
Chapter 1
Introduction to Spectral/Pseudospectral
Methods

Abstract This chapter introduces the basic principles of spectral/pseudospectral
methods for the solution of partial differential and/or integral equations that serve
to model a large number of physical processes in chemistry and physics. The first
part of the chapter defines the spectral space representation of functions and the
transformation to the physical space representation. A Hilbert space is defined as
well as the definition of self-adjoint operators that occur in quantum mechanics and
kinetic theory. The Rayleigh-Ritz variational principle and the method of weighted
residuals are discussed. An historical summary of the development of pseudospectral
methods in chemistry and physics is presented together with an outline of the book.
The science, the mathematical models and the computer algorithms are interrelated.

1.1 Introduction

This book describes current spectral and pseudospectral methods for the solution of
partial differential and/or integral equations thatmodel a large number of systems and
processes in chemistry and physics with many applications to biology, engineering,
astrophysics and space science. We consider physical systems and processes that
are modeled theoretically with the principles of quantum mechanics and kinetic
theory. This introduction provides an overview of several physical systems for which
spectral and pseudospectral methods are used to solve the differential and/or integral
equations that define the problems.

The basic mathematical tools are briefly presented in Sects. 1.2 and 1.3. A more
detailed presentation of the mathematics and numerical algorithms is presented in
Chap.2. There are also many comprehensive discussions of this material in the bib-
liography provided.

A personal historical summary of the development of pseudospectral methods
with applications to physical problems in chemistry, physics, biology and engineer-
ing is presented in Sect. 1.4. This is a very broad subject that cannot be covered
in detail in a single volume. The many references provided form a very impor-
tant additional resource to the material presented here. This large bibliography also
demonstrates the widespread use of the mathematical/numerical methods that are
described.
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Quantum theory (Messiah 1961; Liboff 2002) based on the Schrödinger 1 equation
provides the theoretical description of numerous systems in chemistry and physics.
An important problem in quantum chemistry is the calculation of the electronic
energy states for a molecule taking into account the electron-nuclei and electron-
electron Coulombic interactions for fixed positions of the nuclei (Sherrill 2010).
This is referred to as electronic structure theory (Szabo and Ostlund 1996; Friesner
1991; Helgaker et al. 2000; Levine 2009) and includes density functional theory
(Jones and Gunnarsson 1989; Morgan 1996; Tsuneda 2014).

The potential from the solution of the electronic problem is used in theSchrödinger
equation for themotion of the nuclei and provides the rotational and vibrational states
of the molecule (Friesner et al. 1993; Light and Carrington 2000; Koput et al. 2001).
A complementary problem concerns the quantum description for the continuum or
scattered states that are of concern in collision theory (Child 1996; Taylor 2012) espe-
cially as applied to theoretical chemical kinetics andphotochemistry (Cassam-Chenaï
and Liévin 2012; Balint-Kurti 2008; Burke 2011). These applications and many oth-
ers (Hu et al. 2002; Baye et al. 2008; Amore et al. 2009; Heyl and Thirumalai 2010)
are active areas of research in chemistry and physics requiring efficient computational
algorithms.

Statistical mechanics can be divided into equilibrium and non-equilibrium sta-
tistical mechanics which includes kinetic theory. Kinetic theory is based on the
Boltzmann2 equation (Liboff 2003; Kremer 2010) or the Fokker3-Planck4 equation
(Chandrasekhar 1949; Risken and Till 1996) for the particle distribution functions
that define, for example, the transport coefficients in a dilute gas as well as chemical
reaction rates including nuclear reactions. For collision dominated gaseous systems,
the Chapman5-Enksog6 method (Chapman and Cowling 1970) of solution of the
Boltzmann equation yields the macroscopic equations of fluid mechanics and in

1 Erwin Schrödinger (1887–1961) was an Austrian physicist who worked on fundamental aspects
of quantum theory and developed the equation that bears his name. He also made important contri-
butions to statistical mechanics and thermodynamics and had an interest in biology and philosophy.
He was awarded the 1933 Nobel Prize for his development of wave mechanics in quantum theory.
2 Ludwig EduardBoltzmann (1844–1906)was anAustrian physicist whomade significant contribu-
tions to statistical mechanics and proposed the kinetic equation that bears his name. The equilibrium
particle distribution is the Maxwell-Boltzmann distribution.
3 Adrian Fokker (1887–1972) was a Dutch physicist and made contributions to relativity in addition
to statistical mechanics. The Fokker-Planck equation used to model numerous processes in physics,
astrophysics, chemistry, finance and biology bears his name. He also made numerous contributions
to music theory.
4 Max Planck (1858–1947) was a German physicist and was awarded the 1918 Nobel Physics Prize
for his contributions to quantum theory. Planck andFokker independently derived the Fokker-Planck
equation of statistical physics.
5 Sydney Chapman (1888–1970) was a British mathematician and geophysicist developed the
Chapman-Enksog method of solution of the Boltzmann equation and contributed to the theory of
stochastic processes. He also made many fundamental contributions to geophysics.
6 David Enskog (1884–1947) was a Swedish mathematical physicist who contributed to the kinetic
theory of gases with the method of solution developed with Chapman.
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particular the Navier7-Stokes8 equation. This complements the usual derivation of
the equations of fluid mechanics in terms of mass, momentum and energy conser-
vation (Kundu et al. 2012; Durran 2010). Spectral and pseudospectral methods have
been extensively applied to problems in fluid mechanics (Gottlieb and Orszag 1977;
Peyret 2002; Canuto et al. 2006b).

We consider a large number of systems that includes radiative and neutron trans-
port, astrophysics, plasma physics and space science that can be described with
kinetic theory. We do not consider applications of equilibrium statistical mechan-
ics to liquids and electrochemistry that are currently studied primarily with Monte
Carlo simulations (Car and Parrinello 1985; Landau and Binder 2009). The direct
simulation Monte Carlo method (Bird 1994) used for many rarefied gas dynamical
problems is not discussed.

The vast number of applications of kinetic theory in many different fields is truly
remarkable. If the particles of interest are photons, theBoltzmann equation is replaced
with a radiative transfer equation and we find applications to the transport of radia-
tion in atmospheric science (Liou 2002; Thomas and Stamnes 2002), radio therapy
(Gifford et al. 2006) and astrophysics (Chandrasekhar 1949). The evolution of stars
in globular clusters can be studiedwith the Fokker-Planck equationwith the interstel-
lar gravitational Coulomb interactions (Lightman and Shapiro 1978; Chavanis 2006;
Binney and Tremaine 2008) analogous to the use in plasma physics (Birdsall and
Langdon 2005; Anderson et al. 2004; Peeters and Strintzi 2008). The development of
nuclear reactors (Hebert 2009) requires kinetic theory to understand the thermaliza-
tion and transport of neutrons (Davison 1957; Williams 1966), and nuclear reaction
rates (Atenzi and Meyer-Ter-Vehn 2004).

There are also important applications to the escape of atoms from planetary
atmospheres (Fahr and Shizgal 1983; Shizgal and Arkos 1996) as well as the loss of
charged particles from the earth (Lie-Svendsen and Rees 1996; Pierrard and Lemaire
1998) and the sun (Echim et al. 2011). A complementary problem is the escape of
stars from a globular cluster (Spitzer and Härm 1958; Lemou and Chavanis 2010)
and relativistic astrophysics (Bonazzola et al. 1999; Grandclément and Novak 2009).
We will not be able to consider all of these applications. However, we will provide
some of the basic concepts with concern to the numerical modeling of particular
systems with spectral and pseudospectral methods.

In each application, the physical problem is approximated with a mathematical
modelwhich formost applications requires a numerical solution of partial differential
or integral equations. The objectives can be summarized in the flow chart in Fig. 1.1.
We consider a mathematical model which provides an approximate description of
the physical system. A numerical algorithm is developed to solve the differential
or integral equations for the model. The results are compared with observations

7 ClaudeLouisNavier (1785–1836)was aFrenchmathematicianwhoworked in engineering science
with emphasis on bridge building and also made basic contributions to fluid mechanics. He was a
student and colleague of Fourier.
8 Sir George Gabriel Stokes (1819–1903) was a Irish/English mathematical physicist and made
fundamental contributions to fluid dynamics including Stokes’ law and Navier-Stokes equation.
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Fig. 1.1 Flow diagram of the modelling of physical systems or processes

and revisions to the mathematical model are made as required. There are often more
rigorousmathematical treatments formuch simplifiedmodels of the physical system.
There are many discussions with concern to the numerical analysis of the algorithms
used. We will not consider in detail these theoretical aspects but we will provide
references to research papers that complement the presentation. The objective is to
provide a utilitarian approach for the use of spectral and pseudospectral methods.

Computer power has become readily available and inexpensive and fairly large
complex systems can be modeled numerically with ease. The advances made in this
area parallels advances made in the development of numerical methods and algo-
rithms for the numerical solution for a large number of applied problems. Our main
objective in this book is to demonstrate the ease of use of spectral and pseudospectral
methods in the efficient numerical modeling of many systems and processes.

1.2 Spectral and Pseudospectral Methods

We provide in this section a brief overview of spectral and pseudospectral meth-
ods. The origin of the terminology, “spectral” is not entirely clear but probably
arises from the original use of Fourier9 sines and cosines as basis functions (Gottlieb
and Orszag 1977; Brown and Churchill 1993) especially in connection with a time
series analysis and the fundamental frequencies of a process, namely the “spectrum”
(Shen et al. 2011).

9 Jean Baptiste Joseph Fourier (1768–1830) was a French mathematician and physicist best known
for the development of Fourier series and the solution of differential equations notably heat transfer.
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Spectral methods are generally based on the representation of a real, continuous,
“well-behaved” function, f (x), on some interval not necessarily bounded as an expan-
sion in an orthonormal set of functions, Pn(x), that is,

f (x) =
∞∑

n=0

anPn(x), x ∈ [a, b] (1.1)

where the polynomials are orthonormal

b∫

a

w(x)Pn(x)Pm(x)dx = δnm, (1.2)

with respect to some appropriate weight function, w(x), and the Kronecker10 delta
is defined by

δnm =
⎧
⎨

⎩

1, m = n

0, m �= m.

(1.3)

Examples of such polynomial basis sets are the well-known classical polynomi-
als listed in Chap.2, Table2.1 and several nonclassical polynomials in Table2.2.
Whereas the non-classical polynomials are constructed to be orthonormal as in
Eq. (1.2), the classical polynomials are generally not normalized to unity.

The term “pseudospectral” refers to the solution of the defining equations on a grid
of discrete points, {xi}, and the solution, f (xi), as determined at the grid points. This
is often referred to as a collocation. Pseudospectral methods are discussed further in
Sect. 1.4.

1.2.1 The Spectral Space Representation

We approximate the function of interest, f (x), with the finite sum

f (N)(x) =
N−1∑

n=0

anPn(x), x ∈ [a, b] (1.4)

where with the orthonormality condition, Eq. (1.2), the expansion coefficients are
given by

an =
b∫

a

w(x)Pn(x)f (x)dx, (1.5)

10 Leopold Kronecker (1823–1891) was a German mathematician who specialized in algebra and
number theory. His studies of mathematics was originally a hobby and he did not hold a university
position untill 1883 at the University of Berlin.

http://dx.doi.org/10.1007/978-94-017-9454-1_2
http://dx.doi.org/10.1007/978-94-017-9454-1_2
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and occasionally referred to as the generalized Fourier coefficients. The an

coefficients, Eq. (1.5), represent the “spectral space representation” of f (x). We
choose an appropriate basis set so that the series Eq. (1.1) provides an accurate
approximation of f (x) with a small number of terms. If the method is efficient, the
absolute values of the coefficients, |an|, should decrease rapidly with increasing n as
will be demonstrated for particular functions and basis sets in Chap.4.

An alternate choice of basis functions are the functions pn(x) = √
w(x)Pn(x),

orthonormal according to
b∫

a

pn(x)pm(x)dx = δnm. (1.6)

We have the alternate expansion

f (N)(x) =
N−1∑

n=0

bnpn(x), (1.7)

with the expansion coefficients,

bn =
b∫

a

f (x)pn(x)dx. (1.8)

We can also choose the expansion

f (N)(x) = w(x)
N−1∑

n=0

cnPn(x), (1.9)

for which the expansion coefficients are

cn =
b∫

a

f (x)Pn(x)dx.

The convergence of the expansions Eqs. (1.4), (1.7) and (1.9) (each designated with
the same f (N)(x)!) can be very different as dependent on the behaviour of f (x). Several
examples are presented in Chap.4. For basis sets with unit weight function such as
Legendre polynomials and Fourier sines and cosines, these expansions are identical.

The main concern regarding the approximations Eqs. (1.4), (1.7) and (1.9) is
whether the series converges and howquickly. Often these two concerns are unrelated
except when the series does not converge and then the rapidity of the convergence is
irrelevant. The knowledge that the series expansion is convergent does not provide the
practical information as to how many terms, N , are required for the approximation,
f (N)(x), to be a good approximation to the function, f (x).

http://dx.doi.org/10.1007/978-94-017-9454-1_4
http://dx.doi.org/10.1007/978-94-017-9454-1_4
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There are many discussions of the mathematics concerning the convergence of
such expansions. The interested reader can consult several references (Cheney 1966;
Rivlin 1969; Trefethen 2013) for a more detailed mathematical treatment of this sub-
ject. A discussion of approximation theory from an historical perspective is provided
by Steffens (2006).

A very important aspect of approximation theory (Pinkus 2000) is how tomeasure
the difference between f (x) and f (N)(x).Wemeasure the error of the series expansion,
Eq. (1.4), with the least squares norm, that is,

E(N)
2 =

b∫

a

w(x)
[
f (x) − f (N)(x)

]2
dx. (1.10)

We write out the square in Eq. (1.10) and use Eq. (1.4) that is

E2(N) =
b∫

a

w(x)f 2(x)dx − 2
N−1∑

n=0

an

b∫

a

w(x)Pn(x)f (x)dx

+
N−1∑

n=0

N−1∑

m=0

anam

b∫

a

w(x)PnPmdx. (1.11)

With the orthonormality of the basis functions in the last term and the minimization
of E2(N) with respect to all an, that is

∂E(N)
2

∂an
= 0, (1.12)

give the same expansion coefficients as obtained using orthogonality, Eq. (1.5). With
Eq. (1.5) in (1.11)

E(N)
2 = ‖f ‖2 −

N−1∑

n=0

a2n, (1.13)

where the norm of the function is defined as

‖f ‖2 =
b∫

a

w(x)f 2(x)dx < ∞, (1.14)

and which must be finite. Since E(N)
2 ≥ 0, Bessel’s inequality follows as

N−1∑

n=0

a2n ≤ ‖f ‖. (1.15)
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For N → ∞, we have Parseval’s theorem

N−1∑

n=0

a2n = ‖f ‖2. (1.16)

A more detailed mathematical proof of the results, Eqs. (1.15) and (1.16), can be
found in the book by Brown and Churchill (1993) on Fourier series expansions.

Another important result is obtainedwith Eq. (1.8) substituted into Eq. (1.7) which
gives

f (x) =
b∫

a

f (x′)
∞∑

n=0

pn(x)pn(x
′)dx′, (1.17)

where ∞∑

n=0

pn(x)pn(x
′) = δ(x − x′), (1.18)

and δ(x − x′) is the Dirac delta function defined in terms of the integral

∞∫

0

f (x′)δ(x − x′)dx′ = f (x). (1.19)

The basis set {pn} is then considered to be “complete” and Eq. (1.18) is referred to
as the completeness relation.

1.2.2 The Physical Space Representation

We have referred to the set of expansion coefficients {an} in the expansion, Eq. (1.1),
as the spectral space representation of the function. The expansion coefficients
are determined from orthogonality, Eq. (1.5). In Chap.2, we introduce Gaussian11

quadratures for the efficient evaluation of integrals. This is the algorithm

b∫

a

w(x)F(x)dx ≈
N∑

i=1

wiF(xi), (1.20)

11 Carl Friedrich Gauss (1777–1855) was a German mathematician and physical scientist. He was
a child prodigy and made many fundamental contributions to geometry, number theory and algebra
at a very young age. He is also well known for his work on planetary science, geomagnetism and
Gaussian probability distributions.

http://dx.doi.org/10.1007/978-94-017-9454-1_2
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where the set of “quadrature points” {xi} are the roots PN (xi) = 0 and {wi} are the
corresponding set of “quadrature weights”. The polynomials that define the quadra-
ture are orthogonal with respect to w(x) as given by Eq. (1.2). With Eq. (1.20), in
(1.5), the Gaussian quadrature approximation of the {an} coefficients is

an =
N∑

i=1

wiPn(xi)f(xi). (1.21)

The set of function values, fi ≡ f (xi), is the representation of f (x) in the “physical
space representation” and can be written as

fi =
N−1∑

n=0

anPn(xi). (1.22)

We label the first grid point and the first expansion coefficient as x1 and a0, respec-
tively. Equations (1.21) and (1.22) are the transformations from physical space to
spectral space and from spectral space to physical space, respectively.

This transformation can by symmetrized with the definition f̂i = √
wifi and gives

f̂i =
N−1∑

n=0

an
√

wiPn(xi), i = 1, 2, . . . , N, (1.23)

an =
N∑

j=1

√
wjPn(xj)f̂j, n = 0, 1, . . . , N − 1.

The transformationmatrix between the spectral space representation an and the phys-
ical space representation f̂i is defined by

Tin = √
wiPn(xi), (1.24)

and we rewrite Eq. (1.23) as

f̂i =
N−1∑

n=0

Tinan,

an =
N∑

i=1

Tnif̂i. (1.25)

With the second of these equations for an substituted in the first, gives

f̂i =
N∑

j=1

(
N−1∑

n=0

TinTnj

)
f̂j. (1.26)
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The transformation matrix T is unitary, that is,

N−1∑

n=0

TinTnj = δij (1.27)

which is equivalent to

wi

N−1∑

n=0

P2
n(xi) = 1, i = j,

N−1∑

n=0

Pn(xj)Pn(xi) = 0, i �= j, (1.28)

valid for all N .
With the substitution of Eq. (1.21) into (1.4) and interchange of the summations,

we obtain the basic interpolation result

f (N)(x) =
N∑

i=1

Ii(x)f (xi), (1.29)

where the interpolation function is given by

I(N)
i (x) = wi

N−1∑

n=0

Pn(x)Pn(xi), (1.30)

which satisfies,
I(N)
i (xj) = δij, (1.31)

referred to as the “Cardinality” condition. What is remarkable is that this result is
satisfied for any N, consistent with Eq. (1.27). These interpolation functions play a
central role in pseudospectral methods of solution.

It is of interest to notice that the interpolation functions, Eq. (1.30), are orthogonal,
that is,

b∫

a

w(x)Ii(x)Ij(x)dx = wiwj

N−1∑

n=0

Pn(xi)Pn(xj), (1.32)

= δij,

where the orthonormality of the basis functions,Pn(x), has been used. The use of sim-
ilar basis function interpolants has been employed by Baye (2006) and co-workers
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(Baye andHeenen 1986; Baye andVincke 1999; Baye et al. 2002) in the development
of the Lagrange mesh method for the solution of differential equations, notably the
Schrödinger equation. A more detailed discussion is presented in Chap. 6 with com-
parisons made with other pseudospectral methods.

1.2.3 A Hilbert Space

In this section, we present a few elementary principles associated with the use of a
Hilbert space.We first make comparison with a real vector space defined by the set of
three mutually perpendicular unit cartesian vectors ex , ey and ez. We define a scalar
or dot product between these unit vectors as eα · eβ = δαβ , (α,β) ≡ (x, y, z). An
arbitrary vector can be represented by v = vxex + vyey + vzez where vx , vy and vz are
the cartesian components of v, given by vx = ex · v, by vy = ey · v and by vz = ez · v.
The scalar or dot product of two different vectors is u · v = uxvx + uyvy + uxvz and
is zero if the vectors are orthogonal. The length of a vector or the norm is defined in

terms of the scalar product ||v|| = √
v · v =

√
v2x + v2y + v2z ≥ 0 with the equality if

and only if v = 0. The distance between two vectors is simply the norm ||v − u||.
This cartesian space is said to be linear since u · (av1 + bv2) = au · v1 + bu · v2.
Moreover, we can define a linear operator R which transforms or maps one vector
into another, that is u = R · v. In the (ex, ey, ez) representation, the operator R is
the familiar three-dimensional rotation matrix. We consider this space as complete
as we can express any vector as a linear combination of the three unit vectors.

We consider a Hilbert12 space with the orthogonal basis functions pn(x), n =
0, 1, . . . ,∞ as unit vectors that are in general complex.We introduce theDirac13 bra,
〈n|, and ket, |n〉 notation (Messiah 1961) to make the connection with a vector space
clearer by associating the basis function, pn(x), with the symbolic vector |n〉. The
basis functions, pn(x), are in fact the components of the vector |n〉 in the coordinate
representation of basis vectors |x〉, such that

|n〉 =
∫

pn(x)|x〉dx. (1.33)

There is also the dual space of complex vectors written as 〈m| and the scalar product
satisfies, 〈m|n〉 = 〈n|m〉∗, where the asterisk denotes the complex conjugate. Thuswe

12 David Hilbert (1862–1943) was a German mathematician who worked on many fundamental
problems including functional analysis and integral equations with a deep interest in mathematical
physics.
13 Paul Adrien Maurice Dirac (1902–1984) was an English mathematical physicist who shared the
1933 Nobel Physics Prize with Irwin Schrödinger for their contributions to atomic theory. He made
seminal contributions to quantum mechanics and relativity.

http://dx.doi.org/10.1007/978-94-017-9454-1_6
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consider the representation of the function f (x) or the vector |f 〉 in terms of the basis
functions or unit vectors. We include N basis functions and obtain the approximation
|f (N)〉 given by,

|f (N)〉 =
N−1∑

n=0

cn|n〉, (1.34)

where the expansion coefficients are obtained from the projection of |n〉 onto |f 〉,
that is

cn = 〈n|f 〉 ≡
b∫

a

p∗
n(x)f (x)dx. (1.35)

Although we have written p∗
n(x) in Eq. (1.35), for most of the applications considered

the basis functions are real. We include linear differential operators denoted by L
and the eigenvalue problem of the form

L|ψn〉 = λn|ψn〉, (1.36)

where λn is the eigenvalue, assumed to be discrete. We will find it useful to also
denote the scalar product as

〈f |g〉 =
b∫

a

w(x)f ∗(x)g(x)dx, (1.37)

with the weight functionw(x). Thematrix element of some operator, L, is denoted by

〈f |Lg〉 =
b∫

a

w(x)f ∗(x)Lg(x)dx. (1.38)

For the scalar products, 〈f |g〉 and 〈f |Lg〉, the weight function is not shown explicitly
to simplify the notation. We summarize the properties of a Hilbert space for our
purposes as

1. 〈f |ag + bh〉 = a〈f |g〉 + b〈f |h〉, a and b are numbers,
2. 〈f |g〉 = 〈g|f 〉∗,
3. 〈f |f 〉 ≥ 0,
4. ||f || = 〈f |f 〉 = 0 if and only if f = 0.
5. L(|f 〉 + |g〉) = L|f 〉 + L|g〉, L is a linear operator.

More detailed discriptions of a Hilbert space are in the book by Helmberg (2008)
and especially Chap.6 in the book by Hunter and Nachtergaele (2001).
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1.2.4 Hermitian and Self-adjoint Operators:
The Sturm-Liouville Problem

Consider the eigenvalue problem

Lψn(x) = λnψn(x), (1.39)

where L is a linear operator which includes the Hamiltonian for a quantum problem
or the linear integral operator in the Boltzmann equation or the differential Fokker-
Planck operator. The eigenfunction, ψn(x), defined on the interval [a, b] is subject to
two homogeneous boundary conditions which are linear combinations of the value
of the function and derivative at the two interval end points and are of the form

A1ψn(a) + B1ψ
′
n(a) = 0,

A2ψn(b) + B2ψ
′
n(b) = 0, (1.40)

where for Ak = 0 we have a Neumann boundary condition and if Bk = 0 we have a
Dirichlet boundary condition.

The Hermitian conjugate or the adjoint of L denoted by L† is defined by the
eigenvalue problem

L†ψ∗
m(x) = λ∗

mψ∗
m(x). (1.41)

The Hermitian conjugate of the matrix representative of an operator with elements
Lnm is the complex conjugate of each element of the transpose matrix, that is L∗

mn.
We now show that for a self-adjoint operator, the eigenvalues, λn, are real and the

eigenfunctions, ψn(x), of different eigenvalues are orthogonal. Multiply Eq. (1.41)
by ψn(x) and Eq. (1.39) by ψ∗

m(x), subtract the two equations and integrate to get

b∫

a

[
ψn(x)L

†ψ∗
m(x) − ψ∗

m(x)Lψn(x)
]

dx = (λ∗
m − λn)

b∫

a

ψ∗
m(x)ψn(x)dx (1.42)

If L, is self-adjoint or Hermitian, the left hand side of Eq. (1.42) is zero. Thus the
right hand side of Eq. (1.42) is also zero. If m = n we have that λ∗

n = λn since the
integral is not zero. The eigenvalues of a self-adjoint operator are real. For n �= m
we have the orthogonality of the eigenfunctions, that is,

b∫

a

ψ∗
m(x)ψn(x)dx = γnδnm, (1.43)

where the norm is

γn = ||ψn||2 =
b∫

a

ψ2
n(x)dx. (1.44)
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The Sturm14-Liouville15 problem (Pryce 1993; Al-Gwaiz 2008) is the eigenvalue
problem defined by the differential equation

Lψn(x) = d

dx

[
p(x)

dψn(x)

dx

]
+ q(x)ψn(x) = λnw(x)ψn(x), (1.45)

where p(x), q(x) are real and w(x) > 0 is a real weight function. The interval may be
bounded, x ∈ [a, b], semi-infinite x ∈ [0,∞), or infinite x ∈ (−∞,∞). Any linear
second order differential equation can be written in this form. The classical polyno-
mials such as the Legendre, Hermite and Laguerre polynomials defined in Chap.2
satisfy Sturm-Liouville eigenvalue equations. These polynomials are often chosen
as the basis functions in spectral solutions of particular problems. Alternatively, the
quadrature weights and points associated with these classical polynomials are used
in pseudospectral solutions.

To show thatL defined byEq. (1.45) is self-adjoint, we consider thematrix element

〈φ|L|ψ〉 =
b∫

a

φ(x)
[
p(x)ψ′(x)

]′
dx +

b∫

a

q(x)φ(x)ψ(x)dx, (1.46)

and perform an integration by parts for the first integral on the right hand side. The
result is

〈φ|L|ψ〉 = p(x)ψ′(x)φ′(x)
∣∣∣∣
b

a
−

b∫

a

p(x)ψ′(x)φ′(x)dx +
b∫

a

q(x)φ(x)ψ(x)dx. (1.47)

The boundary term is zero owing to the chosen boundary conditions, Eqs. (1.40), and

〈φ|L|ψ〉 = 〈ψ|L|φ〉.

Thus the Sturm-Liouville operator, L, is self-adjoint, and the importance of the
specified boundary conditions is clear. The Schrödinger and the Fokker-Planck eigen-
value equations are Sturm-Liouville problems and considered in Chap. 6. In Chap.5,
we consider the eigenvalues of the integral collision operator of the Boltzmann
equation.

14 Jacques Charles François Sturm (1803–1855) was a French mathematician who made important
contributions to algebra and the numerical evaluation of the roots of polynomials. The differential
eigenvalue equation that bears his name defines the classical polynomials.
15 Joseph Liouville (1809–1882) was a Frenchmathematician whomade fundamental contributions
to complex analysis, algebra, mechanics, and many other topics. He is well known for Liouville’s
theorem in classical Hamiltonian mechanics.

http://dx.doi.org/10.1007/978-94-017-9454-1_2
http://dx.doi.org/10.1007/978-94-017-9454-1_6
http://dx.doi.org/10.1007/978-94-017-9454-1_5
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1.2.5 Rayleigh-Ritz Variational Theorem

We are interested in solving the operator eigenvalue problem

L|ψn〉 = λn|ψn〉, (1.48)

where L is a self-adjoint positive definite operator in a square integrable Hilbert
space of real functions. The Rayleigh16-Ritz17 variational approach is based on the
representation of the eigenvectors |ψn〉 in terms of N orthogonal vectors |k〉 each
weighted linearly with a variational parameter, ak . Thus we write,

|ψn〉 =
N−1∑

k=0

ak |k〉, (1.49)

where 〈k|�〉 = δk�. A functional dependent on the set of variational parameters, ak ,
is defined by

F({ak}) = 〈ψn|L|ψn〉 − λ〈ψn|ψn〉,

=
N−1∑

k=0

N−1∑

�=0

[
aka�Lk� − λa2k

]
, (1.50)

where Lk� = 〈k|L|�〉 are the matrix elements of the operator in the chosen basis
set. We determine the extremum of F({ak}) with respect to the set of expansion
coefficients {ak} by setting

∂F({ak})
∂ak

= 0. (1.51)

The result is the set of linear equations for the variational parameters, ak , that is,

N−1∑

k=0

ak

[
Lk� − λδk�

]
= 0, (1.52)

and the eigenvalues are the roots of the “secular” equation resulting from the require-
ment that the solution of homogeneous linear equations, Eq. (1.52), exists, that is

det

[
L(N) − Λ

]
= 0, (1.53)

16 JohnWilliam Strutt, third Baron Rayleigh (1842–1919) was an English physicist who discovered
argon for which he was awarded 1904 Nobel Physics Prize. His named is associated with kinetic
theory, electrodynamics, light scattering, sound propagation and other subjects.
17 Walther Ritz (1878–1909) was a Swiss theoretical physicist. His name is associated with the
Rydberg Ritz combination principle for atomic spectral lines and the Rayleigh-Ritz variational
method.
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where thematrixΛ is diagonal,Λk� = λkδk�. Equation (1.53) is the secular equation,
a polynomial of degree N in λ and the roots are λk .

A good overall discussion of the different approximationmethods for applications
in physics and engineering can be found in the book by Finlayson (1972). The review
paper by Finlayson and Scriven (1966) with 187 references provides an overview
of the development of these methods. A more rigrous mathematical discussion has
been presented by Hill (1985).

The Rayleigh-Ritz variational theorem has been applied extensively in numerous
fields includingquantummechanics (Bhattacharyya2009), kinetic theory (Cuperman
et al. 1982; Driessler 1981; Present and Morris 1969; Snider 1964; Shizgal and
Karplus 1971; Bobylev and Cercignani 1999), radio science (Sarkar 1983) and other
fields. The common aspect of all these applications is the approximate representation
of the solution of a differential equation in a set of orthogonal basis functions.

1.3 An Overview of Spectral Methods

In Chap.2, we develop the basic concepts of spectral and pseudospectral methods
with application to physical problems. In this section, we provide an overview of the
development of these methods which are discussed in greater detail in the chapters
that follow.

We consider the time dependent differential equation,

∂f (x, t)

∂t
= Lf (x, t) + S(x) x ∈ [a, b], (1.54)

where L is a linear operator and S(x) is a source term.We impose Dirichlet boundary
conditions, f (a, t) = 0, f (b, t) = 0 and provide an initial condition f (x, 0) = g(x).
The operator L could be the operator in the linear Boltzmann equation, Eq. (5.41), or
in a Fokker-Planck equation, Eq. (6.7). The eigenvalue problem Lψn(x) = λnψn(x)
is of interest for the time dependent solution of Eq. (1.54). We are also interested in
a similar eigenvalue problem for the Schrödinger equation, Eq. (6.78), defined with
a linear self-adjoint Hamiltonian operator H.

For these problems, we approximate the solution in terms of the finite expansion
in a set of orthonormal functions, pn(x) = √

w(x)Pn(x), Eq. (1.7), involving N terms
and we have the N th approximation to f (x, t), that is

f (N)(x, t) =
N−1∑

n=0

bn(t)pn(x). (1.55)

We discuss the choice of basis set from the large set of classical and nonclassical poly-
nomials in Chap.2. This choice determines the rate of convergence of the expansion,
Eq. (1.55).

http://dx.doi.org/10.1007/978-94-017-9454-1_2
http://dx.doi.org/10.1007/978-94-017-9454-1_5
http://dx.doi.org/10.1007/978-94-017-9454-1_6
http://dx.doi.org/10.1007/978-94-017-9454-1_6
http://dx.doi.org/10.1007/978-94-017-9454-1_2


1.3 An Overview of Spectral Methods 17

The initial values of the expansion coefficients are provided from the expansion
of the initial condition, that is,

g(x) =
N−1∑

n=0

bn(0)pn(x). (1.56)

With the substitution of Eq. (1.56) into (1.54), we have that

N−1∑

n=0

pn(x)
dbn(t)

dt
=

N−1∑

n=0

bn(t)Lpn(x) + S(x). (1.57)

The departure of the approximate solution from the actual solution is measured by
the “residue” defined by

RN (x, t) = ∂f (N)(x, t)

∂t
− Lf (N)(x, t) − S(x), (1.58)

=
N−1∑

n=0

pn(x)
dbn(t)

dt
−

N−1∑

n=0

bn(t)Lpn(x) − S(x).

The method of weighted residuals (Finlayson and Scriven 1966; Finlayson 1972)
is a procedure to calculate bn(t) so as to minimize the residual RN (x, t) in some
average way. We impose the condition that the residue is minimized subject to

b∫

a

t(x)RN (x, t)dx = 0, (1.59)

where there are several different choices for the “test” function t(x) and each
choice gives rise to a different approximation. If we choose t(x) = pn(x), n =
0, 1, . . . , N − 1, the partial differential equation is converted to a set of N coupled
ordinary differential equations, that is,

dbm(t)

dt
=

N−1∑

n=0

Lmnbn(t) + sm m = 0, 1, . . . , N − 1, (1.60)

where the matrix representation of L in this basis set is,

Lmn =
b∫

a

pm(x)Lpn(x)dx, (1.61)

and

sn =
b∫

a

pn(x)S(x)dx, (1.62)
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are the expansion coefficients for the source term, S(x). This approach is referred to
as a spectral or a “Galerkin”18 solution.

The set of coupled ordinary differential equations, Eq. (1.60), can be advanced in
time from the initial values, cn(0), with the appropriate time integration algorithm.
An important aspect regarding the stability of the direct time integration of the set of
equations, Eq. (1.60), is the eigenvalue spectrum of thematrix, Lmn, and the condition
number, κ(L) = λmax/λmin.

The condition number is also very important with regards to the inversion of the
steady state matrix equations

N−1∑

n=0

LnmCm = −sn m = 0, 1, . . . , N − 1, (1.63)

for the time independent coefficients denoted by Cm. If the condition number of the
matrix L is large, the inversion of Eq.(1.63) can be contaminated with numerical
errors. We can also consider the related eigenvalue problem

N−1∑

n=0

Lnmdm = λndn n = 0, 1, . . . , N, (1.64)

for the eigenvalues, λn, and eigenvector coefficients d with the proviso that the
eigenvalue spectrum of the operator L is discrete.

For theBoltzmann, Fokker-Planck andSchrödinger equations, the linear operators
involved can have discrete spectra, or a combination of a discrete spectrum plus a
continuum or just a continuum. We discuss these properties of eigenvalue problems
with specific applications in Chaps. 5 and 6 (Reinhardt 1979).

1.4 The Development of Pseudospectral Methods
in Chemistry and Physics: An Overview of the Book

A preliminary introduction to pseudospectral methods is provided by the eigenvalue
problem

b∫

a

k(x, y)ψn(y)dy = λnψn(x), (1.65)

where the integral operator on the left hand side is defined by the kernel, k(x, y),
which is assumed to be well behaved in both arguments. The integral equation

18 Boris Galerkin (1871–1945) was a Russian mathematician and developed the Galerkin method
for solving partial differential equations associated with problems in mechanical engineering.

http://dx.doi.org/10.1007/978-94-017-9454-1_5
http://dx.doi.org/10.1007/978-94-017-9454-1_6
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is reduced to a set of linear equations with the use of the appropriate quadrature.
Equation (1.20), defined with the quadrature points, {xi}. The result is

N∑

i=1

Wik(xj, xi)ψn(xi) = λnψn(xj), (1.66)

where Wi = wi/w(xi) and w(x) is the weight function that defines the polynomi-
als, Eq. (1.2). The eigenfunctions are evaluated at the set of quadrature points and
are represented by the physical space representation, ψn(xi). Extensive use of this
pseudospectral method is discussed in Chap. 5 for the solution of the Boltzmann
equation.

For differential equations, a derivative matrix operator is derived in Chap.2 in
terms of the interpolation function, Eq. (2.32),

Dij = dI(N)
i (x)

dx

∣∣∣∣
x=xi

, (1.67)

as well as an analogous matrix operator for the second derivative. Second order
differential equations such as the Fokker-Planck and Schrödinger equations can be
reduced to linear algebraic equations or time dependent ordinary differential equa-
tions. Pseudospectral methods are used extensively in Chaps. 5 and 6. The history of
the development of pseudospectral methods in chemistry, physics and other fields is
outlined in Table1.1. This chronology of events is a personal view and people with
different backgrounds may well have other interpretations.

As discussed in Chap. 5, the first use of a pseudospectral method appears
to be the work of Wick (1943) and Chandrasekhar (1944) in the solution of

Table 1.1 The development of pseudospectral methods in chemistry and physics

1943 Gaussian quadrature solution for Radiative Transfer Wick (1943)

1944 Gaussian quadrature solution for Radiative Transfer Chandrasekhar (1944)

1953 The Discrete Ordinate Method (DOM) in Neutron
Transport

Carlson (1955)

1972 Differential Quadrature (DQ) Bellman et al. (1972)

1973 Spline methods for the Schrödinger equation Shore (1973, 1975)

1977 Numerical Analysis of Spectral Methods Gottlieb and Orszag (1977)

1982 Nonclassical basis functions for the Boltzmann
equation

Shizgal (1981a)

1984 A DOM for the solution of differential equations Shizgal and Blackmore (1984)

1985 Pseudospectral methods for electronic structure Friesner (1985)

1985 Discrete Variable Representation (DVR) Light et al. (1985)

1985 Fourier techniques Schwartz (1985)

1986 Lagrange mesh method Baye and Heenen (1986)

1987 Spectral methods in fluid mechanics Canuto et al. (1998)

http://dx.doi.org/10.1007/978-94-017-9454-1_5
http://dx.doi.org/10.1007/978-94-017-9454-1_2
http://dx.doi.org/10.1007/978-94-017-9454-1_2
http://dx.doi.org/10.1007/978-94-017-9454-1_5
http://dx.doi.org/10.1007/978-94-017-9454-1_6
http://dx.doi.org/10.1007/978-94-017-9454-1_5


20 1 Introduction to Spectral/Pseudospectral Methods

the integro-differential radiative transfer equation (Chandrasekhar 1960). They
introduced Gauss-Legendre quadratures to reduce the radiative transfer equation
to a set of linear ordinary differential equations. The problem was originally consid-
ered by Milne19 (Milne 1930) as a problem in astrophysics as well as in rarefied gas
dynamics where it is referred to as a half-space problem (Williams 1971; Cercignani
1988). A spectral solution of the Milne problem based on the Boltzmann equation
is discussed in Chap.5 (Lindenfeld and Shizgal 1983) and a pseudospectral method
of solution for an electron Fokker-Planck equation was presented by Vasenkov and
Shizgal (2000).

The radiative transfer and neutron transport community exploited the pseudospec-
tral approach (Chandrasekhar 1960; Rybicki 1996) and it was referred to as the
Discrete Ordinate Method (DOM) (Carlson 1955). Other designations are the SN

(Lathrop 1992) and PN methods (Liou 2002; Thomas and Stamnes 2002). The SN

method appears to refer to the “segmentation” of the interval of interest with N
quadrature points and can be considered as a spectral element method (Deville et al.
2002) or a discontinuous Galerkin method (Cockburn et al. 2000) originally devel-
oped in neutron transport theory (Reed and Hill 1973). The PN method refers to a
spectral method with the expansion of the angular dependence of the velocity distri-
bution functions in Legendre polynomials (Liou 2002; Thomas and Stamnes 2002).
Similar Laguerre and Hermite expansions of functions that occur in kinetic theory
are presented in Chap. 4.

The pseudospectral solution of differential equations is based on the global
approximation of the derivative operator in terms of the function values on a grid.
Interpolation, Eq. (1.30), and the discrete matrix derivative operator, Eq. (1.67), are
the basis for the development of these collocation type solutions of differential equa-
tions. Bellman et al. (1972) developed the differential quadrature (DQ) method for
the solution of differential equations. This appears to be the first introduction of
pseudospectral methods applied primarily to problems in engineering (Shu 2000).
Pseudospectral methods based on the discrete physical space representation of deriv-
ative operators is presented in Chap.3, Sect. 3.9.2 and defined with the Lagrange
interpolation in Chap.2, Sect. 2.3.1.

The numerical methods of solution based on B-Splines (Shore 1973) also belong
to the class of collocation Galerkin type solutions for quantum problems (Bachau
et al. 2001) aswell as for theBoltzmann equation (Pitchford andPhelps 1982; Siewert
2002; Khurana and Thachuk 2012) and many other applications. The introduction
of spectral methods with Fourier and Chebyshev basis functions for fluid mechanics
problems was developed by Gottlieb and Orszag (1977).

Shizgal and Blackmore (1984) applied a combination of the Gaussian quadratures
for integrals, Eq. (1.20), and the discrete physical space matrix representations for
derivatives, Eq. (1.67), for the solutionof the integro-differentialBoltzmannequation,
presented in Chap.5. A nonclassical quadrature based on polynomials orthogonal
with weight function, w(x) = xpe−x2 , x ∈ [0,∞), was used (Shizgal 1981a). The

19 Edward Arthur Milne (1896–1950) was a British astrophysicist and mathematician who con-
tributed to stellar structure and the thermodynamics of stars.

http://dx.doi.org/10.1007/978-94-017-9454-1_5
http://dx.doi.org/10.1007/978-94-017-9454-1_4
http://dx.doi.org/10.1007/978-94-017-9454-1_3
http://dx.doi.org/10.1007/978-94-017-9454-1_2
http://dx.doi.org/10.1007/978-94-017-9454-1_5
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method of Gaussian quadrature for the evaluation of integrals is used to solve integral
equations (Delves and Mohamed 1985; Jerri 1999; Eskola 2012) and is referred to
as the Nyström method. Gaussian quadratures are developed in Chap. 2 and applied
to the numerical evaluation of integrals in Chap.3 and to the determination of the
eigenvalue spectra for the collision operators of the Boltzmann equation in Chap. 5.

Nonclassical polynomials and associated quadratures were subsequently applied
to the Fokker-Planck and Schrödinger equations and referred to as the quadrature
discretization method (Shizgal and Chen 1996, 1997; Lo and Shizgal 2006, 2008a).
The choice of basis functions arises from the transformation of the Fokker-Planck
equation to a Schrödinger equation with potentials that belong to the class of prob-
lems in supersymmetric quantum mechanics (Comtet et al. 1985; Dutt et al. 1988).
The pseudospectral algorithms discussed in Chap.6, Sect. 6.3.2, provide a represen-
tation of the Hamiltonian in the Schrödinger equation that is not contaminated by
nonphysical ghost levels (Wei 1997; Willner et al. 2004; Kallush and Kosloff 2006).

Friesner (1985) applied pseudospectral methods to the solution of the electronic
structure equations (the Schrödinger equation) for the electronic states of the neon
atom following on the pioneering work of Gottlieb and Orszag (1977) on spec-
tral methods for fluid mechanics. For the quantum chemistry community involved
with the calculation of the vibrational states of polyatomic molcules, pseudospectral
methods originated from the quadrature evaluation of matrix elements of a multi-
plicative operator, namely the potential in the Schrödinger equation (Harris et al.
1965; Dickinson and Certain 1968). Following on this work, Light and coworkers
(Hamilton and Light 1986; Bacic and Light 1989; Light and Carrington 2000) devel-
oped a pseudospectral method referred to as the Discrete Variable Representation
(DVR).

Baye (1995, 2006) and coworkers (Baye and Heenen 1986; Baye and Vincke
1999; Baye et al. 2002) developed the Lagrange mesh method for similar quantum
problems. Mention should be made of the work of Schwartz (1985) on Fourier meth-
ods. The second derivative operator representation in this paper was later reported
by Colbert and Miller (1992) and Amore (2006).

In Chap.3, we discuss the representations of multiplicative operators for both
kinetic theory as well as for quantum problems and the transformation between
spectral space and physical space, Eq. (1.25). This provides insight into the success
of pseudospectral methods from the inexact calculation of matrix elements of the
potentials in the Schrödinger equation (Baye et al. 2002; Szalay et al. 2012).

Fourier methods for quantum problems were developed by Balint-Kurti and
coworkers (Marston and Balint-Kurti 1989; Balint-Kurti and Pulay 1995; Stare and
Balint-Kurti 2003) and by Kosloff (Kosloff and Kosloff 1983; Kosloff 1993, 1994).
Mention should be made of the distributed approximating functional (DAF) method
of Hoffman et al. (1998) and the discrete singular convolution (DSC) method (Wei
2000a, b; Amore et al. 2009).

In Chap.5, we employ Gaussian quadratures for the representation of integral
operators such as in theBoltzmann equation (Shizgal andBlackmore 1983; Sospedra-
Alfonso and Shizgal 2012). Quadratures are used to reduce integral equations to
algebraic form. In Chap.6, interpolation serves to define a matrix derivative operator

http://dx.doi.org/10.1007/978-94-017-9454-1_2
http://dx.doi.org/10.1007/978-94-017-9454-1_3
http://dx.doi.org/10.1007/978-94-017-9454-1_5
http://dx.doi.org/10.1007/978-94-017-9454-1_6
http://dx.doi.org/10.1007/978-94-017-9454-1_3
http://dx.doi.org/10.1007/978-94-017-9454-1_5
http://dx.doi.org/10.1007/978-94-017-9454-1_6
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to reduce differential equations such as the Fokker-Planck and Schrödinger equa-
tions to algebraic equations. In both situations, nonclassical basis functions are often
used. The original version of the book by Canuto et al. (1998), which has since been
republished in two volumes (Canuto et al. 2006a, b), is noted in the table as represen-
tative of the many textbooks on spectral methods in fluid dynamics that have been
referenced in the Preface.
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