Chapter 2
Some Arithmetic and Analysis in Q,;
Derivatives in Ultrametric Analysis

Abstract In this chapter, we discuss some arithmetic and analysis in the p-adic field.
We also introduce the concepts of differentiability and derivatives in ultrametric
analysis and briefly indicate how ultrametric calculus is different from our usual
calculus.

Keywords Valuation ring - Residue class field - Canonical expansion - Differen-
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We need the following results in the sequel.

Theorem 2.1 Let | - | be an ultrametric valuation of K. Then the set V. C K of all
elements a such that |a| < 1 is a ring with identity. The set P C V of all elements a
such that |a| < 1 is the unique maximal ideal of V and P is also a prime ideal.

Proof Ifa,b € V, then |ab| = |a||b| < 1 and so ab € V. Again,
la — b| < max(lal, |b]) = 1,
sothata —b € V. Thus Visaring. Also 1 € V. Now, ifa,b € P,
la + b] < max(|al, [b]) <1,
andsoa+be P.Ifae P,b e V,then
|ba| = |bllal <1,

so ba € P. Thus P is an ideal of V. Further, ifa € V and if a ¢ P, then |a| = 1.
Now,

L=l =la.a™"| = lalla”"],
so that [a~!| = 1. It now follows that P is the unique maximal ideal of V. Since
1 € V, P is also a prime ideal, completing the proof. O
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The ring V is called the “valuation ring” associated with the ultrametric valuation
[ - I. The field V /P is called the associated “residue class field”.

Theorem 2.2 If | - | is an ultrametric valuation of K and K is the completion of
K, then |K| = |I€|, where |K | is the image of K in R under the valuation | - | and
|I€ | is the image of K in R under the extended valuation (for the notion of extended
valuation, see [1]), which we denote by | - | again.

Proof Letav € K. If = 0, || = 0. So let a # 0. Since K is dense in K, there

exists a sequence {a,} in K such that lim a, = «. Now, since | - | is an ultrametric
n— 00

valuation,
lan] = o+ (@n — a)| = max(|al, |a, — a) = |al,

for sufficiently large n, since |a| # 0, |a, — o can be made arbitrarily small for
sufficiently large n. Thus | K| € | K|. The reverse inclusion is trivial. This proves the
theorem. O

Theorem 2.3 Any a € Q, can be written as

o
a:Zajpj, 2.1)
j=n
whereaj € Z, j =n,n+1,... and n is such that ||, = |p|Z.

Proof Let o € Qp, a # 0. In view of Theorem 2.2,

1Qplp =1Qlp ={lpl}, n=0,%1,£2,...}

so that
lal, = |p|Z for some n € Z. (2.2)

Let 8 = % so that [3|, = 1. Let V, P respectively denote the valuation ring of

| - |, on Q and the unique maximal ideal of V' let V,P respectively denote the

valuation ring of | - | , on Q, and the unique maximal ideal of V. Now, 0 € V and so

B = klim crsck € Q,k=0,1,2,... . There exists a positive integer N (depending
—00

on n) such that |3 — ¢, < 1,k > N. In particular, |3 — cy|, < 1. Consequently,
|CN|p =B+ (cy — ﬂ)|p = max(|ﬂ|p’ len — /6|p) =1,

since | - |, is an ultrametric valuation. Since cy € Q and [cy|, = 1,¢cny € V.
Let us write cy = b,. |8 — bylp =18 — cnlp < landso 3 — b, € P. Thus
B+ P =b,+ P.Since |bulp =1,b, € Q, by, = 2—’;, en,dy € Z, ey, d, are prime
to p. Thus there exist integers x, y such that

xd, +yp =1,
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i.e.,xd, = l(mod p).

Then,

= O0(mod p)

so that |b, — e,x|p < 1. Thus b, —e,x € P and so b, — eyx € P. Let a, = eyXx.
Thena, € Zand |b, —ay|, < 1,i.e., by, — a, € P andsob, + P = a, + P. Already
ﬁ+13:bn+13sothatﬁ+ﬁ:a,,—i—ﬁ.Thusﬁ—an € 13andso|6—a,,|,, < 1.
We note that |a,|, = |(a, — 3) + 8|, = max(la, — Blp, |8],) = 1. We now have

a=pp" =a,p" + (B —ay)p"
= anpn + 'Yl,

where v = (6 — a,) p".

n

vilp = 1B —an)p"lp =18 — anlplpl}, < Iply-

So
[vilp = |p|’;’, where m > n, (2.3)

which is similar to (2.2). Treating y; like o and continuing the process, after k steps,

we get

n+1 + n+k—1

a=app" +ans1p ot dpgk—1p + %,

whereaq; € Z,i =n,n+1,...,n+k—1,|a;|, = 1o0r0and

k
lp < IplyT = 0,k — oo,

since |p|, < 1. This completes the proof of the theorem. (]

The integer coefficients of (2.1) are only unique modulo p. So if we agree to choose
the a;’s such that 0 < a; < p — 1, then (2.1) is called the “canonical representation
or expansion” of a.

We shall illustrate the above with an example. We shall find the canonical
expansion of % in Q5. We shall follow the notation used in Theorem 2.3. Since

|%|5 = |5|(5) = 1, we see that n = 0. A solution of
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8x = 1(mod 5)

isx = 2.Since 3 -2 = 1(mod 5), ap = 1. Now,

3 5

=(=-1)5"=-=.

4! (8 ) ]
1

We repeat the above procedure for ;. |v1]5 = ‘—%‘5 = |5|§. Now, —% 5 ==

ool —

Again, a solution of
8x = 1(mod 5)

isx =2-(—1) - 2=3(mod 5) so that a; = 3. Next,

()= (2):

and so |yl5 = |5|g, which implies that a, = 0. Since g—% = —%, proceeding as
above, we see that a3 = 3. Continuing in this manner, we see that

a4=a6=ag=~--=0 and a5=a7=a9=~-~=3.

‘We now follow the notation as under:
The expansion of a € Q,,, say,

a—~ a—~+1

a=—t+ 0 +dag+aptap+-

is, for convenience, written as
O =a ~A_~y1...00,a102...(D). 2.4)

We now write the canonical expansion of % in Qs as

3
g = 1:303030...(5).

or, in a shorter form as
3 __
- =1,30...(5),
g &)

where the bar above denotes periodic repetition.
If o € Q) has an expansion of the form

a=ap,aiay...(p),
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then « is called a p-adic integer. Note that a is a p-adic integer if and only if
lalp = |p|7? withn > 0, i.e., if and only if o € V, the valuation ring of | - |, on Q.
We shall now illustrate the arithmetic operations in Q,,, using the notation intro-

duced in (2.4).
Addition

(1) In @7, add the following

(2) In Qs,

Subtraction

(1) In @7,

(2) In Qs,

Multiplication
In Q7,

111 11 1
452,137612
+ 37,5213152

413,0613303

1,303030...
+10,000000...

o

fnl— ool
—

11,303030...

56,3524
1,2403
551121

753 56
221,43021
—134,231422

141,10423244.

12,314
x 1,203
12,314
2,46211
362451
14,0464551
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Division
In Qs, divide 32,13 by 43,12

43,12)3 2, 1 3(2,024420
32,34
3344...
3234
110
102
13
10
3
3

~

4 ...
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In R, we write a given number as a decimal expansion. Its analogue in Q, is
the canonical expansion. We recall that in R, a number is rational if and only if its
decimal expansion is periodic. We have an analogue in Q,. We state the result (for
proof, one can refer to [1]).

Theorem 2.4 An element o € Q, is rational if and only if its canonical expansion

oo
a:Zajpj, 0<a;<p-1,

j=n
when n is such that ||, = |pl7, is periodic.

Example 2.1 Find the rational number represented by the canonical expansion 1, 30

in Qs.

1,30 =1+35"405%+3.5 +0.5" +--.
=1+3[5'+5+--+]

5
=1 +3-1_—52, since |5%]5 = |52 < 1

15

24
-2
8

0| W
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Exercise 2.1 Find the canonical expansion of

N1 . N . 5 .
() $inQs; (@) §in Qo (i) —3 in Qs.

Exercise 2.2 In Qs, find

@ 123412,
+421,032
iy 124131
-321,221°
(B4,121)

() 0,2 103)°
iv) (131,2) = (2,42
Exercise 2.3 In Q3, find the rational number whose canonical expansion is 2, 0121.

As in the classical set up, in Q, too, we have the “exponential” and “logarithmic”
series respectively defined by

o0 _Xn o0 _)Cn
E(x) = z — and L(1+x) = z (- 1=,
n: n

n=0 n=1

which converge for all x € Q, with |x|, < 1. These series have properties which
are very similar to their classical counterparts, say, for instance,

Ex+y)=EXE(Q):; L{(1+x)(A+y)=LA+x)+ L1+ y);
L(E(x)) =x; E(L(1+x)) =1+x.

In Q,, we have Binomial series too (for details, refer to [1]).

Though not relevant to the present monograph, it is worth noting that the concept
of derivative and its properties have been studied in ultrametric analysis (see [2]).
With regard to derivatives, we need the following definition.

Definition 2.1 If U is any subset of an ultrametric field K without isolated points
and f : U — K, we say that f is differentiable at x € U if

lim LX) — f&)
m —

exists. (2.5)
y—0 y

Whenever the limit (2.5) exists, it is called the derivative of f at x, denoted by f'(x).

It is immediate from the above definition that the characteristic function (K -
valued) xy of any clopen set (i.e., any set which is both open and closed) is differen-
tiable everywhere with x}, = 0 everywhere. This shows that there are nonconstant
functions whose derivatives are 0 everywhere contrary to the classical situation. There
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exist (1-1) functions too whose derivatives are O everywhere. If the characteristic of
K is 2 (We recall that any valuation of such a field is ultrametric, in view of Exercise
1.1) and f : K — K is defined by f(x) = x2, x € K, then f is (1-1) (since
f(x) = f(y) = x? = y?> = x = y, using the fact that the characteristic of K is 2)

and
2 2

. X" —a .
f(a)=1lim —— =lim(x +a) =2a =0,
x—a X —da x—a
atany a € K. We can also give examples of functions which are continuous every-
where but not differentiable anywhere. For instance, let U denote the closed unit disc

in Q. Let f : U — Q, defined by f{ D a,p" | =D ap™ 0<a, <p—1.

Then f is continuous everywhere but not ’éifferentiable ;nywhere (see [3]). In clas-
sical analysis, functions which have antiderivatives do not have jump discontinuities
and they are pointwise limits of continuous functions. However, both these condi-
tions are not sufficient for the functions to have an antiderivative. Unlike the classical
case in which sufficient conditions are not known, the situation in the ultrametric case
is simpler: If U is a subset of K without isolated points, then f : U — K has an
antiderivative if and only if f is the pointwise limit of continuous functions ([4],
p. 283).
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