Chapter II
The Basic Local-Global Principle
and Systems of Linear Equations

In this chapter, as in the entirety of this manuscript unless explicitly stated otherwise,
rings are commutative and unitary, and homomorphisms between rings preserve the
multiplicative identities. In particular, a subring has the same multiplicative identity
as the whole ring.

Introduction

Solving systems of linear equations is an omnipresent theme of commutative
algebra, in particular in its most developed form for which homological methods
are at use. In this chapter, we recall some classical results on this topic, which we
will come back to often throughout this work.

Particular attention is given to the basic local-global principle, the notion of a
coherent module and some variants of Cramer’s formula.

1 Some Facts Concerning Quotients and Localizations

Let us begin by recalling the following result on quotients. Let a be an ideal of a
ring A. When needed, the canonical mapping will be denoted by 7z ¢ : A — A/a.

The quotient ring (A/a, A, q) is characterized, up to unique isomorphism, by the
following universal property.

1.1 Fact (Characteristic property of the quotient by the ideal a) A ring homomor-
phism v : A — B is factorized by TA. q if and only if a C Ker), meaning
W(a) € {Og}. In this case, the factorization is unique.

WA‘ul v homomorphisms vanishing on a.

A/a——97—>B
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16 II The Basic Local-Global Principle and Systems of Linear Equations

Explanation regarding the figure. In a figure of the type found above, everything but
the morphism 6 corresponding to the dotted arrow is given. The exclamation mark
signifies that 0 makes the diagram commute and that it is the unique morphism with
this property.

We denote by M /aM the A/a-module obtained from the quotient of the A-module
M by the submodule generated by the elements ax fora € aandx € M. This module
can thus be defined through the extension of scalars to A/a from the A-module M
(see p. 191, and Exercise IV-5).

Let us move on to localizations, which are very analogous to quotients (we will
return to this analogy in further detail on p. 635). In this work, when referring to
a monoid contained within a ring (i.e. a submonoid of a ring) we always assume a
subset of the ring which contains 1 and is closed under multiplication.

For a given ring A, we denote by A* the multiplicative group of invertible ele-
ments, also called the group of units.

If S is a monoid, we denote by As or S™'A the localization of A at S. Every
element of Ag can be written in the form x /s with x € Aand s € S.

By definition we have x1/s; = x2/s3 if there exists an s € S such that sspx; =
ss1x2. When needed, we will denote by ja s : A — Ag the canonical mapping
x — x/1.

The localized ring (As, ja,s) is characterized, up to unique isomorphism, by the
following universal property.

1.2 Fact (Characteristic property of the localization at S) A ring homomorphism
Y : A — Bis factorized by ja_ s if and only if (S) C B*. When this is the case, the
factorization is unique.

A, si v homomorphisms which send S into B*.
ST'A-—7—>B

Similarly, we denote by Mg = S~! M the A g-module obtained by localization of the
A-module M at S. Every element of M is of the form x /s withx € M ands € S. By
definition, we have x1/s; = x3/s if there exists an s € S such that sspx; = ss1x2.
This module Mg can also be defined through an extension of scalars to Ag from the
A-module M (see p. 191, and Exercise IV-5).

The monoid S contained in a ring A is called saturated when

Vs,teA (steS = sef)

is satisfied. A saturated monoid is also called a filter. A principal filter is a filter
generated by a single element; that is, it is just the set of divisors of some arbitrary
power of that element. We denote by S5 the saturation of the monoid S; it is obtained
by adding all elements dividing an element of S. When we saturate a monoid, the
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localization remains unchanged.l Two monoids S; and §; are said to be equivalent
if they have the same saturation. We then write Ag, = Ag,.

It is possible to localize by a monoid which contains 0.
The result is then the frivial ring (recall that a ring is trivial if it is
reduced to a single element, i.e. if 1 = 0).

If S is generated by s € A, ie. if § = sN & {s* |k € N}, we denote by Ay or

A[1/s] the localized ring S~'A, which is isomorphic to A[T]/(sT — 1).
In a ring, the conductor of an ideal a into an ideal b is the ideal

(b:a)pa={aeAlaaCbh}.

More generally, if N and P are submodules of an A-module M, we define the
conductor of N into P as the ideal

(P:N)a={aecAlaNCP}.

Recall also that the annihilator of an element x from an A-module M is the ideal
Annp(x) = ((0a) : (x)) ={ae€Alax =0}.

The annihilator of a module M is the ideal Annpy (M) = ((Op) : M)A. A module
or an ideal is faithful if its annihilator is reduced to 0.

The following notations are also useful for a submodule N of M.

(N:a)y={xeM|xal N}.
(N:aoo)Mz{xeMlEln,xangN}.

The latter submodule is called the saturation of N by a in M.
We say that an element x of an A-module M is regular (if M = A we also say
that x is a nonzerodivisor) if the sequence

0— A5 M

is exact; in other words if Ann(x) = 0. If 04 is a regular in A, the ring is trivial.
When the context is unambiguous, we omit the A or M subscript to simplify the
previous notations regarding conductors.
The total ring of fractions or total quotient ring of A, denoted by Frac A, is the
localized ring A g, where S is the monoid of regular elements of A, denoted by Reg A.

UIn fact, depending on the specific construction chosen to define localization, we would either have
an equality or a canonical isomorphism between the two localizations.
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1.3 Fact

1. The kernel of the natural homomorphism ja s : A — Ay = A[1/s] is the ideal
(0 : §)A. It is reduced to O if and only if s is regular.

2. Similarly, the kernel of the natural homomorphism of M to Mg = M[1/s] is the
A-submodule (0 : s°°) .

3. The natural homomorphism A — Frac A is injective.

1.4 Fact If S € S are two monoids of A and M is an A-module, we have two
canonical identifications (As)s =~ Ag and (Ms)s >~ Mg.

2 The Basic Local-Global Principle

We will study the general workings of the local-global principle in commutative
algebra in Chap.XV. However, we will encounter it at every turn, under different
forms adapted to each situation. In this section, an essential instance of this principle
is given as it is so simple and efficient that it would be a pity to go without it any
longer.

The local-global principle affirms that certain properties are true if and only if
they are true after “sufficiently many” localizations. In classical mathematics we
often invoke localization at every maximal ideal. It is a lot of work and seems a bit
mysterious, especially from an algorithmic point of view. We will use simpler (and
less intimidating) versions in which only a finite number of localizations are used.

Comaximal Localizations and the Local-Global Principle

The following definition corresponds to the intuitive idea that certain (finite) systems
of localizations of a ring A are “sufficiently numerous” to capture all the information
contained within A.

2.1 Definition

1. Letsy,...,s, be elements. if (1) = (s1,...,s,) then s1,...,s, are said to be
comaximal.

2. Let Sy, ..., S, be monoids. If for every s1 € S, ..., s, € S, the s;’s are comax-
imalthen Sy, ..., S, are called comaximal.

Two Fundamental Examples

1)Ifsy, ..., s, are comaximal then the monoids they generate are comaximal. Indeed,
consider every s;"" (m; > 1) in the monoids slN and let ay, ..., a, be such that
>, aisi = 1. By raising the latter equality to the power of 1 —n + >_"_, m; and
by conveniently regrouping the terms in the resulting sum, we get an equality of the
form >}, bis? " = 1, as required.
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2Q)Ifa =aj---a, € A, then the monoids aN, 1+ajA, ..., 14+a,A are comaximal.
Indeed, take an element b; = 1 — @;x; in each monoid 1 4+ a; A and an element a™
in the monoid a. We need to prove that the ideal m = (@™, b1, ..., b,) contains 1.
However, modulo m we have 1 = qg;x;, thus 1 = a Hi x; = ax, and we finally
obtain 1 = 1" =a4"x™ = 0. n

Here is a characterization from classical mathematics.

2.2 Fact* Let Sy,..., S, be monoids in a nontrivial ring A (i.e., 1 #a 0). The
monoids S; are comaximal if and only if for every prime ideal (resp. for every max-
imal ideal) p one of the S; is contained within A\p.

D Let p be a prime ideal. If none of the S;’s are contained in A\p then for each i
there exists some s; € S; N p. Consequently, s1, ..., s, are not comaximal.
Conversely, suppose that for every maximal ideal m one of the S;’s is contained
within A\m and let s; € Sy, ..., s, € S, then the ideal (s, ..., s,) is not contained
in any maximal ideal. Thus it contains 1. U

We denote by A”*” or M, ,(A) the A-module of m-by- p matrices with coefficients
in A, and M, (A) means M, ,(A). The group of invertible matrices is denoted by
GL, (A), the subgroup consisting of the matrices of determinant 1 is denoted by
SIL,, (A). The subset of M, (A) consisting of the projection matrices (i.e. matrices F
such that F? = F) is denoted by AG,, (A). The acronyms are explained as follows:
GL for linear group, SL for special linear group and AG for affine Grassmannian.

2.3 Concrete local-global principle (Basic local-global principle, concrete gluing
of solutions of a system of linear equations) Let Sy, . .., S, be comaximal monoids
of A, B amatrix of A" *P and C a column vector of A". Then the following properties
are equivalent.

1. The system of linear equations BX = C has a solution in AP.
2. Fori € [1..n], the system of linear equations BX = C has a solution in AISJi.

This principle also holds for systems of linear equations with coefficients in an
A-module M.

D I = 2. Clearly true.

2 = 1. For each i, we have Y; € A? and s; € S; such that B(Y;/s;) = C in A’S"i.
This means that we have some #; € S; such that t; BY; = s;¢; C in A™. Using
> aisiti = 1, we get a solutionin A: X = > a;1;Y;. O

Remark As to the merits, this concrete local-global principle boils down to the
following remark when speaking of an integral ring (a ring is said to be integral
if every element is null or regular®). If every s; is regular and if

2This notion is discussed in further detail on p. 197.
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X1 X2 _Xn
st s T s

then the common value of these fractions, when Zi siu; = 1, is also equal to

xiuyp + -+ xpup
siuy + -+ sy,

=xquy + -+ Xpup.

This principle could then also be called “the art of shrewdly getting rid of denomina-
tors.” Arguably, the most remarkable thing is that this holds in full generality, even if
the ring is not integral. Our thanks go to Claude Chevalley for introducing arbitrary
localizations. In some scholarly works, we find the following reformulation (at the
cost of an information loss regarding the concreteness of the result): the A-module
D, A1+m (Where m ranges over every maximal ideal of A) is faithfully flat. [

2.4 Corollary Let Sy, ..., S, be comaximal monoids of A, x € A and a, b be two
finitely generated ideals of A. Then, we have the following equivalences.

1. x=0inAifand only iffori € [1..n], x =0 on Ag;,.

2. xisregularin A if and only if for i € [1..n], x is regular in Ag,.
3. a=(1l)inAifandonly iffori € [1..n], a = (1) in Ag,.

4. aCbinAifandonly iffori € [1.n], a C binAg,.

D The proof is left to the reader. ]

Remark 1In fact, as we will see in the local-global principle 6.7, ideals do not need
to be finitely generated. L]

Examples

Let us give some simple examples of applications of the basic concrete local-global
principle. A typical application of the first example (Fact 2.5) is where the module
M in the statement is a nonzero ideal of a Dedekind ring. A module M is said to
be locally cyclic if after each localization at comaximal monoids Sy, ..., S,, it is
generated by a single element.

2.5 Fact Let M = (a,b) = (c,d) be a module with two generator sets. Suppose
this module is faithful and locally cyclic. Then, there exists a matrix A € SLp(A)
suchthat[ab]A=[cd].

D IfA= |:)ZC }; j|, the cotransposed matrix must be equal to

B:Ade:[t _y]
-7 X
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In particular, we mean to solve the following system of linear equations:
[ab]A=][cd], [cd]B=[ab] (%)

where the unknowns are x, y, z, . Note that AB = det(A) 1.

Conversely, if this system of linear equations is solved, we will have [a b] =
[ab]AB.So (1 — det(A))[a b ] = 0, and since the module is faithful, det(A) = 1.

‘We have some comaximal monoids S; such that M, is generated by g; /1 for some
gi € M. To solve the system of linear equations it suffices to solve it after localizing
at each of the §;’s.

In the ring As;, we have the equalities a = o4g;, b = Bigi, i = ia + v;ib,
thus (1 — (aipi + Bivi)) gi = 0.

The module Ms, = (g;) stays faithful, so 1 = oy u; + 5;v; in Ag,. Therefore:

lablEi =[g; 0] with E; = [“" _@} and det(E;) = 1.

Vi «
Similarly we obtain [¢ d]C; = [g; 0] for some matrix C; with determinant 1 in
Ag,. By taking A; = E; Adj(C;) weget[a b]A; =[cd]anddet(A;) =1inAg,.
Thus the system of linear equations (x) has a solution in Ag;. (Il

Our second example is given by the Gauss-Joyal Lemma: point / in the following
lemma is proven by applying the basic local-global principle. Before stating this
result, we first need to recall some definitions.

An element a of a ring is said to be nilpotent if a" = 0 some integer n € N. The
nilpotent elements of a ring A form an ideal called the nilradical, or the nilpotent
radical of the ring. A ring is reduced if its nilradical equals 0. More generally, the
nilradical of an ideal a of A is the ideal consisting of elements x € A, such that each
x has some power in a. We denote the nilradical of an ideal a of A by 4/a or by Da ().
We also use Da (x) to denote Da ((x)). An ideal a is called a radical ideal when it
is equal to its nilradical. The ring A/Da (0) = Areq is the reduced ring associated
with A.

For some polynomial f of A[X, ..., X,] = A[X], we call the content of f
and denote by cp x (f) or c(f) the ideal generated by the coefficients of f. The
polynomial f is said to be primitive (in X) when ca x (f) = (1).

When a polynomial f of A[X] is given in the form f(X) = >}, axX k we say
that n is the formal degree of f, and a,, is its formally leading coefficient. Finally, if
f is null, its formal degree is —1.

2.6 Lemma

1. (Poor man’s Gauss-Joyal) The product of two primitive polynomials is a primitive
polynomial.
2. (Gauss-Joyal) For f, g € A[X], there exists a p € N such that

(c(He@)” S c(fg).
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3. (Nilpotent elements in A[X]) An element f of A[X] is nilpotent if and only if all
of its coefficients are nilpotent. In other words, we have the following equality:
(A[X])red = Ared [K]

4. (Invertible elementsin A[X]) An element [ of A[X] is invertible if and only if f(0)
is invertible and f — f(0) is nilpotent. In other words, A[X]* = A* + D (0)[X]
and in particular (Aeq[X])™ = (Areq) *.

D Note that, a priori, we have the following inclusion: c¢(fg) € c(f)c(g).

1. For univariate polynomials f, g € A[X]. We have c(f) = c(g) = (1). Consider
the quotient ring B = A/Da (c( f g)). We need to prove that this ring is trivial. It
suffices to do so after localization at comaximal elements, for example at the coeffi-
cients of f. That is, we can suppose that some coefficient of f is invertible. Let us
give a proof of a sufficiently general example. Suppose

fX)=a+bX+X>+cX+...andg(X) =go+ 1 X + 2 X> + ...

In the ring B we have agy = 0, ag) + bgo = 0, ag> + bg1 + go = 0, thus bg(z) =0,
then gg = 0, thus go = 0. We then have ¢ = Xh and ¢(fg) = c(fh). Moreover,
since the formal degree of / is smaller than that of g, we can conclude by induction
on the formal degree that g = 0. As c(g) = (1), the ring is trivial.
2. For univariate polynomials. Consider a coefficient a of f and a coefficient b of
g. We prove that ab is nilpotent in B = A/c(fg). This boils down to proving that
C = B[1/(ab)] is trivial. However, in C, f and g are primitive, so point / implies
that C is trivial.
2 and 1. General case. Point 2. is proved by induction on the number of variables
from the univariate case. Indeed, for f € A[X][Y] we have the equality cs x.y (f) =
(ca,x(h) | h € carx),y(f)). Then we deduce point / from it.
3. Note that f2 = 0 implies c(f)” = 0 for some p from point 2.
4. The condition is sufficient: in a ring, if x is nilpotent, then 1 — x is invertible
because (1 —x)(1+x+---+x") = 1 —x"H. Thus if u is invertible and x nilpotent,
u + x is invertible. To see that the condition is necessary it suffices to deal with the
univariate case (we conclude by induction on the number of variables). Let fg = 1
with f = f(0) + XF(X) and g = ¢(0) + XG(X). We obtain f(0)g(0) = 1. Letn
be the formal degree of F and m that of G. We must prove that ' and G are nilpotent.
If n = —1 or m = —1, the result is obvious. We reason by induction on n + m
assuming that n, m > 0, F,, and G, being the formally leading coefficients. By in-
duction hypothesis the result is obtained for the rings (A/(F,)[X]and (A/(G, )[X].
Since F,,G,, = 0, we can conclude with the following lemma.
NB: some details are given in Exercise VII-8. ]

2.7Lemma Leta, b, c € A. If c is nilpotent modulo a and modulo b, and if ab = 0,
then c is nilpotent.

D We have ¢" = xa and ¢ = yb therefore ¢"™" = xyab = 0. O
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Remark We can reformulate this lemma in a more structural manner as follows. For
two ideals a, b consider the canonical morphism

A— A/axA/b

whose kernel is a N b. If an element of A is nilpotent modulo a and modulo b, it is
also nilpotent modulo a N b, thus also modulo ab, as (aN b)% C ab. This touches on
the “closed covering principle,” see p. 640. L]

Finite Character Properties

The basic concrete local-global principle can be reformulated as a “transfer
principle.”

2.8 Basic Transfer principle For some system of linear equations in a ring A the
elements s such that the system of linear equations has a solution in A[1/s] form an
ideal of A.

Firstly, we invite the reader to prove that this transfer principle is equivalent to the
basic concrete local-global principle.

‘We now provide a detailed analysis of what is going on. The equivalence actually
relies on the following notion.

2.9 Definition A property P concerning commutative rings and modules is called a
finite character property if it is preserved by localization and if, when it holds for
S—1A, then it also holds for A[l/s] for some s € S.

2.10 Fact Let P be a finite character property. Then the concrete local-global prin-
ciple for P is equivalent to the transfer principle for P. In other words, the following
principles are equivalent.

1. Ifthe property P is true after localization at every monoid in a family of comaximal
monoids, then it is true.

2. The set of elements s (in a given ring) such that the property P is true after
localization at s is an ideal.

D Let A be a ring which provides the context for the property P. Now consider the
set I = {s € A|Pis true for Ay }.

1= 2.Suppose I.Lets,t € I,a,b € A and u = as + bt. The elements s and ¢ are
comaximal in A,,. Since P is closed under localization, P is true for (A,); = (Ay),
and (A,); = (A;),. By applying I, P is true for A, i.e.,u =as + bt € I.

2= 1. Suppose 2 and let (S;) be the considered family of comaximal monoids. Since
we have a property of finite character, we find in each S; an element s; such that P
is true after localization at s;. Since the S;’s are comaximal the s;’s are comaximal
elements. By applying 2, we get I = (1). Finally, the localization at 1 provides the
answer. (|



24 II The Basic Local-Global Principle and Systems of Linear Equations

Most of the concrete local-global principles which we will consider in this manuscript
apply to finite character properties. One may thus replace any concrete local-global
principle with its corresponding transfer principle.

For finite character properties we have an equivalence in classical mathematics
between two notions, one concrete and the other abstract. In Chaps. XV and XVII
we shall use the concrete version.

2.11 Fact* Let P be a finite character property. Then, in classical mathematics the
following properties are equivalent.

1. There exist comaximal monoids such that the property P is true after localization
at each monoid.
2. The property P is true after localization at every maximal ideal.

D I= 2.Let(S;) be the family of comaximal monoids under consideration. Since
it is a finite character property, we find in each S; some element s; such that P is
true after localization at s;. Since the S;’s are comaximal the s;’s are comaximal
elements. Let m be a maximal ideal. Some s; is not in m. The localization at 1 + m
is a localization of the localization at s;. Thus P is true after localization at 1 4+ m.

2 = 1. For each maximal ideal m select an s, ¢ m such that the property P is true
after localization at sy,. The set of s, generates an ideal which is not contained in
any maximal ideal, therefore it is the ideal (1). A finite family of some of these sy,
is then a system of comaximal elements. The family of monoids generated by these
elements is suitable. O

We immediately obtain the following corollary.

2.12 Fact* Let P a finite character property. Then the concrete local-global princi-
ple for P is equivalent (in classical mathematics) to the abstract local-global principle
for P. In other words, the following principles are equivalent.

1. Ifthe property P is true after localization at each monoid in a family of comaximal
monoids, then it is true.
2. If the property P is true after localization at every maximal ideal, then it is true.

Remark Let us give a direct proof of the equivalence from classical mathematics
between the transfer principle and the abstract local-global principle for the property
P (which we assume is of finite character).

Transfer = Abstract Suppose the property is true after localization at every max-
imal ideal. The ideal given by the transfer principle cannot be strict,? otherwise it
would be contained in a maximal ideal m, which contradicts the fact that the property
is true after localization at some s ¢ m.

3 An ideal q is said to be strict when 1 ¢ a.
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Abstract = Transfer For each maximal ideal m select an sy, ¢ m such that
the property P is true after localization at sy,. The set of sy, generates an ideal not
contained in any maximal ideal, thus it is the ideal (1). We can then conclude by the
transfer principle: the property is true after localization at 1! [

Comment The advantage of localizing at a prime ideal is that the result is a local ring,
which has very nice properties (see Chap.IX). The disadvantage is that the proofs
which use an abstract local-global principle instead of its corresponding concrete
local-global principle are non-constructive to the extent that the only access we have
(in a general situation) to the prime ideals is given by Zorn’s Lemma. Furthermore
even Fact 2.2 is obtained by contradiction, which removes any algorithmic trait from
the corresponding “construction.”

Some concrete local-global principles do not have a corresponding abstract ver-
sion as the property they are affiliated with is not of finite character. This is the
case with the concrete local-global principles for finitely generated modules and for
coherent rings (3.6 and 3.5 respectively).

We will systematically make efficient and constructive use of the basic con-
crete local-global principle and its consequences. Often, we will draw inspiration
from some abstract local-global principle’s proof found in classical mathematics.
In Chap. XV we will develop a general local-global machinery to fully exploit the
classical local-global proofs in a constructive manner. [

Abstract Version of the Basic Local-Global Principle

Since we are dealing with a finite character property, classical mathematics provides
the following abstract version of the basic local-global principle.

2.13 Abstract local-global principle* (Abstract basic local-global principle: ab-
stract patching of solutions of a system of linear equations) Let B be a matrix € A" *P
and C a column vector of A". Then the following properties are equivalent.

1. The system of linear equations BX = C has a solution in AP.
2. For every maximal ideal m the system of linear equations BX = C has a solution

in (Arm)?.

Forcing Comaximality

Localization at an element s € A is a fundamental operation in commutative algebra
for forcing the invertibility of s.

Sometimes you may need to make n elements ay, . .., a, of aring A comaximal.
To this end we introduce the ring

B=A[X1,....Xul /{1 = Xa: Xi) = Alx1, ..., x,].
2.14 Lemma The kernel of the natural homomorphism i) : A — B is the ideal

(0 : a®), where a = {(ay, ..., ay). In particular, the homomorphism is injective if
and only if Anna = 0.
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D Let ¢ be an element of the kernel. Considering the isomorphism
B/((x;)j2i) = All/a;],

we have ¢ =A[1/4 0. Thus ¢ € (0 : afo). From this we deduce that c € (0 : a
Conversely if ¢ € (0 : a), there exists an r such that caj = 0 for each i, and
therefore 1 (c) = ¥ (c)(Q_ a;x;))"" = 0. O

00y,

3 Coherent Rings and Modules

A Fundamental Notion

A ring A is called coherent if every linear equation
LX =0 with L € A" and X € A"*!

has for solutions the elements of a finitely generated A-submodule of A”*!. In other
words,
Vn e N, VL € A" 3m € N, 3G € A™™, VX € A1,
LX=0 < 3IreA™! X=Gv. M
This means that we have some control over the solution space of the homogeneous
system of linear equations LX = 0.
Clearly, a finite product of rings is coherent if and only if each factor is coherent.
More generally, given V = (vy,...,v,) € M" where M is an A-module, the
A-submodule of A" defined as the kernel of the linear map

VA — M, (x1,...,%) —> D iXiv;

is called the syzygy module between the v;’s. More specifically, we say that it is the
syzygy module of (the vector) V. An element (x, ..., x,) of this kernel is called a
linear dependence relation or a syzygy between the v;’s. When V is a generator set
of M the syzygy module between the v;’s is often called the (first) syzygy module
of M.

By slight abuse of terminology, we indifferently refer to the term syzygy to mean
the equality >, x;v; = 0 or the element (x1, ..., x,) € A". The A-module M is said
to be coherent if for every V € M" the syzygy module is finitely generated, in other
words if we have:

VneN, VV e M1 3m e N, 3G € A"*" VX € A" |

XV=0 < 3IJyeA™ X=YG. &

A ring A is then coherent if and only if it is coherent as an A-module.
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Notice that we used a transposed notation in Eq. (2) with respect to Eq. (1). This
was to avoid writing the sum > . x;v; as >, v;x; with v; € M and x; € A. For
the remainder of this work, we will generally not use this transposition, as it seems
preferable to keep to the usual form AX = V for a system of linear equations, even
when the matrices A and V have their coefficients in a module M.

3.1 Proposition Let M be a coherent A-module.

Any homogeneous system of linear equations BX = 0, where B € M**" and
X € AL has the elements of a finitely generated A-submodule of A as its
solution set.

D The general proof is by induction on the number of linear equations k, where the
procedure is as follows: solve the first equation, then substitute the obtained general
solution into the second equation, and so on. So let us for example do the proof for
k = 2 and take a closer look at this process. The matrix B is composed of the rows
L and L’. We then have a matrix G such that

LX=0 <= 3y ecA™! X=aGY.

We now need to solve L'GY = 0 which is equivalent to the existence of a column
vector Z such that Y = G’Z for a suitable matrix G’. Thus BX = 0 if and only if X
can be expressed as GG'Z. (]

The above proposition is particularly important for systems of linear equations on A
(i.e. when M = A).

Comment The notion of a coherent ring is then fundamental from an algorithmic
point of view in commutative algebra. Usually, this notion is hidden behind that of a
Noetherian ring,* and rarely put forward as we have here. In classical mathematics
every Noetherian ring A is coherent because every submodule of A” is finitely genera-
ted, and every finitely generated module is coherent for the same reason. Furthermore,
we have the Hilbert theorem, which states that if A is Noetherian, every finitely gen-
erated A-algebra is also a Noetherian ring, whereas the same statement does not
hold if one replaces “Noetherian” with “coherent.”

From an algorithmic point of view however, it seems impossible to find a satisfying
constructive formulation of Noetherianity which implies coherence (see Exercise 8),
and coherence is often the most important property from an algorithmic point of view.
Consequently, coherence cannot be implied (as is the case in classical mathematics)
when we speak of a Noetherian ring or module.

The classical theorem stating that in a Noetherian ring every finitely generated
A-module is Noetherian is often advantageously replaced by the following construc-
tive theorem.’

4The constructive definition of this notion is given after this comment.

SFor the non-Noetherian version see Theorem IV-4.3, and for the Noetherian version see [MRR,
Corollary 3.2.8 p. 83].
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Over a coherent (resp.Noetherian coherent) ring every finitely presented
A-module is coherent (resp. Noetherian coherent).

In fact, as this example shows, Noetherianity is often an unnecessarily strong
assumption. [

The following definition of a Noetherian module is equivalent in classical mathe-
matics to the usual definition but it is much better adapted to constructive algebra
(only the trivial ring constructively satisfies the usual definition).

3.2 Definition (Richman-Seidenberg theory of Noetherianity, [153, 163]) An
A-module is called Noetherian if it satisfies the following ascending chain condition:
any ascending sequence of finitely generated submodules has two equal consecutive
terms. A ring A is called Noetherian if it is Noetherian as an A-module.

Here is a corollary of Proposition 3.1.

3.3 Corollary (Conductors and coherence) Let A be a coherent ring. Then, the
conductor of a finitely generated ideal into another is a finitely generated ideal.
More generally, if N and P are two finitely generated submodules of a coherent
A-module, then (P : N) is a finitely generated ideal.

3.4 Theorem An A-module M is coherent if and only if the following two conditions
hold.

1. The intersection of two arbitrary finitely generated submodules is a finitely gen-
erated module.
2. The annihilator of an arbitrary element is a finitely generated ideal.

D The first condition is necessary. Let g1, ..., g, be the generators of the first
submodule and g,,+1, . .., g be the generators of the second. Taking an element of
the intersection reduces to finding a syzygy > - | o g; = 0 between the g;’s. To such
asyzygy o = (a1, ..., ay) € A" corresponds the element p(a) = o191 + -+ +
angn = —(Qp19n+1 + - -+ + amgm) in the intersection. Thus if S is a generator
set for the syzygies between the g;’s, ©(S) generates the intersection of the two
submodules.

The second condition is necessary by definition.

The two conditions together are sufficient. Here we give the key idea of the proof
and leave the details to the reader. Consider the syzygy module of some L € M".
We perform induction on n. For n = 1 the second condition applies and gives a
generator set for the syzygies connecting the single element of L.

Suppose that the syzygy module of every L € M" is finitely generated and

consider some L' € M"*!. Let k € [l..n], we write L’ = L; e Ly where
Ly = (ai,...,ar) and Lo = (ak+1,...,an+1). Let My = (ay,...,ar) and
M> = (ag+1, ..., an+1). Taking a syzygy z;’ill a;a; = 0 reduces to taking an

element of the intersection M; N M (as above). We thus obtain a generator set for
the syzygies between the a;’s by taking the union of the three following systems of



3 Coherent Rings and Modules 29

syzygies: the system of syzygies between the elements of L1, the system of syzygies
between the elements of L,, and that which comes from the generator set of the
intersection M N M. O

In particular, a ring is coherent if and only if on the one hand the intersection of the
two finitely generated ideals is always a finitely generated ideal, and on the other
hand the annihilator of an element is always a finitely generated ideal.

Examples If K is a discrete field, every finitely presented algebra over K is a coherent
ring (Theorem VII-1.10). It is also clear that every Bezout domain (cf. p. 201) is a
coherent ring. [

Local Character of Coherence

Coherence is a local notion in the following sense.

3.5 Concrete local-global principle (Coherent modules) Consider a ring A, let
S1, ..., 8, be comaximal monoids and M an A-module.

1. The module M is coherent if and only if each M, is coherent.
2. The ring A is coherent if and only if each Ag; is coherent.

D Leta = (ay,...,an) € M™, and N C A" be the syzygy module of a. We find
that for any monoid S, Ny is the syzygy module of a in M. This brings us to prove
the following concrete local-global principle. (]

3.6 Concrete local-global principle (Finitely generated modules) Let S, ..., S,
be comaximal monoids of A and M an A-module. Then, M is finitely generated if
and only if each My, is finitely generated.

D Suppose that Mg; is a finitely generated A, -module for each i. Let us prove that
M is finitely generated. Let g; 1, . . ., gi 4; be elements of M which generate Mg, . Let
X € M be arbitrary. For each i we have some s; € S; and some a; ; € A such that:

six =a;19i1+ -+ aiq0iq in M.

When writing >/, bis; = 1, we observe that x is a linear combination of the
9i,j ’s. [l

Remark Consider the Z-submodule M of QQ generated by the elements 1/p where p
ranges over the set of prime numbers. We can easily check that M is not finitely gene-
rated but that it becomes finitely generated after localization at any prime ideal. This
means that the Concrete local-global principle 3.6 does not have a corresponding
“abstract” version, in which the localization at some comaximal monoids would
be replaced by the localization at every prime ideal. Actually, the property P for a
module to be finitely generated is not a finite character property, as we can see with
the module M above and the monoids Z \ {0} or 1 4+ pZ. Moreover, the property
satisfies the transfer principle, but it so happens here that it is of no use. L]
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About the Equality and the Membership Tests

We now introduce several constructive notions relating to the equality test and the
membership test.

A set E is well defined when we have indicated how to construct its elements and
when we have constructed an equivalence relation which defines the equality of two
elements in a set. We denote by x = y the equality in E, or x =g y if necessary.
The set E is called discrete when the following axiom holds

Vx,ye E x=y or =(x=Yy).

Classically, every set is discrete, as the “or” present in the definition is understood
in an abstract manner. Constructively, this same “or” is understood according to the
usual language’s meaning: at least one of the two alternatives must occur. It is thus
an “or” of an algorithmic nature. In short, a set is discrete if we have a test for the
equality of two arbitrary elements of this set.

If we want to be more precise and explain in detail what comprises an equality test
in the set E, we will say that it is a construction which, from two given elements of E,
provides a “yes” or “no” answer to the posed question (are these elements equal?).
However, we could not go into much further detail. In constructive mathematics the
notions of integers and of construction are basic concepts. They can be explained
and commented on, but not strictly speaking “defined.” The constructive meaning of
the “or” and that of the “there exists” are as such directly dependent of the notion of
construction,® which we do not attempt to define.

A discrete field is simply a ring where the following axiom is satisfied:

VxeA x=0 or x € A* 3)
The trivial ring is a discrete field.

Remark The Chinese pivot method (often called Gaussian elimination) works algo-
rithmically with discrete fields. This means that the basic linear algebra is explicit
over discrete fields. n

Note that a discrete field A is a discrete set if and only if the test “1 =4 07 is
explicit.” Sometimes, however, it is known that a ring constructed during an algo-
rithm is a discrete field without knowing whether it is trivial or not.

%Tn classical mathematics we may wish to define the notion of construction from the notion of
a “correct program.” However, what we define in this way is rather the notion of “mechanized
construction,” and especially in the notion of a “correct program,” there is the fact that the program
must halt after a finite number of steps. This hides a “there exists,” which in constructive mathematics
refers in an irreducible manner to the notion of construction. On this matter, see Sect. A-4 of the
Annex.

"The general notion of a field in constructive mathematics will be defined p. 479. We will then see
that if a field is a discrete set, then it is a discrete field.
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If A is a nontrivial discrete field, the statement “M is a free finite dimensional
vector space” is more precise than the statement “M is a finitely generated vector
space” as in the first case knowing how to extract a basis of the generator set is similar
to having a test of linear independence in M.

A subset P of a set E is said to be detachable when the following property is
satisfied:

Vxe E xeP or —(x € P).

It amounts to the same to take a detachable part P of E or to take its characteristic
function xp : E — {0, 1}.

In constructive mathematics, if two sets E and F are correctly defined, then so is
the set of functions from E to F, which is denoted by F£. Consequently, the set of
detachable subsets of a set E is itself correctly defined since it is identified with the
set {0, 1}£ of characteristic functions over E.

Strongly Discrete Coherent Rings and Modules

Aring (resp. amodule) is said to be strongly discrete when the finitely generated ideals
(resp. the finitely generated submodules) are detachable, i.e. if the quotients by the
finitely generated ideals (resp. by the finitely generated submodules) are discrete.

This means that we have a test for deciding whether a linear equation LX = ¢
has a solution or not, and by computing one in the affirmative case.

A key result in constructive algebra and Computer Algebra states that
Z[X1, ..., Xn]is a strongly discrete coherent ring.

More generally, we have the following constructive version of the Hilbert theorem
(see [MRR, Adams & Loustaunau]).

If A is a strongly discrete Noetherian coherent ring, so is any finitely presented
A-algebra.

The following proposition is proven similarly to Proposition 3.1.

3.7 Proposition Over a strongly discrete coherent module M, every system of lin-
ear equations BX = C (B € M C € M**!, X e A") can be tested.
In the affirmative case, a particular solution Xy can be computed. Furthermore
the solutions X are all the elements of Xo + N where N is a finitely generated
A-submodule of A",

4 Fundamental Systems of Orthogonal Idempotents

An element e of a ring is said to be idempotent if ¢> = e. In this case, 1 — e is also
an idempotent, called the complementary idempotent of e, or the complement of e.
For two idempotents e and e,, we have

(e1) N (e2) = (e1e2), (e1) + (e2) = (e, e2) = (e1 +ex — ejey),
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where ejes and e; + e — e e are idempotents. Two idempotents e; and e, are said
to be orthogonal when eje; = 0. We then have (e1) + (e2) = (e1 + e2).

A ring is said to be connected if every idempotent is equal to O or 1.

In the following, we implicitly use the following obvious fact: for an idempotent
e and an element x, e divides x if and only if x = ex.

The presence of an idempotent # 0, 1 means that the ring A is isomorphic to a
product of two rings A and A,, and that any computation in A can be split into two
“simpler” computations in A; and A,. We describe the situation as follows.

4.1 Fact For every isomorphism X : A — A X Ay, there exists a unique element
e € A satisfying the following properties.

1. The element e is idempotent (its complement is denoted by f =1 — e).
2. The homomorphism A — A identifies A with A/(e) and with A[1/f].
3. The homomorphism A — A, identifies Ay with A/{f) and with A[1/e].

Conversely, if e is an idempotent and f is its complement, the canonical homomor-
phism A — A/{e) x A/{f)is an isomorphism.

D The element e is defined by A(e) = (0, 1). O
Here are some often useful facts.

4.2 Fact Let e be an idempotent of A, f = 1 — e and M be an A-module.

1. The monoids ™ = {1, ¢} and 1 + fA have the same saturation.

2. As an A-module, A is the direct sum of (e¢) = eA and (f) = fA. The ideal eA
is a ring where e is a neutral element of the multiplication. We then have three
isomorphic rings

All/el = (14 FA)T'A ~ A/(f) >~ eA.
These isomorphisms stem from the three canonical mappings

A — All/e] : x — x/1,
A — A/(f) : x — x mod (f),
A — eA DX > ex,

which are surjective and have the same kernel.
3. We have three isomorphic A-modules M[1/e] ~ M/fM =~ eM. These isomor-
phisms stem from the three canonical mappings

M — M[l/e] : x — x/1,
M — M/fM : x — x mod (f),

M — eM DX B> ex,

which are surjective and have the same kernel.
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In addition, care must be taken that the ideal eA, which is a ring with e as its neutral
element, is not a subring of A (unless ¢ = 1).

In aring A a fundamental system of orthogonal idempotents is a list (eq, .. ., e,)
of elements of A which satisfy the following equalities:

ejej =0 for i #j, and D7 ¢ =1.

This implies that the ¢;’s are idempotents. We do not claim that none of them are
null.®

4.3 Theorem (Fundamental systems of orthogonal idempotents) Let (e1, . . ., e,) be
a fundamental system of orthogonal idempotents of a ring A, and M be an A-module.
Note that A; = A/(1 — e;) >~ A[l/e;]. Then:

A >~ A x---xA,,
M = eM® - -De, M.

Take note that ey M is an A-module and an A | -module, but that it is not an A>-module
(unless it is null).
The following lemma gives a converse of Theorem 4.3.

4.4 Lemma Let (a;);c[1. ] be ideals of A. We have A = @ie[[l..n]] a; if and only
if there exists a fundamental system of orthogonal idempotents (¢;);c[1..,] such that
a; = (e;) fori € [1..n]. In this case, the fundamental system of orthogonal idempo-
tents is uniquely determined.

D Assume that A = €D, [y ,) @i- We have ¢; € a; such that 3, ¢; = 1, and since
ejej € a;Na; = {0} fori # j, weindeed obtain a fundamental system of orthogonal
idempotents. Furthermore if x € a;, wehavex = x >, ¢; = xe; and thusa; = (e;).
The converse is immediate. The uniqueness follows from that of writing an element
as a direct sum. O

Next we give two very useful lemmas.

4.5 Lemma (Lemma of the ideal generated by an idempotent) An ideal a is gener-
ated by an idempotent if and only if

a+ Anna = (1).
D First, if eis idempotent, we have Ann (e¢) = (1 — e). For the reciprocal implication,

lete € asuchthat 1 —e € Anna. Then e(1 — ¢) = 0, therefore e is idempotent, and
for every y € a, y = ye, thus a C (e). a

8This is much nicer to obtain uniform statements. Furthermore this is virtually necessary when we
do not have at our disposal an equality to zero test for idempotents in the given ring.
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4.6 Lemma (Lemma of the finitely generated idempotent ideal) If a is a finitely
generated idempotent ideal (i.e., a = %) in A, then a = (e) where ¢> = e is entirely
determined by a.

D We use the determinant trick. Consider a generator set (ay, . ..ay) of a and the
column vectora = '[a; -+ a4 |.

Since a; € a® for j € [l..q], there exists a C € My(a) such thata = Ca,
so (I; — C)a = 0anddet(l; —C) a = 0. However, det(I; —C) = 1—ewhere e € a.
Hence (1 — e)a = 0, and we apply Lemma 4.5.

Finally, the uniqueness of e follows immediately from Lemma 4.4. (]

Let us finally recall the Chinese remainder theorem, a very efficient tool which
hides a fundamental system of orthogonal idempotents. Some ideals by, ..., by of a
ring A are called comaximal when by + --- 4+ b, = (1).

4.7 Chinese Remainder Theorem Ler (a;);c[1..,] be pairwise comaximal ideals in
Aanda=(); a;.

Then a = []; a;, and the canonical mapping A/a — []; A/a; is an isomorphism.
Now, there existey, ..., e, in A such that a; = a+ (1 — e;) and the ma q(e;)’s form
a fundamental system of orthogonal idempotents of A/a.

As a corollary we obtain the following result.

4.8 Lemma (Kernels’ Lemma) Let P = Py --- Py € A[X] and an A-linear map
w: M — M satisfying P(p) = 0. Assume the P;’s are pairwise comaximal and let
K; = Ker (P,- (go)), 0; = Hj#i Pj. Then we have

K; =Im(Qi(90))’ M=EB§:1 K; and Im(P,- (90)) =Ker (Qi(‘ﬂ)) 269./;&,' K;.

D Consider the ring B = A[X]/(P). The module M can be seen as a B-module by
the operation (Q,y) — Q -y = Q()(y). We then apply the Chinese remainder
theorem and Theorem 4.3.

This proof summarizes the following computation. From the equalities U;; P; +
UjiP; = 1, we get the equalities U; P; + V; Q; = 1 together with an equality
> WiQi =1.Let p; = Pi(v), qgi = Qi(p), and so on.

Then, all obtained endomorphisms commute and we obtain the equalities p;q; =
0, u; pi +vig; = Idy, Zi w;q; = Idys. The claimed result readily follows. O
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5 A Little Exterior Algebra

That a homogeneous system of n linear equations with n unknowns
admits (over a discrete field) a nontrivial solution

if and only if the determinant of the system is zero,

here is a fact of utmost importance whose scope we

will never finish measuring.

Anonymous

Eliminate, eliminate, eliminate

Eliminate the eliminators of elimination theory!
Mathematical poem (extract)

S. Abhyankar

Some simple examples illustrating these ideas are given in this section.
Free Submodules as Direct Summands (Splitting Off)

Let k € N. A free module of rank k is by definition an A-module isomorphic to A¥.
If & is not specified, we will say free module of finite rank.

When A is a discrete field we speak of a finite dimensional vector space or a finite
rank vector space interchangeably.

The modules whose structure is the simplest are the free modules of finite rank.
We are thus interested in the possibility of constructing an arbitrary module M in
the form L @& N where L is a free module of finite rank. A (partial) answer to this
question is given by the exterior algebra.

5.1 Proposition (Splitting Off) Let ay, . . ., ax be elements of an A-module M, then
the following properties are equivalent.

1. The submodule L = {(ay, ...,ax) of M is free with basis (ay, ...,ar) and is a
direct summand of M.
2. There exists a k-multilinear alternating form ¢ : M* — A which satisfies the

equality p(ay, ...,ar) = 1.

D I=2IfL®N = M,if r : M — L is the projection parallel to N, and if
0; : L — Aisthe j-th coordinate form for the basis (ay, ..., ax), we define

o(x1, ..., xp) = det ((ej(w(x,-)))i’jeﬂl_.kﬂ).

2 = 1. We define the linear map 7 : M — M as

k
m(x) = Zj_l olay, ..., x,...,ar)aj.
= ———

(x is in position j)
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We immediately have 7(a;) = a; and Im7 C L := {(ay, ..., ax), thus 72 = 7 and
Im7 = L. Finally, if x = ZJ- Ajaj =0,then p(ay, ..., x,...,ar) = Aj = 0(with
X in position j). (]

Special case: for k = 1 we say that the element a; of M is unimodular when there
exists a linear form ¢ : M — A such that p(a;) = 1. The vector b = (b1, ...,b,) €
A" is unimodular if and only if the b;’s are comaximal. In this case we also say that
the sequence (b1, ..., b,) is unimodular.

The Rank of a Free Module

As we will see, the rank of a free module is a well-determined integer if the ring is
nontrivial. In other words, two A-modules M >~ A™ and P >~ AP with m # p can
only be isomorphic if 1 =4 0.

We will use the notationrk s (M) = k (orrk(M) = kif A is clear from the context)
to indicate that a (supposedly free) module has rank k.

A scholarly proof consists to say that, if m > p, the m-th exterior power of P is {0}
whereas that of M is isomorphic to A (this is essentially the proof for Corollary 5.23).

The same proof can be presented in a more elementary way as follows. First
recall the basic Cramer formula. If B is a square matrix of order n, we denote by B
or Adj B the cotransposed matrix (sometimes called adjoint). The elementary form
of Cramer’s identities is then expressed as:

A Adj(A) = Adj(A) A =det(A) 1,. 4)
This formula, in combination with the product formula
det(AB) = det(A) det(B),

has a couple of implications regarding square matrices. First, that a square matrix A
is invertible on one side if and only if A is invertible if and only if its determinant is
invertible. Second, that the inverse of A is equal to (det A)~! Adj A.

We now consider two A-modules M ~ A" and P ~ AP withm > p and a
surjective linear map ¢ : P — M. Therefore there exists a linear map ¢ : M — P
such that ¢ o 1) = Idy,. This corresponds to two matrices A € A"*P and B € AP*™
with AB = 1,,,. If m = p, the matrix A is invertible with inverse B and ¢ and 1) are
reciprocal isomorphisms. If m > p, we have AB = A B; with square A| and B
respectively obtained from A and B by filling in with zeros (m — p columns for Ay,
m — p rows for By).

A =|: A |, B , A1B; =1.

Thus 1 = detL, = det(AB) = det(A;B;) = det(A;) det(B;) = 0.
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In this proof we clearly see the commutativity of the ring appear (which is truly
necessary). Let us summarize.

5.2 Proposition Let two A-modules M >~ A" and P >~ AP and a surjective linear
map o : P — M.

1. If m = p, then ¢ is an isomorphism. In other words, in a module A" every
generator set of m elements is a basis.
2. Ifm > p, then 1 =4 0O, and if the ring is nontrivial, m > p is impossible.

In the following, this important classification theorem will often appear as a corollary
of more subtle theorems, as for example Theorems I'V-5.1 or IV-5.2.

Exterior Powers of a Module

Terminology Recall that any determinant of a square matrix extracted from A on
certain rows and columns is called a minor of A. We speak of a minor of order k
when the extracted square matrix is in Mx (A). When A is a square matrix, a principal
minor is a minor corresponding to a matrix extracted on the same set of indices for
both the rows and the columns. For example if A € M, (A), the coefficient of X*
in the polynomial det(I,, + X A) is the sum of the principal minors of order k of A.
Finally, a principal minor in the north-west position, i.e. obtained by extracting the
matrix on the first lines and first columns, is called a dominant principal minor. =

Let M be an A-module. A k-multilinear alternating map ¢ : M¥ — P iscalled a k-th
exterior power of the A-module M if every multilinear alternating map ¢ : M* — R
is uniquely expressible in the form 1) = 6 o , where 6 is an A-linear map from P
to R.

Mk
Wi P k-multilinear alternating maps
P————>R linear maps.

0!

Clearly ¢ : M¥ — P is unique in the categorical sense, i.e. that for every other
exterior power ¢’ : MK — P’ there is a unique linear map # : P — P’ which makes
the suitable diagram commutative, and that 6 is an isomorphism.

We then denote P by /\kM or /\]Z M and p(x1, ..., xr) by Ap(x, ..., xg) or
X1 Ao A Xk

The existence of a k-th exterior power for every module M results from general
considerations analogous to those that we will detail for the tensor product on p. 186
in Sect.IV-4.

The simplest theory of exterior powers, analogous to the elementary theory of the
determinant, shows that if M is a free module with a basis of n elements (a1, ..., a,),
then /\k M is zero if k > n, and otherwise it is a free module whose basis is the (Z)
k-vectors a;; A - -+ Aaj,, where (i1, ..., ir) ranges over the set of strictly increasing
k-tuples of elements of [1..n].
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In particular, /\" M is free and of rank 1 with a; A --- A a, as its basis.
To every A-linear map o : M — N corresponds a unique A-linear map /\k o
/\k M — /\k N satisfying the equality

(/\koz)(xl/\~-/\xk)=a(x1)/\~-~/\a(xk)

for every k-vector x; A -+ A x; of A\¥ M. The linear map A* « is called the k-th
exterior power of the linear map .

Moreover we have ( N o) o N B) = N (oo 3) when avo 3 is defined. In short,
each /\k (e) is a functor.

If M and N are free with respective bases (a1, ..., a,) and (by, ..., by), and if
admits the matrix H on its bases, then /\k « admits the matrix denoted by /\k H on
the corresponding bases of /\k M and /\k N. The coefficients of this matrix are all
the minors of order k of the matrix H.

Determinantal Ideals

5.3 Definition Let G € A" and k € [1.. min(m, n)], the determinantal ideal of
order k of the matrix G is the ideal, denoted by Da x(G) or Dr(G), generated by
the minors of order k of G. For k < 0 we set by convention Dy (G) = (1), and for
k > min(m, n), Dr(G) = (0).

These conventions are natural because they allow us to obtain in full generality the
following equalities.

I
ST A el , for all k € Z we have Dy (G) = Dy, (H).
0| G
0| 0
o If H = for all k € Z we have Dy (H) = Di(G).
0| G

5.4 Fact For every matrix G of type n x m we have the inclusions

{0} = Di4minm.m)(G) € --- S D1(G) S Dp(G) = (1) =A 4)
More precisely for all k, r € N we have one inclusion
Di++(G) € Dr(G) Dr(G) (6)

Indeed, every minor of order & 4 1 is expressed as a linear combination of mi-
nors of order &, and the inclusion (6) is obtained via the Laplace expansion of the
determinant.
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5.5Fact Let G; € A" G, € AV gnd H € AP*",

1. IfIm Gy € Im Gy, then for any integer k we have Dy (G1) C D (G2).

2. For any integer k, we have Dy (HG1) C Di(G1).

3. The determinantal ideals of a matrix G € A"™ only depend on the equiva-
lence class of the submodule image of G (i.e., they only depend on Im G, up to
automorphism of the module A" ).

4. In particular, if o is a linear map between free modules of finite rank, the deter-
minantal ideals of a matrix of ¢ do not depend on the chosen bases. We denote
them by Dy () and we call them the determinantal ideals of the linear map .

D 1. Each column of G is a linear combination of columns of G,. We conclude
with the multilinearity of the determinant.

2. Same reasoning by replacing the columns with the rows.

Finally, 3 implies 4 and results from the two preceding items. (]

Remark A determinantal ideal is therefore essentially attached to a finitely genera-
ted submodule M of a free module L. However, it is the structure of the inclusion
M C L and not only the structure of M which intervenes to determine the determi-
nantal ideals. For example M = 37 x 57 is a free Z-submodule of L = Z? and its
determinantal ideals are D1(M) = (1), D2(M) = (15). If we replace 3 and 5 with
6 and 10 for example, we obtain another free submodule, but the structure of the
inclusion is different since the determinantal ideals are now (2) and (60). [

5.6 Fact If G and H are matrices such that GH is defined, then, for alln > 0 we
have
Dy(GH) € Dy(G) Dy(H) (7N

D The result is clear for n = 1. For n > 1, we reduce to the case n = 1 by noting
that the minors of order n of G, H and G H represent the coefficients of the matrices
“n-th exterior power of G, H and GH” (taking into account the equality A" (1) =

N o N'). O

The following equality is immediate.

Dalp®v) = 3 Di(9) Dak(¥) ®)

The Rank of a Matrix

5.7 Definition A linear map ¢ between free modules of finite rank is said to be

e of rank < k if Diy1(p) =0,
e of rank > k if Dy (p) = (1),
e of rank k if it is both of rank > k and of rank < k.
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We will use the notations rk () > k andrk(y) < k, in accordance with the preceding
definition, without presupposing that rk(¢) is defined. Only the notation rk(¢) = k
will mean that the rank is defined.

We will later generalize this definition to the case of linear maps between finitely
generated projective modules: see the Notation X-6.5 as well as Exercises X-21, X-22
and X-23.

Comment The reader is cautioned that there is no universally accepted definition
for “matrix of rank £” in the literature. When reading another book, one must first
ascertain the definition adopted by the author. For example in the case of an integral
ring A, we often find the rank defined as that of the matrix over the quotient field of
A. Nevertheless a matrix of rank & in the sense of Definition 5.7 is generally of rank
k in the sense of other authors. (]

The following concrete local-global principle is an immediate consequence of the
basic local-global principle.

5.8 Concrete local-global principle (Rank of a matrix) Let S1, ..., S, be comax-
imal monoids of A and B be a matrix € A"*P. Then the following properties are
equivalent.

1. The matrix is of rank < k (resp. of rank > k) over A.
2. Fori € [1..n], the matrix is of rank < k (resp. of rank > k) over Ag,.

Generalized Pivot Method

Terminology

1) Two matrices are said to be equivalent if we can pass from one to the other by
left- and right-multiplying by invertible matrices.

2) Two square matrices in M, (A) are said to be similar when they represent the same
endomorphism of A" over two bases (distinct or not), in other words when they are
conjugate with respect to the action (G, M) — GM G~ of GL, (A) over M, (A).
3) An elementary row operation on a matrix of n rows consists in replacing a row
L; witharow L; + AL ; wherei # j.

We also denote thisby L; < L;+AL ;. This corresponds to the left-multiplication
by a matrix, said to be elementary, denoted by EE’”].)()\) (or, if the context allows it,
E; j (V). This matrix is obtained from I, by means of the same elementary row
operation.

The right-multiplication by the same matrix E; ;(\) corresponds to the elemen-
tary column operation (for a matrix having n columns) which transforms the matrix
I, into E; j(A\): Cj <= Cj 4+ AC;.

4) The subgroup of SLL, (A) generated by the elementary matrices is called the ele-
mentary group and it is denoted by E, (A). Two matrices are said to be elementarily
equivalent when we can pass from one to the other via elementary row and column
operations. [
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5.9 Invertible minor lemma (Generalized pivot) If a matrix G € A?*™ has an
invertible minor of order k < min(m, q), it is equivalent to a matrix

L Ok m—k
Og—kr G1 |’
where D (G1) = Dy4r(G) forallr € Z.

D By eventually permuting the rows and the columns we bring the invertible minor to
the top left. Next, by right-multiplying (or left-multiplying) by an invertible matrix,

we reduce to the form
r_ I A
o= [5¢);

then by elementary row and column operations, we obtain

I O m—k
G// — ,m .
[Oq—k,k Gi }
Finally, D, (G1) = Di4,(G") = Disr (G) for all r € Z. O

As an immediate consequence we obtain the freeness lemma.

5.10 Freeness lemma Consider a matrix G € A7*™ of rank < k with 1 < k <
min(m, q). If the matrix G has an invertible minor of order k, then it is equivalent
to the matrix

I _ L Okm—k
e Og—k.k Og—km—k |

In this case, the image, the kernel and the cokernel of G are free, respectively of
ranks k, m — k and g — k. Moreover the image and the kernel have free summands.

If i1, ..., ik (vesp. ji, ..., jk) are the indexes of rows (resp. of columns) of the
invertible minor, then the columns ji, ..., ji form a basis of the module Im G, and
Ker G is the module of vectors annihilated by the linear forms corresponding to the
rows it, ..., i.

D With the notations of the previous lemma we have D(G1)=D+1(G)=0,
so G = 0. The rest is left to the reader. O

The matrix Iy 4, is called a standard simple matrix. We denote the matrix Iy ,, , by
Ix.» and we call it a standard projection matrix.

5.11 Definition A linear map between free modules of finite rank is said to be simple
if it can be represented by a matrix I 4 ,, over suitable bases. Similarly a matrix is
said to be simple when it is equivalent to a matrix Ig 4 .
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Generalized Cramer Formula

We study in this subsection some generalizations of the usual Cramer formulas. We
will exploit these in the following paragraphs.

For a matrix A € A™*" we denote by A, 3 the matrix extracted on the rows
a={ay, ..., ) € [l..m] and the columns 8 = {3, ..., G5}  [1..n].

Suppose that the matrix A is of rank < k. Let V € A”*! be a column vector such
that the bordered matrix [ A | V ] is also of rank < k. Let us call A; the j-th column
of A. Let 14,3 = det(A,,3) be the minor of order & of the matrix A extracted on the
rows a = {a, ..., ai} and the columns § = {1, ..., Gi}. For j € [1..k] letvy g,
be the determinant of the same extracted matrix, except that the column j has been
replaced with the extracted column of V on the rows a. Then, we obtain for each
pair («, 3) of multi-indices a Cramer identity:

k
Hop V=20 Vo Ap, ©)

due to the fact that the rank of the bordered matrix [ Ay, 3|V ]is < k. This can be
read as follows:

Va,B,1
pap V =[Ap .. Ag ]
V(,Y,/)),k
Vo
= [As ... Ag |- Adj(Anp)
Vay,
=A-(Iinp Adj(Aap) - Tm)aim -V (10)

This leads us to introduce the following notation.

5.12 Notation We denote by P the set of parts of [1..£] and Py ¢ the set of parts
of [1..€] with k elements. For A € A"*" and o € Py, 3 € Pin

Adja,[j(A) = (In)l..n,ﬁ : Adj(Aoz,ﬁ) . (Im)u,l..m-
For example with the matrix
5-5 7 4

A= 9 -1 2 7|,
13 3 =310
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and the parts o = {1, 2} and 8 = {2, 3}, we obtain

0 00
-5 7 . 2 — . 2 =70
App = |:_1 2], Adj(Aqp) = |:1 _5:| and Adj, 3(A) = 1 =50
0 00
When Dy ([A| V' ]) =0, equality (10) is written as follows.
pa,p V. = A-Adj, 3(A) -V (11)

We thus obtain the following equality, under the assumption that A is of rank < k.
fop A = A-Adj, 5(A)- A (12)

The Cramer’s identities (11) and (12) provide the congruences which are not sub-
ject to any hypothesis: it suffices for example to read (11) in the quotient ring
A/Dy11([A | V]) to obtain the congruence (13).

5.13 Lemma (Generalized Cramer formula) Without any assumption on the matrix
A or the vector V, we have for o € Py, and 3 € Py, the following congruences.

fap V =A-Adj, 5(A) -V  mod Deyi([A|V]), (13)
fag A=A-Adjy 5(A)-A  mod Diii(A). (14)

A simple special case is the following where k = m < n.

prmplm = A-Adjy , 5(A) (B € Pnn). 15)

This equality is in fact a direct consequence of the basic Cramer’s identity (4).
Similarly we obtain

Bai.n In = Adja,l,,n(A) A (ae Pn,m’ n < m) (16)

A Magic Formula

An immediate consequence of the Cramer’s identity (12) is the less usual identity
(17) given in the following theorem. Similarly the equalities (18) and (19) easily
result from (15) and (16).

5.14 Theorem Let A € A™*" be a matrix of rank k. We thus have an equality
Zaepk,mﬁepk.n Ca,B Ma,B = 1. Let

B = ZaePk,m,ﬁePk.n Ca,p Ad.]oz,ﬂ(A)
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1. We have
A-B-A=A. (17

Consequently A B is a projection matrix of rank k and the submodule Im A =
Im AB is a direct summand in A™.
2. Ifk = m, then
A-B=1,. (18)
3. Ifk = n, then
B-A=1I,. (19)

The following identity, which we will not use in this work, is even more miraculous.

5.15 Proposition (Prasad and Robinson) With the assumptions and the notations of
Theorem 5.14, if we have

VO&, O/ S Pk,m’ Vﬁ’ ﬁ/ € 7Dk,l’l C(Y,ﬂ C(!/,ﬁ/ = C(},f}/ C(Y/,ﬂy

then
B-A-B=B. (20)

Generalized Inverses and Locally Simple Maps

Let £ and F be two A-modules, and ¢ : E — F be a linear map. We can see
this as some sort of generalized system of linear equations (a usual system of lin-
ear equations corresponds to the free modules of finite rank case). Informally such
a system of linear equations is considered to be “well-conditioned” if there is a
systematic way to solve the equation ¢(x) = y for x from a given y, when such
a solution exists. More precisely, we ask if there exists a linear map ¢ : F — E
satisfying go(w(y)) = y each time there exists a solution x. This amounts to asking
o(¥(p(x))) = p(x) forall x € E.

This clarifies the importance of the Eq. (17) and leads to the notion of a generalized
inverse.

The terminology regarding generalized inverses does not seem fully fixed. We
adopt that of [Lancaster & Tismenetsky].

In the book [Bhaskara Rao], the author uses the term “reflexive g-inverse.”

5.16 Definition Let E and F be two A-modules, and ¢ : E — F be a linear map.
A linear map ¢ : F — E is called a generalized inverse of ¢ if we have

poop=¢ and YPoypor) =1 2D
A linear map is said to be locally simple when it has a generalized inverse.

The following fact is immediate.



5 A Little Exterior Algebra 45

5.17 Fact When ) is a generalized inverse of p, we have:

— @ and Y p are projections,

—Imp =Impy, Imy =Imy ¢, Ker p = Ker ) ¢, Ker v = Ker p ¢,
— E=Kero®Imyand F =Kery & Im,

— Ker ¢ >~ Coker ¥ and Ker 1) >~ Coker ¢.

Moreover ¢ and ) provide by restriction reciprocal isomorphisms o1 and | between
Im ¢ and Im ¢. In matrix form we obtain:

Ime¢ Kerop Ime Kery
Imp | @1 0 _ Imvy | 91 0 -~
Ker| 0 0 P Kerp| 0 0 :
Remarks

1) If we have a linear map 1) satisfying as in Theorem 5.14 the equality v Yo ¢ = ¢,
we obtain a generalized inverse of ¢ by stating 1) = g ¢ 9. In other words, a linear
map ¢ is locally simple if and only if there exists a 1) satisfying p ¢ ¢ = .

2) A simple linear map between free modules of finite rank is locally simple (imme-
diate verification).

3) Theorem 5.14 informs us that a linear map which has rank & in the sense of
Definition 5.7 is locally simple. [

5.18 Fact Let o : A" — A" be a linear map. The following properties are equiva-
lent.

1. The linear map ¢ is locally simple.
2. There exists a ©* : A" — A" such that

A" = Ker ¢ @ Im p® and A" = Ker ¢* @ Im ¢.
3. The submodule Im y is a direct summand in A".

D I = 2. 1If ¢ is a generalized inverse of ¢, we can take ©°® = .

2 = 3. Obvious.

3= 1. If A" = P®Im g, denote by 7 : A — A" the projection over Im ¢ parallel
to P. For each vector ¢; of the canonical basis of A" there exists an element a; of A"
such that p(a;) = w(e;). We define ¢y : A" — A" as ¢)(e;) = a;. Then, potp =7
and poY o =mow =, and ¥ o v o ¥ is a generalized inverse of . (]

The notion of a locally simple linear map is a local notion in the following sense.

5.19 Concrete local-global principle (Locally simple linear maps) Let Sy, ..., S,
be comaximal monoids of a ring A. Let ¢ : A" — A7 be a linear map. If every

Am — AS is simple, then o is locally simple. More generally o is locally
stmple lfand only if all the s, ’s are locally simple.
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D Let us focus on the second statement. To prove that ¢ is locally simple amounts
to finding a ¢ which satisfies 1) ¢ = . This is a system of linear equations in
the coefficients of the matrix of 1) and we can therefore apply the basic Concrete
local-global principle 2.3. (]

The terminology of a locally simple linear map is justified by the previous local-
global principle and by the converse given in item 8 of Theorem 5.26 (also see the
locally simple map lemma in the local ring case, p. 484).

Grassmannians

The following theorem serves as an introduction to the grassmannian varieties. It
results from Fact 5.18 and Theorem 5.14.

5.20 Theorem (Finitely generated submodules as direct summands of a free mod-
ule) Let M = (Cy,...,Cy) be a finitely generated submodule of A" and C =
[Ci -+ Cp] € A" be the corresponding matrix.

1. The following properties are equivalent.

a. The matrix C is locally simple.
b. The module M is a direct summand of A".
c. The module M is the image of a matrix F € AG,(A).

2. The following properties are equivalent.

a. The matrix C is of rank k.
b. The module M is image of a matrix F € AG,(A) of rank k.

The “variety” of vector lines in a K-vector space of dimension n + 1 is, intuitively, of
dimension 7, as a vector line essentially depends on n parameters (a nonzero vector,
up to a multiplicative constant, that makes (n 4+ 1) — 1 independent parameters). We
call this variety the projective space of dimension n over K.

Furthermore, passing from a field K to an arbitrary ring A, the correct general-
ization of a “vector line in K"*1” is “the image of a projection matrix of rank 1 in
A1 This leads to the following definitions.

5.21 Definition

1. We define the space AG, x(A) € AG,(A) as the set of projection matrices of
rank k and G,, x (A) as the set of submodules of A" which are images of matrices
of AG, k(A).

2. The space G,+1,1(A) is again denoted by P"(A) and we call it the projective
space of dimension n over A.

3. We denote by G, (A) the space of all the submodules that are direct summands
of A" (i.e., images of a projection matrix).

The above definition is a little unsatisfactory, insofar as we have not explained how
the set G, 1 (A) is structured. Only this structure makes it worthy of the label “space.”
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A partial answer is given by the observation that G, x is a functor. More pre-
cisely, to every homomorphism ¢ : A — B we associate a natural map Gy, x(¢) :
Gn.x(A) = Gy 1 (B), so that

Gnk(Ida) =1dg, (o), and Gy k(¥ 0 ) = Gy x (¥) 0 Gy k (),

when v o ¢ is defined.

Injectivity and Surjectivity Criteria

Two famous propositions are contained in the following theorem.
5.22 Theorem Let p : A" — A" be a linear map with matrix A.

1. The map ¢ is surjective if and only if o is of rank m, i.e. here D,,(¢) = (1) (we
then say that A is unimodular).

2. (McCoy’s theorem) The map ¢ is injective if and only if D, () is faithful, i.e. if
the annihilator of D, () is reduced to {0}.

D I.If s surjective, it admits a right inverse 1, and Fact 5.6 gives (1) = D,,(I,,) <
Dy (©)Dy (1), so Dy, () = (1). Conversely, if A is of rank m, Eq.(18) shows that
A admits a right inverse, and ¢ is surjective.

2. Assume that D, (A) is faithful. By equality (16), if AV = 0, then o1,V =0
for all the generators i 1., of D, (A), and so V = 0.

For the converse, we will prove by induction on k the following property: if k
columnvectors x1, . . ., xi are linearly independent, then the annihilator of the vector
X1 A -+ A Xp is reduced to 0. For k = 1 it is trivial. To pass from k to k + 1 we
proceed as follows. Let z be a scalar that annihilates x| A - -+ A xg41. For o € Py,
we denote by d,(y1, ..., yr) the minor extracted on the index rows of « for the
column vectors yi, ..., yr of A”. Since z(x; A - -+ A xx4+1) = 0, and by the Cramer
formulas, we have the equality

z(da(xty ooy X)Xk41 — daX1, o ooy Xk—1, Xkp )Xk + ) =0,
SO ch«(xla oo ,xk) =0.
As this is true for any «, this gives z(x] A --- A x¢) = 0, and by the induction
hypothesis, z = 0. (]

Remark Theorem 5.22 can also be read in the following way.

1. The linear map ¢ : A" — A" is surjective if and only if the map \" ¢ : AG)
A is surjective.

2. The linear map ¢ : A" — A" is injective if and only if the map A\" ¢ : A — AG)
is injective. =
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5.23 Corollary Let ¢ : A* — A™ be an A-linear map.

1. If p is surjective and n < m, the ring is trivial.
2. If p is injective and n > m, the ring is trivial.

Remark A more positive, equivalent, but probably even more bewildering formula-
tion of the results of the previous corollary is the following.

1. If ¢ is surjective, then X™ divides X" in A[X].
2. If ¢ is injective, then X" divides X" in A[X].

In some way, this is closer to the formulation found in classical mathematics: if the
ring is nontrivial, then m < n in the first case (resp.n < m in the second case).

The advantage of our formulations is that they work in all cases, without the need
to assume that we know how to decide if the ring is trivial or not. [

5.24 Corollary If ¢ : A" — A" is injective, the same applies for every exterior
power of .

D The annihilator of D, () is reduced to 0 by the previous theorem. There exists a
ring B O A such that the generators of D,, () become comaximal in B (Lemma 2.14).
The B-linear map ¢; : B* — B" obtained by extending ¢ to B is thus of rank n and
admits a left inverse v (item 3 of Theorem 5.14), i.e. 1) o ¢o; = Idg. Therefore

N o Nor =1d g

Thus the matrix of /\k<p1 is injective, and since it is the same matrix as that of /\k ©,
the linear map /\k ( is injective. (I

Characterization of Locally Simple Maps

The following lemma places a bijective correspondence between the fundamental
systems of orthogonal idempotents and the non-decreasing sequences of idempo-
tents for divisibility.

5.25Lemma Let(e;j41 =0, ¢4,...,e1,e0 = 1) bealistofidempotents such that e;
divides ejy1 fori =0, ..., q. Then, the elements r; :== e; —e;11, fori € [0..q], form
a fundamental system of orthogonal idempotents. Conversely, every fundamental
system of orthogonal idempotents (ro, . .., rq) defines such a list of idempotents by
letting

ej =2 >;rifor j €[0.q+1].

D It is clear that Zi ri =1.For0 <i < q,wehave ej+1 = ¢jej+1.
Hence (e; — e;j11)ei41 = 0,i.e. (ry +--- +riy1) - r; = 0. We can now easily
deduce that r;7; = 0 for j > i. O
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We denote by Diag(ay, ..., a,) the diagonal matrix of order n whose coefficient in
position (i, i) is the element a;.

In the following theorem some of the idempotents r; in the fundamental system
of orthogonal idempotents can very well be equal to zero. For example if the ring is
connected and nontrivial, all but one are equal to zero.

5.26 Theorem (Locally simple matrix) Let G € A™*" be the matrixof p : A" — A"
and g = inf (m, n).
The following properties are equivalent.

The linear map ¢ is locally simple.

The submodule Im ¢ is a direct summand of A™".

Im @ is a direct summand of A™ and Ker ¢ is a direct summand of A"

There exists a linear map ¢* : A" — A" with A = Kerp @ Im ¢® and
A" = Ker ¢*®* @ Im ¢.

Each determinantal ideal Dy (i) is idempotent.

6. There exists a (unique) fundamental system of orthogonal idempotents (rg, r1,
..., Iq) such that on each localized ring A[1/ry] the map ¢ is of rank k.

7. Each determinantal ideal Dy (p) is generated by an idempotent ey. Then let
ry = ex — ex+1. The ry’s form a fundamental system of orthogonal idempotents.
For every minor . of order k of G, on the localized ring A[1/(ry p)] the linear
map @ becomes simple of rank k.

8. The linear map p becomes simple after localization at suitable comaximal ele-
ments.

9. Each determinantal ideal Dy (i) is generated by an idempotent ey, and the matrix
of  becomes equivalent to the matrix Diag(e1, e, . .., e;), eventually filled-in
with zeros (for both rows and columns), after localization at suitable comaximal
elements.

10.* The linear map @ becomes simple after localization at any arbitrary maximal

ideal.

Ao~

“

D The equivalence of items I, 2, 3, 4 is already clear (see Facts 5.17 and 5.18).
Furthermore, we trivially have 7 = 6 = 5 and 9 = 5.

Since g = inf(;m, n), we have Dy 1(p) = 0.
1 = 5. We have GHG = G for some matrix H and we apply Fact 5.6.
5 = 7. The fact that each Dy (y) is generated by an idempotent ¢; results from
Fact 4.6. The fact that (ro, ..., 7,) is a fundamental system of orthogonal idempo-
tents results from Lemma 5.25 (and Fact 5.4).

As rrer41 = 0, over the ring A[1/r¢], and thus over the ring A[1/(uri)], where
(4 is a minor of order k, every minor of order k 4 1 of the matrix G is null. Thus, by
the Freeness lemma 5.10, G is simple of rank k.
7 = 9. Over A[l/r¢] and so over A[l/(ury)] (¢ a minor of order k), we have
Diag(ey, ..., ey) = Diag(1,...,1,0,...,0) with 1 appearing k times.
7 = 8. Let t; ; be the minors of order k of G. The localizations are those at _;ry.
We must verify that they are comaximal. Each ey is in the form > # jvi j, so

Zk,j vk,j(tk,jrk) = Zk exry = Zrk =1.
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8 = 1. By application of the local-global principle 5.19 since every simple map is
locally simple.

8 = 10. (In classical mathematics.) Because the complement of a maximal ideal
always contains at least one element in a system of comaximal elements (we can
assume that the ring is nontrivial).

10 = 8. (In classical mathematics.) For each maximal ideal m we obtain a sy ¢ m
and a matrix Hy, such that we have G HyG = G in A[1/sy,]. The ideal generated by
the si’s is not contained in any maximal ideal and so it is the ideal (1). Thus there
is a finite number of these sy,’s which are comaximal.

Let us finish by giving a direct proof for the implication 6 = 1.

On the ring A[1/7] the matrix G is of rank k so there exists a matrix By satisfying
GB;G = G (Theorem 5.14). This means that on the ring A we have a matrix H
in A" satisfying ry Hx = Hy and G = G HyG. We then take H = >, Hj and
obtain G = GHG. O

The equivalence of items / to 9 has been established constructively, whilst item /0
only implies the previous ones in classical mathematics.

Trace, Norm, Discriminant, Transitivity

We denote by Tr(y) and C,(X) the trace and the characteristic polynomial of an
endomorphism ¢ of a free module of finite rank (we take as characteristic polynomial
of a matrix F € M, (A) the polynomial det(X1I,, — F), which has the advantage of
being monic).

5.27 Notation

— If A € B and if B is a free A-module of finite rank, we denote rka (B) by [B : A ].

— For a € B we then denote by Trga (a), Np/a(a) and Cgs(a)(X) the trace, the
determinant and the characteristic polynomial of the multiplication by a, seen as
an endomorphism of the A-module B.

5.28 Lemma Assume that A C B and that B is a free A-module of finite rank m.

1. Let E be a free B-module of finite rank n. If e = (ei);c[1..m] Is a basis of B over
Aand f = (f})je[1.n] @ basis of E over B, then (e; f})i,j is a basis of E over
A. Consequently, E is free over A and

rka (E) = rkg(E) x rka (B).
2. IfB € Cand if C is a free B-module of finite rank, we have
[C:A]=[C:B][B:A]
Remark Let C = A[Y]/(Y3) = Aly], a free A-algebra of rank 3. Since y4 =0,
B=A® Ay2 is a sub-algebra of C, free over A, whose rank (equal to 2) does not

divide the rank of C (equal to 3). The equality [C: A]=[C: B][B : A] does not
apply because C is not free over B. L]
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5.29 Theorem (Transitivity formulas for the trace, the determinant and the charac-
teristic polynomial) Under the same assumptions, let ug : E — E be a B-linear
map. We denote by ua this map when considered as an A-linear map. We then have
the equalities:

det(up) = Npa (det(up)), Tr(up) = Trga (Tr(up)),
Cuy (X) = Npxy/arx) ( Cug (X))

D We use the notations of Lemma 5.28. Let uy; be the elements of B defined by
u(fj) = ZZ=1 ui;j fr. Then the matrix M of ua with respect to the basis (e; f;);, j is

expressed as a block matrix

My - My,

My -+ My,

where My represents the A-linear map b — buy; of B in B to with respect to the
basis e. This provides the desired equality regarding the trace of u 4 since

n
Zi:l Trp/a(u;i)

Trua) = D Tr(M;)
i Trpya (Tr(ug)).

Trp/A (Zi=1 Uii)

As for the equality for the determinant, note that the matrices M;; pairwise commute
(M;; is the matrix of the multiplication by u;;). We can then apply the following
Lemma 5.30, which gives us:

det(M) = det(A) with A = Zaes e(0)YM15, Mg, ... Myg,.

However, A is none other than the matrix of the multiplication by the element
desn e(0)u15U20y - - - Ung,, 1.€., by det(up), thus:

det(up) = det(M) = NB/A(det(uB)).

Finally, the equality for the characteristic polynomial is deduced from the one for
determinants by using the fact that C,,, (X) is the determinant of the endomorphism
XIdg(x) — ua of the A[X]-module E[X] whereas C,; (X) is that of the same map
seen as an endomorphism of the B[ X]-module E[X]. O

In a noncommutative ring, two elements a and b are said to be permutable or com-
muting if ab = ba.
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5.30 Lemma Let (N;;); j be a family of n? pairwise commuting square matrices,
and N the square matrix of order mn:

Then: det(N) = det (X cs, £(0) Nigy Nao, - - - Nugy, )-

D Let A be the n x n matrix defined by A = Znesn €(0)N15,N2g, . . . Nyg,. Thus
we must prove that det(N) = det(A).

Let us treat the special cases n = 2 then n = 3. We replace A with A[Y] and
N;; by N;; + Y1, which has the advantage of making some determinants regular in
A[Y]. It suffices to establish the equalities with these new matrices, as we finish by
making ¥ = 0.

The key-element of the proof for n = 2 resides in the following equality:

Ni1 N2 Ny O _ Ni1Ny» — NipN2p Nip
Nai N || =Na Iy 0 N |°

We then consider the LHS and RHS determinants
det(N) det(Ny2) = det(N11 N2 — Ni2Nay) det(Naa),

next we simplify by det(N»») (which is regular) to obtain the result.
Case n = 3 uses the equality:

N1t Ni2 Ni3 N2 N33 — N3Nz 0 0 A Niz Ni3
N1 N2 Nos N31Noz — N21N3z Ly 0 | =| 0 Nop Nos |,

N31 N3 N33 N21N3z — N»pN3p 0 Iy 0 N3 N33
which leads to

det(N) det(N22N33 —_ N23N32) — det(A) det |:N22 N23:| .

N3» N33

Case n = 2 provides det(Nyy N33 — Np3N3p) = det Nop Nos
N3 N33
this determinant and obtain det(N) = det(A).

The general case is left as an exercise (see Exercise 28). O

i|. We simplify by

5.31 Corollary Let A € B C C be three rings with C free of finite rank over
B and B free of finite rank over A. We then have:

Nc/A = Npja oNgyB, Trca = Trga o Treys,
Cc/a(c)(X) = Nixjarxi( Ce/p@©) (X)) (c € O).
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Gram Determinants and Discriminants

5.32 Definition Let M be an A-module, ¢ : M x M — A be a symmetric bilinear
form and (x) = (x1, ..., x¢) be a list of elements of M. We call the matrix

Grama (¢, x) < (SD(XI" x/))i,je[[l..k]]

the Gram matrix of (x1, ..., xx) for . Its determinant is called the Gram determi-
nant of (x1, ..., xg) for ¢ and is denoted by gramy (¢, x).

If Ay; + -+ + Ay € Ax; + -+ - + Axg we have an equality

gram(ep, y1, ..., yi) = det(A)? gram(ep, x1, ..., i),

where A is a k x k matrix which expresses the y;’s in terms of the x;’s.

We now introduce an important case of a Gram determinant, the discriminant.
Recall that two elements a, b of a ring A are said to be associated if there exists
au € A* such that a = ub. In the literature such elements are also referred to as
associates.

5.33 Proposition and definition Let C 2O A be an A-algebra which is a free
A-module of finite rank and x1, ..., Xk, y1, ..., Yk € C.

1. We call the determinant of the matrix
(TrC/A(xixj))i,je[[l.ik}]

the discriminant of (xi,...,x;). We denote it by discca(x1,...,xk) or
disc(xy, ..., xg).
2. If Ay + -+ Ayr € Axy + -+ - + Axg we have

disc(y1, ..., i) = det(A)? disc(x1, ..., x¢),

where A is a k x k matrix which expresses the y;’s in terms of the x;’s.

3. In particular, if (x1,...,x,) and (y1, ..., Yp) are two bases of the A-algebra C,
the elements disc(x1, ..., x,) and disc(y1, ..., Y,) are multiplicatively congru-
ent modulo the squares of A*. We call the corresponding equivalence class the
discriminant of the extension C/A. We denote it by Discca.

4. IfDisccya is regularandn = [C : A], asystemuy, ..., u, in Cis an A-basis of
Cifand only if disc(uy, . .., u,) and Discc/a are associated elements.

For example when A = Z the discriminant of the extension is a well-defined integer,
whereas if A = Q, the discriminant is characterized on the one hand by its sign, and
on the other hand by the list of prime numbers contained therein with an odd power.
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5.34 Proposition Let B and C be two free A-algebras of ranks m and n, respectively,
and consider the product algebra B x C.

Given a list (x) = (x1, ..., Xp) of elements of B and a list (y) = (y1, ..., Yn) Of
elements of C, we have: N

discBxc)/a(x, y) = discp/a (x) x discc/a ().
In particular, Discgxcy/a = Discg/a x Discca -

D The proof is left to the reader. d

5.35 Proposition Let B D A be a free A-algebra of finite rank p.
We consider

a B-module E,

a symmetric B-bilinear form g : E x E — B,
a basis (b) = (bi)je1..p] of B over A, and

a family (¢) = (ej) je[1..] of n elements of E.

Let (b x e) be a family (bje;) of np elements of E and pp : E x E — A be the
symmetric A-bilinear form defined by:

pa(x,y) = Trpa (¥B(x, ).
We then have the following transitivity formula:

gram(ipp, b x e) = discpa (b)" x Npa (gram(pg, e)).

D In the following the indices i, ', k, j, j’ satisfyi,i’,k € [1..p] and j, j* € [1..n].
Let us agree to sort b % ¢ in the following order:

bxe=biey,...,bper,brea, ..., bper, ..., biey, ..., bpey,.
For x € B, let i1, : B — B be the multiplication by x and m (x) be the matrix of f,
with respect to the basis (b;);c1.. ,] of B over A. Thus we define an isomorphism m of

the ring B into a commutative subring of M, (A). If we let my; (x) be the coefficients
of the matrix m(x), we then have:

px (bi) = bix = Zp:

iy ki (x)bx,

with Ng s (x) = det (m(x)). By letting o = wB(ej, ejr) € B, we have

oA(biejbiej) = Trpa (pB(biejbirej)) = Trpa(bibipjjr).
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By using the equality b;/ ;1 = Z,le myi (@) bk, we have with Tr="Trga:
Teibipjj) = Tr (Z;l bi myi (1) bi) = z:=l Tr(bibi) myir (pjj)- (%)

We define 3 € M, (A) by Bix = Trp/a (b;br). The right-hand sum in () is none other

than the coefficient of a product of matrices: (ﬂ -m(p; j’))ii" The Gram determinant

of b x e for py is therefore an np x np matrix comprised of n? blocks of p x p
matrices. Here is that matrix if we let ¢ ;7 = m(yp;;/) to simplify the expression:

Bén Borz ... Bom g0 Uren oén ... éu
Beo1 Bear ... Pdon 08 .. ° ¢ P ... dum
z ; N z
ﬁ(bnl ﬁ¢n2 cee ﬁ¢nn 0 . 6 ¢n1 ¢n2 cee ¢'nn
By taking the determinants we obtain
b1 b2 ... O
$21 P2 ... Om
gram(pa, b e) = det(f)" - det | . ;
d)nl ¢n2 ce. ¢nn

By using the fact that the matrices ¢;; pairwise commute, we find that the right-
determinant is equal to

det( Z 5(U)¢101 ¢202 . ~-¢n(r,l) :detm(det(@jl)) :NB/A (gram(¢Bv€))a

gesS,

as required. (]

5.36 Theorem (Transitivity formula for the discriminants) Let A € B € C, with B
free over A, C free over B, [C :B]l=nand [B : A] = m. Let (b) = (b,-)ie[[lum]]
be a basis of B over A, (¢) = (Cj)je[[l..n]] be a basis of C over B and let (b % ¢) be
the basis (bic;) of C over A. Then:

discca (b ¢) = discpa (b)! Bl Npa (discc/p(©)).
and so Discca = DiSCB/I[&C:B] Ng,a (Discc/B).

D Direct application of Proposition 5.35. (]
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6 Basic Local-Global Principle for Modules

This section’s results will not be used before Chap. V.

We are about to give a slightly more general version of the basic local-global
principle 2.3. This new principle concerns arbitrary A-modules and linear maps,
whilst the basic principle can be considered as the special case where the modules
are free and of finite rank. The proof is essentially the same as that of the basic
principle.

Beforehand, we start with a brief review of exact sequences and we establish some
elementary properties of the localization regarding modules.

Complexes and Exact Sequences
When we have successive linear maps

M-NLp Lo,
we say that they form a complex if the composition of any two successive linear maps
is null. We say that the sequence is exact in N if Im o = Ker 3. The entire sequence is
said to be exactif itis exactin N and P. This extends to sequences of arbitrary length.
This “abstract” language has an immediate counterpart in terms of systems of
linear equations when we are dealing with free modules of finite rank. For example
if N = A", P = A" and if we have an exact sequence

0—>Mi>Ni>Pi>Q—>O,
The linear map [ is represented by a matrix associated with a system of m line-
ar equations with n unknowns, the module M, isomorphic to Ker 3, represents the
defect of injectivity of 3 and the module Q, isomorphic to Coker 3, represents its
defect of surjectivity of 3.
An exact complex of the type

with m > 3 is called a long exact sequence (of length m).

If m = 2, we say that we have a short exact sequence. In this case M> can
be identified with a submodule of M1, and, modulo this identification, M can be
identified with M/ M>.

An important fact to note is that every long exact sequence of length m “can be
decomposed into” m — 1 short exact sequences according to the following schema.

%) Ul

0—> E» M My — 0
00— Ej i My 2 E, -0
tm—1 Um—2
0— E,_1 M, _» E,»—0
0— My o M, ol En1—0
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with E; = Imu;4; € M; fori € [2..m — 1], the ¢’s canonical injections, and the
v ’s obtained from the u;’s by restricting the range to Im uy.

An important theme of commutative algebra is provided by the transformations
that preserve, or do not preserve, exact sequences.

Here are two basic examples, which use the modules of linear maps.

Let Lo (M, P) be the A-module of A-linear maps from M to P and Enda (M)
designate La (M, M) (with its ring structure generally noncommutative). The dual
module of M, La(M,A), will in general be denoted by M*.

3
6.1 Fact If0 - M N L) P is an exact sequence of A-modules, and if F is
an A-module, then the sequence

0 — LA(F, M) —> LA(F,N) —> LA(F, P)
is exact.

D Exactness in LA(F, M). Let ¢ € Lo (F, M) such that & o ¢ = 0. Then, since the
first sequence is exactin M, forall x € F, p(x) =0, so ¢ = 0.

Exactness in LA (F, N). Let o € LA(F, N) such that § o ¢ = 0. Then, since the
first sequence is exactin N, for all x € F, p(x) € Im «.

Let oy : Ima — M be the inverse of the bijection « (regarding the codomain
of v as Im o) and ¥ = g .

We then obtain the equalities LA (F, a)(¥) = aag ¢ = . ([
6.2 Fact If N i> J LN Q — 0 is an exact sequence of A-modules and if F is
an A-module, then the sequence

0— LA(Q, F) — LaA(P,F) — LA(N, F)
is exact.

D Exactness in LA(Q, F). If ¢ € La(Q, F) satisfies ¢ o v = 0, then, since 7 is
surjective, = 0.

Exactness in Lo(P, F). If ¢ : P — F satisfies ¢ o § = 0, then Im 5 C Ker ¢
and ¢ is factorized by P/ Im 3 >~ Q, thatis ¢ = o~y foralinearmap : Q — F,
ie.p € ImLA(y, F). (]

6.3Fact Let 5 : N — P be a linear map and v : P — Coker (3 be the canonical
projection.

1. The canonical map '~y : (Coker 3)* — P* induces an isomorphism of (Coker 3)*
on Ker'f.

2. If the canonical linear maps N — N** and P — P** are isomorphisms, then
the canonical surjection of N* in Coker '3 provides by duality an isomorphism
of (Coker '3)* on Ker f3.



58 II The Basic Local-Global Principle and Systems of Linear Equations

D 1. We apply Fact 6.2 with F = A.
2. We apply item / to the linear map '3 by identifying N and N**, as well as P
and P**, and thus also 3 and '(‘ 3). O

Remark 1t is possible to slightly weaken the assumption by requiring that the linear
map P — P™ be injective. L]

Localization and Exact Sequences

6.4 Fact Let S be a monoid of a ring A.

1. If M is a submodule of N, we have the canonical identification of Mg with a
submodule of Ns and of (N/M)s with Ns/Mj3.
In particular, for every ideal a of A, the A-module ag is canonically identified
with the ideal aAg of Ag.

2. If o: M — N is an A-linear map, then:

a. Im(pgs) is canonically identified with (Im(go))s,
b. Ker(ypsg) is canonically identified with (Ker(gp)) s’
c. Coker(pgs) is canonically identified with (Coker(go)) s

3. If we have an exact sequence of A-modules
MNP,
then the sequence of As-modules

MSgNS&PS

is also exact.

6.5 Fact IfM, ..., M, are submodulesof N and M = (\;_, M;, then by identifying
the modules (M;)s and Mg with submodules of Ns we obtain Mg = ﬂ;=1(Mi)S.

6.6 Fact Let M and N be two submodules of an A-module P, with N finitely gen-
erated. Then, the conductor ideal (Ms : Ng) is identified with (M : N)g, via the
natural maps of (M : N) in (Ms : Ng) and (M : N)s.

This is particularly applied to the annihilator of a finitely generated ideal.
Local-Global Principle for Exact Sequences of Modules

6.7 Concrete local-global principle (For exact sequences) Let Sy, ..., S, be co-
maximal monoids of A, M, N, P be A-modules and ¢ : M — N,y : N — P be
two linear maps. We write A; for As,, M; for Mg, etc. The following properties are
equivalent.
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1. The sequence M “s N i> P is exact.

2. Foreachi € [1..n], the sequence M; 4N N; i) P; is exact.

As a consequence,  is injective (resp. surjective) if and only if for each i € [1..n],
;i 1s injective (resp. surjective)

D We have seen that / = 2 in Fact 6.4.
Assume 2. Let u; : M — M;, v; : N - N;, m; : P — P; be the canonical
homomorphisms. Let x € M and z = (¢(x)). We thus have

0 = i (@i (i () = m (V((x))) = i (2),

for some s; € S;, siz = 0in P. We conclude that z = 0 by using the comaximality
of the S;’s: >, ujs; = 1. Now let y € N such that ¢(y) = 0. For each i there exists
some x; € M; such that ¢; (x;) = v;(y).

We write x; =p, a;/s; witha; € M and s; € S;. The equality ¢; (x;) = v;(y)
means that for some #; € S; we have t;p(a;) = t;s;y in N. If Zi vit;si = 1, we can
deduce that ¢( >"; vitja;) = y. Thus Ker ¢} is indeed included in Im . O

6.8 Abstract local-global principle* (For exact sequences) Let M, N, P be
A-modules, and ¢ : M — N and 1) : N — P be two linear maps. The follow-
ing properties are equivalent.

1. The sequence M “ N i) P is exact.
. . P .
2. For every maximal ideal m the sequence M P N —> Py is exact.

As a consequence, @ is injective (resp. surjective) if and only if for every maximal
ideal m, py is injective (resp. surjective).

D The property x = O for an element x of a module is a finite character property.
Similarly for the property y € Im . Thus, even if the property “the sequence is
exact” is not of finite character, it is a conjunction of finite character properties,
and we can apply Fact*2.11 to deduce the abstract local-global principle from the
concrete local-global principle. ([l

Let us finally mention a concrete local-global principle for monoids.

6.9 Concrete local-global principle (For monoids) Let Sy, ..., S, be comaximal
monoids of A, V be a monoid. The following properties are equivalent.

1. The monoid V contains 0.

2. Fori € [1..n]), the monoid V seen in A, contains 0.

D For each i we have some v; € V and some s; € S; such that s;v; = 0. Let v =
[1; vi € V. Then, v is zero in the Ag,’s, thus in A. |
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Exercises and Problems

1 Exercise We recommend the reader to do the proofs which are not given, are
sketched, are left to the reader, etc... In particular, consider the following cases.

e Check Facts 1.2 to 1.4.

Prove Corollary 2.4.

e In Lemma 2.6 compute suitable exponents for the items 2, 3 and 4, by making the
proof completely explicit.

e Prove Corollary 3.3. Give a more detailed proof of Theorem 3.4. Check the details

in the proof of the local-global principle 3.5. Prove Proposition 3.7.

Check Facts 6.4 to 6.6. For Fact 6.5 we use the exact sequence 0 > M — N —

€;_, N/M; which is preserved by localization.

2 Exercise (Also see Exercise VII-8)

1. (Invertible elements in B[T], cf. Lemma 2.6)
Let two polynomials f = > a; T, g = Diobj T/ with fg = 1. Show that
the coefficients a;, i > 1, bj, j > 1 are nilpotent elements and that a,’f“ =0.
2. (Characteristic polynomial of a nilpotent matrix)
Let A € M, (B) be a nilpotent matrix and C4(T) = T" + Zz;l ag Tk be its
characteristic polynomial.

a. Show that the coefficients a; are nilpotent elements.
b. Precisely, if A° = 0, then Tr(A)©¢~D"+! = 0 and

ai’ =0 where ¢ =(¢—D(})+1 (=0,....,n—1).

3 Exercise Letx = (x1,...,x,) € A" be a vector and s € A.

1. If x is unimodular in A/{s)and in A[1/s], it is unimodular in A.
2. Let b and ¢ be two ideals of A. If x is unimodular modulo b and modulo ¢, then
it is also unimodular modulo be.

4 Exercise (A typical application of the basic local-global principle) Let x =
(x1,...,x,) € A" be unimodular. For d > 1, we denote by A[X1, ..., X,]; the
A-submodule of the homogeneous polynomials of degree d and

lox={f€AlX];| f(x) =0}, A-submodule of A[X].

1. If xy € A, every f € I is a linear combination of the x; X; — x; X with
homogeneous polynomials of degree d — 1 for coefficients.

2. Generally, every f € Ij, is a linear combination of the (xxX; — x;Xy) with
homogeneous polynomials of degree d — 1 for coefficients.

3. Let I, = @d>l Iy . Show that I, = { F | F(tx) = 0} (where ¢ is a new inde-
terminate). Show that I is saturated, i.e., if X TF € I, for some m and for each
j,then F € I.
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5 Exercise (Variations of the Gauss-Joyal Lemma 2.6) Show that the following
statements are equivalent (each statement is universal, i.e., valid for all polynomials
and every commutative ring A):

c(f) =clg) =(1) = c(fg) =(1),

- Gio, Jo fig=9jo=1 = c(fg) =(1),
ApeN, (c(NHe@)” S c(fg)

. (Gauss-Joyal) DA(c(f)c(g)) = DA(c(fg)).

W=

6 Exercise (Norm of a primitive polynomial through the use of a null ring) Let B be
a free A-algebra of finite rank, X = (X1, ..., X,) be indeterminates, Q € B[X] and
P = Np[xj/a[x1(Q) € A[X]. Show that if Q is primitive, then so is P. Hint: check
that A N cg(P) = ca(P), consider the subring A’ = A/ca(P) of B = B/cg(P)
and the A’-linear map “multiplication by Q,” mg : B'[X] — B'[X], R — QR.

7 Exercise Show that a coherent ring A is strongly discrete if and only if the test
“1 € (ay, ..., a,)? is explicit for every finite sequence (a1, ..., a,) in A.

8 Exercise (An example of a coherent Noetherian ring with a non-coherent quo-
tient.) Consider the ring Z and an ideal a generated by an infinite sequence of el-
ements, all zeros besides eventually one, which is then equal to 3 (for example we
place a 3 the first time, if it ever occurs, that a zero of the Riemann zeta function’
has real part not equal to 1/2). If we are able to provide a finite system of generators
for the annihilator of 3 in Z/a, we are able to say whether the infinite sequence is
identically zero or not. This would mean that there exists a sure method to solve
conjectures of the Riemann type.

Comment As every reasonable constructive definition of Noetherianity seems to de-
mand that a Noetherian ring’s quotient remains Noetherian, and given the above
“counterexample,” we cannot hope to have a constructive proof of the theorem of
classical mathematics which states that every Noetherian ring is coherent. [

9 Exercise (Idempotents of A[X]) Prove that every idempotent of A[X] is an idem-
potent of A.

10 Exercise Let u and v be two idempotents and x be an element of A.
The element 1 — (1 — u)(1 —v) = u + v — uv is denoted by u V v.

Show that x € uA < ux = x. In particular, uA = vA & u = v.

. The element uv is the least common multiple of # and v amongst the idempotents
of A (i.e., if w is an idempotent, w € uUANvA < w € uvA). Actually, we even
have uA N vA = uvA. We write u A v = uv.

3. Prove the equality uA 4+ vA = (u V v)A. Infer that u Vv v is the greatest common

divisor of u and v amongst the idempotents of A (in fact an arbitrary element of

A divides u and v if and only if it divides u V v).

N =

9Here we enumerate the zeros a, + ib, with b, > 0 by order of magnitude.
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4. By asequence of elementary operations, transform the matrix Diag(u, v) into the
matrix Diag(u V v, u A v).
From it, deduce that the two A-modules uA @ vA and (u Vv v)A @ (u A v)A are
isomorphic.

5. Show thatthe tworings A/(u)x A/(v)and A/(u Vv v)x A/(u A v) are isomorphic.

11 Exercise Let Abearingand (ey, ..., ¢;) be a fundamental system of orthogonal
idempotents of Frac A = K. We write ¢; = a;/d witha; € A and d € RegA. We
then have a;a; = 0 fori # j and >, a; regular.

1. Establish a converse.
2. Show that K[1/e;] ~ Frac (A/Anny (a;)) and K = [T, Frac (A/Anna (a;)).

12 Exercise (Separating the irreducible components)
1. LetA =Qlx,y,z]1 =Q[X,Y, Z]/(XY,XZ,YZ)and K = Frac A. What are the
zeros of A in Q3 (ie. (x, v, z) € Q3 such that xy = yz = zx = 0)? Give a reduced
form of the elements of A. Show that x + y + z € Reg A. Show that the elements
X y Z

x+y+z  x+y+z and xX+y+z
idempotents in K. Show that K >~ Q(X) x Q(Y) x Q(Z).
2. Let B = Q[u, v, w] = Q[U, V, W]/(UV W)and L. = FracB.

What are the zeros of B in Q3? Give a reduced form of the elements of B. Show
that L >~ Q(U, V) x Q(V, W) x Q(W, U).

form a fundamental system of orthogonal

13 Exercise (Idempotent and elementary group) Let a € A be an idempotent. For

b € A, give a matrix A € E(A) and an element d € A such that A |:Z:| = [g] .
In particular, explain why (a, b) = (d).

Moreover, prove that if b is regular (resp. invertible) modulo a, then d is regular
(resp.invertible). Finally, if b is idempotent,d =a v b =a + b — ab.

14 Exercise Let (r1,...,r,) be a finite family of idempotents in a ring A. Let
si = 1 —r; and, for a subset I of [1..m], letr; = [];c;ri [1;¢; 5i-

1. Show that the diagonal matrix D = Diag(ry, ..., ry,) is similar to a matrix D’ =
Diag(ey, ..., en) where the ¢;’s are idempotents which satisfy: e; divides e if j > i.
You can start with the n = 2 case and use Exercise 10. Show that (e;) = Dy (D) for
all k.

2. Show that we can write D’ = PD P~ with P a generalized permutation matrix,
i.e. a matrix which can be written as j fjPj where the f;’s form a fundamental
system of orthogonal idempotents and each P; is a permutation matrix. generalized
permutation—Suggestions:

e The r;’s form a fundamental system of orthogonal idempotents. The diagonal
matrix r; D has the element r; as its coefficient in position (i,i) if i € I and O
otherwise. The matrix P; then corresponds to a permutation bringing the coeffi-
cients r; to the head of the list. Finally, P = > ; 1 Pr. Note that the test “r; = 077
is not necessary!
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e We can also treat the m = 2 case: find P = e|:(l)(])] + f [?(1)} with f = s,
e=1— f,and D' = Diag(r| V ra, r| A12).

Next we treat the m > 2 case step by step.

15 Exercise Recall the proof of the Chinese Remainder Theorem (p. 34) and
explicitly give the idempotents.

16 Exercise (Elementary Group: first steps) Mo (A) case.
1. Let a € A. Determine a matrix P € Ey(A) such that P [g] = [2] . Same for
ea a %
[0 ] — |:0:|where€eA .
. . 0-1 -1 0
2. Write the matrices and as elements of E,(A).

1 0 0-—1

3. Show that every triangular matrix of SIL;(A) is in E(A).

4. Letu = |:);:| , V= |:i]:|, w = [_i}:| with x, y € A. Show that v € GILy(A) - u
and w € E3(A) - u, but not necessarily v € SL2(A) - u. For example, if x, y are
two indeterminates over a ring k, A = k[x, y] and v = Au, with A € GL;,(A),
then (det(A))(0,0) = —1. Consequently, we have det(A) € —1 + Dy (0)(x, y)
(Lemma 2.6), therefore det(A) = —1 if k is reduced. In addition, if det(A) = 1,
then 2 = 0 in k. As aresult, v € SLp(A) - u if and only if 2 = 0 in k.

17 Exercise (Elementary group: next steps)
1. Let A € M, ,(A) with an invertible coefficient and (n, m) # (1, 1). Deter-

mine matrices P € E,(A) and Q € E,;(A) such that PA Q = |:O 11 1 OI’X,_l :|
n—1,

Example: with a € A* give P for P g = (1)] (Exercise 16 item 7).

2.Let A € M (A) with an invertible coefficient. Compute matrices P and Q € Ej(A)
such that: PA Q = [(1) g] with § = det(A).

Every matrix A € Sy (A) with an invertible coefficient belongs to E E;(A). Make
the following cases explicit:

[g a(_)l] : [_3_1 g] . witha € A*.
Write the following matrices (with a € A*) in Ey(A):

bl o el )

3. Prove that if A = Diag(ay, a2, ..., a,) € SL,(A), then A € E, (A).
4. Show that every triangular matrix A € SIL, (A) belongs to E, (A).
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18 Exercise (Division matrices Dy, of determinant 1) A “general division”
a = bq — r can be expressed with matrices:

EHEE]

01
I q} € SL(A).

Show that E>(A) is the monoid generated by the D, matrices.

This leads to the introduction of the matrix D, =

19 Exercise Let A be aring and A, B € M,(A). Assume that we have some i € A
with i2 = —1 and that 2 € A*. Show that the matrices of M, (A)

A -B ,_[A+iB 0
M_[B A]a“dM_[ 0 A—iB}

are elementarily similar, (i.e., 3P € Ey,(A), PMP~! = M').
Hint: first treat the n = 1 case.

20 Exercise Ford € A* and A € A compute the matrix
Diag(l,...,d,..., 1) - E;;()) - Diag(1, . d7 D).
Show that the subgroup of diagonal matrices of G, (A) normalizes E, (A).

21 Exercise (A freenesslemma, ora Splitting Off: reader’s choice) Let F € AG,(A)
be a projector with an invertible principal minor of order k. Show that F is similar
to a matrix |:I(l)< I(:)/i| where F/ € AG,_¢(A).

The finitely generated projective module P  mF C A" admits a free direct
summand with k£ columns of F for its basis.

22 Exercise Let A € A”*™ be of rank 1. Construct B € A™*" such that ABA = A
and verify that AB is a projector of rank 1. Compare your solution with that which
would result from the proof of Theorem 5.14.

23 Exercise This exercise constitutes an abstraction of the computations that led to
Theorem 5.14. Consider an A-module E “with enough linear forms”, i.e. if x € E
satisfies p(x) = O for all 4 € E*, then x = 0. This means that the canonical map
from E to its bidual, E — E**, is injective. This condition is satisfied if E is a
reflexive module, i.e. E >~ E**, e.g. a finitely generated projective module, or a free
module of finite rank.
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For x1,...,x, € E, denote by /\r(xl, ..., Xp) the ideal of A generated by the
evaluations of every r-multilinear alternating form of E at every r-tuplet of elements
of {x1,...,x,}.

Assume that 1 € \,(x1,...,x,) and N\, (x1,...,%,) =0.

We want to prove that the submodule >~ Ax; is a direct summand in E by explicitly
giving a projector m : E — E whose image is this submodule.

1. (Cramer’s formulas) Let f be an r-multilinear alternating form over E. Show,
for yo, ..., yr € > Ax;, that

r . ~
Zizo(—l)lf(yo, ces Yie s Yis Yigls oo Yr) Yi = 0.

Or, for y, y1, ..., yr € > Ax;, that

,
SO )y ==:E:i=l.f(y1,-.-,yf-1,y,)w+1,---,yr)yb
2. Give n linear forms a; € E* such that the linear map
T:E—E, x> > a;i(x)x;

is a projector onto > Ax;. We define ¢ : A" — Ebye; > x; and p : E — A"
by o(x) = (al(x), e an(x)). Arrange for m = ¢ o ¢ and 7 o ¢ = 1, so that
Yopoth=1.

3. (New proof of Theorem 5.14) Let A € A™*" be a matrix of rank r. Show that
there exists a B € A" such that ABA = A.

24 Exercise Let A € A**™ and B € A™*",
1. We have the following commutativity formula:

det(I,, + XBA) = det(I,, + XAB).
First proof First treat the case where m = n, for example by the method of unde-
termined coefficients. If m # n, A and B can be completed with rows and columns
of 0’s to turn them into square matrices A; and Bj of size ¢ = max(m, n) as in
the proof given p. 36. Then check that det(I,, + XBA) = det(I; + XB1 A1) and
det(I, + XAB) = det(I; + XA By).
Second proof Consider an undetermined X and the matrices

B’=|:)iB OI'" i| and A/=[IA I);Bi|
n n,m m
Compute A’B’ and B’A’.

2. What can be deduced about the characteristic polynomials of AB and B A?

25 Exercise (Binet-Cauchy formula) We use the notations on p. 42. For two matrices
A € A" and B € A™*", prove that we have the Binet-Cauchy formula:
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det(BA) = > det(Bi_m.a) det(Aq,1.m)-

a€Py

First proof Use the formula det(l,, + XBA) = det(I, + XAB) (Exercise 24).
Then consider the coefficient of X™ in each of the polynomials det(I,, + X BA) and
det(I, + XAB).
Second proof The matrices A and B represent linear maps u : A" — A" and
v:A' — A",

Then consider the matrices of A" u, A" vand A" (vou) with respect to the bases
naturally associated with the canonical bases of A" and A™.

Conclude by writing A" (vou) = A" vo N" u.
Third proof In the product B A insert between B and A a diagonal matrix D having
indeterminates A; for coefficients, and see which is the coefficient of A;; --- \;, in
the polynomial det(B D A) (to do this take A;; = --- = );, = 1 and let the other be
null). Conclude by letting all the A;’s be equal to 1.

26 Exercise Let u € Ends (A"). For k € [0..n], let ux = A (u).
n—1
Show that det(u) = det(u)&-1) and that

det(ug) det (un_g) = det(u)® .

27 Exercise For A € A"*" prove that the following properties are equivalent.

1. The matrix A is injective and locally simple.
2. There exists a matrix B € A”*" such that BA =1,.
3. The determinantal ideal D, (A) = (1).

Hint: See Theorems 5.14, 5.22 and 5.26.
28 Exercise Treat the general case in the proof of Lemma 5.30.

29 Exercise If gramy (¢, x1, ..., X,) is invertible, the submodule Ax + - - - + Ax,
is free with (x1, ..., x) as its basis.

1 Problem (Gauss’ pivot, ABA = A, and linear rationality) Let K be a discrete
field. If x € K" is a nonzero vector, its pivot index i is the least index i such that
x; # 0. We say that the coefficient x; is the pivot of x. The height h(x) of x is
the integer n — i + 1 and it is agreed that #(0) = 0. For example, for n = 4 and

0
x = i , the pivot index of x is i = 2, and h(x) = 3. The following notions of

*
“staggering” are relative to this height /.

We say thatamatrix A € M, ,,, (K) has staggered columns if the nonzero columns
of A have distinct heights; we say that it is strictly staggered if, additionally, the rows
at the pivot indices are vectors of the canonical basis of K™ (these vectors are nec-
essarily distinct). Here is a strictly staggered matrix (0 has been replaced by a dot):
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1
© a4
1
a43 a4

1
arjr amp a3 as :
1
agr a9y A93 dA94  avs

1. Let A € M, ,,(K) be strictly staggered; we define Ae M, (K) by annihilating
the nonpivot coefficients (the a;;’s in the above exercise) and B = tA e M,y (K).
Check that ABA = A.

Describe the projectors AB, BA and the decomposition K" = Im AB & Ker AB.
2. Let A € M, ,, (K) be an arbitrary matrix. How do you obtain Q € GL,, (K) such
that A" = AQ is strictly staggered? How do you compute B € M, ,,(K) satisfying
ABA = A?
3. LetA € M, ,,(K)and y € K”. Assume that the system of linear equations Ax =y
admits a solution x on an overring of K. Show that it admits a solution on K.
4. Let Ko € K be a subfield and E, F be two complementary K-linear subspaces of
K". Assume that E and F are generated by vectors with components in K. Show
that Kj = (E NKp) & (F NKE).

Let E € K” be aK-linear subspace. We say that E is Ko-rational if it is generated
by vectors with components in Ko.
5. Let F be a complementary subspace of £ in K" generated by vectors of the
canonical basis of K": K" = E @ F and 7 : K" — E be the associated projection.

a. Show that E is Kg-rational if and only if w(e;) € K for every vector e; of the
canonical basis.

b. Deduce the existence of a smaller field of rationality for E.

c. What s the field of rationality of the image in K” of a strictly staggered matrix?

2 Problem

1. Partial factorization algorithm. Given two integers a and b prove that we can
“efficiently” compute a finite family of pairwise coprime positive integers p; such
thata = =[]/, p/" and b = £ [[}_ 1pl

2. Consider a system of linear equations AX = B in Z which admits an infinity
of solutions in Q™. To know if it admits a solution in Z™ we can try a local-global
method. Start by determining a solution in QQ, which is a vector X € Q™. Find an
integer d such that d X € Z™, such that X has coefficients in Z[1/d]. It then suffices
to construct a solution in each localized ring Z; 7 for the prime p’s which divide
d and to apply the Concrete local-global principle 2.3. To know if there is a solution
in Zy4 7 and to construct one, we can use the pivot method, provided we take as
pivot an element of the matrix (or rather the remaining part of the matrix) which
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divides every other coefficient, i.e. a coefficient wherein p appears with a minimum
exponent.

The drawback of this method is that it requires factorizing d, which can render it
unfeasible.

However, we can slightly modify the method in order to avoid having to completely
factorize d. We will use the partial factorization algorithm. Start as if d were a prime
number. More precisely work with the ring Z, 47. Check whether a coefficient of
the matrix is comaximal to d. If one is found, use it as your pivot. Otherwise no
coefficient of the matrix is comaximal to d and (by using if necessary the partial
factorization algorithm) we have one of the following three cases:

e d divides all the coefficients of the matrix, in which case, either it also divides
the coefficients of B and it is reduced to a simpler problem, or it does not divide
any coefficient of B and the system of linear equations has no solution,

e d is written as a product of pairwise comaximal factors d = d - - -dy with
k > 2, in which case we can then work with the localizations at the monoids
A+ d1Z), ..., +d.7),

e d is written as a pure power of some d’ dividing d, which, with d’ in place of d,
brings us to a similar but simpler problem.

Check that we can recursively exploit the idea expressed above. Write an algorithm
and test it. Examine whether the obtained algorithm runs in a reasonable time.

Some Solutions, or Sketches of Solutions

2 Exercise
1. Assume without loss of generality ap = by = 1. When you write fg = 1, you get

0=apby,0=ayby_1+ an_1bn,0 = ayby_2 + an_1by_1 + an_2by,

and so on up to degree 1.

Then prove by induction over j that deg(a;,g) < m — j.

In particular, for j = m + 1, we get deg(a”'g) < —1,i.e. a"*!g = 0. Whence
a1 = 0. Finally, by reasoning modulo Dg(0), we obtain successively nilpotent
aj’sforj=n—1,...,1.
2a. Consider the polynomials over the commutative ring B[A]:

T)=detd, — T an T)=det, + TA+T + -+ T AT,
(T) = det(I A) and g(T) = det(I A+ T2A2 e—l ge—1y

We have f(T)g(T) = det(I, — T¢A®) = 1. The coefficient of degree n — i of f is

+a;. Apply 1. '

2b. Tt suffices to prove that Tr(A)©~D"+! = 0, because a; = £ Tr ( A" 7' (A)).
Consider the determinant defined with respect to a fixed basis B of A”. If we take

the canonical basis formed by the ¢;’s, we have an obvious equality

Tr(f) = detg(f(e1), ez, ..., en) + - +detg (er, ez, ..., flen)).
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It can be written in the following form:

Tr(f)detg(et,...,e,) =detg(f(e1),ea,...,e,)+---+detg (el, e, ..., f(en)).

In this form we can replace the ¢;’s by any system of n vectors of A”: both sides are
n-multilinear alternating forms (at the ¢;’s) over A", therefore are equal because they
coincide on a basis.

Thus, multiplying a determinant by Tr(f) reduces to replacing it by a sum of
determinants in which f acts on each vector.

One deduces that the expression Tr( f )”("’I)Jrl detg(ey, ..., e,) isequal to a sum
of which each term is a determinant of the form

detg (™' (e1), f™(€2), ..., """ (en)),
with Zi m; = n(e — 1) 4 1, therefore at least one of the exponents m; is > e.

Remark This solution for the bound n(e — 1) + 1 is due to Gert Almkvist. See on
this matter: ZEILBERGER D. Gert Almkvist’s generalization of a mistake of Bourbaki.

Contemporary Mathematics 143 (1993), pp. 609-612. [
3 Exercise
I.Leta = (xq, ..., x,). Obtaining s” € a (for somer),and 1 — as € a (for some a).

Write 1 =a's"+ (1 —as)(1+as+---) €a.
2.a+b=(1),a+c=(1)and (a + b)(a + ¢) C a + bc, therefore a + bc = (1).

4 Exercise
1. Since f is homogeneous, we have f(tx) = 0 for a new indeterminate . Whence
each U; € A[X1, ..., X,, t]suchthat f =>"" | (X; — tx;)Uj;.

By making 7 := xlel, we obtain each v; € A[ X1, ..., X,,] such that

=20 X —xi X1)v;.

Finally, since f is homogeneous of degree d, we can replace v; by its homogeneous
component of degree d — 1.

2. Consider the equality f = Zkﬁj(kaj — xjXx)ugj, where the uy;’s are ho-
mogeneous polynomials of degree d — 1. It is a system of linear equations in the
coefficients of the uy;’s. Since this system admits a solution over each localized A,
and that the x;’s are comaximal, it admits a solution over A.

3.If F = Zd Fy is the decomposition of F € A[X1, ..., X,;] into homogeneous
components, we have F(tx) = 0 if and only if F;(x) = O for all d, whence the first
item of the question. For the saturation, we prove that if X; FF € I, for all i, then
F € I,. But we have x; F(tx) = 0. Therefore, by comaximality of the x;’s, we get
F(x)=0,ie. F € I.
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6 Exercise The polynomial Q, regarded as a polynomial with coefficients in B,
remains primitive and therefore regular (Gauss-Joyal, item 2 of Lemma 2.6). Since
m is injective, its determinant det(mp) = P € A’[X] is regular (Theorem 5.22,
item 2). But P isalsonullin A’[X]. Thus A’ is the null ring, in other words 1 € ca (P).

9 Exercise Let f(X) be anidempotent of A[X]. Clearly e = f(0) is idempotent. We
want to prove that f = e. For this we can reason separately modulo e and modulo
1—e.

If e =0, then f = Xg. We have (Xg)(1 — Xg) = 0, or 1 — Xg is regular,
thus g = 0.

If e = 1, consider the idempotent 1 — f and we are reduced to the previous case.

10 Exercise For question 5 first prove the result when uv = 0. In the general situation,
write v’ = 1 — u and v = 1 — v. We then have a fundamental system of orthogonal
idempotents (uv, uv’, u’v, u’v’) and by applying the previous special case we see
that the two rings are isomorphic to the product A/(uv’) x (A/(uv)?> x A/(u'v).

11 Exercise

2. We have K[1/¢;] ~ K/Annk (e;) and Annk (¢;) = Anny (a;)K. For an element
x of A, write dx = Zie[[l..n]] x; in K, with x; = ¢;dx = a;x. The decomposition is
thus entirely in A. Since dx = x; mod Anng (a;) the component K/Annk (e;) of the
product, when seen as the ideal ¢;K, is formed from the elements of the form a;x/y
with x € A and y regular in A. But y is regular in A if and only if each y; = a;y is
regular modulo Anny (a;), so that K/Annk (e;) is identified with Frac(A /Anna (a;)).

12 Exercise
1. The zeros of A are the three “coordinate axes.”
Every element of A is uniquely written in the form

u=a+xf(x)+yg(y) + zh(z),
with f, g, h € Q[T]. This implies that x 4+ y + z is regular because
(x+y+2u=x(a+xf(x)+y(a+yg)+z(a+zh).
X y Z
x+y+z'  x+y+z and x+y+z

tem of orthogonal idempotents of K. Conclude with Exercise 11 by noting that
Anng (x) = (y, z), and thus that

So the elements form a fundamental sys-

A/Anny (x) >~ Q[X].

2. The zeros of B are the three “coordinate planes.” The fundamental system of

. . . uv vw
orthog%r}lal idempotents in L is given by 0 Fow Fwin W Fow T wi and

uv + vw + wu
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13 Exercise It suffices to solve the question modulo a and modulo 1 — a.
a 0 b b
Modulo a: |:b:| = [b} — |:b:| > |:0]

Modulo 1 — a, [Z] = I:;j| = |:(1):| . By patching: d = (1 — a)b + a with for

example the matrix A = A>Aq, where

I E S |

10 10 10
AZZ(I_“)[—l 1}“‘[—17 1i|:|:a—ab—11i|

and N\ | -4
“la—ab-1 a )
. . 0 -1 x|. -y 2
18 Exercise The matrix Do = transforms into ,so0Dy = —D
1 0 y X

and D} = —Dg = D .

We also have Dy = E12(1)Ez1(—=DEj2(1), DoDy; = —Ei2(g9) and DyDy =
—E21(g).
21 Exercise Let (e, ..., e,) be the canonical basis of A" and (fi,..., f;) the n
columns of F. We can assume that the invertible principal minor is in the north-west
position such that (f1, ..., fk, €+1,---,en) is a basis of A”.

Since F(f;) = fj, the matrix of F' with respect to this basis is G def |:I(])‘ :] .

The matrix G is idempotent as well as its transposed G’. Apply to the projector
G’ the operation that we just subjected to F.

Since G'(ej) € €D;>y1) Aei for j > k + 1, the matrix of G’ with respect to
Ir O

the new basis is of the form H = [ 0 %

:| , whence the result because F' is similar
to 'H.

22 Exercise We have each b;; € A such that 1 = Zi,j bjia;j. Let B € A"*" be
defined by B = (bji). Check that ABA = A: (ABA);j = Zl,k ajibiray;.
Z]ill ZZ_ = 0, so (ABA);; = ZI,k ajjaubi = ajj Zl,k arbi = ajj.
Consequently, AB is a projector.

Letus prove that AB is of rank 1. Wehave Tr(AB) = > ;(AB);; = Zi’j aijbji =
1, thus D1 (AB) = 1. Furthermore, D>(AB) C D,(A) = 0.

But
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23 Exercise
1. Fix a linear form y. The map E"+! — A defined by

(yOs "'7yr) = 2;20(_1)lf(y07 "'syi—lv 5);7 yi+l’ "'7yr)1l1’(yi)1

where teh symbol y; denotes the omission of the element, is an (r + 1)-multilinear
alternating form.

According to the hypothesis A, (x1,...,x,) = 0 and the injectivity of
E — E**, we obtain

Z?:O(_l)if(y07 s Yi—1s 57?’ Yi+1, -~"yr)yi = 0.

Write y instead of yp and execute the following operation: in the expression

(_l)lf(ya cees Vi1, _)/};1 )’i+17---»)’r),

bring y between y; i and y;. The permutation thus executed necessitates a multipli-
cation by (—1)'~!. We then obtain the second equality in which all the signs “have
disappeared.” For example with r = 4, the expression

FG v y2, y3, y0)y — f(, Y1, y2. ¥3, y)y1 + f (0. y1. 32, ¥3, ya) y2—
FOu Y, y2, 33, ya)y3 + f(V, y1, y2. Y3, Ya)ya =
SO 32, ¥3, y0)y — f (¥, 2, 3, yO)y1 + f(, y1, ¥3, ya) y2—
f(y’ Y1, Y2, )’4)Y3 + f(y’ Y1, Y2, )’3))’4

is none other than

SO Y2, 3,90y — f(, y2, ¥3, yO)y1 — fF(1, ¥, V3, ya) y2—
FOL YL Y, Y0¥ — F(1, y2, Y3, Y)ya.

A faster proof: apply a linear form p to the last expression above, check that the
obtained map (y, y1, y2, ¥3, y4) — u(...) is S-multilinear alternating, and therefore
is null by the assumptions.
2. Treat the r = 3 case. We have an assumption
1= Z ,k ojjk fijk(xi, Xj, Xk),  fijx 3-multilinear alternating over E.
ij
Define 7 : E — E by:

m(x) = Zijk aijil fijk (%, x5, xi)xi + fije(i, x, xi0x; + fije(i, xj, 0)xi].

Clearly, the image of p is contained in the submodule > Ax;. In addition, for
x € > Ax;, we have

Sije (e, x5, xi)xi + fije(xi, X, xp)xj + fije(xi, Xj, X)xe = fije (i, Xj, Xg)x.
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Whence 7(x) = x: the endomorphism 7 : E — E is a projector onto > Ax;. Notice
that p is of the form m(x) = >, o, (x)x; i.e. m = ¢ o p and that w0 Y = 2.

3. The module E in question is A and the vectors x1, .. ., x, are the columns of A.
Wehavep = A : A" — A", and if we let B € A"*™ be the matrix of ¢ : A" — A",
we indeed have ABA = A. So, the linear map AB : A — A" is a projector having
the same image as A.

26 Exercise Let us first see the case where u = Diag(\q, ..., A,). We have a basis
(eg) of /\k(A”) indexed by the subsets I C {1, ..., n} of cardinality k:

ef=¢; N---Nej, I={ii<--<iy}.

Then, uy, is diagonal with respect to the basis (ey): ux(ey) = Aje; with A\ = Hie[ A
It follows that det(ux) = [ [4 I=k Hi <7 i It remains to determine, for some j given
in [1..n]], the number of occurrences of \; in the above product. In other words,
how many subsets I, of cardinality k, contain j? As many as there are subsets of
cardinality k — 1 contained in {1, --- , n}\{j}, i.e. (Z:}) The result is proven for
a generic matrix. Thus it is true for any matrix. The second point follows from the

equalities

n—1 n n—1 _(n—1 +n—1 _(n

k—1 n—k—-1) \k-1 k) \k)
28 Exercise The general case is treated by induction on n. Consider the polynomial
ring Z[(x;;)] with n? indeterminates and the universal matrix A = (x; ) with coef-

ficients in this ring. Let A1 € Z[(x;;)] be the cofactor of x1x in A. These cofactors
satisfy the identities:

n n )
ijl)Clelj =det A, ijl xijA1j =0 fori > 1.

Since the Ni;’s pairwise commute, the specialization xz; +— Ny is legitimate. Let

N{j = Ayj(xx = Ny), then we have

N{l = ZUGS,,,l E(U)N202N30-3 cee Nno’,,-

Let us define N’ by:

Ny 0 -+ 0 A Nip -+ Nip
Ny Tn : 0 Ny -+ Noy

N = , sothat NN’ =

N{n 0 - I, 0 Np2 -+ Npn
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By taking determinants, we get

Nyp -+ Nop
det(N) det(Nj,) = det(A) det
Np2 -+ Nun
The induction hypothesis provides the equalities
Ny -+ Nop
det| : D | = det ( > (@) N2y Nagy - an) = det(N],).
Nuz =+ Npg 7ESn-1

Simplification by the regular element det(N { 1) gives the equality det(N) = det(A).

1 Problem

1. If A; is a nonzero column of A, we have BA; = ¢ and therefore ABA; = Aj;
thus A B is the identity over Im A, so ABA = A. The matrix AB is lower triangular,
and its diagonal coefficients are 0, 1. The matrix BA is diagonal and its diagonal
coefficients are 0, 1.

1 - . 1
1 1 -
) 1 1 -
B = 1 _ , BA = 1 ,
1 1
- _
a4 :
1
asqs - as3z - -
1
ajp - a3 - ail an :
1
| @94 - a9z - a9y a9y - dgs - |

The complementary subspace Ker AB of In A = Im AB in K" admits as its basis
the ¢;’s for the indices i of the rows that do not contain a pivot index. In the example,
(e2, eq, €7, €9) is a basis of Ker AB.

2. We obtain (Q, A") by Gauss’ (classical) pivot method. If the matrix B’ € M,, ,, (K)
satisfies A’B’A’ = A’, then AQB’AQ = AQ, therefore the matrix B = QB’
satisfies ABA = A.
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3. Consider a matrix B € M, ,,(K) such that ABA = A. Then, if y = Ax for some
m-vector with coefficients in an overring of K, we have A(By) = y, whence the
existence of a solution on K, namely By.

4.Let (uy, ..., u,) be a generator set of the K-vector space E, constituted of vectors
of K{j; similarly for (vq,...,vs) and F. Let z € K{, which we want to express in
the form z = xjuy + - - + xu, + y1v1 + - - - + ysvs with each x;, y; € Ko. We
thus obtain a Ko-linear system from the unknowns x;’s, y;’s which admits a solution
on K, therefore also on K.

S.a. If every m(e;) is in K{j, then the subspace E, generated by the m(e;)’s, is
Ky-rational. Conversely, if E is Kg-rational, since F is also Kp-rational, by the
previous question we have 7(e;) € Kjj for all j.

b. Now trivial: Ky is the subfield generated by the components of the (e;) vectors.
c. The field of rationality of a strictly staggered matrix is the subfield generated by
the coefficients of the matrix. For example with E =Im A C K>:

wp w2 w3

er|] 1 0 O

el a 0 0
A=1e¢e| 0 1 0 [,

eql 0O 0 1

es| b ¢ d

we get E = Kw; & Kw, & Kws and we have K> = E & F with F = Kep @ Kes.
Since
eir—w 1 €F, e3s—wreF, eqs—w3zeF,

we have m(e1) = wy, w(e3) = wo, w(eq) = w3 and w(ep) = w(es) = 0. The field of
rationality of E is Ko = k(a, b, ¢, d), where Kk is the prime subfield of K.
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