9] and their applications to the problems, which deals
with three-dimensional information. There has been rapid development in the field
of 3D imaging, computer vision, and robotics in last few years. These are multidisci-
plinary fields, which encompasses various research areas and deal with information
processing through modern neurocomputing paradigm. They are at their infancy
[10-12] and requires to explore methods based on neural networks. The 3D motion
interpretation and 3D feature recognition are essential part of high level analysis,
and found wide practical uses in the system development of these fields. Although,
there are many methodologies [10, 11, 13, 14] to solve them, they instead use exten-
sive mathematics and are time consuming. They are also weak to noise. Therefore,
it is desirable for realistic system to consider iterative methods, which can adapt
system for three-dimensional applications. This book is aimed at presenting relevant
theoretical and experimental framework based on multilayer neural networks of 3D
vector-valued neurons. In Chap. 6, we present a straightforward technique that uses
3D geometric point set (point cloud) representation of objects. The method described
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here is fully automatic, does not require much preprocessing steps, and converges
rapidly to a global minima.

2.4.1 Properties of Vector Space

A vector space is a set whose elements are called vectors. The vector space is intu-
itively spatial since all available directions of motion can be plotted directly onto a
spatial map. The idea of a vector is far more general than the picture of a line with
an arrowhead attached to its end. In general, a vector is thought a directed arrow
pointing from the origin to the end point given by the list of numbers. A vector
is a list of numbers, and the dimensionality of a vector is length of the list, where
each number represents the vector’s component in the dimensions. A 3-dimensional
vector would be a list of three numbers, and they live in a 3-D volume. Vector space
offers a convenient way to describe different geometric properties. There are two
operations (addition and scalar multiplication) defined on them, which must obey
certain simple rules, the axioms for a vector space.

Definition 2.6 Letset V be the vector space and the tuple (¥, +) is a Field equipped
with operations 4. The V equipped with the operation ‘+’ is said to be a vector space
over the field F if the following axioms are satisfied (Vv, va, v3 € V)

e Closure vector space is closed under addition and multiplication by scalars v; +
vo € Vand o vi € V where « is a scalar.

o Commutative The commutative law of addition holds vi 4+ vy = vy + vy.

e Associative vi + (v2 +v3) = (vi +v2) + v3.

e Identity There is a zero vector, so that for each vector, 3 an element called ‘0’ such
that vi +0 = vy.

e Inverse There is a unique additive inverse for each vector, for each vector vy, 3
another vector v such that vi + v, = 0; then vy = —vy.

2.4.2 3D Vector Based Neural Networks

In machine learning the interpretation of 3D motion, 3D transformations, and 3D
object matching are few expected applications. Though, there have been many
methodologies to solve them, however, these methods are time consuming and weak
to noise. This book presents an efficient solution using multilayered network of
3D vector-valued neurons. In 3D vector valued neural network the parameters like
threshold values, input-output signals are all 3D real valued vectors, and weights
associated with connections are 3D orthogonal matrices. All the operations in such
neural models are scaler matrix operations. The corresponding 3D vector valued
back-propagation algorithm (3DV-BP) is a natural extension of complex valued
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back-propagation learning algorithm [2, 8], and has the ability to learn 3D motion as
complex-BP learn 2D motion as its inherent property. In this book, the author inves-
tigates the characteristics of 3D vector-valued neural networks by various computa-
tional experiments. The experiments suggest that 3DV-BP networks can approximate
3D mapping just by training them only over a part of the domain of the mapping.
Chapter 6 explains the learning rule for 3D vector-valued neural networks. The gen-
eralization ability of 3D neural network in 3D motion interpretation and in 3D face
recognition applications is confirmed through diverse test patterns in Chap. 6.

2.5 Neurocomputing with Four-Dimensional Parameters

The four-dimensional hypercomplex numbers, the Quaternions, have been exten-
sively employed in several fields, such as modern mathematics, physics, control
of satellites, computer graphics, etc. One of the benefits in graphics provided by
quaternions is that affine transformations (especially spatial rotations) of geomet-
ric constructs in three-dimensional spaces, can be represented compactly and effi-
ciently. How we should treat data with four-dimension in artificial neural networks?
Although this problem can of course be solved by applying several real-valued or
complex-valued neurons. But, a better choice may be to introduce a four-dimensional
hypercomplex number system based neural network, that could be confronted to the
Quaternion in the same way as the complex numbers are confronted to the CVNN.
This hypercomplex number system was introduced by Hamilton [15], which treat
four-dimensional data elements as a single entity. There has been a growing number
of interests concerning the use of neural networks in the quaternionic domain [16].
All variables in the multilayered quaternionic-valued neural network (QVNN), such
as input, output, action potential, and connection weights are encoded by quater-
nions. A quaternionic equivalent of error back-propagation algorithm has also been
investigated and theoretically explored by many researchers. The derivation of this
learning scheme adopted a famous Wirtinger calculus [17] because this calculus
enables a more straightforward derivation of learning rules.

2.5.1 Properties of Quaternionic Space

The quaternionic space is a four-dimensional vector space over the real numbers.
Since the quaternionic algebra is at infancy there are many representations of it,
which leads to variations in operations and properties. Hence, demands for wide
consensus among researchers in quaternionic space. Most of the researchers have
followed Wirtinger calculus in their basic constructions. Representing quaternion
as a vector is more compact as well as intuitively straightforward. The quaternions
may also be used for three-dimensional operations assuming 3D space as being pure
imaginary quaternion.
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2.5.1.1 Beauty of Quaternionic Numbers

A quaternion, the generalization of complex number, is a hypercomplex number
where complex analysis would be self evident within the structure of quaternion
analysis. Unlike the complex number, the quaternion has four components: one is
real and the other three are all imaginary.

Definition 2.7 A class of hypercomplex numbers, the quaternions, are defined as a
vector q in a four-dimensional vector space over the real numbers (R) with an ordered
basis. Each number is a quadruple consisting a real number and three imaginary
numbers i, j, and k. A quaternion g € H is expressed by fundamental formula

q=¢q +qi+qij+ qk 2.4)

where g, g;, q; and gy are real numbers. The set of quaternions H, which is equal
to R*, constitutes a four dimensional vector space over the real numbers with basis
{1;1; j; k}.

Definition 2.8 The quaternion q € H can also be interpreted as having a real part
qr and vector part g, where the elements {i, j, k} are given an added geometric
interpretation as unit vectors along the X, Y, Z axis respectively. Equation2.4 can
also be written using 4-tuple or 2-tuple (one scalar and one vector in three space)
notation as

qa=(r 9 95, %) = (qr, q) (2.5)

where ¢ = g;, gqj, qx.Accordingly, the subspaceq = ¢, + 0i + 0j + Okof
quaternions may be regarded as being equivalent to the real numbers. The subspace
q = 0+ g; i+ g;j + qr kmay be regarded as being equivalent to the ordinary
3D vector in R3.

Definition 2.9 In Wirtinger calculus, a quaternion and its conjugate are treated as
independent of each other, which makes the derivation of the learning scheme in
neural network clear and compact. The quaternion conjugate is defined as

C=G —D=q —qi—-qj— qk (2.6)

Definition 2.10 According to the Hamilton rule the quaternion basis satisfy the
following identities, which immediately follows that multiplication of quaternions
is not commutative.

i = 7 = K = ijk=-1 2.7)
ij=-ji=k jk=-kj=1i ki=—ik =] (2.8)

Definition 2.11 Let p = (p,, p) and q = (g,, q). Customarily, the extension of
an algebra attempts to preserve the basic operations defined in the original algebra.
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Let p- g and p x g denote the dot and cross products between the three dimensional
vectors p g. Then basic operations between quaternions can be defined as follows:

e The addition and subtraction of quaternions are defined in a similar manner as for
complex-valued numbers:

pra=(pr+q, p£q =pr£4qr, pitai. pjEtq; pctq) 29)
e The product of p and q is determined using Eq. 2.8 as
Pa=wrgr—pP - 4. Prq + 4 p + pxq) (2.10)
e The conjugate of the product is defined as
(Pe)™ = q"p" (2.11)

e The quaternion norm of q, denoted by |q], is defined as

lal = Jag* = /a2 + 7} + 4} + 4} (2.12)

2.5.1.2 Cauchy-Riemann-Fueter Equation

The Swiss mathematician Fueter developed the appropriate generalization of the
Cauchy-Riemann equations to the quaternionic functions. The analytic condition
for the quaternionic functions is defined by Cauchy-Riemann-Fueter (CRF) equa-
tion, which corresponds as an extension of the Cauchy-Riemann (CR) equations
defined for the functions in complex domain. In order to construct learning rules for
quaternionic neural networks, CRF equation describes the required analyticity (or
differentiability) of the function in the quaternionic domain.

Definition 2.12 Let f: H — H be a quaternionic valued function defined over a
quaternionic variable. The condition for differentiability of any quaternionic function
f is defined as follows:

@ @ @ 0@
9gr agi 9q; dqk

(2.13)

An analytic function can serve as the activation function in the neural network. The
analytic condition for the quaternionic function, called the Cauchy-Riemann-Fueter
(CRF) equation, yields:

3f(<1)+i3f(Q)+j3f(Q)+k3f(Q) _
gy 9g; 9q; 0qk

0 (2.14)
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CRF equation is necessary condition to assure analyticity in the quaternionic
domain.

2.5.2 Quaternionic Activation Function

A major issue in designing neural networks in the quaternionic domain is about the
introduction of suitable functions for the activation in updating the neurons’ states.
It is worthwhile to consider the capability of the quaternionic neural network with
standard activation functions, as in CVNN, i.e., whether the considered network
can approximate with given functions. A popular approach of activation function
in complex domain, the so-called “split” type function,? has also been applied by
researchers in many applications where a real-valued function is applied to update
each component of a quaternionic value. Real-valued sigmoidal function and hyper-
bolic function, which are differentiable, are often used for this purpose. However,
due to lack of analyticity in split-type quaternionic function many, others researchers
suggested it an inappropriate approach.

The CRF equation has pointed out another issue on the standard analyticity of
function in the quaternionic domain. Only linear functions and constants satisfy the
CRF equation. For example, an analytic quaternionic tanh function can be used as
an activation function, but this function may contain several kinds of singularities
as in the case of corresponding function in complex domain, and hence unbounded.
Thus, this quaternionic neural network may face the problem of the existence of
singularities. Yet this problem can also be handled similarly as in the case of CVNN,
through the removal or avoidance of such singularities; which can not considered a
better choice.

Recently, another class of analyticity, called “local analyticity”, has been devel-
oped for the quaternionic functions [18], and is distinguished from the standard or
global analyticity. This analytic condition is derived at a quaternionic point with its
local coordinate, rather than in a quaternionic space with a global coordinate. Inter-
ested reader my consult [18, 19] for details. The derivation of local analytic condition
shows that a quaternion in the local coordinate system is isomorphic to the complex
number system, and thus it can be treated as a complex value. A neural network with
an activation function with local analyticity has been first proposed and analyzed by
Mandic (2011), in [20]. Such networks demonstrated their outperformance over the
network with a split-type activation function in several applications.

3 Split complex function refers to functions f: C —> C for which the real and imaginary part of
the complex argument are processed separately by a real function of real argument.
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2.5.3 Quaternionic Variable Based Neural Networks

Quaternary neural networks were proposed by Arena and Nitta independently in
the mid-1990s [21] The architecture of the multilayered QVNN is same as conven-
tional neural networks except that the neurons, which process quaternionic signals
and parameters in the network, are encoded by quaternionic values [16]. A quater-
nionic activation function introduces nonlinearity between the action potential and
output in the neuron. One can treat quaternionic functions in the same manner as
complex-valued functions, but under the condition of local analyticity. The quater-
nionic functions with local analytic conditions are isomorphic to the complex func-
tions, thus several activation functions (such as complex-valued sigmoid functions)
can be used extendedly in the quaternionic domain. Many researchers have indepen-
dently considered the capability of the proposed quaternionic network with different
activation functions. The connection weights in QVNN may be updated by error
back-propagation learning algorithms, until the desired output signals could not be
obtained with respect to the input signals. In 1927, Wirtinger calculus [17] was basi-
cally invented for analysis of complex numbers, but now it appears to be prominent in
quaternionic algebra, and hence yielded a solid representation for QVNN construc-
tions. Analytic conditions for quaternionic functions may be derived by defining a
complex plane at a quaternionic point, which is a kind of reduction from quaternionic
domain to complex domain.

A quaternion possesses four degrees of freedom, therefore the decision boundary
of the quaternary neuron consists of four hypersurfaces, which intersect orthogonally
with each other and divides a decision region into 2* (=16) equal sections. Nitta
[16] has successfully solved the 4-bit parity problem by a single quaternary neuron
with the orthogonal decision boundary, which cannot be solved with a single real-
valued neuron, resulting in the highest generalization ability, and hence reveals a
potent computational power of the quaternary neuron. The neural networks with
quaternionic neurons has been recently explored in an effort to naturally process
three or four dimensional vector data, such as color/multi-spectral image processing,
predictions for three-dimensional protein structures and controls of motion in high-
dimensional space. They can be highly effective in the fields such as robotics and
computer vision in which quaternions have been found useful. The application of
QVNN to engineering problems, such as color night vision, predictions for the output
of chaos circuits, and winds in three-dimensional space is also challenging, but will
be the candidates for application.

2.6 Neurocomputing with N-Dimensional Parameters

In many important applications of science and engineering, signals and system para-
meters are most conveniently represented as a vector in N-dimensional space using an
ordered N-tuple [x1, x2, ..., xy]. High dimensional neural networks designed tak-
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ing account of task domains has shown their superior computational power in wide
spectrum of tasks. Thus, neural network models dealing with N signals as one cluster
are desired under the powerful framework of N-dimensional vector neuron. An N-
dimensional vector neuron is a natural extension of the 3-dimensional vector neuron
whose vital applicability has been presented in Chap. 6. The famous neuroscience
researcher T Nitta (2007) proposed an efficient solution for the N -bit parity problem
with a single N-dimensional vector-valued neuron [22] considering the orthogonal
decision boundary. It reveals the potent computational power of N-dimensional vec-
tor neurons because this problem cannot be solved with a single usual real-valued
neuron. It is reasonable to emphasize it as a new directionality for enhancing the
capability of neural networks, and therefore worth researching the neural networks
with N-dimensional vector neuron.

2.6.1 Properties of Vectors in R

The vectors in space can be directly extended to vectors in N-space. A vector in
N-space is represented by an ordered N-tuples [xy, x2, .. ., xx] of real numbers and
same for a point in N-space, R". All the listed axioms in Definition 2.6 including
two operations (vector addition and scalar multiplication) holds for any three vectors
Vi, v2,v3 € V in N-space (RM), therefore V is called a vector space over the real
numeric’s R.

2.6.2 N-Dimensional Vector Based Neural Networks

The structure of N-dimensional vector neuron, which can deal with N signals in one
cluster, can be given by extending the structure of 3-dimensional vector-valued neu-
ron. In an N-dimensional vector-valued neuron all the input-output signals, thresholds
are N-D real-valued vectors and the weights are N-dimensional orthogonal matri-
ces. Additional restrictions imposed on the N-dimensional orthogonal matrix (e.g.,
it can be regular, symmetric, or orthogonal etc.) will also influence the behavioral
characteristics of the neuron. The net potential of a N-dimensional neuron can be
given as:

L
Y=>W X/ +6 (2.15)

I=1
where input signal X; = [x1, x2, ..., xn]Tislth input signal, W; is the N-dimensional
orthogonal weight matrix for the /th input signal and 6 = [0}, 6,, ..., 0x]7 is the

threshold value. It is also important to mention here that the N-dimensional vector
neuron presented here may be considered with the traditional activation functions.
The output of the neuron will also be a N-dimensional real-valued vector. Similar to
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complex-valued neuron, the decision boundary of an N-dimensional vector neuron
consists of N hyperplanes, which intersect orthogonally with each other and divides
a decision region into N equal sections. Minsky and Papert (1969) considered the
parity problem the most difficult because output required is 1 if the input pattern
contains an odd number of 1 s and 0 otherwise. A solution for N-bit parity problem
obtained using a single N-dimensional vector neuron demonstrates its highest gen-
eralization ability. It is significant to emphasize here that the rational improvement
in the number of learning parameters and the number of layers could be achieved
with the N-dimensional vector-valued neuron in solving problems possessing high
dimensional parameters.

2.7 Concluding Remarks

The theories in neurocomputing have been developed to build mathematical mod-
els that mimic the computing power of the human brain. Their powerful processing
capability has been demonstrated in various applications of real domain. Traditional
neural networks parameters are real numbers and usually used to deal with single
dimension. Still, there are many applications, which deal with high dimensional sig-
nals. The easiest solution would be to consider a conventional real domain neural
network, where high dimensional signals are replaced by independent real-valued
signals. Such a real-valued neural network may be highly complex and unrealistic,
and besides such network is unable to perform mapping on a high dimension because
corresponding learning algorithms cannot preserve each point’s angle in magnitude
and sense. An alternative is to introduce a neural network with high-dimensional para-
meters, which comprises of different components as real numbers, and comes with
phase information imbedded into it. This approach yields more efficient solution both
in terms of computational complexity and performance. Besides, they overcome the
users from huge network topology and large storage requirements, whereas enhances
the learning speed.

Another competitive advantages of neuro-computing with high- dimensional para-
meters is the ease with which they may be applied to poorly understood problems in
higher dimensions. Neuron is its basic working unit, which does not have predefined
meaning, and it evolves during learning in a manner which can characterize the target
function. A high dimensional neural network has natural tendency of acquiring high-
dimensional information in training, which include magnitudes and phase in a single
entity. They are specially useful in areas, where there is a need of capturing phase
information in signals, and must be retained all through the problem. This book is an
attempt to investigate the functional capabilities of neurons with high-dimensional
parameters. The strength and effectiveness of the high-dimensional neural networks
have been extensively justified in successive chapters through simulations on dif-
ferent types of problems viz. classification, function approximation, and conformal

mapping.
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The processing of high-dimensional data is an important task for artificial neural
networks. Multilayered neural networks of different class of high-dimensional para-
meters are presented and analyzed in this book. All neuronal parameters such as
input, output, action potential, and connection weights are encoded by respective
high-dimensional number system. The computational capability of a single complex-
valued, vector-valued, or quaternionic-valued neuron has been independently pre-
sented. In order to construct learning algorithm for respective networks analytic,
local analytic, or non-analytic conditions may be imposed on the activation function
in updating neuron’s states. Instead of using conventional description, i.e., cartesian
representation, the Cliff-Ford algebra, Vector Calculus, and Wirtinger calculus may
be adopted to standardize the learning rules of high dimensional neural networks.
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