Chapter 2
Methods of Estimation

2.1 Introduction

In chapter one, we have discussed different optimum properties of good point
estimators viz. unbiasedness, minimum variance, consistency and efficiency which
are the desirable properties of a good estimator. In this chapter, we shall discuss
different methods of estimating parameters which are expected to provide estima-
tors having some of these important properties. Commonly used methods are:

1. Method of moments

2. Method of maximum likelihood
3. Method of minimum %>

4. Method of least squares

In general, depending on the situation and the purpose of our study we apply any
one of the methods that may be suitable among the above-mentioned methods of
point estimation.

2.2 Method of Moments

The method of moments, introduced by K. Pearson is one of the oldest methods of
estimation. Let (X;, X5,...X),) be a random sample from a population having p.d.f.
(or p.m.f) fix,0), 6 = (61, 0-,..., 6;). Further, let the first k population moments about
zero exist as explicit function of 6, i.e. .= .(01,0,,...,0¢), r=1, 2,....k. In the
method of moments, we equate k sample moments with the corresponding popu-
lation moments. Generally, the first K moments are taken because the errors due to
sampling increase with the order of the moment. Thus, we get k equations
w(01,0,,...,0k),=m, r=1,2,.., k. Solving these equations we get the method
of moment estimators (or estimates) as m, = 13" | X7 (or m) = 13" x7).

n i=1
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48 2 Methods of Estimation

If the correspondence between 1. and 0 is one-to-one and the inverse function is

0: =f;(K 1y, .. 1), i =1, 2,.., k then, the method of moment estimate becomes

0; = fi(m),mh,...,m). Now, if the function f}) is continuous, then by the weak
law of large numbers, the method of moment estimators will be consistent.
This method gives maximum likelihood estimators when f(x, 6) = exp
(by + b1x + b2x2 + ....) and so, in this case it gives efficient estimator. But the
estimators obtained by this method are not generally efficient. This is one of the
simplest methods. Therefore, these estimates can be used as a first approximation to
get a better estimate. This method is not applicable when the theoretical moments
do not exist as in the case of Cauchy distribution.

Example 2.1 Let X;,X>, .. .X, be a random sample from p.d.f.

fxia,b) = ghmxt 1 (1 - x)"', 0<x<1;a,b > 0. Find the estimators of a and

b by the method of moments.

Solution
+1
We know E(x) = uj = %5 and E(x*) = pj = %'
. @+1) 1 2
Hence, 4 = x,m =2 X

F-D(Q o —m) b

By solving, we get =" " g

D o—x)

o
Q>
Il

2.3 Method of Maximum Likelihood

This method of estimation is due to R.A. Fisher. It is the most important general
method of estimation. Let X = (X, X5, ..., X,) denote a random sample with joint

p.d.f or p.m.f. f(x, 9),6 € © (0 may be a vector). The function f(x,@), con-

sidered as a function of 6, is called the likelihood function. In this case, it is denoted
by L(6). The principle of maximum likelihood consists of choosing an estimate, say
(9, within the admissible range of 6, that maximizes the likelihood. 0 is called the
maximum likelihood estimate (MLE) of 6. In other words, 0 will be an MLE of @ if

L(é) >LIOV 0 € ©.

In practice, it is convenient to work with logarithm. Since log-function is a
monotone function, 0 satisfies
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logL(Z)) > logL(O)V 0 € O.

Again, if log L(0) is differentiable within ® and 0 is an interior point, then 0 will
be the solution of

!

M:o, i=1,2,... k 0 =(0,,0,,....0,).

00;
These equations are known as likelihood equations.

Problem 2.1 Let (X;,X,,...,X,) be a random sample from b(m, 7 ), (m known).
Show that #=-L5~" X, is an MLE of 7.

Problem 2.2 Let (X{,X,,...,X,) be a random sample from P (1). Show that
L =15 X;is an MLE of 4.

Problem 2.3 Let (X;,X,,...,X,) be a random sample from N(y,s?). Show that
()_(, sz> is an MLE of (i, ¢%), where X =1%"" | X; and s?=1%""  (X; - X)%

Example 2.2 Let (X1,X,,...,X,) be a random sample from a population having
p.dff(x, 0) = %e"x";', —00<x< 0.
Show that the sample median X is an MLE of 6.

Answer
L(0) = Const. e~ 2 e bt

Maximization of L(6) is equivalent to the minimization of ) ., [x; — 0|. Now,
Yoy |x — 0] will be least when 6 = X, the sample median as the mean deviation
about the median is least. X will be an MLE of 6.

Properties of MLE
(a) If a sufficient statistic exists, then the MLE will be a function of the sufficient
statistic.

Proof Let T be a sufficient statistic for the family {f (X , 0) ,0 € @}

By the factorisation theorem, we have ﬁ f(x;,0) = g{T(X ) , Q}h(X )

i=1 ~

To find MLE, we maximize g{T(x) , 0} with respect to 0. Since g{T(X) , 9}

~

is a function of 0 and x only through T(X ) , the conclusion follows immediately.[]
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Remark 2.1 Property (a) does not imply that an MLE is itself a sufficient statistic.

Example 2.3 Let X;, X5,...,X,, be a random sample from a population having p.d.f.
1 VO<x<0+1
f(i(’g) - {O Otherwise :
1 if 0 <MinX; < MaxX; <9+1

Then, L(0) = {0 Otherwise

Any value of 6 satisfying MaxX; — 1 <0 <MinX; will be an MLE of 6. In
particular, Min X; is an MLE of 6, but it is not sufficient for 6. In fact, here
(MinX;, MaxX;) is a sufficient statistic.

(b) If T is the MVBE, then the likelihood equation will have a solution 7.

dlogf <X,0)
Proof Since T is an MVBE, ——~~ = (T — 0)A(0)

00
0logf<)N(,())
NOW, — 0 - 0

= 0="T[. 2(0) #0].

(c) Let T be an MLE of 6 and 6 =y(0) be a one-to-one function of 6. Then,
d =1y (T) will be an MLE of 0. d

Proof Since T is an MLE of 6, L{T(X) } > L(0)V0,

~

Since the correspondence between 6 and J is one-to-one, inverse function must
exist. Suppose the inverse function is 0 =1~ (J).

Thus, L(0) = L{y"(9)} = Li() (say)

Now,

—1{y '@} =Ly u | 1(x) | p|=£{T(x)} 2 L0) = L1(0).

~

Therefore, ‘d’ is an MLE of 6.

(d) Suppose the p.d.f. (or p.m.f.) fix, 0) satisfies the following regularity
conditions:

(i) For almost all x, £ gé %) ,02’;((;‘2’ 9 ,03’;((;‘; 9

Lo 0) Pf(x,0 P(x,0)
(i) ‘f{;{) ‘<A ; fa(ng ) < Ay( and’ g;ﬁ ‘<B(x)

where A(x) and A,(x) are integrable functions of x and

exists V 0 € ©.

f B(x)f(x, 0)dx < M, a finite quantity
cee 0 Ologf(x,e) . . .. .
i) [ (=B f (x, B)dx is a finite and positive quantity.

If 0, is an MLE of 6 on the basis of a sample of size n, from a population having
p.d.f. (or p.m.f) f(x,f) which satisfies the above regularity conditions, then
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ﬁ(@,, —0) is asymptotically normal with mean ‘0’ and variance

0o 2 -1 .
{ S (dk’%(;x’e)) fx, H)dx} . Also, 6, is asymptotically efficient and consistent.
(e) An MLE may not be unique.

O
Example 2.4 Let f(x, 0) = { (1) gtiegrv)\czifeg—i— !

1 if0<min x; < max x; <0+1
Then, L(6) = {0 Otherwise

. 1 ifmax x; — 1 <0< min x;
ie.L(0) = {O Otherwise

Clearly, for any value of 0, say T, = a(Maxx; — 1)+ (1 — o)Minx;, 0<a <1,

L(0) will be maximized. For fixed a, T, will be an MLE. Thus, we observe that an
infinite number of MLE exist in this case.

(f) An MLE may not be unbiased.
Example 2.5

.
_ 4 if0<x<0
f(x, 0) {0 Otherwise -
L
_ [ if maxx; <0
Then, L(0) {0 Otherwise

L(o)

Max Xi 0

From the figure, it is clear that the likelihood L(6) will be the largest when

0 = Max X;. Therefore Max X; will be an MLE of 6. Note that E(Max X;) =
n fr ; 0 # 0. Therefore, here MLE is a biased estimator.
(g) An MLE may be worthless.
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Example 2.6

N 13
fyn)=n(1—-=n) " x=0,1,n € (4,4)

if x = -3
Then, L(n) = { ] f i :ii _ (1) i.e. L(m) will be maximized at { Z_%

Thus, T = 21 will be an MLE of 6.
Now, E(T) =21 5 7. Thus, T is a biased estimator of 7.

MSE of T = E(T — n)?

2x+1 2 1 2
—E( 2 —n) —1—6E{2(x—n)+1—27t}

- %E{m — )%+ (1 -21) + 4(x — n)(1 — 27‘5)}

:1—16{47:(1 —n)+( —2n)2} :11—6

Now, we consider a trivial estimator 6(x) = 1.
MSE of 6(x) = (A —7)’ < L =MSE of TV € (,3)

Thus, in the sense of mean square error MLE is meaningless.
(h) An MLE may not be consistent

Example 2.7

_ [ (1—6)"" if 0is rational
flx, 0) = { (1 — 00" if Qisrational 0<0<1,x=0,1.

An MLE of 6 is (9,, = X. Here, 9n is not a consistent estimator of 0.
(1) The regularity conditions in (d) are not necessary conditions.

Example 2.8

1 —00<Xx< 00
x,0) = ~e 0
fx0) 2 —oco<f<oo

Here, regularity conditions do not hold. However, the MLE (=sample median) is
asymptotically normal and efficient.

Example 2.9 Let X;,X»,...,X, be a random sample from f(x,o,f)=
Be P9 5 < x<oo and B > 0.
Find MLE’s of a, £.
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Solution

-B Xi—
L e T

log, L(x, B) = nlog, f— B> (xi —
i=1

algﬁL:%fZ(xifa) andalo—gL:nﬁ.

Now, mgfL 0 gives us f = 0 which is nonadmissible. Thus, the method of
differentiation fails here.

Now, from the expression of L(a, f), it is clear that for fixed f(>0), L(a, S)
becomes maximum when a is the largest. The largest possible value of a is
Xy = Min x;.

Now, we maximize L{X (1), B } with respect to f. This can be done by consid-
ering the method of differentiation.

dlog L{xq1y, B} n n
= i S0 L S y BN ;—minx;) =0 = f=F—"—"""—
o5 5 Z (x; — min x;) l; S (x; — min x;)
So, the MLE of (a, p) is {minxi,M}.
Example 2.10 Let Xi;,Xa,...,X, be a random sample from f(x,a,f)=

0, Otherwise
(a) Show that the MLE of (¢, f) is (Min X;, Max X;).
(b) Also find the estimators of « and f§ by the method of moments.

{ﬁ, a<x<p

Proof

(a)L(a, f8) if o < Minx; <Maxx; < f8 (2.1)

o
(B

It is evident from (2.1), that the likelihood will be made as large as possible
when (f — a) is made as small as possible. Clearly, a cannot be larger than Min x;
and f cannot be smaller than Max x;; hence, the smallest possible value of (f — a) is

(Max x; — Min x;). Then the MLE’S of a and f are & = Minx; and ﬁ = Max x;,
respectively.

(b) We know E(x) = uf =27 andV()—uzzw
8= and LA =13 (g — %)

Hence,
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i—x)2 - 3 xi—x)*
By solving, we get & = X — \/32# and f =x+ \/%Z<f>

Successive approximation for the estimation of parameter

It frequently happens that the likelihood equation is by no means easy to solve.
A general method in such cases is to assume a trial solution and correct it by an
extra term to get a more accurate solution. This process can be repeated until we get
the solution to a sufficient degree of accuracy.

Let L denote the likelihood and 0* be the MLE.

Then BlogL‘ = 0. Suppose 6 is a trial solution of % =0
0=0"

Then
0= allc)gL‘ _ Bl’()gL‘
N No—g- 90 g,
with powers higher than unity.

~ OlogL * 9*logL
= 0= ’0:00 (07 = 60) S5¢:

(0" — 0p) with powers higher than unity.

S0 Dot (g 0)1(00), where 1(0) = —E(8L).

*log L
+ (6" — 0y) a—gzg .

.t terms involving (0 — 0p)
=Vo

, neglecting the terms involving
—0,

’0:00
Thus, the first approximate value of @ is

DlogL‘
6(1) _ 90+ 0=0,

1
n{l + (x—('))z}

>; and so the likelihood equation is >} lﬁ =0;

Example 2.11 Let X,X>,...,X, be a random sample from f(x, 0) =

dlogf(x,0) _  2(x—0)
Here, == =i 0)
clearly it is difficult to solve for 6.
So, we consider successive approximation method.

In this case, 1(0) = 5.
Here, the first approximation is 0" = 0y + £ 377

— o)
i= 11+ x,fen)

0y being a trial solution.
Usually, we take 0y = sample median.
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2.4 Method of Minimum »>

This method may be used when the population is grouped into a number of mu-
tually exclusive and exhaustive class and the observations are given in the form of
frequencies.

Suppose there are k classes and 7;(6) is the probability of an individual
belonging to the ith class. Let f; denote the sample frequency. Clearly,
Zf:l m;(0) =1 and Zi'{:lfi =n

The discrepancy between observed frequency and the corresponding expected
frequency is measured by the Pearsonian »?, which is given by

S o N () S o W i
X = Zi:l nm; (0) - Znn;((?) —n.
The principle of the method of minimum #? consists of choosing an estimate of

6, say 0, we first consider the minimum y* equations g—’g =0,i=12,..,rand
0; = ith component of 6.

It can be shown that for large n, the min y> equations and the likelihood
equations are identical and provides identical estimates.

The method of minimum 2, is found to be more troublesome to apply in many
cases, and has no improvement on the maximum likelihood method. This method
can be used when maximum likelihood equations are difficult to solve. In particular
situations, this method may be simple. To avoid the difficulty in minimum >

method, we consider another measure of discrepancy, which is given by y? =

S %, % is called modified Pearsonian y>. Now, we minimize, instead

of %, with respect to 6.

It can be shown that for large n the estimates obtained by min %> would also be
approximately equal to the MLE’s. Difficulty arises if some of the classes are
empty. In this case, we minimize

)

2
X//Z _ Z {fz _ nni(e)} + oM
if #0 fi
where M = sum of the expected frequencies of the empty classes.

Example 2.12 Let (x1,x3,...,X,) be a given sample of size n. It is to be tested
whether the sample comes from some Poisson distribution with unknown mean .
How do you estimate u by the method of modified minimum chi-square?

Solution
Let x1,x2,...,x, be arranged in k groups such that there are
n; observations with x =i, i=r+1,...,r+k—2

n;, observations x < r
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n, observations with x > r+k — 1 so that the smallest and the largest values of

x, which are fewer, are pooled together andn; + ert]ir 12 n;,+n, = n.

Let m(p) =Px=1i)= ei;l”i, n(p) =Px<r)=> i m(n) and m,(p) =
Pz rk—1) =X, ml).

Now using S5 ) 8130 =0,j=1,2,...p0 we have ng

rtk-2 (i D D)
. i L __ 1) u Ldizrakm1 ) (),
Zz_r+ L7 (M o Zi:r+k—] mi(k)

Since there is only one parameter, i.e. p = 1 we get the only above equation. By
solving, we get

Tafiten

im( ) i i im()

n,u—nL — + Z m,—|—nu =
2omi(p) =l > m(p)
i=0 i=r+k—1

= sum of all x’s
Hence, 1 is approximately the sample mean X.

2.5 Method of Least Square

In the method of least square , we consider the estimation of parameters using some
specified form of the expectation and second moment of the observations. For
fitting a curve of the form y :f(x, Bos By - ﬁp) to the data (x;,y;),i=1, 2,...n,
we may use the method of least squares. This method consists of minimizing the
sum of square%

S=3"" ¢, where &= (xl,ﬁo,ﬁl, . 7[313), i =1, 2,...,n with respect to
Bos Brs -5 By Sometlmes, we minimize > w;e? instead of Y &2. In that case, it is
called a weighted least square method.

To minimize S, we consider (p + 1) first order partial derivatives and get (p + 1)
equations in (p + 1) unknowns. Solving these equations, we get the least square
estimates of fs.

In general, the least square estimates do not have any optimum properties even
asymptotically. However, in case of linear estimation this method provides good
estimators. When f (xi, Bos b1y /3[,) is a linear function of the parameters and the
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x-values are known, least square estimators will be BLUE. Again, if we assume that
¢}s are independently and identically normally distributed, then a linear estimator of

the form c/z p will be MVUE for the entire class of unbiased estimators. In general,

~

we consider n uncorrelated observations yi,yz,...y, such that E(y;) =
Bixii + Boxai+ - + Brxi.

V(y,) = 62, = 1,2, ...... sy, X1 = 1Vl,

where B, B,.........p, and ¢* are unknown parameters. If ¥ and B stand for
column vectors of the variables y; and parameters f3; and if X = (xj‘) be an (n X k)
matrix of known coefficients x;; then the above equation can be written as

V(e) = E(ee) = a*I

where e = Y — Xf8* is an (n x 1) vector of error random variable with E(e) =0
and Iis an (n x n) identity matrix. The least square method requires that f's be such
calculated that ¢ = ¢'e = (Y — Xf*)' (Y — XB*) be the minimum. This is satisfied
when

o
a5 =Y

Or, 2X' (Y — Xf*) = 0.

The least square estimators 3's is thus given by the vector ﬁ* = (X’X)le’ Y.

Example 2.13 Let y; = fix1;i+ foxoi+ei, i=1,2,...... ,n or E(y)=pxi+
ﬁ2x2i, X1i = 1 for all i.

Find the least square estimates of ; and f3,. Prove that the method of maximum
likelihood and the method of least square are identical for the case of normal
distribution.

Solution

In matrix notation we have
1 X21 J1

1 x 2
E(Y)=Xp", where X = | . ?2 ) *:<ﬁ1>andY: )

1 Xon Yn
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Now,
B=xx)"'x'y
I x2
1 1 ... 1 1 x» n szi>
H X’X: . . e
e <X21 X ... x2n> S (szi >x;
1 Xon
X'y = Z)’i )
(EXZiyi
. 1 ( >, Zm)( v )
B "ZX%Z-*(ZX%)Z =D X n > X2
_ 1 ( ZX%ZM = DX )L X2 )
33— (N ) \ =X v+ n > X Y i
Hence,

B, = RO IX2D Vi = DM Vi 2 Xai ) Vi f_m’czy
ny x5 — (sz,»)z Do — N
_ 2 (i = %) (i —y)
> (i — %)

_ DX DO Vi — D Xai D Xaii

o aYg - Cn)

_ VI x — X D X

>3 — nx?

Ynx; — Xp > Xoii
D05 — N

=y —Xpb

B

+

Il
<
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Let y; be an independent N(f; + B,xi, 6°) variate, i =1,2,...... ,n so that
E(yi) = B, + Byx;. The estimators of §; and 3, are obtained by the method of least
square on minimizing

6= (vi— By — Bxi)

i=1

The likelihood estimate is

1 n )
L= < ) e‘ﬁZ(}'i—/ﬁl—ﬂsz

2no

L is maximum when Y7 (v; — f; — f>x;)” is minimum. By the method of

maximum likelihood, we choose f3; and f8, such that 3" | (v — f; — Boxi)’ = ¢ is
minimum. Hence, both the methods of least square and maximum likelihood
estimator are identical.

Example 2.14 Let X;,X»,...X, be a random sample from p.d.f.
flx;0,r) = ﬁme’x/gx”l, x>0;0>0,r>0.
Find estimator of 0 and r by
(i) Method of moments
(ii)) Method of maximum likelihood

Answer

(i) Here, E(x) = pl = r0, E(®) = 1 = r(r + 1)0°

|—

Hence, r =%, r(r+1)0* =

> i xi2

By solving, we get 7 = "
Zi:l (xi

0" (r(r)"

o AR -
(i) L = et Hlx;
i

logL = —nrlog0 —nlogI'(r) — > 7 xi+ (r — 1) 31, logx;

1
Now, 2L — _nr H=0=>0=1




60 2 Methods of Estimation

OlogL 8logF
5 = —nlogf —n g log x;
F/
:nlogr—nr((:))—nlog)_c+ gi log x;

It is, however, difficult to solve the equation dlgg L — 0and to get the estimate of 7.

Thus, for this example estimators of 6 and r are more easily obtained by the method
of moments than the method of maximum likelihood.

Example 2.15 If a sample of size one is drawn from the p.d.f f(x,f) =
%(ﬁ—x),0<x</)’.

Find B ,the MLE of 8 and f*, the estimator of 8 based on method of moments. Show
that f3 is biased, but §* is unbiased. Show that the efficiency of f w.r.t. § is 2/3.

Solution
2
L‘ﬁ(ﬁ—x)
logL =1log2 —2log f+ log(f — x)
OlogL 2 1
——+—=0=p=2
o~ BTE- /

Thus, the MLE of f is given by f = 2x.
Now, E(x) =% 7 Jo P (px— =4
Hence, ﬁ—x:>ﬂ—3x

Thus, the estimator of  based on method of moment is given by f* = 3x.
Now,

Hence, Zf is biased but * is unbiased.
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Again,
2/ B
B(W) =4 O/ (b~ )ar=".
BB
V=755 =

Thus, the efficiency of ,Z? with respect to f* is %
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