
Chapter 2
Methods of Estimation

2.1 Introduction

In chapter one, we have discussed different optimum properties of good point
estimators viz. unbiasedness, minimum variance, consistency and efficiency which
are the desirable properties of a good estimator. In this chapter, we shall discuss
different methods of estimating parameters which are expected to provide estima-
tors having some of these important properties. Commonly used methods are:

1. Method of moments
2. Method of maximum likelihood
3. Method of minimum v2

4. Method of least squares

In general, depending on the situation and the purpose of our study we apply any
one of the methods that may be suitable among the above-mentioned methods of
point estimation.

2.2 Method of Moments

The method of moments, introduced by K. Pearson is one of the oldest methods of
estimation. Let (X1, X2,…Xn) be a random sample from a population having p.d.f.
(or p.m.f) f(x,θ), θ = (θ1, θ2,…, θk). Further, let the first k population moments about
zero exist as explicit function of θ, i.e. l0r¼ l0r h1; h2; . . .; hkð Þ; r = 1, 2,…,k. In the
method of moments, we equate k sample moments with the corresponding popu-
lation moments. Generally, the first k moments are taken because the errors due to
sampling increase with the order of the moment. Thus, we get k equations
l0r h1; h2; . . .; hkð Þ;¼ m0

r; r = 1, 2,…, k. Solving these equations we get the method
of moment estimators (or estimates) as m0

r ¼ 1
n

Pn
i¼1 X

r
i (or m

0
r ¼ 1

n

Pn
i¼1 x

r
i ).
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If the correspondence between l0r and θ is one-to-one and the inverse function is
hi ¼ f i l

0
1; l

0
2; . . .; l

0
k

� �
, i = 1, 2,.., k then, the method of moment estimate becomes

ĥi ¼ f i m
0
1;m

0
2; . . .;m

0
k

� �
. Now, if the function fi() is continuous, then by the weak

law of large numbers, the method of moment estimators will be consistent.
This method gives maximum likelihood estimators when f(x, θ) = exp
(b0 + b1x + b2x

2 + ….) and so, in this case it gives efficient estimator. But the
estimators obtained by this method are not generally efficient. This is one of the
simplest methods. Therefore, these estimates can be used as a first approximation to
get a better estimate. This method is not applicable when the theoretical moments
do not exist as in the case of Cauchy distribution.

Example 2.1 Let X1;X2; . . .Xn be a random sample from p.d.f.
f x; a; bð Þ ¼ 1

b a;bð Þ x
a�1 1� xð Þb�1; 0\x\1; a; b[ 0: Find the estimators of a and

b by the method of moments.

Solution

We know E xð Þ ¼ l11 ¼ a
a þ b and E x2ð Þ ¼ l12 ¼ a a þ 1ð Þ

a þ bð Þ a þ b þ 1ð Þ :

Hence, a
a þ b ¼ �x; a a þ 1ð Þ

a þ bð Þ a þ b þ 1ð Þ ¼ 1
n

Pn
i¼1 x

2
i

By solving, we get b̂ ¼ �x� 1ð Þ
P

x2i � n�xð ÞP
ðxi ��xÞ2

and â ¼ �xb̂
1��x :

2.3 Method of Maximum Likelihood

This method of estimation is due to R.A. Fisher. It is the most important general
method of estimation. Let X� ¼ X1;X2; . . .;Xnð Þ denote a random sample with joint

p.d.f or p.m.f. f x
�
; h

� �
; h 2 H (θ may be a vector). The function f x

�
; h

� �
, con-

sidered as a function of θ, is called the likelihood function. In this case, it is denoted
by L(θ). The principle of maximum likelihood consists of choosing an estimate, say
ĥ; within the admissible range of θ, that maximizes the likelihood. ĥ is called the
maximum likelihood estimate (MLE) of θ. In other words, ĥ will be an MLE of θ if

L ĥ
� �

� L hð Þ8 h 2 H:

In practice, it is convenient to work with logarithm. Since log-function is a
monotone function, ĥ satisfies

48 2 Methods of Estimation



log L ĥ
� �

� log LðhÞ8 h 2 H:

Again, if log L hð Þ is differentiable within H and ĥ is an interior point, then ĥ will
be the solution of

@log L hð Þ
@hi

¼ o; i ¼ 1; 2; . . .; k; h�
k�1 = h1; h2; . . .; hkð Þ0 .

These equations are known as likelihood equations.

Problem 2.1 Let X1;X2; . . .;Xnð Þ be a random sample from b(m, p ), (m known).
Show that p̂¼ 1

mn

Pn
i¼1 Xi is an MLE of p.

Problem 2.2 Let X1;X2; . . .;Xnð Þ be a random sample from P (λ). Show that
k̂ ¼ 1

n

Pn
i¼1 Xi is an MLE of λ.

Problem 2.3 Let X1;X2; . . .;Xnð Þ be a random sample from N l; r2ð Þ. Show that
�X; s2

� �
is an MLE of l; r2ð Þ, where �X ¼ 1

n

Pn
i¼1 Xi and s2¼ 1

n

Pn
i¼1 Xi � �Xð Þ2:

Example 2.2 Let X1;X2; . . .;Xnð Þ be a random sample from a population having
p.d.f f x; hð Þ ¼ 1

2 e
� x�hj j; �1\x\1:

Show that the sample median ~X is an MLE of θ.

Answer

L hð Þ ¼ Const: e�
Pn

i¼1
xi�hj j

Maximization of L(θ) is equivalent to the minimization of
Pn

i¼1 xi � hj j: Now,Pn
i¼1 xi � hj j will be least when h ¼ ~X; the sample median as the mean deviation

about the median is least. ~X will be an MLE of θ.

Properties of MLE

(a) If a sufficient statistic exists, then the MLE will be a function of the sufficient
statistic.

Proof Let T be a sufficient statistic for the family f X� ; h
� �

; h 2 H
n o

By the factorisation theorem, we have
Qn
i¼1

f xi; hð Þ ¼ g T X�

� �
; h

n o
h X�

� �
:

To find MLE, we maximize g T x
�

� �
; h

n o
with respect to h. Since g T X�

� �
; h

n o

is a function of h and x
�
only through T X�

� �
; the conclusion follows immediately.h
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Remark 2.1 Property (a) does not imply that an MLE is itself a sufficient statistic.

Example 2.3 Let X1, X2,…,Xn be a random sample from a population having p.d.f.

f X� ; h
� �

¼ 1 8 h� x� hþ 1
0 Otherwise

:

�

Then, L hð Þ ¼ 1 if h�MinXi �MaxXi � hþ 1
0 Otherwise

:

�

Any value of θ satisfying MaxXi � 1� h�MinXi will be an MLE of θ. In
particular, Min Xi is an MLE of θ, but it is not sufficient for θ. In fact, here
MinXi;MaxXið Þ is a sufficient statistic.
(b) If T is the MVBE, then the likelihood equation will have a solution T.

Proof Since T is an MVBE,
@ log f X� ;h

� �
@h ¼ T � hð Þk hð Þ

Now,
@ log f X� ;h

� �
@h ¼ 0

) h¼ T * k hð Þ 6¼ 0½ �:

(c) Let T be an MLE of θ and d¼w hð Þ be a one-to-one function of θ. Then,
d¼w Tð Þ will be an MLE of d. h

Proof Since T is an MLE of θ, L T X�

� �n o
� L hð Þ8h;

Since the correspondence between θ and d is one-to-one, inverse function must
exist. Suppose the inverse function is h¼w�1 dð Þ:

Thus, L hð Þ ¼ L w�1 dð Þ� � ¼ L1 dð Þ (say)
Now,

L1 dð Þ ¼ L w�1 dð Þ� � ¼ L w�1 w T X�

� �
�

0
@

1
A

8<
:

9=
;

2
4

3
5¼ L T X�

� �n o
� L hð Þ ¼ L1 dð Þ.

Therefore, ‘d’ is an MLE of d.
(d) Suppose the p.d.f. (or p.m.f.) f(x, θ) satisfies the following regularity

conditions:

(i) For almost all x, @f x; hð Þ
@h ; @

2f x; hð Þ
@h2

; @
3f x; hð Þ
@h3

exists 8 h 2 H.

(ii) @f x; hð Þ
@h

			 			\A1 xð Þ; @2f x; hð Þ
@h2

			 			\A2 xð Þ and @3f ðx; hÞ
@h3

			 			\BðxÞ;
where A1(x) and A2(x) are integrable functions of x andR1
�1

B xð Þf x; hð Þdx\M; a finite quantity

iii)
R1

�1
@ log f x; hð Þ

@h

� �2
f x; hð Þdx is a finite and positive quantity.

If ĥn is an MLE of θ on the basis of a sample of size n, from a population having
p.d.f. (or p.m.f.) f(x,θ) which satisfies the above regularity conditions, then
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ffiffiffi
n

p
ĥn � h

� �
is asymptotically normal with mean ‘0’ and variance

R1
�1

@ log f x; hð Þ
@h

� �2
f x; hð Þdx

� ��1

: Also, ĥn is asymptotically efficient and consistent.

(e) An MLE may not be unique. h

Example 2.4 Let f x; hð Þ ¼ 1 if h� x� hþ 1
0 Otherwise

:

�

Then, L hð Þ ¼ 1 if h� min xi � max xi � hþ 1
0 Otherwise

�

i.e. L hð Þ ¼ 1 if max xi � 1� h� min xi
0 Otherwise

�

Clearly, for any value of θ, say Ta ¼ a Maxxi � 1ð Þþ 1� að ÞMinxi; 0� a� 1;
L(θ) will be maximized. For fixed α, Ta will be an MLE. Thus, we observe that an
infinite number of MLE exist in this case.

(f) An MLE may not be unbiased.

Example 2.5

f x; hð Þ ¼
1
h if 0� x� h
0 Otherwise

:

�

Then, L hð Þ ¼
1
hn if max xi � h
0 Otherwise

:

�

From the figure, it is clear that the likelihood L(θ) will be the largest when
θ = Max Xi. Therefore Max Xi will be an MLE of θ. Note that E MaxXið Þ ¼
n

n þ 1 h 6¼ h: Therefore, here MLE is a biased estimator.
(g) An MLE may be worthless.

L(   )θ

Max Xi θ
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Example 2.6

f x; pð Þ ¼ px 1� pð Þ1�x; x¼ 0; 1; p 2 1
4
;
3
4


 �

Then; L pð Þ ¼ p if x ¼ 1
1� p if x ¼ 0

�
i.e. L pð Þ will bemaximized at p¼ 3

4 if x ¼ 1
p¼ 1

4 if x ¼ 0

�

Thus, T ¼ 2X þ 1
4 will be an MLE of θ.

Now, E Tð Þ ¼ 2p þ 1
4 6¼ p: Thus, T is a biased estimator of π.

MSE of T ¼ E T � pð Þ2

¼ E
2xþ 1

4
� p


 �2

¼ 1
16

E 2 x� pð Þþ 1� 2pf g2

¼ 1
16

E 4 x� pð Þ2 þ 1� 2pð Þ2 þ 4 x� pð Þ 1� 2pð Þ
n o

¼ 1
16

4p 1� pð Þþ 1� 2pð Þ2
n o

¼ 1
16

Now, we consider a trivial estimator d xð Þ ¼ 1
2.

MSE of d xð Þ ¼ 1
2 � p
� �2 � 1

16 = MSE of T 8p 2 1
4 ;

3
4

� �
Thus, in the sense of mean square error MLE is meaningless.
(h) An MLE may not be consistent

Example 2.7

f x; hð Þ ¼ hx 1� hð Þ1�x if h is rational
1� hð Þxh1�x if h is rational 0\h\1; x ¼ 0; 1:

�

An MLE of θ is ĥn ¼ �X. Here, ĥn is not a consistent estimator of h.
(i) The regularity conditions in (d) are not necessary conditions.

Example 2.8

f x; hð Þ ¼ 1
2
e� x�hj j;

�1\x\1
�1\h\1

Here, regularity conditions do not hold. However, the MLE (=sample median) is
asymptotically normal and efficient.

Example 2.9 Let X1;X2; . . .;Xn be a random sample from f x; a; bð Þ ¼
be�b x�að Þ; a� x\1 and b[ 0.

Find MLE’s of α, β.
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Solution

L a; bð Þ ¼ bne
�b

Pn
i¼1

xi�að Þ

loge L a; bð Þ ¼ n loge b� b
Xn
i¼1

xi � að Þ

@ log L
@b ¼ n

b �
P

xi � að Þ and @ log L
@a ¼ nb:

Now, @ log L
@a ¼ 0 gives us β = 0 which is nonadmissible. Thus, the method of

differentiation fails here.
Now, from the expression of L(α, β), it is clear that for fixed β(>0), L(α, β)

becomes maximum when α is the largest. The largest possible value of α is
X(1) = Min xi.

Now, we maximize L X 1ð Þ; b
� �

with respect to β. This can be done by consid-
ering the method of differentiation.

@ log L x 1ð Þ; b
� �
@b

¼ 0 ) n
b
�
X

xi �min xið Þ ¼ 0 ) b ¼ nP
xi �min xið Þ

So, the MLE of (α, β) is minxi; nP
xi�minxið Þ

� �
:

Example 2.10 Let X1;X2; . . .;Xn be a random sample from f x; a; bð Þ ¼
1

b�a; a� x� b
0; Otherwise

�

(a) Show that the MLE of (α, β) is (Min Xi, Max Xi).
(b) Also find the estimators of a and b by the method of moments.

Proof

að ÞL a; bð Þ ¼ 1
b� að Þn if a�Minxi\Maxxi � b ð2:1Þ

It is evident from (2.1), that the likelihood will be made as large as possible
when (β − α) is made as small as possible. Clearly, α cannot be larger than Min xi
and β cannot be smaller than Max xi; hence, the smallest possible value of (β − α) is
(Max xi − Min xi). Then the MLE’S of α and β are â ¼ Min xi and b̂ ¼ Max xi,
respectively.

(b) We know E xð Þ ¼ l11 ¼ a þ b
2 and V xð Þ ¼ l2 ¼ b� að Þ2

12

Hence, a þ b
2 ¼ �x and b� að Þ2

12 ¼ 1
n

Pn
i¼1 xi � �xð Þ2
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By solving, we get â ¼ �x�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
P

xi��xð Þ2
n

q
and b̂ ¼ �xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
P

xi��xð Þ2
n

q

Successive approximation for the estimation of parameter

It frequently happens that the likelihood equation is by no means easy to solve.
A general method in such cases is to assume a trial solution and correct it by an
extra term to get a more accurate solution. This process can be repeated until we get
the solution to a sufficient degree of accuracy.

Let L denote the likelihood and h� be the MLE.

Then @ log L
@h

			
h¼h�

¼ 0. Suppose h0 is a trial solution of @ log L
@h ¼ 0

Then

0 ¼ @ log L
@h

			
h¼h�

¼ @ log L
@h

			
h¼h0

þ h� � h0ð Þ @2 log L
@h2

			
h¼h0

+ terms involving h� � h0ð Þ
with powers higher than unity.

) 0 ’ @ log L
@h

			
h¼h0

þ h� � h0ð Þ @2 log L
@h2

			
h¼h0

; neglecting the terms involving

h� � h0ð Þ with powers higher than unity.

) 0 ’ @ log L
@h

			
h¼h0

� h� � h0ð ÞI h0ð Þ; where I hð Þ ¼ �E @2 log L
@h2

� �
:

Thus, the first approximate value of θ is

h 1ð Þ ¼ h0 þ
@ log L
@h

			
h¼h0

I h0ð Þ

8><
>:

9>=
>;:

Example 2.11 Let X1;X2; . . .;Xn be a random sample from f x; hð Þ ¼ 1
p 1 þ x� hð Þ2f g

Here, @ log f x; hð Þ
@h ¼ 2 x�hð Þ

1þ x�hð Þ2 ; and so the likelihood equation is
Pn

i¼1
xi � hð Þ

1 þ xi � hð Þ2 ¼ 0;

clearly it is difficult to solve for θ.
So, we consider successive approximation method.
In this case, I hð Þ ¼ n

2 :

Here, the first approximation is h 1ð Þ ¼ h0 þ 4
n

Pn
i¼1

xi � h0ð Þ
1 þ xi � h0ð Þ2 ;

h0 being a trial solution.
Usually, we take h0 = sample median.
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2.4 Method of Minimum v2

This method may be used when the population is grouped into a number of mu-
tually exclusive and exhaustive class and the observations are given in the form of
frequencies.

Suppose there are k classes and pi hð Þ is the probability of an individual
belonging to the ith class. Let f i denote the sample frequency. Clearly,Pk

i¼1 pi hð Þ ¼ 1 and
Pk

i¼1 f i ¼ n:
The discrepancy between observed frequency and the corresponding expected

frequency is measured by the Pearsonian v2, which is given by

v2 ¼ Pk
i¼1

f i � npi hð Þf g2
npi hð Þ ¼ P f 2i

npi hð Þ � n:

The principle of the method of minimum v2 consists of choosing an estimate of

θ, say ĥ, we first consider the minimum v2 equations @v2

@hi
¼ 0; i = 1, 2,…,r and

hi ¼ ith component of θ.
It can be shown that for large n, the min v2 equations and the likelihood

equations are identical and provides identical estimates.
The method of minimum v2, is found to be more troublesome to apply in many

cases, and has no improvement on the maximum likelihood method. This method
can be used when maximum likelihood equations are difficult to solve. In particular
situations, this method may be simple. To avoid the difficulty in minimum v2

method, we consider another measure of discrepancy, which is given by v02 ¼Pk
i¼1

f i � npi hð Þf g2
f i

; v02 is called modified Pearsonian v2. Now, we minimize, instead

of v2, with respect to θ.
It can be shown that for large n the estimates obtained by min v2 would also be

approximately equal to the MLE’s. Difficulty arises if some of the classes are
empty. In this case, we minimize

v002 ¼
X
i:f i 6¼0

f i � npi hð Þf g2
f i

+ 2M;

where M = sum of the expected frequencies of the empty classes.

Example 2.12 Let x1; x2; . . .; xnð Þ be a given sample of size n. It is to be tested
whether the sample comes from some Poisson distribution with unknown mean l.
How do you estimate l by the method of modified minimum chi-square?

Solution

Let x1; x2; . . .; xn be arranged in k groups such that there are
ni observations with x ¼ i; i ¼ rþ 1; . . .; rþ k � 2
nL observations x� r
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nu observations with x� rþ k � 1 so that the smallest and the largest values of
x, which are fewer, are pooled together andnL þ

Prþ k�2
i¼rþ 1 ni þ nu ¼ n:

Let pi lð Þ ¼ P x ¼ ið Þ ¼ e�lli

i! , pL lð Þ ¼ P x� rð Þ ¼ Pr
i¼0 pi lð Þ and pu lð Þ ¼

P x� rþ k � 1ð Þ ¼ P1
i¼rþ k�1 pi lð Þ:

Now using
Pk

i¼1
ni

pi hð Þ
@pi hð Þ
@hj

¼ 0; j ¼ 1; 2; . . .p we have nL

Pr

i¼0
i
l�1ð Þpi lð ÞPr

i¼0
pi lð Þ þ

Prþ k�2
i¼rþ 1 ni

i
l � 1

� �
þ nu

P1
i¼rþ k�1

i
l�1ð Þpi lð ÞP1

i¼rþ k�1
pi lð Þ ¼ 0.

Since there is only one parameter, i.e. p ¼ 1 we get the only above equation. By
solving, we get

nl̂ ¼ nL

Pr
i¼0

ipi lð Þ
Pr
i¼0

pi lð Þ
þ

Xrþ k�2

i¼rþ 1

ini þ nu

P1
i¼rþ k�1

ipi lð Þ
P1

i¼rþ k�1
pi lð Þ

= sum of all x’s
Hence, l̂ is approximately the sample mean �x.

2.5 Method of Least Square

In the method of least square , we consider the estimation of parameters using some
specified form of the expectation and second moment of the observations. For
fitting a curve of the form y ¼ f x; b0; b1; . . .; bp

� �
to the data xi; yið Þ; i = 1, 2,…n,

we may use the method of least squares. This method consists of minimizing the
sum of squares.

S ¼Pn
i¼1 e

2
i , where ei¼ yi � f xi; b0; b1; . . .; bp

� �
; i = 1, 2,…,n with respect to

b0; b1; . . .; bp: Sometimes, we minimize
P

wie2i instead of
P

e2i . In that case, it is
called a weighted least square method.

To minimize S, we consider (p + 1) first order partial derivatives and get (p + 1)
equations in (p + 1) unknowns. Solving these equations, we get the least square
estimates of b0is.

In general, the least square estimates do not have any optimum properties even
asymptotically. However, in case of linear estimation this method provides good
estimators. When f xi; b0; b1; . . .; bp

� �
is a linear function of the parameters and the
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x-values are known, least square estimators will be BLUE. Again, if we assume that
e0is are independently and identically normally distributed, then a linear estimator of

the form a
0
�
b
�
will be MVUE for the entire class of unbiased estimators. In general,

we consider n uncorrelated observations y1; y2; . . .yn such that E yið Þ ¼
b1x1i þ b2x2i þ 	 	 	 þ bkxki:

V yið Þ ¼ r2; i ¼ 1; 2; . . .. . .; n; x1i ¼ 18i;

where b1; b2. . .. . .. . .bk and r2 are unknown parameters. If Y and b� stand for
column vectors of the variables yi and parameters bj and if X ¼ xji

� �
be an n� kð Þ

matrix of known coefficients xji then the above equation can be written as

E Yð Þ ¼ Xb�

V eð Þ ¼ E ee0ð Þ ¼ r2I

where e ¼ Y � Xb� is an n� 1ð Þ vector of error random variable with E eð Þ ¼ 0
and I is an n� nð Þ identity matrix. The least square method requires that b0s be such
calculated that / ¼ e0e ¼ Y � Xb�ð Þ0 Y � Xb�ð Þ be the minimum. This is satisfied
when

@/
@b�

¼ 0

Or; 2X 0 Y � Xb�ð Þ ¼ 0:

The least square estimators b 0s is thus given by the vector b̂� ¼ X 0Xð Þ�1X 0Y :

Example 2.13 Let yi ¼ b1x1i þ b2x2i þ ei ; i ¼ 1; 2; . . .. . .; n or E yið Þ ¼ b1x1i þ
b2x2i; x1i ¼ 1 for all i.

Find the least square estimates of b1 and b2. Prove that the method of maximum
likelihood and the method of least square are identical for the case of normal
distribution.

Solution

In matrix notation we have

E Yð Þ ¼ Xb�; where X ¼
1 x21
1 x22
..
. ..

.

1 x2n

0
BBB@

1
CCCA; b� ¼ b1

b2


 �
and Y ¼

y1
y2
..
.

yn

0
BBB@

1
CCCA
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Now,

b̂� ¼ X 0Xð Þ�1X 0Y

Here, X 0X ¼ 1 1 . . . 1
x21 x22 . . . x2n


 � 1 x21
1 x22
..
. ..

.

1 x2n

0
BBB@

1
CCCA ¼ n

P
x2iP

x2i
P

x22i


 �

X 0Y ¼
P

yiP
x2iyi


 �

) b̂� ¼ 1

n
P

x22i �
P

x2ið Þ2
P

x22i �P
x2i

�P
x2i n


 � P
yiP

x2iyi


 �

¼ 1

n
P

x22i �
P

x2ið Þ2
P

x22i
P

yi �
P

x2i
P

x2iyi
�P

x2i
P

yi þ n
P

x2i
P

yi


 �

Hence,

b̂2 ¼
n
P

x2i
P

yi �
P

x2i
P

yi
n
P

x22i �
P

x2ið Þ2 ¼
P

x2i
P

yi � n�x2�yP
x22i � n�x22

¼
P

x2i � �x2ð Þ yi � �yð ÞP
x2i � �x2ð Þ2

b̂1 ¼
P

x22i
P

yi �
P

x2i
P

x2iyi
n
P

x22i �
P

x2ið Þ2

¼ �y
P

x22i � �x2
P

x2iyiP
x22i � n�x2

¼�yþ �yn�x22 � �x2
P

x2iyiP
x22i � n�x22

¼�y� �x2b̂2
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Let yi be an independent N b1 þ b2xi; r
2ð Þ variate, i ¼ 1; 2; . . .. . .; n so that

E yið Þ ¼ b1 þ b2xi: The estimators of b1 and b2 are obtained by the method of least
square on minimizing

/ ¼
Xn
i¼1

yi � b1 � b2xið Þ2

The likelihood estimate is

L ¼ 1ffiffiffiffiffiffiffiffi
2pr

p

 �n

e�
1

2r2

P
yi�b1�b2xið Þ2

L is maximum when
Pn

i¼1 yi � b1 � b2xið Þ2 is minimum. By the method of

maximum likelihood, we choose b1 and b2 such that
Pn

i¼1 yi � b1 � b2xið Þ2 ¼ / is
minimum. Hence, both the methods of least square and maximum likelihood
estimator are identical.

Example 2.14 Let X1;X2; . . .Xn be a random sample from p.d.f.
f x; h; rð Þ ¼ 1

hrC rð Þ e
�x=hxr�1; x[ 0; h[ 0; r[ 0:

Find estimator of h and r by

(i) Method of moments
(ii) Method of maximum likelihood

Answer

(i) Here, E xð Þ ¼ l11 ¼ rh; E x2ð Þ ¼ l12 ¼ r rþ 1ð Þh2

m1
1 ¼ �x; m1

2 ¼
1
n

Xn

i¼1
x2i

Hence, rh ¼ �x; r rþ 1ð Þh2 ¼ 1
n

Pn
i¼1 x

2
i

By solving, we get r̂ ¼ n�x2Pn

i¼1
xi ��xð Þ2 and ĥ ¼

Pn

i¼1
xi��xð Þ2

n�x

(ii) L ¼ 1
hnr C rð Þð Þn e

�1
h

Pn

i¼1
xi
Qn
i¼1

xr�1
i

log L ¼ �nr log h� n logC rð Þ � 1
h

Pn
i xi þ r � 1ð ÞPn

i¼1 log xi
Now, @ log L

@h ¼ � nr
h þ n�x

h2
¼ 0 ) ĥ ¼ �x

r
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@ log L
@r

¼ � n log h� n
@ logC rð Þ

@r
þ

Xn
i¼1

log xi

¼ n log r � n
C0 rð Þ
C rð Þ � n log�xþ

Xn
i

log xi

It is, however, difficult to solve the equation @ log L
@r ¼ 0 and to get the estimate of r.

Thus, for this example estimators of h and r are more easily obtained by the method
of moments than the method of maximum likelihood.

Example 2.15 If a sample of size one is drawn from the p.d.f f x; bð Þ ¼
2
b2

b� xð Þ; 0\x\b:

Find b̂, theMLEofb andb�, the estimator ofb based onmethod ofmoments. Show
that b̂ is biased, but b� is unbiased. Show that the efficiency of b̂ w.r.t. b� is 2/3.

Solution

L ¼ 2

b2
b� xð Þ

log L ¼ log 2� 2 log bþ log b � xð Þ
@ log L
@b

¼ � 2
b
þ 1

b� x
¼ 0 ) b ¼ 2x

Thus, the MLE of b is given by b
a
= 2x.

Now, E xð Þ ¼ 2
b2
R b
0 bx� x2ð Þdx ¼ b

3

Hence, b
3 ¼ x ) b ¼ 3x

Thus, the estimator of b based on method of moment is given by b� ¼ 3x:
Now,

E b̂
� �

¼ 2� b
3
¼ 2b

3
6¼ b

E b�ð Þ ¼ 3� b
3
¼ b

Hence, b̂ is biased but b� is unbiased.
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Again,

E x2
� � ¼ 2

b2

Zb

0

bx2 � x3
� �

dx ¼ b2

6

)V xð Þ ¼ b2

6
� b2

9
¼ b2

18

V b�ð Þ ¼ 9V xð Þ ¼ b2

2

V b̂
� �

¼ 4V xð Þ ¼ 2
9
b2

M b̂
� �

¼ V b̂
� �

þ E b̂
� �

� b
h i2

¼ 2
9
b2 þ 2

3
b� b


 �2

¼ 1
3
b2

Thus, the efficiency of b̂ with respect to b� is 2
3 :
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