Chapter 2
Particle Orbit Theory

Abstract In which particle motion in assigned electric and magnetic fields is
discussed and studied in detail in a few representative cases. Fundamental con-
cepts such as guiding center motion, particle drifts, magnetic moment, and adiabatic
invariants are introduced, and a brief discussion of the mirror force and magnetic
bottles is presented.

This chapter is devoted to a description of the motion of individual charged
particles in assigned magnetic and electric fields, which we assume to be given
as a function of time and position. Such orbits can become quite complex even in
this case, so gaining a general understanding of the main types of motions that may
occur is an important pre-requisite to studying the dynamics of plasmas in their self-
consistent electromagnetic fields. Let’s begin with the simplest case, the motion of
a charged particle in a constant, uniform, magnetic field.

2.1 Motion in a Uniform, Static Magnetic Field

Consider a magnetic field which is constant in space and time, so that with respect
to a Cartesian system of coordinates the field reads B = (0, 0, B). The classical
equation of motion for a particle of mass m and charge ¢g in such a field may be

written as
dv . €
m— =mr = —v X B. (2.1)
dr c

Because the force on the particle is perpendicular to its velocity,
=0

and motion along the field occurs at constant speed, z = v is constant. Another
immediate consequence is found taking the scalar product of the equation of motion
with the velocity 7:

mr -1 =0,
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18 2 Particle Orbit Theory
implying that the total kinetic energy energy

1,22 _

amrc=W =W+ W_

is constant. However, since W = % mvﬁ is separately conserved, we find that the
kinetic energy of motion perpendicular to the field W is also constant.

The trajectory of the particle may be found by integrating the equation of motion,
Eq. (2.1), which rewritten in its three cartesian components reads:

dv,

E = Uy (223)
dy _ o (2.2b)
_— = - v .
dr *
dv,
— =0 2.2
” (2.2¢)
where
eoB
=22
mc

The solutions to Eq.(2.2a)—(2.2c) are given by:

vy = v cos(£21 + o) (2.3a)
vy = —v sin(£2¢ + a) (2.3b)
v, = V). (2.3¢)

Integrating Eq. (2.3a)—(2.3c) once more we obtain the trajectory as a function of time:

X =x0+ (%) sin(£21 + «) (2.4a)
o

y=yo+ (5) cos(21 + ) (2.4b)

z =12z + y)t. (2.4¢)

The trajectory is a helix which positively charged particles sweep in the clockwise
sense and negative particles in a counter-clockwise sense as seen projected on the
(x, y) plane. The projected orbits are circular with radius Ry = v /|§2[, known as
the Larmor radius. The gyration frequency |§2| is known as the cyclotron frequency,
also called the gyrofrequency.

The frequencies w,, and w.; defined in Chap. 1 are the values of |£2| calculated for
an electron and proton respectively. Let’s proceed now to motion in combined electric
and magnetic fields, starting from the case in which the fields are perpendicular
(Figs.2.1 and 2.2).
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Fig. 2.1 Trajectory of a

negatively charged particle in
a uniform magnetic field

—
]
-

2.2 Motion in Orthogonal Electric and Magnetic Fields

Starting from the same configuration as above, we add a constant, homogeneous
electric field E orthogonal to B:

E = (()7 E’ O)’
B = (0,0, B),

with E and B independent of position and time.
To solve Eq. (2.1) now we start from the y component of the equation of motion,
Eq. (2.3c) which becomes:

Wy on 9 o, -k 2.5)
— =—Qu+— = -2, —c—). .
dr * m * CB

It is natural to consider therefore a frame of reference S’, moving at the speed ¢ E/B
along the x direction, which is possible as long as £ < B: in this case the Lorentz
transformation reduces to the Galilean transformation

x'=x—c(E/B)t,

/_
y =Y,
/

7 =z,
t =1,

Fig. 2.2 Motion in
orthogonal and constant
electric and magnetic fields
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and in the frame S’ the equation of motion along y’ becomes

aw,
7 2,

identical to Eq. (2.2c). The trajectory written in the new, primed coordinates therefore
coincides with that given by Eq. (2.4a) where y is replaced by y’. Returning to the
original frame of reference we can see that the trajectory is just a superposition of the
original helical trajectory and a uniform translation at speed c £/ B along the x-axis
as shown in (Fig. 2.2). To interpret this result consider that the effect of the electric
field in the y-direction is to accelerate (or decelerate, depending on the charge) a
particle along that axis. In the presence of a magnetic field, the increase (decrease)
in speed along that direction leads to an increasing (decreasing) centripetal force
deflecting the motion orthogonally to both E and B. This force gradually changes
the direction of motion eventually leading to a change of sign of vy, so that motion
in the y-direction is confined to a finite displacement. On the other hand the different
radius of curvature of the gyrating motion as the particle moves along and against the
direction of the electric field leads to the average uniform displacement orthogonal
to the fields. The velocity associated with this motion is known as the drift velocity
v and may be written in a coordinate independent way as

Vg =¢ (2.6)

B2

When E/B = O(1) relativistic corrections become important, and a different
approach is required if E > B, since v in this case would become:

E
Uy = CE + o, cos(£21),

which exceeds the speed of light. With £ > B one must therefore use the relativistic
equations of motion,

dp v
E:eo(E—i—;XB)
p=ymv

1

r= J1T =12/

Consider the effects of a Lorentz transformation along the positive x-axis with
speed v on electric and magnetic fields:

E.=E, B. = B, (2.7a)
E, = y(Ey - BB.) B}, = y(By + BE.) (2.7b)
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E. =y(E.+ BBy) B, =y (B, — BEy), (2.7¢)

where 8 = v/c.

For the configuration considered we have E;, = 0, E. = 0, E/y = y(E — BB).
Therefore, for E < B, the choice § = % makes the y component of the electric field
in the S’ frame vanish, and only a magnetic field along ' = z, B, = y(B — BE) =
y(B — E%/B) = B/y will remain, yielding the helical motion seen before. In the
original frame S the motion will therefore be a superposition of the helical motion
and the translational one. More generally, which kind of Lorentz transformation may
be used to simplify the equations of motion may be understood by recalling the two
Lorentz invariants for the electromagnetic field, E - B and E> — B?. If the first of
these vanishes, then it will always be possible to find a frame in which either E or B
vanishes, depending on the sign of the second invariant E2 — B2. So if the electric
and magnetic fields are perpendicular, but £ > B, a new frame can be found with a
vanishing magnetic field, corresponding to a Lorentz boost along the x direction with
B = B/E. Once the equation of motion is solved in the new frame, one can transform
the solution back to the original frame applying the inverse Lorentz transformation
with 8 = —B/E along the x’ axis (see Problem 2.4).

A very important property of the drift speed v is that it does not depend on the
sign of the charge of the particle in motion. Both electrons and protons move with
the same speed under this drift, and therefore no current is generated by the so called
“E cross B” drift within the plasma. The above discussion may be generalized to the
case of any constant force F orthogonal to the magnetic field B: it will give rise to a
drift which is orthogonal both to the force and the magnetic field, whose magnitude
is obtained by substituting E with F /e( in Eq. (2.6):

F x B
eoB?

vp=c (2.8)

As a consequence, the drift from a non-electric force will give rise to an average
current in the plasma.

So far we have only considered cases in which E # B. However, the case E = B
has particular importance since it is related to the motion of a particle in the field of
an electromagnetic wave. The method of a Lorentz boost, used to treat the cases with
E # B, is no longer applicable and we must solve directly the equation of motion
of special relativity in the laboratory frame. The more familiar non relativistic case
can be easily obtained by taking the appropriate limit.

We shall consider a particle of mass m and charge eq, initially at rest at the
origin of the coordinates, acted upon by a linearly polarized electromagnetic wave
of frequency w. We may then choose a frame of reference in which the electric field
lies on the x-axis and the magnetic field on the y-axis, so that the waves propagates
along the z-direction. Thus,

E = (Egcosp) ey, B = (Egcose)ey,

with ¢ = w(t — z/c).
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The equations of relativistic dynamics are

d(’zt””) —eo(E+ B x B), (2.9)
d(myc) _

where § = (v/c). Introducing the quantity wg = (eg Eo/mc), Eqs.(2.9) and (2.10)
give

d
5(3//6)5) =wg(l — B;)cos ¢, (2.11)
d
E(VﬁyO) =0, (2.12)
d
E(Vﬁz) = wg By cos P, (2.13)
i—); = wEg Py cos P. (2.14)

Equating Eqs. (2.13) and (2.14) we get

d
5[7/(1 —BI1=0

and therefore y (1 — B;) = K is a constant of motion.
To determine the trajectory of the particle, it is convenient to use the variable ¢
in place of 7. Then

_ldr 1dr d¢

p=-—=-Z"L=2a0-p)
C

dr
c dt cd¢ dr

_wl /
d¢)_?( - BIr’,

where the prime indicates the derivative with respect to ¢. Therefore
=220 - por1= 2K a - por
— =—[y—(10—-B)rl=——>0-p)r".
dr 4 dr v c < c <

Comparing the last expression with Eq.(2.9) we finally get the following set of
differential equations:

” C WE

X' = ———cos¢
oK o
y//:()
la)E
7" = ==x"cos ¢.

K o
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Since r(0) = 0 and 7 (0) = O (the dot indicates the time-derivative), we have
$p0)=0; $0) =oll-BO)]=w; K=K©O =1,

and the initial conditions for the system above are:

x(0)=0, x'(0)=x(0)/¢0)=0 ; y©0) =)y(©0)=0 ; z(0)=2(0)=0.

The second equation shows that y = 0: no motion occurs in the y-direction.
A straightforward integration of the other two equations gives

= —(“Ev(Sya -
x=—(—)(=)(1 = cosg), 2.15)
2= (ZEP(S)@ - Lsin2g) = €6 — L sin29),
with gy
§=(5.) (=)

Inserting the definition of ¢ into the the expression for z we have
7z = w&((t — z/c) — (£/2) sin 24,

or

z=( ] n2¢. (2.16)

1+ a)é/c)t TN

The velocity along z is therefore a superposition of a constant speed plus a periodic
term. The constant term corresponds to a value of S,

_ wffe (0p/20)
b= l+wt/c 1+ (wp/2w)?

which tends to unity when (wg/w) is very large, namely when Ej is very large or
w is very small. The first circumstance arises in the field of an intense laser beam
or in linear acclerators. The second one has been considered in connection with
the problem of the acceleration of cosmic rays in the vicinity of a pulsar. In fact,
the pulsar emits a low frequency electromagnetic wave, which in principle could
accelerate particles to very large energies. This model, however, presents a number
of drawbacks and has been abandoned.

The periodic term in Eq.(2.16), coupled with the motion along x, Eq.(2.15),
produces an eight-shaped trajectory in the (x, z) plane of a frame moving along z
with a speed cf;.



24 2 Particle Orbit Theory

2.3 Motion in Slowly Variable Magnetic Fields

Because electric and magnetic fields in space are never uniform or constant in time,
there are in general no exact integrals of motion to which one can resort to simplify the
understanding of charged particle dynamics. However, when particle motion occurs
in slowly variable magnetic fields, either in time or in space, the equation of particle
motion, Eq.(2.1), may be solved approximately. In fact, the systematic expansion
in terms of drift velocities of higher order is allowed if the the ratio of the Larmor
radius Ry to the gradient scale L Ry /L < 1, or alternatively, if the characteristic
frequency of time variation of the field 1/7 is much smaller than the gyrofrequency
|£2],1.e.|82|T > 1. When these conditions are satisfied, exact integrals of motion are
replaced by approximate integrals or adiabatic invariants, quantities whose relative
changes are bounded by inequalities more stringent than the ones above.

2.3.1 Charged Particle Orbits in the Presence of a Magnetic Fields
with a Weak Gradient

Equation (2.8) may be used to understand particle motion by use of a local analysis
in a magnetic field with gradients. Consider for example a magnetic field line having
a certain curvature. The particle will locally gyrate around the magnetic field, which
in view of the inequalities expressed above may be considered constant on the scale
of the Larmor radius. However, the particle generally also has a motion parallel
to the field B, and, because of the curvature of the field line, the particle will feel
in its own frame of reference an outward centrifugal force due to this motion F =
(m vﬁ R.)/ (Rf,), where R, is the local radius of curvature. Equation (2.8) then shows
that as a consequence of curvature a drift motion will arise with velocity

mc vﬁ(Rc X B) 2¢ W 7 il) @17
Ve = = x B), .
¢ eo R B2 eR.B €

where B is the unit vector tangent to the local magnetic field, while R, is unit
vector along the radius of curvature. The factor in parentheses is therefore a purely
geometrical term which describes the local geometry of magnetic field lines. This
motion of charged particles is called the curvature drift.

Consider now instead a magnetic field directed along one direction, whose mag-
nitude depends on a coordinate along an axis orthogonal to the magnetic field B
itself. An example is given by a field B = [0, 0, B(y)], where B(y) satisfies the

weak gradient condition
dB/dy

Ry <« 1.
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The Lorentz force around a given point yy is given by:

F(y) = F(yo +dy) = %O [B (—veey +vyer)], 1

where we are considering motions only in a plane perpendicular to the magnetic
field B.

Denoting y-derivatives with a prime, the field in the neighborhood of this point may
be written B(yo + 8y) = B(yo) + 8y B'(yo) = Bo + 8y By, so that

eoB

F(y) = 0 [—vey + vyex]

eoBo

[—vcey + vyex] 8y (By/Bo). (2.18)

For 8y of the same order as R; one has by assumption that 8y (B;/By) < 1.
Therefore the first term in the equation describes the unperturbed circular motion
while the second term provides the first order correction. We can thus assume that
Uy, Uy, 8y = y — yo are the same as those obtained from the motion in a constant
magnetic field, which are periodic functions of the phase @ = 2 + «. Averaging
the force F over a gyration period, P = 27/|£2|, that is calculating

P

<m=%/Fm

0

we see that the only non zero contribution comes from the term v, 8y B, on the right
hand side of Eq.(2.18). As a result

P

€o 1 2 / covL 0 L 2

(F) = —?UJ_RLF/COS (P) dt B()ey = — e RLBOey = mv; B—Oey.
0

In other words, on averaging over a gyroperiod, we are left with a constant force
perpendicular to B which, according to Eq. (2.8), must give rise to a drift orthogonal
to both Bg and (F'). Substituting the expression for (F') in Eq.(2.8) we find:

CWlBé

Vg =
6033

X

whose general vector expression may be written as:

c Wi(Bg x V)| Byl
eo| Bol3

This is known as the gradient drift.
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When, as in the preceding discussion, the gradients are small with respect to the
cyclotron radius and the fastest time-scale is given by the gyro-motion one calls the
averaged position of the particle over one gyroperiod the guiding center of the particle.
In terms of our previous discussion of drifts, one could say the particle executes a
gyromotion around its guiding center while the guiding center itself moves following
the drifts in question. In order for the so-called guiding center approximation to be
valid, an additional condition must be established concerning the parallel motion: the
distance a particle moves along the field during one gyroperiod must also be small
respect to the scale of gradients, or v P < L.

In these circumstances we may always write for the equations of motion along
and across the magnetic field the equations:

dv”

mw =

mdv—J' =F, + €_O(v X B)
dr + c = '

(2.20)

We may then write v; = v + vy where vy is the velocity of the cyclotron
motion around the guiding center and orthogonal to the local magnetic field while
v, is the drift velocity. We now expand

vd:v2+vb+v§+~-~

and expand order by order in the small gradient parameter the equations for
the drifts:

d()
W ) =20+ ) x B, (2.21)

m( dr c

so that, for example, considering that the time-dependence of the zero-order drift is
a small quantity,
1 mc d 02 B
Ya= ", B (7 x E)
and so on and so forth. It is important to remark that quite generally the first order
drift may differ in direction from the zero order drift, and must therefore be included
to understand charged particle trajectories.

2.3.2 Magnetic Moment Conservation

Consider a magnetic field configuration with cylindrical symmetry in which the
magnetic field has a strong axial component and again satisfies the conditions for
weak gradients defined above.
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The field may be written in cylindrical coordinates r, 6, z as
— . _ 2 2\1/2 o
B =[B;(r,2),0,B.(r,2)]; B;>» B — B=(B +B,)/'"~B,.

On the other hand the divergence free condition for the magnetic field V- B = 0

may be written as:
0B,

O’
0z
which may be integrated to yield
r r
/ a( 8,)d / BBZd (Z)B)rz
—(r r=—|[r r~—(—)—
or : 0z dz 2
0 0

Here we have taken into account the fact that r is of the same order as the Larmor
radius Ry, and that the magnetic field and the magnetic field gradients vary on a much
larger scale. We therefore obtain:

rdB

r — 2821

where we have now omitted the brackets (). The equation of motion of a particle in
the direction parallel to the magnetic field becomes:

dy eo eo
m— =——(wXx B), = ——uvy B,.
dt c c

Remembering that the sense of particle gyration is opposite in sign to the charge we

may write
2
Vg = —— VUL,
leol

and therefore

dy eo( e )( raB)N (|eo| 12| )83 (Ieo|nR2)83
at e Vel "\ 2% ) 3z c P Jaz

where as before the gyroperiod P = 27/|S2|.

The periodic gyromotion of a charged particle eg in the plane orthogonal to the
magnetic field is electrically equivalent to a current carrying loop with [ = |eg|/P.
According to Ampere’s law, such a loop corresponds to a magnetic dipole with
magnetic moment [L, given by:

IS el mR? 1, WL
p=— 7 S5MVL (2.22)
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We therefore get, along B, the equation:

dv|| 0B
m— = —_—,
a - Pz

which, multiplying by v leads to

dw; dyy JdB dB
— =My — = —UV— = —U—,
dr "ar ad 0z H dr
where we have used
d 9 +v-V
_ = — V- .
dr ot

On the other hand, since the magnetic field does no work on the particles and there
is no explicit time-dependence of the field itself, the total energy of the particle is

conserved:
dw _ dw, _ dB

a ar Mar
an expression which may also be found by writing the equation for perpendicular
motion. We may now calculate the time- derivative of y as follows:

i _ 4w B) = W
dr _dr* T B dr g2t

1 dw 1 dB  uwdB 1 B dB 0
TR TR oA T

The magnetic moment is therefore a conserved quantity, provided gradient length-
scales of the average field are small compared to the particle gyro-radii: this is what
is meant by an adiabatic invariant. In the particle’s frame of reference, the magnetic
field changes, albeight slowly, with time, because of the motion of the particle. We
can therefore expect that conservation of magnetic moment also holds for slow time-
variations of the magnetic field.

Consider then such a slowly varying field, directed along the axis in a cylindrical
coordinate system: B = [0, 0, B(¢)], whose typical time variation 7 is much longer
than the gyroperiod 27/|$2|. The time-variation induces an azimuthal electric field
E which appears in the perpendicular components of the equation of motion. Taking
the scalar product of the equation of motion with v; we find:

va_ E
m-——-v =eyL -V,
dr

or d
5(%’” vi) =eyE -v].
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Integrating this over the gyroperiod, from time 0 to P = 2 /|S2|, the left hand side
gives the variation of the kinetic energy of perpendicular motion over one gyroperiod
AW :

P
AWL260/E~vJ_dl‘=€0j{E~drl=e()/(VXE)~dS,

where dr; = v, dr while dS is an oriented element of the surface upon which the
cyclotron motion orbit rests.
From Maxwell’s equations, we may rewrite:

B s
AWJ_:_eO E'dS:nRLV"O'B’
S

where we have been able to bring < dB /0t >= B out of the integral because of the
hypothesis of slow variations of the magnetic field and we have taken into account
the sign coming from the orientation of particle orbits of different sign.
Substituting Ry, = |v|/|$2| we obtain:

AW = W 27 B
L= "e1 B

On the other hand, (277/|£2|) B is the change of B over a gyroperiod, i.e. AB, so we
can write:

AW, =W AB
1 = 1 B ’
or, recalling Eq. (2.22),
A(WL/B) = A(n) =0, (2.23)

Therefore, we have shown that the magnetic moment is an adiabatic invariant
even in the case of slowly time-varying magnetic fields.

2.3.3 Magnetic Mirrors and Magnetic Bottles

The concept of the conservation of magnetic moment finds application in the study of
magnetic mirrors and magnetic bottles as plasma confinement devices. Let’s consider
again a magnetic field, for example with axial symmetry, which increases in intensity
along the positive direction of the axial direction z as shown in Fig. 2.3.

Since the magnetic field magnitude B increases with z, the constancy of p also
implies that the kinetic energy in perpendicular motion W, must increase. Con-
servation of energy, W = W| + W, = constant, then means that any increase
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Fig. 2.3 Trajectory in a
spatially varying magnetic
field

in W must be accompanied by a decrease in W. Thus, it may happen that for
some sufficiently large value of B = Bg, W vanishes. In such case, the charged
particle, which cannot continue its trajectory along positive z, is reflected. This kind
of configuration is called a magnetic mirror.

Introducing the pitch angle ¢, defined as the angle formed by the velocity vector
v with the axial direction z, that is with the direction of the dominant magnetic field
component B, we find v = v sin ¥ so that the magnetic moment invariance may be
written in the form:

sin% ¢ sin? ¥

Lino? = constant i.e.

3 = constant

because of the conservation of total energy %mvz. By evaluating the constants at the
reflection point we obtain:

) B
sin“ 1 = —. (2.24)
Bg

Now if the field has a maximum somewhere, Bmax, Obviously Br < Bmax must hold:
indeed, if the particle is able to reach the position where B = Bpax with v # 0 it
will continue in the same direction, as B decreases beyond the point B = Bpax and
therefore W) increases at the expense of W . From Eq. (2.24) it follows that we can
write the condition for reflection as

sin? 9 = >

B B
R Bmax -

Particles that start off with a pitch angle sin> 9 < B/Bpax will not be reflected by
the magnetic mirror.

If we now consider the illustrated magnetic field structure, comprised of two
separate magnetic mirrors encompassing the same axial field, we see that it is possible
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Fig. 2.4 A magnetic bottle
configuration

T

to confine particles with sufficiently large pitch angles in the region between the two
mirrors (Fig.2.4).

Denoting with B = B the lowest value of the magnetic field, the particles that
will be confined will be those with

. B
sin’ Yo = 0

= 1/R,

max

the quantity R = Bpax/Bo being called the mirror ratio. The other particles, those
with angles falling witihn a cone defined by ¥y, known as the loss cone, will not be
confined. The probability P of losing a particle depends on the ratio between the
solid angles swept by the loss cone and 27, i.e.

120}
Pz%/sinz?dz?dgo:/sim?dﬁ:l—\/l—l/R:1/2R for R>> 1.
20 0

In areal situation, the loss process will never stop, because collisions between charged
particles will continually feed particles into the loss cone. For this reason, the mag-
netic bottle is not an efficient confinement device with regards to possible future
nuclear fusion machines.

A magnetic bottle configuration in which the intensity of the magnetic field varies
slowly with time possesses another adiabatic invariant, the so-called longitudinal
adiabatic invariant J, defined as

5

J =/v|| ds,

s1

where s1 and s, are the reflection points for the parallel motion whose position is
assumed to change on time-scales much slower than the transit time inside the bottle.
One may show (see, e.g. Boyd and Sanderson: The Physics of Plasmas, p. 28) that
J is also an adiabatic invariant.
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An interesting and important application of the existence of this invariant is con-
nected to understanding the acceleration of cosmic rays. A simple model may be
developed as follows: an ensemble of charged particles finds itself in an environ-
ment where magnetic clouds are present and whose behaviour may be schematized
as being equivalent to moving magnetic mirrors. In the regions between clouds, the
magnetic field has values much smaller than in the clouds, so that particles which start
out with a sufficiently large pitch angle are confined in the region between clouds.
If 5o is a measure of the distance between clouds at a certain time ¢ and s(/) that at a
successive moment in time ¢/, the invariance of J implies that

~ ! !~ S_O
U” S0 = U“ SO or U” —_ U“ S/ )

where v and U\/I are the average velocities respectively at times 7 an ¢’. It follows

that the energy W is equal to W = W) (so /s)* and increases if clouds approach
each other while it decreases if they increase their separation. Since W, = u B =
constant

(u is aconstant because it is also an adiabatic invariant and B does not change much as
the clouds and particles move around), we see that the total energy W = W) +W_ also
increases as clouds approach and vice-versa. Since the relative motion of clouds must
be considered a random variable, one might think that on average energy gains and
losses might balance out. This is wrong however, since over a given interval of time
the number of head on collisions between clouds is greater than the number of over-
taking ones. Theirrelative frequencies are, in fact, proportional to (v +vc) /(v —vc),
where vc is the speed of the cloud. The net effect is therefore a gain of energy. This
acceleration mechanism for cosmic rays was proposed by Enrico Fermi in 1949 and
is known as the second order Fermi mechanism. It is not very efficient because of the
particles that are scattered into the loss cone. Today it is thought that a much more
efficient mechanism is given by the so-called first order Fermi mechanism where
particles are accelerated as they repeatedly cross magnetic shock waves.

Problems

2.1. Consider a magnetic field configuration with a slight curvature: B = (0, B, (z),
By), and By, constant while By and dB,/dz are small quantities. Show that there
is a drift along the x direction with speed

mvﬁc
Ve = — (dBy/dz).
eoB

2
0z

and show that this coincides with what one finds from Eq. (2.17).
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2.2. Consider the motion of a proton and an electron at the surface of the Earth in
the presence of a horizontal uniform magnetic field with an intensity of By >~ 0.3 G.
Calculate the drift speed and directions knowing that the magnetic field is directed
from South to North. Assuming that the electron density n, is equal to that of protons
np calculate thecurrent J resuting from this drift. Finally, show that

J
= X B+ (neme +npmp)g =0,

where g is the gravitational acceleration vector at the surface of the Earth.

This example shows how, in the presence of gravity, a horizontal magnetic
field induces a current in the plasma whose effect is to suspend the plasma in
the magnetic field, cancelling out gravity. In reality, for a plasma volume of
finite extent, there is a separation of charge induced at the lateral boundaries
by the current J. Show that the generated polarization electric field provides a
downward E cross B drift motion, whose time derivative leads the plasma to
fall through the magnetic field with acceleration g. This points to the fundamen-
tal role of boundary conditions in establishing the correct behavior of a plasma.
2.3. The Earth’s magnetic field may be considered with good approximation to
be a dipole field, whose intensity in the magnetic equatorial plane is given by
B = Bo(Rg/R)? where By = 0.3 G, R is the radius of the Earth and R the
Earth’s radius. Show that because of the gradient drift in the dipole field, Eq.(2.19),
a particle with pitch angle & = 90°carries out a circular orbit around the Earth and
find an expression for this orbit in terms of the Energy of the particle £ and its charge
q. Calculate the period of the orbit for a proton and an electron with an energy of
1 keV at a distance of R = 2Rg. Compare this drift speed with the one due to the
gravitational field directly and with the gravitational orbital speed at the same height.
2.4. Consider the motion of a charged particle in the presence of orthogonal uniform
electric (along the y-direction) and magnetic (along the z-direction) fields where the
electric field is greater than the magnetic field £ > B. Solve the problem by moving
to a frame moving along the x direction with 8 = B/E. Show that in this frame the
magnetic field vanishes and solve the equation of motion explicitely. Move back to
the original frame of reference and describe the particle orbit in this frame.

Solutions

2.1. Calling 2 = eqBo,/mc e §2y, = egBy/mc, the equations of motion become:

=05 -2,
= -0,
=2,k
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Taking the time derivative and neglecting terms that are quadratic in small quantities
we find:

X4 2% = -2,

V2% = 202,

A particular (non oscillating solution) of this equation is given by

2
%
2 32

(dBy /dz),

providing the requested drift speed.
From the definition of the radius of curvature
0B R

os  RL

and taking into acocunt that d B /ds ~ (dBy/dz)e,, while B ~ B;e;, one finds that
the above result is equivalent to that found using Eq. (2.17).

2.2. The drift speed is given by Eq.(2.8) where the gravitational acceleration is
orthogonal to the magnetic field, so that

CMpeqd

3 = 1.86 x 10~ cm/s, (electron) = 3.42 x 10_]cm/s, (proton).
e

|Up,e| =
The velocity is towards the East (West) for a proton (electron). The current from this
drift is also directed Eastwards and has a magnitude |J| = cn,(m, +m.)g/B.
2.3. The gradient drift for this case reduces to

oG] = cE |dB/d = cE 3R?

v —

¢ q qB R3

directed towards the West IEast) for protons (electrons). For a particle with the
elctron or proton charge and an energy of 1 keV at a height of R = 2Rg we find
lvg| = 6.27 x 10° cm/s.

2.4. In the reference frame moving with v, = ¢B/E one finds from Eq. (2.7) that
B, =T'(B; — BEy) = 0 while E{ =I'(Ey — BB;) = E/I" where here B = B/E
and I' = 1/4/1 — B2/E?. In the new, primed frame, the relativistic equation of
motions are given by [see Egs. 2.9) and (2.10)]

d'y) _ d0'B) _ 0 dy'sy)  ,  dy

- £ =w £ - £
dt’ dt’ dt’ NTZ
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with wy, = (eoE’'/mc) = Qg/T. If the particle starts from rest at the origine
B, =p.=0p = ,3; and y' = (1 — ﬂ’Z)’l/z. From the remaining two equations
we get:

dy' . ,dp’ dp’
/ 1 / ! Q2 /
Par T ar e =P g
or ! / /
dg dg 10}
' (1 — 12y 2 _ = _ _E.
a)E( 18 ) y dt, dt/ )//3
Integrating the last equation we obtain
.L,/
b= ==
where t’ = ), . Writing
, 4y ,dy’ ct’

/
v, = = — = (, = —
T =P T s

we see that the particle’s speed increases in the y’-direction, i.e. along E’, approaching
¢ when ' — o0.
Integrating the above equation we finally find

y/ = wL/E(\/ 1 +T/2 —_ 1),

which, coupled with x” = 7 = 0, gives the trajectory of the particle in the primed
frame. Transforming back to the original frame by means of a Lorentz transformation
vith V. = —B/E, we easily find

2.2

cl’ WEt7\1)2
— Vi, y= (—)[ 1 . 1].
X y OF ( + F4 )
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